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1 Introduction

String theory compactifications provide a remarkable connection between the geometry
of extra dimensions and the physics of Effective Field Theories (EFTs) [1-5]. An early
lesson that one obtains upon exploring this link is that the more an EFT quantity is
protected against quantum corrections, the simpler is its description in geometric terms.
Typical examples arise in the context of supergravity and supersymmetric gauge theories,
where protection mechanisms involve both gauge invariance and renormalisation effects
constrained by supersymmetry.

In several instances, discrete EF'T data protected by gauge invariance are described
in terms of the topology of the compact manifold X,, while quantities protected by
supersymmetry enjoy a simple description in terms of differential and/or algebraic geometry.



A clear example of the second is BPS states or extended objects of the EFT, which can
be obtained from, e.g., D-branes in type II compactifications at weak coupling. In that
case, the BPSness condition requires that the D-brane extra dimensions wrap a p-cycle of
X, that is calibrated, in the sense of [6]. This condition not only has a neat differential
geometric description for compactification manifolds X,, with special holonomy, but it
can be generalised whenever X,, has a G-structure metric and a flux background that
leads to a supersymmetric EFT [7-9]. The central charge of the BPS object at tree-level
is then determined by the integral over the p-cycle of the suitable p-form calibration,
or generalisations that allow us to calibrate D-brane bound states. This picture also
applies to space-time filling D-branes that are part of the background in type II orientifold
compactifications, as well as to Euclidean D-branes that play the role of BPS instantons.
An example of discrete EFT data with a topological higher-dimensional origin is the
presence of discrete gauge symmetries. In the Abelian case, a Zy gauge symmetry of a
d-dimensional EFT can be described by a Lagrangian coupling of the form [10]

N By o N Fy, (11)

where By_s is a (d — 2)-form of the EFT dual to an axion Cy, and Fy = dA; is the field
strength of the U(1) boson gauged by Cy a la Stiickelberg. Finally, N € Z is the quantity
that is described in terms of the topology of X,,. For instance, in type II orientifold
compactifications, couplings of this form are specified by the homology classes of the p-
cycles wrapped by space-time filling D-branes, which in turn determine the discrete gauge
symmetries acting on the open string sector of the theory [11]. This case is particularly
interesting because the discrete symmetry acts on the massless chiral spectrum of the
EFT. However, it has the feature that the axion and gauge boson masses induced by (1.1)
are usually of the order of the string scale. This implies that the Stiickelberg terms that
complete (1.1) are not part of the EFT Lagrangian.

A different setup where the coupling (1.1) is realised is by threading the compact
manifold X, with quantised background fluxes [12]. In this case, the coupling N is
determined by the flux quanta, or equivalently by an integral cohomology class in X,,.
Here the interplay with the EFT cutoff is reversed with respect to the previous one. The
Stiickelberg-induced masses for axions and gauge bosons can lie below the EFT cutoff, but
now the resulting discrete gauge symmetry acts on strings and particles that typically do
not correspond to light states of the EFT.

In this work, we are interested in yet another realisation of discrete gauge symmetries,
namely those that arise from torsion factors in the integral cohomology groups HP(X,,,Z).
That such Zy factors correspond to Zy gauge symmetries can be seen in the AdS/CFT
context by following the reasoning in [13, 14], applied to type II orientifold compactifications
in [15], and with subsequent work in similar setups in [12, 16-20]. As stressed in [12],
the realisation of discrete gauge symmetries via torsion in cohomology is related to the
setting with background fluxes by dualities such as mirror symmetry. This implies that
the same EFT features should be realised, namely: ) Stiickelberg couplings that are part
of the EFT Lagrangian and i) charged objects that lie above the EFT cut-off. Indeed, as
discussed in [15] such charged objects are given by D-branes wrapping torsion cycles of X,



which from the EFT perspective look like particles and (d — 3)-branes coupling to A; and
Bg_s, respectively.

From this simple observation, an apparent puzzle follows. If in this case (1.1) and
its Stiickelberg completion appears in the lower-dimensional EFT, is because torsion in
cohomology is detected by the standard procedure of p-form dimensional reduction. This is
rather counter-intuitive, in the sense that torsion cohomology groups are trivial in de Rham
cohomology, or in other words their elements can only be represented by exact p-forms.
Since the EFT data captured upon dimensional reduction typically involves integrals of
p-forms over p-cycles, it is a priori not clear how torsion cohomology factors can translate
into a Stiickelberg Lagrangian term in the EFT. This naive picture agrees with the standard
lore that torsion in cohomology cannot be detected via smooth p-forms, and that one
should resort to more advanced geometric techniques, like the computation of spectral
sequences [21] or to differential cohomology [22].

This paper addresses this puzzle and proposes a prescription to capture torsion in
cohomology via the standard procedure of dimensional reduction. The basic idea is to
use smeared delta forms to construct the integral basis in which ten-dimensional fields are
expanded in order to perform the reduction. Here a delta p-form stands for the p-current
dp(II;,—p) with legs transverse to an (n — p)-cycle II,,_, C X,,, while its smeared version
(5;m(l'[n_p) corresponds to the projection into the light eigen-p-forms of the Laplacian. If one
projects ,(Il,—,) to the zero-mode sector of the spectrum one simply obtains a harmonic
p-form which is the de Rham Poincaré dual of II,,_,, and torsion cycles are projected out. If
however, one includes in the projection those non-vanishing eigenmodes that correspond to
massive p-form fields entering the EFT, then torsion cycles can have a non-trivial smeared
delta form, and translate into quantities of the EFT Lagrangian.

More precisely, we propose that one should consider smeared delta forms of calibrated
cycles in order to build the basis for the dimensional reduction. The physical intuition behind
this proposal is that D-branes wrapping calibrated cycles correspond to BPS objects with a
controlled backreaction, that one can use together with the picture developed in [23-25] to
see their smeared delta function as an EFT long-wavelength description of the corresponding
object. This can then be used to extract information from the EFT, as done in [26-28] in
the context of 4d N' = 1 compactifications. In particular, D-branes wrapping calibrated
torsion cycles can be seen as BPS operators that gather information on the massive sector
of the EFT Lagrangian, like the kinetic terms of the fields that appear in (1.1). As a direct
consequence of our proposal, the linking number between two calibrated torsion cycles can
be computed using EFT data, or equivalently by defining a smeared version of the torsion
linking number, as summarised in Conjecture 1.

The notion of calibrated torsion cycle or BPS operator with a Zy charge may seem
puzzling. From a geometric viewpoint, calibrations in special holonomy manifolds are
closed p-forms, and therefore they can never calibrate a torsion p-cycle. This obstruction is
however absent in the more general set of manifolds with G-structure metrics, since there
the exterior derivative of a calibration does not need to vanish, and one can indeed construct
explicit examples with torsion p-cycles that are calibrated. From a physics viewpoint, due
to the no-force condition between mutually BPS objects, one should always be able to stack



an arbitrary number of them on top of each other without any binding energy. This fits
naturally with a Z-valued charge, but not with a Zy-valued one. To address this issue we
construct examples of BPS objects with Zy charge, in the context of domain-wall solutions
of type II string compactified on half-flat manifolds [29]. We find that the process that
annihilates N BPS D-branes wrapped on a torsion cycle is indeed possible topologically,
but not energetically favoured. As a result, it is energetically stable to stack an arbitrary
number of such objects with Zy charge, as implied by the BPS condition.

Expressing a delta form as a sum of eigenforms of the Laplacian is in general involved,
as it requires knowledge of the massive p-form spectrum of a manifold. This difficulty is
however less severe for three-dimensional manifolds with isometries, a fact that we exploit
to perform an explicit computation of a torsion linking number and its smeared version in
twisted tori, in order to verify Conjecture 1. While it seems challenging to extend such a
computation to more general setups, one can provide physical evidence that our proposal
should also be valid in SU(3)-structure manifolds. Indeed, using smeared delta forms of
calibrated cycles as a basis for dimensional reduction fits perfectly with the framework
developed in [30-32] to describe 4d N = 2 gauged supergravities as EFTs of type II string
compactifications and, in fact, one may argue that it is necessary for the consistency of
the approach. Similar considerations can be drawn in the context of 4d N = 1 type II
orientifold vacua, where the BPS torsion objects are given by membranes ending on strings,
and by space-time filling branes ending on membranes.

In most of our examples it seems that an extension of Conjecture 1 is required. In such
a generalisation, the torsion linking number can be computed not only when elements of
TorH,,_,(Xp,Z) contain calibrated representatives, but also when they can be expressed as
linear combinations of elements of H,,_,(X,,Z), all of them with calibrated representatives.
This extension could in principle be applied to compute torsion factors in the cohomology
of Calabi-Yau manifolds, whenever they contain light eigenforms of the Laplacian other
than harmonic forms. One may even speculate that our approach could be useful to
compute torsion linking numbers even in cases where torsion cycles cannot be related to
calibrated submanifolds, by providing an estimate of the associated error in the linking
number computation. In any event, our findings support that one may compute certain
torsion topological invariants in terms of smeared or EFT data such as masses and kinetic
terms, extending the dictionary between geometry and physics to the more subtle and
unexplored sector that is torsion in cohomology.

The rest of the paper is organised as follows. In section 2 we describe what is our
proposal to compute the torsion linking numbers of a manifold via smeared delta forms, as
well as an extension of such proposal. In section 3 we motivate the proposal from a physics
viewpoint, by interpreting torsion calibrated cycles as BPS objects of the EFT with a
non-trivial backreaction. In section 4 we analyse our proposal in the context of domain-wall
solutions of 4d N' = 2 EFTs obtained from compactifications of type ITA string theory on
half-flat manifolds. The simplest examples of such manifolds are based on twisted three-tori,
for which our conjecture can be verified explicitly using the techniques of section 5. Section 6
tests our proposal in the context of general SU(3)-structure compactifications of type IIA
string theory, finding agreement with previous analysis in the literature and giving a more



precise prescription to perform the dimensional reduction in this context. Section 7 extends
our general strategy to 4d NV = 1 type II orientifold vacua, and section 8 contains some
speculative remarks on how to perform a further extension to the case where no EFT BPS
objects are available to detect torsion. We finally draw our conclusions in section 9.

Several technical details have been relegated to the appendices. Appendix A analyses a
mirror dual setup to that of section 4 from a microscopic viewpoint, in order to classify
the relevant set of BPS D-branes in both backgrounds. Appendix B analyses the massive
p-form spectrum for the case of the twisted three-torus, as a necessary step to perform the
direct computation of the torsion linking number of section 5.

2 The proposal

Let us consider a compact manifold X, of real dimension n, and a submanifold II,, C X,
which is a p-cycle. We can define a bump-delta (n — p)-current or distributional form §(IL,),
such that

/nwp/\é(Hp) :/ Wp (2.1)

P
for any smooth p-form w, € QP(X,,). If X,, is endowed with a smooth metric ds%. measured
in string units ¢; = 27V ¢/, one can solve the eigenvalue problem for (n — p)-forms
. 9

Aby,_, = Nby,_, (2.2)
where A = dfd + dd' is the Laplace-de Rham operator, {bﬁl_p}i is an orthonormal basis
of eigenforms with respect to the Hodge product, and {A?}Z the corresponding set of non-
negative, dimensionless eigenvalues. Then one can expand the bump-delta (n — p)-form on
such a basis

ML) =Y et = [ i, (2.3)
7 11,

and from here define a smeared version of the delta-form, by keeping only those terms in
the expansion that satisfy A; < Amax, for some choice of Apax. This defines a smooth bump
(n — p)-form localised within a tubular neighbourhood of radius ¢s/Amax around II,. Such
a (n — p)-form can be identified with the Thom class of the normal bundle of II,,, which
is known to lie in the de Rham Poincaré dual to [II,] € H,(X,,) [21]. Indeed, notice that
all elements b}, , of the expansion (2.3) must be exact (n — p)-forms except those with
vanishing eigenvalue, which must correspond to the harmonic representative of the Poincaré
dual to [II,]. It follows that if [II,] lies in a torsion class of Hy(X,,Z) then 6(II,) must be a
sum of exact (n — p)-forms.

In string theory compactifications there is a natural choice of metric for X, that comes
from solving the 10d supergravity equations of motion, as well as a natural choice of Apax
that one identifies with the compactification scale mkk. One can define /;mgg to be
the typical spacing between positive eigenvalues \;, oftentimes estimated by the average
radius Vol(Xn)l/ ™. Physically, we understand mggk as the energy scale below which we
recover a D-dimensional EFT description, with D = 10 — n, that describes all eigenmodes
with \; < £smgk as D-dimensional fields. The standard practice in the string literature



is to assume that only harmonic modes satisfy the requirement \; < fsmgkk, such that
the procedure of dimensional reduction simply projects the spectrum of p-forms to the
harmonic sector.! However, it has been shown that in certain compactification regimes,
and in particular in six-dimensional manifolds with SU(3)-structure [9, 33-39], one has
a non-vanishing p-form eigenvalues well below the compactification scale. This will be
the case of interest in this work, and henceforth our definition of smeared delta-form will
correspond to the following;:

FM(IL,) = Z ¢ b;_p : (2.4)
A LLlsmKK
Note that if [II,] € TorH,(X,,Z) then (2.4) may contain no terms at all and, if it does,
it will be a sum of exact (n — p)-forms. This reflects the difficulties in obtaining information
from the torsion (co)homology classes from the viewpoint of the lower dimensional EFT, as
integrals of (2.4) over any (n — p)-cycle of X,, simply vanish. There is however a well-defined
topological invariant for torsion homology classes, which is the torsion linking number.
Given the torsion classes [II,] € TorH,(X,,,Z) and [II,—,_1] € TorH,_,_1(Xy,Z), one can
define their linking number in terms of the bump delta-forms of two of their representatives
as [15]
L,y 1,0L,) = [ d*6(0,_p_1) AS(T,)  mod 1. (2.5)
Xn

Following [40], we can rewrite this quantity as follows. Notice that {\;'d * bl ,}i is an

orthonormal basis of exact (p + 1)-forms, so one can perform the expansion

e i (—1)nn=p) i
6(Hn_p_1) = Z )\fd * bn—p N €; = )\7 /H ) dTbn_p s (26)
i T T n—p—

from where one obtains

L(My 1, T) = > C; mod 1. (2.7)

)

One can now define a smeared linking number. From [A,d] = [A,*] = 0 it follows that
d* bﬁb_p has the same eigenvalue as bg_p, and so the smeared version of (2.6) corresponds to
the same truncation as in (2.3). Thus, it is natural to define the smeared analogue of (2.7)
as
LMy, ) = S 2% mod 1. (2.8)
Ai<lsmgr

On the one hand, this quantity is not a topological invariant of X,,. Unlike for (2.7),
there is no reason for it to remain invariant under a continuous deformation of either of the
representatives IT, or IT,,_,_1. On the other hand, as we argue in section 3, whenever (2.8) is
non-vanishing the massive sector of the D-dimensional EFT knows about the value of (2.7),
so there must be some way in which one can find about this topological invariant in terms
of smeared data.

! Alternatively, one may set the EFT cut-off Agpr below any non-vanishing mode.



In the following we propose a solution to this puzzle, namely that one needs to focus on
certain minimal-volume representatives within the torsion homology class. More precisely,
we consider manifolds X,, that contain calibration p-forms, and torsion p-cycles that are
calibrated by them. Calibration p-forms are standard objects in manifolds endowed with
metrics of special holonomy [6]. In that case they are closed p-forms, and therefore torsion
p-cycles cannot be calibrated. However, using string theory one may generalise the notion of
calibration to any Riemannian manifold X,, that leads to a D-dimensional supersymmetric
EFT with BPS objects [7-9]. With this more general definition, which will be the one
used in this paper, calibrations may be non-closed p-forms that calibrate torsion p-cycles,
as for instance happens in manifolds with G-structure metrics. An illustrative case for
our discussion in the following sections will be the case of six-dimensional manifolds with
SU(3)-structure, whose metric is specified by the pair of calibrations (., 2), which can
respectively calibrate two- and three-cycles that are torsion or even trivial in homology. In
terms of this language, our proposal can be expressed as follows:

Conjecture 1 A non-trivial smeared linking number between two calibrated torsion cycles
equals their actual linking number.

From a physics viewpoint, D-branes wrapping calibrated cycles correspond to BPS
objects of different dimensions in the lower-dimensional supersymmetric EFT. In this
sense, Conjecture 1 can be understood as the equality between (2.7) and (2.8) for the case
of D-branes that wrap torsion cycles and that at the same time are mutually BPS, that
is, they preserve some common supercharges in the lower-dimensional EFT. Notice that
equating (2.7) to (2.8) implies a cancellation in the contribution of very massive modes to
the torsion linking number. Physically this suggests that a protection mechanism against
threshold corrections must be in place, which is indeed a characteristic feature of certain
supersymmetric settings.

To make the proposal more precise, a number of comments are in order. First, some
of the compactification manifolds that we will consider correspond to supersymmetric D-
dimensional EFTs without vacua in the interior of their field space. Instead, they describe
supersymmetric solutions that probe a family of metrics of X,,. For this reason, we require
that the torsion representatives that are BPS/calibrated must be so in a region of the EFT
field space, as opposed to in a single point. In particular, they must remain calibrated
upon local deformations of the metric that either are moduli or involve energies below
the compactification scale. Notice that, in general, calibrated p-cycles in fixed homology
classes can cross walls of marginal or threshold stability when one deforms the metric of the
compactification manifold, so this condition is a significant restriction in the definition of
calibrated submanifolds, that we will dub strict calibration condition. In the string theory
literature, examples of BPS objects with this property are the EFT strings and membranes
defined in [26-28], so in this sense some the objects of study in this work can be thought of
as their torsion analogues.

Second, notice that Conjecture 1 implies that the smeared linking number should not
vary upon infinitesimal deformations of the embedding of the torsion representatives that



respect the calibration condition, which we will dub as BPS deformations. In the following
sections we argue that this is indeed the case, by relating the coefficients ¢;, e; with the
volume of the respective p-cycles. Now, since we are interested in metrics with non-closed
calibration p-forms, one may in principle encounter BPS deformations that vary the p-cycle
volume. We have not found instances of this possibility for our more restrictive definition
of calibrated cycle. However, in case that it occurred to apply Conjecture 1 one should
consider the calibrated representative of II, that locally minimises its volume for a fixed
metric in X,,.

Finally, using the bilinearity of the linking number one may extend the conjecture to
torsion p-cycles that are not calibrated by themselves, but that are linear combinations of
calibrated cycles. For instance, let us consider a manifold X,, with a G-structure metric
and a pair of p-cycles II, and H;) calibrated by the same calibration, both in the strict sense,
that correspond to the same class on Hy,(Xp,R), but such that [I["] = [II)] — [II,] is a
non-trivial element of TorH,(X,,Z). Then one may smear out both delta-forms separately,
and define a smeared description of the torsion two-cycle as

5™ (IT) — 6°™(TT,) . (2.9)

By construction, this is an exact smooth (n — p)-form, from where one can extract the
coefficients ¢; as in (2.4). A different realisation of IT;>" in terms of BPS cycles, like for
instance a representative H;Of that is BPS by itself, may give rise to different coefficients
¢;. However, the extension of the conjecture would imply that all these choices give rise to
the same smeared linking number with a given BPS torsion (n — p — 1)-cycle. Notice that
with this extension one may not only compute torsion linking numbers via smeared data in
G-structure manifolds with non-closed calibrations, but also in manifolds with metrics of
special holonomy.

To sum up, our proposal means that for manifolds endowed with certain metrics, one
can compute some torsion invariants in terms of smeared/massive EFT data. One only
needs ) the eigenforms of the Laplacian that correspond to their lowest eigenvalues and i)
the projection of torsion, strict-calibrated cycles into them.

3 Localised sources and dimensional reduction

The aim of this section is to motivate the content of Conjecture 1 from a physics viewpoint,
by considering the effect of localised sources in compactifications of string theory. If these
sources wrap torsion cycles in the compact dimensions and couple to the massive fields
present in the lower-dimensional EFT, then by consistency of the low-energy description
there should be terms in the EFT Lagrangian that know about their torsion linking number.
The reason is that, in this case, the EFT contains localised objects charged under a discrete
gauge symmetry (the torsion cohomology group) with a non-trivial backreaction at EFT
wavelengths. The corresponding EFT Lagrangian has the form proposed in [15] (see
also [12, 16-20]) to describe torsion in (co)homology from the viewpoint of dimensional
reduction. However, this does not guarantee that one can compute the torsion linking



number from smeared data. For this, one in addition needs that such localised sources
appear as BPS objects of the EFT.

3.1 Localised sources in ten and four dimensions

For concreteness, let us consider a static D4-brane in 10d, with worldvolume X5 =R x 34 C
RY. Tts backreaction sources a RR field strength Fy = dCjs, such that dFy = J5(25)
corresponds to the bump delta 5-form with support on ¥5. On a 4-sphere S* surrounding
this source, the pullback of Fj is of the form 27 ® g4, where ®ga is such that [q4 $ga = 1.
Analogously to the Wu-Yang description of a 4d monopole, we need to describe the potential
Cs|gs as a connection, more precisely as the connection of a 2-gerbe on S*, see e.g. [41].
Let us recall how a probe D2-brane feels this background. In particular, let us consider
the case where its worldvolume Y3 sweeps a 3-sphere S% at the equator of S%. In analogy
with the Wu-Yang monopole, the non-trivial pull-back of Fj on S* has the effect that C3]|gs
is non-trivial in the cohomology of S3. However, one can still globally write it as d\2, where

A2 is not a globally well-defined smooth two-form, but nevertheless ¢ J m A2 is well-defined
for any two-cycle II5 inside S3. This property amounts to saying that the wavefunction of
the probe D2-brane is well-defined in the backreacted background of its magnetic dual.

We now consider the particular 10d background R'3 x Xg, with Xg a compact manifold
with a given metric. If the D4-brane wraps a 4-cycle Iy C Xg, then it will look like a point-
like source in the 4d EFT, very much like a monopole. Its backreaction may be described
by a 2-gerbe in the microscopic 10d picture, but its effective description at wavelengths
larger than 1/mgg should correspond to a bundle similar to that of the Wu-Yang monopole.
This is indeed the case whenever [I14] is a non-trivial class in H4(Xg,R). A probe D2-brane
wrapping a two-cycle Il C Xg with non-trivial transverse intersection Ils - II4 = @ looks,
from the 4d viewpoint, like a (test) particle circling around the monopole-like source. The
pull-back of Fy on S? x Il with the two-sphere surrounding the source reads:

2 (<1352 + Xm) AN 52(H4)|H2 =271(Q) (@52 + Xm) A ((I)H2 + d)N(l) , (31)

where the ®’s are volume forms normalised to unity, x1 and x; are globally well-defined
one-forms on $? and Il4, respectively, and d2(I14) is the bump delta two-form of Il in
Xg. The result gives an integral of 27(Q), that corresponds to the product of electric and
magnetic charges. We can now restrict our attention to v x Ils, where v is at the equator
of §2. The difference of connections C3 on two patches overlapping over this submanifold
can be written as

C3 = d)s, with Ao = AQ (‘I’HQ + d)~(1) R (3.2)

and )\ a function A : v — S! with a single winding. When we describe this system at
energies well below the compactification scale, we simplify the internal profile for Ao. In the

4 in the Poincaré dual

effective description, one replaces d2(Il4) by a harmonic two-form wg
class to [II4], which is the lowest lying mode (the harmonic piece) of the Kaluza-Klein (KK)
decomposition of d(I14). Therefore, we write Ao = )\ng4, as a more detailed profile would

involve gauge transformations for massive U(1)’s that are beyond our 4d EFT description.



If we now assume that [Iy] € TorHy(Xe,Z), then wy'* vanishes, and the presence of
a D4-brane wrapped on II; remains undetected by any D2-brane wrapping a two-cycle
Il C Xg. Instead, as discussed in [15], one needs to consider a D4-brane wrapping a three-
cycle [II3] € TorHs(Xg,Z), which is perceived by the low-energy EFT as a 4d string. Let
us for simplicity place this 4d string in R € R, and take z = re?™ to be the complex
coordinate transverse to its worldsheet. This time one can provide a global description of
the RR potential sourced by the D4-brane

Cg = 2nd (9;)2) 5 (3.3)

where ps is a two-form on Xg such that dps = d3(I13) is the bump delta three-form of II3. This
background is detected by a D2-brane with worldvolume 7 x Ilz, where [IIy] € TorHs(Xg,7Z)
is a torsion class with linking number L € Q with respect to [II3], and ~ is a 4d worldline
surrounding once the string location {z = 0}. If we pull back (3.3) into the D2-brane
worldvolume we obtain

Cslyxi, = 27L (d¢ + df (¢)) A (Pr, + dX1) (3.4)

where ¢ € R/Z parametrises v and f(¢) is a periodic function in it, and we have used
that [i, p2 = L. Therefore, we obtain that C3 = dAg, with A2 of the form (3.2), except
for the replacement () — L. The fact that L is not an integer number implies that the

2mil when circling around +, which is a trait of 4d

D2-brane picks a non-trivial phase e
Aharanov-Bohm (AB) strings and signals the presence of a discrete gauge symmetry [10].

Let us describe the discrete gauge symmetry in terms of the gauge transformations
involved in the backreacted D4-brane background. At the microscopic 10d level, these are
of the form

d (Ap2) = dA A pg + Ad3(I3), (3.5)

with A well-defined on loops on RY but not on R'3 itself. It now remains to see what is
the long-wavelength 4d EFT description of this transformation. As already discussed d3(I13)
has no harmonic component, and the same can be assumed for ps.? The question is then if
93(II3) has a non-trivial projection into the massive field content of the 4d EFT spectrum,
or in other words if it has a non-trivial 4d smearing. If it does, the D4-brane backreaction
should be seen by the 4d EFT, in the sense that it sources some of it fields, that pick a
non-trivial profile involving wavelengths above 1/mxkk. So in the following we will assume
that d3(Il3) has a non-trivial 4d smearing, which is also necessary for Conjecture 1 to
provide a non-trivial statement.

For simplicity let us assume that Xg is such that TorHs(Xg,Z) = Zy. By the Universal
Coefficient Theorem [21] and Poincaré duality this implies that Tor Hy(Xg,Z) = Zy, and also
that LN € Z. Let us in addition assume that there is a single exact eigen-three-form b3 of the
Laplacian with unit norm and a non-vanishing eigenvalue below the compactification scale.

2A priori nothing forbids p2 to have a harmonic piece, which would even be required if we impose that
fH2 p2 € Z for any two-cycle Ily [42]. Following [43], this piece would imply a non-trivial kinetic mixing
between massive and massless U(1)’s of the compactification, which could then be removed by an appropriate
change of basis. To simplify the discussion, here we assume the absence of such a harmonic piece.
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That is, we have a unique solution of the form ddfb; = A2bs, with mg = £5 1\ < mxk.
Then to obtain our 4d EFT via dimensional reduction we must consider the following set of
p-forms

bs, «bs, Atd * b, A td b, (3.6)

all of them with unit norm and the same eigenvalue, because they are associated with the
same mass scale. The standard dimensional reduction procedure consists of expanding the
10d p-form potentials in a basis of harmonic forms plus the above, non-harmonic set. For
instance, reducing the type ITA three-form C5 to 4d with respect to the above non-harmonic
sector gives

Cs = 271'52 (A1 Awe + Cy B3) (3.7)
where Ay and Cj describe a 1-form and a 0-form in 4d, respectively, and we have defined

1

= d'bs, with f,g € R, (3.8)
g/\st

p3 = f bs, wo

S0 dwo = Neg B3 with Neg = ;‘;gt The reduction to 4d of the 10d kinetic term [ F, 42 gives

472

) ) ¢
(27 f)? (dCy — Neg A1)? + g—Z(dAl)Q, f = fe**Mp = fe

S L— 3.9
(4Volyx, )27 T (3.9)

namely a Stiickelberg-like Lagrangian, where e® is the 4d and e? the 10d dilaton, Vol X
is the volume of Xg in string units, and Mp the 4d Planck mass. This is precisely the
dimensional reduction scheme proposed in [15] to describe discrete gauge symmetries from
torsion in cohomology, if one imposes the constraint Neg = N and treats Cj as an axion-like
particle of unit periodicity Cy ~ Cp + 1. In this case, the discrete gauge symmetry is
generated by the shift

dA
21Cy — 2wCy + A, 2w A —>2WA1+W’ (3.10)

with A € 277Z. A particle with charge NL under A; will pick up a phase e?™* upon (3.10),
for instance when circling a string of unit charge. This is how the 4d EFT reflects the
linking number between torsion cycles on Xg, and in particular that TorHs(Xg,Z) ~
TorHy(Xg,Z) = Zn. So while at this point we have not determined the parameters f and
g, consistency of the 4d EFT requires that they are constrained by fg = % Therefore we
have the relation

A

L _fg_fg

N Ast Mst '

Note that the expression in the middle resembles a smeared linking number, as defined

(3.11)

in (2.7), while the r.h.s. corresponds to how the EFT massive sector encodes this quantity.

The 4d effective Lagrangian (3.9) should be sufficient to give a long-wavelength descrip-
tion (more precisely in the range (m;ql{, mg')) of the backreaction of D4-branes wrapping
torsion three-cycles of Xg. Recalling our 10d analysis, one may try to provide such a 4d
description by directly smearing the 10d solution, that is by projecting the background (3.3)
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into the massive sector (3.6). However, if one does so the gauge transformation (3.5)

translates into
9wCy — 27Co + S, 2mAy — 27 A, + S8
wCo TCo + <A, TA] TAL T 57
f N

where 65 (Il3) = cbs, and we have imposed that Neg = N. So only when ¢ = f we recover

(3.12)

the expected gauge transformation (3.10). While this may seem surprising, it does not
necessarily indicate any inconsistency of the 4d EFT. Instead, one may interpret it as
the fact that smearing a 10d background is a classical procedure that may be subject to
corrections, like quantum corrections associated to the fields above the compactification
scale that one has truncated. So in principle, it could be that these or other corrections
modify the backreacted 4d background in such a way that the quotient ¢/f disappears
from (3.12), and one recovers the gauge transformation (3.10) consistent with (3.9). If this
was the case, (3.11) should be interpreted as a smeared linking number after corrections
have been taken into account.

This proposal to solve the apparent inconsistency in (3.12) has the downside that it
does not give a clear geometric prescription to compute the parameters f and g which,
together with Ay, are the 4d EFT data that allow us to compute N. However, it gives us
the guideline that one should try to consider D4-branes whose smeared backreaction does
not suffer important corrections upon dimensional reduction. From a physics viewpoint, the
best candidates to display this feature are D4-branes that preserve some supersymmetry of
the background, namely BPS objects of the EFT, as the results of [44] also suggest. In the
next subsection we will argue why this is the right answer.

Finally, it is instructive to perform the dimensional reduction of the RR potential Cf,
dual to C3 in 10d. An expansion in the relevant non-harmonic p-forms (3.6) gives

Cs = 27T€§ (Vl A &g + By A Oz3) , (3.13)
where V7 and By are a 4d 1-form and 2-form in 4d, and we have defined
w4 = id * b3, a3 = f_l * b3, (3.14)
)\st

such that fX6 wo ANy = fX6 ag A\ Ps =1, as in [29-32]. This is required for the fields (V7, B2)
to be quantised 4d duals to (A1, Cp). It also implies that daz = Negwy = N4, SO upon

dimensional reduction one obtains
4 2
(2mg)* (Vi + NBo)* + };(de)Z. (3.15)

This 4d effective Lagrangian should describe the backreaction of D2-branes wrapping torsion
two-cycles Iy of Xg, in the long-wavelength approximation. In these dual variables the
discrete gauge symmetry reads

dA
27V = 27V — A, 27TB2—>27TB2+W1. (3.16)
A D2-brane wrapping a torsion two-cycle Il such that 63 (Il2) = 3%-d bz will not generate
this shift via its backreaction, unless e = g. Again, one could interpret this mismatch as
the result of non-trivial quantum corrections, and argue that the equality should hold for
D2-branes wrapping calibrated two-cycles, as we proceed to argue.
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3.2 The supersymmetric case

One may summarise the reasoning of the previous subsection as follows. A D4-brane
wrapping a torsion three-cycle I3 of Xg becomes, upon compactification to 4d, an Aharanov-
Bohm 4d string that realises TorH3(Xg,7Z) = Zy as a discrete gauge symmetry. This object
will be perceived by the 4d EFT if it couples to some massive p-form modes below the
compactification scale mkg. In that case the backreaction has size mg = A\t /fs < MKK,
where A is the eigenvalue of such massive eigenmodes, and there must be a term in
the 4d EFT that describes such a backreacted solution at long wavelengths. This 4d
Lagrangian term is (3.9), with Neg = Ast/fg = N encoding the topological information of
the torsion homology group. Knowledge of the massive spectrum and of the parameters
f, g9 € R thus allows us to compute torsion cohomology groups, and to represent them via
smooth p-forms (3.8) and (3.14) that are, from the 4d viewpoint, analogous to the harmonic
representatives of de Rham cohomology groups. The parameters f and g are not determined
from the 4d smearing of the backreaction of a D4-brane wrapping an arbitrary torsion
three-cycle, since in general there can be significant corrections to the smeared background.
Notice that these parameters are intrinsic of the 4d EFT, and so they only depend on the
topology and metric of Xg.

There is however a particular class of 4d strings for which quantum corrections should be
under control, namely BPS fundamental strings of the EFT. We are particularly interested
in D4-branes that correspond to the 4d EFT strings of [26-28], except that they source 4d
axions with a mass mg induced by a Stiickelberg coupling. As stressed in [26], near the
string core and at wavelengths below m;tl one should be able to describe the 4d backreaction
of these objects with a solution similar to that of standard EFT strings, implying that their
tension is determined by the kinetic terms of the 4d EFT Lagrangian, and in particular by
parameters like f.

Geometrically, the BPS condition means that the torsion three-cycle II3 is calibrated
by a complex three-form 2. This is not possible when Xg is a Calabi-Yau, but it occurs in
SU(3)-structure manifolds with a metric specified by (J,€2) and a non-vanishing intrinsic
torsion,® which we will assume in the following. Notice that the calibration condition selects
a specific representative within the torsion class [II3] € TorHs(Xg, Z), that directly depends
on the metric of Xg. Therefore, it is reasonable to assume that f, which also depends on
the metric of Xg, can be computed from d3(Il3) with II3 calibrated. More precisely, we will
argue that f can be computed from the smeared delta-form 5™ (Il3).

To see this, let us assume that upon compactification of type IIA string theory on Xg
we recover a 4d EFT with N = 2 supersymmetry. One interesting framework to do so is
when Xg is an SU(3)-structure manifold with calibrations (J,(2), as analysed in [31, 32].
Following their approach, we may expand J and 2 in the set of harmonic two- and three-
forms, respectively, plus the non-harmonic set (3.6). Let us first consider 2 and assume

3The two meanings of the word torsion should not be confused. By intrinsic torsion we mean the five
torsion classes which enter in the description of manifolds with SU(3)-structure metrics, and which show up
in the derivatives of the globally well-defined forms € and J [9, 33-39]. In any other instance, the word
torsion refers to torsion classes in (co)homology groups of Xg, and to their representatives.
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an expansion of the form Q = Q"™ 4 jq a3 + bf3, where Q"™ is a sum of harmonic
three-forms and a, b are real functions of the 4d fields. If we impose the condition *2 = —i{2
we find that the more precise form

A (z fas + f*l,b’g) , (3.17)

where we have taken into account that [ Xe IQAQ = 8Volx,, and that as, 33 are orthogonal
to any harmonic form. Notice that here f is not a fixed number, but depends on the choice
of SU(3)-metric or, from the 4d viewpoint, on the vevs of the 4d scalar fields.

Next, we use that for a 4d BPS string its tension is proportional to the kinetic term
of the axion to which it couples magnetically. In the case at hand, the orthogonality of
the massive modes implies that the string charge-to-mass ratio equals one, and so for a
string inducing a single winding of Cy around its core the tension is determined by the
axion decay constant in (3.9) as /7 fMp. This quantity should correspond to the 4d string
tension obtained from a D4-brane wrapped on a three-cycle I3 calibrated by €2, see [27,
section 6.4]. We thus find

S
Mp — \/ArVoly,

Notice that in the second equation we can replace d3(Il3) — 05™(Il3). Using that II3 is a

. (3.18)

/ Q’ = [ =Voly"?
I3

| ansymy
Xs

torsion three-cycle and therefore d3(II3) is an exact three-form we finally obtain
65" (I3) = Bs. (3.19)

That is, f can be found from smearing the bump delta-form of a calibrated torsion three-
cycle.

Similarly, one may consider a D2-brane wrapping a BPS representative of [II3] €
TorHy(Xs,7Z), or in other words IIy is calibrated by J. A BPS particle of unit charge with
respect to A; will have a mass gMp, so putting both statements together results in the
equality

g = Voly/? . (3.20)

[ 7 nsim)
Xe

Again, expanding e’/ in harmonic and non-harmonic forms and using the Hodge duality

relations translates into the equality
05" () = @y. (3.21)

Equivalently, g results from smearing the bump delta-form of a calibrated torsion two-cycle.

Notice that in this construction the torsion cycles II3 and Ils that lead to f and g have
a minimal 4d charge and tension. Therefore we expect them to generate Tor H3(Xg,Z) and
TorHs(Xg,7Z), respectively, and to have a linking number 1/N mod 1. When plugging the
values of f and g into the smeared linking number one indeed finds that L™ (I, II3) = 1/N,
in agreement with Conjecture 1. If instead Il corresponds to a particle of charge LN, then
repeating the same reasoning its smeared delta-form will have to be multiplied by LN, and
we will recover a smeared linking number of L, again supporting the conjecture.
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An interesting point is that, when dealing with mutually BPS objects, one should be
able to add up their tensions to compute the energy of the total system. Geometrically,
this amounts to say that even if the topological charge of a calibrated torsion p-cycle or
a sum of them lives in Zy, its central charge lives in a lattice. This does not imply any
contradiction with the Zy discrete system of the 4d EFT, provided that the process that
reduces the number of BPS objects by N has a non-vanishing energy which compensates
for the loss of N p-cycles. To illustrate this, let us consider the torsion three-cycle class [II3]
generating TorHs(Xg,Z) in a SU(3)-structure manifold. A set of N D4-branes wrapping
calibrated representatives Il3; of this class looks like N BPS strings in 4d. These can end
on a 4d monopole, made up of a D4-brane wrapping a four-chain ¥4 whose boundary is
given by 0¥y = >, II3; [15]. On the one hand, using Stokes’ theorem one can relate the
sum of string tensions with the integral of d) over 4. On the other hand, the mass of the
4d monopole is proportional to the volume of ¥4 which, if the monopole is BPS, is given by
the integral of j:%J A J over 4. Therefore we find that the marginal stability of N BPS
AB strings implies

l ‘ dQ) A 52(24)
Xe

1
+ ‘ JNJ A 62(24)| = const. (3.22)
2 Jxg

where £ is the length of the AB string in ¢ units. Notice that this relation can only make
sense if the monopole mass depends on £, which should then be a feature of backgrounds with
BPS AB strings and particles. We postpone a more precise explanation of this statement
to the next section, where both quantities in (3.22) will be evaluated in a simple setup
based on half-flat manifolds. For the time being, it is worth pointing out that the above
reasoning leads to an interpretation of the non-closed two-form ws in (3.8). Indeed, notice
that in (3.22) we can replace d2(X4) — 5™ (2Z4) and that because the action of smearing
commutes with the exterior derivative, do5™(34) = N63™(Il3) = NB3. It is thus natural
to guess that 05" (X4) = we when ¥, is a calibrated four-chain, something that can be
verified by noting that a 4d BPS monopole of unit charge has mass ¢g~!Mp, and running
a reasoning analogous to the previous ones. Similarly, one can deduce that 65™(23) = as,
where Y3 is a calibrated three-chain ending on N calibrated torsion two-cycles. Therefore,
one concludes that the set of harmonic plus non-harmonic forms in which one expands J, {2
and the RR potentials to obtain the 4d fields can be interpreted as smeared delta-forms
of a basis of calibrated chains and cycles. Notice that this fits well with the notion that
the set of forms {ws, as, B3, w4} reflect quantisation features of the 4d EFT, like axions
of unit periodicity and U(1) gauge symmetries. This quantisation also implies that these
p-forms generate a lattice just like quantised harmonic p-forms do, which seems to be in
contradiction with the fact that these D-brane charges are torsion. However, as mentioned
above when dealing with mutually BPS objects the mass/tensions are additive, which
explains the lattice structure. Finally, while here we have considered a very simple case, it
is reasonable to expect that this description of the reduction basis of p-forms extends to the
general framework of SU(3)-structure manifold dimensional reduction analysed in [31, 32],

as we will further discuss in section 6.
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It is also instructive to consider what happens when we slightly depart from a BPS
embedding. In particular, let us take a D4-brane wrapping a calibrated torsion three-cycle
IT3 and perform a small deformation of its embedding, such that the torsion linking number
with a calibrated torsion two-cycle IIo does not change

c;€e;
LIy, II3) = Y I (3.23)

i

Notice that this quantity is not defined mod 1. Geometrically, this means that upon the
deformation I3 does not cross IIs. A simple deformation of this sort that changes the
smeared linking number takes the form

A
CKK — CKK — €, Cst — Cst T iﬁ, (3.24)
AKK

where ckxk represents the coefficient of a mode above the compactification scale and ¢y one
below. We thus find that the naive gauge transformation (3.12) changes with a suppression
factor of mg /mik with respect to the BPS case. This is indeed the kind of suppression that
one would expect from integrating out massive operators at the Kaluza-Klein scale, which
supports the interpretation that the expected discrete gauge transformation (3.10) could be
restored for the non-BPS case, once that quantum corrections are taken into account. It
would however be important to perform a more direct test of this proposal.

3.3 Generalisations

In our discussion so far we have focused in a type ITA setup, in which D4- and D2-branes
look respectively like strings and particles in the 4d EFT. However, it is clear that the
same reasoning can be applied to any other kind of string compactifications, as long as the
4d picture is similar. For instance, in type IIB compactified in a SU(3)-structure manifold,
Aharanov-Bohm strings and particles would be realised by D3-branes wrapping torsion two-
and three-cycles. There are other extended objects that can give rise to 4d AB strings and
particles [15], but in many instances they do not wrap calibrated cycles, and so the BPS
property, which is an important ingredient of our logic, is missing.

Nevertheless, one may extend our reasoning in yet another direction, since there are
other BPS objects in a 4d EFT that encode torsion in cohomology. Indeed, a key property
of AB strings with Zy charge is that N of them can end on a monopole, while N AB
particles can end on a 4d instanton [10]. As a general rule, Zy charges are detected in the
4d theory by p-branes ending on (p — 1)-branes with p = 0, 1,2, 3, and in certain instances
these Zy charges reflect torsion cohomology groups of the compactification manifold [12].
In our previous discussion we have focused on the cases p = 0 and p = 1, which are typically
represented in 4d EFT language by the Lagrangians (3.9) and (3.15), respectively, and are
dual to each other. The case p = 2 corresponds to 4d membranes ending on strings, and it
is related to the following EFT Lagrangian piece [45]

(dBy — NC3)?, (3.25)

where Cj is a three-form that couples to the membrane and Bs is a two-form coupling
to the string. In our previous type IIA setup, these objects would arise from D4-branes
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wrapping torsion two-cycles and the three-chain connecting them, respectively, and signal
the presence of a non-trivial superpotential. The case p = 3 describes 4d space-time filling
branes ending on membranes, and the corresponding Lagrangian piece reads [46]

(dD3 — NA4)?, (3.26)

where A4 coupling to the space-time filling branes and D3 to the membranes. In our type
ITA setup these 4d objects arise from D6-branes wrapped on torsion three-cycles and on a
four-chain linking them, respectively.*

The general philosophy of the previous subsection also applies to these Stiickelberg-like
couplings. That is, the 4d p-forms that appear in (3.25) and (3.26) should arise from
expanding the 10d RR potentials on smeared delta-forms of calibrated torsion cycles of
Xg. The resulting coefficients that multiply both expressions are the analogues of f and g
in (3.9) and (3.15), and so together with the relevant Laplace eigenvalue they determine
N. Notice that the analogy is not straightforward, because (3.25) and (3.26) are not
dual Lagrangians, which reflects the fact that D4-branes and D6-branes do not couple to
dual 10d RR potentials. However one may consider a gauge instanton on the space-time
filling D6-branes, which amounts to a D2-brane wrapping the same torsion three-cycle and
coupling to a massive 4d axion C{ that arises from reducing C5 on a coexact three-form
like ag in (3.14). This EFT object is sensitive to the backreaction of D4-branes wrapping
torsion two-cycles and the three-chain connecting them, and an analogy with the gauge
transformations involving AB strings and particles can be drawn. The precise statement is
that there exists a gauged (—1)-form symmetry that describes the discrete gauge symmetries
of the EFT superpotential [50, 51].

For the purposes of computing torsion in cohomology, to consider these new terms
in the Lagrangian may seem redundant, since in the type IIA constructions that we have
discussed they are related to the same kind of torsion groups, namely TorHs3(Xg,7Z) ~
TorHy(X6,Z) and their linking number. However, an important difference is that the
terms (3.25) and (3.26) appear in 4d A/ = 1 string theory vacua, like in type II orientifold
compactifications, while (3.9) and (3.15) typically appear in 4d N' = 2 compactifications
without vacua, like the example considered in [29]. In this case the N' = 2 supersymmetry
of the Lagrangian is realised off-shell, while solutions to the equations of motion at most
preserve a fraction of this supersymmetry, like the domain-wall solution preserving four
supercharges to be discussed in the next section. In practice this implies that the 10d
background is not of the form R x X, but instead a fibration of Xg over a real line or a
plane in RY3. Following the general philosophy of [29, 31] we are entitled to carry out the
usual procedure of dimensional reduction to 4d — and therefore our discussion above — as
long as the variation of this fibration is very small compared to the compactification scale.
The only additional thing that we need to take into account is that for Conjecture 1 to

“In most of the literature, these Lagrangians are shown to arise from compactifications with NS H-fluxes.
In this case, N represents an H-flux quantum and the feature of p-branes ending of (p — 1)-branes has a
microscopic description in terms of dg cohomology and its dual homology [47]. By looking at concrete
constructions, it is easy to convince oneself that such a setup is connected by mirror symmetry to the one
that we are considering [48, 49].
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apply the objects like 4d strings and particles must be BPS with respect to the 4d solution,
which is a stronger condition than being BPS in a would-be N' = 2 vacuum. In practice,
this means that they must be calibrated also from the point of view of the fibration, as we
will illustrate in the next section.

The fact that AB strings and particles cannot be BPS in A/ = 1 orientifold compactifi-
cations seems to clash with the proposal in [15], in the sense that the basis of non-harmonic
p-forms in which one expands the 10d RR potentials to obtain a Stiickelberg Lagrangian (3.9)
cannot come from smearing the delta-forms of calibrated cycles. Nevertheless, one can
still make sense of such a basis of non-harmonic forms if one considers the extension of
Conjecture 1 formulated around (2.9). For instance, one could try to describe the torsion
two- and three-cycles of a Calabi-Yau threefold as the difference of two calibrated cycles
with equal volume, or some other combination of calibrated cycles. As long as there are
some eigenmodes below the compactification scale that couple differently to these calibrated
cycles, there will be non-harmonic p-forms that one builds from smearing their bump
delta-forms. Finally, one should make sure that such harmonic forms have the appropriate
parity under the orientifold action to lead to a Stiickelberg term.

4 A simple example

The simplest example of SU(3)-structure manifolds with torsion in cohomology are nilmani-
folds or twisted tori, which in the context of type II string compactifications were initially
considered in [29, 37, 52]. Particularly interesting for our discussion is the setup of [29], in
which the simplest kind of twisted torus is realised as a 4d domain-wall solution. In the
following we will see how the objects defined in the previous sections, in particular torsion
calibrated cycles and their smeared delta sources, are described in this case.

4.1 The 10d background

Let us recall the main idea behind the construction in [29]. One first considers a toroidal
compactification of type IIB string theory to 4d with a backreacted NS5-brane wrapping a
special Lagrangian three-cycle of T® and extended along R"? ¢ R'3 in the non-compact
dimensions. The long-wavelength approximation of this backreaction provides a domain-wall
solution in 4d, which upon three T-dualities in T® becomes a type IIA background with
constant dilaton and a twisted six-torus T® fibered over a non-compact direction. A simple
generalisation of this setup results in the following type IIA 10d string frame background:

ds® = dspi2 + GV (dE)? + 2dsE, (4.1)
R? R3 R? V R? V R? V R?
ds2. — (902 | 2L p1y2 L 2 2y2 4 S8 32 40 4\2 5/ 512 6,612
(4.2)
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where ¢ is the 4d coordinate transverse to the domain-wall, R; are radii measured in string
units, and n° are the left-invariant one-forms of the twisted six-torus, defined as

nt = dzt + Myz®da®, nt = da?,
n? = da?® + Maz*daS n® =da®, (4.3)
n® = da3 + MzzPda*, 08 = daf |
with M; € N. Finally,
_ M; RiR;y3

V =ViVaVs, Vi=1- (¢, Gi (4.4)

27 RyRsRg’
To recover the case of [29] one needs to take M; = M € N and M; = M, = 0, with
i # j # k # i. The solution applies to the range (0, £ena), With g = min{¢; ' };, while for
€ < 0 one should glue a direct product RY? x T6, with torus radii R;.

We refer to [49] for more details on the geometry and topology of this class of twisted
six-tori. As in there, one can impose a Zs X Zs orbifold projection that reduces the structure
of the internal manifold to a genuine SU(3) structure, and which we will assume in the

following. In the conventions dvoly, = —£.J% = £Q A Q, the SU(3)-structure calibrations
(J,Q) are given by
J = dr? (tlnlAn4+t2n2/\n5+t3n3An6), (4.5)
Q=i(2n)*V"Y2R RyRs (771 + i71774) A (772 + i72775) (773 + i73776) , (4.6)
with Y | P
t'= —Rifus, 7= vl/Q;Tt. (4.7)

The calibrated objects of this SU(3)-structure manifold are those p-chains whose volume
is computed by integrating € or e*/. Recall, however, that we are interested in a particular
kind of calibrated cycles. First, they need to be calibrated in a strict sense, meaning that
upon varying the values of the R; they are still calibrated. Second, they need to be mutually
BPS with the domain-wall source, in order to be actual BPS objects of the background (4.1).
This second criterion is more easily analysed in the type IIB mirror background, as done
in appendix A. In our context, one finds the following BPS objects that are relevant to
our discussion:

5 = 26 = 0} in T and extended along €.

- A D4-brane wrapped on II{" = {2t =2
- A D4-brane wrapped on ¥} = {2 = 23 = 0} in Ts.

An Euclidean D2-brane on IT = Ei NYk with i # j # k # i in Tg and extended
along €.

An Euclidean D2-brane wrapped on Y3 = {z! = 2% = 23 = 0} in Ts.

Notice that, when extending a D-brane along &, it does not make sense to do it beyond
&end, where the metric degenerates and we enter a strong coupling region.

5Our background differs slightly from the one in [29], in the sense that therein the choice V; = ¢;¢ along
the range £ > 0 is taken, for a domain wall at £ = 0. Both choices are compatible with the domain-wall
analysis of [53-55], but we find that our choice also reproduces the scalar flow features of $BPS domain
walls in A/ =1 EFTs (see e.g. [26, section 4.3.2]) and is compatible with the presence of BPS AB strings as
particles, as discussed below.
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The submanifolds (TI{", ¥¢, 115, 33) and others can be described via group theory
techniques, by first writing the twisted six-torus as a coset T = G /T, with G a Lie group
of a 2-step nilpotent algebra and I' a co-compact lattice, and then exponentiating different
set of generators of G, see [49, appendix A]. Using this framework and the results of [56, 57],
one can see that

TOI‘Hg(TG,Z)ZQXzz = TOI'HQ(TG,Z)Z2><22 = ZM, (48)

where M = g.c.d.(My, Ma, M3), and the subindex represents those cycles invariant under
the Zgy x Zy orbifold projection.® The three-cycle IT¥" is the generator of Tor H: 3(T%,Z) 2, %2,
while TorHa(T%, Z)z,xz, is generated by II{" = 37, (M;/M)II. Additionally, X3 is a three-
chain with a boundary homotopic to MIIY" and, if M; # 0, ¥ is a four-chain with a
boundary homotopic to M;IT{". All these p-chains are calibrated by either Q or €'/, with
a calibration phase that will depend on their orientation. The D-branes listed above are
%BPS in the background (4.1), which means that they preserve two supercharges out of
the four supercharges preserved by the solution. The two supercharges that they preserve
will depend on their orientation. For instance, a D4-brane wrapping ¥} looks like a %BPS
monopole in 4d, and preserves two supercharges of the domain-wall solution. Reversing the
orientation and wrapping the D4-brane on —Y corresponds to a 4d %BPS monopole with
opposite charge and preserving the other two supercharges of the background, an object
that we will refer to as anti-BPS monopole. Here we will not keep track of which objects
preserve which supercharges, because a much more straightforward picture will arise when
we interpret this system in terms of Hitchin flow equations.

A D4-brane wrapping a chain ¥} with a boundary is not consistent by itself, as it develops
a worldvolume anomaly, but one can make it consistent by attaching D4-branes wrapped on
0% In the present setup, if the D4-brane wrapping ¥ is located at &y € (0, &enq), one can
cure its worldvolume anomaly by wrapping M; D4-branes on II{*, and connecting them to
%Y. These M; D4-branes will look like 4d strings that extend along the coordinate &, and
either end on an anti-monopole in a different location, or stretch up until the origin £ = 0.
From the 4d perspective, in the first case we have a monopole-anti-monopole pair connected
by M; AB strings, as expected for a 4d EFT with a Lagrangian of the form (3.15) and a
monopole of charge M;/M. In the second case, we have a 4d avatar of a Hanany-Witten
brane creating effect [58], mirror dual to a D3-brane crossing the NS5-brane (the domain
wall), with M; D1-branes stretching along both after the crossing. As stressed in [12],
this effects also signal the presence of a discrete gauge symmetry, encoded either in the
Lagrangian (3.15) or its dual. Similarly, the worldvolume anomaly of an Euclidean D2-brane
in ¥3 can be cured by M D2-branes wrapped on II{" and connected to 933. From the
4d viewpoint this is perceived like M AB Euclidean particles ending on an instanton [10].

5The generators of the Zy X Zy orbifold group act on the left-invariant one forms as
0 = (' * ot nt’ ) = (' = =t ot =’ —n®) and 62 o ("0t ut 0’ n°) =
(=0, —n?, —n®, —n* —n®,1m%) [49]. It is not obvious if the torsion cohomology of the orbifold quotient
T /7y x 7 corresponds to (4.8) or if it has further elements. However, in case that some additional torsion
cycles existed, one can show that they are not calibrated and they do not couple to any light eigenmode.
Therefore one can ignore them for the purposes of this work.
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Notice that in this case a configuration made of %BPS objects involves M Euclidean AB
particles extended along the coordinate &, that stretch either between the domain-wall
source and the instanton or between an instanton-anti-instanton pair.

In terms of these 4d objects one can compute the quantities f and ¢ that feature the
discussion of section 3, by using (3.18) and (3.20). Since in our example there are many
axions and gauge bosons, in order to isolate a pair of them in the Lagrangian, as in (3.9),
we must consider the particular case M; # 0, while M; = M}, = 0 for ¢ # j # k # i. One

then finds
1.2 3 71/2 1 tl

Additionally, via the direct computation of section 5 (see eq. (5.20)) or the results of

appendix B, one obtains that the smallest non-vanishing eigenvalue of T is

Aot = GV, (4.10)
and so it follows that the first equality in (3.11) is satisfied with N = M;, even if all
quantities depend on the coordinate &.

One can also see that the unit-norm exact three-form eigenmode corresponding to (4.10)

is
by = 't AP A’ = fO (IS, (4.11)
where in the second equality we have again used the results of section 5, cf. eq. (5.23). We
thus find perfect agreement with the discussion of section 3, in which the definition of f
via a smeared delta bump-form coincides with the value in (3.18). A similar check can be
made for g, and the combined result is such that Conjecture 1 is verified. In the following
we will discuss how to extend this result to general M; € N, using the 4d EFT description.

4.2 EFT description

To obtain the 4d effective description of this system one may follow the approach in [29], or
its extension to more general setups discussed in [31, 32]. One first defines the following
basis of three-forms

ao=n" AP AP, B0 =nt An® AnC, (4.12a)
ar=n* AP And, Bt =—n" A’ Al (4.12b)
az=n' A" AP, B =—nt AP AT, (4.12¢)
as=n" AP An°, B =—nt A’ AP (4.12d)
and a basis of two- and four-forms
wi=n" An' wy =n* A1, wy =1 A 1P, (4.13a)
o' =—wAwy, @ =-—wzAwr, @ = —wi Awe (4.13b)

This set of forms are those that are invariant under the Zs X Zo projection that takes us to
a genuine SU(3)-structure. Notice that they satisfy [qo i A 7 = [q6wi A@? = &, with a
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specific normalisation which is crucial for the discussion that follows, since we are going to
expand both the calibrations (J, 2) and the 10d RR fields in these forms, and the latter are
going to define the 4d axion periodicities the global U(1) gauge transformations. While
for harmonic p-forms one has a clear prescription to define an integral basis, the same is
not true for exact and co-exact elements of this set, which can be identified thanks to the
relations

dwi = —Miﬁo, dao = —Mia)i. (4.14)

In the present setup such a normalisation can be fixed by means of mirror symmetry, just
as in [29]. However, in the general setting of [31, 32] it is simply assumed as an input. In
section 6 we will argue that one can fix it by defining the set {a4, 87, w,, %} as smeared
delta-forms.

Following [31, 32] we expand the NS-NS§ sector in the above basis

Jo=B+iJ =4V +it! ) wj, (4.15)
. g | U1 i 2301 1.352 1.2p3, 1.2 370 Y B
Q=1i(2n) T3 (ot =22 =2 2B -2 B2 27270, 2 =dl i
Tirer
Similarly, one expands the RR potential C3 as
C3 = 271'53 {All A w; + 01a1 + éK,BK] , (4.16)

where (67, 6;) with T = (0,4) represent axions of unit periodicity. The dimensional reduction
of this term gives

, N - N2 e N
(2m)2 | gis(dA})? + f (dbo — MiA})" + F7(dBi)? + fn(def)2] , (4.17)
plus a mass term for §°. Here we have defined

ek ) i
gii = (2m) = fOO = e2u(rlr2d)TIME, = M, (4.18)
T/T

with i #£j # k #4, and fi7 = (fH)_le‘l‘z"le%, where e? = e?/v/4m t1t2t3 is the 4d dilaton.
Notice that all these couplings depend on the domain-wall transverse coordinate £, while
the axion vevs remain constant along it. The NS-NS sector of the compactification varies
along ¢ via the non-trivial profile of the saxions ¢!, 7¢ along this coordinate, as captured
by (4.7), and in agreement with the results of [55, 59].

The lightest massive p-form mode has the following squared mass

2
ms =V"! [Z ‘C/g] > Mg, (4.19)

and so it is a priori not obvious how to compute the smeared linking number using (3.11).
To do so, one must take into account that for generic M;’s the torsion two-cycle TI§" =
S (M; /M)TT is not a smooth calibrated cycle, but instead a linear combination of them.
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In this case, it is the extension of the conjecture made around (2.9) that should be applied.

One obtains
SS(TIET) = %w (4.20)
4 2 - M ) .
whose projection into the four-form eigenmode with the smallest non-vanishing eigenvalue
gives
1 M? ¢
9= 5o\ 2 AP G

7

(4.21)

Defining f = 1/ f% one reproduces (3.11) with N = M = g.c.d.(My, My, Ms), as expected.
From a purely 4d EFT viewpoint, one can interpret (4.21) as the gauge coupling of the
linear combination of U(1)’s that develops a Stiickelberg mass.

4.3 Hitchin flow equations

As already pointed out in [29], the background (4.1) can be understood geometrically as a
fibration of a half-flat manifold Xg over a real coordinate, that gives a seven-dimensional
Go-manifold Y7. The general description of this kind of fibrations has been given in [34, 60],
and are known as Hitchin flow equations. In the standard description, the real coordinate z
has a flat metric, and one constructs the Go-structure forms

p=dzNJ—ReQ, (4.22)

1
xp = —dz ANImQ — §J A J, (4.23)

where J and 2 are the z-dependent SU(3)-structure calibrations of Xg. Demanding that
Y7 has G5 holonomy amounts to impose that ¢ is harmonic in Y7. If we describe the 7d
derivative as

d7 = 0,dz A\ +d, (4.24)
with d the exterior derivative along the 6d fibre, this requirement reads
1
dlm ) = iaz (JANJ), (4.25)
dJ = —0,Re . (4.26)
In our background the coordinate £ has a non-trivial metric, more precisely dz = —V1/24¢,

where the sign choice accounts for the difference in our background compared to [29] (see
footnote 5). The Hitchin flow equations then take the following form:

V1/2dim Q = —%ag (TAT), (4.27)
V12dJ = 9:Re Q. (4.28)

Applied to the background (4.1) these equations reduce to
OVi = G, (4.29)

which is clearly satisfied by (4.4).
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The Hitchin flow equations have a nice interpretation when it comes to D-branes on
torsion cycles, that can be illustrated explicitly in the solution (4.1). Let us consider M
D4-branes wrapped on ITI§" and extended along an interval (0,&y) C (0,&ena). At & one
places a D4-brane wrapping a four-chain ¥4, such that its boundary coincides with the M
torsion three-cycles. From the 4d viewpoint, this represents a 4d monopole in which M AB
strings end, with their other end at the domain-wall source. Since both sets of D4-branes
yielding the monopole and the AB strings are calibrated by %, they must be mutually
BPS, and satisfy the marginal stability condition (3.22). Additionally, the total energy of
the system must be given by its central charge, which is the integral of x¢ over the full
D4-brane worldvolume in the Go manifold Y7, and it is easy to argue that this central
charge must be independent of the monopole position &g.

Indeed, notice that shifting the value of &, corresponds to add M AB strings extended
along the interval (p,&)) C (0, &ena), with a D4-branes wrapping X4 at each end, with
opposite orientations. From the 4d viewpoint, this realises a monopole-anti-monopole pair
in which AB strings end. Since this object can annihilate by itself, one expects that its
central charge vanishes. Microscopically, the whole object corresponds to a trivial four-cycle
in the G2 manifold Y7, and so since * is closed its integral must vanish on it. So indeed
the monopole-anti-monopole pair carries no central charge and changing the value of & in
the above BPS configuration should not change the energy of the system. In particular this
energy should match that of a monopole placed at & = £.nq which is equivalent to having M
AB strings, and to a monopole at £ = 0, which does not have any AB strings attached to it.

This is indeed what the Hitchin flow equations are telling us, and in particular (4.25).
On the one hand, 0,J A J represents the variation of the mass of BPS monopoles when we
move along z. On the other hand, Im (2 integrated along the torsion three-cycle measures
the tension of a BPS 4d AB string, and by Stokes’ theorem, this is equivalent to integrating
dIm Q /M over the four-chain ¥4 linking M of them. So what (4.25) is saying is that it is the
monopoles in which M AB strings can end the ones whose mass varies along the coordinate
transverse to the domain wall. Moreover, there is a mass scale associated to the 4d string,
which is its tension integrated along the interval (0,&p). For BPS objects, this energy
increases with ¢ at the same rate as the monopole mass decreases, and that is why the total
central charge and therefore the energy of the system stays constant. In our example (4.1)
one can see that the factors of V' cancel for a 4d AB string, so the energy of M; BPS AB
strings is given by £5 Vol (TI{") M;&p o< &. Additionally, the mass of the monopole in which
such strings can end is given by £;1Vol(X}) o Vilgo- Therefore, it decreases linearly with &,
precisely compensating the change in the energy of the AB strings.”

This example illustrates how (3.22) can be satisfied, and the expectation of subsec-
tion 3.2, that one should be able to add up central charges of BPS objects in Z, even

"One can engineer the BPS configuration of M AB strings ending on a monopole by a Hanany-Witten
brane-creation effect, as one can check using the mirror type IIB picture, see appendix A. The interpretation
is then that a Hanany-Witten effect does not change the energy of a BPS object. The mass of a monopole
located at & € (—o00,0) and at & € (0,&ena) is the same, if in the second case we include the energy of
the extended AB strings. That is, if at both sides we compute the energy or central charge of the gauge
invariant operator.
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when their topological charge is Zy. In the case at hand, M D4-branes wrapping 15"
can disappear by ending on a monopole, but a monopole nucleation process costs energy,
which is minimised for the case of BPS monopoles. The discussion above implies that this
energy is at least that of M BPS strings extended along the interval (£p,&eng). Therefore
nucleating a monopole at &y is topologically possible, but not energetically favoured. In
this sense, adding up an arbitrary number of AB strings is well-defined in the BPS context,
as well as considering a cone of 4d AB string charges.

5 Direct computation

While the general arguments of section 3 motivate Conjecture 1 for torsion cycles in SU(3)-
structure manifolds, it is instructive to work out in detail how the conjecture is realised in
explicit examples, by a direct comparison of the torsion linking number and its smeared
version. In this section we perform such a comparison for the SU(3)-structure manifold
of section 4, more precisely for the twisted six-torus with a single metric flux. As we will
see, the direct computation of the torsion linking number displays a series of cancellations
between terms that is reminiscent of those that occur in the computation of topological
indices, and that leaves the smeared torsion linking number (2.8) as the only non-vanishing
contribution. The reader not interested in these technical details may safely skip to the
next section.

The setup. Let us consider the twisted six-torus background in (4.2), rewritten as

dsio = (27" (i(#)? - ti7i<ni+3>2) , (5.1

2

and with the definitions (4.7) and (4.3). In particular we consider M; # 0 and M; = M, =0
with i # j # k # i. In this case, the metric background factorises as T¢ = T3 x T3,
and all the torsion cycles correspond to a direct product of a torsion one-cycle in T? ~
(xf, 27+3 2%+3) and a non-trivial cycle in T3 ~ (27, 2, 7+3). As a result, all torsion linking
numbers of T% stem from the torsion linking numbers between one-cycles in T3. Moreover,
the calibration condition in T® /7o X 7y will translate into a subset of such torsion one-cycles.
Therefore our strategy will be to verify Conjecture 1 for such a subset, then extend the result
into calibrated two and three-cycles of T9, and finally check that the Zy x Zy projection
does not modify the statement. A necessary first step is to describe the set of massive
p-form modes in T?, which one can accomplish using a general method for three-manifolds

with isometries.

Massive spectra of three-manifolds. To describe the massive p-form spectrum of a
twisted three-torus, one may use the method of [61], which applies to compact Riemannian
three-dimensional manifolds X3 with a continuous isometry. Such a manifold admits a
unit-norm Killing vector x, and we assume that its dual one-form satisfies

*xdx = Ay X, A3X:)‘i><7 x> =1, M, €ER, (5.2)
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and that its integral curves are closed. Here x and Ag stand for the Hodge star operator
and the Laplacian on X3, respectively. Then, let {¢,} be an orthonormal basis of complex
scalar eigenforms of the Laplacian such that®

A3 = Uid)a ) Ex¢a = iflaPa , oo €ER,  po €R. (5'3)

Solving the second condition of (5.3) we can obtain the explicit dependence of the {¢,} on
the isometry coordinate 6 associated to x

b = MK, 0~ 0+ 2nr, (5.4)

with df = y and K, functions which do not depend on 6. Given that 6 parameterises a
closed integral curve of radius 7 in a compact manifold, we obtain the quantisation condition
ot € Z.

In this setup, it is possible to give a simple description of non-harmonic eigen-one-forms
of the Laplacian, in terms of the Killing vector x and the scalar eigenforms ¢,. We define

Ro = doo, So = *d(PaX) , To = *dS,, . (5.5)

It is easy to see that the set R, forms a complete basis of exact eigen-one-forms. The set of
co-exact one-forms S, and T, is closed under the action of the operator xd

xSy = To,  *dTy = 0280 + M\Ta, (5.6)

from where one can find the following eigenforms of xd

1 A o2
U=+ —2X |7, + —2—_05,. (5.7)
: (2 2,/A§+4og> A2+ 402

Therefore, since the action of the Laplacian A3 on co-closed forms amounts to xd x d, we
obtain that the U* are eigenforms of the Laplace operator with eigenvalues

A2
(\3)* =05 + 5 = 500 + 403 (5.8)

Let us dub the constant eigenmode of the Laplacian as ¢g = 1/4/V3, with V3 the volume of
X3. Then the eigenmode U identically vanishes, while Uy = Ugr has eigenvalue )\f< with
respect to Az and takes form Uy = )\i X¢o. Moreover, the set of co-exact one-forms U are
normalised to unity by multiplying them by the following factor

—1/2
S ()\;1{4—3)\?(03—1—0@—()\3{4—03)#3i)\ (AL +5X202+505) — (A2 +302) 3,
. 2 ’ 2, /22 +402
(5.9)

In the following we will assume that the UF have been normalised to unit norm. In
particular, we have that ¢y = CS' = )\;2, and so Uy = x¢o.

The set {UZ} is part of the co-exact one-form eigenspectrum of X3, but the above
method does not guarantee that it is a complete set. In the particular case of T3 one can
check that the whole co-exact spectrum is of this form, as verified in appendix B by using
the results of [62].

8Notice that such a basis always exists because [Asz, £y] = 0.
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Computing the linking number. Using that {Up, UF} is a complete basis of co-exact
eigen-one-forms of X3, we can expand the bump delta two-form for a torsion one-cycle
m C X3 as

0@ (m) = KoxUp+ Y (Ko +Uf + K5 U3 ), (5.10)
(0%
where
Koz/ Uo, Kgfz/ UL, (5.11)
T T
In terms of these expressions, the linking number (2.7) between two torsion one-cycles reads
~ 1 2 + it
L(m,#) = —KoKo+ Y _ K K+ —K K; (5.12)
Ax o LA Aa

where the coefficients K arise from integration over a different torsion one-cycle 7.
We now impose the calibration condition. One can check that calibrated torsion two-
and three-cycles in T? x T3 /Zs X Zso correspond to torsion one-cycles on T3 that are integral

curves of y. For such one-cycles we have that fm a = 02 "™ 1yacdf, for any one-form a.
Therefore
27r 27r
Ky = / wUodf = 2mrdy,  Ki= / W UEdo. (5.13)
0 0

From these expressions, one may compute each of the terms in the torsion linking
number. Indeed, one first notices that

1Sa =Moo,  wTa=N2+02—p2)da, (5.14)

which imply

+
Mg:ip§g+ﬁ_@%myg‘%¢. (5.15)

A2+ 402 “
X @

As a result, the massive eigenmodes with u, # 0 have a vanishing coefficient, since

2rr

KT x badd =0, (5.16)
0
where we have used (5.4). It remains to check the contribution of the modes with pq =0
o (5.12). Recall that those modes with a # 0 come in pairs, and one can check that they
satisfy the following relation:

2rr 2rr
K+K+ —K K- = 67“ . do o do 17
A+ + > e} )\2 +4 2 (b 0 ¢ ’ (5 )
where we have defined
_(ef)? (cz)?
=5 [A+(A2+U)+0A} +T[A (A2+a)+aw ~0. (5.18)

That is, those massive eigenmodes with y, = 0 have non-trivial coefficients K, but for
those contributing to the bracket in (5.12) there is a non-trivial cancellation by pairs, such

9There may be more than one eigenform for a given eigenvalue, but this will not change our final result.
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that the sum cancels term by term. The surviving term in (5.12) is the smeared linking
number

(5.19)

Vil

and twist dn® = —Nn/t3 A nF*+3 one obtains

0 /7‘/3 n, X 27TR]‘+3R]€+3 )

Therefore applying (5.19) one recovers the result L™ (m,71) = 1/N, as expected.

r? = R?

7 )

V3 = 87T3RiRj+3Rk+3 . (5.20)

Extension to T /Za X Zgz. Let us now see how the above computation extends to the
SU(3)-structure manifold T%/Zy x Zy. We first consider the covering space T6 = T3 x T3
with metric (5.1), where T? is parametrised by the coordinates {2?, 27+3 z*+3} and T2 by
{x™3 27 2%}, with i # j # k # 4. Given the factorisation of the metric, any eigenform of
the Laplacian will be a wedge product of one in T3 and one in T?. We are in particular
interested in those eigenforms in which the bump delta-forms §(II") and §(II{") are
decomposed. It is easy to see that these fall in the subset

[*U&tjl A (627rini+3 xi+3d$i+3) ’ Nits € Z, <521)

[*Uai] A (627r(njxj+nkxk)dxj A dxk) , nj,ng € Z, (5.22)

for §(II5") and §(II5°"), respectively, where as above x stands for the Hodge star operator
in T3. As a consequence, the expansion of the smeared deltas 6™ (II5") and 65 (IT1%") are
given by «Up A dz'™3 and «Uy A da? A da*, accordingly. That is, using the metric (5.1) one
obtains
SRR =0t AP An® ST = = At AT A, (5.23)
With regard to the complete expansion, it is easy to see that the wedge of one of these forms
and its antiderivative will give a non-vanishing contribution only if n; = nj = n;43 = 0,
that is if we select harmonic forms in T3. As a result, the computation of the linking
number for calibrated cycles works precisely as outlined for T3, with the same vanishing
coefficients and the same cancellations, and we end up again with the smeared torsion
linking number (5.19).
Let us now implement the Zo X Zs orbifold projection, where each Zo generator 6; and
6, acts by flipping two coordinates on T3 and other two on T2, as follows from footnote 6.
Since this is a product of two involutions, each acting on one submanifold, we can split the
above exact eigenforms into even and odd under such involutions, and take (odd, odd) or
(even, even) products, such that the result is invariant under the orbifold generators. While
one could perform such an analysis explicitly, given our discussion above it is sufficient to
show the action of these orbifold generators on the two-forms xUZF only depends on the
value of o, and p, since then the orbifold projection will commute with relations that lead
to the cancellations (5.18), and they will also happen for orbifold-invariant massive modes.
One can show the assumption by using that 6; and 5 act as isometries when restricted to
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T3, as then they commute with A, and L. It then follows that they have a well-defined
action on the basis of scalar wavefunctions {¢,}, and act on the above set of co-exact one
forms as

On 1 So = VM S | Oy T v V3HT, = Oy U s ke U (5.24)

That is, the orbifold group action on the massive modes of interest only depends on the
value of o, and p,, as assumed. Finally, by construction, the orbifold projection leaves
invariant the eigenmodes of T? x T? that contribute to the smeared linking number.

6 More general N = 2 compactifications

The extension of the setup in [29] to more general type II string compactifications leading
to 4d N = 2 gauged supergravities has been performed in [30-32, 63]. In the following we
focus on the framework developed in [31, 32], which applies to SU(3)-structure manifolds.
Such a framework relies on the existence of a set of smooth p-forms on an SU(3)-structure
manifold Xg:

{wa} € O*(Xs),  {aa,BPreQ®(Xs), {@"} € QY(Xq), (6.1)
witha=1,...,ng, A,B=1,...,ncs., chosen such that

/ wa AGP = 6, / ax A BB =88, (6.2)
Xs X6

and satisfying the relations

d'w, =0, (6.3a)
dwg = maas + eaAﬁA, (6.3b)
doy = eqaw®, (6.3c)
dpB = —mgBa?, (6.3d)
d® =0, (6.3¢)

A

with maA, eqa € Z such that mg?eps = mplega. Consistency of the dimensional reduction

implies that the set is closed under the Hodge star operator:
@ =gVswy,  xoa=HEap+Gapp®, = =FPap—HER?, (6.4)

mimicking the relations between harmonic forms in Calabi-Yau manifolds.
Given this set of p-forms, one expands the SU(3)-structure calibrations in terms of
them:

J, = B +iJ = 472 (b* + it?) w,, (6.5)
Q=Z%4 - Fppo,

with F4 = 04F the derivatives of the complex structure prepotential F. The 4d kinetic
terms of the corresponding fields are governed by the same expressions as in the Calabi-Yau

~ 99 —



case, in terms of Kéhler potentials K, = —log [y iQAQand K; = —log 3 Jxs = ININT
that correspond to Hitchin functionals [31]. Finally, one should also expand the 10d
RR potentials in this set of p-forms. In the case of type ITA compactifications such an
expansion reads

C3 = 2mf3 (A‘f A wg + C~'64aA + C'OBBB) , (6.6)

leading to a set of axions and gauge vectors in 4d. The dual degrees of freedom are obtained
from the expansion of Cj.

In the framework of [31, 32] there is no geometric interpretation for the set
{wa,aA,ﬂB ,&)b}, nor a clear prescription on how to build them from the light eigen-
modes of the Laplacian. Notice that a key property of these p-forms is that they define the
quantisation features of the 4d EFT, either in terms of axion periodicities or U(1) gauge
transformations. As such, their definition should be connected to the presence of 4d EFT
objects like strings, particles and instantons, which implement and detect global gauge
transformations. We have already seen this connection in our discussion of section 3, in
light of which one may propose to describe the set {wq, a4, 3%,0%} as smeared delta forms.

Indeed, based on our previous discussion, it is natural to propose that the smooth
p-forms {wq, a4, B2, @} correspond to smeared delta-forms 5™ (X6—p) of a set of strictly
calibrated (6 — p)-chains 3_,, C Xg, which encode the presence of BPS objects in the

b correspond to the smeared bump delta-

4d EFT. More precisely, the closed four-forms &
forms 65™(IT), where [II5] belongs to the free part of Hy(Xg,Z) if & is harmonic, and to
TorHy(Xe,7Z) if it is de Rham exact. Similarly, the subset of three-forms in {a.4, 35} that
are closed correspond to the smeared delta-forms 05 (Il3) of strictly calibrated three-cycles.
The remaining set of smooth p-forms can be constructed by taking the anti-derivatives of
the exact three- and four-forms and normalising them such that (6.2) is satisfied, which
implies that the integers mq?, eq4 encode the torsion linking numbers of Xg. Finally, as in
our simple example above, one could also relate the non-closed two- and three-forms as the
smeared version of delta-forms for calibrated four- and three-chains in Xg, whose boundary
describes the torsional nature of some calibrated cycles.

To make this picture more precise, let us consider the subcase me? = 0, which
also resembles the setup considered in [15]. Then, the rank re of the matrix e,4 should
determine the number of harmonic two- and three forms of Xg as ba(Xg) = ng — 7e
and b3(Xg) = ncs. — re. Clearly, the rank of e,4 counts massive eigenforms below the
compactification scale, more precisely we should at least have re times a spectrum of the
form (3.6), as this is what we obtain from dimensionally reducing the RR sector of the
theory. Indeed, let us consider the type ITA expansion (6.6), and for simplicity assume that
in (6.4) Hf =0, so that GapFP¢ = —§9. Then we find

(QW)QFAB (dCoA — eaAAcll) (dCOB — ebBAli) -+ (27T)2gab dA(f A dAl{ s (6.7)

with FAB = FAB201 )2 plus a mass term for 7, axions Cgh.'0 The masses that one reads
from such a mass term, the Lagrangian (6.7) and its dual reproduce the action of the

10These massive axions are more suitably described in terms of a 4d dual two-form Bz involved in a
gauging of the form (3.25), see e.g. [45].
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Laplace operator on the set {wq,aa, 35, &%} as expected [31, 32, 48]. For instance, the
action of the Laplacian on the closed forms 84 and @® reads

ABA = FABe pg®ecc BC (6.8

AG® = ¢®ep g FBC 0 @° .

The diagonalisation of these mass matrices gives us the set of massless and light p-form
eigenmodes. Such a spectrum is by assumption complete, or otherwise the expansions (6.5)
and (6.6) would be missing light modes of the EFT. Knowledge of these mass matrices and
of the kinetic terms C4Z and g, leads to e, 4, in a generalisation of the relation (3.11). As
proposed in [15], the matrix e, 4 is a sort of the inverse of the torsion linking numbers, and
it encodes the torsion cohomology that is sensitive to the light EFT modes. This topological
information is easier to extract if one performs a unimodular integral change of basis both
in {wy, @} and in {a4, 3P} that take e 4 to its Smith normal form

k1
ks
Smith — kpo ... 0 (6.10)
0 ...0
0 ...0

with k;, k;/ki+1 € Z,Vi. In this basis the computation of the smeared linking number gives
fXG d7'ot A BT = l{:;l&ij, fori,j7 =1,...,re, suggesting that the torsion cohomology groups
are

Tor H3(X¢,Z) ~ Tor HY(X4,Z) ~ Zy, X -+ X Ty, , (6.11)

where |k;| > 1 for ¢ < m and |k;| = 1 for m < i < ro. Those entries of (6.10) with
value +1 should correspond to calibrated p-cycles that are trivial in homology, but that
nevertheless are detected by the 4d EFT because they couple to massive modes below the
compactification scale.

The proposal that the closed p-forms within {wq, aa, 8Z,&%} correspond to smeared
bump delta-forms of calibrated cycles can be further motivated by considering the set of
BPS objects in the 4d EFT. For instance, let us again consider type IIA with me4 = 0
and look at the closed three-forms 4, which in the basis (6.10) may either be harmonic
or exact in de Rham cohomology. Each of these forms are related to an axion Cj 4, and
from the BPS completeness hypothesis [64], or the EFT string completeness hypothesis [27]
applied to N/ = 2 gauged supergravities, one expects a BPS string under which such an
axion is magnetically charged. Then, the results of [31, 32] imply that K, = —log [, iQAQ
describes the metric of the hypermultiplet moduli space, at least at the classical level.
Because the axion kinetic terms only depend on K, and this has the same expression as in
the ungauged case, the tension of a BPS string should have the same general expression as
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in a Calabi-Yau. That is, we have that

TA e?

s = 0 A
MI% VOIXG A ﬂ

Xe

. (6.12)

Now, in this context BPS means that the D4-brane internal worldvolume T4 is calibrated
by €2, and dimensionally reducing its DBI action one obtains

TA e?

e QA ST
M Voly, A o(ITg)

Xs

, (6.13)

fo|=var
ng Vol X6
which implies that 44 must be the smeared version of §(IT§). Note that this is a standard
result when 34 is not exact in de Rham cohomology, since then [34] and [I14'] are related
by standard Poincaré duality. Similarly, in 4d N = 2 EFTs, the mass of charged BPS
particles in Planck units is specified by their central charge. A key result of [31, 32]
is that the kinetic terms of vector multiplet sector is encoded in the Kéhler potential
Kj;=—log % / x —J NJ A J also for gauged supergravities obtained from compactifications
on SU(3)-structure manifolds. From here it follows that the central charges of BPS particles
charged under the vector multiplets are precisely the periods of B + iJ, that is

A eKJ/Q/ eBHI A e, (6.14)
Xe

As in the Calabi-Yau case, such BPS particles should arise from wrapping D2-branes on
two-cycles II§ C Xg calibrated by J. By dimensionally reducing their DBI action we obtain

2
m K,

a _
2
Mg

2
: (6.15)

/ (B +iJ) A 6(TT3)
Xe

which implies that @® should be the smeared version of §(II§). Again, this is independent
of whether & is de Rham exact or not. When @&® is exact, it has to be that II{ is either a
torsion or a trivial class of Ha(Xg,Z). Finally, the completeness hypothesis implies that
there is a BPS particle per element of the basis {&®}, which again is a standard result in
the Calabi-Yau case.

7 Torsion D-branes in A/ = 1 vacua

Having discussed the physical meaning of the smeared torsion linking number in 4d N = 2
settings, it is natural to wonder how Conjecture 1 can be physically realised in 4d ' = 1
string vacua. In the N/ = 2 case, the realisation was based on the existence of BPS AB
particles and strings, a set of objects that will be essentially absent in 4d N = 1 type II
orientifold settings. Indeed, there are no BPS particles in N’ = 1 vacua, and a 4d string
that arises from a D(p + 1)-brane wrapped on a p-cycle II,, C X¢ can only be BPS if II,, is
calibrated by a closed p-form.'! As such, torsion p-cycles cannot yield 4d BPS strings. The
realisation of the smeared linking number must therefore be more subtle in this case.

" The precise statement is that in 4d /' = 1 Minkowski vacua the calibration for 4d strings is d-closed [7—
9], an statement that also holds for the A/ = 0 Minkowski vacua analysed in [65]. In practice this implies
that, even in compactifications with H-flux, torsion cycles cannot be calibrated.
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As already mentioned in section 3, one possibility is to invoke the extension of Con-
jecture 1 formulated around (2.9), and look for torsion p-cycles that are not calibrated by
themselves, but whose homology class can nevertheless be seen as a linear combination of
calibrated p-cycles. This would in principle allow us to describe AB strings and particles
and their associated smeared p-forms in 4d A/ = 1 orientifold vacua, connecting our previous
discussion with the setup of [15].

The most natural realisation of the smeared torsion linking form seems instead to
involve the Stiickelberg-like terms that involve 4d BPS objects in N' =1 vacua, and that
correspond to (3.25) and (3.26). These two couplings represent 4d membranes ending on
strings and space-time filling branes ending on membranes, and in the context of 4d N' =1
supersymmetry they can be described in the language of three-form multiplets [46]. Notice
that in a type II compactification on a six-dimensional manifold Xg, a Dp-brane that looks
like a 4d particle and a D(p + 2)-brane that looks like a 4d membrane can wrap the same
p-cycle 1I,, € X, and the same holds for a D(p + 3)-brane and an Euclidean D(p — 1)-brane
instanton. So essentially we are trading the role of 4d particles and instantons for that of 4d
membranes and space-time filling branes, in order to probe a similar set of torsion p-cycles
with BPS objects. In practice, this implies that the topological information that was captured
by (3.9) and (3.15) in the A/ = 2 case, now is encoded in the couplings (3.25) and (3.26).

To see how this works in practice, let us again focus on type IIA string theory on a
compact SU(3)-structure manifold Xg, but now with an orientifold projection that introduces
O6-planes. Assuming a 4d Minkowski vacuum leads to the following metric Ansatz

ds® = e*Adshi s + (2dsk,, (7.1)

with A a warp factor that depends on the coordinates of Xg, whose SU(3)-structure metric
satisfies the following equations

dBA—¢) =H +idJ =0,  d(e*PReQ) =0, L, d(e*?ImQ) = e« By, (7.2)

and Fy = Fy = Fg = 0, with F5, the gauge-invariant RR field strength. In this setup 4d
strings made up of D4-branes wrapping three-cycles are calibrated by +e*4~?Re Q which,
as advanced, is a closed three-form. Therefore, there are no BPS strings of this sort that
correspond to torsion homology classes. The same can be said for membranes, which are
calibrated by e34—¢eB+i/

The last equation in (7.2), however, features a non-closed three-form that calibrates
space-time filling D6-branes. As such, it can detect calibrated torsion three-cycles. That
such three-cycles exist in certain SU(3)-structure vacua can be deduced from the results
of [48], which imply that a Dp-brane that is point-like in a Calabi-Yau manifold with H-flux
is mapped by mirror symmetry to a D(p + 3)-brane wrapping a torsion three-cycle II{°". In
our type ITA orientifold context, IT{" will host a 4d BPS object if it is wrapped either by
a D6-brane or by an Euclidean D2-brane. In practice, the DBI action of these objects is
easier to analyse if, following [66], one trades the last equation in (7.2) by an equivalent
one not involving the Hodge star operator. In the case at hand we find [42]

lsd(e ?ImQ) = —J A Fy, (7.3)
which already hints that part of the torsion data of Xg is encoded in the RR flux F5.
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In this context, it is illustrative to consider a simple example, like the twisted six-torus
geometries analysed in [49]. These correspond to an SU(3)-structure of the form (4.5)
and (4.6), with the simplification V' = V; = 1, Vi, and an orientifold action of the form
R : (J,Q) = —(J,Q). The p-chains {IT5, TI{", ¥3, %%} play the same role in terms of torsion
homology information as in section 4, but from an EFT viewpoint they should be associated
to either 4d membranes or space-time filling branes. For concreteness, let us consider a T®
with twisting M1 = —Ms = N € N and M3 = 0. This choice fixes the complexified Kéahler
moduli as b' 4 it! = b? 4 it? in the vacuum and leads to a background RR flux of the form

FQ:ESK(nlAn4—772A?75), KeN, (7.4)

that solves (7.3) in the constant dilaton approximation, by setting Kt!' = Kt? =
Ne ?RiRyR3. This sort of RR flux background is the one that appears in the type
ITA orientifold flux literature, see e.g. [67, 68], but it is important to realise that the
expression is a consequence of the constant-dilaton/smeared approximation. Indeed, what
occurs in this background is that there are eight O6-planes wrapped on [II§]. In a plain
toroidal compactification one could cancel this charge by placing 32 D6-branes in the same
three-cycle class of the covering space. In the twisted torus geometry, because [II§"] is
Zn-torsion, one only needs to place 32 — kNN of such D6-branes, for some k € Z, in order to
cancel the RR tadpole. The lack of D6-branes leads to a RR flux background that satisfies

dFy ~ —{,kN o3 (1T, (7.5)

where for simplicity we have assumed all O6-planes and D6-branes on the same representative
(otherwise one is led to more involved delta-source equations, like the ones solved in [69]).
Upon implementing the smearing approximation one obtains

Fy = —LkN d™1o5m (5T (7.6)

which reproduces (7.4) for k = 2K, up to a harmonic form. The actual RR flux is, however,
the one that solves (7.5), since it is the only one that can satisfy Dirac’s quantisation
condition, upon the appropriate choice of harmonic piece [42].

The couplings (3.25) and (3.26) are obtained upon dimensionally reducing the RR
potentials

Cs = 0521 [320A50+B§Aai+c§Awi} : (7.7)
Cr = 012m [Dys A& + A A ag + Agi A BT] (7.8)

where we have taken into account the orientifold action, and expanded into p-forms that
couple with unit charge to the calibrated p-chains {I15, IT¥", ¥3, 34 }.12 One finds

. ~ N 2 ~ .
(2m)? [gii(dc;,)Q + 7% (dB20 + Micg) + e‘4¢4M1§4Fii(dB§)2} : (7.9)

12For simplicity we are using the notation (4.12), which results in an unusual convention in orientifold
compactifications. The more standard one is obtained by interchanging the basis elements as a; < —8°,
cf. [68, eq. (2.6)].
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and
. 2
(27)? [g“ (dDs; — M;A9) } e 8PS, (7.10)

where we have assumed generic twists M; and have defined
Gii = gue "M Mp?, FAA = pAAe=20a 02, (7.11)

and §% = 1/gy, Faa = 1/FA4. Note that FAP defined below (6.7) satisfies FAP =
FABeA®a M and so (7.9) contains the same kind of information as (4.17). As a result, the
computation of the smeared linking number works exactly as in section 4.2. The main
difference is the expression of the smeared linking number in terms of 4d EFT quantities,
which now involves the physical charges of membranes and strings ending on each other.
More precisely in this N’ =1 setup, one finds that the relation (3.11) is substituted by

mst A b4
= e Mp 7.12
\/ Fo \/ Foo (7.12)

2 ..
where N = M = g.c.d.(My, My, M3) and g% = e**1 Mg = et M3 Y, %g”. Here g*®
represents the squared physical charge Q2 of a BPS membrane ending on a BPS string and

Fyo the squared charge of such a string, as defined in [26], see also (8.1).

8 Beyond the BPS case

Conjecture 1 proposes a method to compute the linking number between two calibrated
torsion cycles from smeared/EFT data. However, as already mentioned, in Calabi-Yau
manifolds torsion p-cycles cannot be calibrated, or equivalently D-branes wrapped on them
are not BPS objects of the EFT. The extension of the conjecture around (2.9) allows
us to implement the same method whenever the torsion class 1_[120r of interest is a linear
combination of p-cycle homology classes with calibrated representatives. This more general
setup could in principle occur in Calabi-Yau compactifications, and then the extended
conjecture would imply that one can compute torsion in cohomology via smeared data,
provided there exist massive eigenforms of the Laplacian below the compactification scale
that couple to torsion p-cycles. Including such a set of light fields in the 4d EFT would
presumably take us to a structure of the form (6.2) and (6.3), in which giving a non-vanishing
vev to a massive, light field deforms an SU(3)-holonomy metric to an SU(3)-structure one.

Nevertheless, in general, one would expect that a torsion class in homology does
not contain any calibrated representative, and neither can it be understood as a linear
combination of homology classes with them. In that case, our discussion of section 3 suggests
that there should be non-trivial corrections associated to this sector. More precisely, one
would expect that in the EFT description the bump-delta form (56_1,(1'[;0]“) can still be
replaced by its smeared version, but only up to a multiplying constant that could be
interpreted as wavefunction renormalisation. That is, one does not simply project the delta
into its lowest eigenmode component, but also has to multiply the result by some constant
(or a field-dependent function) in order to correctly reproduce the 4d physics. Whenever
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this happens the smeared linking number and the exact linking number do not coincide,
and one should rescale the smeared delta to make it so.

It is hard to have an idea of the magnitude of this rescaling without an example at
hand where the computation can be carried out explicitly. The best we can do is to give
an estimate for the error in the smeared linking number, as follows. In supersymmetric
theories, the EFT kinetic terms obtained from truncating massive modes at zero vev are
exact up to corrections of O(Agrr/Auv), see e.g. [70]. In our case Agpr corresponds to the
mass mg; of the massive modes that we keep in our EFT, and Ayy to the compactification
scale mgg. Notice that this is the suppression that we found in (3.24) when moving away
from the minimal tension representative.

If the torsion cycle is not calibrated, it means that the EFT data is not computing its
minimal volume properly. In some cases, like in Calabi-Yau vacua the ‘expected’ volume
VZ]?P S namely the integral of the appropriate calibration over Hg’r, vanishes. In general,
the volume of a non-calibrated cycle should be larger than the integral of its would-be
calibration over the given homology class. One can think of the mismatch between volumes
as how much one needs to deform a would-be calibrated cycle to match the actual one.
Finally, one usually converts differences of internal volumes to differences of field vevs via

the physical 4d charge Q of the corresponding EFT object [27], which here we define as
Qz(Hp) = Z sza (8.1)

A <LLsmKK
with ¢; the coefficients of the smeared delta-form of II,, as in (2.4).
With these considerations in mind, let us consider the smeared linking number between
tor

a calibrated cycle IIg>,_; and a non-calibrated one H;;OT. One may propose the following
upper bound

V, — VBPS Mgt
L-L"m < 2P =, 8.2
L L) < gt (52
where V is the actual volume of Hltjor, in string units. This upper bound estimates the

error when computing the smeared linking number, with respect to the actual one L. If
the bound is small, it still makes sense to compute (2.8), because it gives a good estimate
of the actual linking number. That is, one may still use EFT data to characterise torsion
in cohomology.

9 Conclusions

In this work we have proposed a method to detect topological invariants of torsion coho-
mology groups via smooth p-forms. The proposal is based on what TorHP(X,,,Z) means
when performing dimensional reduction of type II string theory on X,, and obtaining a
lower-dimensional EFT with a massive sector, and it can be summarised in two main points:

i) If a D-brane wrapped on a torsion cycle Hzf,or has a non-trivial backreaction at EFT
wavelengths, it is because there are light massive eigenmodes of the Laplacian sourced
by it. In geometric terms, this means that II, has a non-trivial smeared delta form
ont,(IT), which is a necessary requirement to apply our approach.
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it) Whenever H;Or is calibrated, a D-brane wrapped on it is a BPS object of the theory
whose smeared backreaction is protected from dimensional reduction corrections.
As a result one can compute the torsion linking numbers of H]tgor using its smeared
delta form.

This second statement, which is the content of Conjecture 1, provides a method to
detect the Zy factors in HP(X,,,Z). The method has a wider application if one assumes
the extension of the conjecture made around (2.9), and it would be really interesting to see
if it can be applied to manifolds with special holonomy metrics.

The use of smooth p-forms to compute torsion in cohomology may seem quite surprising
because such Zy factors are projected out in de Rham cohomology groups. One should
however keep in mind that in our approach we are starting with a set of objects that contain
the information of singular homology groups, namely the bump delta forms 6,—,(Il,), and
replacing them by a countable set of smooth forms 32, (T,) that should remember part of
the torsion data. As a possible analogy, one may consider a finite good cover of X, and its
nerve N, which is a triangulation of X,, [21]. We then consider the delta forms 6,,—p,(op.qa)
of the p-simplexes o, o of N, with a small smearing (such that 1/Ayax is below the spacings
in N). This produces a lattice of smooth p-forms from which one can compute H?(X,,,Z)
via singular cohomology. Our proposal can be thought of as a limit of this construction,
in the sense that we perform a much more dramatic smearing, namely at wavelengths
above Vol(Xn)l/ ™. This more drastic coarse-graining is allowed geometrically because, if the
assumptions behind Conjecture 1 are true, then there should be a G-structure manifold that
one can construct by fibering X,, over flat space, which is the EFT solution of a D-brane
wrapped on II,. One could then use this non-compact, higher-dimensional manifold to
compute topological information of X, via smeared data.

It is also instructive to compare our approach with some of the discussion in the
string theory literature, like the one carried in [48] based on the classification theorems of
Wall [71] and Zubr [72]. As pointed out in [48] these theorems classify six-manifolds up
to diffeomorphisms and the classification data match the content of the massless sector
of the compactification, discarding exact and co-exact p-forms. Our results are not in
tension with this classification, because we need to endow X,, with a G-structure metric
in order to extract the torsion cohomology data. This choice of metric also specifies the
set of calibrated cycles and the light spectrum of the Laplacian, so it is crucial in order to
select those exact and co-exact forms that contain the torsion information. In this light, it
would be interesting to see if the presence of torsion in cohomology restricts the choice of
G-structure metrics on a manifold, or if one can always choose a G-structure metric where
all the smeared delta forms of calibrated torsion cycles vanish.

An important part of our analysis is based on constructing explicit examples of SU(3)-
structure manifolds with calibrated torsion cycles. This allowed us to perform a direct
comparison of the torsion linking number and its smeared version, where we observed a
remarkable cancellation between terms in the eigenmode expansion of the delta form, that
is reminiscent of the computations of topological indices. It would be very interesting to
understand the meaning of this feature and if it is also realised in more involved setups,
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providing further evidence of Conjecture 1. Our explicit constructions also provided
concrete EFT descriptions of BPS configurations of branes ending on branes, like the 4d
Aharanov-Bohm strings stretching between a domain wall and a monopole in ' = 2 gauged
supergravities. Moreover, the properties of such objects resulted in a physical interpretation
of the Hitchin flow equations, which could be useful to further understand the properties of
these subtle objects. It is likely that this connection sheds light into the physics of N = 2
gauged supergravities, like for instance when applied to the black hole supergravity solutions
recently revisited in [73], and which share many properties with AB strings and particles.

As a direct application of our proposal, we have revisited the dimensional reduction
framework developed in [29-32] to furnish it with one of its main missing elements. That
is, a geometric prescription to define the basis of p-forms in which the RR potentials and
the calibration forms must be expanded. We have verified that our definition fits perfectly
with the physical properties that these forms should have, and which define the periodicity
properties of massive axions and gauge bosons of the 4d N’ = 2 EFT. Such periodicities
are crucial to define the global gauge transformations for massive p-form in more general
setups. This applies in particular to 4d N' = 1 compactifications, where the Stiickelberg-like
couplings related to our method involve the gauging of three- and four-forms in 4d.

To sum up, our findings seem to point out that torsion in cohomology could lead to
specific, measurable physics in the massive sector of 4d EFTs obtained from string theory.
It could be that exploiting this new link between geometry and physics could give us a new,
more approachable understanding of the subtle objects that are torsion p-cycles.
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A NS5-branes and domain wall solutions

In [29] a 4d domain-wall solution based on a backreacted N5-brane is considered, in order
to arrive at a background of the form (4.1) via mirror symmetry. In this appendix we
review the NS5-brane setup, and describe a set of type IIB D-branes that are mutually
BPS with the NS5-brane. Such D-branes have a well-defined interpretation from the 4d
domain-wall viewpoint, and are in one-to-one correspondence with the type IIA D-brane
objects discussed in section 4.

Following [29], let us consider a toroidal compactification of type IIB string theory to 4d.
Let us call the three complex coordinates of T® = (T?); x (T?)yx (T?)3 as dz’ = da’ +idz!*3,
j =1,2,3. Then one places M NS5-branes along the three-cycle (1,0);(1,0)2(0,1)3 (that
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is, the coordinates {z!,22,2%}) and spanning two spatial dimensions in R'. One then
backreacts such NS5-branes and smears the solution down to 4d. In this approximation the
harmonic function V' that describes an NS5-brane backreaction becomes a linear function of
its transverse coordinate in 4d, therefore V =1 — ¢£ with ¢ a real constant.'® One obtains
the background

ds? = dsk12+02V (d€)* +(2dshe, (A1)
dshs = (2m)2 [(r1da" )2+ (rada®) 24V (rgda®) 24 V (rada®) 2+ V (r5da®) 2+ (reda®)?|, (A.2)
H = —Mdx* Ada® Ada3, (A.3)
e?? = 2%V, (A.4)

2 23} one is led to a type

with M € N. Upon three T-dualities along the coordinates {z!,z
ITA background with constant dilaton, no H-flux, and an internal metric of the form (4.2),
more precisely with Mz = M and R; = 1/r; for j =1,2,3.

This smeared solution is interpreted as the long-wavelength description of the M
NS5-branes’ backreaction, more precisely as the 4d domain-wall solution that is perceived
at wavelengths much larger than the compactification radii. As such, a D-brane that is
BPS in the microscopic background should also be so in its long-wavelength approximation.
In practice, this means that if we consider D-branes that are mutually BPS with the
NS5-branes sourcing the solution, they should correspond to BPS objects in the 4d domain-
wall background. To match out discussion with that of section 4, we will consider type
IIB D-branes whose embedding survives the Zo X Zso orbifold projection with generators

Op : (2, 2% 23, 2% 2%, 25) — (2!, —2?, —23, 2%, —25, —25) and 0y : (2!, 22,23, 2%, 25, 25) —

(—at, —2?, —23, —at, —25, 25).

For instance, D1 and Db5-branes are mutually supersymmetric with respect to an
NS5-brane if the system has 2 4+ 4k ND directions.'* We may then consider

- A D5-brane wrapping (T?); x (T?); and extended along ¢ = 6 ND directions.
- A D1-brane extended along £ = 6 ND directions.
- An Euclidean D5-brane wrapped on T® = 6 ND directions.

Additionally, a D3-brane is mutually BPS with an NS5-brane if the system has 4k ND
directions. So for instance we can have:

- A D3-brane wrapping (0, 1);(0,1);(1,0), and point-like along £ = 4 or 8 ND direc-

tions.
- An Euclidean D3-brane on (0,1);(1,0);(1,0); and along £ = 4 or 8 ND directions.

All these objects are mutually BPS with the NS5-brane sources. If their orientation is
reversed, they will still be BPS in the NS5-brane background, but preserving a disjoint set
of supercharges.

133ee footnote 5 for an explanation of different choice of V' compared to [29].
1410 an abuse of language, we are borrowing the nomenclature used for configurations of pairs of D-branes.
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2

Upon three T-dualities along {z!, 22, 23}, these D-branes are mapped to some of the

type ITA D-branes discussed in section 4. More precisely, the D1-brane becomes a D4-brane
wrapped on ITI§" and the Euclidean D5-brane is mapped to the Euclidean D2-brane wrapping
the three-chain 33. Similarly, the D3-branes become the D4-branes on the four-chains

¢ and the Euclidean D3-branes become the Euclidean D2-branes wrapped on IT. The
configurations of AB strings and particles ending on monopoles and instantons described
in section 4 have a clear microscopic origin in this dual type IIB setup. For instance, a
D3-brane wrapped on (0,1)1(0,1)2(1,0)3 intersects the NS5-brane at a point in T® and
is pointlike in 4d, by a Hanany-Witten effect (see e.g. [12, appendix B]) it must have M
D1-branes stretched along £ between the NS5-branes and its 4d location. The same occurs
in the smeared description (A.1), where the Freed-Witten anomaly induced by the H-flux

on such a D3-brane is cured by the same stack of M D1-branes.

B Massive p-from spectra in twisted tori

The aim of this appendix is to provide the explicit p-form eigenforms and eigenvalues of the
twisted tori T, whose p-form spectrum was discussed in section 5 based on the method
of [61]. Furthermore, we compare the results with the analyses carried out in [62], to show
that the said spectrum is complete.

Consider the three-dimensional twisted torus T with metric

dsy = (27)% [(Ra')? + (RyyarP )2 + (Ryan )2 | (B.1)

and twist dn = —Nn/+3 A nF3. We choose angular coordinates z® € [0,1] such that the
n® are parametrised as

i = dat + Nz¥3dai*3,  pitd = qoit3, g3 = gghts, (B.2)

with N = 27T>\XR]H_3RJ'+3/RZ' and >‘X € R.
Then, we take the one-form Killing vector x = 27 R;n’/v/V, which satisfies the assumed
properties presented in section 5:

*dx = Ay X Asy =N x, =1, A, €R, (B.3)

where V = 87T3R1'Rj+3Rk+3 is the volume of T?.
Let {¢;} represent the basis of complex scalar eigenforms of the Laplacian. The explicit
shape of these eigenforms is [62]

iozd T3 9mipgpkT3
e27rqu e27rsz

¢p,q = \/V , (B.4)

2R 1 0 j )
Phlm = | 7;\[];3 Arik(a e NaF Tt 2mlatHE NP 2kt M (), (B5)
|N| \/2mnl/m meZ
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with eigenvalues

2 2

2 q p
_ B.6
= RZ " Rjy (B.6)
k? |Ax|

Ohim = =+ (2n+ 1)k (B.7)

R;’
where we have defined A\ = kA /R;, wn = 27Rjps(z/t® + 2 + L) and ®)(2) =
IA|Y4®, (|\|'/22) with ®,, being the Hermite polynomial. The integers have the following

ranges

p,q€Z? keZ/{0}, neN, 1=0,1,..., |k — 1. (B.8)

Moreover, the exact one-forms are given by the complete set {d¢;}. Based on the
approach presented in section 5, we observe that the sets of co-exact one-forms, denoted by
S; and T; and defined in equation (5.5), exhibit closure properties when subjected to the
*d operator.

Substituting the scalar eigenforms (B.4) and (B.5) into the sets S; and T;, we obtain
the eigenforms U,L»jE defined in (5.7). Also, the corresponding eigenvalues )\Zi can be obtained
from (5.8).

Using the first tower of scalar eigenforms, ¢, ,, we acquire the following results:

For p,q € Z2/{0,0}:

+
+ _ 2m ¢p,q ()‘p,q)2 — Ug,q R:nt — Rj+3 7+3 + Ry 13 k43
p,q + )\ i1 R pn R qn ’
(Aog)? + 02, LAX k+3 j+3
q p X X q p
(AL )2 = + + ==+ \//\2 + + : (B.9)
e Ris Ris 2 2\'X Riy Rp,
Forp=qg=0:
2rR;
U =0, Ufy="—"+417" B.10
0,0 v n ( )
Ao =A% (B.11)

Comparing with the analysis carried out in [62] one can see that the above results
reproduce exactly half of the co-exact one-form spectrum (see [62], eq. (2.34) and table 1).

Finally, for the second type of eigen-scalars, ¢y, due to its very intricate expression
(see eq. (2.59) from [62] for details), let us focus exclusively on the resulting eigenvalues
and their degeneracy. Substituting again in (5.8) we obtain

2 (on a1 A2 42 4@2n+1

+ 2 _ v -
Pican)” = R? R; 2 R? R;

Therefore, we observe an exact correspondence with the remaining spectrum. It
is important to note that we have shifted n to n + 1 in (B.12). This is because the
solution (B.12) with n = 0 is in fact trivial using our method, and the matching with [62]
occurs at our n > 1.
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