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1 Introduction

Lattice gauge theories (LGTs) are one of the most established and powerful formulations
of quantum field theories, which have been developed for nonperturbative calculations of
quantum chromodynamics (QCD) to understand the physics of strong interactions from first
principles [1]. Recently, LGTs have caught the interest of researchers in fields outside of high-
energy physics [2]. It was found that LGTs are good playgrounds to test the performance of
two new complementary approaches. One is a classical simulation based on tensor network
methods [3–5], and the other is a quantum computer or simulator [6, 7]. Even experimental
realizations of LGTs have been challenged, e.g., in cold atomic systems [8]. These approaches
are considered as a promising method for simulating LGTs without suffering from the
notorious sign problem [9], which is necessary to understand QCD phase diagram at finite
density or to solve real-time problems of QCD such as the dynamical formation of quark-
gluon-plasma in heavy-ion collision experiments. Not only such computational challenges of
LGTs as targets for a potential quantum advantage, but also LGTs themselves have been
intriguing from quantum statistical mechanics and quantum information perspectives. For
example, quantum statistical problems such as ergodicity breaking (violation of eigenstate
thermalization hypothesis) in kinematically constrained systems have been actively studied
in recent years. Nonthermal energy eigenstates arising in the constrained quantum many-
body systems are referred to as quantum many-body scars [10–16] (see ref. [17] for a review).
Indeed, Hamiltonian LGTs are prototypes of such constrained quantum many-body systems
since the gauge invariance, that is, the Gauss law is imposed as the constraint conditions to
the Hilbert space [18–22].
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Hamiltonian LGTs, which were pioneered by Kogut and Susskind [23], are used in
quantum computations instead of the conventional path integral formulation [24–30]. To
implement the Kogut-Susskind Hamiltonian on tensor networks or quantum computers,
which can handle only finite-dimensional Hilbert space, we need to introduce a cutoff
to gauge fields with keeping gauge invariance manifestly since gauge fields have infinite-
dimensional Hilbert space even after the continuum theory is regularized on a finite lattice.
Although several formulations have been developed so far, which can be classified by
the computational basis and cutoff scheme (see e.g., ref. [31]), the search for an efficient
formulation that has better cutoff dependence and meets quantum hardware requirements
flexibly is still actively studied.

In this paper, we formulate a regularized Hamiltonian lattice Yang-Mills theory based
on spin networks [32–35], in a form that can be computed numerically. Using it, we study
quantum scars in a nonabelian gauge theory. The remainder of this paper is organized as
follows. In section 2, we review the Kogut-Susskind Hamiltonian, and then formulate it on
the basis of the spin networks. Regularization of the theory based on the q-deformation
is discussed in section 2.3. We dub this regularization the string-net formulation since
such a formulation of a nonabelian gauge theory based on quantum group in a numerically
computable spin model was originally discussed in the string-net model. It was developed by
Levin and Wen to construct a solvable model of topological order [36]. Since this formulation
has the same computational basis as the string-net model, the efficient implementation
of Yang-Mills theory may be possible both in classical and quantum algorithms using
it. As another advantage of the formulation based on quantum group, the underlying
lattice becomes topological. Namely, the theory is independent of a choice of trivalent
graphs. In section 3, we study the full spectrum of SU(2)k Yang-Mills theory using exact
diagonalization. In particular, we study quantum scars, which are energy eigenstates arising
in the mid-range of the spectrum and violate the eigenstate thermalization hypothesis.
We found that quantum scars from zero modes [21, 22] arise even in a nonabelian gauge
theory. Section 4 is devoted to conclusions. In appendix A, we show the spectrum of a
single-plaquette model for SU(2)k and SU(3)k with naive cutoff and that based on the
q-deformation to discuss cutoff dependence of the formulation.

2 Hamiltonian formulation

Sections 2.1 and 2.2 review the Kogut-Susskind Hamiltonian formulation of SU(2) gauge
theory [23] based on the spin networks. In section 2.1, we introduce the gauge-invariant
physical space spanned by states called the spin network [32–35], and show the action of the
Hamiltonian on the spin networks [37]. We treat trivalent graphs such as honeycomb lattice
for a technical reason. Extensions to multivalent graphs will be discussed in section 2.2.
The dimension of the Hilbert space is infinite, even on a finite graph. In order to perform
numerical calculations, it is necessary to approximate the Hilbert space in finite dimensions
with manifestly keeping the gauge symmetry. To this end, we employ quantum group
deformations as the approximation [35, 38], which will be explained in section 2.3. We
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Figure 1. Honeycomb lattice. v, e, and f represent a vertex, an edge, and a closed loop associated
with a surface, respectively.

express the Kogut-Susskind Hamiltonian of a regularized gauge theory explicitly using the
spin networks, which is one of our main results.

2.1 Kogut-Susskind Hamiltonian formulation

We consider the Kogut-Susskind Hamiltonian formulation of SU(2) gauge theory [23] on
a trivalent directed graph Γ(V, E), where V and E are sets of vertices and edges. In our
numerical calculations in section 3, we will consider a honeycomb lattice as shown in figure 1.
Note that we introduce directed edges for convenience in defining operators on the graph,
but the obtained results do not depend on their orientations.

The Hamiltonian of SU(2) lattice gauge theory is given by

H = 1
2
∑
e∈E

E2
i (e)−K

∑
f∈F

trU(f). (2.1)

Here, E2
i (e) is the square of the electric fields defined on an edge e ∈ E . K and trU(f)

are the coupling constant and the Wilson loop on a closed loop f ∈ F , where F is the
set of minimal closed loops (plaquettes). The closed loop can be expressed by a sequence
of edges, e1e2e3 · · · en, where the head of an edge coincides with the tail of the next edge,
i.e., dst(ek) = src(ek+1) for 1 ≤ k < n, and dst(en) = src(e1). Here, dst(e) and src(e) are
functions that take the head and the tail from an edge, respectively. For example, consider
the following closed path f :
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. (2.2)

The path can be expressed as e1e2e3ē4ē5ē6. Here, ē represents the edge with the head
and tail vertices reversed. Functions dst(e) and src(e) for these edges are src(ek) = vk,
dst(ek) = vk+1, dst(ēk) = vk+1, and src(ēk) = vk, respectively.

U(f) is defined by the path-ordered product of link variables U(e) on an edge, which is
an operator-valued 2× 2 unitary matrix:

U(f) = trU †(e6)U †(e5)U †(e4)U(e3)U(e2)U(e1). (2.3)
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Here, we employ U(ēi) = U †(ei). Since trU(f) includes the trace, it does not depend on
the choice of the base point of the path.

In the Hamiltonian formulation on a lattice, there are two types of electric fields, Ri(e)
and Li(e), that generate the gauge transformation of U from the head (left) and tail (right)
sides of the edges, respectively. Their commutation relations are given by

[Ri(e), U(e′)] = U(e′)Tiδe,e′ , (2.4)
[Li(e), U(e′)] = TiU(e)δe,e′ , (2.5)

[Ri(e), Rj(e′)] = ifkijRk(e)δe,e′ , (2.6)
[Li(e), Lj(e′)] = −ifkijLk(e)δe,e′ , (2.7)

and others vanish. Here, fkij = εijk is the structure constant of SU(2) with the Levi-Civita
tensor εijk. Ti is the generator of the fundamental representation satisfying [Ti, Tj ] = ifkijTk.
Note that Ri(n) and Li(n) are not independent but related by a parallel transport:

Ri(e) = Lj(e)[Uadj(e)]ji , (2.8)

where [Uadj(e)]ji is the link variable with the adjoint representation defined by UTiU † =
Tj [Uadj]ji . From eq. (2.8), we can see the square of Ri(e) and Li(e) are identical, i.e.,
(Ri(e))2 = (Li(e))2 =: E2

i (e). Therefore, the Hamiltonian is independent of the choice of
electric fields.

We choose a local basis (representation basis) on an edge e, |je,me, ne〉, by eigenstates
of commuting operators {R2

i (e), R3(e), L3(e)} [37, 39]:

R2
i (e) |je,me, ne〉 = C2(je) |je,me, ne〉 , (2.9)

R3(e) |je,me, ne〉 = ne |je,me, ne〉 , (2.10)
L3(e) |je,me, ne〉 = me |je,me, ne〉 , (2.11)

where C(je) = je(je + 1) is the quadratic Casimir invariant of representation je. As we
will see below, this basis is a convenient basis for solving the Gaussian constraints. The
total Hilbert space is spanned by

∏
e∈E |je,me, ne〉, which contains unphysical states. The

physical Hilbert space is a subspace of the total Hilbert space constrained by the Gauss-law
constraint on each vertex. A state in the physical space |Ψ〉 satisfies

Gi(v) |Ψ〉 = 0 (2.12)

with generators of gauge transformations,

Gi(v) :=
∑

e∈E|src(e)=v
Ri(e)−

∑
e∈E|dst(e)=v

Li(e). (2.13)

Here, dst(e) and src(e) are defined above in eq. (2.2), which take the head and tail vertices
from an edge e. For example, for a vertex v connecting edges a, b, c represented by
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a06

<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b
<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
, (2.14)
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the Gauss-law constraint is Gi(v) |Ψ〉 = (Ri(a) +Ri(b)− Li(c)) |Ψ〉 = 0.
A gauge invariant state on the vertex v can be constructed by using the Clebsch-Gordan

coefficients 〈jana jbnb|jc,mc〉 as

|jajbjc〉 =
∑

na,nb,mc

eiθ(ja,jb,jc)
√
dc

〈jana jbnb|jc,mc〉 |ja,ma, na〉 |jb,mb, nb〉 |jc,mc, nc〉 , (2.15)

where 1/
√
dc is the normalization factor with dc = 2jc + 1 such that 〈jajbjc|jajbjc〉 = 1.

We can directly check |jajbjc〉 satisfies eq. (2.12) by applying Gi(v). θ(ja, jb, jc) is the
phase factor that cannot be determined from the normalization. We choose eiθ(ja,jb,jc) =
(−1)−ja−jb , which corresponds to a phase where we no longer have to worry about the
distinction between representation and anti-representation arrows. Note that this is the
property of SU(2), where the representation and the anti-representation are isomorphic. In
general groups such as SU(3), representation and anti-representation should be distinct.

A general physical state is constructed by applying the Clebsch-Gordan coefficients
on all vertices. The resultant basis of states is labeled by only {je}e∈E , which is called
the spin network basis used in the context of loop quantum gravity and also lattice gauge
theory [32–35]. Each edge can take not any j, but it needs to satisfy the triangular inequality
at the vertex, i.e., for eq. (2.15), the state |jajbjc〉 needs to satisfy ja + jb ≥ jc, jb + jc ≥ ja,
and jc + ja ≥ jb; otherwise, the Clebsch-Gordan coefficient vanishes.

In the following, to simplify notation, we use a, b, c, . . . as labels of representation; these
correspond to ja, jb, jc and etc. It is useful to represent the state {je}e∈E graphically; e.g.,
we use the following representation:

<latexit sha1_base64="D+n2YjtuRt1c305x6c2bLas4Z6c="></latexit>

v

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="aKuvvIQXvhUW6U1DYmqXHKCvp4c="></latexit>

e

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

. (2.16)

We will use vertex labels and representation labels in a similar manner, as long as it does
not cause confusion.

Let us consider the action of the Hamiltonian on the spin-network basis [37]. The
action of the electric field term in the Hamiltonian, which is given by eq. (2.9) is graphically
represented as

E2
i

<latexit sha1_base64="lx7dKP0KONbwR+PMbg8vX/bWqYA="></latexit>

j

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a = C2(ja)

<latexit sha1_base64="lx7dKP0KONbwR+PMbg8vX/bWqYA="></latexit>

j

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a . (2.17)

On the other hand, the action of trU is given as

trU
<latexit sha1_base64="D+n2YjtuRt1c305x6c2bLas4Z6c="></latexit>

v

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="aKuvvIQXvhUW6U1DYmqXHKCvp4c="></latexit>

e

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

=
6∏
i=1

∑
a′i

[
F
ciai−1

1
2

a′i

]
aia′i−1

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4
<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1
<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04
<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05
<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

, (2.18)
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where a′0 = a′6, and [F abcd ]ef is the F -symbol given by

[F abcd ]ef
=

∑
ma,mb,mc,memf

〈jama jbmb|jeme〉 〈jeme jcmc|jdmd〉 〈jfmf |jbmb jcmc〉 〈jdmd|jama jfmf 〉 .

(2.19)

Note that the right side in eq. (2.19) contains md, but [F abcd ]ef does not depend on it. The
F -symbols satisfy the so-called pentagon relation,

[F fcde ]gl[F able ]fk =
∑
h

[F abcg ]fh[F ahde ]gk[F bcdk ]hl. (2.20)

[F abcd ]ef can be compactly expressed using the Wigner 6-j symbol
{
ja jb je
jc jd jf

}
as

[F abcd ]ef = (−1)ja+jb+jc+jd
√
dedf

{
ja jb je
jc jd jf

}
. (2.21)

2.2 Multivalent graph

We have formulated SU(2) gauge theory on trivalent graphs. However, we are often interested
in multivalent graphs such as square or hypercubic lattice. We here discuss how to deal
with such a case using a square lattice as an example:

. (2.22)

The vertices are tetravalent; therefore, we cannot directly apply our previous result. In the
previous section, we can construct a gauge-invariant Hilbert space by solving the Gauss-law
constraints. In this case, however, labels on the edges alone are not sufficient for a physical
Hilbert space basis, and labels on the vertices are also necessary. Here, we consider a
physical Hilbert space on a graph with auxiliary edges as an equivalent physical Hilbert
space on eq. (2.22) [40–42]. We introduce an auxiliary edge to decompose tetravalent vertex
into trivalent ones:

⇒ , (2.23)

where the red lines correspond to the auxiliary edges. The Hilbert space of the right graph in
eq. (2.23) is isomorphic to that of the left graph. We can consider the gauge theory on this
graph. The electric fields in the Hamiltonian are assumed to act only on the black-colored
edges, i.e., E is chosen as the set of black-colored edges. On the other hand, we use the
Wilson loop on the set of all minimal hexagons in the Hamiltonian.

– 6 –
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There is a choice of auxiliary edges. For example, we can choose the following auxiliary
edges:

⇒ . (2.24)

Graphs with different auxiliary edges are related to unitary transformation by F -symbols,
and theories with different graphs are equivalent as long as no electric field acts on the
auxiliary edges.

2.3 String net formulation and quantum deformation

The labels of the representation j have no upper bound, so the dimension of the Hilbert
space is infinite even on finite graphs. In order to perform numerical calculations, it is
necessary to regularize the Hilbert space to a finite dimension. A naive cutoff may no
longer guarantee certain properties of the F -symbols, such as eq. (2.20), or equivalently the
independence of the choice of auxiliary edges discussed in the previous subsection. In other
words, there appear infinitely many models due to choice of auxiliary edges, and we need
to confirm that they are converged to the same theory in the large cutoff limit. Quantum
deformation (q-deformation) of gauge groups provides a regularization maintaining those
properties of the F symbols manifestly, so that graphs or regularized models with different
auxiliary edges are unitary equivalent at finite cutoff. Here we consider SU(2)k gauge theory
as a regularized model discussed in refs. [35, 38, 43], and we give an explicit form of the
Hamiltonian as a string-net model that can be implemented numerically (See ref. [44] for a
regularization based on the q-deformation in the path integral formulation). The details of
the quantum group are not necessary for our purpose, and only the essential facts will be
presented. If you would like to learn more about quantum groups and SU(2)k, see, e.g.,
refs. [45–47].

In SU(2)k, j takes 0, 1/2, 1, · · · , k, i.e., the number of states is k + 1. This corresponds
to the cutoff jmax = k/2. Correspondingly, ja + jb + jc ≤ k is added to the triangle relation,
ja + jb ≥ jc, jb + jc ≥ ja, jc + ja ≥ jb, ja + jb + jc ∈ Z. Roughly speaking, in SU(2)k, an
integer n is replaced by a q-number [n], where [n] is defined as

[n] := q
n
2 − q−

n
2

q
1
2 − q−

1
2

=
sin
(

π
k+2n

)
sin
(

π
k+2

) , (2.25)

with q = exp i 2π
k+2 . For example, the dimension of representation ja becomes da = [2ja + 1].

Similarly, the second Casimir invariant of representation ja is

C2(ja) = [ja][ja + 1]. (2.26)

The F -symbols can be represented as the same form in eq. (2.21),

[F abcd ]ef = (−1)ja+jb+jc+jd
√
dedf

{
ja jb je
jc jd jf

}
, (2.27)

– 7 –
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where the q-deformed 6-j symbol is{
a b c

d e f

}
:= ∆(a, b, c)∆(a, e, f)∆(d, b, f)∆(d, e, c)

∑
z

(−1)z[z + 1]!

× ([a+ b+ d+ e− z]![a+ d+ c+ f − z]![b+ e+ c+ f − z]!)−1

[z − a− b− c]![z − a− e− f ]![z − d− b− f ]![z − d− e− c]! ,
(2.28)

where

∆(a, b, c) = δabc

√
[a+ b− c]![a− b+ c]![−a+ b+ c]!

[a+ b+ c+ 1]! , (2.29)

and [n]! := [n][n− 1] · · · [2][1]. Here, z satisfies

max(a+b+c, a+e+f, d+b+f, d+e+c) ≤ z ≤ min(a+b+d+e, a+d+c+f, b+e+c+f).
(2.30)

These values are reduced to the SU(2) ones, by replacing [n] with n for an integer n. The
Hamiltonian of SU(2)k and its action are the same form as in eqs. (2.1), (2.17) and (2.18).

It is convenient to represent this system in a type of spin model called a string-net
model [36]. Since there are (k + 1) degrees of freedom on each edge, this can be regarded
as a S = k/2 spin system. Note that the vertices are constrained to satisfy the triangle
inequality. In a spin model, those constraints can be realized by adding a penalty term into
the Hamiltonian. For this purpose, we introduce the following function,

δabc :=

1 ja + jb ≥ jc, jb + jc ≥ ja, jc + ja ≥ jb, ja + jb + jc ∈ Z, and ja + jb + jc ≤ k
0 else

.

(2.31)
δabc = 1 if a, b, and c satisfy the triangular inequality; otherwise it is zero. Using this
function, we define the penalty term Q(v) on a vertex v connecting to edges a, b, c, whose
action on a state is

Q(v) |jajbjc〉 = δabc |jajbjc〉 . (2.32)

Note that Q(v) commutes with E2
i (e) and trU(f), like the generators of a gauge transfor-

mation. Although Q(v) does not generate a gauge transformation, we will also refer to it as
a Gauss-law constraint in the following because it constrains the Hilbert space of the spin
model to a gauge-invariant subspace.

In summary, the SU(2)k string-net model of lattice Yang-Mills theory is a spin model
with S = k/2 spins on edges. The Hamiltonian consists of three parts: electric, magnetic,
and penalty terms:

HYM = 1
2
∑
e∈E

E2
i (e)−K

∑
f∈F

trU(f)− t
∑
v∈V

Q(v). (2.33)

Here, K and t are coupling constants. To restrict the low-energy space to the physical
Hilbert space, t must be sufficiently large. The actions of operators on a state are graphically
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represented as

E2
i

<latexit sha1_base64="lx7dKP0KONbwR+PMbg8vX/bWqYA="></latexit>

j

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a = C2(ja)

<latexit sha1_base64="lx7dKP0KONbwR+PMbg8vX/bWqYA="></latexit>

j

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a , (2.34)

trU
<latexit sha1_base64="D+n2YjtuRt1c305x6c2bLas4Z6c="></latexit>

v

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="aKuvvIQXvhUW6U1DYmqXHKCvp4c="></latexit>

e

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

=
6∏
i=1

∑
a′i

[F ciai−1
1
2

a′i
]aia′i−1

<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2
<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4
<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1
<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04
<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05
<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

, (2.35)

Q
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4
<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>

b1
<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="FyiZpCrxd+V17/qq5woOnT3U5hM="></latexit>

b2

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04
<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05
<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b
<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a

= δabc
<latexit sha1_base64="rN0yxuu9Hbh63mgPyH/NVxOiNv8="></latexit>e1

<latexit sha1_base64="DemK/RuumCJ62nMcf7arGJw3I5c="></latexit>e2

<latexit sha1_base64="4FboQynsTYTWuur9sMXZWalkZ0g="></latexit>

e3
<latexit sha1_base64="uwO1+2FaXCnjx0GClOjZZka3ibs="></latexit>e4

<latexit sha1_base64="0XQKRFXK4pmJ3AfZbz1Bt3KoIjA="></latexit>

e5
<latexit sha1_base64="nv+UVW0XGbb5dj+UT/4A4LWNhIk="></latexit>

e6

<latexit sha1_base64="vr9CR7UluDFuPXeelxK4CcJ+584="></latexit>

f
<latexit sha1_base64="BuW0Xy3ff+EpLSdrkgN10ppJApQ="></latexit>v1

<latexit sha1_base64="Ls5JZhrcsAEVl0Z5MV8XDJyIafo="></latexit>v2

<latexit sha1_base64="5SKAWMOLC5n3RBvYMTFZaE0M6o0="></latexit>

v3

<latexit sha1_base64="tcY8VsfNvIwwwL57u7S5UrPibGA="></latexit>v4
<latexit sha1_base64="VsthJvARhm0VjmxCiDnhsYO9ZAI="></latexit>

v5
<latexit sha1_base64="IXFdJdehlz4Ge5vFuPS3xTF0kt0="></latexit>

v6

<latexit sha1_base64="wkQIPHjBs7wZFYi5PS6ao8j1Tzk="></latexit>

v

<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5
<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6

<latexit sha1_base64="g2o3kz1TdD33cpmFEPsRXju7RMM="></latexit>

b3
<latexit sha1_base64="RVJu1XPLtywMfpPSu/tVBHncc44="></latexit>

b4
<latexit sha1_base64="1M0TZ+iz4j7G4hK2P5G3xv6MLvQ="></latexit>

b5
<latexit sha1_base64="2fssmJWZjjrevKFvx0+NlxvIBPU="></latexit>

b6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="e/5pQml0eNXDOcfkM/QQL8WbNIE="></latexit>
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, (2.36)

where C2(ja), [F abcd ]ef , and δabc are given in eqs. (2.26), (2.27), and (2.31), respectively.
Note that the same procedure can be extended to SU(3)k. However, since SU(3)k has
multiplicity, vertex labels as well as edge labels, are required to specify the physical state
(see ref. [48]). Cutoff dependence of the q-deformation in a single plaquette model for SU(2)k
and SU(3)k is discussed in appendix A. From the single plaquette model, we estimated that
k is required to be O(10) for simulating the groundstate in the large k limit with K ∼ 1.

If the electric part is dropped and the Wilson loop with the fundamental representation
is replaced by one with the regular representation, i.e.,

trU(f)→ trUR(f) =
∑
a

da trUa(f), (2.37)

the model reduces to

HLW = − K
D2

∑
a

da trUa(f)− t
∑
v∈V

Q(v). (2.38)

Here, Ua(f) represents the Wilson loop with the representation a. We rescaled K to K/D2,
and D is the total quantum dimension defined by

D2 :=
k/2∑
ja=0

d2
a = k + 2

2
1

sin2
(

π
k+2

) . (2.39)

This model (with t = 1 and K = 1) is known as the Levin-Wen model, whose ground state
exhibits topological order with non-Abelian anyons [36]. To compare it with the string-net
model of lattice Yang-Mills theory, we study the spectrum of the perturbed Levin-Wen
model by adding the electric term [49–52],

HpLW = 1
2
∑
e∈E

E2
i (e)− K

D2

∑
a

da trUa(f)− t
∑
v∈V

Q(v), (2.40)

in the next section.
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Figure 2. Lattice geometry with Nx = Ny = 4. Link variables in the unit cells are grouped, and
labeled as j(a,x) with x being the position of the unit cell. The blue dots show the center of the
unit cells. The Gauss law is imposed at blue and red vertices. The periodic boundary conditions are
imposed at open circles.

3 Exact diagonalization

As an application of the string-net basis representation of the SU(2)k Hamiltonian (2.33),
we compute its spectrum using exact diagonalization and discuss the so-called quantum
many-body scars [10, 11] in section 3.1. We call the model (2.33) the Yang-Mills model.
It is known that the constrained Hilbert space due to the Gauss laws plays an essential
role in quantum many-body scars [21, 22], and thus it is interesting to study whether the
nonabelian Gauss law can host them.

To further understand this phenomenon, we ask whether they need only the Gauss-law
constraints. In section 3.2, we study the perturbed Levin-Wen model (2.40), which shares
the same Gauss-law constraints with the Yang-Mills model, but has a different representation
of the Wilson loop operator.

3.1 Yang-Mills model

We consider the Yang-Mills model (2.33) on a honeycomb lattice shown in figure 2. We
impose the periodic boundary conditions along the x and y directions, and Nx and Ny are
the lengths of those directions. The total number of the unit cells (plaquettes) is V = NxNy,
and that of edges is 3NxNy. Link variables living on edges are labeled by j(a,x), where a,
and x = (x, y) are internal indices in the unit cell, and two-dimensional positions of the unit
cells, respectively (see figure 2). In the periodic boundary conditions, the parity of 2j(a,x),
which intersect with the x or y axis, i.e.,

∑
y 2j(1, 0, y) [mod 2] and

∑
x 2j(2, x, 0) [mod 2]

are conserved (see figure 2). This corresponds to Z2 1-form symmetry [54], which divides
the Hilbert space into distinct topological sectors characterized by the binary winding
numbers (Wx,Wy)=(0, 0), (1, 0), (0, 1), and (1, 1). We focus on the largest sector with
(Wx,Wy)=(0, 0).

First, we consider Nx = 4, Ny = 4, and jmax = 1/2, i.e., k = 1. From the total
Hilbert space, we pick up the subspace by imposing Q(v) = 1, Wx = 0, and Wy = 0, and
we diagonalize the Hamiltonian in the subspace. The dimension of the Hilbert space is
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Model (Nx, Ny, jmax) Total Gauss law Winding Scars

Yang-Mills
(4, 4, 1

2) 248 131072 32768 3
(4, 2, 1) 324 131328 33024 29

Levin-Wen
(4, 2, 3

2) 224 29375 — 0
(4, 2, 1) 324 131328 33024 3

Table 1. The number of states in the full Hilbert space, in the Hilbert space satisfying the Gauss-law
constraints (i.e., Q(v) = 1 sector) [see ref. [53] for a general expression of the Hilbert space dimension],
in the Hilbert space satisfying the Gauss-law constraints and with zero winding numbers, and in
scars. The upper two rows represent the results of the Yang-Mills theory, while the lower two
rows are those of the perturbed Levin-Wen model. In the Levin-Wen model with jmax = 3/2, j is
restricted to integers.

<latexit sha1_base64="UIPIdwBwosHHuzRX9MvTa5mc/o0="></latexit>

(a)
<latexit sha1_base64="vnNow+i+1azldQIjSX5gH6lEobc="></latexit>

(b)

Figure 3. (a) Groundstate expectation values of electric and magnetic Hamiltonians as a function
of coupling strength K. (b) Comparison with different winding sectors. Three sectors (1, 0), (0, 1),
and (1, 1) are degenerate, so that only the (1, 0) sector is shown in the figure.

summarized in table 1. Before discussing quantum scars, let us see the properties of the
groundstate |Ω〉 in this model. In figure 3(a), we show the groundstate expectation value of
the electric and magnetic parts of the energy density, which are given explicitly as

hE = 1
2V

∑
e∈E
〈Ω|E2

i (e) |Ω〉 , hM = 1
V

∑
f∈F
〈Ω| trU(f) |Ω〉 , (3.1)

respectively. We also show the bipartite entanglement entropy of the groundstate in figure 4.
By partitioning the lattice into two equal parts A and Ā along the y direction, and tracing
out Ā, we compute the reduced density matrix of the A subspace as

ρA = trĀ |Ψ〉〈Ψ|, (3.2)

where |Ψ〉 is the energy eigenstate in our case. From the reduced density matrix, we compute
the bipartite entanglement entropy SNy/2 as

SNy/2 = − trA ρA log ρA. (3.3)

– 11 –
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(b)

Figure 4. (a)Bipartite entanglement entropy of the groundstate as a function of the coupling
strength K. (b)Logarithmic entanglement negativity of the groundstate as a function of the coupling
strength K.

Note that ρA = ρ†A as is evident from eq. (3.2) and thus SNy/2 can be easily computed
from the eigenvalues eA of ρA as SNy/2 = −

∑
A eA log eA. Although the spatial size of the

lattice is so limited, and thus we cannot judge the order of the phase transition, we can see
two distinct phases in the weakly and strongly coupling regimes. At the strong coupling
regime (i.e., small K), the expectation value of HM is small; that is, the system is in the
confinement phase, where the bipartite entanglement entropy is also small. In the strong
coupling limit (K = 0), the vacuum state is the product state with j(a,x) = 0, so that
entanglement entropy vanishes. On the other hand, at the weak coupling regime (i.e., large
K), the expectation value of HM is large; that is, the system is in the topological phase,
where the bipartite entanglement entropy is also large. The topological phase corresponds
to the broken phase of Z2 1-form symmetry. Reflecting this, the groundstate energies of the
different topological sectors are degenerate. Figure 3(b) shows the degeneracy of HE and
HM with different winding sectors at a weak coupling region. These observations indicate
that a phase transition occurs between the weakly and strongly coupled regions in the
thermodynamic limit. To extract information of the phase transition point from limited
data, we further compute the logarithmic entanglement negativity [55–57]. By partitioning
the system into three regions A, B, and C, and tracing out C, we compute the reduced
density matrix of the AB subspace ρAB as

ρAB = trC |Ψ〉〈Ψ| =
∑
A,B

∑
A′,B′

ρAB,A′B′ |A,B〉〈A′, B′|. (3.4)

Then, we define the partial transpose ρTB
AB as

ρTB
AB =

∑
A,B

∑
A′,B′

ρAB′,A′B|A,B〉〈A′, B′|. (3.5)

Using it, the logarithmic entanglement negativity is given as

EN = log
∑
n

σn(ρTB
AB), (3.6)
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(b)

Figure 5. (a) Bipartite entanglement entropy for all eigenvectors at jmax = 0.5 and K = 0.5. (b)
Shannon entropy for all eigenvectors at jmax = 0.5 and K = 0.5.

where σn(ρTB
AB) are the singular values of ρTB

AB. We show the logarithmic entanglement
negativity of the groundstate in figure 4(b). As regions A and B, we chose j(a,x) defined on
the edges of disjoint plaquettes colored in green in figure 2. We found that the logarithmic
entanglement negativity becomes maximum at K = 0.76. Also, its slope is different between
confined and topological phases, which implies that it would be singular at the phase
transition point around K = 0.76 in the thermodynamic limit. Ref. [58] studied the phase
transition of SU(2)k Yang-Mills theory using a mean-field type variational ansatz, where the
critical K increases as k or jmax increases (jmax = k/2). Using the mean-field computation,
the critical K of the Yang-Mills model (2.33) on a honeycomb lattice is estimated as K = 1.0
for jmax = 1/2. We also extended their mean-field computation and studied the phase
transition of SU(3)k Yang-Mills theory in ref. [48].

We now discuss the properties of the excited states. We compute the bipartite entan-
glement entropy SNy/2 for all energy eigenstates as well as the Shannon entropy,

Si := −
∑
n

|Ψ(n)|2 log |Ψ(n)|2, (3.7)

where Ψ(n) = 〈n|Ψ〉 is the many-body wave function, and n labels basis of the physical
Hilbert space. The Shannon entropy quantifies the localization of the eigenvectors in the
computational basis, i.e., the string net basis since it is maximized when |Ψ(n)|2 is uniformly
distributed. The results are shown in figure 5. In the mid-spectrum, there exist only three
eigenstates with low entanglement entropy. Their entropy is substantially small compared
with that of other eigenstates with the same energy, which leads to violation of the eigenstate
thermalization hypothesis [59–61]. As observed in the Shannon entropy, these states show
the localization in the Hilbert space. These states are referred to as quantum many-body
scars from zero modes in the literature [21, 22]. We have verified that those eigenstates
are simultaneous eigenstates of the electric and magnetic Hamiltonians in particular, they
have zero eigenvalue for the magnetic Hamiltonian (i.e., they are zero modes). Therefore,
their wave functions and the expectation values are independent of K, which are important
features of the scars from zero modes. Our numerical diagonalization demonstrates that
quantum scars arise in a nonabelian lattice gauge theory.
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(b)

Figure 6. (a) Bipartite entanglement entropy for all eigenvectors at jmax = 0.5 and K = 0.5. (b)
Shannon entropy for all eigenvectors at jmax = 0.5 and K = 0.5.

Next, in order to examine the effect of truncation, we diagonalize the Hamiltonian
with Nx = 4, Ny = 2, and jmax = 1 (k = 2). The dimension of the physical Hilbert space
is summarized in table 1. We show the bipartite entanglement entropy SNy/2 and the
Shannon entropy Si in figure 6. We find 29 scars, where the dimension of the physical
Hilbert space is the same order as the case with jmax = 1/2, Nx = 4, and Ny = 4. This
suggests that by increasing jmax, there appear to be a lot of scars. We have verified that
they are simultaneous eigenstates of the electric and magnetic Hamiltonians, and their
eigenvalues are zero for the magnetic Hamiltonian.

3.2 Levin-Wen model

In the previous subsection, we found that quantum scars appear in the Yang-Mills
model (2.33). To gain a deeper understanding of these quantum scars, we investigate
whether the Gauss-law constraints alone are sufficient for their existence. For this purpose,
we consider the perturbed Levin-Wen model (2.40) that shares the same Gauss-law con-
straints as the Yang-Mills model. We first compute the spectrum of the Levin-Wen model
with Nx = 4, Ny = 2, and jmax = 3/2. The dimension of the physical Hilbert space is
summarized in table 1, where we restrict j to integers (j = 0, 1). Under the constraint, the
model is reduced to the Fibonacci anyons model (see e.g., ref. [62]). Note that if jmax = 1/2,
the string-net model is identical to the Yang-Mills model, in which only the Wilson loop
with the fundamental representation is allowed. We show the bipartite entanglement entropy
SNy/2 and the Shannon entropy Si in figure 7. No quantum scars appear in the spectrum,
and from this observation, we find that the dynamics is important as well as the constrained
Hilbert space given by the Gauss law. We also found that no zero modes of the magnetic
Hamiltonian that are simultaneously eigenvectors of the electric Hamiltonian appear in the
perturbed Levin-Wen model.

Lastly, we compute the spectrum of the Levin-Wen model with Nx = 4, Ny = 2, and
jmax = 1. We show the bipartite entanglement entropy SNy/2 and the Shannon entropy Si
in figure 8. The number of scars is reduced from 29 (Yang-Mills) to 3 (Levin-Wen). We
found that the scars are simultaneous eigenstates of the electric and magnetic Hamiltonians,

– 14 –



J
H
E
P
0
9
(
2
0
2
3
)
1
2
6

<latexit sha1_base64="UIPIdwBwosHHuzRX9MvTa5mc/o0="></latexit>

(a)
<latexit sha1_base64="vnNow+i+1azldQIjSX5gH6lEobc="></latexit>

(b)

Figure 7. (a) Bipartite entanglement entropy for all eigenvectors of the perturbed Levin-Wen
model at jmax = 1.5, K = 1.0. (b) Shannon entropy for all eigenvectors of the perturbed Levin-Wen
at jmax = 1.5, K = 1.0. No quantum scar appear.
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(b)

Figure 8. (a) Bipartite entanglement entropy for all eigenvectors of the perturbed Levin-Wen
at jmax = 1.0, K = 1.0. (b) Shannon entropy for all eigenvectors of the perturbed Levin-Wen at
jmax = 1.0, K = 1.0.

but they have nonzero eigenvalue for the magnetic Hamiltonian (i.e., they are no longer
zero modes). Although their energy changes as K varies, but their wave functions and the
expectation values are independent of K.

4 Conclusions

We have studied the Hamiltonian lattice Yang-Mills theory based on spin networks. Using
spin networks, we obtain the efficient graphical representations of physical states and action
of the Kogut-Susskkind Hamiltonian to the physical states as summarized in eqs. (2.1), (2.17)
and (2.18), or eqs. (2.33), (2.34) and (2.36). To do numerical simulations, we regularized
the theory based on the q deformation. This regularization respects the (discretized)
gauge symmetry as quantum group, which enables implementation in both classical and
quantum algorithms by referring to those of the string-net model. For example, a circuit
implementation of the Wilson loop can be done in the same way as that in the string-net
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model (see e.g., refs. [63–65]). Such implementation will be elaborated in a future study.
Furthermore, we have studied quantum scars in a nonabelian gauge theory. We found that
quantum scars from zero modes arise even in a nonabelian gauge theory. Comparison of
the Yang-Mills model with the perturbed string-net model revealed that the presence of
quantum scars is not guaranteed only by the Gauss law constraints. We need to elaborate
algebraic structures hidden in the Yang-Mills or Levin-Wen model to find a general scaling
law of the number of quantum scars for changing the system size or cutoff k. Since quantum
scars are nonthermal states that break ergodicity, it is interesting to study the effects of
quantum scars in thermalization of a small Yang-Mills system [66].

Note added. While finalizing our manuscript, we became aware of a related work recently
posted on arXiv [58]. Their study proposes a similar method to regularize the infinite
dimension of the Hilbert space of nonabelian gauge theories, and we acknowledge the
concurrent efforts in this research field.
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A Single plaquette model

To see cutoff dependence and compare it with naive cutoff regularization, we compute the
energy spectrum of a single plaquette model whose graph is shown in figure 9. We first
consider SU(2) with and without the q-deformation. The Gauss-law constraints require
that all jei ’s are equal, so the basis can be represented by a single j as |j〉 := |je1je2je3je4〉
with j = je1 = je2 = je3 = je4 . The Hamiltonians in this basis is

H =
jmax∑
j=0

2C2(j) |j〉 〈j| −K
jmax− 1

2∑
j=0

|j + 1
2〉〈j| −K

jmax∑
j=1
|j − 1

2〉〈j|. (A.1)

Here, the factor of 2(= (1/2) × 4) in front of C2(q) reflects there are four edges. The
F -symbol appeared in the Hamiltonian is[

F
0j 1

2
j′

]
jj′

= δj′,j+1/2 + δj,j′+1/2, (A.2)

which leads to the matrix element of the magnetic term in eq. (A.1). In this model, the
difference between the q-deformed and the naive cutoff regularization appears only in the
quadratic Casimir invariant: C2(j) = [j][j + 1] for the q-deformation and C2(j) = j(j + 1)
for the naive cutoff.

We show eigenvalues of the Hamiltonian with K = 1 in figure 10. We see that lower
eigenvalues become independent of jmax as jmax increases both in the naive cutoff and
the q-deformation. Thus the physics does not depend on the choice of cutoff as long as
it is large enough. However, we may need a “better” cutoff in practical computations to
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Figure 9. Graph for a single plaquette model.
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Figure 10. Energy eigenvalues En of the single plaquette model for SU(2)k [jmax = k/2]. Red
and blue dots represent the results of exact diagonalization with naive cutoff and q-deformation,
respectively.

reduce computational costs. We see that the naive cutoff has good convergence for energy
eigenvalues compared with that based on the q-deformation as shown in figure 10. This
is natural because the q-deformation softens the potential barrier by C2(j) as shown in
figure 11, so that higher j states are more excited, which may require larger jmax. However,
this does not mean that the naive cutoff is better than the q-deformation. While the q-
deformation respects remnants of the continuous gauge symmetry as a quantum group after
the discretization of the SU(2) manifold, the naive cutoff explicitly breaks the symmetry.
There may be a trade-off between symmetry (i.e., handleability) and accuracy.

Similarly, we can solve the single plaquette model for SU(3) with q-deformation. After
solving the Gauss-law constraints, the basis of the single plaquette model is represented by
pairs (p, q) (the Dynkin index) as |p, q〉, where p and q are restricted to 0 ≤ p, q ≤ k and
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Figure 11. Quadratic Casimir invariant C2(j) for naive cutoff (red dots) and q-deformation (blue
dots) for jmax = 10.

p+ q ≤ k. The Hamiltonian of SU(3) single plaquette model is

H =
k∑
p=0

k−p∑
q=0

2C2(p, q) |p, q〉 〈p, q|

−K
k∑
p=0

k−p∑
q=0

(|p+ 1, q〉〈p, q|+ |p, q − 1〉〈p, q|+ |p− 1, q + 1〉〈p, q|)

−K
k∑
p=0

k−p∑
q=0

(|p, q〉〈p+ 1, q|+ |p, q〉〈p, q − 1|+ |p, q〉〈p− 1, q + 1|),

(A.3)

where the second order Casimir invariant C2(p, q) for SU(3)k is given as (see, e.g., ref. [47].1)

C2(p, q) = 1
2

([
p

3 −
q

3

]2
+
[2p

3 + q

3 + 1
]2

+
[
p

3 + 2q
3 + 1

]2
− 2

)
. (A.4)

See also, e.g., ref. [28] for the action of the Wilson loop.
The cutoff to (p, q) and boundary conditions to hopping terms induced by the Wilson

loop operator are shown in figure 12. We show eigenvalues of the Hamiltonian with K = 1 in
figure 13. As in the case of SU(2), the q-number [p] is replaced as [p] = p in the naive cutoff.
We see that lower eigenvalues become independent of cutoff k as k increases. For energy
eigenvalues, we see that naive cutoff has good convergence compared with that based on
the q-deformation as shown in figure 13. Thus, qualitative behavior is the same as SU(2)k.

1We use the normalization factor of C2(p, q) commonly employed in high-energy physics, which is half of
the value used in ref. [47].
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Figure 12. Diagram for SU(3)k. Arrows indicate the action of the fundamental Wilson loop.
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Figure 13. Energy eigenvalues En of the single plaquette model for SU(3)k. Red and blue dots
represent the results of exact diagonalization with naive cutoff and q-deformation, respectively.
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