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ABSTRACT: We consider strong 't Hooft coupling expansion in special four-dimensional
N = 2 superconformal models that are planar-equivalent to N' = 4 super Yang-Mills theory.
Various observables in these models that admit localization matrix model representation
can be expressed at large N in terms of a Fredholm determinant of a Bessel operator. The
latter previously appeared in the study of level spacing distributions in matrix models and,
more recently, in four-point correlation functions of infinitely heavy half-BPS operators in
planar N/ = 4 SYM. We use this relation and a suitably generalized Szegd-Akhiezer-Kac
formula to derive the strong 't Hooft coupling expansion of the leading corrections to free
energy, half-BPS circular Wilson loop, and certain correlators of chiral primaries operators
in the A/ = 2 models. This substantially generalizes partial results in the literature and
represents a challenge for dual string theory calculations in AdS/CFT context. We also
demonstrate that the resulting strong-coupling expansions suffer from Borel singularities
and require adding non-perturbative, exponentially suppressed corrections. As a byproduct
of our analysis, we determine the non-perturbative correction to the above mentioned four-
point correlator in planar A/ = 4 SYM.
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1 Introduction

In this paper, we address the problem of computing a special class of observables in four-
dimensional ' = 2 and N = 4 superconformal Yang-Mills theories (SYM) for an arbitrary
't Hooft coupling A = g%,MN . A distinguished feature of these observables (denoted as



Fi(g)) is that they can be expressed in terms of determinants of a certain semi-infinite
matrix

VA

exp (Fe(g)) = det (5nm — Knm(g,é))’ =

g (1.1)

’
1<n,m<oo

The semi-infinite matrix K, carries information about the dynamics of the underlying
gauge theory. In addition to the coupling ¢ it may depend on other (“kinematical”) pa-
rameters such as a non-negative integer £ to be specified below.

The derivation of the representation (1.1) is rather non-trivial and relies on different
techniques — integrability [1] (in the case of four-point correlation function in planar N' = 4
SYM) and localization [2, 3] (in the case of leading non-planar correction to N' = 2 free
energy on S%).

In planar N' = 4 SYM theory, the function F;(g) defines the four-point correlation
function of infinitely heavy half-BPS operators [4-13]. The determinant expression (1.1)
arises in conjectured representation of this correlation function in terms of an effective two-
dimensional integrable theory corresponding to the dual string world-sheet model according
to the planar AdS/CFT correspondence [14-17].

In N = 2 superconformal models that are planar-equivalent to A" =4 SYM (in par-
ticular, in some SU(N) models with matter in the fundamental, rank-two symmetric or
antisymmetric representations) Fy(g) stands for the leading non-planar correction to free
energy on S* [18-21]. The localization technique allows one to express it in terms of a ma-
trix model integral whose evaluation (to leading non-planar order) leads to the determinant
representation (1.1) (see appendix A for details).

There is a priori no reason why the semi-infinite matrices in (1.1) corresponding to
these different observables in the two different theories should be related to each other in a
simple way. It is therefore surprising that in both cases the matrix K,,, turns out to have
essentially the same, universal form. Its matrix elements are given by integrals involving
the product of two Bessel functions with indices of the same parity

Kam(9:0) =210 0= DCm +0-1) [ onsia(@) msea@)x(57)-

(1.2)

The dependence of K, on the coupling constant g enters through a function y, con-
ventionally called the symbol of the matrix K. As we will explain below, the value of
a non-negative integer number ¢ and the explicit form of the function y(z) depend on a
choice of a particular observable.

It is remarkable that the same matrix (1.2) has previously appeared in a completely
different area of mathematical physics and mathematical analysis. Namely, for £ = 0 and
for the special choice of the function x(z) = (1 — ), the determinant (1.1) describes the
level spacing distributions in the Laguerre ensemble in random matrix theory [22, 23]. More
precisely, the function exp(Fy=o(g)) gives the probability that there are no eigenvalues on
the interval [0, g?]. This function has a number of interesting properties and can be found
exactly in terms of a Painlevé transcendent [24].



It is convenient to think about the semi-infinite matrix K, as representing a certain
integral operator By on a space spanned by basis functions, By, (t) = Kumn(t) (see
appendix B for details). In mathematical literature, this operator is known as a truncated
(or finite temperature) Bessel operator [25]. The function (1.1) is then a Fredholm de-
terminant of this operator, det(1 — By). Such an identification proves to be very useful
because it allows us to study the observable (1.1) using powerful methods developed in the
literature (for reviews see [26-29]).

Applications. In the application to superconformal gauge theories, the relations (1.1)
and (1.2) provide a concise representation of the observable Fy(g) that is valid for an
arbitrary 't Hooft coupling. In this paper, we exploit this representation to evaluate Fy(g)
at both weak and strong coupling and, then, study a transition between the two regimes.
A detailed discussion of Fy(g) in (1.1) in A/ = 2 superconformal theories is presented below
in section 4. Each observable (1.1) corresponds to a specific choice of the non-negative
integer ¢ and the function x(z). We will encounter three different examples of the choices
of ¢ and x(x).
The first example corresponds to
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Xpgs (T) =1—coth (z/2). (1.3)

For ¢ = 0 the resulting semi-infinite matrix (1.2) governs the cusp anomalous dimension in
planar N = 4 SYM through the BES equation [30].!

The second example comes from the study of four-point correlation functions of half-
BPS operators in planar N' = 4 SYM. In the limit, when the R-charge of the operators
becomes infinitely large, this correlation function factorizes into a product of two building
blocks, the octagons [4, 5]. They depend on the kinematical variables y and ¢ which
are expressed in terms of the two cross-ratios built out of the coordinates of the four
operators? as well nonnegative integer ¢, the so-called bridge length. This parameter defines
the smallest number of scalar propagators stretched between the four operators at zero
coupling. Its value depends on the choice of polarizations of the operators. For the so-
called “simplest” correlation function, the scalar propagators connect the four operators in
a sequential (and not pairwise) manner. In this case, the octagon is given by (1.1) and (1.2)
with £ =0 and

coshy + cosh§

x) = )
Xoct () cosh y + cosh /2?2 + £2

The properties of the octagon for arbitrary y and £ have been studied in refs. [7, 9-12]. For

(1.4)

our purposes it will be sufficient to consider the special kinematical configuration y = £ = 0,
in which case
2

- — 1.5
1+ coshzx (1.5)

Xoct ()

'More precisely, in addition to (1.2) the BES equation also involves semi-infinite matrices of the same
form as (1.2) but with the product of Bessel functions that have indices of different parity. We do not
consider these latter matrices in this paper.

2 2 2 .2
2Explicitly, u = ;%2:%;‘ =e¢ *andv= z%;%‘éi =(1+e ¥ (1 +ev 8.




The choice of y = £ = 0 corresponds to the so-called bulk point singularity of four-point
correlation function [31]. One reason why this kinematical point is interesting is that, as we
show in appendix A, the corresponding expression for the octagon admits a matrix model
representation similar to that coming from the localization.

The third example is related to a class of special N' = 2 superconformal gauge theories
that are planar-equivalent to A/ = 4 SYM. In these theories, the localization technique
can be used to compute some observables (free energy, circular Wilson loop, two-point
correlation functions of chiral operators) as functions of A and N in terms of a non-gaussian
matrix model (see [2, 32]). It turns out that the leading 1/N? non-planar corrections in the
corresponding matrix integrals can be expressed in terms of the determinant (1.1) and (1.2)
with ¢ = 1,23 and

B det 1
Xloc(x) - _(1 _ ex)Q o _sinh2($/2) .

(1.6)

Below we first study the observable (1.1) for a generic function x(z) and, then, specify
the resulting expressions to the cases of the symbols x(x) in (1.3), (1.5) and (1.6) that are
relevant for physics applications.

Weak and strong-coupling expansions. Computing F;(g) in (1.1) and (1.2) for an
arbitrary value of 't Hooft coupling is a challenging problem. A significant simplification
occurs in the limits of weak and strong coupling g.

At weak coupling, it is straightforward to expand the determinant (1.1) in powers
of g2. Changing the integration variable in (1.2) as 2 — zg, we find that the matrix
elements scale as K, = O(¢g"t™+t*1). As a consequence, to any finite order in g2, an
infinite-dimensional matrix K,,, can be replaced by its finite-dimensional minor and the
determinant (1.1) can be expanded in powers of tr(K") (with r =1,2,...).

At strong coupling, the study of asymptotic behaviour of the determinants like (1.1)
has a long history in mathematical analysis, see, e.g., [27-29]. Relying on the strong
Szegd limit theorems [33, 34], we expect that, for sufficiently smooth function y(z), the
determinant (1.1) should admit a semiclassical expansion in the effective h ~ 1/g. This
leads to the following asymptotic behaviour

1
Fo(g) = —gAo + 514? logg + B+ AF(g), (1.7)

where AFy(g) vanishes for g — co. Each term on the right-hand side of (1.7) depends on
the symbol x(z) and has a different origin.

The first three terms in (1.7) give the expression for F;(g) which is known as the Szeg6-
Akhiezer-Kac (SAK) formula [33-36]. It involves the coefficients Ay, A; and B, where B
is called the Widom-Dyson constant. For the matrix (1.2), these coefficients are known in
mathematical literature only for the unphysical values ¢ = i%, see [37]. For arbitrary ¢,
the expressions for these coefficients were conjectured in [12].

3These choices of £ apply to cases of the Zs orbifold of A' = 4 SYM and its orientifold — the SU(N) SA
model discussed below. They are not directly related to the number of nodes. Indeed, they also apply to
certain two-point functions in the L-node quivers with equal couplings (Zr, orbifolds of N'=4 SYM).



The appearance of O(logg) term in (1.7) can be attributed to Fisher-Hartwig singu-
larity of the symbol x(z), see [38]. It corresponds to the behaviour

1—x(z) =0, x—0, (1.8)

where the parameter § defines the strength of the singularity. The coefficient A; in (1.7)
depends on f and vanishes for 8 = 0. For the symbols (1.3), (1.5) and (1.6) the parameter
B is different from zero and takes (half) integer values. Notice that 1 — x(z) is an even
(odd) function of z for even (odd) 25.

The last term in (1.7) can be split into the sum of two terms of different kinds

AFi(g) = felg) + Afe(g) - (1.9)

Here fy(g) is given by a perturbative series in 1/g

Apr1 g
fl@) =) s 9", (1.10)
©9 z; 2%k +1)7

where the expansion coefficients can be expressed in terms of the symbol x(z) [11, 12].
The function Afy(g) in (1.9) describes non-perturbative exponentially small (in A~! ~ g)
corrections to Fy(g).

We show below that, for the symbols (1.3)—(1.6), the properties of the perturbative
series (1.10) depend on the value of the parameter f3, i.e. the strength of the Fisher-Hartwig
singularity in (1.8) or, equivalently, on the parity of the function 1 — y(x). For half-integer
B, the series (1.10) can be resummed to all orders in 1/g to yield a well-defined function
of g.* For integer 3, the expansion coefficients in (1.10) grow factorially. Performing the
Borel transform

o) = [ " do e By(o/g), (1.11)

we find that the function By(o/g) has poles at positive 0. As a consequence, the function
fe(g) is ill-defined and requires a regularization of the Borel singularities.

Non-perturbative corrections. The non-perturbative function Af,(g) in (1.9) takes
the form

Afi(g) = c1g™ e ™™™ (1+0(1/g)), (1.12)

where the O(1/g) term denotes a series in 1/g. We show below that the parameters ci, n;
and 1 depend on the choice of the function x(z) and have a simple interpretation, e.g.,
x = 27mxy is the root of 1— x(z) of degree nj closest to the origin. In general, the expression
on the right-hand side of (1.12) contains an infinite sum of terms of the same form but
with different parameters ¢;, n; and x;. The leading contribution to (1.12) comes from the
term with the minimal value of z;.

“Moreover, as we show below (see eq. (2.32)), in this case the function (1.1) can be found in a closed
form.



Despite the fact that the non-perturbative corrections (1.12) are exponentially small
at large g, they play an important role in understanding the properties of the function (1.7)
in the transition region from strong to weak coupling. Determining the non-perturbative
function Afy(g) is an important open problem that we address in this paper.

For the symbol x(z) given by (1.3), a closely related question of finding non-perturbative
corrections to the cusp anomalous dimension in planar N’ = 4 SYM was studied in [39, 40].
In what follows we employ the approach developed in these papers to determine A fy(g)
for a generic symbol x(z) including the cases of (1.5) and (1.6).

We show below that, similarly to the perturbative series (1.10), the non-perturbative
function Afy(g) has different properties for integer and half-integer 5 in (1.8). For half-
integer 3, the coefficients in (1.12) can be determined unambiguously in terms of the
function y(z). For integer 3, due to the presence of Borel singularities in the perturbative
series (1.10), the functions fy(g) and Af,(g) are not well-defined separately. However, all
ambiguities related to a freedom in regularizing these singularities cancel in their sum (1.9).
We determine the leading non-perturbative correction (1.12) by specifying a regularization
procedure of the perturbative series (1.10). It amounts to a deformation of the integration
contour in the Borel transform (1.11) in the vicinity of poles of the integrand.

As a relevant example, illustrating different properties of (1.1) for integer and half-
integer (3, one can consider an asymptotic expansion of a (properly normalized) modified
Bessel function

I3(V)
28/2

= VA P(ATY2) 4 VA p(—ATY2) (1.13)

At large A, the second term is exponentially small. For half-integer 3, P(x) is a polynomial
in z of degree 2 + 1. For integer 8, P(x) is given by the product of \/x and a Borel
non-summable series in . We show below that F;(g) has similar properties for the sym-
bols (1.3)—(1.6). For g = 1, the relation (1.13) yields the strong-coupling expansion of the
circular Wilson-Maldacena loop in planar N' =4 SYM [41, 42] (see (4.13) below). In this
case, the first and the second terms on the right-hand side of (1.13) define, respectively, the
perturbative and the non-perturbative contribution to the circular Wilson loop at strong
coupling.

The rest of this paper is organized as follows. In section 2 we present the relation of the
observable (1.1) to the Fredholm determinant of the truncated Bessel operator and discuss
its expansion at weak and strong coupling. We show that the strong-coupling expansion
of (1.1) has different properties for odd and even functions 1 — x(z). In the latter case,
the perturbative series in 1/¢g is not Borel summable and requires a regularization. In
section 3, we analyse the resulting non-perturbative, exponentially small corrections that
appear in (1.1). We apply the approach developed in [40] to establish the relation (1.12)
and present the explicit expressions for the coefficients there. In section 4 we use the general
results of sections 2 and 3 to compute the strong-coupling expansion of the leading non-
planar corrections to observables in special NV = 2 superconformal SU(NN) models. We find,
in particular, the analytic expressions for the leading strong-coupling coefficients that were
previously estimated only numerically (cf. [19-21]). We summarize our results and make



some concluding comments (in particular, on possible dual string theory interpretation) in
section 5. Some technical details are presented in appendices A—F.

2 Szego-Akhiezer-Kac formula

In this section, we summarize the properties of the function Fy(g) defined in (1.1) and (1.2)
and present the expressions for the coefficients in its strong-coupling expansion (1.7).

2.1 Truncated Bessel operator

Discussing the properties of (1.1), it is convenient to switch from the semi-infinite matrix
K, to an integral operator By(y) defined as

BOS0) = [ Bt 1)), (2.1)

where f(t) is a test function and the kernel is given by
Bo(t, ) = (#)1/2 / da xTy(tx) x(z) To(t'x) . (2.2)
0

In mathematical literature, it is called truncated Bessel operator, see, e.g., [25]. The
relation between the semi-infinite matrix K, and the Bessel operator By(x) is discussed
in appendix B.

The function (1.1) admits a representation as a Fredholm determinant of the Bessel
operator

6}—[(9) = det(l - Bg(X))[ogﬂ , (23)

where the subscript [0, 2¢] indicates that the operator By acts on the interval [0, 2g].
The equivalence of the two representations (1.1), (1.2) and (2.3) follows from the
following identity for the trace of the product of n copies of the matrices (1.2) (see [12])

29 29
tr(K”):/O dtl---/o dtn Be(tr,t2) .. Be(tn, 1) = tr(BY). (2.4)

The representation (2.3) is very useful for deriving an expansion of the function Fy(g) at
small g. As mentioned in the Introduction, it can be obtained by expanding the determi-
nant (2.3) in terms of traces of powers of the operator By

Filg) = —tr(By) — %tr(B%) _ étr(Bg’) Feen (2.5)

According to its definition (2.4), tr(B}) is given by the n-fold integral (2.4). Changing
the integration variables in (2.4) as t; — gt; and taking into account (2.2), we find that
tr(B}) = O(¢g>*“+1)) and, therefore, the expansion in (2.5) runs in powers of g2(‘+1).

The leading term of the expansion looks as

(—1)F1(20 + 2k)!
K20 + E)(C+ k + 1)1)2

Fi(g) = Z 92(£+k+1)%+k+1 + 0(94(”1)) ) (2.6)

k>0



where we introduced
ar(x) = 2]{:/0 dx x2k_1x(m) . (2.7)

The subleading terms in (2.6) are given by multi-linear combinations of the coefficients
qi (their expressions can be found in [11, 12]). For the three examples of the function y
defined above in (1.3), (1.5) and (1.6) we have

g™ = —2(2k)1¢(2k),
gt =4 (1-417F) 2k)IC(2k - 1),
¢ = —4(2k)1¢C(2k — 1), (2.8)

where ((n) is the Riemann zeta-function.

Notice that the function JFy(g) receives corrections only starting at order O(g>(+1).
This property does not depend on the explicit form of the function x(x). In particular,
it holds in both cases (1.5) and (1.6) mentioned above but its physical interpretation is
different. For the octagon, the leading correction to F; is associated with a scattering of
elementary excitations (magnons) off a heavy state built of ¢ scalar particles in N' = 4
SYM. At weak coupling, the corresponding amplitude behaves as ¢2¢tD. In N = 2
superconformal models planar-equivalent to A" = 4 SYM, the partition function does not
depend on the matter content of the theory to first few orders in ¢ and, therefore, it
does not get corrections (coinciding with the partition function in N' =4 SYM which is
protected).

2.2 Specifying the symbol

The determinants (1.1) and (2.3) depend on the function x(z) in a non-trivial way. In
mathematical literature, this function is called a symbol of the Bessel operator (2.1). It is
assumed to be a smooth function on real semi-axis.

For the strong-coupling expansion (1.7) to be well-defined, the symbol x(x) has to
verify additional conditions. The expansion coefficients in (1.7) and (1.10) are given by
multilinear combinations of the integrals (see (2.25) below)

I,(x) = 1 /oo d—x(x—law)%aw log(1 — x(z)) n=0,1,.... (2.9)
Cn—-D!"Jo = ’ o
For these integrals to be finite, the function 1 — x(z) should be positive definite for > 0
and decrease at infinity faster than 1/x.
It is easy to see that the symbols (1.3), (1.5) and (1.6) satisfy these conditions. Notice
that these symbols are expressed in terms of the same function and, as a consequence, they
are related to each other as

1

=7 5= z)]? = coth?(z/2). .
= T @) T Xems()] = coth(a/2) (2.10)

11— Xloc (l’)



Substituting these expressions into (2.9) we find

- —ony 26(2n — 1)
Iqlloc — _Igct — QIEES — (_1)n 1(1 _ 22 27’L)ﬁ , (211)
in particular,
210g 2 3¢(3) 15¢(5)
IIOC — _E IIOC — IIOC = — Ifloc = e 2.12
0 9’ 1 T ) 2 o3’ 3 ]rd ( )

Generalizing the relations (1.3), (1.5) and (1.6), let us choose the following ansatz for the
function x(z)

1—x(z) =ba? 11 L2/ (2man)” (2.13)

where the parameters b, x,, and y, are real positive numbers. For this choice of x(z), the
integrals (2.9) become functions of x,, and y,, e.g.

1 1 1
L= n; (mn yn) : (2.14)
We also assume that y(x) is analytical at the origin, so that 23 takes integer values. For
integer (half-integer) /3, the symbol (2.13) is an even (odd) function of x.

As was mentioned in the Introduction, the parameter S defined in (1.8) plays an
important role in our analysis. According to (2.13), it controls behaviour of the symbol
around the origin

1—x(z) = ba? (1 + O(2?)) . (2.15)

Substituting this relation into (1.2) and requiring the matrix elements K,,, to be finite for
n,m > 0, we find that £ and 8 have to satisfy

lg=L+8>—1. (2.16)

The relation (2.15) implies that the symbol (2.13) possesses the Fisher-Hartwig singular-
ity [38]. It is responsible for the appearance of the O(log g) term in the exponent of (1.7).
The corresponding coefficient is given by [12]

A2 =280+ 2. (2.17)

It only depends on ¢ and /5 and is insensitive to the values of x,, and y, in (2.13).

As follows from (2.13), the function 1 — x(x) has an infinite number of poles and
zeros in the complex z-plane. They are located along the imaginary axis at © = +27wiy,
and r = +2mix,, respectively. It proves convenient to decompose the function 1 — x(x)
into a product of functions analytical in upper and lower half-planes (the Wiener-Hopf
decomposition)

1 —x(z) = ba?®(2)d(—2),

() = H 1 —ix/(27xy,)

Ui/, (2.18)



where x,, and y,, are positive. The function ®(z) has poles and zeros located in the lower
half-plane. By definition, it satisfies the normalization condition ®(0) = 1. Some of the
parameters x,, and ¥, may take infinite value so that the number of poles and zeros can be
different. In addition, some of z’s and y’s can coincide so that the roots and poles can be
double, triple, etc. Recall that the symbol x(x) has to vanish at infinity. Then, it follows
from (2.18) that for z — oo

®(x) ~ b2 (—iz)7P. (2.19)

This relation imposes non-trivial conditions on large n behaviour of z,, and y, in (2.18).
Let us examine the Wiener-Hopf decomposition (2.18) of the symbols (2.10). For the
symbol 1 — x . () it gives

r(1- i
bges =2, Bers = _%’ Py (2) = ﬁM
2 2

Matching this relation to (2.18), we identify the values of roots x,, = n — 1/2 and poles

(2.20)

yn = n (with n > 1). For the two remaining symbols in (2.10) we get

1

boct = 1 Boct =1, (I)oct@:) = [(I)BES (33)]_27

bioe = 4, Bioe = —1, Dloe () = [Ppps ()] (2.21)

It is straightforward to check that the functions ®(z) in (2.20) and (2.21) verify the rela-
tion (2.19).

Notice that the poles and roots of ®gct(z) and Pjoc(z) are double degenerate. We will
show below that this has important consequences for the properties of non-perturbative
corrections at strong coupling. Recall that ¢ and  have to satisfy the condition (2.16).
For the symbols (2.10) this leads to {4 > 0, foct > 0 and £ > 1.

BES

2.3 Widom-Dyson constant
For the symbol (2.13) the Widom-Dyson constant is given by [12]

+ 5 log(2m) — glogb + log GG(l +0

2 2 (1+¢+78)° (2.22)

00 B _ -k
Bo=j [ [kw(k))?—ﬁ?l,:

where the subscript on the left-hand side was introduced to indicate its dependence on .
Here G(z) is the Barnes function satisfying G(x + 1) = G(z) I'(z) and (k) is given by a
Fourier transform of log(1 — x(x))

s

D(k) = /O T os(ka) log(1 — (). (2.23)

The relation (2.15) translates to ¢ (k) ~ —B/k at large k. The second term inside the
brackets in the first term in (2.22) ensures that the integral converges at large k.

~10 -



Replacing x in (2.22) and (2.23) with one of in (2.10) we find after some algebra®

1

s GLHGU+1
B?Eszlog 7 52) ( )

243G (04 1)

2 G4(l)2£+1
Boct =1 2
By = log (vG*(3)T(0)27") . (2.24)
Here the Barnes function G(%) = 2U/241/87=1/AA=3/2 can be expressed in terms of

Glaisher’s constant A.

2.4 Perturbative corrections at strong coupling

With A; given by (2.17) the expressions for the remaining expansion coefficients in (1.7)
and (1.10) are [12]

Ag =21y,

Ay = (46~ I,

dy= -2 (8- 1P,

Ay = —%(M% —1) (@ - 9L +1617) , .. (2.25)

where g = £+ (3 and I, are defined in (2.9) and (2.11).

Replacing the coefficients in (1.10) with their explicit expressions (2.25), we obtain the
function f;(g) in (1.9) which describes the subleading corrections to (1.7) suppressed by
powers of 1/g. This function has the following interesting properties.

According to (2.25), the expansion coefficients involve powers of I; in (2.9). All such
terms can be eliminated at once by shifting the coupling constant as

1
Jd=9g- 511 , (2.26)

thus getting

1 (402 —1)(442% - 9)
= — (403 — 1)log(g'/g) — —2 2]
felg) = (43 —1)log(g'/g) 30729"
40% — 1) (403 — 9) (463 — 25 402 — 1)(403 — 9)(40% — 21
_( 53— 1)(46 ); B )13_( 53— 1)(465 )é 3 )122 O<7>. (2.27)
1638404’ 196608¢’ g
Because the coefficients I, are independent of ¢, it is obvious from this relation that f;(g)
depends on ¢ only through /3 = ¢ + 3. We show below that the same is true for the

2

non-perturbative function Afy(g) in (1.7). We can use this observation to show that the
function fy(g) = fi,(g) has different properties for integer and half-integer /3.

5We use (2.23) and (2.10) to get Proc(k) = —toct (k) = 20 (k) = L tanh (k7 /2).
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For half-integer 3, or, equivalently, half-integer £z = ¢ + 3, the series (2.27) simplifies
dramatically. For instance, for {3 = % and fg = % all but the first few terms of the
expansion (2.27) vanish. For an arbitrary half-integer {3 = n + %, or equivalently 8 =
n+ 3 — ¢, the series (2.27) can be resummed to all orders in 1/g, see [11, 12]. The resulting
expression for fy(g) looks as

_ n(n+1)

flg) = = log(g'/g) + log Prwen) (1/4'), (2.28)

where n = 34— 1 is non-negative integer and ¢’ = g— £ I;. Here Pp(n+1) (2) is a polynomial

2
in z of degree % with the expansion coefficients given by multilinear combination of

I, with k£ > 2. For instance, for n = 0,1, 2,3 we have

9 5
La® — —I3a° — — 1225, (2.29)

For integer 3, or equivalently integer £3, the situation is different. For a generic symbol
x(z) the expansion coefficients (2.25) are different from zero and the function f;(g) is given
by an asymptotic series in 1/g with factorially growing coefficients. Moreover, as we will
show below, this series is not Borel summable and its Borel transform (1.11) develops a
pole at positive o

1

(o — 8maq)™’

By(o) ~ (2.30)

where x; is the smallest root of the symbol (2.13) of degree n;. As a consequence, the
series (2.27) approximates the function f;(g) up to an exponentially small correction pro-
portional to the residue of (1.11) at the pole o = 8wgz1. The latter takes the same form as
the non-perturbative correction (1.12). To define fy(g) unambiguously, one has to specify
the prescription for deforming the integration contour in (1.11) in the vicinity of the Borel
pole. We return to this question in section 3.4 below.

2.5 Physics applications

In this subsection, we combine together the above relations and present the results for
the strong-coupling expansion (1.7) for the choice of the symbols in (1.3), (1.5) and (1.6)
that appear in different gauge-theory observables. For the time being, we shall neglect the
non-perturbative correction A fy(g) in (1.7).

We start with the BES symbol (1.3). Taking into account the relations (2.17), (2.25),
(2.27) and (2.24), we obtain the strong-coupling expansion of the corresponding observable
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FPES(g) for £=0,1,2

1
FpEs _ ™9 1y g(7r9>+m’

2 8
BES _ Tg 3 5log2
Y21
Fis 5 T3 g(mrg) — g T
BES Tg 7 log 2 ( lo gZ)
-7 _ ——4log|1——= 2.31
Fit 5 T3 og(mg) g T 97 +..., (2.31)

where dots stand only for non-perturbative corrections of the form (1.12).

Indeed, according to (2.20), the parameter § is half-integer in this case and, therefore,
the perturbative 1/¢" corrections to F2¥5(g) are expected to be very simple. Namely, the
first two relations in (2.31) do not receive perturbative corrections in 1/g at all. In the last
relation, they all come only from the expansion of log(1 — 1;%92). These properties are in a
perfect agreement with the relations (2.28) and (2.29) forn =¢—1 and £ =0, 1, 2.

Yet another remarkable feature of the symbol (1.3) is that the functions (2.31) can be

found exactly for arbitrary g, see [9, 43, 44]

h(2
]_-BES 5 10g cosh(2mg) — 8 10 Sm27(Tg7Tg) 7
) 3 inh(2
}-BES -3 log cosh(27g) + é log SH127(Tg7Tg) ,
5 sinh(27g) log cosh(27g)
BES _
FB! =3 log cosh(27g) — 3 log o7 + log 2m2g2 (2.32)

It is easy to check that, at strong coupling, these relations reproduce (2.31). In addi-
tion, they allow us to identify non-perturbative corrections to (2.31). We discuss them in
section 3.5 below.

We can use (2.32) to define the following functions

Coct(g9) = 272 g exp (]:BES ]:BES) = log cosh(2mg) ,

sinh(4mg)

_ _4(TBES BES\ _
Coct(9) = 4('}—2:1 + Fi= ) log drg

(2.33)
As was shown in [9, 45], these “octagon anomalous dimensions” determine the asymptotic
behaviour of the four-point correlation function of infinitely heavy half-BPS operators in
the limit when the four operators are located in the vertices of a light-like rectangle.%

In the cases of the octagon (1.5) and localization (1.6) symbols we similarly find
(cf. (1.7) and (1.9))

Fg) = —mg + (E + %) logg + By + f(g) + ..., (2.34)

Fi*(g) = mg — (f — 7> log g + BI°® + f1°°(9) + ..., (2.35)

5Tt is interesting to note that the same functions appear in the analysis of the six-gluon amplitudes in
planar N' =4 SYM in a special kinematical limit [43].
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where fy(g) stand for 1/¢g™ corrections (1.10) and dots denote non-perturbative correc-
tions (1.12). Notice that the leading O(g) term has an opposite sign in (2.34) and (2.35).
The Widom-Dyson constants By and BX¢ are given by (2.24). The O(logg) term in
both expressions is generated by the Fisher-Hartwig singularity of the symbol. Accord-
ing to (2.21), the corresponding parameters [oct and [ are integer and, therefore, the
perturbative functions f2(g) and fi°¢(g) are given by Borel non-summable series.

For instance, for £ = 2 and = —1 we find from (1.10), (2.25) and (2.11)

3log2 _, 3log?2 _, (15g(3) log32> 5
- - g

loc _
fz(9) = —— =9 1672 204873 &

B <45g(3) log2 3log42> g < 945¢(5) N 45¢(3)log? 2 N 3log52>g5 L

204874 3274 26214475 102475 407>
(2.36)
One can verify that, in agreement with (2.27), (2.26) and (2.12), all terms in this expression
involving 1°g2 can be eliminated by changing the expansion parameter to ¢’ = g + 1°g2

There ex1sts an interesting relation between the two different perturbative functlons
f£%(g) and f}°¢(g). It follows from the identity I°¢ = —I2° in (2.11). A close examination
of (2.27) shows that the function fy(g) is formally invariant under transformation g — —g
and I,, » —I,, (with n =10,1,2,...). This leads to

£2°4(9) = fi5%(~9) - (2.37)

We recall that both functions depend on /g = £ 4 3 and the shift / — ¢+ 2 on the right-
hand side is needed to compensate the difference Byt — Bioc = 2. Because the functions
on both sides of (2.37) suffer from Borel singularities, this relation is rather formal and it
should be understood as an equality between the expansion coefficients in the two series.
Equivalently, upon the Borel transform (1.11), eq. (2.37) leads to the relation

By (o) = B (~0), (2.38)
which maps the Borel singularities of the two functions into each other. In particular, the

leading Borel pole of BY*(s) for o > 0 is in one-to-one correspondence with the pole of
B, (o) for o < 0 closest to the origin.

3 Non-perturbative corrections to SAK formula

Let us now employ the method developed in [40] to compute non-perturbative corrections
to F¢(g) in (1.7) at strong coupling. They are described by the function A f;(g) which is
expected to have a general form (1.12).

To find the dependence of Af;(g) on the coupling constant g and non-negative integer
¢, we shall examine two functions related to F;(g). The first one is

90, 71(9) = ~tr g0, K (3.1)

1—K}’

where we used the determinant representation (1.1) of F/(g) in terms of matrix K.
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The second one is Fyy2(g) — Fe(g), i.e. the difference of functions with shifted indices.
It follows from the definition (1.1) and (1.2) that exp(Fy42) is given by the determinant of
the matrix (1 — K') with the first row and column removed, exp(Fyy2) = det(1 — K)|n7m>2.
Then, the ratio of the determinants exp(F/+2) and exp(Fy) can be evaluated using Cramer’s
rule as
1

— oFet+2(9)—Fe(g) —
Dy(g) =e (—=%). - (3.2)

Having computed (3.1) and (3.2) at strong coupling, we can obtain relations for gd,A f;(g)
and Afeia(g) — Afelg).

It proves convenient to introduce an auxiliary function I'(x,y) [40, 43]

D(z,y) = ; [1 - X (2‘2)] v(z,9), (3.3)
vz y) = 27%;1(—1)"*’”% (2n+ €= 1)2m + £ = 1) Jopie—1() Jom-+e-1(y) <11K>mn .

The rationale for defining this function is that both quantities (3.1) and (3.2) can be
expressed in terms of I'(x, y) in a simple way.
Indeed, taking into account (1.2), we can rewrite (3.1) as

90, Filg) = [~ daT(w.x) 99, og(1 — x(/(29)
= —2g /OOO dxT'(2gx, 2gzx) x0; log(1 — x(z)) . (3.4)

To find the ratio (3.2), we examine asymptotic behaviour of the function I'(x, y) for small x
and/or y. In both cases, the leading contribution to (3.3) comes from the Bessel functions
with the minimal index

D(z,y) "R 2?0 T(x,y) '~ o', (3.5)
where in the first relation we applied (2.15) and replaced Jyy1(z) ~ 2‘*'. Combining
together the two limits, z — 0 and y — 0, we find from (3.3)

b 2[+1D
(291, 2gy) = a28++1yt < —— (3.6)

NS ES))

where dots denote terms suppressed by powers of z and y. Thus, the ratio (3.2) can be
obtained from the leading behaviour of I'(2gz, 2gy) at small = and y.

In what follows, we first determine the function I'(z,y) and, then, apply (3.4) and (3.6)
to compute the two quantities defined in (3.1) and (3.2). We use (1.2) together with (3.3)
to find that I'(x,y) verifies the (infinite) system of integral equations

® dx Jontr—
/0 ?Jgnﬁ,l(:r) I(z,y) = 2+§/1(y)7 n>1. (3.7)

The function I'(z,y) has to satisfy the additional conditions that follow from its defini-
tion. According to (3.3), it is given by the product of the entire function ~(x,y) and the
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meromorphic function (1 — x (x/(2g))) /y. It follows from (2.13) that the latter function
vanishes at x = +4migx, and has poles at © = +4migy, (with n =1,2,...). The function
I'(z,y) inherits these properties, e.g.,

[(+4rigz,,y) =0. (3.8)

We show below that the integral equation (3.7), supplemented with the information about
analytical properties of I'(z,y), is sufficient to construct its solution.

As was explained in section 2, the perturbative part of the strong-coupling expan-
sion (1.7) takes a different form for integer and half-integer . This property can also be
seen from (3.7). We verify using (3.3) and (2.18) that the function I'(z, y) satisfies

F(:L’,y) - (_1)2B+é+1r(_x7y> - (—1>£F(Z’, _y)a (39)

where we took into account the Bessel function identity Jy,(—z) = (—1)*Ji(z). As a result,
the integrand on the left-hand side of (3.7) is an odd/even function of = for even/odd 24.
For half-integer (3, this allows us to extend the integration in (3.7) to the whole real z-axis
and evaluate the integral by residues at the poles of I'(z,y). For integer /3, we show below
that the relation (3.7) leads to a Riemann-Hilbert problem for I'(x, y).

Let us consider separately the cases of half-integer and integer .

3.1 ‘Easy’ case: half-integer 3

It follows from (3.9) that I'(—x,y) = (—1)*I'(z,y) and, therefore, I'(x, y) is an even (odd)
function of x for £ even (odd). This allows us to rewrite the relation (3.7) as

© dx Jonao_
/ g Tt (2) Dz, y) = “fyl(y) n>1. (3.10)

Solving the integral equation (3.10), we follow the same steps as in [40]. Details of the
calculation can be found in appendix C. We start with performing a Fourier transform of
['(z,y) with respect to x

(2, y) = /_O:o dk ¢ F(k, y). (3.11)

Substituting (3.11) into (3.10) and exchanging the order of integration, we find that the
integral over = vanishes for k2 > 1. Then, solving the relation (3.10) we can determine
the function I'(k,y) for k2 < 1. To find the function I'(k,y) for k* > 1, we invert the
relation (3.11) and replace I'(z, y) with its representation (3.3) as a product of 1—x(x/(2g))
and an entire function v(z,y)/y. Computing the integral over x by residues, we obtain the
representation for I'(k,y) at k* > 1 as a sum over poles of the function 1 — x(z/(29)).
Finally, splitting the integration region in (3.11) into k% < 1 and k% > 1, we replace
f‘(k:,y) with its expressions in each of these regions and arrive at the following result for
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I'(z,y) (see appendix C)

I(z,y) :% {Sin(fﬂ ) n sin(x + y)}

xr—y r+vy
£/2-1 iz . ix )
e pop(ix) — e pop (—ix)
T 7;) an(y) (iz)2n+1

+Zc]<>[ = x] (3.12)

drgy; +ix  4Amwgy; —

for even /¢, and

Iz.y) 1 [sin(m —y) sin(z+ y)}
Y T r—y r+y
(t-1)/2 , . i .
1 e pon—1(ix) — e pop_1(—ix)
R i)

e~ el
; i — 3.13
1D drgy; +iv  Amgy; —ix (3:.13)
for odd ¢.

The relations (3.12) and (3.13) are valid for § > —(¢+1)/2 in which case the function
['(z,y) remains regular at small z, see (3.5).” The first two lines in (3.12) and (3.13) come
from integration over k% < 1 in (3.11) and the last line from k% > 1. Both expressions
involve the polynomials

Z np (P T(n+p+2) (3.14)
2p+ T (n—p+1)

as well as some functions a,(y) and ¢j(y). A distinguished property of p,(z) is that the

z-dependent coefficients in front of a,(y) in (3.12) and (3.13) are regular for = — 0.

The functions a,(y) describe the contribution of zero modes of the integral equa-
tion (3.10) whereas c;(y) define the residue of I'(z,y) at the poles x = +4migy;. Both
sets of functions can be found by requiring the functions (3.12) and (3.13) to satisfy the
relations (3.5) and (3.8). To illustrate this, we take f = —1/2 and £ =0, 1.

Special solutions. For = —1/2 and ¢ = 0 the relation (3.12) simplifies as

1 [si —
Moy) = L [0@=y) , sin@+y) } +3¢i(
T T —y T+y =1

—i:t T
e

3.15
47rgyJ + iz 47rgyj — ( )

It does not involve the zero modes contribution and satisfies (3.5).

"Having determined the function I'(x,y) under this condition, we can obtain the same function with
B — B — 1 by rescaling b — b/(2my1)? and taking the limit y1 — 0 in (2.13). In the similar manner,
replacing b — b(2mz1)? in (2.13) and going to the limit 21 — 0, one produces the transformation 8 — 8 +1.
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To find the functions ¢;(y) we impose the condition (3.8). Because (3.15) is an even
function of x, it is sufficient to require that I'(x, y) vanishes for © = 4mwigz,. This leads to
the following (infinite) system of equations

¢i(y) 1 e~ N et
Sy 21 \@n —iy/(dmg)  n +iy/(47g)

_ —8mgzn Cj (y) 1 e e
—e e\ 2 , + , , 3.16
{Z vty 2n ki (ing) 2 iy (0 (310

where n > 1 and x, are positive. At strong coupling, the expression on the second line
is exponentially suppressed. This suggests to look for a solution to (3.16) in the form of
expansion in powers of e~879%n

Arranging the roots x, in ascending order, 0 < 1 < 22 < ..., we find that the leading
contribution to ¢;(y) comes from the smallest root

ci(y) = cg.ﬂ) (y) + e 8m971 cgl)(y) +..., (3.17)

where dots denote subleading corrections of the form e~879(mzitmarat.) with m; non-
negative integer. If all roots are multiples of the smallest one, e.g., x,/z1 are positive
integer, the expansion in (3.17) runs in powers of e~379%1 It is easy to see that this is
indeed the case for the symbols in (2.10). Combining together (3.15) and (3.17) we obtain

D(w,y) = TO(z,y) + e ¥ T (@,y) + ..., (3.18)

where T'(®)(,y) is given by (3.15) with ¢;(y) replaced by the leading result c;o) (y). Ina

similar manner, T (z,y) is given by the sum in (3.15) with ¢;(y) replaced by cg-l)(y). The
dots in (3.18) denote subleading exponentially small corrections.

Substituting (3.17) into (3.16) and matching the terms on both sides of the relation
we find

Z cg»o)(y) 1 [ e~ e

- + . )

3 P(y) o |3 V() B e _ e (3.19)
ST — Y " Simty 2m(z+iy/(dmg)) 2w (21 —iy/(4mg)) | '

where n > 1. The left-hand side of both relations involve a Cauchy matrix 1/(z, — y;).
Inverting this matrix, we can determine the functions C§0) (y) and cg»l) (y) (see appendix D
for details).

The above relations were obtained for § = —1/2 and ¢ = 0. The same analysis can be
carried out for 5 = —1/2 and ¢ = 1. We can start with (3.13) and go through the same
steps to find that the function I'(z,y) takes the same form (3.18). The only difference as
compared to the previous case is that the coefficients cgo) (y) and cgl)
of equations that differ from (3.19) by signs in front of various terms on the right-hand

(y) satisfy the system

side.
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Using the obtained expressions for cgo) (), it is possible to express T'©)(z,y) for B =

—1/2 and £ = 0,1 in terms of the function ®(x) defined in (2.18), see appendix D. This
leads to

(292, 2gy) = pp

r—y ®(-y) -y Py

e—2ig(z+y) (—2) e2ig(z+y) ®(x)
+(1)€< z+y By w+y <I>(—y)>]' (320)

i [eZig(xy) O(—z) 29E—Y) $(x)

We verify that this function satisfies the relation (3.8) for g > 1. For x = +27iz,, each

term on the right-hand side of (3.20) is either exponentially small at strong coupling, or

proportional to ®(—2miz,) = 0. Note that the function (3.20) is regular for = +y.
Similarly, the function F(l)(2g:1:, 2¢gy) admits the following representation

1 F(27Ti1‘1) i —9
1—\(1) ) 9 _ QZgJ:F -1 l 27,ng _
(207 200) = 3 gty (297 () + (21)f €0 F(—a)
2igy —2igy
I (& ¢ €
X + (=1 ——|, 3.21
RSy lF(—m F<y>] (321
where we introduced the notation
P

F(z) = (z) (3.22)

1—ix/(2mxy)

The additional factor in the denominator ensures that F'(—2miz;) is different from zero. As
above, we verify that I'V)(2¢gz, 2gy) vanishes for © = +2miz, and n > 2. For © = +2miz;
the function (3.21) is different from zero and scales as e*™9%1. Going back to (3.18) we ob-
serve that its contribution to I'(+4migzy, 2gy) cancels against the O(e~#791) contribution
coming from T'©) (£47igz,, 2gy).

We would like to emphasize that the relations (3.20) and (3.21) hold only for § = —1/2
and ¢ = 0,1. In particular, they automatically satisfy the condition (3.5). For 5 > —¢/2
the situation is different. For arbitrary a,(y) and ¢;(y) the functions (3.12) and (3.13)
scale at small x as O(x°) and O(z), respectively. The relation (3.5) implies that the first
28 + £ 4+ 1 terms of the small z expansion of both functions have to vanish. Imposing
this condition on (3.12) and (3.13) allows us to express the zero modes a,(y) in terms of
functions ¢;(y) (with j > 1) and, in addition, obtain non-trivial relations for infinite sums
> ¢i(y)/yft with m = 1,...,8 + 1/2. Requiring the resulting expression for I'(z,y) to
verity (3.8) and going through the same steps as above, we find that at strong coupling
¢;j(y) and I'(x,y) have the same general form as before, egs. (3.17) and (3.18). Important
difference as compared with the previous case is that for 5 = —1/2 4+ p the expansion
coefficients c§~0) (y) and 051)
system of linear relations analogous to (3.19) supplemented with the additional relations

(y) in (3.17) scale at strong coupling as O(gP). They satisfy a
for the sums >, ¢;(y)/yf* (with m = 1,...,p) mentioned above. Solving these relations we

can obtain the expressions for I'©)(2gz, 2gy) and T(1)(2gz, 2gy) that are valid for arbitrary
half-integer 5 > —1/2 and non-negative /.
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Strong coupling expansion. Taking into account (1.7), (1.12), (2.17) and (2.25), we
expect that the strong-coupling expansion of gdyF; looks like

1
90, Fs = =291y + 5(Qﬁﬁ + B?) — 8meyzy gt e ¥m9T (3.23)

where dots denote terms suppressed by powers of 1/g as well as subleading exponentially
small corrections.

Using the obtained expressions for the function I'(x,y) in (3.18), we can apply (3.4)
to compute (3.23). In this way, we should be able to reproduce the first two terms on the
right-hand side of (3.23) and, most importantly, identify the values of the parameters c;,
n1 and x; defining the leading non-perturbative correction.

Let us start again with 8 = —1/2 and ¢ = 0,1. We use (3.20) to get

r© (2gz, 2gx) :% — 4;9&0 log (I)(Iz(_x;)
+ (_1)4@ {e 49 D@ et M] : (3.24)

Substituting this expression into (3.4) and taking into account (2.9), we find that the first
term on the right-hand side of (3.24) gives rise to (—2glj) term in (3.23). The second term
in (3.24) yields the O(g°) correction to (3.23)

®© dx ®(z) Y dx B 1
_/0 %m&g log(1 — x(z)) 0y log S(—z) /_OO %(¢($) — x¢2(m)) =3 (3.25)

Here in the first relation we replaced the symbol (1 — x(z)) with its expression (2.18),

introduced notation for ¢(x) = 0, log (x) and extended the integration to the whole real
axis. In the second relation, we took into account that ¢(x) has poles in the lower half-plane
and deformed the integration contour to the upper half-plane to become an arc of infinite
radius, z = Re' with R — oo and 0 < a < 7. It follows from (2.19) that ¢(z) ~ —3/z
on this arc and the integral (3.25) can be easily evaluated at 5 = —1/2.

Similarly, the contribution of the last term in (3.24) to (3.4) can be written as

1Y oo dy bl
( 41) I oL w0 105(1 — x(x) e <I>(IE($)> <$ +1 R io> . (3.26)

The last factor arises because the sum of the two terms inside the brackets on the second line

of (3.24) is regular for z — 0 but each term separately has a pole 1/x. The integral (3.26)
can be evaluated by closing the integration contour to the lower half-plane and by picking
up residue at the poles. Replacing the functions x(z) and ®(z) with their expressions (2.13)
and (2.18), we find that the integrand has simple poles at z = 0, x = —4miy, and double
poles at & = —4mix,. The residue at the pole x = 0 yields a constant (—1)¢/4, whereas the
contribution of the two remaining sets of poles is exponentially small at strong coupling.
The residue at the double pole is enhanced by the factor of g and the leading contribution

comes from the double pole closest to the origin, x = —4miz;. As aresult, the integral (3.26)
is given by
1
(=1)° |7 — 8gmay ™5™ Al21) (14 0(1/9))| (3.27)
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where the notation was introduced for

F(2i7Tx1)

Tp+x -z
IRtV Ry Lt (3.28)
F(—2imx) ps2 Tn =T S5 Yn T 21

Here the function F(z) is given by (3.22).

The first term inside the brackets (3.27) contributes to the O(g") term in (3.23) whereas
the second term defines a non-perturbative correction to gdy /. Similar contribution also
comes from the second term in (3.18) defined in (3.21). Substituting e=879%1 () (2gz, 2gx)
into (3.4) and carrying out the integration, we find that its contribution to gd,F; scales at
strong coupling as e~579%1 and, therefore, is subleading compared to (3.27).

Finally, combining together (3.25) and (3.27) we arrive at

1
90, Fo(g) = —2gIo + g(z(—nf —1) — 8(—1) gmay e ¥ A(zy) + ..., (3.29)

where dots stand for subleading exponentially suppressed corrections. We recall that this
relation holds for § = —1/2 and ¢ = 0,1. It is easy to see that for these values of the
parameters the first two terms on the right-hand side of (3.23) coincide with the analogous
terms in (3.29).

Matching (3.29) to (1.7) we identify the leading non-perturbative correction to Fy(g)
for p=—-1/2and £ =0,1

A fg\ﬁ__m = (=1)*A(z1) e ™97 (1 + O(1/g)). (3.30)
It is straightforward to generalize the relation (3.30) to arbitrary non-negative ¢ and half-
integer 8. As we will see in a moment, the non-perturbative correction to the difference of
functions A fy o —Afy scales as O(g~ ! e~379%1) and, therefore, it is suppressed by the factor
of g as compared with (3.30). This means that the leading non-perturbative correction
cancels in the difference Af, o — Afy and, as a consequence, the relation (3.30) holds for
an arbitrary ¢.

To restore the S-dependence of (3.30), we recall (see footnote (7)) that sending one of
the roots of the function (2.18) to zero, say x; — 0, generates the shift 5 — §+ 1. It is
easy to see from (3.28) that under this transformation A(x1) — —A(z1). Thus, in order to
restore the S-dependence of A fy, it is sufficient to insert (—l)ﬁﬂ/ 2 on the right-hand side
of (3.30)

Afe= (1) PPN (21) e ¥ (14 0(1/9)) (3.31)

This relation defines the leading non-perturbative correction to F;(g) for half-integer §.
Let us now examine the ratio of functions (3.2). Applying (1.7), (2.17), (2.22) and (2.25),
we find that it has the following form at strong coupling

P GU+3)GU+B+1)
b G+ 1)G(l+B+3)

Dy = L= (404 D%+ Aua = A+ 01/ . (332)

where I; is given by (2.14).
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We can compute Dy using (3.6), by examining the leading behaviour of I'(x, y) at small
xz and y. For § = —1/2 and ¢ = 0,1 we find from (3.18), (3.20) and (3.21) for z,y — 0

2 1( F(2rizy) e 8™ 9
8, 3 (.., F(2mizy) e ®m9m1 9
F(2gw,2gy)’€:1 =39y [1 5 (z@ 0) + Fl—2miz)) 7o +0(1/g%)|, (3.33)

where the functions ®(x) and F(x) are defined in (2.18) and (3.22), respectively. Matching
the relations (3.33) to (3.6) we obtain
Ky 1 ZA(l‘l) -8
Djy=—|1——20+1) ([ —(—1)"——= TIrL 3.34
B L
where kg = 2/m, k1 = 8/(3m) and A(z;) is given by (3.28).
We verify that (3.34) agrees with (3.32) for f = —1/2 and ¢ = 0,1 and obtain the
following relation for the non-perturbative corrections

6—87rgxl

(Afeva=Af0)| = (1 @0+ 1) M) (3.35)

B=—1/2 2gmry
As expected, the expression on the right-hand side is suppressed by the factor of g as
compared to (3.30). The relation (3.35) holds for 5 = —1/2 and ¢ =0, 1.

To find a general expression for A fy1o — A fy, we repeated the calculation of Fyio — Fy
for ¢ = 2,3 and = p — 1/2 with p = 1,2,3. In this way, we reproduced the first two
terms inside the brackets on the right-hand side of (3.32) and identified the leading non-
perturbative correction to Afy1o — Afy. We found that this correction can be obtained by
applying the following transformation to the O(1/g) perturbative term in (3.32)

A(z1)

I — 114-(-1)‘+5+4/24;;5147e—sﬂgwl . (3.36)

The resulting relation for the leading non-perturbative correction is then

e—87rgx1

Afria — Afe= (1) P20 4 B4+ 1)A(21)

3.37
e (3.37)
Notice that the expression on the right-hand side depends on the sum ¢ 4 . Recall that
the perturbative function (2.27) has the same property.

3.2 ‘Hard’ case: integer 3

The main difference as compared to the previous case is that, as follows from (3.9),
[(—z,y) = —(=1)'T(x,y) and, therefore, I'(x,y) is an odd (even) function of z for ¢
even (odd). As will see below, this entails a change of the properties of both perturbative
and non-perturbative expansions of Fj.

As we have seen in the previous subsection, for half-integer S the non-perturbative
corrections depend on the sum ¢ + 3. We assume below that the same is true also for
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integer 5. Indeed, this property holds for the perturbative function fy(g) that is given by
a Borel non-summable series for integer 8. The Borel singularities induce an exponentially
small ambiguous contribution to the perturbative function fy(g) which is canceled in the
sum of fy(g) with Afy(g). Because the former depends on ¢ + /3, the same should be true
for Afy(g). Taking the advantage of this property, we can restrict our analysis to £ = 0,1
and an arbitrary integer .

Let us start with § = 0 and then extend consideration to arbitrary integer 8 > 0. For
¢ =0,1 an infinite system of equations (3.7) can be cast into a compact form

/00O dx cos(zu) T'y—g(x,y) = cos(yu),
/OOO dz sin(zu) I'y—1(z,y) = sin(yu) . (3.38)

To recover the relations (3.7), it is sufficient to replace the trigonometric functions with
their Bessel series expansion and match the coefficients on both sides. It is important to
emphasize that the relations (3.38) only hold for —1 < u < 1.

Applying the Fourier transform (3.11) we get from (3.38)

][ CW = (—i)* cos <yu — Eg) ; —l<u<l, (3.39)
o k—u

where the integral is defined using the principal value prescription. The function f‘(k:, Y)
has a definite parity,

L(—k,y) = —(-1)'T(k,y), (3.40)

and its analytical properties are in one-to-one correspondence with analogous properties of
the function I'(x,y) described at the beginning of this section. In particular, we can show,
following [40], that because I'(x, y) has an infinite sequence of simple poles at = = +4miy;,
the function T'(k, y) has the following form for k > 1

T(k,y) = c;(y) e~ 4mg(k=1)y; (3.41)
j>1

Here the functions ¢;(y) define the residue I'(z,y) at x = +4miy;.
The resulting Riemann-Hilbert problem, egs. (3.39) — (3.41), is similar to that dis-
cussed in [40]. Going along the same lines as in that paper we find

(=) tdp V1P ( _/T)
m1—-k?2Jam k—p os\PY Ty

00 B _ 1\
o % k2 /1 dpT(p,y)\/p? — 1 (k:ip + ;i;) . (3.42)

These relations are valid for |k| < 1. They allow us to express the function f(k:,y) for

f(kvy) =

k? < 1 in terms of the same function f‘(p, y) defined for p? > 1.
Replacing I'(p, y) in the last relation with (3.41), we obtain a representation for I'(k, y)
in terms of an infinite set of functions ¢;(y) (with j > 1). As in the previous subsection,
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we can determine these functions from the requirement of I'(z,y) to satisfy the additional
conditions (3.6) and (3.8). Substituting (3.41) and (3.42) into (3.11) we find after some
algebra

Pimoesy) =551 () Joly) = wlof)1 (1)

Argy;
xre J . '
+2_ W) m[fo(w)lﬁ(%gyj) + I (iz) Ko (4mgy;)]
i>1
Argy;
xre J . .
! ]; ) m[lo(mml(“gyj) — L(iz)Ko(dmgy;)],  (3.43)

Pima(,9) =35 2 do(@) i (y) = 91 () o(y)

. ret™9Yi . .
+iy ¢i(y) m[—’o(m)fﬁ (4mgy;) + L (iz) Ko(4mgy;)]
j>1
. gje47r9yj . .
- Z; cj(y) W[[O(m)f(l(‘lﬂgyj) — I (iz) Ko(47gy;)] , (3.44)

where J,, I, and K, are Bessel functions. We verify that at small = and y these expressions
satisfy the relation (3.5) for 8 = 0. For positive integer 3, the condition I'(z,y) ~ 2?3+¢+!
as x — 0, leads to the additional relations for the coefficient functions c;(y).

For § = 0 and ¢ = 0, we substitute (3.43) into (3.8) to obtain the system of linear

relations for the coefficient functions ¢;(y)

_AmgznJo(y) + rayi(y)
1672222 + y?

0

1 &(y)
irg ]; yjj+ . [rn — Ko(4mgy;)/ K1 (4mgy;)]
: > 4) [rn + Ko(4mgy;)/ K1(4mgy;)] , (3.45)

dmg j>1 Yj — Tn
where n > 1 and we defined
Io(4rgan)
L(4rgzy)
For f = 0 and ¢ = 1, combining together (3.44) and (3.8), we find that ¢;(y) satisfy similar
relations.

&;(y) = cj(y)e'™ ¥ Ky (4mgy;) , T

(3.46)

The relation (3.45) can be further simplified at strong coupling. For g > 1, the ratio
Ko(4mgy;)/K1(4mgy;) is given by an asymptotic sign-alternating series in 1/g. Replacing
it by the leading term we find (for n > 1)

&ly) 1<Jo(y) —ii(y) | Jo(y) + iJl(y))
Sy A\zn—iy/(2mg) @ +iy/(2mg)

T — 1

_rn+1

51t Y A4\ x, +iy/(2rg)  xn —iy/(2mg)

S0 _1(H0)=ih0) Jo(y)+iJ1(y))] o
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It is instructive to compare the last relation with (3.16). We note that the exponential
functions are replaced by a linear combination of the Bessel functions and an exponentially
small factor of exp(—8mgz,) with

rn—l_

— ;o 3TgTn
= ie e (140(1/9)) +

Tomgn (100 /g) +- (3.48)

Here both terms are accompanied by series in 1/g and dots denote terms suppressed by
powers of e~87m9%n

Because the left-hand side of (3.48) is a well-defined real function of the coupling con-
stant g, the appearance of the factor ‘i’ on the right-hand side of (3.48) may be surprising.
It is related to the fact that the series entering the second term in (3.48) suffer from Borel
singularities. To make it well-defined, we can move the coupling constant slightly above the
real axis by g — g+ ¢0. This transformation amounts to deforming the integration contour
in the Borel plane in the vicinity of the singularities (see (1.11)). It induces an imaginary
contribution to the second term in (3.48) which cancels against a similar contribution from
the first term in (3.48) in such a way that their sum remains real and well-defined (see
appendix E for details).

In a close analogy with (3.17), we look for solutions to (3.47) in the form

&i(y) = (y) +iesmom el () 4. (3.49)

where dots denote corrections suppressed by powers of 1/g. Substituting (3.49) into (3.47)
and taking into account (3.48), we find that the coefficient functions 6§-0) (y) and E§-1)(y)

satisfy (for n > 1)

3 Gy 1 (Jo(y)—iJl(y) N Jo(y)+iJ1(y))

S T =Y 4\, —iy/(2mg)  x, +iy/(27g)

Sirity 4(z1 +1y/(Amg)) 4 (x1 —iy/(47mg))

KON {Z 8w Iy —ihl) D) +ih) ] (3.50)

i>1 Ln — Y5

These relations are similar to (3.19). As mentioned above, they can be obtained from (3.19)
by replacing exponential functions with a linear combination of the Bessel functions

e = Ji(y) = Jo(y) £iJi(y). (3.51)

It is therefore not unexpected that the solutions to (3.19) and (3.50) are related to each
other by the same transformation.

Solving the system of equations (3.50) as well as the analogous system for 8 = 0 and
¢ =1, we can find the functions (3.43) and (3.44) at strong coupling

D(x,y) =TO(x,y) +ie ¥ TW (@, y) + ..., (3.52)

where dots stand for terms suppressed by powers of 1/¢ and by exponentially small factors
e~8m9%n (with n > 1). Here the functions I'¥)(z, y) and TM (z,) are obtained from (3.20)
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and (3.21) by applying the transformation (3.51)

12z, 2gy) =7

T —y D(—y) T —y (y)
N (_1)4(J—(2993)J—(2gy) (—x) I (297)J4(29y) P(x) )] |

i KJ_<2g:c>J+<2gy> O(—x) Ty (292)J(2gy) B(x) )

r+y ®(y) r+y d(~y)

. F(2mizy)
dm F(—2mizxy)

" Ty {J+(29y)
xi +y?/(2n)? | F(~y)

1029z, 2gy) = |+ (2g2)F () + (=1)" T (292) F(~z)|

(-1

) (3.53)

eJ—(ng)}
where the functions ®, F' and J1 were introduced in (2.18), (3.22) and (3.51), respectively.
The important difference between (3.18) and (3.52) is that, in virtue of (3.48), the

perturbative series in 1/g on the right-hand side of (3.52) contains Borel singularities. As
discussed above, these singularities are regularized by replacing g — g + 0.

We can now apply (3.53) to determine the strong-coupling expansion of the observable
Fy. Following the same steps as in section 3.1, we examine (3.53) at the coinciding point
y = x. Using the properties of Bessel functions (3.51), we find from (3.53) for g > 1

F(O)(2gm‘, 2gx) = % — 4;9835 log CIJ(IE(—QZ)
- (—1)48W e 49 o) + e 5 a) +0(1/¢%). (3.54)

The analogous expression for T'M)(2gz, 2gz) scales as O(1/¢%) and produces a subleading
contribution to (3.4).

Compared to (3.24), the two terms inside the brackets in (3.54) have an opposite
relative sign. As we will see in a moment, this has important consequences for the prop-
erties of Fy. Substituting (3.54) into (3.4) we find that the first term on the right-hand
side of (3.54) yields (—2¢ly), whereas the second one leads to the integral that is similar
to (3.25). Because 0, log ®(x) ~ —(3/x at large x (see (2.19)), this integral vanishes for
B =0.

The contribution of the last term in (3.54) to (3.4) can be written as

(_41)2 </ o d””) 0y log(1 — x(i)) e 49" ==L = (g — i0) + (g +i0) , (3.5)
g Cy C_

where the integration contours C'y and C_ start at the origin and go to +oo slightly above
(C4) and below (C_) the real axis. Here we took into account that the two terms inside the
brackets on the last line of (3.54) have poles located along the imaginary axis and rotated
the integration contour as z — —ix and x — ix, respectively.
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The integrals on the left-hand side of (3.55) define two branches of the function ¢(g).
After the change of variable x = o/(4g), they take the form of the Borel transform (1.11)

/ do e 7 B,(c/g),

B, (o) = (4 ) 9y Toa(1 - (10/4))(%. (3.56)

Using (2.18) we find that B, (o) is a meromorphic function with poles located at real o.

As a consequence, the function ¢(g) has a cut running along the real axis in the complex
g-plane.® The discontinuity of this function across the cut is given by an (infinite) sum
over the residues of B,(c/g) at the poles located at positive 0. At large positive g the
leading contribution comes from the double pole at ¢ = 8wgx;

(g +1i0) — p(g — i0) = 2mireso—grga, (¢~ By(0))
= i(—1)"8gmx1 e 7897 A(z1) (14 O(1/g)), (3.57)

where A(z1) was defined in (3.28).7
Combining together the above relations, we obtain from (3.4)

904 Fi(g) = —2g1o + (g —i0) + (g +1i0) + ..., (3.58)

where dots denote subleading corrections including those coming from F(l)(anc, 2gy). The
sum of two terms on the right-hand side of (3.58) is a real function of g, whereas each
term separately develops an exponentially small imaginary part (3.57). Applying (3.58)
and (3.57) we can obtain two other representations of the same quantity

995Fe(9) = —2g10 + 8i(~1) gma1 €59 A(w1) + 2¢(g — i0) +
= —2gIy — 8i(—1) grwy e 39" A(w1) + 2p0(g +i0) + . .. . (3.59)

The three representations, egs. (3.58) and (3.59), are equivalent. This illustrates a univer-
sal feature of the strong-coupling expansion that has been mentioned previously. Namely,
the definition of non-perturbative, exponentially small corrections to gd,F¢(g) depends on
a regularization that one employs to integrate through the Borel singularities in (3.56).
According to (3.56), the functions ¢(g + i0) and (g — i0) are obtained by shifting the
integration contour in the Borel plane slightly above and below the real axis, respectively.
In the representation (3.58), the Borel poles are integrated using the principal value pre-
scription.

Comparing (3.59) with (3.29) we notice that non-perturbative corrections to both
expressions involve the same quantity 8(—1)£g7m‘1 e~879%1 A(z1). For half-integer 3, the
perturbative series fy(g) is well-defined and the coefficient in front of the non-perturbative

8Formally expanding (3.56) in powers of 1/g, one would obtain that ¢(g) is given by a Borel non-
summable series.
9 At large negative g, the leading contribution to (3.57) comes from the double pole at 0 = —8wgyi.
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term in (3.29) can be determined unambiguously. In contrast, for integer (3 this coefficient
depends on the regularization of the Borel singularities of the perturbative function ¢(g).

Integrating the second relation in (3.59) and matching F; to (1.7), we can find the
leading non-perturbative correction

Afilg) = i(=1)*PA(wr) e ¥ (1 + O(1/g)) - (3.60)

We would like to emphasize that this relation should be supplemented with the analogous
relation for the perturbative function

99, fe(g) = 2(g +i0) (3.61)

where the ‘+i0’ prescription on the right-hand side specifies a deformation of the integration
contour in the vicinity of the Borel singularities in (3.56). If we used ‘—i0’ prescription,
the expression on the right-hand side of (3.60) would have an opposite sign. Note that
the relation (3.60) and its complex conjugate coincide with (3.31) evaluated at 5 = 0 and
V-1 = +i.

Finally, we can find the difference Afyio — Afy by evaluating non-perturbative cor-
rections to the ratio (3.2). To obtain Dy using (3.6), we examine the leading asymptotic
behaviour of the function I'(2gx, 2gy) given by (3.52) and (3.53) for z,y — 0

F(2mizy) e 8™

F(—Qﬂ'i(l}l) X1

1
Lo—o(297,2g9y) = xg [1 - = (2‘@’(0) —i
g

) + 0(1/92)1 :

; —8mgx1
Ty—1(2gz,2gy) = %nyg?’ ll — ;(i@'(()) + ZFIJ(‘SQ;;;UZ) ‘ p— ) + O(l/gZ)] . (3.62)
The first term inside the parentheses in both relations is real whereas the second one
is pure imaginary. The situation here is similar to the one we encountered in (3.59).
The non-perturbative correction to (3.62) corresponds to a particular regularization of the
perturbative function fy(g) — fi(g + i0), see eq. (3.61). It amounts to deforming the
integration contour in the Borel transform (1.11) slightly below the real axis, thus avoiding
the Borel poles.
Matching (3.62) to (3.6) we find
Dy = ! [1 1 (¢+1) <11 - z’(—l)fM 6—8’%) - O(l/g2)} : (3.63)
b g TT]
where A(z;) is given by (3.28). This relation is valid for § = 0 and ¢ = 0,1. As in the
previous case of half-integer 5, we repeated the calculation of Dy, for § = 1,2,3,4 and
found that the leading non-perturbative correction to D, can be obtained through the
transformation (3.36). This leads to

6787rgxl

Afero — Afo=i(-1)FP(l + B+ 1)A(zr) (3.64)

gnay

up to corrections suppressed by 1/g. Notice that the leading correction (3.60) cancels on
the right-hand side of (3.64).
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3.3 Degenerate symbols

The obtained relations for the non-perturbative corrections (3.60) and (3.64) are valid for
the symbol of the form (2.18). A distinguished feature of (2.18) is that (1 — x(z)) has
simple roots at © = £27miz,. Examining different expressions of the symbols in (2.10) we
observe that this condition is satisfied for 1 — xypgs(x) whereas the two remaining symbols,
1 — Xoct(x) and 1 — x10c(x) have double roots.

To define the symbols with double roots it is sufficient to take the limit of (2.18)
as 2 — x1. We recall that deriving the non-perturbative corrections (3.60) and (3.64),
we neglected subleading corrections to A fy(g) suppressed by powers of exp(—8mz,,) with

—8mxo

n > 2. For x9 — x1 we also have to retain corrections proportional to e . They are
given by the same expressions (3.60) and (3.64) with z; replaced by z3. For instance, we

get from (3.60)
Afy =i(—1)F [A(xl) e 8TITL 4\ () e—Sﬂgw} (1+0(1/9)), (3.65)

where A(x2) is obtained from (3.28) by replacing z1 <> 2.
In particular, for 9 — 1 we have, up to O(z1 — z3) corrections,

2xq Ty + 21 UYn — L1 2z ,
= A 3.66
e || (). (3.66)

A(x2) = —A(x1) =
(z2) (=) Tp =1 oS5 Yn T T1 0 T1— T2

n>3

where the notation was introduced for

F'(2imxq) O(x)
AN =" Fl(z) = . 3.67
(@) = T 2imay) @) = =iz @) (367)
Combining the above relations we get from (3.65) in the limit x9 — x;
Afy=i(=1)"P16mgai A (z1) e ™97 (1 4 O(1/g)), (3.68)

As compared with (3.60), this expression contains the additional factor of g. In the similar
manner, we get from (3.64)

Afpro — Afy = 16i(=1) TP+ B+ 1A (z1) e 87971 (3.69)

The relations (3.68) and (3.69) hold for integer 3. They can be obtained from the analogous
relations (3.60) and (3.64) by replacing

A(x1) = 16mgz A (21) . (3.70)

For half-integer 3, we can apply the same transformation to (3.31) and (3.37) to get the
corresponding expressions for the function A fy(g) for the symbol with double roots.

3.4 Non-perturbative corrections at strong coupling

Let us summarize the obtained results for the non-perturbative corrections to (1.7) at
strong coupling.
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For half-integer (3, perturbative fy(g) and non-perturbative Afy(g) terms in (1.7) are
well-defined functions of the coupling constant g. The function f;(g) takes into account
perturbative corrections in 1/g and it takes the form (2.28). The function A fy(g) describes
non-perturbative, exponentially small corrections to (1.7). It satisfies the relations (3.31)
and (3.37).

For integer f3, the function fy(g) is given by a Borel non-summable series (1.10) and
requires a regularization. Combining together the relations (1.11), (3.61) and (3.56), we
find that its Borel transform satisfies

00sBf(0) = =2B,(0) . (3.71)

According to (3.56), the function By(o) has double poles at ¢ = 8z, and 0 = —87y,
(with n > 1). As a consequence, Bf(o) has the following schematic form

g (o2

Bi(o) ~ A - (3.72)

+
o — 8z o + 8wy,
where we displayed the contribution of the two poles closest to the origin. Substitut-
ing (3.72) into (1.11) and expanding the integral in powers of 1/g, we find

folg) ~ — ij [@mf)k“ 4 (—1)'6@7@?)“1 g™ 4 ... (3.73)

As expected, the expansion coefficients grow factorially. For x1 < y; and x1 > y; the large
order behaviour is controlled, respectively, by the first and second term inside the brackets.
In both cases, the series (3.73) suffers from Borel singularities.

Due to the presence of the pole in (3.72) at © = 8wz, the integral (1.11) is not well-
defined and requires a regularization. Different ways of deforming the integration contour
in (1.11) in the vicinity of the pole lead to different results for the perturbative term f;(g).
They differ from each other by exponentially small terms O(e~379%1) which are proportional
to the residue at the pole. The dependence on the regularization disappears in the sum
of perturbative and non-perturbative terms (1.9). We demonstrated that this sum can be
written in three equivalent ways

AFi(g) = = [felg +i0) + fo(g —i0)] = fo(g +1i0) + Afi(g) = fe(g —i0) — Afe(g). (3.74)

DN | =

Here fy(g+i0) and f;(g—i0) are given by the Borel transform (1.11) in which the integration
contour is shifted, respectively, slightly below and above the Borel poles. The additional
exponentially small term Afo(g) = 2(fo(g —i0) — fe(g + i0)) satisfies the relations (3.60)
and (3.64).

3.5 Physics applications

Let us now specify the non-perturbative function A fy(g) for three physically relevant cases
of the symbol x(z) in (1.3), (1.5) and (1.6).
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Easy case: BES. Let us first consider the symbol (1.3) with § = —1/2. According to
terminology adopted in the previous subsection, this corresponds to an ‘easy’ case.

The relations (3.31) and (3.37) for the non-perturbative function A fy(g) depend on z;
and A(z1). We recall that z; is the solution to ®,,(—2imz1) = 0 closest to the origin. We
apply (2.20), (3.22) and (3.28) to find that z1 = § and

r(1-4) Fope(im) 1
7 _ ™ A= 2eesUT) L 3.75
s (7) "or (2 (7 -~ ﬂ) ’ P Fg(—im) 2 (3.75)

We then use (3.31) and (3.37) to find the leading non-perturbative corrections as

BES <_1)Z —4r
Afe™ = 5= (1+0(1/9))
e—47rg

AfBES — AfPES = (—1)f (20 +1) (3.76)

2rg
It follows from the first relation that the leading non-perturbative correction to F;, BES
%(—1)Z e VA Tt is easy to verify that for £ =0, 1,2 this result is in an agreement with the
exact relations (2.32).

In a similar manner, we apply the second relation in (3.76) together with (2.31) to
obtain the ratio (3.2) for £ =0

1 log 2 1
DBES _ oFema—Frmo — [1 _ e L O(e 8™ } 3.77
0 € 7Tg 27Tg + 27_[_9 e + (6 ) Y ( )
where the last term denotes subleading non-perturbative corrections. This relation should
be compared with the exact expression of Dy that follows from (2.32)

log cosh(27g) 1 log2 _
DYES = =2 {1 L e amg } 3.78
only? - ong | 2ng og(l+e) (3.78)

We observe a perfect agreement.

Hard cases: octagon and localization. Let us now consider the symbols (1.5) and (1.6).
As compared to the previous case, there are two important differences.

First, because the strength of the Fisher-Hartwig singularity is integer in this case,
Boct = —Ploc = 1 (see eq. (2.21)), the perturbative correction to F; has a more complicated
form (3.73). Matching (2.21) to (2.18), we identity the leading root (z1) and pole (y;1) of
the two symbols as

1
29— oo~ 1 gt =ale = (3.79)

It follows from (3.73) that the perturbative series fP*(g) is sign alternating,' whereas
floc( ) has the expansion coefficients of the same sign. This property is in agreement with
the explicit expressions (2.36) and (2.37).

oct oct

10This does not mean however that f5*(g) does not suffer from Borel singularities. Due to 29 > ¢
the large order behaviour of f9*(g) is controlled by the Borel pole of (3.72) at * = —4m. The pole at
x = 87 generates non-perturbative corrections.
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Secondly, the leading root of the symbols (2.21) is double degenerate and, as a conse-
quence, the non-perturbative corrections to Fy satisfy the relations (3.68) and (3.69). We
apply (3.67) and (2.21) and identify the corresponding non-perturbative parameters as

;1 ;1
Aoct 64 ’ Aloc - 4" (380)
Then, it follows from (3.68) that the leading non-perturbative correction satisfies
oct (*1)“_1 . —8m
Afpe) = T img e+ 001/9)),
Afi(g) = (=) 2img €714 0(1/g)) . (3.81)

Note that AfP* is suppressed by the factor of e —479 compared to A floc. This property
is expected because the Borel transform (3.72) of the perturbative functions f2* and f}°¢
contains the leading pole located at ¢ = 87 and o = 4w, respectively.

Similarly, the relation (3.69) takes the form

AfEh0) — AfHg) = (-2 e,

ALk (g) = AIP(g) = 4i(=1)1 e (35

Note that the leading large g terms in (3.81) cancel out in the difference.

It is important to emphasize that the relations (3.81) and (3.82) hold for large positive
g. In fact, the functions AfP(g) and Af°¢(g) have different asymptotic behaviour at
large positive and negative g due to the Stokes phenomenon.

Recall that the perturbative series for f[°°(g) and f2*(g) are related to each other
as (2.37). Due to the presence of Borel singularities in both series, this relation is formal.
As discussed above, we can regularize these singularities by deforming the integration
contour in (1.11) in the vicinity of the Borel poles. In this way, we get

2 (g +140) = f13%(—g — 90),
£ (g — i0) = fi5%(—g +1i0). (3.83)

This discontinuity yields the non-perturbative correction A fy;(g) = %(fg (g—10)— fe(g+1i0)),
i.e. (3.83) leads to

AfP(g) = —Af55(~9) - (3.84)

Combined together with (3.81) and (3.82), this relation allows us to determine the asymp-
totic behaviour of the non-perturbative functions at large negative g.

Moreover, substituting (3.83) into the first relation in (3.74) we find that the sum of
the perturbative and non-perturbative contributions to F§(g) and F;°¢(g) are related to
each other as

AF(g) = AFSS(—g) .- (3.85)

Thus, the functions AF¢%(g) and AF)S%(g) can be identified as two branches of the same
function defined for negative and positive g, respectively.
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model G np ng na

SA SUN) 0 1 1
FA SU(N) 4 0 2

FA Sp(2N) 4 0 1

Table 1. Three N' = 2 superconformal models of class 1.

4 Applications to N' = 2 superconformal models

Our aim in this section is to compute the leading non-trivial corrections to special ob-
servables in N/ = 2 four-dimensional superconformal models that are planar-equivalent
to N = 4 SYM. These observables are controlled by the localization matrix model and,
as a result, can be expressed in terms of the semi-infinite matrix K,,, defined in (1.2)
(see [18-21] and appendix A).

The relevant N' = 2 models may be split into two classes I and II:

I. Models with gauge group SU(N) or Sp(2N) and matter content summarized in ta-
ble (1), where np, ng, and na are the numbers of hypermultiplets in the fundamental,
rank-2 symmetric and antisymmetric representations. Guided by geometrical engi-
neering, these models are expected to be holographically dual to IIB superstring
theory on orientifolds/orbifolds of the type AdSs x S°/G [46, 47]. They correspond
to a combination of 2N D3-branes together with an orientifold O7 plane and, in
models with ng # 0, also with several D7-branes.

II. Quiver theories (that we call Q1) with gauge group SU(N)®¥, bi-fundamental matter,
and equal gauge couplings. They are orbifold projections of the N'=4 SYM theory
and are dual to type IIB superstring on AdSs x S°/Zp, orbifold [48-51].

4.1 Observables in terms of Bessel operator

The three simplest observables in these models are the free energy on S*, half-BPS circular
Wilson loop, and some correlators of chiral primary operators. They can be computed using
localization matrix model techniques. It turns out that the leading non-trivial corrections
to them can be expressed in terms of the Bessel operator (1.2).

The interaction potential of the localization matrix model is given by an (infinite) sum
of terms weighted by powers of the 't Hooft coupling. The evaluation of the observables is
straightforward in weak coupling expansion, but the strong-coupling expansion poses a non-
trivial problem. The latter limit is of main interest from the point of view of establishing
correspondence with dual string theory, i.e. for tests of the AdS/CFT correspondence.
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Explicitly, semi-infinite matrix in (1.1) appearing in the context of the above N = 2
superconformal models is given by [18]

Xom = 8 (—1)"™™ /@0 + £~ 1)(2m + € — 1)

odt e
X /0 T o) Tonte—1(tVA) Jom o1 (BVA) (4.1)
It is easy to see that, upon change of the variable ¢t — t/ VA, the matrix X, coincides
with the Bessel matrix (1.2) with the symbol x = xioc(x) given in (1.6)

Xoum = nm’ . (4.2)

X=Xloc

Free energy. The free energy is defined as F' = — log Z, where Z is the partition function
of gauge theory on S*. It is a function of A\ and N. Planar equivalence implies that at
large N the free energy of the above A/ = 2 models is equal to the free energy of N' = 4
SYM theory!!

FN=4(\;N) = —%(N2 —1)log\. (4.3)

The leading O(N?) term cancels in the difference AF = FN=2 — FN=4 which is thus a
genuine N = 2 quantity.
More precisely, let us define

y FM(\;N) — FN=4(\; N), M = SA,FA.FA,
AFM = (4.4)
FQU(\;N)—LFN=*(\;N), M=Qr.

We will be interested in the leading N — oo limit of AFM. This quantity has been studied
previously in the SA [20], FA and FA [21], and Qo models [19].

In the SA and Q2 models, one finds the following explicit representations for the leading
correction to the free energy in terms of the Bessel operator observable F, defined as

n (1.1), (1.2), (1.6) and (4.2)
1
AFA() = 5 Fi, (4.5)
1 1
AFR(N) =2 Fi + 5 Fi (4.6)

The relation (4.5) was proved in [20], and (4.6) is derived below in appendix F.

From a string theory argument for the non-planar correction to the half-BPS Wilson
loop [53] and its relation to the free energy [19], one expects that in both cases (4.5)
and (4.6) the leading term at strong coupling should take the form

AFMON) =CMAY2 4| A>1. (4.7)

1 The free energy F in general contains a UV divergence proportional to the conformal a-anomaly and
thus is scheme-dependent. Eq. (4.3) is the expression in a particular renormalization scheme [2, 52] (in (4.3)
we ignore a A independent constant).
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The constant C®? in the L = 2 quiver model was estimated in [19] by a Monte Carlo
numerical simulation (in a moderate range A < 450) with the result

C ~0.08. (4.8)

In the SA model, an analytical determination of C3* was attempted in [20] by considering
the leading-order (LO) large A contribution to the matrix elements of (4.1) at £ = 2 before
computing the determinant. As a result, the expected A!/2 scaling of AF3” was reproduced
with the coefficient being

1
CPA = — =0.159... . 4.9
= (49)

A numerical high-precision resummation of the weak-coupling expansion of AF5A was per-
formed in [20] using an improved conformal mapping Pade’ analysis. While the large A
scaling exponent 1/2 in (4.7) was confirmed, the Pade’ estimate for its coefficient was
substantially smaller CRA; ~ 0.12 than in (4.9), so the final picture was not totally satis-
factory.

Turning to the FA and FA models with fundamental hypermultiplets, one finds that
the large N expansion of the free energy contains both odd and even powers of 1/N. In
the FA model with gauge group SU(N) one gets [21]

AFA = NFi(\) + F2(\) + O(1/N),
Fy(\) = Fa(\) + AFSA(N)
() = ~SROH )P (4.10)

Here the leading O(N) term Fj()\) can be found in a closed form [21]

e (2tVA) =t VA + StV
Fy( / 7| - (4.11)
\/> e27rt_|_ ) $2
It is straightforward to work out its strong coupling expansion [21]
log2 1 3 7 1
(A A— —logA—6logA log2+ -1
1(A) =5 A—log ogA -+ + plog2+ g logm
2 95/2
-1 1/4 ;—VA —1/2
—ZA +7T3/2/\/ A1+ o2, (4.12)

Note that the second line of (4.12) contains only one perturbative term and that the
coefficient of the non-perturbative correction'? is real (cf. (4.32) and (4.34) below).
According to (4.10), the function Fj()\) determines the part Fy()\) of the subleading
O(NY) correction. The remaining part of Fy()\) is the same as in free energy in the SA
theory given by (4.6).
In the FA model with the Sp(2N) gauge group, the large N expansion of the free energy
AFFA is much simpler (it is essentially determined by Fy()\)) and thus does not involve

2We omit terms with higher odd powers of e~ V>, see [21].
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the Bessel ogerator.13 In this case one may directly identify the non-perturbative correc-
tions to AFFA that are exponentially suppressed at large A and are partially controlled by
resurgence properties [21].

Non-planar correction to half-BPS circular Wilson loop. In the above N/ = 2
models the localization yields a matrix model representation for the expectation value of
the (suitably defined) half-BPS circular Wilson loop (W). The planar equivalence implies
that (W)M in these models has a universal large N limit

2
: M _ —
A}lm W)M = (W) = 7 L(VN), (4.13)
where I is the modified Bessel function. The subscript ‘0’ stands for the planar limit, i.e.

the leading term in the large N expansion. The leading non-planar correction to (W)M

defines the model-dependent function ¢gM ()™

L

W azd" (V) +O0/NY), M = SA,Qy . (4.14)

Remarkably, one can establish simple relations between ¢M and the leading correction AFM
to the free energy [19, 20]

_Xd

AGAN) = A0) — V) = T SRR, (1.15)
2
AgR(N) = g% () — V) = L T AF®(), (4.16)

where ¢V=4(\) = %[ﬁ]g(ﬁ)/[l(ﬁ) —12] = %)\3/2+. .. at strong coupling. Combining
these relations together with (4.5) and (4.6), one can express the function ¢M()\) in terms
of the Fredholm determinant F, of the Bessel operator.

The string theory argument suggests [53] that ¢M(\) should scale at strong coupling
as A%/2. The relations (4.15) and (4.16) then imply that the coefficient of A\3/2 should be
proportional to CM in (4.7).

Correlation functions of chiral operators. In contrast to the free energy and circular
Wilson loop discussed above, the correlation functions of some chiral operators in N = 2
models of type I and II differ from their counterparts in N' = 4 SYM already at the leading
large N order.

In the class I N' = 2 models this happens for correlators of chiral primary operators
O () = tr ¢*(z) involving odd power k of the complex scalar ¢(z) from the N = 2 vector

13The technical reason for this simplification is that the localization matrix model for E/—/\Nmodel has the
interaction potential which is free from double-trace terms, cf. (A.4). As a consequence, AF™ can be found
analytically and an exact resummed expression is available for the leading strong coupling terms at each
order in the 1/N expansion [21].

MFor a discussion of the Wilson loop in the models FA and FA with the matter in the fundamental
representation see [21].
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multiplet. Defining the ratio of two-point functions of anti-chiral/chiral operators in N' = 2
model and N' =4 SYM
Ok (2)O0x(0))M
mI() = (GO0 (4.17)
(Ok(2) Ok (0))N=
one finds that, in the planar limit, it is 1 for even £ = 2n but a nontrivial function of X\ for
odd k =2n+1.

This property can be understood as follows. Considering an orbifold projection of a

conformal gauge theory with respect to some discrete subgroup of a global symmetry group
one can split the observables into “untwisted” (even under the action of orbifold group)
and “twisted” (odd under the orbifold group) [49, 54-56]. In the planar limit, the former
are the same as in the original theory (but they differ at subleading order in 1/N), while
the latter deviate from the original theory ones already at the leading large N order. The
free energy, the circular Wilson loop and the ratio of the correlators R). are examples of
“untwisted” observables whereas the ratio Ry 41 and analogous ratio of the correlators in
class IT models (see eq. (4.25) below) belong to the “twisted” sector.

In the Qg orbifold model with the SU(N) x SU(N) gauge group the operators in the
twisted sector are odd under interchanging the scalar fields ¢1 and g of the two N = 2
SU(N) vector multiplets. The SA model is related to the Q2 model by an additional
orientifold projection (see, e.g., [57]). In particular, the scalar fields ¢ and ¢2 at the two
nodes of the Qo quiver are related to the scalar field ¢ belonging to the NV = 2 vector
multiplet of the SA theory as ¢1 = ¢ and w9 = —p. This additional discrete modding
implies that the chiral primary operators Og, 1 = tr p?"*1(z) and Os, = tr ¢*"(x) belong,
respectively, to the twisted and untwisted sectors in the SA theory. This explains why the
ratio of the correlators (4.17) is different from 1 for the “odd” operators already at the
planar level.'?

Explicitly, in the SA model one finds for (4.17) from the localization matrix model
representation

1
R33N = (1 v ]> , (4.18)
"/ 11

where the semi-infinite matrix K, is obtained from the matrix K in (1.2) with £ = 2 by

removing its first (n—1) rows and columns. In [18], the relation in (4.18) was used to derive

the weak coupling expansion of R%ﬁ 1. At strong coupling, RS{;\ 1 can be determined in
the leading-order (LO) approximation as [58]
872

R3r () = e+ (4.19)

This result compares well to direct Monte Carlo numerical evaluation of the matrix model

integral and to Pade’ resummation of the perturbative series.

5For example, the matrix model proof of planar equivalence is based on the assumption of an even
distribution of eigenvalues in the large N limit. This assumption is justified for correlators of “even”
chiral primaries Oap(x) = tr 902"(1). However, the correlators of “odd” chiral primaries Ozn+1(z) involve a
deformed eigenvalue distribution [18].
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For the correlators of even chiral operators in the SA model, the ratio (4.17) deviates
from 1 starting at order 1/N?2. Remarkably, like in the Wilson loop case (4.15) and (4.16),
the 1/N? term can be expressed in terms of A-derivatives of the non-planar correction in
the free energy AFSA()) defined in (4.5) [20]

z@ﬁcw-—1-—%%[@nZ—l)AaA+(A392}AfﬁA@n-+cx1ﬂvﬂ. (4.20)
According to (4.7), the 1/N? term here scales at strong coupling as A'/2 and is proportional
to C°A in (4.7). In an attempt to improve on the LO value of this coefficient ((4.9)), a
refined analysis was performed by either keeping the next to leading order terms in the
Bessel operator matrix elements or considering a sequence of its numerically exact finite
dimensional truncations. The best estimates obtained by these two approximations were
respectively [58]
Cho =0.113, CA  =0.130. (4.21)

num

The same methods were also applied to some three-point functions of single-trace chiral
primaries in the SA model [59]. The normalized extremal correlators

RSA ( ): <On1(x1)0n2(x2)§n1+n2(0)>SA :
o <On1 (xl)om (1‘2) Om-i—m (0)>N:4

can be expressed in terms of the resolvent 1/(1 — K),,,. For even n; and ng, the ratio

(4.22)

tends, in the planar limit, to 1 (as expected). In other cases the leading term in the
strong-coupling expansion is given in the LO approximation by

1672
R2n2m+1(A):Tm(n+m)+"'u

1672
R2n+1 om41(A) = . nm +. (4.23)

In class IT models, i.e. Qp, quiver theories, a generalization of (4.17) and (4.18) has been
worked out in [57]. The operators in the “twisted” sector of the Zj, orbifold are defined as

T Ze #Tre o) (g), (4.24)

)
the quiver. The two-point functions (T}, ()T, (0)) of the twisted chiral operators (4.24)

where integer « satisfies 1 < a < L — 1 and Oé = tr¢7 corresponds to the I-th node of
can be computed using the localization technique. In close analogy with (4.17), one can

define the ratio B
<Ta,n($)Ta,n(0)>QL
(O2n ()02 (0))N=4
In the planar limit, it admits the following representation in terms of the matrix (4.1) for
even and odd n (see eq. (5.21) in [57])

=1+ Ann(N). (4.25)

L+ Anak(N) = (11X[6V]en>11 ’

1

1+ Agokt1(A) = (4.26)
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where the matrices X®¥*" and X°44 coincide with (4.1) for £ = 1 and ¢ = 2, respectively.
The matrix X[, is again obtained from X by removing its first (n — 1) rows and columns.
The dependence on « enters (4.26) through the parameter!®

5o = sin’ <7TLOJ) . (4.27)

At strong coupling, the expressions in (4.26) can be evaluated in the LO approximation to
give, for both even and odd n,

472

:)\sa

1+ Agn(N) nn—1)+.... (4.28)
Recently, three-point functions of similar BPS twisted-sector operators in the orbifold Qp,
theory were computed in the planar limit at LO approximation in strong-coupling expan-
sion and successfully matched to dual string theory (which in this planar limit of correlators
of BPS operators is represented by type IIB supergravity) [60, 61].

Comments. Let us draw some conclusions from the above discussion.

1. The Bessel operator enters the N' = 2 observables in two distinct ways: the free
energy and non-planar correction to circular Wilson loop depend on its Fredholm
determinant F;°¢ = log det(1 — K) (see eqs. (4.6) and (4.16)). At the same time, the
correlators of chiral primary operators are expressed in terms of matrix elements of
its resolvent 1/(1 — K) (see eqgs. (4.18) and (4.26)).

2. The results for the strong-coupling expansion of .7-}}“ available so far in the literature
were mostly numerical and inconclusive. This applies, in particular, to the value of
the coefficient of the leading A2 term in (4.7) (cf. egs. (4.9) and (4.21)), not to
mention higher subleading corrections that remained unknown.

3. The matrix elements of 1/(1 — K') are more under control. In particular, the leading
O(1/\) term in the ratios of chiral correlation functions (4.19), (4.23) and (4.28)
has been computed numerically, showing a very good agreement with analytic ex-
pressions, and, in some cases, was matched to dual supergravity results [60]. Still,
subleading corrections at large A have not been computed yet, as going beyond the
LO approximation appears to be non-trivial.

4. Apart from “perturbative” (i)" strong-coupling corrections to the observables one

VA
expects also exponentially small non-perturbative corrections but no information

about them is available except in the case of much simpler FA model [21].

4.2 Strong coupling expansion

Let us now apply the results obtained in sections 2 and 3 to address the open problems
mentioned above.

5For o = 0 the relation (4.24) defines untwisted chiral operator. In this case, so = 0 and the correspond-
ing ratio of the two-point functions (4.26) is 1 in the planar limit.
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Free energy and circular Wilson loop. As was explained in the previous subsection,
these observables can be expressed in terms of the Fredholm determinant of the Bessel
operator (2.3) with the symbol (1.6). From the results in section 2.5 we have

ocC ocC ocC . ocC \/X
Fiee = mg— (€= 3)log g+ B + fi™(g +10) + Af*(g), g="7-- (429)

Here the Widom-Dyson constant B¢ is given by (see (2.24))
1 1
B¢ = —6log A + 5+ glog2— Llog2+1logT((), (4.30)

where A is Glaisher’s constant. Perturbative corrections in 1/g are described by the function
1°¢(g +10), where ‘+40’ corresponds to a particular prescription for integrating the Borel
singularities in (1.11). Its series expansion at large g looks as (see (2.27), (2.11), (2.12)

and (2.26))

1 ¢(3)
°°(g) == (2¢ — 3)(2¢ — 1) log (¢’ 20— 5)(20 — 3)(46% — 1) —"—
e (g) =5( ) )log (¢'/9) + ( ) ) )20487r39,3
3¢(5) -6
— (20 —7)(20 = 5)(40 — 9) (402 — 1) ——=—" + O(¢ 4.31
(20 =T AL~ YUE ~ 1)z 0 ), (43
where ¢’ = g — 10%2. Re-expanding this series in powers of 1/g one would generate terms

log 2
s

proportional to powers of . Finally, the leading non-perturbative correction to Af°(g)

is given by (3.81) and (3.82).
Substituting (4.29) into the first relation in (4.6) we get the strong-coupling expansion

of the free energy in the SA model'”

1 3 1 11 3
SA(yy _1y1/2 2 _ 1 12 o
AFR(N) 8)\ 3 log A — 3log A + 1T log2 + 1 log(4m)

3 15{(3) 945C(5) 265{(3)2 —7/2
- 1 / _ _ _ !/
32 o8 ()\ /)\) 64 \/3/2 512 \/5/2 128 \/3 O )

- %AW eV (1+ 0\ 12)), N2 = 2\V2 _4log2 . (4.32)

Let us make a few comments on this result.

The perturbative series on the second line of (4.32) has an interesting “homogenous
weight” property. Namely, the coefficient in front of 1/\™ is proportional to the product
of odd Riemann zeta values ((2n; + 1) with Y, n; = n.

Note that both the leading O(A/2) term and non-perturbative correction on the last
line of (4.32) may also be expressed in terms of \'.!8

Another comment is about the imaginary coefficient of the non-perturbative correction
in (4.32). It has the same origin as the coefficient in front of the first term in (3.48). The

17Using the results of [12] one can obtain the perturbative expansion up to order O(1/¢%°).

8The origin of this peculiar dependence on both A and A’ may become clear if one manages to find an
exact finite A analog of the expansion in (4.32), by analogy with what happens in the much simpler BES
case (cf. (2.31) and (2.32)).
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perturbative part of the strong-coupling expansion in (4.32) is not Borel summable and
the Borel singularities should be avoided by slightly moving ¢ in the complex plane. As
a consequence, an imaginary part is produced canceling a similar contribution from the
non-perturbative correction in (4.32). The latter is dressed by a similar perturbative tail
of powers of \~1/2

From (4.32) we find, in particular, the exact value of the coefficient C5* defined in (4.7)

CSA 1

exact — é .

(4.33)

This demonstrates that (4.9) is a rough estimate and that numerical results (4.21) gives a
relatively good approximation.

Similarly, for the orbifold model Q2, we obtain from the second relation in (4.6)

1 1 1 4
AFR()) :1/\1/2 — 5logA —6logA+ 5 — Slog2+ log(4)

3¢(3) 135¢(5)  99¢(3)? —7/2
32N32 25652 64 N3 O

1 !/
+ g log (V'/X) -
+icre VA (1+ 02 (4.34)

Notice that the leading non-perturbative correction in (4.34) is suppressed by a factor of
A2 as compared to the one in (4.32), i.e. scales as O(e*ﬁ). This is a consequence of
the fact that while both terms in (4.6) receive the leading O(v/A e*ﬁ) nonperturbative
corrections, they cancel against each other in the sum. The normalization coefficient ¢; of
the subleading term remains to be determined: to find its value, one has to compute the
subleading O(1/g) correction to the functions (3.53).

The leading term of the expansion (4.34) has the expected form (4.7) with the exact
value of the coefficient being

Q2 1
Colet = 1 (4.35)

This may be compared to the previous numerical estimate (4.8). The disagreement is not
surprising since the numerical analysis in [19] could only reach A ~ 450 where numerical
fitting is not yet able to disentangle A'/2 from the slowly growing log A corrections.

Interestingly, the Qo coefficient (4.35) is twice that of the SA one in (4.33). This may
be related to the fact that the SA model is an orientifold projection of the Q2 model (see
appendix C of [57] for details). In particular, the free-theory content of the SU(N) x
SU(N) Q2 quiver theory is twice that of the SA theory (one free bi-fundamental SU(NV)
hypermultiplet is the same as the sum of rank-2 symmetric plus antisymmetric hypers).!?
This factor of 2 proportionality is, of course, no longer true for the subleading coefficients
in (4.32) and (4.34).

19Tn particular, the conformal anomaly coefficients of the two theories thus also differ by factor of 2:

Qe _ 132 5 Qo 1pa2 1 SA _ 1a72 5 SA__ 1an2 1
a~? =35N 5, ¢ 2 =35N 5 compared to a>* = 7 N 510 C =N 5
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Substituting (4.32) and (4.34) into (4.15) and (4.16) we obtain the strong-coupling
expansion of the leading non-planar correction (4.14) to the circular Wilson loop

X230 3021092 4501/2¢(3)

APAN) ==+ 5 - Toege — ;+O0(?)
64 32 32(1_7%\) 512(1 — 4152)
- éx? VA1 +0\1?2)), (4.36)
3/2 1/2 —1/2
AqQQ()\) - _ )\67 4 % _ A 12%)52 _ 9\ 4@;22)2 . _’_O(/\73/2)
32(1-=72%)  512(1 - )
v % N2 VA (14 O(A 1)), (4.37)

Here the first and the second line in each relation defines, respectively, the perturbative
and non-perturbative corrections. The equality of the coefficients of the leading A3/2 terms
in (4.36) and (4.37) follows from (i) the factor of 2 proportionality between (4.33) and (4.35)
mentioned above and (ii) the fact that the half-BPS Wilson loop in the Q2 model is defined
in terms of the fields associated with just one of the two SU(N) factors of the gauge group
resulting in extra factor of 1/2 in (4.16) as compared to (4.15).

Two-point chiral correlators in SA and Qr models. We can also apply (4.29) to
derive the strong coupling expansion of the two-point correlation function of (anti) chiral
operators in (4.17).

To this aim, in the SA model, we write ((4.18)) in the form

det(&ij — Kz) o
RN (M) = ‘"*“9J<“ = exp (FRCo — For) (4.38)
det(éij — Kl)’

n<1%,j <00

where we first applied the Cramer’s rule to ((4.18)) and then replaced the determinants by
their expressions in terms of the functions Fy in (1.1).

At weak coupling, we can use (2.6) and (2.8) to expand R34, (\) in powers of "t Hooft
coupling. We checked that the resulting expressions are in agreement with the results
of [18] (see eq. (6.15) there). At strong coupling, we find from (4.38) and (4.29)

8 2
RShy =—n(2n+1)

1+2n (1607 — 1) <) (16n? — 1) (160 - 9) :C@ + 0(X-3)]

! 2n
x (X'/A) \3/2 " \5/2

x [1=8ine > (1400712, (4.39)

where (N )1/ 2 \V2_ 4log 2. Here the expression on the second line yields perturbative

1/2

corrections in A~Y/2. As above, using N’ ~1/2 as an expansion parameter is advantageous as

it automatically sums up all terms proportional to log2. The last line in (4.39) represents
the leading non-perturbative correction. It comes from the difference A f%%‘er — Aflocin

the exponent of (4.38) and is given by the second relation in (3.82) for ¢ = 2n.
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Notice that the strong-coupling expansion (4.39) involves half-integer powers of A\~1,
in agreement with the expectation from the dual string theory side (where A1/2 s the
inverse string tension). Such terms are not present in the large A asymptotic expansion of
individual matrix elements K;; in (4.38). This illustrates (once again) non-trivial properties
of the Fredholm determinant of the Bessel operator as well as the power and efficiency of
the techniques for computing it described in the first part of this paper.

The expression on the first line of (4.39) defines the leading behaviour of R34, for
A — oo. It agrees with ((4.19)), i.e. confirms the validity of the LO approximation used
in [58]. The subleading corrections in ((4.39)) may be computed to any desired order.

We remark that the relation (4.39) has an interesting behaviour in the double scaling
limit A — co and n — oo with the ratio 7 = 47n A~Y/2 held fixed. It is equivalent to the
so-called “large bridge” limit previously studied in [10, 12] in application to the octagon.
From (4.39) we get in this limit

Alog2 _  ((3) 5 9C(5) 5  45C(T)_;  2075((9) 4
s T 3 T o560 T 2457610 "
5850C(11) 11 T27650(13) 15 , 2342769C(15) 5

log RSQ‘H =2logn

4.40
65536711 ' 1048576713 41043040710 (4.40)
This series admits a compact integral representation valid for arbitrary 72°
on oo log (coth? (z/2)
log Rgéﬂ = ——n/ dz ( = ) . (4.41)
T Ja 2V 22 —n?

For the correlators of even chiral operators in the SA model, we apply (4.20) to find
the ratio R5” in terms of the non-planar correction in the free energy AFSA()) defined
in (4.6).

The same method can be used to compute the two-point correlation functions (4.25)
of twisted-sector operators in the Qp orbifold model. To start with, we notice that semi-
infinite matrices in (4.26) coincide with the matrix (1.2) evaluated for special values of ¢
and the symbol replaced with x(z) = sqXloc(Z), schematically,

X%9% = K (saXioc) (4.42)

5 F]Z]en = K(SaXloc)

=2k—1’

where yoct(z) and s, are defined in (1.6) and (4.27), respectively. In close analogy
with (4.18) and (4.38), each quantity in (4.26) can be expressed as a ratio of the de-
terminants (1.1) and (2.3)

_ det(l - Bk+1(SaXoct))
det(1 — Bx—1(SaXoct))

1+ Aa,k()‘) = exp (fllﬂgfl (97 Oé) - ll:ofcl (ga O[)) ) (443)
where F}°°(g, ) is a logarithm of the Fredholm determinant of the Bessel operator with

the symbol x = SaXloc(z). The function fl}oc(g,a) vanishes for s, = 0 and coincides
with (4.29) for sq = 1.

*0Tts derivation can be found in section 7.3 of [12] (cf. eq. (7.14) there).
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At weak coupling, it follows from (2.6) and (4.43) that A, x(A) = O(N\*). Replacing
the constants g, in (2.6) with their expressions g = $,q1°¢ = —454,(2n)!¢(2n—1) (see (2.8))
we immediately obtain the weak-coupling expansion of A, 1, e.g.,

_ 35aC(3)A% 5sa(5)A 4
Bap = 3274 im0 T ¢ <)‘ ) ’
_ 55aC(B)N? 1055,((T)AY 5
Bad = = )r66 200655 T ¢ (A ) ' (4.44)

These relations are in agreement with [57], see eq. (5.23) there.
At strong coupling, we apply (1.7)—(1.10) and (2.25) to obtain the following expansion
of the function F}°¢(g, @)

1 ¢
Fi°(g9, @) = — 2gIp() — (4 - 2) logg — 5 log (4sq) +1ogI'(¢) + B(«)

+ é(% —3)(2¢0 — 1) log(g'(a)/g) — (20 — 5)(20 — 3)(4£* — 1)307[;;?;)(00
— (20— 7)(2¢ — 5)(40% — 9) (402 — 1)16&%% +0(1/4%), (4.45)

where ¢/(a) = g — 3I1(a). Here we replaced the expansion coefficients with (2.25) and
denoted by I,,(«) the integrals (2.9) evaluated for x = sqXioc(z). The coefficient (2.17) in
front of log g in (4.45) does not depend on « because the additional factor of s, does not
modify the strength S, = —1 of the Fisher-Hartwig singularity (2.15) of the symbol

1 — SaXloc(T) ~ —-. (4.46)

It does affect, however, the normalization factor b = 4s,, in (2.15). The last three terms on
the first line of (4.45) come from the Widom-Dyson constant (2.22). The first two terms
on the right-hand side of (2.22) do not depend on ¢ and are denoted by B(«). For the sake
of simplicity, we did not display non-perturbative corrections to (4.45). They are given by
the general expressions (3.68) and (3.69) with x = £2imz; defined as the smallest root of
1 — saXioc(x). For s, = 1, the relation (4.45) coincides with (4.29).

Substituting (4.45) into (4.43) we obtain the strong-coupling expansion

1+ Aai(N) =47r2(fs_ oL
Ny 21315 ()
X (N /AR — (k — 1) (2k — 3)(2k — UT;/?
7T5 [0
— (k= 1)(2k — 5)(2k — 3)(4k* — 1)31(;?5(/2) +.oo |, (4.47)

where (\)/2 = X\1/2 — 271 (a). Here the first line defines the leading behaviour at strong
coupling and is in agreement with eq. (5.32) in [57]. Expanding (4.47) in powers of 1/g =
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47 /A2 would produce terms proportional to I;(a), e.g.

1 1 Il(O[) Il(a)2 _[2(0{)

)

29

3 _3[1(a)+911(04) _ah(e)’ + 75 +] (4.48)

I+ Aas=— [2 7 g 7

5 Conclusions

In this paper, we have elucidated the role of the (truncated) Bessel operator (1.2) in the
description of certain observables in four-dimensional superconformal N = 4 and N' = 2
theories. The examples considered in this paper were the special four-point correlation
function of half-BPS operators with infinite R-charge in planar N' = 4 SYM theory, as
well as the free energy, half-BPS circular Wilson loop, and various two-point correlators
of chiral primaries in N’ = 2 superconformal models that are planar equivalent to N' = 4
SYM.

We demonstrated that these quite different observables can be expressed in terms of
logarithm of Fredholm determinant F;(g), Eqs (1.1) and (2.3), of the Bessel operator (2.1)
and (2.2) after choosing particular values of the non-negative integer ¢ and the “symbol”
function x(z) (see, e.g., (4.5) and (4.6)).2!

The Fredholm determinant representation of the observables is exact in the 't Hooft
coupling A\. While their small \ expansion is straightforward, it is quite non-trivial to de-
velop a strong-coupling expansion. The latter is of prime interest as it should be equivalent
to the inverse string tension expansion according to the AdS/CFT duality. The advantage
of the Fredholm determinant representation is that this difficult problem can be solved by
applying the strong Szego6 limit theorem. It requires an application of special techniques
partially available in mathematical literature.

We found that, for the physically relevant cases, the perturbative expansion of Fy(g)
in powers of 1/g = 47/ VA reveals a number of remarkable properties that were previously
observed in the case of the octagon correlator in planar N' = 4 SYM in [9, 11, 12]. In
particular, we demonstrated that F;(g) receives a log g correction. It originates from the
Fisher-Hartwig singularity of the symbol x of the Bessel operator and is given by a simple
expression (50 + %ﬁQ) log g, which only depends on ¢ and the strength of the singularity
B (cf. (1.8)). The structural simplicity of this term calls for its interpretation on the dual
string theory side.

Examining the expansion of Fy(g) in powers of 1/g, we found that the resulting series
can be significantly simplified by changing the expansion parameter to ¢’ = g — %I 1 where
a transcendental constant I; is given by (2.11) and (2.12). This effectively performs a
resummation of all terms containing powers of [;. A similar phenomenon was previously

2'Note that while in the octagon case the relation to Fredholm determinant follows from a hexagon
representation based on the integrability of planar N' =4 SYM theory, in the case of the free energy in the
N = 2 models it arises from the localization matrix model expression for the leading non-planar correction
and, thus, is not directly related to integrability in planar limit.
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noticed in the strong-coupling expansion of the cusp anomalous dimension in planar N' = 4
SYM [39] and, thus, may be a universal feature of strong-coupling expansion of observables
in superconformal theories.

The resulting perturbative expansion of the determinant in (1.1) takes the following
factorized form (see egs. (1.7), (2.9), (2.17) and (2.27))

403 —1)(403 - 9)

s0m2g° +Ol™).

exp (Fu(g)) = [975(413271) 672910+B} % g/%(M%—l) [1 B (

(5.1)
where g = ¢ + 3. Here the two factors depend separately on g and ¢’. Notice that, due

to our choice of the ¢! = (g — %I 1)1 as the expansion parameter, the first few powers of

g'~! are absent inside the second brackets. The power of g in the first factor in (5.1) does
not depend on the symbol of the Bessel operator, whereas that of ¢’ in the second factor
only depends on the strength of the Fisher-Hartwig singularity 8 of its symbol. It would
be interesting to understand the meaning of the g vs ¢’ factorization in (5.1) from the dual
string theory perspective.

Let us note that in the simplest £ = 0 octagon case we have at strong coupling Qg =
exp [F§U(g)] ~ g'/8¢/3/8 e=940 ~ g1/2 =940 where Ag = 21§ = 7 [10, 11]. This implies
that the corresponding planar correlator G of four BPS operators scales as G = [Qp]? ~
g e~2940 ~ /) e_T\/wXAO. The constant Ag was conjectured to have a dual semiclassical
string theory interpretation as minimal area of a world sheet surface in AdS; x S5 [10].
The prefactor VA of the exponential may be given the following heuristic string theory
explanation. The dual string theory representation for Gg is in terms of a correlator of 4
BPS vertex operators on a plane or S?. Each of them comes essentially from string action
and thus carries a normalization factor proportional to the string tension 7' = % There
is also a string tension dependence in the Mobius volume for S? (including which is like
dividing by a 3-point function); that gives a factor of T3, In total, we get T% x T3 ~ VA,
in agreement with the above strong-coupling scaling of Gj.

In this paper we extended the analysis of the Fredholm determinant of the Bessel
operator to a wider class of symbols that appear in special N = 2 superconformal models
that are planar equivalent to N' = 4 SYM. We derived the strong-coupling expansion
of the relevant observables and resolved some issues that existed in earlier work [19, 20,
58]. In particular, we obtained the strong-coupling expansion of the free energy (4.32)
in the SA theory (N = 2 model with matter in rank-two symmetric and antisymmetric
representations of SU(V)) determining the exact value (4.33) of the coefficient of the leading
O(\&) term. We also computed systematically the strong coupling corrections to certain
two-point functions of chiral primary operators, confirming the conjecture for the coefficient
of the leading term [58].

Apart from analytically deriving the coefficients of the perturbative strong-coupling
expansion, one main result of this paper is the identification of the non-perturbative (ex-
ponentially small at large A) corrections (1.12) to the Fredholm determinant exp(Fy()\))
and, thus, to the related observables in N' = 4 and N' = 2 theories. Such corrections are
known to be present, in particular, in the cusp anomalous dimension in planar ' = 4 SYM
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where they drive the transition from strong to weak coupling [39, 40]. In that case, the
leading non-perturbative correction to the cusp anomalous dimension has a clear physical
meaning on the dual string theory side [62]: it coincides with the dynamical mass gap of
the effective two-dimensional bosonic O(6) sigma model describing massless excitations of
the Gubser-Klebanov-Polyakov string. We showed that for the Bessel operator with a gen-
eral symbol y(z), the leading non-perturbative term (1.12) depends on the smallest root
of 1 — x(2imz1) = 0 and its multiplicity n;. It would be interesting to understand the dual
string theory origin of this correction in the N' = 2 superconformal models and whether it
also admits some dynamical mass scale interpretation.??

In general, the wealth of new results for the strong-coupling expansion of various
observables obtained in this paper calls for a detailed comparison with dual string theory.
The required computations on the string theory side are, however, appear to be very non-
trivial. For example, the leading non-planar corrections to free energy in SA (4.32) or
Q2 (4.34) theories should be reproduced by the torus correction in type IIB superstring
theory on the corresponding orientifold /orbifold of AdS; x S°. It is unclear if even the
leading v/A term (4.32) and (4.34) can be reproduced from the one-loop string effective
action i Ik dl%\/g RRRR+. .. orone needs to compute the torus partition function exactly
7

before expanding in o/ ~ —= (for some related discussion see [20, 21]).%
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Note added: the first few terms of the strong coupling expansion of the observables in
the SA theory presented in section 4.2 were reproduced in a very recent paper [65] by using
a high precision numerical calculation.

A Matrix model representation

The localization technique allows us to evaluate the partition function of N' = 2 supercon-
formal models on the 4-sphere as a matrix integral [2]. For the models defined in table (1),
this integral (normalized to N' =4 SYM expression) can be expressed in the large N limit

22Like in the cusp case, non-perturbative corrections may be associated with certain semiclassical string
configurations. Their stability under quantum fluctuations may be related to the Borel properties of the
strong-coupling expansion as suggested by the Wilson loop example [63].

Z3While there is no logical connection, it is still curious to note that the ¢ (n) coefficients of the perturbative
terms in (4.32) and (4.34) are reminiscent of those in the low-energy string effective action (that come out
of the expansion of the Shapiro-Virasoro amplitude). In particular, a similar ¢(3)A™%/2 term originating
from the 0/3C(3) f dl%\/g RRRR correction in the tree-level type IIB string effective action appears in the
strong-coupling expansion of the finite-temperature free energy of planar N' =4 SYM theory [64].
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as a Fredholm determinant of the Bessel operator with the symbol of the form (1.6). Be-
low we review a derivation of this relation [20] and, then, construct the matrix integral
representation of the observable (1.1) and (2.3) for an arbitrary symbol x(z).

The partition function of A" = 2 theory with the SU(N) gauge group on S* is given by

d —gS“ tra? —Sint(a)
ae 9YMm

ZN=2 = : (A1)
where integration goes over Hermitian traceless matrices a of dimension N. Here we
neglected the instanton contribution because we are interested in the large N limit. The

interaction potential is given by (see also [32])
Sint(a) = trr log H(ia) — traqjlog H(ia) = trgs log H (ia) , (A.2)
where the function H(z) can be expressed in terms of the Barnes function

¢2p+1) L2042

logH(HC):log(G(l‘f‘?C)G(l_x)): —(1+9g)2? —Z Y]

p=1

(A.3)

The two terms in the first relation in (A.2) involve traces over the matter representation
R and the adjoint representation of the SU(N) group, respectively. Their difference is
denoted as a trace over R/'.

In N = 4 theory, R is the adjoint representation and the interaction term (A.2) van-
ishes. As a consequence, the partition function ZN=4 s given by a Gaussian integral whose
evaluation gives the free energy (4.3), ZN=% = exp(—FN=*%). In N = 2 superconformal
models of type SA (see table (1)), the trace (A.2) can be evaluated in the large N limit
using the identity

k=2 o
trrra®t = Z < )[1 — (=D tr(a™) tr(a®") . (A.4)
n
n=2
Note that the sum involves traces of odd powers of matrix a. In particular, trg/a® = 0
and, as a consequence, the O(x?) term on the right-hand side of (A.3) does not contribute
to the partition function (A.1). Neglecting this term and introducing new variables wy(a)
(with k& > 1) that satisfy

2 1
tr(a2n ) = g2+ Z wi(a)V2k + 1< :jk > , (A.5)

the interaction term (A.2) can be rewritten in the planar limit as

sim(a):—% S wn(@) X m(a) (A.6)

n,m>1

Here a semi-infinite matrix X,,, is given by

Xpm = 2(71)"+m\/ (2n +1)(2m + 1) /0 h d—sznH(a:)szH(x) Xioc(2/(29)), (A7)
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where g2 = \/(47)? = g3\ N/(47)? and the function Xioc(z) is defined in (1.6). The
equivalence of the two representations of the interaction term, eqs. (A.2) and (A.6), relies
on the relation satisfied by the function Xloc(ﬂf)

(2p+1) 2p+1
D+ 1 - 2<2p+ 2 / dit i Xloc( ) (A8)

In the absence of the interaction term in (A.1), i.e. Sipt(a) = 0, the w,-variables have

diagonal two-point expectation values with respect to a Gaussian integration measure:
(wn(a)wm(a)) = Opm in the large N limit. Adding the interaction term (A.6), one obtains
the following representation of the partition function (A.1) in the SA model
~1/2

(A.9)

_ — 1
ZN=2)7N=4 = / Duw e~ 2%n Gnm=Xnm)wm — [det(l - X)|, Sn’mm}
Comparing (A.7) with the analogous matrix defined in (1.2) we observe that they coincide
for £ =2 and ¥ = Xioc

Xy = Knm]H o (A.10)
=2, X=Xloc
Combining together the above relations with (1.1) and (2.3), we conclude that
1

Vdet(T — By=2(Xloc)) -
Thus, the matrix integral (A.1) can be expressed in terms of the Fredholm determinant of
the Bessel kernel with the symbol (1.6).

It is natural to ask whether a similar relation holds for an arbitrary symbol y(x). Let
us return to (A.2) and replace ((2p + 1)/(p + 1) in (A.3) with its representation (A.8).
Then, substituting (A.8) into (A.3) we obtain a general expression for the corresponding

ZN=2 jgN=4 = (A.11)

function log H, (x)

2p+2
log Hy (z) = 2T / dt t*P 1y (

= /OOO 2—; x(t) (Cosh(xt) -1- ;x2t2> ; (A12)

where the sum of the three terms in the parenthesis scales as O(t*) at small ¢. For x given
by (1.6), log H, () coincides with (A.3) up to O(z?) term. For the symbol (1.5) we find

log Hoet(x) = 4log H(x/2) — log H(x), (A.13)

where H is given by (A.3). Repeating the above analysis we arrive at the following identity
(for N — o0)
3“ tra?—try log H
f dae P ra’—trp, log Hy (ia) .

872 {1 a2 - det(1 — By— ’
[dae T2y Vdet( e=2(X))

(A.14)

where the trace in the exponent is evaluated over the same representation R’ as in the SA
model, see (A.4). In the special case (A.13), it yields a matrix model representation of the
octagon in planar N =4 SYM.
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B Bessel kernel

In this appendix, we establish the relation between the semi-infinite matrix (1.2) and the
integral Bessel operator defined in (2.1) and (2.2).

We show below that the matrix K,,, represents the Bessel operator By on a space
spanned by basis functions

29
By thm(t1) = /O dts Bo(t1, ta)tbm(t2) = Kpmthn(t1) . (B.1)

Here the kernel By(t1,t2) is defined in (2.2) and the functions ¥, (¢) (with m > 1) have
the following form

Ymlt) = (~1)™V2m + 0~ VA / " dy (W) Je(ty) Tame-1 (299) (B.2)

where y(z) is the symbol of the Bessel operator.

To prove (B.1) it proves convenient to introduce an auxiliary function

Ko(ny) = — @0+ £ — 1) onper (2) Jons e ()

Y =1
_ rJo1(2)Jo(y) — yJog1(y)Jo(w)
= 22 — o2
- /0 : dt t.Jy(tx)Je(ty) . (B.3)

Here the second relation is known as the Bessel kernel, see e.g. [24]. Defining an integral
operator Ky with the kernel Ky(z,y), it is straightforward to verify using the first relation
in (B.3) that

o Y
Kebn(@) = [y Kew.y)x( 2 )6s) = Kumin(a). (B.4)
where the functions ¢, (z) are given by

bn(x) = (—1)"VBn 11— 1“72"+f]31(”“"). (B.5)

We can use the well-known orthogonality property of the Bessel functions to check that
the functions ¢, (x) are orthogonal with respect to the scalar product

o0
(Galém) =2 [ dow 6 (@)6@) = S (B.6)
The integral operator K, has previously appeared in the study of the octagon in planar

N =4 SYM [11, 12].
Going back to (B.1), we replace the kernel By(t1,t2) with its expression (2.2) to get

Byt (t) = Vi1 / " de o () x(@)dm(x) (B.7)
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where the notation was introduced for

~ 29
D) = [ diaB Jelta)()
=(-1)"V2m+{—1 /OOO dy X(y) Jam+e—1(29Y)(29)° Ko(2g2, 2gy) - (B.8)

Here in the first relation ,,(t2) was replaced with its expression (B.2) and in the second
relation the integral over to was evaluated using the last relation in (B.3). Changing variable
y — y/(2¢g) in (B.8) and taking into account (B.4), we arrive at

Um(z) = 1 > (=1)"V2n + £ = 1Jan40-1(292) Ky, - (B.9)

n>1
Substituting this expression into (B.7), we observe that the integral over z is proportional

to 1y, (t1) with the proportionality coefficient being K. In this way, we reproduce (B.1).

C General solution for half-integer g

In this appendix, we present some details of the derivation of the relations (3.12) and (3.13)
for the function I'(z,y). For the sake of simplicity we concentrate on the case of even /¢,
for odd ¢ analysis goes along the same lines.

For even ¢, we use the relation I'(—z,y) = I'(z,y) to simplify (3.11) as

T(z,y) = /O:O dk cos(kx) T'(k, y), (C.1)

where T'(k,y) is an even function of k. Substituting this relation into (3.10) and taking
into account the identity

/ A in (x) cos(hka) = (—1)" (2]2”(]“) VIZR20(1— k), (C.2)
o n+1

where Uy(x) is Chebyshev polynomial of the second kind, we arrive at an infinite system
of equations for the function I'(k,y)

/11 dkT(k, y)Ugm (k)V1 — k2 = (=1)™(2m + 1)sz;-/1(y) , (m>10/2). (C.3)

Taking advantage of the fact that U, (k) = (—1)*U,,(—k) are orthogonal polynomials

1
/ Ak VT — K2 Uy (k) Un () = g(smn, (C.4)
~1
we can write a general solution to (C.3) as
B 9 J £/2—1
D(k,y) == 3 (=1)™(2m + 1)Usp(k) Tamirly) | Z an (y)Uzn (k) , (C.5)
m>£/2
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where a,(y) are arbitrary coefficient functions. Since T'(k,y) is even in k, the sum involves
the Chebyshev polynomials with even indices. The relation (C.5) only holds for k? < 1.

To find the function T'(k,y) for 2 > 1, we invert (3.11) and replace I'(z,y) with its
expression (3.3)

Bl = [ 5 e a1 - x(a/29)] (€6)

Here the function v(z,y) is given by a double Neumann series over the Bessel func-

—iRT ~(2,7) vanishes as x — oo for k? > 1.

tions (3.3). For each term in this series, e
For k£ > 1 and k¥ < —1 this allows us to deform the integration contour in (C.6) to the
lower and upper half-plane, respectively, and pick up the residues at the poles of the func-
tion 1 — x(x/(2¢g)) defined in (2.13) and (2.18). The poles are located at z = t4migy, and

their contribution to (C.6) takes the form

Dk g) = i 3 ealu) [0k = 1) e 7o S0 (et G0 ] ()

n>1

where ¢, (y) €199 (with n > 1) are given by the residue of (C.6) at the poles.

To find the function T'(z,y) we split the integral in (C.1) into k? < 1 and k? > 1 and
replace I'(k, ) in each of the regions by the corresponding expression, egs. (C.5) and (C.7),
respectively. Integrating (C.5) over —1 < k < 1, we encounter the integrals

/11 dk etk Ug(k‘) _ et pf(ix)(z;.;—i_l pg(—il’) ’ (08)

—1ix

where py(z) is a polynomial in x of degree ¢ defined in (3.14). Then, the two terms on the
right-hand side of (C.5) give rise to the first two lines of (3.12). Finally, integrating (C.7)
over k? > 1 we obtain the last line of (3.12). Repeating the above calculation for odd ¢,
one can derive (3.13).

D Resummation

In this appendix, we present some details of derivation of the relations (3.20) and (3.21).
For ¢ = 0 and 8 = —1/2, the function I'(x,y) is given by (3.15). The condition (3.8)

leads to the relations (3.17) and (3.19) for the coefficient functions ¢, (y). Inverting the

Cauchy matrix 1/(z, — y;) that appears on the left-hand side of (3.19), we obtain

—2igy oy s _
(0) € Tj—Yj Tn — Yj Yn — 1y/(2)

c: ' (2gy) = . . +W— -y,
! ( ) 27 Lj— ’Ly/(277) nl;[] Yn — Yj Tpn — Zy/(Qﬂ-) ( )

(1) (1 —y1)(z; — y;) Yn — T1 Tn —Yj

c; ' (2g9y) = Aly : D.1

3 (2v) = Al) (z1 = yj5) n>2$n—$1,£[jyn—yj (D-1)
where

—2igy 2igy C(p) 2
Aly) = - ‘ ‘ ; (299) (D.2)

2m (w1 +iy/(2m)) 2w (ey —iy/(2m)) & @1ty
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Substituting (D.1) and (3.17) into (3.15) we encounter the sum

0 _9i i
;y] z(j}q(@ﬂ) - eQirgySO(x’w 2gySo( Y,
le yj()(% = Ay)Si(z), (D.3)
where we introduced the notation
) = e, yé'— s L e on
Sile) =2 EEmrE) o= I= (D4)

Let us show that Sy and S; and thus A(y) can be expressed in terms of the functions
®(x) and F(z) defined in (2.18) and (3.22), respectively. It is convenient to introduce an
auxiliary function

B 1 Tn — 2 Y — iy/(2m)
1 2) = e G — i @) nl;[l Yn — 2 Tn — iy/(2m)
1 P(—2miz)

G- /@)~ ix/@m) By 9
where to get the second relation we applied (2.18). It is a meromorphic function of z that
decreases at infinity as f(z,z) ~ z~%/2. This property follows from (2.19) for g = —1/2.
As a consequence, the sum of the residues of f(z,z) at all poles on the complex z-plane
should vanish. It is easy to see that, up to a sign, Sp(x,y) is given by the residue of f(z, z)
at z =y, (with n > 1). Therefore,

— Z res;—y, f(z,2) = res,_is flz,2z) + res, iy f(z,2)

n>1
2mi l:(I)(l’) }
- — — 1. D.6
z—y LP(y) (D6)
Repeating the same analysis for the second sum in (D.4) we obtain
F(z)
S =———". D.7
1) F(—2na1) (D.7)
Finally, we find from (D.2) and (D.1)
A e—2igy e—QigyS 0;
(y)__27T(I‘1+’Ly/(27T)) + o ( 17Tx1,y)+(y—>—y)
e~29y O (2imay)
2o t/om) o) V7Y
F(2mi 2igy —2igy
= (27”‘“)2 [e + 2 ] (D.8)
m(z1 +y?/(21)%) |[F(=y)  F(y)
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where in the last relation we used (3.22). Taking into account (D.6), (D.7) and (D.8) we
can express the infinite sums (D.3) in terms of the functions (2.18) and (3.22). Using the
resulting expressions, we can reproduce (3.20) and (3.21) for ¢ = 0. For f = —1/2 and
£ =1 the calculation goes along the same lines.

Let us generalize the consideration to half-integer = p—1/2 (with p > 0) and ¢ = 0.
According to (3.12), the function I'(x,y) is given by (3.15). It follows from (3.6) that this
function has to satisfy I'(2gx,2gy) ~ 2% for x — 0. Expanding the expression on the
right-hand side of (3.15) at small x, we find that this leads to the additional p relations for
the coefficient functions ¢;(y). For instance, for p =1 we get

S GW Sy (D.9)
j>1 Yj Yy

These relations should be supplemented with an infinite system of equations (3.16) that
follow from (3.8). At strong coupling, its solution looks similar to (3.17)
0 _ 1
¢i(y) = ¢ [” () +e ¥ Piy)| + ... (D.10)

It is straightforward to solve the resulting equations for cgp)(y) and cﬁ»l) (y) for any given p.
To save the space, we do not present their explicit expressions.

For ¢ > 2 the relations (3.12) and (3.13) also involve |¢/2| functions a,(y). They can
be expressed in terms of the functions ¢;(y) by imposing the condition (3.6). For instance,
for 3 = —1/2 and ¢ = 2, the relation (3.12) combined with I'(2gz,2gy) ~ 2? as = — 0

leads to

sin(y) 1~ 4)
ap(y) = — —— ) = (D.11)
Y 4g ; Yj
Replacing the functions a,(y) in (3.12) and (3.13) with their expressions and imposing the
relation (3.8), we obtain an infinite system of equations for the functions ¢;(y). As in the
previous case, its solution takes the form (D.10).

E Borel singularities

The strong-coupling expansion (1.7) involves perturbative Borel non-summable series (1.10)
and non-perturbative exponentially small term, eq. (1.12). To define unambiguously the
corresponding functions f(g) and Af(g), we have to specify a prescription for integrating
the Borel singularities of (1.10).

To illustrate the procedure, here we discuss the strong-coupling expansion (3.48). In
close analogy with (3.46), we define the ratio of the modified Bessel functions

r(x) = Io(z)/(z). (E.1)

The expression on the left-hand side of (3.48) involves r,, = r(4mgzy,).
Recall that for integer index n, I,(x) are entire functions of x with

I,(—z) = (-1)"L,(x), (E.2)
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that lead to r(—x) = —r(x). At large z, they have the following asymptotic expansion

e ” ak
—1)kHn 2 E.3
V2rx ];) \/ 2mx ];)( ) xk (E-3)

I,(z) =

where af, = (% - n)k (% + n)k/(Qkk!). Note that for x > 0 the second, exponentially small
term on the right-hand side of (E.3) is pure imaginary. It is this term that gives rise to
non-perturbative correction in (3.48). Its appearance is closely related to the fact that the
series which accompanies the first term in (E.3) is not Borel summable. The problem here
is similar to that of separation of the perturbative f(g) and non-perturbative A f(g) terms
n (1.7) mentioned above.

To define the two terms on the right-hand side of (E.3), we apply the identities between
the modified Bessel functions of the first and second kind

i

I,(z) = [Kp(—2 +1i0) — (=1)" K, (x — i0)]

:% [~ K (—2 —i0) + (—1)" K, (x + i0)] . (E-4)

In contrast to I,,(z), the function K,,(z) has a cut on the complex z-plane running along the
negative real axis. The argument of the Bessel functions on the right-hand sides of (E.4)
is shifted slightly away from the real axis to avoid the cut.

The function K, (z) admits an integral representation

Kn(z) = ", d F L1 — o
n(2) = e —n,5+n;1———
S € R A e e e )
m\'/? -z 1" -0 3 3 g
= <2Z> (& 1-— TA doe QF]_ (2 —n, b) + n; 2, —22) s (E5)

where in the second relation we integrated by parts. At large z, we can expand the
hypergeometric function in powers of 1/z and integrate term-by-term to obtain a power
series representation of K, (z). In this way, we verify that the second term on the right-
hand side of (E.3) arises from K,(z —i0) in (E.4). The first term in (E.3) comes from
the large x expansion of K, (—x + i0) in (E.4). The Borel singularities arise in this term
because the function K,,(—z) has a discontinuity across the cut = > 0.

The simplest way to see this is to notice that the integral in (E.5) takes the form of
the Borel transform (1.11). The hypergeometric function in (E.5) has a pole at 0 = —2z

, 2
2F1<g— R T & . (E.6)

22) (a+2z)F(§—n)F(%+n)

For z < 0 this pole is located on the integration contour in (E.5) making K, (z) ill defined.
Replacing z — z = —x £ 40 in (E.5) amounts to deforming the integration contour in the
vicinity of the pole as ¢ — ¢ 40, schematically,

doe %
K, (—z +10) / P vt (E.7)
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At large positive z:, we can identify the first term inside the brackets on both lines of (E.4)
as defining a perturbative correction to I,,(z). Notice that this correction is different for
the first and the second relation in (E.4). The difference is proportional to the sum of the
functions K, (—=z + i0) + K,(—z — i0). It is given by the residue at the pole ¢ = 2z and
yields an exponentially small correction ~ e~* /,/x that matches the second term in (E.3).
Due to the equivalence of the two representations (E.4), it is compensated by the analogous
exponentially small correction coming from K, (z) = K, (x — i0) = K, (x + i0).

Taking an average of the two relations in (E.4), we can get another equivalent repre-
sentation

Io(z) = i [Kn(—2 +0) — Kp(—2 — i0)], (E.8)

which is valid for > 0. It corresponds to the principal value prescription for integrating
the Borel pole (E.7).

We conclude from above analysis that the relations (E.4) and (E.8) correspond to three
different prescriptions of regularizing Borel singularities in the asymptotic expansion (E.3).

Let us return to (E.1) and apply the first relation in (E.4)

r(z) = Ko(—z +1i0) — Ko(x)
T K (—2 +1i0) + K (x)
_ Ko(—z +10) in Ki(2) 1
~ Ki(—z +10) * o[K1(—x +i0))? (1+M> ) (E.9)

where in the last equality we used the identity for the Bessel function. Applying (E.5) we
find that for large positive x the first term in (E.9) defines a perturbative correction to
r(z). The second term in (E.9) is exponentially suppressed

i

= —2ie 24 . E.10
z[Ki(—z +40))? ve A (E-10)

together with K;(x)/K;(—x +1i0) = O(e~2%). This allows us to simplify (E.9) as
_ Ko(—l‘ + ZO) T
- Ki(—x+1i0)  x[Ki(—z +i0)]2

= (1+ % + % +0(1/2%)) —ie™ (24

r(zx) + O(ef4x)

3y
2¢ 1622

+0(1/a%)) +O0(e™™),
(E.11)

where in the second line we replaced the Bessel functions by their leading large x expansion.
The series inside the brackets suffer from Borel singularities. As explained above, the
prescription —z + 40 in the argument of the Bessel functions is equivalent to deforming the
integration contour in their Borel transform slightly above the real axis. Had we applied
the second relation in (E.4) we would get a similar relation for r(x) with the sign in front
of the second term in (E.11) reversed.

Applying (E.11) we can obtain the strong-coupling expansion of r,, = r(4wgz,) and,
then, use it to reproduce the relation (3.48).

— 56 —



F Free energy in Q> model

The weak-coupling expansion of non-planar correction ((4.16)) to the circular Wilson loop
Aq®Q2 looks as

2(A) = A g;dn (8;>n (F.1)

where the expansion coefficients d,, are listed in eqgs. (3.24) and (3.29) of [19]. Integrating
the relation ((4.16)) we can get the free energy difference as

AF®R()) =-8Y () : F.2

M=-8> " (5 (F.2)
n=2

Its weak coupling expansion reads

AF®2()) =3((3) (87;)2 —15¢(5) <87AT2>5 - (9(( )2 — @C( )> <A)4

82

5
+(12063)6) - 141¢09) ()

T2

6
+ (36g(3)3 —450¢(5)? — 735¢(3)¢(7) + 102“((11)) (822) +.... (F.3)

To find AFQ2 (M) at arbitrary coupling, we use the determinant representation of the par-
tition function in the quiver model Qy, derived in [57, 66]. Specialising the results of these
papers to L = 2, we get

1

AFQ‘Z(A):%bgdet (1= xevem)(1 - xed)] = floc ST, (F.4)

where the matrices X" and X°% coincide with (4.1) for £ = 1 and £ = 2, respectively,
even n+m dt 827rt
Xeven — 8 (1) /2n/2m / gy VA (1),
27rt
X000 = g (—1)"/3n ¢ 1v/Zm & 1 / (g Pt (V) Fana (V) (P5)

The product (1 —X°e")(1 —X°4d) arises in (F.4) due to the even-odd block factorization of
the quadratic form associated with the underlying matrix model at large N, (cf. eq. (5.9)
of [57]). The second relation in (F.4) follows from (1.1) by noticing that X¢V® and X°dd
coincide with the matrix (1.2) evaluated for £ = 1 and ¢ = 2, respectively, and for the
symbol given by (1.6).

Notice that $F°% in (F.4) gives the free energy (4.5) in the SA model. This is a
consequence of the fact that the SA model may be viewed as an orientifold projection
of the L = 2 quiver [57]. After the projection, the even-even double trace terms in the

matrix model interaction potential (A.2) proportional to X®V*" are removed and the matrix
X reduces to X°49,
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At weak coupling, we can apply (2.6) and (2.8) to expand the determinants in (F.4)

in powers of g% = (4:‘02

Frer =24((3)g" — 320¢(5)g° — (288¢(3)? — 4200¢(7) ) g® + (7680¢(3)¢ (5) — 56448¢(9) ) g™
+ (4608g(3)3 — 54400 (5)% — 94080¢ (3)¢(7) + 776160g(11))g12 +...,

Fi—y =80¢(5)g® — 1680¢(7)g® + 28224¢(9)g'" — (32004(5)2 + 4435204(11)) g+
(F.6)

Substituting these relations into (F.4) we reproduce (F.3).
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