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1 Introduction

String theory is a promising candidate for a consistent theory of quantum gravity. It
postulates a finite number of massless fields and an infinite tower of massive fields, reflecting
the underlying stringy nature of gravity. To study physics within this framework, it is
convenient to use an effective action that includes only the massless fields. The effects of
the massive fields manifest as higher derivatives of the massless fields, commonly referred
to as α′-corrections. Both the bosonic string theory and the five superstring theories share
the same massless NS-NS fields, which include the metric, Kalb-Ramond field, and dilaton.
The superstring theories also feature additional massless fields (see, for example, [1]), but
these are not the focus of this paper. The effective actions of string theory can be derived
by imposing various symmetries and dualities within the theory. These symmetries and
dualities dictate the form of the effective action and provide insight into the fundamental
nature of the theory.

The effective actions of string theory exhibit gauge symmetries corresponding to their
various massless fields. For instance, the metric is associated with diffeomorphism sym-
metry, while the Kalb-Ramond field B is associated with gauge symmetry. The heterotic
string theory, which is the focus of this paper, has an anomaly that can only be cancelled
by assuming the gauge group to be SO(32) or E8 ×E8 and introducing nonstandard gauge
transformations and nonstandard local Lorentz-transformations for the B-field [2]. By uti-
lizing the diffeomorphism and B-field gauge symmetries, one can identify the independent
gauge-invariant couplings, or geometrical couplings, at each order of α′ up to field redefi-
nitions. The number of independent couplings depends on the background topology, with
closed spacetime manifolds having fewer independent couplings than open spacetime man-
ifolds with boundaries. However, the coefficients of these independent couplings cannot
be determined by the geometrical gauge symmetries alone. Fortunately, using string field
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theory techniques, it has been shown in [3, 4] that the classical effective actions of string
theories at all orders of α′ possess O(d, d,R) symmetry after reducing the theories on the
torus T (d) and ignoring the massive Kaluza-Klein (KK) modes. The effective actions are
invariant under the non-geometrical subgroups of the T-duality group O(d, d,R), such as
the Buscher rules [5, 6] and their α′ corrections, which can be used to establish relations
between the geometrical couplings. This method has been successfully employed to obtain
the effective action of the bosonic string theory at order α′2 [7], as well as the NS-NS
couplings in the effective action of the superstring theory at order α′3 [8]. In this paper,
we will apply this method to determine the NS-NS couplings in the effective action of the
heterotic string theory at order α′2.

The heterotic string theory features 496 massless vector fields in the adjoint represen-
tation of the SO(32) or E8 × E8 gauge group, as well as NS-NS fields that are scalar in
these groups. For the purposes of this paper, we consider zero vector gauge fields. In this
case, the nonstandard local Lorentz-transformation for the B-field requires a specific field
strength in the effective action, as described in [2]:

Ĥµνα = Hµνα + 3
2α

′Ωµνα . (1.1)

Here, Hµνα = 3∂[µBνα], and the Chern-Simons three-form Ω is defined as

Ωµνα = ω[µi
j∂νωα]j

i + 2
3ω[µi

jωνj
kωα]k

i , (1.2)

where ωµi
j is the spin connection, defined in terms of the Christoffel connection Γµν

ρ and
the vielbein eµ

i by ωµi
j = ∂µeν

jeν
i −Γµν

ρeρ
jeν

i. The vielbein is related to the metric Gµν

via eµ
ieν

jηij = Gµν . The above nonlinear field strength organizes the couplings at different
orders of α′ into a single action. For instance, the universal leading-order effective action
includes couplings at orders α′0, α′ and α′2, i.e.,

S(0,1,2)+∂ S(0)=− 2
κ2

[∫
d10x

√
−Ge−2Φ

(
R+4∇µΦ∇µΦ− 1

12Ĥ
2
)
+2
∫
d9σ

√
|g|e−2ΦK

]
.

(1.3)
Here, κ is related to the 10-dimensional Newton’s constant. The couplings at orders α′0

and α′2 are even parity, while the coupling at order α′ is odd parity.1 The action also
includes a Gibbons-Hawking boundary term [9] that depends on the extrinsic curvature K
and the induced metric on the boundary.

In addition to the odd parity couplings at order α′, there is also a set of even parity
couplings at the same order. The specific couplings depend on the chosen scheme for the
geometrical couplings. In this study, we adopt the Meissner scheme [10] for the even parity
couplings at order α′. Upon replacing H in this action with Ĥ, it yields the following
couplings at order α′n, where n = 1, . . . , 5:

1It is important to note that the world-sheet action of a string in the presence of a background B-field
incorporates the 2-dimensional antisymmetric Levi-Civita tensor. As a result, the B-field exhibits an odd
behavior under world-sheet parity.
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S(1,2,3,4,5) = −2α′c1

κ2

∫
d10x

√
−Ge−2Φ

[
R2

GB + 1
24Ĥα

δϵĤαβγĤβδ
εĤγϵε−

1
8Ĥαβ

δĤαβγĤγ
ϵεĤδϵε

+ 1
144ĤαβγĤ

αβγĤδϵεĤ
δϵε+Ĥα

γδĤβγδR
αβ − 1

6ĤαβγĤ
αβγR− 1

2Ĥα
δϵĤαβγRβγδϵ

−2
3ĤβγδĤ

βγδ∇α∇αΦ+ 2
3ĤβγδĤ

βγδ∇αΦ∇αΦ+8R∇αΦ∇αΦ−16Rαβ∇αΦ∇βΦ

+16∇αΦ∇αΦ∇β∇βΦ−16∇αΦ∇αΦ∇βΦ∇βΦ+2Ĥα
γδĤβγδ∇β∇αΦ

]
, (1.4)

where c1 = 1/8 and R2
GB represents the Gauss-Bonnet couplings. Similar couplings exist

for the bosonic string theory, in which the Chern-Simons 3-form Ω is zero and c1 = 1/4.
For spacetime manifolds with boundaries, the corresponding boundary terms have been
found in [11] using T-duality, and they are given by:

∂ S(1,2,3) = −2α′c1

κ2

∫
d9σ
√
|g|e−2Φ

[
Q2+

4
3n

2nαnβ∇γ∇γKαβ −2n2Ĥβ
δϵĤγδϵn

αnβnγ∇αΦ

+2
3ĤβγδĤ

βγδnα∇αΦ− 1
3ĤβγδĤ

βγδKα
α+Ĥα

γδĤβγδK
αβ +n2Ĥα

δϵĤβδϵK
γ

γn
αnβ

−16n2Kγ
γn

αnβ∇αΦ∇βΦ+16Kβ
β∇αΦ∇αΦ−16Kαβ∇αΦ∇βΦ

−16nα∇αΦ∇βΦ∇βΦ+ 32
3 n

2nαnβnγ∇αΦ∇βΦ∇γΦ
]
. (1.5)

Here, n2 = nµn
µ and Q2 represents the Chern-Simons boundary couplings. The couplings

at orders α′, α′3, and α′5 are even parity, while the couplings at orders α′2 and α′4 are odd
parity.

The effective action in (1.3) does not contain any additional odd parity couplings apart
from the one mentioned in this action, which involves Ω. The Bianchi identities imply that
there are no geometrical odd parity couplings at order α′ with a vanishing Chern-Simons
form Ω. Therefore, the odd parity coupling in the aforementioned action must be T-duality
invariant. A recent study [12] explicitly demonstrated the T-duality invariance of the odd
parity coupling in (1.3) at order α′. However, there may exist other even or odd parity
couplings at order α′2 that do not involve Ω, in addition to the couplings presented in the
previous actions that do involve Ω. It is worth noting that the even parity coupling Ω2

in (1.3) is inconsistent with T-duality, indicating the presence of other even parity bulk
and boundary couplings at this order. For the purpose of this paper, we will not consider
the boundary couplings at order α′2.

A previous study [13] demonstrated the existence of 60 even-parity independent geo-
metrical couplings obtained through the most general field redefinitions allowed only for
closed spacetime manifolds. These couplings are scheme-dependent. In a particular scheme,
they are

S(2,3,4,5,6,7,8) = −2α′2

κ2

∫
d10x

√
−Ge−2Φ

[
a1Rα

ϵ
γ

ζRαβγδRβζδϵ+a2Rαβ
ϵζRαβγδRγϵδζ (1.6)

+a3Ĥα
δϵĤαβγĤβδ

ζĤγ
ικĤϵι

µĤζκµ+ · · ·+a60Ĥα
βγĤβ

δϵĤγ
ζι∇αΦ∇ιĤδϵζ

]
.
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Here, a1, · · · , a60 are background-independent parameters that cannot be fixed by the
gauge symmetries. The explicit form of all the couplings can be found in [13]. These
couplings were obtained for the effective action of the bosonic string theory in [7], where
they were required to be invariant under the non-geometrical subgroup of the T-duality
group. It is expected that the consistency of the combination of the Ω2-term and the
aforementioned terms at order α′2 with the non-geometrical T-duality will necessitate some
of the above couplings to be non-zero in the heterotic theory. In (1.6), the couplings at
orders α′2, α′4, α′6, and α′8 are even parity, while the couplings at orders α′3, α′5, and α′7 are
odd parity. It was shown in [14] that, unlike the case in the effective action of the bosonic
string theory, the S-matrix method requires the coefficients of the Riemann cubed terms to
be zero in the heterotic theory. In this paper, we aim to determine all other couplings in
the effective action presented above by imposing the requirement that the effective action
at order α′2 must be invariant under the non-geometrical subgroup of the T-duality group.

It has come to light that the odd-parity couplings in (1.4) at order α′2 also lack in-
variance under T-duality. Consequently, it is evident that additional odd-parity couplings
at this order must exist, excluding those involving Ω. Remarkably, we have identified 13
independent odd-parity geometrical couplings at order α′2. The constraints imposed by
T-duality play a crucial role in determining these couplings.

This paper investigates the Buscher rules for circular reduction and their α′-corrections,
taking into account the constraint that the generalized Buscher rules must satisfy the
O(1, 1,Z)-group and the requirement that the effective actions must be invariant under the
generalized Buscher rules. In section 2, we provide a review of the Buscher rules for circular
reduction and study their α′-corrections under the O(1, 1,Z)-transformations. Although
there are still undetermined coefficients in the generalized Buscher rules, we demonstrate
that these coefficients can be fixed by imposing the constraint that the circular reduction
of the effective actions in any scheme must be invariant under O(1, 1,Z)-transformations.
We briefly review this constraint for the effective action at order α′ in subsection 2.1 and
provide the corrections to the Buscher rules for the effective action in the Meissner scheme.
In subsection 2.2.1, we impose the constraint that the effective action at order α′2 in the
minimal scheme (equation (1.6) plus Ω2-term) must also be invariant under O(1, 1,Z)-
transformations. This allows us to fix all 60 parameters in the effective action as well as all
corresponding corrections to the Buscher rules at order α′2. The resulting effective action
is presented in equation (2.39). Since the expressions for the T-duality transformations are
lengthy, we provide them in the appendix. Our calculations reveal some total derivative
terms in the base space. However, since our focus in this paper is solely on closed manifolds
with no boundary, we omit these total derivative terms. In section 2.2.2, we reproduce
the calculations pertaining to the odd-parity couplings. Specifically, we observe that the
odd-parity couplings at order α′2 in (1.4) do not conform to T-duality. Consequently, we
ascertain 13 independent couplings at order α′2 that do not involve Ω. By employing T-
duality, we establish that three of these couplings must possess non-zero coefficients. The
resulting outcome is presented in (2.42). To maintain conciseness, we omit the explicit
expressions of the resulting deformations and the terms that amount to total derivatives.
In section 3, we offer a brief discussion of our findings.
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2 T-duality constraint

It has been proved in [3, 4] that if the classical effective action of string theory is compact-
ified on a torus T (d), then the massless fields in the base space should be invariant under
the O(d, d,R) transformations. These transformations include the geometrical transforma-
tions which leave the parent geometrical couplings to be invariant and the nongeometrical
transformations which transform a parent coupling to the other couplings. These latter
transformations can be used to find the relations between the background-independent
geometrical couplings in (1.6).

The proof [3, 4] indicates that the effective actions should be also invariant under the
discrete subgroup of O(d, d,R), i.e., O(d, d,Z). These discrete transformations are gener-
ated by the inverse transformation and by the shift transformation. The latter transfor-
mation involves an antisymmetric matrix of integers. While the shift transformation leaves
invariant a geometrical coupling, the inverse transformation connects different geometri-
cal coupling into each other. Hence to simplify the symmetry to the one which has only
nongeometrical transformations, we consider the circular reduction that the corresponding
discrete group O(1, 1,Z) = Z2 has only the nongeometrical inverse transformations. The
discrete transformations at the leading order of α′ are the Buscher rules [5, 6].

To write the Buscher rules in their simplest form, it is convenient to use the following
background for the metric, B-field and dilaton [15]:

Gµν =
(
ḡab + eφgagb e

φga

eφgb eφ

)
, Bµν =

(
b̄ab + 1

2bagb − 1
2bbga ba

−bb 0

)
, Φ = ϕ̄+ φ/4 , (2.1)

where ḡab, b̄ab, and ϕ̄ represent the metric, B-field, and dilaton in the base space, respec-
tively. Furthermore, ga and bb denote two vectors, while φ represents a scalar within this
space. Inverse of the above metric is

Gµν =
(
ḡab −ga

−gb e−φ + gcg
c

)
, (2.2)

where ḡab is the inverse of the base space metric which raises the index of the vectors. The
Buscher rules in this parametrization, are the following transformations:

φ′ = −φ , g′a = ba , b′a = ga , ḡ′ab = ḡab , b̄′ab = b̄ab , ϕ̄′ = ϕ̄ , (2.3)

which abviously form a Z2-group, i.e., (ψ′)′ = ψ where ψ is any field in the base space.
At the higher orders of α′, the above transformations receive higher derivative correc-

tions, i.e.,

ψ′ = ψ′
0 +

∞∑
n=1

α′n

n! ψ
′
n , (2.4)
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where ψ′
0 are the Buscher rules (2.3) and ψ′

n is its corrections at order α′n. In terms of
different base space fields, the transformations can be written as

φ′=−φ+
∞∑

n=1

α′n

n! ∆φ
(n) , g′a = ba+eφ/2

∞∑
n=1

α′n

n! ∆g
(n)
a , b′a = ga+e−φ/2

∞∑
n=1

α′n

n! ∆b
(n)
a ,

ḡ′ab = ḡab+
∞∑

n=1

α′n

n! ∆ḡ
(n)
ab , H̄ ′

abc = H̄abc+
∞∑

n=1

α′n

n! ∆H̄
(n)
abc , ϕ̄′= ϕ̄+

∞∑
n=1

α′n

n! ∆ϕ̄
(n) , (2.5)

where ∆φ(n)(ψ), · · · ,∆ϕ̄(n)(ψ) contain some contractions of ∇φ,∇ϕ̄, eφ/2V, e−φ/2W, H̄, R̄

and their covariant derivatives at order α′n. In the above equation H̄abc is the torsion in
the base space which is defined as H̄abc = 3∂[ab̂bc]−3g[aWbc] where b̂ab = b̄ab+ 1

2bagb− 1
2bbga.

It can be written in terms of b̄ab as

H̄abc = 3∂[ab̄bc] −
3
2g[aWbc] −

3
2b[aVbc] .

It satisfies the following Bianchi identity [16]:

∂[aH̄bcd] = −3
2V[abWcd] . (2.6)

In the above equations, Vab is the field strength of the U(1) gauge field ga, i.e., Vab =
∂agb−∂bga, and Wµν is the field strength of the U(1) gauge field ba, i.e., Wab = ∂abb−∂bba.

The deformed transformations (2.5) must satisfy the Z2-group (ψ′)′ = ψ. It produces
the following relations between the α′-corrections of the Buscher rules:

−
∞∑

n=1

α′n

n! ∆φ
(n)(ψ) +

∞∑
n=1

α′n

n! ∆φ
(n)(ψ′) = 0 ,

e−φ/2
∞∑

n=1

α′n

n! ∆b
(n)
a (ψ) + eφ′/2

∞∑
n=1

α′n

n! ∆g
(n)
a (ψ′) = 0 ,

eφ/2
∞∑

n=1

α′n

n! ∆g
(n)
a (ψ) + e−φ′/2

∞∑
n=1

α′n

n! ∆b
(n)
a (ψ′) = 0 ,

∞∑
n=1

α′n

n! ∆ḡ
(n)
ab (ψ) +

∞∑
n=1

α′n

n! ∆ḡ
(n)
ab (ψ′) = 0 ,

∞∑
n=1

α′n

n! ∆ϕ̄
(n)(ψ) +

∞∑
n=1

α′n

n! ∆ϕ̄
(n)(ψ′) = 0 . (2.7)

The corrections ∆φ(n)(ψ), · · · ,∆ϕ̄(n)(ψ) involve all contractions of the base space fields at
order α′n with arbitrary coeffients that satisfy the above constraints.

The constraint (ψ′)′ = ψ also leads to the following relation:
∞∑

n=1

α′n

n! ∆H̄
(n)
abc (ψ) +

∞∑
n=1

α′n

n! ∆H̄
(n)
abc (ψ

′) = 0 . (2.8)

However, we cannot conclude that the correction ∆H̄(n)
abc is also all contractions of the base

space fields at order α′n+1/2 with arbitrary coefficients that satisfy the above constraint. In
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fact, the corrections ∆H̄(n)
abc , ∆g(n)

a , and ∆b(n)
a satisfy another constraint resulting from the

fact that the T-dual transformed fields must satisfy the Bianchi identity (2.6). In terms of
forms db = 2W and dg = 2V , the Bianchi identity can be written as:

dH̄ ′ = −6dg′ ∧ db′ . (2.9)

Inserting the expansions (2.5) into it, one finds
∞∑

n=1

α′n

n! ∆H̄
(n) =

∞∑
n=1

α′n

n! H̃
(n)−6

∞∑
n=1

α′n

n! db∧(e−φ/2∆b(n))−6
∞∑

n=1

α′n

n! (e
φ/2∆g(n))∧dg (2.10)

−3
∞∑

n,m=1

α′n+m

n!m!

[
(eφ/2∆g(n))∧d(e−φ/2∆b(m))+d(eφ/2∆g(n))∧(e−φ/2∆b(m))

]
,

where the 3-form H̃(n) contains U(1) × U(1) gauge-invariant couplings at order α′n and
is a closed 3-form, i.e., dH̃(n) = 0. However, the aforementioned corrections must also be
expressible in terms of corrections to the base space field b̄ab, which imposes constraints on
H̃(n) to be exact, i.e., H̃(n) = 3dB̃(n). To clarify this point, we first insert the α′-expansions
in equation (2.5) and the following α′-expansion of the T-duality of b̄′ab:

b̄′ = b̄+
∞∑

n=1

α′n

n! ∆b̄
(n) , (2.11)

into the relation between H̄ and b̄:

H̄ ′ = 3db̄′ − 3g′ ∧ db′ − 3b′ ∧ dg′ . (2.12)

Then one finds the following relation between ∆H̄(n) and ∆b̄(n):
∞∑

n=1

α′n

n! ∆H̄
(n) =

∞∑
n=1

α′n

n! d∆b̄
(n)−3

∞∑
n=1

α′n

n! b∧d(e
−φ/2∆b(n))−3

∞∑
n=1

α′n

n! (e
φ/2∆g(n))∧dg

−3
∞∑

n=1

α′n

n! g∧d(e
φ/2∆g(n))−3

∞∑
n=1

α′n

n! (e
−φ/2∆b(n))∧db (2.13)

−3
∞∑

n,m=1

α′n+m

n!m!

[
(eφ/2∆g(n))∧d(e−φ/2∆b(m))+d(eφ/2∆g(n))∧(e−φ/2∆b(m))

]
.

Equating the right-hand sides of equations (2.10) and (2.13), and using the relation d(A∧
B) = dA ∧ B − A ∧ dB for any two vectors A and B, one can derive that if H̃ is exact,
then the corrections ∆b̄(n) can be expressed as follows:

∆b̄(n) = 3B̃(n) − 3b ∧ (e−φ/2∆b(n))− 3g ∧ (eφ/2∆g(n)) . (2.14)

This relation was first derived in [16] for the case of n = 1. It is worth noting that the
right-hand side of equation (2.10) is gauge invariant under U(1)×U(1), whereas the right-
hand side of equation (2.13) is not. Therefore, we will utilize equation (2.10) to investigate
the T-duality constraint on the effective action.

Therefore, the relation in equation (2.10), in which H̃(n) is an exact form, relates
∆H̄(n)

abc to ∆g(n)
a and ∆b(n)

a . The exact form H̃(n) should also satisfy the constraint in

– 7 –
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equation (2.8). Since the transformed fields φ′ and ψ′ have α′-expansions, one must first
insert their expansions into the constraints in equations (2.7) and (2.8), and then Taylor
expand the corrections ∆φ(n)(ψ′), · · · ,∆H̄(n)(ψ′) around ψ′

0. This yields an expansion in
terms of different orders of α′. One can then set the terms at each order of α′ to be zero
to find the appropriate constraints at that order, i.e.,

−
∞∑

n=1

α′n

n! ∆φ
(n)(ψ) +

∞∑
n=1

α′n

n! ∆φ
(n)(ψ′

0) +
∞∑

n,m=1

α′n+m

n!m! ∆φ
(n,m)(ψ′

0) = 0 ,

∞∑
n=1

α′n

n! ∆b
(n)
a (ψ) +

∞∑
n=1

α′n

n! ∆g
(n)
a (ψ′

0) +
∞∑

n,m=1

α′n+m

n!m! ∆g
(n,m)
a (ψ′

0) = 0 ,

∞∑
n=1

α′n

n! ∆g
(n)
a (ψ) +

∞∑
n=1

α′n

n! ∆b
(n)
a (ψ′

0) +
∞∑

n,m=1

α′n+m

n!m! ∆b
(n,m)
a (ψ′

0) = 0 ,

∞∑
n=1

α′n

n! ∆ḡ
(n)
ab (ψ) +

∞∑
n=1

α′n

n! ∆ḡ
(n)
ab (ψ′

0) +
∞∑

n,m=1

α′n+m

n!m! ∆ḡ
(n,m)
ab (ψ′

0) = 0 ,

∞∑
n=1

α′n

n! ∆ϕ̄
(n)(ψ) +

∞∑
n=1

α′n

n! ∆ϕ̄
(n)(ψ′

0) +
∞∑

n,m=1

α′n+m

n!m! ∆ϕ̄
(n,m)(ψ′

0) = 0 ,

∞∑
n=1

α′n

n! ∆H̄
(n)
abc (ψ) +

∞∑
n=1

α′n

n! ∆H̄
(n)
abc (ψ

′
0) +

∞∑
n,m=1

α′n+m

n!m! ∆H̄
(n,m)
abc (ψ′

0) = 0 , (2.15)

where the perturbations ∆φ(n,m)(ψ′
0), · · · ,∆H̄

(n,m)
abc (ψ′

0) are defined as

∆φ(n)(ψ′) = ∆φ(n)(ψ′
0) +

∞∑
m=1

α′m

m! ∆φ
(n,m)(ψ′

0) ,

eφ′/2∆g(n)
a (ψ′) = e−φ/2∆g(n)

a (ψ′
0) + e−φ/2

∞∑
m=1

α′m

m! ∆g
(n,m)
a (ψ′

0) ,

e−φ′/2∆b(n)
a (ψ′) = eφ/2∆b(n)

a (ψ′
0) + eφ/2

∞∑
m=1

α′m

m! ∆b
(n,m)
a (ψ′

0) ,

∆ḡ(n)
ab (ψ′) = ∆ḡ(n)

ab (ψ′
0) +

∞∑
m=1

α′m

m! ∆ḡ
(n,m)
ab (ψ′

0) ,

∆ϕ̄(n)(ψ′) = ∆ϕ̄(n)(ψ′
0) +

∞∑
m=1

α′m

m! ∆ϕ̄
(n,m)(ψ′

0) ,

∆H̄(n)
abc (ψ

′) = ∆H̄(n)
abc (ψ

′
0) +

∞∑
m=1

α′m

m! ∆H̄
(n,m)
abc (ψ′

0) . (2.16)

Therefore, the corrections to the Buscher rules must satisfy the constraints in equa-
tion (2.15). However, these constraints cannot fix all parameters in the corrections. The
unfixed parameters should be determined by other constraints, such as the requirement
that the effective actions be invariant under T-duality transformations.

Before discussing the T-duality of the effective actions, we would like to point out that
the last constraint in equation (2.15) can also be expressed in the following form using the
relation in equation (2.10):

– 8 –



J
H
E
P
0
9
(
2
0
2
3
)
0
2
0

∞∑
n=1

α′n

n! H̃
(n)+

∞∑
n=1

α′n

n! H̃
(n)(ψ′

0)

−6
∞∑

n,m=1

α′n+m

n!m! db∧(e−φ/2∆g(n+m)(ψ′
0))−6

∞∑
n,m=1

α′n+m

n!m! dg∧(eφ/2∆b(n+m)(ψ′
0))

−3
∞∑

n,m=1

α′n+m

n!m!

[
(eφ/2∆g(n))∧d(e−φ/2∆b(m))+d(eφ/2∆g(n))∧(e−φ/2∆b(m))

]
−3

∞∑
n,m=1

α′n+m

n!m!

[
(eφ/2∆g(n)(ψ′

0))∧d(e−φ/2∆b(m)(ψ′
0))+d(eφ/2∆g(n)(ψ′

0))∧(e−φ/2∆b(m)(ψ′
0))
]

+
∞∑

n,m=1

α′n+m

n!m! ∆H̄(n,m)
abc (ψ′

0)= 0 . (2.17)

This indicates that the coefficients of the couplings in the exact form H̃(n) at order α′n are
related to themselves, as well as to the corrections ∆g, ∆b, and H̃ at orders α′, α′2, · · · ,
α′n−1.

We now impose the constraint that the effective actions be invariant under the
O(1, 1,Z)-group. To do so, we need to reduce the theory on a circle with a U(1) isom-
etry to obtain the 9-dimensional effective action Seff(ψ), which we then transform under
the O(1, 1,Z)-transformations to produce Seff(ψ′). The O(1, 1,Z) invariance is given by

Seff(ψ)− Seff(ψ′) =
∫
d9x

√
−ḡ∇a

[
e−2ϕ̄Ja(ψ)

]
, (2.18)

where Ja is an arbitrary covariant vector made up of the 9-dimensional base space fields,
with the following α′-expansion:

Ja =
∞∑

n=0

α′n

n! J
a
n , (2.19)

where Ja
n is an arbitrary covariant vector at order α′n. Note that by imposing (ψ′)′ = ψ

on (2.18), it can be deduced that the total derivative terms must satisfy the following
relation: √

−ḡ′∇′
a

[
e−2ϕ̄′

Ja(ψ′)
]
= −

√
−ḡ∇a

[
e−2ϕ̄Ja(ψ)

]
.

If the effective action and its circular reduction have the following α′-expansions:

Seff =
∞∑

n=0

α′n

n! S(n), Seff =
∞∑

n=0

α′n

n! S
(n), (2.20)

then the constraint in equation (2.18) can be expressed as
∞∑

n=0

α′n

n! S
(n)(ψ)−

∞∑
n=0

α′n

n! S
(n)(ψ′) =

∞∑
n=0

α′n

n!

∫
d9x

√
−ḡ∇a

[
e−2ϕ̄Ja

n(ψ)
]
. (2.21)

Expanding the second term above around ψ′
0, i.e.,

S(n)(ψ′) = S(n)(ψ′
0) +

∞∑
m=1

α′m

m! S
(n,m)(ψ′

0) , (2.22)
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yields the constraint in equation (2.23):

∞∑
n=0

α′n

n! S
(n)−

∞∑
n=0

α′n

n! S
(n)(ψ′

0)−
∞∑

n=0,m=1

α′n+m

n!m! S
(n,m)(ψ′

0)=
∞∑

n=0

α′n

n!

∫
d9x

√
−ḡ∇a

[
e−2ϕ̄Ja

n

]
.

(2.23)
To find the appropriate constraints on the effective actions, one must set the terms at each
order of α′ to be zero.

2.1 T-duality constraint at orders α′0, α′

In this subsection, we review how the effective actions at orders α′0 and α′ are found
by imposing the nongeometrical T-duality transformations on the effective action. The
constraint in equation (2.23) at order α′0 is given by:

S(0) − S(0)(ψ′
0) =

∫
d9x

√
−ḡ∇a(e−2ϕ̄Ja

0 ) (2.24)

where Ja
0 is an arbitrary vector at the leading order of α′, and ψ′

0 is the Buscher rules (2.3).
Reduction of different geometrical couplings in S(0) are the following (see e.g., [17]):

a1R = a1

(
R̄−∇a∇aφ− 1

2∇aφ∇aφ− 1
4e

φV 2
)
, (2.25)

a2∇µΦ∇µΦ = a2

(
∇aϕ̄∇aϕ̄+ 1

2∇aϕ̄∇aφ+ 1
16∇aφ∇aφ

)
,

a3H
2 = a3(H̄abcH̄

abc + 3e−φW 2) .

The terms on the left-hand sides of the above equations are geometrical (gauge invariant)
in the 10-dimensional spacetime, while the terms on the right-hand sides are geometrical
and gauge invariant in the 9-dimensional base space. However, the terms on the right-hand
sides are not invariant under the nongeometrical T-duality transformation in equation (2.3).
Requiring them to be invariant under the nongeometrical transformations fixes the coef-
ficients a1, a2, a3 up to an overall factor to those in equation (1.3). Moreover, there is a
total derivative term in the base space that fixes the coefficient of the boundary term to
be that in equation (1.3).

In general, non-geometric T-duality transformations yield two distinct sets of relations
among the geometrical couplings. The first set comprises terms involving the zeroth and
first partial derivatives of the base space metric, while the second set encompasses terms
involving the second partial derivative of the base space metric and higher. Interestingly,
a noteworthy observation made in [7] is that all the relations derived from the second set
are already encompassed by the relations obtained from the first set. Consequently, we can
disregard the relations belonging to the second set. Within the context of the first set of
relations, owing to the covariant nature of the formalism, we can select a local frame where
the first partial derivative of the metric vanishes. This enables us to simplify the analysis
by assuming, for the sake of simplicity, that the base space metric is flat. Henceforth, we
consider the base space to be flat in our endeavor to determine the relations between the
parameters via T-duality.
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The constraint (2.23) at order α′ for flat base space is

S(1) − S(1)(ψ′
0)− S(0,1)(ψ′

0) =
∫
d9x ∂a[e−2ϕ̄Ja

1 ] . (2.26)

In the heterotic theory, S(1) has both even and odd parity terms. As a result, S(1) and the
corrections to the Buscher rules that appear in S(0,1)(ψ′

0) have both even and odd parity
terms. However, as we mentioned earlier, the constraint (ψ′)′ = ψ on the corrections to
the Buscher rules cannot fix the parameters in these corrections. Therefore, we can fix
them for effective actions in different schemes, reflecting the fact that the corrections to
the Buscher rules depend on the scheme of the effective actions [17]. The corrections to
the Buscher rules at order α′ for the effective actions in equations (1.3) and (1.4) at order
α′ have been found in [10, 12] to be:

∆ḡ(1)
ab = 0 ,

∆ϕ̄(1) = 0 ,

∆φ(1) = c1
(
2∂aφ∂

aφ+ eφV 2 + e−φW 2
)
+ 1

4V
abWab ,

∆g(1)
a = c1

(
2e−φ/2∂bφWab + eφ/2H̄abcV

bc
)
− 1

16
(
2eφ/2∂bφVab − e−φ/2H̄abcW

bc
)
,

∆b(1)
a = c1

(
2eφ/2∂bφVab − e−φ/2H̄abcW

bc
)
− 1

16
(
2e−φ/2∂bφWab + eφ/2H̄abcV

bc
)
,

∆H̄(1)
abc = −12c1∂[a(Wb

dVc]d)− 3eφ/2V[ab∆g
(1)
c] − 3e−φ/2W[ab∆b

(1)
c] . (2.27)

There are also total derivative terms in the base space that fix the geometrical boundary
terms at order α′ to those in equation (1.5). Importantly, there are no odd parity corrections
for ∆ḡ(1)

ab and ∆ϕ̄(1). The even parity correction for ∆ḡ(1)
ab and ∆ϕ̄(1) is zero only for the

effective action in the Meissner scheme [10]. In this scheme, the corrections involve only
the first derivative of the base space fields. This property is required for spacetimes that
have boundaries because T-duality should respect the data on the boundary [12]. There is
another scheme in which the corrections involve the first derivative of the base space fields;
however, the correction ∆ϕ̄(1) is non-zero in that scheme [18]. It is worth noting that
the base space dilaton ϕ̄ does not appear in the aforementioned T-duality corrections that
have zero ∆ϕ̄(1), whereas it appears in the corrections of the T-duality in the scheme [18]
in which ∆ϕ̄(1) is non-zero.

At higher orders of α′, there exist schemes where ∆ḡ(n)
ab = 0. This is due to the fact

that if the spacetime has a boundary, the unit vector to the boundary in the string frame
must be invariant under T-duality at any order of α′. This scheme can also be used for
spacetimes that have no boundary. There may be schemes where both ∆ḡ(n)

ab and ∆ϕ̄(n) are
zero, meaning that the measure e−2ϕ̄√−ḡ is invariant under T-duality at all orders of α′

in those schemes. However, these schemes have more couplings than the minimal scheme
in which the most general field redefinitions are used to find the independent couplings. If
we consider the geometrical couplings to be in the minimal scheme, such as the scheme in
equation (1.6), then the corrections ∆ḡ(n)

ab and ∆ϕ̄(n) are non-zero. However, if we require
the unit vector in the string frame and the Einstein frame to be invariant under the field
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redefinitions, then the metric and the dilaton remain fixed under these restricted field
redefinitions. In that case, there are many other couplings besides those in equation (1.6).
In the ensuing subsection, we investigate closed spacetime manifolds without boundaries,
which allow for the most comprehensive field redefinitions. In this context, we encounter a
total of 60 independent even-parity and 13 independent odd-parity geometrical couplings.

2.2 T-duality constraint at order α′2

There are both even and odd parity couplings at order α′2 in the actions given by equa-
tions (1.3) and (1.4), which involve Ω. Interestingly, neither of these couplings is invariant
under T-duality. Consequently, there must exist additional couplings at this order that do
not involve Ω. In the subsequent subsection, we identify such couplings that are necessary
to ensure the consistency of the even-parity couplings with T-duality. Furthermore, in
subsection 2.2.2, we determine the couplings required to establish the consistency of the
odd-parity couplings with T-duality.

2.2.1 Even-parity couplings

We will now examine the constraint in equation (2.23) in detail at order α′2 to determine
the 60 parameters in equation (1.6). This constraint at order α′2 is given by

S(2) − S(2)(ψ′
0)− S(0,2)(ψ′

0)− S(1,1)(ψ′
0) =

∫
d9x ∂a[e−2ϕ̄Ja

2 ] , (2.28)

where Ja
2 is an arbitrary vector at order α′2 constructed from the base space fields ∂φ, ∂ϕ̄,

eφ/2V , e−φ/2W , and H̄. In the heterotic theory, S(2) has both even and odd parity terms.
However, since we are interested in determining the parameters in equation (1.6), we will
only consider the even parity terms at order α′2 in this subsection. Thus, we take S(2) to
be the Ω2 term in equation (1.3) and the couplings in equation (1.6) at order α′2.

The Kaluza-Klein reduction of the frame eµ
i is given by

eµ
i =

(
ēa

ĩ 0
eφ/2ga e

φ/2

)
, (2.29)

where ēa
ĩēb

j̃ηĩj̃ = ḡab. This reduction is consistent with the Kaluza-Klein reduction of the
metric in equation (2.1). Using this reduction and the reductions in equation (2.1), we can
determine the circular reduction of the Ω2-term for flat base space. The calculation can be
performed using the “xAct” package [19], i.e.,

Ω2 = 1
48e

3φVa
cV abVb

dVc
eVd

fVef +
1
48e

3φVabV
abVc

eV cdVd
fVef +

1
192e

3φVabV
abVcdV

cdVefV
ef

+ 1
24e

2φVb
dV bcVc

eVde∂aφ∂
aφ+ 1

48e
2φVbcV

bcVdeV
de∂aφ∂

aφ− 1
24e

2φVa
cVb

dVc
eVde∂

aφ∂bφ

+ 1
48e

2φVa
cVbcVdeV

de∂aφ∂bφ+ 1
48e

φVcdV
cd∂aφ∂

aφ∂bφ∂
bφ+ 1

24e
2φV abV cd∂bVde∂cVa

e

+ 1
48e

2φVa
cV ab∂bV

de∂cVde−
1
12e

Φ1V cd∂aφ∂
aφ∂bφ∂dVbc+

1
24e

φV abV cd∂c∂aφ∂d∂bφ

− 1
12e

φVb
dV bc∂aφ∂

aφ∂d∂cφ−
1
24e

φ∂aφ∂bφ∂cVbd∂
dVa

c+ 1
24e

φ∂aφ∂bφ∂dVbc∂
dVa

c
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+ 1
12e

φV bc∂aφ∂cVad∂
d∂bφ−

1
12e

φV bc∂aφ∂dVac∂
d∂bφ+

1
24e

φVa
cV ab∂d∂cφ∂

d∂bφ

− 1
12e

2φVb
dV bcVc

e∂aφ∂eVad−
1
24e

2φVbcV
bcV de∂aφ∂eVad+

1
12e

2φVa
bVc

eV cd∂aφ∂eVbd

+ 1
12e

2φVa
bVb

cV de∂aφ∂eVcd−
1
12e

2φVa
cV abVb

dVc
e∂e∂dφ−

1
24e

2φVabV
abVc

eV cd∂e∂dφ.

The reduction of the couplings in equation (1.6) that involve only the Riemann curvature,
H, ∇H, ∇Φ, and ∇∇Φ, can be found in [7]. Therefore, S(2), which is the reduction of the
couplings in equation (1.6) at order α′2, and the above reduction, can be calculated. Once
S(2) is determined, its transformation under the Buscher rules can be calculated to find
S(2)(ψ′

0).
The circular reduction of the leading order bulk action (1.3) is

S(0) = − 2
κ′2

∫
d9x

√
−ḡ e−2ϕ̄

[
R̄−∇a∇aφ− 1

4∇aφ∇aφ− 1
4(e

φV 2 + e−φW 2)

+4∇aϕ̄∇aϕ̄+ 2∇aϕ̄∇aφ− 1
12H̄abcH̄

abc
]
, (2.30)

where κ′ is related to the 9-dimensional Newton’s constant. When we apply the deformed
Buscher rules in equation (2.5) to the action, we obtain two sets of terms at order α′2.
The first set contains two first-order corrections, denoted by S

(0,2)
(1,1) , while the second set

contains the second-order corrections, denoted by S(0,2)
(2) . Specifically, we have:

S(0,2) = S
(0,2)
(1,1) + S

(0,2)
(2) . (2.31)

The first one is

S
(0,2)
(1,1)(ψ

′
0) = −2α′2

κ′2

∫
d9xe−2ϕ̄

[
− 1

12∆H̄
(1)

abc∆H̄(1)abc− 1
8e

φVabV
ab(∆φ(1))2 (2.32)

−1
8e

−φWabW
ab(∆φ(1))2− 1

4∂a∆φ(1)∂a∆φ(1)− 1
2∆b

(1)a∂a∆b(1)b∂bφ

+1
2∆g

(1)a∂a∆g(1)b∂bφ+
1
8∆b

(1)a∆b(1)b∂aφ∂bφ+
1
8∆g

(1)a∆g(1)b∂aφ∂bφ

+1
2∆b

(1)a∂bφ∂
b∆b(1)

a−eφ/2Vab∆φ(1)∂b∆b(1)a+ 1
2∂a∆b(1)

b∂
b∆b(1)a

−1
2∂b∆b(1)

a∂
b∆b(1)a− 1

2∆g
(1)a∂bφ∂

b∆g(1)
a+e−φ/2Wab∆φ(1)∂b∆g(1)a

+1
2∂a∆g(1)

b∂
b∆g(1)a− 1

2∂b∆g(1)
a∂

b∆g(1)a+ 1
2e

φ/2Vab∆b(1)a∆φ(1)∂bφ

+1
2e

−φ/2Wab∆g(1)a∆φ(1)∂bφ− 1
8∆b

(1)
a∆b(1)a∂bφ∂

bφ− 1
8∆g

(1)
a∆g(1)a∂bφ∂

bφ

]
,

where we have used the fact that ∆ḡ(1)
ab and ∆ϕ̄(1) are zero for the first-order corrections

in equation (2.27). By inserting these first-order corrections into the equation, we obtain
S

(0,2)
(1,1)(ψ

′
0), which contains no free parameters and includes both even and odd parity terms.

However, since we are only interested in the even parity part of equation (2.28) in this
subsection, we keep only the even parity terms in the resulting S(0,2)

(1,1)(ψ
′
0).

To find the second term in equation (2.31), we note that for the minimal couplings in
equation (1.6), we cannot expect ∆ḡ(2)

ab and ∆ϕ̄(2) to be zero. Therefore, we need to keep
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these corrections in the second-order perturbation of equation (2.30). The second term in
equation (2.31) is given by:

S
(0,2)
(2) (ψ′

0) = −2α′2

κ′2

∫
d9x e−2ϕ̄

[1
8H̄a

cdH̄bcd∆ḡ(2)ab − 1
48H̄bcdH̄

bcd∆ḡ(2)a
a

+1
4e

φVa
cV ab∆ḡ(2)

bc +
1
4e

−φWa
cW ab∆ḡ(2)

bc −
1
16e

φVabV
ab∆ḡ(2)c

c

− 1
16e

−φWabW
ab∆ḡ(2)c

c +
1
12H̄abcH̄

abc∆ϕ̄(2) + 1
4e

φVabV
ab∆ϕ̄(2)

+1
4e

−φWabW
ab∆ϕ̄(2) + 1

8e
φVabV

ab∆φ(2) − 1
8e

−φWabW
ab∆φ(2)

−1
2∂a∂

a∆φ(2) −∆ϕ̄(2)∂a∂
aφ+∆ḡ(2)b

b∂aϕ̄∂
aϕ̄− 4∆ϕ̄(2)∂aϕ̄∂

aϕ̄

+4∂a∆ϕ̄(2)∂aϕ̄+ ∂a∆φ(2)∂aϕ̄− 1
2∆ḡ

(2)b
b∂aφ∂

aϕ̄+ 2∆ϕ̄(2)∂aφ∂
aϕ̄

−∂aφ∂
a∆ϕ̄(2) + 1

4∂aφ∂
a∆φ(2) + 1

4∂a∆ḡ(2)b
b∂

aφ− 1
16∆ḡ

(2)b
b∂aφ∂

aφ

+1
4∆ϕ̄

(2)∂aφ∂
aφ− 1

2∂
aφ∂b∆ḡ(2)

a
b + 1

2∂b∂a∆ḡ(2)ab − 1
2∆ḡ

(2)ab∂b∂aφ

−1
2∂b∂

b∆ḡ(2)a
a + 1

4∆ḡ
(2)a

a∂b∂
bφ− 2∆ḡ(2)

ab∂
aϕ̄∂bϕ̄+ 1

2e
φ/2Vab∂

b∆b(2)a

+1
2e

−φ/2Wab∂
b∆g(2)a − 1

4e
φ/2Vab∆b(2)a∂bφ+ 1

4e
−φ/2Wab∆g(2)a∂bφ

+∆ḡ(2)
ab∂

aϕ̄∂bφ+ 1
8∆ḡ

(2)
ab∂

aφ∂bφ− 1
12H̄

abc∆H̄(2)
abc

]
. (2.33)

The second-order corrections ∆φ(2), . . . ,∆ϕ̄(2) contain all contractions of ∂φ, ∂ϕ̄, eφ/2V ,
e−φ/2W , H̄, and their derivatives at order α′2. In this subsection, we only consider the
contractions in ∆φ(2),∆ϕ̄(2),∆ḡ(2)

ab , and ∆b(2)
a that have even parity, and the contractions

in ∆g(2)
a and ∆H̄(2)

abc that have odd parity. This is because when these contractions are
inserted into equation (2.33), they produce even parity terms in S

(0,2)
(2) . These corrections

must satisfy the constraints in equation (2.15) at order α′2, i.e.,

−1
2∆φ

(2)(ψ) + 1
2∆φ

(2)(ψ′
0) + ∆φ(1,1)(ψ′

0) = 0 ,
1
2∆b

(2)
a (ψ) + 1

2∆g
(2)
a (ψ′

0) + ∆g(1,1)
a (ψ′

0) = 0 ,
1
2∆g

(2)
a (ψ) + 1

2∆b
(2)
a (ψ′

0) + ∆b(1,1)
a (ψ′

0) = 0 ,
1
2∆ḡ

(2)
ab (ψ) +

1
2∆ḡ

(2)
ab (ψ

′
0) + ∆ḡ(1,1)

ab (ψ′
0) = 0 ,

1
2∆ϕ̄

(2)(ψ) + 1
2∆ϕ̄

(2)(ψ′
0) + ∆ϕ̄(1,1)(ψ′

0) = 0 ,
1
2∆H̄

(2)
abc(ψ) +

1
2∆H̄

(2)
abc(ψ

′
0) + ∆H̄(1,1)

abc (ψ′
0) = 0 , (2.34)

where

∆H̄(2) = 3dB̃(2) − 3
[
W ∧ (e−φ/2∆b(2)) + (eφ/2∆g(2)) ∧ V (2.35)

+2(eφ/2∆g(1)) ∧ d(e−φ/2∆b(1)) + 2d(eφ/2∆g(1)) ∧ (e−φ/2∆b(1))
]
.
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The 2-form B̃(2) contains all contractions of ∂φ, ∂ϕ̄, eφ/2V , e−φ/2W , H̄, and their deriva-
tives at order α′2 that have odd parity. The constraint in equation (2.34) does not fix all the
parameters in the second-order corrections. The unfixed parameters appear in S

(0,2)
(2) (ψ′

0).
The effective action at order α′ has both even and odd parity terms. The odd parity

term appears in equation (1.3), and the even parity terms are the couplings in equation (1.4)
at order α′. Therefore, S(1) has both even and odd parity terms, i.e.,

S(1) = S(1)
o + S(1)

e . (2.36)

Since the first-order correction ∆ḡ(1)
ab is zero, and we only need the first-order corrections in

the perturbation S(1,1) in equation (2.28), we only need to consider the reduction of these
actions when the base space is flat.

The reduction of the odd parity term for flat base space can be found in [12]:

S(1)
o = −3α′

κ′2

∫
d9x e−2ϕ̄

[ 1
24e

φVa
cV abVb

dWcd +
1
48e

φVabV
abV cdWcd

+ 1
12e

φH̄bcdV
ab∂aV

cd + 1
24e

φH̄bcdVa
bV cd∂aφ+ 1

24V
bcWbc∂aφ∂

aφ

− 1
12W

bc∂aφ∂cVab −
1
12V

abWa
c∂c∂bφ+ 1

12e
φH̄bcdV

ab∂dVa
c
]
. (2.37)

For a detailed derivation of the reduction of the couplings in S
(1)
e , we recommend refer-

ring to [7]. In this paper, the author provided a comprehensive analysis of the couplings
involving the Riemann curvature, H, ∇H, ∇Φ, and ∇∇Φ. The reduction is

S(1)
e = −2α′a1

κ′2

∫
d9x

√
−ḡe−2ϕ̄

[ 1
144H̄abcH̄

abcH̄def H̄
def + · · ·

]
. (2.38)

The ellipsis (. . . ) denotes numerous additional terms in this reduction. To find S(1,1)(ψ′
0),

the first-order correction to S(1), we can straightforwardly perturb S(1) to first order. We
then insert the first-order corrections in equation (2.27) and keep only the terms that
have even parity. The resulting expression is the desired S(1,1)(ψ′

0) in equation (2.28).
Importantly, this expression has no free parameters.

Inserting all the aforementioned ingredients into equation (2.28), we obtain an equation
that involves the 60 parameters in equation (1.6), the unfixed parameters of the second-
order corrections ∆φ(2), ∆ϕ̄(2), ∆ḡ(2)

ab , ∆b(2)
a , ∆g(2)

a , B̃(2), and the parameters in the current
Ja

2 of the total derivative terms. The 60 parameters in equation (1.6) are all independent;
however, the other parameters in equation (2.28) resulting from the current and the second-
order corrections are not independent. Some of the corresponding couplings are related by
Bianchi identities, and some of the couplings in equation (2.28) resulting from the second-
order corrections are related to the couplings in equation (2.28) resulting from the total
derivative terms. Hence, the parameters in the total derivative terms and the second-order
corrections can be divided into two parts: one part includes the independent parameters,
and the second part includes the dependent parameters. These latter parameters must be
removed from equation (2.28). While equation (2.28) can fix the parameters in the former
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set, it cannot fix the parameters in the latter set. To remove the second set of parameters,
we first solve equation (2.28), and then we set all the unfixed parameters to zero.

The equation (2.28) includes gauge-invariant couplings in flat base space. However,
to solve this equation, one must impose various Bianchi identities that the first derivative
of V , W , and H̄ are satisfied. To impose these Bianchi identities, we write the field
strengths V , W , and H̄ in terms of the derivatives of ga, ba, and b̄ab. In this way, we
find an equation in terms of independent couplings that are not gauge-invariant. The
fact that equation (2.28) is gauge-invariant ensures that any terms that have gauge fields
ga or ba without derivatives must be canceled in the equation. Hence, to simplify the
calculations, we remove the gauge fields ga and ba without derivatives from the equation.
The coefficients of the remaining independent terms must be zero. This produces a set
of algebraic equations that involve all the parameters mentioned above. The resulting
equations can easily be solved. After solving them, we set the unfixed parameters of the
total derivative terms and the second-order corrections to zero.

We have found that the algebraic equations have no solution if we consider the coupling
Ω2 to be the only coupling at order α′2. However, when we include the 60 couplings in
equation (1.6) in our calculations, the equations have a solution. Interestingly, we have
found that the solution fixes all 60 parameters in terms of the overall number c2

1. The
couplings that we have found are as follows:

S(2,3,4,5,6,7,8) = 2α′2c2
1

κ2

∫
d10x

√
−Ge−2Φ

[
1
12Ĥα

δϵĤαβγĤβδ
ζĤγ

ικĤϵι
µĤζκµ

− 1
80Ĥαβ

δĤαβγĤγ
ϵζĤδ

ικĤϵζ
µĤικµ+

1
80Ĥαβ

δĤαβγĤγ
ϵζĤδϵ

ιĤζ
κµĤικµ

−2
5Ĥα

δϵĤαβγĤβ
ζιĤδζ

κRγϵικ+2Ĥα
δϵĤαβγRβ

ζ
δ

ιRγζϵι−2ĤαβγĤδϵζRαβδ
ιRγιϵζ

− 1
40Ĥαβ

δĤαβγĤϵζ
κĤϵζιRγιδκ−2Ĥα

δϵĤαβγRβ
ζ

δ
ιRγιϵζ +2Ĥα

δϵĤαβγRβ
ζ

γ
ιRδζϵι

− 1
10Ĥαβ

δĤαβγĤγ
ϵζĤϵ

ικRδιζκ−
8
5Ĥα

δϵĤαβγĤβδ
ζĤγ

ικRϵιζκ

− 1
20Ĥαβ

δĤαβγĤγ
ϵζĤδ

ικRϵιζκ−
1
20Ĥα

γδĤβγ
ϵĤδ

ζιĤϵζι∇β∇αΦ

− 1
10Ĥγδ

ζĤγδϵRαϵβζ∇β∇αΦ− 2
5Ĥα

γδĤγ
ϵζRβϵδζ∇β∇αΦ

+1
5Ĥα

γδĤβ
ϵζRγϵδζ∇β∇αΦ− 1

10∇
β∇αΦ∇ϵĤβγδ∇ϵĤα

γδ

− 1
20Ĥβγ

ϵĤβγδĤδ
ζι∇αΦ∇ιĤαϵζ +

1
40Ĥα

βγĤδϵ
ιĤδϵζ∇αΦ∇ιĤβγζ

− 1
20Ĥα

δϵĤαβγ∇ιĤδϵζ∇ιĤβγ
ζ − 1

5Ĥα
δϵĤαβγ∇ζĤγϵι∇ιĤβδ

ζ

+1
5Ĥα

δϵĤαβγ∇ιĤγϵζ∇ιĤβδ
ζ + 1

5Ĥαβ
δĤαβγ∇ζĤδϵι∇ιĤγ

ϵζ

− 3
40Ĥαβ

δĤαβγ∇ιĤδϵζ∇ιĤγ
ϵζ

]
. (2.39)

Note that the coefficients of the Riemann cubed terms become zero, which is consistent
with the S-matrix [14]. The algebraic equations also fix the parameters in the second-order
corrections to the Buscher rules and the parameters of the total derivative terms at order
α′2 in terms of c2

1. However, since these couplings are correct only for closed spacetime
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manifolds, the total derivative terms are not important, so we do not write them. The
solution for the second-order corrections is presented in the appendix. These corrections
are required if one would like to study the T-duality of couplings at order α′3, which is
beyond the scope of this paper.

2.2.2 Odd-parity couplings

The odd-parity couplings in (1.4) at order α′2 involving Ω are listed below:

S(2) = −3α′2c1

κ2

∫
d10x

√
−Ge−2Φ

[
− 1

2Hγδ
ϵRαβγδΩαβϵ+Hγ

δϵRαβ
α

γΩβδϵ−
1
3H

γδϵRαβ
αβΩγδϵ

+Hβ
δϵRαβ

α
γΩγδϵ−

1
2Hαβ

ϵRαβγδΩγδϵ+
1
6Hα

δϵHαβγHβδ
εΩγϵε

−1
2Hαβ

δHαβγHγ
ϵεΩδϵε+

1
36HαβγH

αβγHδϵεΩδϵε−
4
3H

βγδΩβγδ∇α∇αΦ

+4
3H

βγδΩβγδ∇αΦ∇αΦ+4Hα
γδΩβγδ∇β∇αΦ

]
. (2.40)

If we reduce the aforementioned couplings on a circle, apply the Buscher rules (2.3) to the
resulting reduction, insert them into the constraint (2.28), and account for all the odd-parity
terms in −S(0,2)(ψ′

0)−S(1,1)(ψ′
0) that were previously neglected in the subsection 2.2.1, as

well as include all odd-parity total derivative terms at order α′2, we would find that they
do not satisfy the constraint (2.28). Therefore, there must exist other odd-parity couplings
at this order that do not involve Ω.

In accordance with [13], one can determine all the independent odd-parity geometrical
couplings at order α′2. There are a total of 13 independent couplings, listed as follows:

S(2)
o = −2α′2

κ2

∫
d10x

√
−Ge−2Φ

[
a1Hβγ

ϵHβγδHδ
εµRαεϵµ∇αΦ+a2H

βγδRα
ϵ
β

εRγϵδε∇αΦ

+a3Hα
βγHβ

δϵHδ
εµRγεϵµ∇αΦ+a4H

αβγHδϵεRγϵεµ∇βHαδ
µ

+a5Hαβ
δHγ

ϵεHδϵε∇αΦ∇γ∇βΦ+a6Hβ
δϵRαδγϵ∇αΦ∇γ∇βΦ

+a7Hα
γδHγ

ϵε∇αΦ∇βΦ∇εHβδϵ+a8Hα
γδHγ

ϵε∇β∇αΦ∇εHβδϵ

+a9Hαβ
δHαβγHγ

ϵεHϵ
µζ∇εHδµζ +a12Hαβ

δHαβγHγ
ϵεHϵ

µζ∇ζHδεµ

+a13Hα
δϵHαβγHβδ

εHγ
µζ∇ζHϵεµ+a10Hα

δϵHαβγRδεϵµ∇µHβγ
ε

+a11Hαβ
δHαβγRδµϵε∇µHγ

ϵε
]
. (2.41)

Here, a1, · · · , a13 are background-independent parameters that cannot be fixed by the gauge
symmetries.

By incorporating the aforementioned action into the action (2.40) and following the
aforementioned steps, it becomes evident that three parameters in (2.41) exhibit non-zero
values. That is

S(2,3,4,5,6,7) = −2α′2c2
1

κ2

∫
d10x

√
−Ge−2Φ

[
4ĤαβγĤδϵεRγϵεµ∇βĤαδ

µ−2Ĥα
δϵĤαβγRδεϵµ∇µĤβγ

ε

−1
2Ĥα

δϵĤαβγĤβδ
εĤγ

µζ∇ζĤϵεµ

]
. (2.42)

Furthermore, in the aforementioned context, we have substituted H with Ĥ. In addition,
there are corresponding deformations of the Buscher rules similar to the ones outlined in
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the appendix, as well as the inclusion of total derivative terms. However, as these details
do not provide significant insight, we have chosen not to explicitly present them.

3 Discussion

In this paper, we have demonstrated that the Chern-Simons Ω2-term in the effective action
of heterotic string theory, at order α′2, does not possess invariance under T-duality trans-
formations. We have examined the Buscher rules, along with their α′-corrections, which
satisfy the O(1, 1,Z)-group. However, the requirement that the generalized Buscher rules
adhere to the O(1, 1,Z)-group does not determine the parameters within these rules. Irre-
spective of the chosen values for these parameters, the Ω2-term fails to exhibit invariance
under O(1, 1,Z) transformations.

To address this predicament, we introduce 60 independent NS-NS couplings at order
α′2, each with arbitrary coefficients, to the Ω2-term. We then impose the condition that
these even-parity couplings remain invariant under O(1, 1,Z) transformations. The inves-
tigation also necessitates the inclusion of the effective action at order α′. We employ this
action within the Miessner scheme, which allows us to determine all 60 parameters, as well
as the independent parameters in the O(1, 1,Z) transformations, at order α′2. The result-
ing 60 couplings are presented in equation (2.39), while the corrections to the Buscher rules
at order α′2 are provided in the appendix. In [13], the 60 independent couplings at order α′

were derived using the most general field redefinitions permissible solely for closed spacetime
manifolds [18]. Consequently, the couplings presented in equation (2.39) are only applicable
to closed spacetime manifolds. Thus, we have disregarded the total derivative terms asso-
ciated with ensuring the invariance of the effective action under O(1, 1,Z) transformations.

Additionally, we have observed that the odd-parity couplings in the Miessner ac-
tion (1.4) at order α′2 are incompatible with T-duality. To resolve this issue, we intro-
duce 13 independent odd-parity couplings, also at order α′2, with arbitrary coefficients to
the Miessner action. We then enforce the invariance of these couplings under O(1, 1,Z)
transformations. This condition allows us to determine all 13 parameters, as well as the
independent parameters in the corresponding O(1, 1,Z) transformations, at order α′2. The
couplings are presented in equation (2.42).

Similar calculations to those in subsection 2.2.1 were carried out in [7] to find the
effective action of the bosonic string theory at order α′2. However, the effective action
and the corrections to the Buscher rules at order α′ in that paper are different from those
in equations (1.4) and (2.27). In that work, the effective action in the Metsaev-Tseytlin
scheme [20] and its corresponding O(1, 1,Z)-transformations at order α′, which were found
in [17], were used. It is known that the effective action at order α′2 depends on the scheme
used for the effective action at order α′ [21]. If we set the coefficient of Ω to zero in
our calculation, then our results give the effective action for the bosonic string theory at
order α′2 when using the effective action at order α′ in the Meissner scheme (1.4) and
its corresponding O(1, 1,Z)-transformations at order α′ given in equation (2.27). Our
calculations yield the following action for the bosonic string theory:
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S(2) = 2α′2c2
1

κ2

∫
d26x

√
−Ge−2Φ

[
1
12Hα

δϵHαβγHβδ
ζHγ

ικHϵι
µHζκµ (3.1)

− 1
30Hαβ

δHαβγHγ
ϵζHδ

ικHϵζ
µHικµ−

1
20Hαβ

δHαβγHγ
ϵζHδϵ

ιHζ
κµHικµ

+4
3Rα

ϵ
γ

ζRαβγδRβζδϵ−
4
3Rαβ

ϵζRαβγδRγϵδζ −
2
5Hα

δϵHαβγHβ
ζιHδζ

κRγϵικ

+2Hα
δϵHαβγRβ

ζ
δ

ιRγζϵι−
3
20Hαβ

δHαβγHϵζ
κHϵζιRγιδκ−2HαβγHδϵζRαβδ

ιRγιϵζ

−2Hα
δϵHαβγRβ

ζ
δ

ιRγιϵζ +2Hα
δϵHαβγRβ

ζ
γ

ιRδζϵι+Hαβ
δHαβγRγ

ϵζιRδζϵι

−3
5Hαβ

δHαβγHγ
ϵζHϵ

ικRδιζκ−
8
5Hα

δϵHαβγHβδ
ζHγ

ικRϵιζκ+
1
5Hαβ

δHαβγHγ
ϵζHδ

ικRϵιζκ

− 3
10Hα

γδHβγ
ϵHδ

ζιHϵζι∇β∇αΦ− 3
5Hγδ

ζHγδϵRαϵβζ∇β∇αΦ− 12
5 Hα

γδHγ
ϵζRβϵδζ∇β∇αΦ

+6
5Hα

γδHβ
ϵζRγϵδζ∇β∇αΦ− 3

5∇
β∇αΦ∇ϵHβγδ∇ϵHα

γδ − 3
10Hβγ

ϵHβγδHδ
ζι∇αΦ∇ιHαϵζ

+ 3
20Hα

βγHδϵ
ιHδϵζ∇αΦ∇ιHβγζ −

1
20Hα

δϵHαβγ∇ιHδϵζ∇ιHβγ
ζ − 1

5Hα
δϵHαβγ∇ζHγϵι∇ιHβδ

ζ

+1
5Hα

δϵHαβγ∇ιHγϵζ∇ιHβδ
ζ + 1

5Hαβ
δHαβγ∇ζHδϵι∇ιHγ

ϵζ − 1
5Hαβ

δHαβγ∇ιHδϵζ∇ιHγ
ϵζ

]
.

where c1 = 1/4. Note that the coefficients of the Riemann cubed terms in the action pre-
sented above are non-zero. This action should be related to the action found in [7] by field
redefinitions that transform the Meissner action (1.4) into the Metsaev-Tseytlin action [20].

The corrections to the Buscher rules at order α′2 that we have derived have non-zero
∆ḡ(2)

ab (see the appendix). However, in the presence of a boundary, one expects the unit
vector to the boundary in the string frame and its length to be invariant under T-duality
transformations at all orders of α′. Therefore, ∆ḡ(n)

ab should be zero for spacetime manifolds
with a boundary. This implies that the geometrical couplings at order α′2 in the presence
of a boundary should incorporate the 60 even-parity couplings in equation (1.6), the 13
odd-parity couplings in (2.41), as well as additional couplings. These additional couplings
are necessary to ensure that the invariance under T-duality results in a vanishing ∆ḡ(2)

ab .
It has been observed in [18] that in the presence of a boundary, one cannot use the most
general field redefinitions and must use only restricted field redefinitions, such as those
that leave the metric unchanged. If one uses these restricted field redefinitions, then the
T-duality transformations should produce zero ∆ḡ(n)

ab , though they may produce non-zero
∆ϕ̄(n). On the other hand, if one requires both the metric and dilaton to be invariant under
the restricted field redefinition, i.e., requiring the unit vector in the string frame and in
the Einstein frame to be invariant under the field redefinitions, then the measure e−2ϕ̄√−ḡ
remains invariant under T-duality at all orders of α′, i.e., ∆ϕ̄(n) = 0. It would be interesting
to find the geometrical couplings when there is only a field redefinition for the B-field and
use them for the couplings in equation (1.6). In that case, one may find the corrections
at order α′2 to have zero ∆ḡ(2)

ab and ∆ϕ̄(2). The non-zero corrections ∆φ(2), · · · , B̃(2)
ab and

the terms of the total derivatives may then be used to find the corresponding boundary
couplings at order α′2 by T-duality. We leave the details of this calculation for future work.
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A Correction to the Buscher rules at order α′2

In this appendix we write the second order corrections to the Buscher rules corresponding
to the effective action (2.39) in the heterotic string theory. ∆ϕ̄(2)/c2

1 is

− 1
40e

φH̄b
deH̄cdeVa

cV ab− 1
20e

2φVa
cV abVb

dVcd+
159
80 e

φH̄ab
eH̄cdeV

abV cd− 129
40 e

2φVabV
abVcdV

cd

+ 1
40e

−φH̄b
deH̄cdeWa

cW ab+ 1
20e

−2φWa
cW abWb

dWcd−
159
80 e

−φH̄ab
eH̄cdeW

abW cd

+129
40 e

−2φWabW
abWcdW

cd− 13
64H̄bcdH̄

bcd∂a∂
aφ+ 64

5 H̄acdV
bcWb

d∂aϕ̄− 117
20 H̄bcdVa

bW cd∂aϕ̄

−39
40H̄

bcd∂aH̄bcd∂
aϕ̄+ 219

20 e
φVbcV

bc∂aϕ̄∂
aϕ̄− 219

20 e
−φWbcW

bc∂aϕ̄∂
aϕ̄+ 13

32H̄bcdH̄
bcd∂aφ∂

aϕ̄

−1583
80 eφVbcV

bc∂aφ∂
aϕ̄− 1583

80 e−φWbcW
bc∂aφ∂

aϕ̄+ 677
160e

φVbcV
bc∂aφ∂

aφ

−677
160e

−φWbcW
bc∂aφ∂

aφ− 2323
20 ∂aφ∂

aϕ̄∂b∂
bϕ̄+ 2323

40 ∂a∂
aϕ̄∂b∂

bφ− 1313
20 ∂aϕ̄∂

aϕ̄∂b∂
bφ

−4061
320 ∂aφ∂

aφ∂b∂
bφ+ 4247

40 ∂aφ∂b∂
b∂aϕ̄+

729
20 ∂

aϕ̄∂b∂
b∂aφ−

509
80 ∂b∂

b∂a∂
aφ

+743
10 e

φVa
cVbc∂

aϕ̄∂bϕ̄− 743
10 e

−φWa
cWbc∂

aϕ̄∂bϕ̄+ 1313
10 ∂aϕ̄∂

aϕ̄∂bφ∂
bϕ̄− 949

20 ∂
aϕ̄∂b∂aφ∂

bϕ̄

−1
8H̄a

cdH̄bcd∂
aϕ̄∂bφ+ 309

40 e
φVa

cVbc∂
aϕ̄∂bφ+ 309

40 e
−φWa

cWbc∂
aϕ̄∂bφ− 251

40 e
φVa

cVbc∂
aφ∂bφ

+251
40 e

−φWa
cWbc∂

aφ∂bφ+ 6647
160 ∂aφ∂

aϕ̄∂bφ∂
bφ− 1489

4 ∂aϕ̄∂b∂aϕ̄∂
bφ− 39

4 ∂
aφ∂b∂aφ∂

bφ

+503
20 ∂b∂aφ∂

b∂aϕ̄+ 9
80H̄a

cdH̄bcd∂
b∂aφ+ 359

10 e
φV bc∂aϕ̄∂cVab−

141
40 e

φV bc∂aφ∂cVab

+467
20 e

φ∂aV
ab∂cVb

c− 191
20 e

φVa
b∂aϕ̄∂cVb

c+ 237
8 eφVa

b∂aφ∂cVb
c− 359

10 e
−φW bc∂aϕ̄∂cWab

−141
40 e

−φW bc∂aφ∂cWab−
467
20 e

−φ∂aW
ab∂cWb

c+ 191
20 e

−φWa
b∂aϕ̄∂cWb

c+ 237
8 e−φWa

b∂aφ∂cWb
c

+196
5 H̄abdV

ab∂cW
cd+ 109

10 e
φVa

cV ab∂c∂bϕ̄−
109
10 e

−φWa
cW ab∂c∂bϕ̄−

377
40 e

φVa
cV ab∂c∂bφ

−377
40 e

−φWa
cW ab∂c∂bφ−

219
40 e

φVabV
ab∂c∂

cϕ̄+ 219
40 e

−φWabW
ab∂c∂

cϕ̄+ 7
2e

φV ab∂c∂
cVab

−7
2e

−φW ab∂c∂
cWab+

1137
160 e

φVabV
ab∂c∂

cφ+ 1137
160 e

−φWabW
ab∂c∂

cφ+ 251
40 e

φ∂cVab∂
cV ab

−251
40 e

−φ∂cWab∂
cW ab− 191

20 V
abW cd∂dH̄abc+

117
40 H̄

bcd∂aϕ̄∂dH̄abc−
181
80 H̄

bcd∂aφ∂dH̄abc

−32
5 V

abWa
c∂dH̄bc

d+ 1303
160 H̄a

bc∂aφ∂dH̄bc
d− 98

5 H̄
abc∂d∂cH̄ab

d+ 98
15H̄

abc∂d∂
dH̄abc

−191
40 ∂cH̄abd∂

dH̄abc+ 191
120∂dH̄abc∂

dH̄abc− 227
4 H̄bcdW

ab∂dVa
c− 433

20 H̄bcdV
ab∂dWa

c . (A.1)

Note that there are terms involving third derivatives of the base space, as well as the terms
involving fourth derivatives. ∆φ(2)/c2

1 is
7
6e

φH̄cdeH̄
cdeVabV

ab+ 41
10e

φH̄b
deH̄cdeVa

cV ab+ 41
5 e

2φVa
cV abVb

dVcd−
33
20e

φH̄ab
eH̄cdeV

abV cd

+19
10e

2φVabV
abVcdV

cd+ 7
6e

−φH̄cdeH̄
cdeWabW

ab+ 41
10e

−φH̄b
deH̄cdeWa

cW ab+40Va
cV abWb

dWcd

+41
5 e

2−φWa
cW abWb

dWcd−
33
20e

−φH̄ab
eH̄cdeW

abW cd+ 39
10e

2−φWabW
abWcdW

cd

+279
5 eφVbcV

bc∂aϕ̄∂
aϕ̄+ 279

5 e−φWbcW
bc∂aϕ̄∂

aϕ̄− 129
20 H̄bcdVa

bW cd∂aφ− 289
120H̄

bcd∂aH̄bcd∂
aφ
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2
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)
0
2
0

−341
80 e

φVbcV
bc∂aφ∂

aφ+ 619
80 e

−φWbcW
bc∂aφ∂

aφ− 579
2 ∂aφ∂

aφ∂b∂
bϕ̄+ 37

5 ∂a∂
aφ∂b∂

bφ

−811
20 ∂aφ∂

aϕ̄∂b∂
bφ+ 1394

5 ∂aϕ̄∂b∂
b∂aϕ̄+

76
5 ∂

aφ∂b∂
b∂aφ−

91
5 ∂b∂

b∂a∂
aϕ̄+ 1

5H̄a
cdH̄bcd∂

aϕ̄∂bϕ̄

+272
5 eφVa

cVbc∂
aϕ̄∂bϕ̄+ 272

5 e−φWa
cWbc∂

aϕ̄∂bϕ̄+ 103
2 ∂aφ∂

aϕ̄∂bφ∂
bϕ̄− 2424

5 ∂aϕ̄∂b∂aϕ̄∂
bϕ̄

−17
2 e

φVa
cVbc∂

aϕ̄∂bφ+ 17
2 e

−φWa
cWbc∂

aϕ̄∂bφ− 599
40 H̄a

cdH̄bcd∂
aφ∂bφ− 273

10 e
φVa

cVbc∂
aφ∂bφ

−273
10 e

−φWa
cWbc∂

aφ∂bφ+ 1737
5 ∂aϕ̄∂

aϕ̄∂bφ∂
bφ+ 3

2∂aφ∂
aφ∂bφ∂

bφ+ 343
5 ∂aφ∂b∂aϕ̄∂

bφ

−262
5 ∂aϕ̄∂b∂aφ∂

bφ−16∂aφ∂b∂aφ∂
bφ− 1

10H̄a
cdH̄bcd∂

b∂aϕ̄+ 328
5 ∂b∂aϕ̄∂

b∂aϕ̄+ 2
5∂b∂aφ∂

b∂aφ

+144
5 eφV bc∂aϕ̄∂cVab+

679
10 e

φV bc∂aφ∂cVab+
41
5 e

φ∂aV
ab∂cVb

c+ 54
5 e

φVa
b∂aϕ̄∂cVb

c

+351
20 e

φVa
b∂aφ∂cVb

c+ 144
5 e−φW bc∂aϕ̄∂cWab−

199
10 e

−φW bc∂aφ∂cWab+
11
5 H̄bcdV

ab∂dWa
c

+41
5 e

−φ∂aW
ab∂cWb

c+ 54
5 e

−φWa
b∂aϕ̄∂cWb

c− 351
20 e

−φWa
b∂aφ∂cWb

c−31eφVa
cV ab∂c∂bϕ̄

−31e−φWa
cW ab∂c∂bϕ̄−

17
2 e

φVa
cV ab∂c∂bφ−

15
2 e

−φWa
cW ab∂c∂bφ−

559
10 e

φVabV
ab∂c∂

cϕ̄

−559
10 e

−φWabW
ab∂c∂

cϕ̄− 37
10e

φV ab∂c∂
cVab−

37
10e

−φW ab∂c∂
cWab−

217
40 e

φVabV
ab∂c∂

cφ

+217
40 e

−φWabW
ab∂c∂

cφ− 17
5 e

φ∂cVab∂
cV ab− 17

5 e
−φ∂cWab∂

cW ab−8V abW cd∂dH̄abc

−39
5 H̄

bcd∂aϕ̄∂dH̄abc+
289
40 H̄

bcd∂aφ∂dH̄abc+
1
10∂aH̄

abc∂dH̄bc
d− 3

10H̄a
bc∂aϕ̄∂dH̄bc

d

−71
10H̄

abc∂d∂cH̄ab
d− 163

10 ∂cH̄abd∂
dH̄abc+ 91

30∂dH̄abc∂
dH̄abc− 69

5 H̄bcdW
ab∂dVa

c . (A.2)

In addition to first and second derivatives, the above expression also involves third and
fourth derivatives of the base space. To simplify our notation for witting ∆ḡ(2)

ab , we intro-
duce a symmetric tensor Sab and multiply it with ∆ḡ(2)

ab . This allows us to write ∆ḡ(2)
ab in

a simpler form. Sab∆ḡ(2)
ab /c

2
1 is

1
10e

φSabH̄c
ef H̄defVa

cVb
d+ 2

5e
φSabH̄b

ef H̄defVa
cVc

d+ 1
5e

φSabH̄ad
f H̄befVc

eV cd

−1
5e

2φSabVa
cVb

dVc
eVde−

33
5 e

φSabH̄bc
f H̄defVa

cV de+ 73
20e

φSa
aH̄bc

f H̄defV
bcV de

−79
10e

2φSabVa
cVbcVdeV

de− 2
5e

φSabH̄acdH̄befV
cdV ef − 1

10e
−φSabH̄c

ef H̄defWa
cWb

d

−2
5e

−φSabH̄b
ef H̄defWa

cWc
d− 1

5e
−φSabH̄ad

f H̄befWc
eW cd+ 1

5e
2−φSabWa

cWb
dWc

eWde

+33
5 e

−φSabH̄bc
f H̄defWa

cW de− 73
20e

−φSa
aH̄bc

f H̄defW
bcW de+ 79

10e
2−φSabWa

cWbcWdeW
de

+2
5e

−φSabH̄acdH̄befW
cdW ef − 156

5 SbcH̄cdeVb
dWa

e∂aϕ̄+ 104
5 SbcH̄cdeVa

dWb
e∂aϕ̄

+64
5 S

bcH̄adeVb
dWc

e∂aϕ̄+ 64
5 S

b
bH̄adeV

cdWc
e∂aϕ̄−26SbcH̄cdeVabW

de∂aϕ̄

+81
5 S

b
bH̄cdeVa

cW de∂aϕ̄− 118
5 Sa

bH̄cdeVb
cW de∂aϕ̄−13SbcH̄b

de∂aH̄cde∂
aϕ̄

+27
10S

b
bH̄

cde∂aH̄cde∂
aϕ̄− 2

5e
φSbcVb

dVcd∂aϕ̄∂
aϕ̄+ 2

5e
−φSbcWb

dWcd∂aϕ̄∂
aϕ̄

+30eφSbcVb
d∂aVcd∂

aϕ̄−30e−φSbcWb
d∂aWcd∂

aϕ̄+ 29
8 S

bcH̄b
deH̄cde∂aφ∂

aϕ̄
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J
H
E
P
0
9
(
2
0
2
3
)
0
2
0

−169
20 e

φSbcVb
dVcd∂aφ∂

aϕ̄− 169
20 e

−φSbcWb
dWcd∂aφ∂

aϕ̄+28SbcH̄cdeVb
dWa

e∂aφ

−28SbcH̄cdeVa
dWb

e∂aφ−45eφSbcVb
d∂aVcd∂

aφ−45e−φSbcWb
d∂aWcd∂

aφ

−303
20 e

φSbcVb
dVcd∂aφ∂

aφ+ 303
20 e

−φSbcWb
dWcd∂aφ∂

aφ−32SabVa
cW de∂bH̄cde

−16
3 S

ab∂aH̄
cde∂bH̄cde−

59
15Sa

bH̄cde∂aϕ̄∂bH̄cde+
238
5 SabH̄cdeV

cd∂bWa
e+ 39

5 S
abH̄cdeVa

c∂bW
de

−37
5 S

a
aH̄cdeV

bc∂bW
de+ 119

15 S
abH̄cde∂b∂aH̄cde−

443
40 e

φSabVcdV
cd∂b∂aφ

−443
40 e

−φSabWcdW
cd∂b∂aφ+

556
5 eφScdVacVbd∂

aϕ̄∂bϕ̄+26eφSc
cVa

dVbd∂
aϕ̄∂bϕ̄

+236
5 eφSa

cVb
dVcd∂

aϕ̄∂bϕ̄− 556
5 e−φScdWacWbd∂

aϕ̄∂bϕ̄−26e−φSc
cWa

dWbd∂
aϕ̄∂bϕ̄

−236
5 e−φSa

cWb
dWcd∂

aϕ̄∂bϕ̄+ 888
5 Sc

c∂aϕ̄∂
aϕ̄∂bφ∂

bϕ̄−15Sc
c∂

aϕ̄∂b∂aφ∂
bϕ̄

−1
5Sa

cH̄b
deH̄cde∂

aϕ̄∂bφ+ 41
5 e

φScdVacVbd∂
aϕ̄∂bφ+ 157

10 e
φSc

cVa
dVbd∂

aϕ̄∂bφ

+61eφSb
cVa

dVcd∂
aϕ̄∂bφ−24eφSa

cVb
dVcd∂

aϕ̄∂bφ+ 431
20 e

φSabVcdV
cd∂aϕ̄∂bφ

+41
5 e

−φScdWacWbd∂
aϕ̄∂bφ+ 157

10 e
−φSc

cWa
dWbd∂

aϕ̄∂bφ+61e−φSb
cWa

dWcd∂
aϕ̄∂bφ

−24e−φSa
cWb

dWcd∂
aϕ̄∂bφ+ 431

20 e
−φSabWcdW

cd∂aϕ̄∂bφ− 319
10 e

φScdVacVbd∂
aφ∂bφ

+36
5 e

φSc
cVa

dVbd∂
aφ∂bφ− 303

10 e
φSa

cVb
dVcd∂

aφ∂bφ+ 319
10 e

−φScdWacWbd∂
aφ∂bφ

−36
5 e

−φSc
cWa

dWbd∂
aφ∂bφ+ 303

10 e
−φSa

cWb
dWcd∂

aφ∂bφ+ 727
20 S

c
c∂aφ∂

aϕ̄∂bφ∂
bφ

−2713
5 Sc

c∂
aϕ̄∂b∂aϕ̄∂

bφ− 74
5 S

c
c∂

aφ∂b∂aφ∂
bφ+13SbcH̄b

de∂aϕ̄∂cH̄ade−
143
20 S

bcH̄b
de∂aφ∂cH̄ade

+464
5 eφSbcVa

d∂aϕ̄∂cVbd−
232
5 eφSbcVa

d∂aφ∂cVbd+32SabH̄bdeV
cd∂cWa

e

−464
5 e−φSbcWa

d∂aϕ̄∂cWbd−
232
5 e−φSbcWa

d∂aφ∂cWbd+
121
5 SabH̄bdeVa

c∂cW
de

−5168
5 Sb

c∂aϕ̄∂bφ∂c∂aϕ̄−
362
5 Sbc∂aφ∂

aϕ̄∂c∂bϕ̄−
211
5 Sa

c∂aϕ̄∂bφ∂c∂bϕ̄−
2586
5 Sbc∂aϕ̄∂

aϕ̄∂c∂bφ

−431
20 S

bc∂aφ∂
aφ∂c∂bφ−

219
5 Sa

c∂aϕ̄∂bϕ̄∂c∂bφ−66Sa
c∂aφ∂bφ∂c∂bφ+

358
5 Sbc∂aφ∂c∂b∂aϕ̄

−148Sb
b∂aφ∂

aϕ̄∂c∂
cϕ̄+431Sab∂b∂aφ∂c∂

cϕ̄−862Sab∂
aϕ̄∂bφ∂c∂

cϕ̄− 29
16S

abH̄a
deH̄bde∂c∂

cφ

−444
5 Sb

b∂aϕ̄∂
aϕ̄∂c∂

cφ− 37
5 S

b
b∂aφ∂

aφ∂c∂
cφ+ 181

5 Sab∂b∂aϕ̄∂c∂
cφ+74Sa

a∂b∂
bϕ̄∂c∂

cφ

−2537
80 Sab∂

aφ∂bφ∂c∂
cφ+ 311

2 Sb
b∂

aφ∂c∂
c∂aϕ̄+15Sb

b∂
aϕ̄∂c∂

c∂aφ+
2149
5 Sa

b∂aφ∂c∂
c∂bϕ̄

+219
10 Sa

b∂aϕ̄∂c∂
c∂bφ−

15
4 S

a
a∂c∂

c∂b∂
bφ+ 5172

5 Sbc∂aϕ̄∂
aϕ̄∂bϕ̄∂cφ+ 509

8 Sbc∂aφ∂
aϕ̄∂bφ∂cφ

+429
10 Sac∂

aϕ̄∂bφ∂
bφ∂cφ+ 217

5 Sab∂c∂bφ∂
c∂aϕ̄+

1
10S

abH̄b
deH̄cde∂

c∂aφ+15Sa
a∂c∂bφ∂

c∂bϕ̄

+82
5 S

abV cdWa
e∂dH̄bce+

144
5 eφSbcVb

d∂aϕ̄∂dVac−
72
5 e

φSbcVb
d∂aφ∂dVac+

37
5 e

φSb
bV

cd∂aφ∂dVac

+599
10 e

φSa
bV cd∂aφ∂dVbc−16eφSab∂cVa

c∂dVb
d+ 118

5 eφSbcVab∂
aϕ̄∂dVc

d− 89
5 e

φSb
bVa

c∂aϕ̄∂dVc
d

+118
5 eφSa

bVb
c∂aϕ̄∂dVc

d+ 479
10 e

φSbcVab∂
aφ∂dVc

d+ 41
5 e

φSb
bVa

c∂aφ∂dVc
d
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+303
10 e

φSa
bVb

c∂aφ∂dVc
d+ 232

5 eφSab∂bVa
c∂dVc

d+ 77
5 e

φSa
a∂bV

bc∂dVc
d− 92

5 S
abH̄bceWa

c∂dV
de

−187
10 S

a
aH̄bceW

bc∂dV
de− 144

5 e−φSbcWb
d∂aϕ̄∂dWac−

72
5 e

−φSbcWb
d∂aφ∂dWac

+37
5 e

−φSb
bW

cd∂aφ∂dWac+
599
10 e

−φSa
bW cd∂aφ∂dWbc+16e−φSab∂cWa

c∂dWb
d

−118
5 e−φSbcWab∂

aϕ̄∂dWc
d+ 89

5 e
−φSb

bWa
c∂aϕ̄∂dWc

d− 118
5 e−φSa

bWb
c∂aϕ̄∂dWc

d

+479
10 e

−φSbcWab∂
aφ∂dWc

d+ 41
5 e

−φSb
bWa

c∂aφ∂dWc
d+ 303

10 e
−φSa

bWb
c∂aφ∂dWc

d

−232
5 e−φSab∂bWa

c∂dWc
d− 77

5 e
−φSa

a∂bW
bc∂dWc

d− 68
5 S

abH̄bceVa
c∂dW

de

+113
10 S

a
aH̄bceV

bc∂dW
de− 146

5 eφSabVa
cVc

d∂d∂bϕ̄+
146
5 e−φSabWa

cWc
d∂d∂bϕ̄

+307
10 e

φSabVa
cVc

d∂d∂bφ+
307
10 e

−φSabWa
cWc

d∂d∂bφ+
2
5e

φSabVa
cVb

d∂d∂cϕ̄

+74
5 e

φSa
aVb

dV bc∂d∂cϕ̄−
2
5e

−φSabWa
cWb

d∂d∂cϕ̄−
74
5 e

−φSa
aWb

dW bc∂d∂cϕ̄

+72
5 e

φSabVa
c∂d∂cVb

d− 72
5 e

−φSabWa
c∂d∂cWb

d− 163
10 e

φSabVa
cVb

d∂d∂cφ

−37
5 e

φSa
aVb

dV bc∂d∂cφ−
163
10 e

−φSabWa
cWb

d∂d∂cφ−
37
5 e

−φSa
aWb

dW bc∂d∂cφ

+1
5e

φSabVa
cVbc∂d∂

dϕ̄− 1
5e

−φSabWa
cWbc∂d∂

dϕ̄− 74
5 e

φSabVa
c∂d∂

dVbc

+74
5 e

−φSabWa
c∂d∂

dWbc+
177
40 e

φSabVa
cVbc∂d∂

dφ+ 177
40 e

−φSabWa
cWbc∂d∂

dφ

+37
10e

φSa
a∂dVbc∂

dV bc− 37
10e

−φSa
a∂dWbc∂

dW bc+ 1
5S

abH̄ac
eH̄bde∂

d∂cφ+26SbcH̄b
de∂aϕ̄∂eH̄acd

−81
10S

b
bH̄

cde∂aϕ̄∂eH̄acd−
143
10 S

bcH̄b
de∂aφ∂eH̄acd−

82
5 S

abV cdWa
e∂eH̄bcd−

82
5 S

abVa
cW de∂eH̄bcd

−37
5 S

a
aV

bcW de∂eH̄bcd+
59
5 Sa

bH̄cde∂aϕ̄∂eH̄bcd+
1
4Sa

bH̄cde∂aφ∂eH̄bcd−
32
5 S

abVa
cWb

d∂eH̄cd
e

−32
5 S

a
aV

bcWb
d∂eH̄cd

e+ 431
40 S

b
bH̄a

cd∂aφ∂eH̄cd
e+ 1

10Sa
bH̄b

cd∂aφ∂eH̄cd
e

+117
5 SabH̄bcdW

cd∂eVa
e− 37

5 S
abH̄bcdV

cd∂eWa
e− 119

5 SabH̄cde∂e∂bH̄acd+8SabH̄a
cd∂e∂bH̄cd

e

+16SabH̄a
cd∂e∂dH̄bc

e+ 37
10S

a
aH̄

bcd∂e∂dH̄bc
e−8SabH̄a

cd∂e∂
eH̄bcd−

37
30S

a
aH̄

bcd∂e∂
eH̄bcd

+39
5 S

ab∂bH̄cde∂
eH̄a

cd− 82
5 S

ab∂dH̄bce∂
eH̄a

cd+ 41
5 S

ab∂eH̄bcd∂
eH̄a

cd− 37
10S

a
a∂dH̄bce∂

eH̄bcd

+37
30S

a
a∂eH̄bcd∂

eH̄bcd− 398
5 SabH̄cdeWa

c∂eVb
d+ 82

5 S
abH̄bdeWa

c∂eVc
d . (A.3)

The expression for ∆ḡ(2)
ab also involves various terms with third and fourth derivatives of

the base space. ∆b(2)
a /c2

1 is
31
20eφ/2H̄adeV bcV deWbc − 2

5eφ/2H̄aceV bcV deWbd +4eφ/2H̄cdeVa
bV cdWb

e − 2
5e−φ/2H̄a

deH̄bd
f H̄cef W bc

+2e−φ/2H̄a
deH̄bc

f H̄def W bc + 2
5e−φ/2H̄ab

dH̄c
ef H̄def W bc + 9

5eφ/2H̄adeVb
dV bcWc

e

−49
20eφ/2H̄adeVbcV bcW de −4e−3φ/2H̄cdeWa

bWb
cW de −4e−3φ/2H̄adeWbcW bcW de

+4eφ/2H̄a
deH̄cde∂bV bc −14eφ/2H̄b

deH̄cdeVa
c∂bϕ̄+14eφ/2H̄a

deH̄cdeVb
c∂bϕ̄−55e3/2φVa

cVb
dVcd∂bϕ̄

−8
5eφ/2H̄ac

eH̄bdeV cd∂bϕ̄− 4
5e−φ/2V cdWacWbd∂bϕ̄− 138

5 e−φ/2H̄bcdW cd∂aϕ̄∂bϕ̄
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2
0
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)
0
2
0

−367
5 e−φ/2H̄acdW cd∂bϕ̄∂bϕ̄+ 51

5 e−φ/2H̄acdW cd∂bφ∂bϕ̄− 19
5 eφ/2H̄b

deH̄cdeVa
c∂bφ

+8eφ/2H̄a
deH̄cdeVb

c∂bφ− 63
4 e3φ/2Va

cVb
dVcd∂bφ+ 4

5eφ/2H̄ac
eH̄bdeV cd∂bφ−4eφ/2H̄ab

eH̄cdeV cd∂b

−4e3φ/2VabVcdV cd∂bφ− 12
5 e−φ/2V cdWacWbd∂bφ+8e−φ/2V cdWabWcd∂bφ

+16e−φ/2Vb
cWa

dWcd∂bφ−16e−φ/2Va
cWb

dWcd∂bφ+12e−φ/2VabWcdW cd∂bφ

−27
2 e−φ/2H̄bcdW cd∂aϕ̄∂bφ+ 15

8 e−φ/2H̄bcdW cd∂aφ∂bφ− 133
20 e−φ/2H̄acdW cd∂bφ∂bφ

−66eφ/2∂b∂bϕ̄∂cVa
c + 15

4 eφ/2∂b∂bφ∂cVa
c +68eφ/2∂bϕ̄∂bϕ̄∂cVa

c + 63
10eφ/2∂bφ∂bϕ̄∂cVa

c

+4eφ/2∂bφ∂bφ∂cVa
c −27eφ/2∂aφ∂bϕ̄∂cVb

c +27eφ/2∂aϕ̄∂bφ∂cVb
c − 39

10eφ/2∂aφ∂bφ∂cVb
c

−49
5 eφ/2∂b∂aϕ̄∂cVb

c + 231
20 eφ/2∂b∂aφ∂cVb

c +16e−φ/2V bcWb
d∂cWad − 64

5 e−φ/2H̄abd∂bϕ̄∂cW cd

−8e−φ/2H̄abd∂bφ∂cW cd −112eφ/2Vb
c∂bϕ̄∂c∂aϕ̄− 353

10 eφ/2Vb
c∂bφ∂c∂aϕ̄− 283

10 eφ/2Vb
c∂bϕ̄∂c∂aφ

+1
5eφ/2Vb

c∂bφ∂c∂aφ− 944
5 eφ/2Va

c∂bϕ̄∂c∂bϕ̄+ 52
5 eφ/2Va

c∂bφ∂c∂bϕ̄− 67
5 eφ/2∂bϕ̄∂c∂bVa

c

+231
20 eφ/2∂bφ∂c∂bVa

c + 57
2 eφ/2Va

c∂bϕ̄∂c∂bφ− 78
5 eφ/2Va

c∂bφ∂c∂bφ−306eφ/2Vab∂bϕ̄∂c∂cϕ̄

−111
2 eφ/2Vab∂bφ∂c∂cϕ̄+ 207

5 eφ/2∂bϕ̄∂c∂cVab − 233
20 eφ/2∂bφ∂c∂cVab + 67

20eφ/2Vab∂bϕ̄∂c∂cφ

+321
40 eφ/2Vab∂bφ∂c∂cφ+75eφ/2Va

b∂c∂c∂bϕ̄− 7
20eφ/2Va

b∂c∂c∂bφ+ 126
5 e−φ/2H̄acdWb

d∂bϕ̄∂cϕ̄

+1948
5 eφ/2Vac∂bϕ̄∂bϕ̄∂cϕ̄− 343

10 eφ/2Vac∂bφ∂bϕ̄∂cϕ̄−56eφ/2∂bϕ̄∂cVab∂cϕ̄− 38
5 eφ/2H̄b

deH̄cde∂cVa
b

−16
5 e−φ/2H̄bcdWa

d∂bϕ̄∂cφ+16e−φ/2H̄acdWb
d∂bϕ̄∂cφ+ 29

10e−φ/2H̄abdWc
d∂bϕ̄∂cφ

+54eφ/2Vbc∂aϕ̄∂bϕ̄∂cφ− 129
10 eφ/2Vbc∂aφ∂bϕ̄∂cφ+ 277

5 eφ/2Vac∂bϕ̄∂bϕ̄∂cφ− 1
10eφ/2∂bVac∂bϕ̄∂cφ

−161
20 eφ/2Vac∂bφ∂bϕ̄∂cφ+ 23

5 e−φ/2H̄acdWb
d∂bφ∂cφ+ 143

40 eφ/2Vac∂bφ∂bφ∂cφ

+283
10 eφ/2∂bϕ̄∂cVab∂cφ−8eφ/2∂bφ∂cVab∂cφ+ 139

10 eφ/2Vab∂bϕ̄∂cφ∂cφ+ 318
5 eφ/2∂cVab∂c∂bϕ̄

− 1
10eφ/2∂cVab∂c∂bφ+ 211

5 e−φ/2W cd∂bϕ̄∂dH̄abc − 1
20e−φ/2W cd∂bφ∂dH̄abc − 32

5 e−φ/2∂bW bc∂dH̄ac
d

+63
5 e−φ/2Wb

c∂bϕ̄∂dH̄ac
d + 29

20e−φ/2Wb
c∂bφ∂dH̄ac

d + 69
5 e−φ/2W bc∂aϕ̄∂dH̄bc

d

− 1
10e−φ/2W bc∂aφ∂dH̄bc

d + 8
5e−φ/2Wa

c∂bφ∂dH̄bc
d −7e−φ/2∂cWa

b∂dH̄bc
d − 72

5 e3/2φVb
dV bc∂dVac

−4e−φ/2WbcW bc∂dVa
d +16e3/2φVa

bV cd∂dVbc + 119
5 e−φ/2Wa

bW cd∂dVbc + 1
5e3/2φVa

bVb
c∂dVc

d

−8e−φ/2Wa
bWb

c∂dVc
d +2e−φ/2V bcWb

d∂dWac − 149
10 e−φ/2V bcWbc∂dWa

d − 49
10e−φ/2V bcWa

d∂dWbc

+32e−φ/2Va
bW cd∂dWbc − 2

5e−φ/2V bcWab∂dWc
d −24e−φ/2Va

bWb
c∂dWc

d − 81
10e−φ/2W bc∂d∂aH̄bc

d

−44
5 e−φ/2W bc∂d∂cH̄ab

d + 79
10e−φ/2W bc∂d∂dH̄abc + 659

10 e−φ/2H̄abcW bc∂d∂dϕ̄

−31
20e−φ/2H̄abcW bc∂d∂dφ+ 18

5 eφ/2H̄ab
eH̄cde∂dV bc − 67

5 e−φ/2H̄bcd∂bϕ̄∂dWa
c

+ 1
20e−φ/2H̄bcd∂bφ∂dWa

c + 138
5 e−φ/2H̄acd∂bϕ̄∂dWb

c − 31
5 e−φ/2H̄acd∂bφ∂dWb

c

−4
5e−φ/2H̄bcdW bc∂d∂aϕ̄+ 1

20e−φ/2H̄bcdW bc∂d∂aφ+ 91
5 e−φ/2H̄acdW bc∂d∂bϕ̄+ 1

5e−φ/2H̄acd∂d∂bW bc

−47
20e−φ/2H̄acdW bc∂d∂bφ− 4

5eφ/2H̄b
deV bc∂eH̄acd +3eφ/2H̄a

deV bc∂eH̄bcd + 41
10eφ/2H̄b

cdVa
b∂eH̄cd

e

+4
5eφ/2H̄ab

dV bc∂eH̄cd
e . (A.4)
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It has the third derivatives of the base space at various terms. ∆g(2)
a /c2

1 is

2
5e

φ/2H̄a
deH̄bd

f H̄cefV
bc−2eφ/2H̄a

deH̄bc
f H̄defV

bc− 2
5e

φ/2H̄ab
dH̄c

ef H̄defV
bc

+2
5e

−φ/2H̄adeV
bcWb

dWc
e−4e−φ/2H̄a

deH̄cde∂bW
bc+14e−φ/2H̄b

deH̄cdeWa
c∂bϕ̄

−14e−φ/2H̄a
deH̄cdeWb

c∂bϕ̄+4
5e

φ/2Va
cVb

dWcd∂
bϕ̄+55e−3φ/2Wa

cWb
dWcd∂

bϕ̄

+8
5e

−φ/2H̄ac
eH̄bdeW

cd∂bϕ̄+138
5 eφ/2H̄bcdV

cd∂aϕ̄∂
bϕ̄+367

5 eφ/2H̄acdV
cd∂bϕ̄∂

bϕ̄

+51
5 e

φ/2H̄acdV
cd∂bφ∂

bϕ̄− 19
5 e

−φ/2H̄b
deH̄cdeWa

c∂bφ+8e−φ/2H̄a
deH̄cdeWb

c∂bφ

−12
5 e

φ/2Va
cVb

dWcd∂
bφ− 63

4 e
−3φ/2Wa

cWb
dWcd∂

bφ+4
5e

−φ/2H̄ac
eH̄bdeW

cd∂bφ

−27
2 e

φ/2H̄bcdV
cd∂aϕ̄∂

bφ+17
8 e

φ/2H̄bcdV
cd∂aφ∂

bφ− 27
20e

φ/2H̄acdV
cd∂bφ∂

bφ

+ 9
10e

−φ/2H̄a
deW bc∂cH̄bde−2eφ/2V bcWb

d∂cVad+
64
5 e

φ/2H̄abd∂
bϕ̄∂cV

cd

−8eφ/2H̄abd∂
bφ∂cV

cd+66e−φ/2∂b∂
bϕ̄∂cWa

c+15
4 e

−φ/2∂b∂
bφ∂cWa

c−68e−φ/2∂bϕ̄∂
bϕ̄∂cWa

c

+63
10e

−φ/2∂bφ∂
bϕ̄∂cWa

c−4e−φ/2∂bφ∂
bφ∂cWa

c−27e−φ/2∂aφ∂
bϕ̄∂cWb

c+27e−φ/2∂aϕ̄∂
bφ∂cWb

c

+39
10e

−φ/2∂aφ∂
bφ∂cWb

c+49
5 e

−φ/2∂b∂aϕ̄∂cWb
c+231

20 e
−φ/2∂b∂aφ∂cWb

c+112e−φ/2Wb
c∂bϕ̄∂c∂aϕ̄

−353
10 e

−φ/2Wb
c∂bφ∂c∂aϕ̄−

283
10 e

−φ/2Wb
c∂bϕ̄∂c∂aφ+

39
5 e

−φ/2Wb
c∂bφ∂c∂aφ

+944
5 e−φ/2Wa

c∂bϕ̄∂c∂bϕ̄+
52
5 e

−φ/2Wa
c∂bφ∂c∂bϕ̄+

67
5 e

−φ/2∂bϕ̄∂c∂bWa
c+231

20 e
−φ/2∂bφ∂c∂bWa

c

+57
2 e

−φ/2Wa
c∂bϕ̄∂c∂bφ−

42
5 e

−φ/2Wa
c∂bφ∂c∂bφ+306e−φ/2Wab∂

bϕ̄∂c∂
cϕ̄

−111
2 e−φ/2Wab∂

bφ∂c∂
cϕ̄− 207

5 e−φ/2∂bϕ̄∂c∂
cWab−

233
20 e

−φ/2∂bφ∂c∂
cWab

+67
20e

−φ/2Wab∂
bϕ̄∂c∂

cφ− 321
40 e

−φ/2Wab∂
bφ∂c∂

cφ−75e−φ/2Wa
b∂c∂

c∂bϕ̄−
7
20e

−φ/2Wa
b∂c∂

c∂bφ

−126
5 eφ/2H̄acdVb

d∂bϕ̄∂cϕ̄− 1948
5 e−φ/2Wac∂bϕ̄∂

bϕ̄∂cϕ̄− 343
10 e

−φ/2Wac∂bφ∂
bϕ̄∂cϕ̄

+56e−φ/2∂bϕ̄∂cWab∂
cϕ̄+38

5 e
−φ/2H̄b

deH̄cde∂
cWa

b− 16
5 e

φ/2H̄bcdVa
d∂bϕ̄∂cφ

+16eφ/2H̄acdVb
d∂bϕ̄∂cφ+29

10e
φ/2H̄abdVc

d∂bϕ̄∂cφ+54e−φ/2Wbc∂aϕ̄∂
bϕ̄∂cφ

+129
10 e

−φ/2Wbc∂aφ∂
bϕ̄∂cφ+277

5 e−φ/2Wac∂bϕ̄∂
bϕ̄∂cφ− 1

10e
−φ/2∂bWac∂

bϕ̄∂cφ

+161
20 e

−φ/2Wac∂bφ∂
bϕ̄∂cφ− 23

5 e
φ/2H̄acdVb

d∂bφ∂cφ+143
40 e

−φ/2Wac∂bφ∂
bφ∂cφ

+283
10 e

−φ/2∂bϕ̄∂cWab∂
cφ− 139

10 e
−φ/2Wab∂

bϕ̄∂cφ∂
cφ− 318

5 e−φ/2∂cWab∂
c∂bϕ̄

− 1
10e

−φ/2∂cWab∂
c∂bφ− 211

5 eφ/2V cd∂bϕ̄∂dH̄abc+
159
20 e

φ/2V cd∂bφ∂dH̄abc+
32
5 e

φ/2∂bV
bc∂dH̄ac

d

−63
5 e

φ/2Vb
c∂bϕ̄∂dH̄ac

d+29
20e

φ/2Vb
c∂bφ∂dH̄ac

d− 69
5 e

φ/2V bc∂aϕ̄∂dH̄bc
d− 1

10e
φ/2V bc∂aφ∂dH̄bc

d

+8
5e

φ/2Va
c∂bφ∂dH̄bc

d+7eφ/2∂cVa
b∂dH̄bc

d+109
10 e

φ/2V bcWbc∂dVa
d− 49

5 e
φ/2Va

bW cd∂dVbc

+16eφ/2V bcWab∂dVc
d+2

5e
φ/2Va

bWb
c∂dVc

d+72
5 e

−3φ/2Wb
dW bc∂dWac−

119
5 eφ/2Va

bV cd∂dWbc
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−1
5e

−3φ/2Wa
bWb

c∂dWc
d+41

10e
φ/2V bc∂d∂aH̄bc

d+4
5e

φ/2V bc∂d∂cH̄ab
d− 39

10e
φ/2V bc∂d∂

dH̄abc

−659
10 e

φ/2H̄abcV
bc∂d∂

dϕ̄− 31
20e

φ/2H̄abcV
bc∂d∂

dφ+67
5 e

φ/2H̄bcd∂
bϕ̄∂dVa

c− 159
20 e

φ/2H̄bcd∂
bφ∂dVa

c

−138
5 eφ/2H̄acd∂

bϕ̄∂dVb
c+49

5 e
φ/2H̄acd∂

bφ∂dVb
c+22

5 e
−φ/2H̄ab

eH̄cde∂
dW bc+4

5e
φ/2H̄bcdV

bc∂d∂aϕ̄

+ 1
20e

φ/2H̄bcdV
bc∂d∂aφ−

91
5 e

φ/2H̄acdV
bc∂d∂bϕ̄−

1
5e

φ/2H̄acd∂
d∂bV

bc+113
20 e

φ/2H̄acdV
bc∂d∂bφ

+4
5e

−φ/2H̄b
deW bc∂eH̄acd+

19
10e

−φ/2H̄a
deW bc∂eH̄bcd−

41
10e

−φ/2H̄b
cdWa

b∂eH̄cd
e

−4
5e

−φ/2H̄ab
dW bc∂eH̄cd

e . (A.5)

The above expression also involves various terms with third derivatives of the base space.
To simplify the expression for B̃(2)

ab , we introduce an antisymmetric tensor Aab and multiply
it with B̃

(2)
ab . This allows us to write B̃(2)

ab in a simpler form. AabB̃
(2)
ab /c

2
1 is

36
5 A

abH̄c
ef H̄defVa

cWb
d− 48

5 A
abH̄bd

f H̄cefVa
cW de+ 24

5 A
abH̄bc

f H̄defVa
cW de

−48
5 e

φAbcH̄cdeVa
dVb

e∂aϕ̄− 12
5 e

φAbcH̄aceVb
dVd

e∂aϕ̄+ 48
5 e

−φAbcH̄cdeWa
dWb

e∂aϕ̄

+12
5 e

−φAbcH̄aceWb
dWd

e∂aϕ̄− 2304
5 AbcVb

dWcd∂aϕ̄∂
aϕ̄+ 36

5 A
bcVb

d∂aWcd∂
aϕ̄

+24
5 e

φAbcH̄cdeVa
dVb

e∂aφ− 24
5 e

φAbcH̄adeVb
dVc

e∂aφ+6eφAbcH̄aceVb
dVd

e∂aφ

+24
5 e

−φAbcH̄cdeWa
dWb

e∂aφ− 24
5 e

−φAbcH̄adeWb
dWc

e∂aφ+6e−φAbcH̄aceWb
dWd

e∂aφ

−24e−φAbcH̄cdeWabW
de∂aφ+ 432

5 AbcVb
d∂aWcd∂

aφ− 96
5 A

bcVb
dWcd∂aφ∂

aφ

+12
5 A

abH̄a
cdH̄c

ef∂bH̄def −
96
5 A

cdVacWbd∂
aϕ̄∂bϕ̄− 96

5 Ab
cVc

dWad∂
aϕ̄∂bφ− 96

5 Ab
cVa

dWcd∂
aϕ̄∂bφ

+57
10A

cd∂aH̄bcd∂
aϕ̄∂bφ− 72

5 A
cdVacWbd∂

aφ∂bφ+ 12
5 Aa

cVc
dWbd∂

aφ∂bφ− 12
5 Aa

cVb
dWcd∂

aφ∂bφ

−72Acd∂aϕ̄∂bH̄acd∂
bφ−24e−φAabWa

cW de∂cH̄bde+
36
5 e

φAabH̄bdeV
cd∂cVa

e

−36
5 e

−φAabH̄bdeW
cd∂cWa

e+ 663
40 A

ab∂c∂
cφ∂dH̄ab

d− 663
20 A

bc∂aφ∂
aϕ̄∂dH̄bc

d

−414
5 Aab∂c∂aϕ̄∂dH̄bc

d+ 651
10 A

ab∂c∂aφ∂dH̄bc
d− 12

5 A
abH̄a

cdH̄c
ef∂dH̄bef +

468
5 AbcWab∂

aϕ̄∂dVc
d

−72AbcWab∂
aφ∂dVc

d− 48
5 Aa

bWb
c∂aφ∂dVc

d− 24
5 e

φAabH̄bceVa
c∂dV

de− 6
5A

ab∂cV
cd∂dWab

−792
5 AbcVb

d∂aϕ̄∂dWac+
672
5 AbcVb

d∂aφ∂dWac+
414
5 AbcVbc∂

aϕ̄∂dWa
d+ 432

5 AbcVa
d∂aϕ̄∂dWbc

−336
5 AbcVa

d∂aφ∂dWbc−6Aab∂cVa
c∂dWb

d+72AbcVab∂
aϕ̄∂dWc

d−72AbcVab∂
aφ∂dWc

d

−48
5 Aa

bVb
c∂aφ∂dWc

d− 12
5 A

ab∂bVa
c∂dWc

d+ 24
5 e

−φAabH̄bceWa
c∂dW

de+ 207
5 Abc∂aϕ̄∂d∂aH̄bc

d

−36
5 A

abVa
cWc

d∂d∂bϕ̄+24AabV cdWac∂d∂bφ−
312
5 AabVa

cWc
d∂d∂bφ+

444
5 AabVa

cWb
d∂d∂cϕ̄

−48AabVa
cWb

d∂d∂cφ−
207
5 Abc∂aϕ̄∂d∂

dH̄abc+
663
20 A

bc∂aφ∂d∂
dH̄abc+384AabVa

cWbc∂d∂
dϕ̄

+42AabWa
c∂d∂

dVbc−42AabVa
c∂d∂

dWbc−
57
5 A

bcH̄acd∂
aφ∂d∂bϕ̄+

69
5 A

bcH̄acd∂
aϕ̄∂d∂bφ

+3
5A

ab∂dH̄abc∂
d∂cφ− 9

5e
φAabVc

eV cd∂eH̄abd+
9
5e

−φAabWc
eW cd∂eH̄abd−

48
5 e

φAabVa
cV de∂eH̄bcd
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−φAabWa
cW de∂eH̄bcd+

6
5e

φAabVa
cVc

d∂eH̄bd
e− 6

5e
−φAabWa

cWc
d∂eH̄bd

e

+6
5e

φAabH̄bdeV
cd∂eVac−6eφAabH̄bdeVa

c∂eVc
d−12e−φAabH̄cdeW

cd∂eWab

−6
5e

−φAabH̄bdeW
cd∂eWac+54e−φAabH̄bdeWa

c∂eWc
d− 24

5 A
abH̄a

cdH̄c
ef∂f H̄bde . (A.6)

The above corrections at order α′2 are required if one would like to study the effective
action at order α′3 for closed spacetime manifolds.
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