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1 Introduction

De Sitter geometry is of particular interest in terms of string cosmology and also in the

context of the holographic principle.

De Sitter spacetime plays a central role in the

understanding of our present universe. From the work of [1-3] it has been observed that

our universe is asymptotically dS4, corresponding to a very small positive cosmological

constant. However, the observed value of the cosmological constant differs by many orders

of magnitude from the vacuum energy density value predicted by quantum field theory [4, 5].

Moreover, in the context of string cosmology there are also difficulties in obtaining de Sitter



space via compactification from higher dimensions. In particular, there are no go-theorems
proving that smooth warped de Sitter solutions with compact, without boundary, internal
manifold cannot be found in ten- and eleven-dimensional supergravity [6-8]. Issues relating
to quantum gravity in de Sitter space have been investigated in [9].

In terms of holography, the AdS/CFT correspondence relates string theory in Anti-de
Sitter (AdS) space to conformal field theories (CFT) defined on an appropriate boundary [10].
This has been particularly useful in developing a deeper understanding of the microscopic
nature of the entropy-area law [11, 12]. In spite of the considerable insights produced via
the holographic principle, there are still many open issues in this area. Building from the
AdS3/CFTy correspondence proposed by Brown and Henneaux in [13], the relation between
quantum gravity on de Sitter space and conformal field theory on a sphere, the so-called
dS/CFT correspondence, was considered in [14-16]. However, our understanding of the
conjectured dS/CFT correspondence is less complete than for the case of AdS/CFT for a
number of reasons. Firstly, in contrast to AdS, there is a lack of de Sitter space solutions in
string theory (or in any quantum gravity theory) in which the conjecture can be tested.
Also, there are subtle issues with defining the dual CFT on the past and future spheres ZF,
relating to the causal structure of dS space. Nevertheless, the macroscopic entropy-area law
applies to a very wide class of black holes, including asymptotically flat, asymptotically AdS,
and also asymptotically dS cases. The universality of this law provides strong motivation
for understanding de Sitter holography.

Motivated by this, it is of particular interest to systematically understand the different
types of de Sitter solutions which are possible in D=10 and D=11 supergravity. Such a
classification may provide interesting new applications of the dS/CFT correspondence. As
it is possible to embed dS,, inside both R'™ and AdS, 1 as a warped product geometry [17],
it follows that the maximally supersymmetric AdS; x S* solution, as well as RV10, can
both be regarded as examples of warped product dS,; geometries. However, as we shall
establish here, there is a much larger class of supersymmetric warped product dSy solutions
in D = 11 supergravity than these two very special solutions, and this is also somewhat in
contrast to the results of recent analysis of supersymmetric warped product dS,, geometries
for 5 <n <10.

In terms of D = 11 supergravity, there has been recent progress in the classification of
supersymmetric warped product dS,, geometries for 5 < n < 10 [18]. There are a number
of different possibilities:

e For 7 < n < 10, the geometry is the maximally supersymmetic RY!1Y solution with
vanishing 4-form flux.

e For warped product dSg solutions, the solution is either the maximally supersymmetric
AdS7 x S* solution, or R x N where N is a hyper-Kihler 4-manifold.

e The warped product dSs solutions are all examples of generalized M5-brane solutions
for which the transverse space is R x N, where N is a hyper-Kéahler 4-manifold.

It is clear from this list that the possible warped product dS,, geometries for 5 < n < 10
is very highly constrained. In addition, a similar recent analysis of warped product



dS,, solutions in heterotic supergravity [19], including first order o/ corrections, has also
produced a rather restricted class of such solutions. In this case, for n > 3, the geometry
is R1™ x Mg_,,, where Mg _,, is a (9 — n)-dimensional manifold. The dilaton depends only
on the co-ordinates of My_,,, and all p-form fields have components only along the Mg_,,
directions. The heterotic warped product dSs solutions are the direct product AdSs x M7
solutions which have been classified in [20]. Compared to these types of solutions, the
conditions on supersymmetric warped product dS4 solutions in D = 11 supergravity are
rather weaker.

Motivated by these results, in this paper we obtain the necessary and sufficient conditions
for warped product dSy solutions in D = 11 supergravity to preserve the minimal N = 8
supersymmetry. We find, on integrating the Killing spinor equations along the dS4 directions,
that all of the necessary and sufficient conditions for supersymmetry are encoded in a single
gravitino-type equation, which is satisfied by a spinor 1 whose components depend only
on the co-ordinates of the internal space. We analyse the solutions of this equation using
spinorial geometry techniques. This technique was introduced in [21] and consists of writing
the Killing spinors in terms of multi-differential forms and, utilizing the gauge-covariance of
the KSE, gauge transformations are then used to write the spinors in one of several simple
canonical forms. The main outcome of this approach is a linear system which imposes
conditions on the spin connection and the fluxes of the theory. This in turn can be used to
obtain conditions on the geometry which are necessary and sufficient for supersymmetry.
These techniques have been applied to classify a wide variety of supergravity solutions [22].

In the case of warped product dS, solutions, we state explicitly the Spin(7) gauge
transformations which are used to write the spinor ¢, in canonical forms with stabilizer
subgroups SU(3) and Gz. We then solve the linear system obtained from the Killing
spinor equations. In particular, we show that the linear system implies that there are
no Killing spinors for which the stabilizer of 14 is Ga. For the case of SU(3) stabilizer
subgroup, the Killing spinor equations determine all components of the 4-form flux in terms
of the geometry of the internal manifold, and we present the geometric conditions and
the components of the flux, written in a SU(3) covariant fashion. On considering these
conditions, we note that the warped product dS4 geometries are manifestly less restricted in
terms of the geometric structure and the 4-form flux in comparison to the warped product
dS,, solutions for 5 < n < 10. Our analysis does not utilize the global techniques developed
for the investigation of supersymmetric black holes [23]; we consider only local properties of
the Killing spinor equations. This avoids the no-go theorems which exclude warped product
dS,, solutions when the warp product and 4-form flux are smooth, and the internal manifold
is smooth and compact without boundary.

The plan of this paper is as follows. In section 2 we summarize the bosonic field
equations, Bianchi identities, and Killing spinor equations of D = 11 supergravity, we also
describe the ansatz for the warped product dS4 solutions, and present the reduction of the
bosonic conditions to the internal manifold. In section 3, we derive several integrability
conditions from the Killing spinor equations, and we demonstrate how some of these
integrability conditions can be derived from others. In section 4, we explicitly integrate
up the Killing spinor equations along the dSy directions, and show how the Killing spinor



equations reduce to a single gravitino-type equation for a spinor ¢4 which depends only
on the internal manifold co-ordinates. We also prove that the supersymmetric dS; warped
product solutions preserve N = 8n supersymmetries for n = 1,2, 3,4. In section 5 we utilize
spinorial geometry techniques, and prove that the spinor ¥4 can be written in a particularly
simple canonical form on applying appropriate Spin(7) gauge transformations. Furthermore,
we prove that such a spinor has stabilizer subgroup which is either SU(3) or Gg; in the SU(3)
case we also consider several possible special sub-cases. In section 6, we present the SU(3)
covariant conditions on the flux and geometry, obtained from the gravitino-type equation
in the case of SU(3) stabilizer. In section 7 we also prove that there are no supersymmetric
warped product dSy solutions for which the stabilizer subgroup of 1 is Go. We present
our conclusions in section 8. In appendix A, we list some conventions. In appendix B we
present some properties of the explicit representation of the Clifford algebras in terms of
differential forms, as utilized in the spinorial geometry method. In appendix C we list
some equations which are used in the process of integrating up the Killing spinor equation
along the dS, directions in section 4. In appendix D we list the linear system of equations
obtained from the gravitino-type equation for the cases of ¥4 with SU(3) and G stabilizer.
In appendix E we state a number of useful identities which are used to covariantize the
solutions of the linear systems in terms of gauge-invariant bilinears.

2 Bosonic field equations and KSE

In this section, we summarize the bosonic field equations and Killing spinor equations (KSE)
of D = 11 supergravity, and describe the ansatz for the warped product dS,; geometries.
The bosonic fields of D = 11 supergravity consist of a metric g, and a 3-form gauge potential
A with 4-form field strength F' = dA. The action for the bosonic fields is given by

1 1 1
S:@/dllx\/ng_gF/\*F—ng/\F/\A, (2.1)

where x? is proportional to the gravitational coupling constant. The equations of motion
are thus given by

1 1 1
Rap — ~Rgap — — FpBiBeBs 1 — g pF? =0
AB 5 JAB 19 AB1ByB31'B + 96gAB
1
d*F—§F/\F:0. (2.2)
By using
1
the first equation in (2.2) becomes
1 BiByBs _ 1 2
Rap — — | FaB,B,B: FB — —gapF* ) =0. (2.4)
12 12
The supercovariant derivative D4 is defined as
D=y — L (T, AAsAsAs _ gsAipAsAsAs) p (2.5)
M=VM 283 M M A1A2A3A3 Ay - :



Bosonic solutions to the equations of motion that preserve at least one supersymmetry are
those that admit at least one non-vanishing Killing spinor e, which satisfies

Due=0. (2.6)

In order to analyse supersymmetric warped product dSy solutions, we shall split the
D = 11 spacetime in a 4+7 fashion ds? = dSs x., M7, where x,, denotes a warped product
of dS4 with an internal manifold M7. In terms of the D = 11 frame, capital latin letters
such as A,B denote D = 11 frame indices. These D=11 frame indices are split in a 447
fashion as follows: we use greek letters for dS, frame directions, and latin letters from
the middle of the alphabet and onwards for My. Latin letters from the beginning of the
alphabet denote M7 spacetime indices. My is equipped with local co-ordinates y*, whereas
dSy is equipped with local co-ordinates x*. For further details about the conventions used
are set out in appendix A.

The warped dS4 product metric g is

ds? = A%dsig, + ds?m = nuete’ + 5;e'el (2.7)

where the vielbein frame is defined as

A

et = —dz#
TR (2.8)
e = ezdyb
with 1
R(x) = (1 + 4le,m”> , Ty = 2N - (2.9)

The conformal factor A and the vielbein e/ depend only on y® co-ordinates. The scalar K
is constant and greater than zero.

We require that the field strength F' must be invariant under the isometries of dSy,
hence it decomposes as follows:

F = cdvol(dSy) + X, (2.10)

where c is a constant due to the Bianchi identity and X is a closed 4-form on M7 depending
only on y* co-ordinates. The gauge field equation (2.2) is equivalent to

d(A* %7 X) =X . (2.11)

It will be convenient to state the non-vanishing components of the spin-connection, and
curvature components. The non-vanishing spin-connection components are

K
Qupp = A ol
VA
Qu,il/ = _777#1/
Qijr. = Qiji(M7), (2.12)

where on the L.h.s. Greek indices are frame indices on dS4, and on the r.h.s. they are
co-ordinate indices on dS4. V; denotes the Levi-Civita connection on My.



The non-vanishing Riemann tensor components are

K V;AV'A
Ruvas = (uatipy = vatlpp) | 3 — — 2
1
Riaj/o’ - _ZviVjAnaﬁ
Rijkl = Rijkl(Mﬁ (2.13)

where on the Lh.s. Greek indices are frame indices on dS4, and on the r.h.s. they are
co-ordinate indices on dS4. The Ricci curvature tensor components are

Ryy = nyu (3A72K — A7'V,V' A — 3472V, AV A)

R, =0

Rij = —4A'V,;V,;A + R;;(M;) (2.14)
where on the lLh.s. Greek indices are frame indices on dS4, and on the r.h.s. they are

co-ordinate indices on dSy .
The (uv)-component of the Einstein equations of motion (2.4), imply that

A
BKA™ — V.V A BA ' AVIA 4 S 2AT 4
3 144
From the (ij)-component of the Einstein equation of motion (2.4) and the third equation

n (2.14), one finds

——X?2=0. (2.15)

1 1
Rij(M7) = 4A7'V,V;A + 75 Niarazas X; 7% + L2 y- 861 — mx% (2.16)

On taking the trace of (2.16), and using (2.11) and (2.15), we obtain

R(M7) —8A™IV,VIA — 12472V, AV A + 12472 K + 1c2A—8 _

—X?2=0. 2.1
6 144 0 (2.17)

3 Integrability conditions from the KSE

In this section, we begin the analysis of the KSE by computing the integrability conditions
associated with (2.6). These results will be particularly useful when we explicitly integrate
up the KSE along the dS; directions in the next section. From (2.5) we find

0 1
—e=— [~ Kz°T, AT*T, . AT r4) 1
s R( 2Ty + Vk +288 r,X - (3.1)
and 9 | 1
—4 4 lm
r;,r Qi 2
e = b (5P + 5 — g~ ™ e, (32
where
I =rorirrs, (3.3)
We remark that (3.2) is equivalent to
o= — — AT T - = ) 4
Vie= (5P + 13 X (3.4)

where V; denotes the Levi-Civita connection on Mj.



We use these expressions to derive several integrability conditions. First, from the
integrability condition on dS4 spacetime

o 0 o 0
(83:“ oxv Oz 830“) e=0, (3.5)
we get
2
2 g C 46 3 it AYE) . —
(VA| K 9 A (144) X + cA VAT 8AV1AX ) € (3.6)

On the other hand, from the integrability condition with one direction on dS4 and the other
( 0 9 o 0 > c—0
ozt dy*  dya dxt)
A 5 A

( fv NVRATE + — v, X + =

on My, i.e.

(3.7)

we get

l1l2l3l
288 6 288 (F[zlllz Jas 5]2 51]41] J1j2j3ja X 4)

5 A

lilalsl -3 =4
+ 5988 (P[1X11121314] X 4) + @A (10X; —T:X)T

A . c ) .
+ mrll J3Ja X, lijij2 2 X injsja + §A Ay AT ivaFllblg,inllzl?’k

— %A*‘*VMP’“ I+ %varm" Ximn k) e=0. (3.8)
The integrability conditions (3.6) and (3.8) are, however, not independent; (3.6) is
implied by (3.8). To see this, contract (3.8) with I'!, and using equation of motion (2.15)
and the Bianchi Identity dF' = 0, we are able to derive the integrability condition (3.6).
So far, we have analyzed the integrability conditions involving the dS, part of the
covariant derivative (3.1). The integrability condition on M7 given by

Vi, Vsle = 3 Rigmal™e, (3.9)
is
PRl = |5 (ViPXG) — V5(PX)) — SA™ (VAT - VAT T
- i = (ViX; - VX)) + 2882 (DX DX, — DXGEX)
362 (XX, — X X5) + @E (M(j — Db T
+ %%A (I,DX; — LX) T+ @% (CX X ; — X LX)
+ @% (XX —PXGX3) + %Aigfz‘j
+ @A LT - T X T+ 502/1‘4 (X, — X,T) T e, (3.10)



In fact, (3.8) is implied by (3.10). To see this, contract (3.10) with TV and use the
Einstein equation (2.16), the Bianchi identity, Ryjij) = 0, and the condition dX = 0, as
well as the gauge field equations (2.11). In particular:

e The condition dX = 0 is used to derive:

qrimezasy x, oo = Vi X (3.11)

o The gauge field equation (2.11) implies that from
AAT VX7 — v, XT3) 4 cA3(0 X — XTy) T
+ 16V, AT X — X'Ty) =0, (3.12)
and from this condition, it follows that

AT apas Vi XF019203 = _c A3 X T — AV AT 0, apas X 7019295 (3.13)

o The gauge field equation (2.11) also implies that
4A(FNij + vajFi) + CA_3(F1'X + Xrl) f‘4
+16V,A(TX7 + X'Ty) =0, (3.14)
and from this condition, it follows that

1 1 N
ATOVF X0 = —ECA_3F¢XF4 + gcA_3XiF4 —AVFAT Xt - (3.15)

Hence, it follows that the integrability conditions (3.6) and (3.8) are both implied
by (3.10), which is derived from the integrability condition of (3.4).

4 Integration of KSE

In this section, we will explicitly integrate the KSE along the dS4 directions. In this analysis,
we shall show that the KSE reduce to a single gravitino-type KSE acting on a spinor 1 which
is independent of the dS; co-ordinates. To begin, we shall define a spinor @, as follows:

_A 1 k 374
o = %Xe— §vaF €+ acA T e, (4.1)

where a is a constant to be fixed. We have chosen the relative coefficients between X and
d/A in (4.1) motivated by the first two terms in (3.8). We shall show that one can choose
the constant a, as well as other constants ki, ko, q1, q2, q3, q4, g5 such that

Vi® + ki[Eq. (3.8)] + ke AT [Eq. (3.6)]
+ PX® 4 X ;@ + qzc AT + ATV AT TR® 4 s ATV, AD = 0. (4.2)

Details of this calculation are presented in appendix C. One finds that

1 1 1 1
ki=—-1 a=—= =— =—— =—— ka=q=¢=0. 4.3
1 a 6 q1 238 q2 36 q3 12 2 =44 = (5 ( )



Given this choice of constants, the spinor @ is

(A 1 ko C 3~4>
<1>_<288X QVkAP 6A e, (4.4)

which satisfies the following equations

0 1 1 1 A c -
—d=— |—ZKz°Ty, + T, [ =VLAT* + — A3r4)] ) 4.
Dk R[ g ot “(2vk + 558X T 5 (4.5)
0 , 1 c . 1 1
®=e) (- PX;+ AT + —X; — -Q; r’m> d. 4.
aya €a ( 288 J + 12 J + 36X] 4 7,lm ( 6)

These equations are similar, but not identical, to the original Killing spinor equations for
€ (3.1)—(3.2). The differences are in terms of certain signs appearing in (4.5)—(4.6), which
are flipped with respect to (3.1)—(3.2) — in (4.5) the second and the fourth term with
respect to (3.1) and in (4.6) the first and the third term with respect to (3.2).

Equations (4.5) and (4.6), will be particularly useful in the process of integrating up
the KSE along the dS4 directions. By using (3.6), (4.5) becomes

0 K K
@@ = —ﬁxal—‘a‘u@ - RF#G . (47)
By using the definition of ® (4.4), one can rewrite %6 as
0 1 1
@6 = ﬁ (—4K1’arauﬁ =+ PV’@) . (48)

Applying a second derivative a%v to (4.8), using (4.7) and finally exploiting (4.8) to cancel
R*1PM<I> terms, one gets a second order differential equation for e, namely

88+K< N a> K? LK 0 (4.9)
or dzv T AR\ oa < o) T 1eR2 T T ap e T '
On defining 7 by
€= ’R_%n, (4.10)
it is straightforward to see that (4.9) is equivalent to
o 0
@8351/77:0 = 77:¢+.1‘/\T)\, (4.11)
and hence this equation can be integrated to find
n=1v+a n, (4.12)

where ¢, 7\ with A = 0,1,2,3 are Majorana spinors which do not depend on the x,
co-ordinates.

Given this expression for ¢, i.e.

e=R (Y +a'n), (4.13)



we substitute it into the KSEs (3.1) and (3.2). As the spinors v, 7 are independent of the dSy
co-ordinates, on expanding (3.1) and (3.2) order-by-order in z, we find various conditions.

In particular, from the KSE along the dS; directions (3.1), the vanishing of z-
independent terms imply that the Majorana spinors 7, are given in terms of 1, as follows:

A 1 _
7, =T, (288X - 5vark — 2A3F4> P (4.14)

The vanishing of the terms that are linear in z, in (3.1) imply

2 ,
<|VA|2 ~- K — %A‘ (144) X cA‘SViAFif4 — 118AVZ-AX1> =0, (4.15)
and we remark that this condition is equivalent to the integrability condition (3.6), but
with e replaced with ). The terms in (3.1) which are quadratic in x, vanish identically;
this then exhausts the content of (3.1).

Next we consider the KSE along the seven-dimensional internal directions, (3.2). Again,
we substitute in (4.13) and expand order-by-order in dSy co-ordinates. The vanishing of
z-independent terms gives

Vi = <288M + A ) X> (4.16)
The above equation (4.16) implies that 1 satisfies a gravitino KSE along the internal
directions, which is identical to the condition (4.16) but with e replaced with ).

From the terms in (3.2) which are linear in z,, we obtain

A A o
288 ViK - V VAT + T8t X+ + gl irdais P82 X 1,1, X 71927301
A o q o
_ @Fleij2j3j4XJ1]2J3]4 _ %Fiﬁjz lll2Xj3j4lll2X]1j2]3j4
A

5
— @CA 30, XTH + cA 3X M+ MF ab Ximpg X P10

+ 72varw2j3thm3 + v AT X,

— %A‘4VkAF’“Fif4 + %CA_4viAf4 =0 (4.17)

which is identical to the integrability condition (3.8), with € replaced by . This then
exhausts the content of (3.2).
Hence, we have shown that the spinor € is given by

e=R:(V+a ), (4.18)
where 4 .
T _ -V, ATk — CA_3f4) . 41
=TI\ (288X 2Vk 5 P (4.19)

~10 -



The Majorana spinor v is independent of the dS4 co-ordinates, and satisfies (4.16). Fur-
thermore, ¥ must also satisfy the algebraic conditions (4.17) and (4.15). However, as we
have shown in the previous section, the integrability conditions of (4.16), together with the
bosonic field equations and Bianchi identities, imply that (4.17) holds. Furthermore, we
have shown that (4.17) also implies (4.15). Hence, the necessary and sufficient conditions
for supersymmetry are encoded in (4.16).

4.1 Counting the supersymmetries

Having determined that the necessary and sufficient conditions for supersymmetry are given
by (4.16), we shall now count the number of solutions to this equation. In particular, if 9
satisfies (4.16), then so does I',,7). We choose a null basis for the Majorana representation
of Spin(10,1) and take the dS4 frame directions to correspond with the +, —, 1,1 directions,
see appendix B. The frame directions associated with the internal manifold M7 correspond
to the 2,3,4,2, 3,4, # directions.

With these conventions for the de Sitter and internal manifold frames, we define
lightcone projection operators as

P = % I+T, ). (4.20)

As the projection operator Py commutes with the supercovariant derivative (4.16), we then
decompose the spinor v using the lightcone projectors and we define 14+ to be

V=P = Tythy=0. (4.21)

Without loss of generality, utilizing these projection operators, any supersymmetric
solution must admit a positive chirality solution % to (4.16). Given such a v spinor, we
can then define

by =T3¢
Yo =T (I +Tp)Ys
Y =il _(Ty —T1)ihy . (4.22)

’L/~1+ is an additional positive chirality solution to (4.16), and {u_, 1;_} are two negative
chirality solutions to (4.16). {14, t,%_,1h_} are linearly independent, as by construction
they are mutually orthogonal with respect to the Dirac inner product ( -, - ).

It would therefore appear, a priori, that the number of supersymmetries is 4n. However,
there are, in fact further additional spinors. To see this, note that (4.6) implies that

A 1 N
X — -V, AT — CA3F4> . (4.23)

b, = (T ') | —

is also a positive chirality solution of (4.16). Furthermore, it can be shown that {¢,, 0, ¢}
are linearly independent. To see this, suppose that

Ui = ey +icl iy, (4.24)

- 11 -



for real constants c1, c2. Acting on both sides of this condition with the operator (I'; +

Fi)(Q‘%SX — IV ADF — %A_?’f‘l), and utilizing the integrability condition (4.15) to simplify

the Lh.s., we find
K
- Sv=(E+3), (4:25)

where we have also used (4.24) to simplify the r.h.s. It is clear that this admits no solution,
as K > 0. Hence, we find that we can construct four linearly independent positive chirality
spinors which solve (4.16), corresponding to {1, ¢y, 1Z+, ¥ +}, where ¥ 4= z'l“ﬁzl. There

are also four corresponding negative chirality spinors given by {¢_, o, 15_, 12_}, where

o =T (T1 4Ty, =il . (4.26)

Hence we have constructed 8 linearly independent solutions to (4.16),

{0 b, by v b0 (4.27)

and it follows that the number of supersymmetries for warped product dSy solutions is 8n,
n=1,234.
We remark that the existence of the additional spinors &i, @i is somewhat analogous

to results found in the analysis of near-horizon geometries of supersymmetric extremal
black holes [23] and also for warped product AdS solutions [24]. In these cases, given a
Killing spinor, one also finds that additional Killing spinors can be generated by the action
of certain algebraic operators constructed out of the fluxes of the theory.

5 Spinorial geometry: canonical forms for

In this section we shall use Spin(7) gauge transformations to bring the spinor 14 to one of
several simple canonical forms. We will describe the gauge transformations used to do this
explicitly.

The most general form of a positive chirality Majorana spinor ¥4 € Asy can be
expressed by using (B.7), i.e.

~ - . 1 -
Py = wl 4 weyo3q + )\161 + )\16234 + )\Jej — g(*)\)llbl?’ellbls
1_
+ Qleyq — jQqEq " emn » (5.1)
with 1, q,m,m = 2,3,4. As the action of SU(N) on CPN~! is transitive, one can apply
a SU(3) gauge transformation in the 2,3,4 directions to set, without loss of generality,

B =0r=0"1ie.

_ A 1 _
Py = wl 4 weya3q + )\161 + )\16234 + )\]ej — 5(*)\)l1l2l38111213 + Qejo — Nesy . (5.2)

!Generally, the complex value Q2 can be set to be real with the same SU(3) transformation used to
set % = Q* = 0. It does not happen in this specific case due to the fact that Q2 will be promoted to be
complex value in the next gauge transformation.
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To proceed further, we define T, T2, T2 as
1 i i
T = 5(1_‘34 + Fg;l) T = §(F34 — ng_l) T3 =TT, = §(F33 + F4;1) . (5.3)

It is straightforward to verify that 7% with i = 1,2, 3, which satisfy the algebra of the
imaginary unit quaternions, preserve the span of the following basis elements

v1 = (1+ei231)  v2 =i(1 — eio34)

V3 = (612 — 634) Vg = i(elz + 634) (5.4)
and we remark that the Spin(7) gauge transformation generated by the T; is of the form
p*id + p'T; where (p*, p?,p%, p*) € S°.

Then one can carry out a SO(2) gauge transformation generated by T3 to set w € R.
So far, the spinor ¢4 can be written as

_ ) 1 - _
'(/)+ = ’w(l + 61234) + )\lel + )\16234 + )\]ej — g(*)\)llbl?’ellbh + Qem — 9634 . (5.5)

A SU(3) gauge transformation generated by i(I'y; — 3135 — 3I'45), which leaves {1, e1234}
invariant, is then used to set € R, so

_ . 1 -
Py = w(l + 81234) + )\161 + )\16234 + )\]ej — 5(*)\)l1l2l3el1l253 + Q(elz — e34) . (5.6)

We next exploit a SO(2) transformation generated by 77, acting on v; and v3 to put
Q = 0. Then, we make a further SU(3) gauge transformation along the 2, 3,4 directions to
set A3 =\ =0 with A2 € R, i.e.

Yy = w(l + eja34) + Mer 4+ Meazs + A2 (ez — e134) - (5.7)

In order to simplify further the spinor v, we shall introduce additional Spin(7) generators
L1, Ly, L given by

L4 ﬂ(rg + F@), ﬁ(FQ — Fi)v L3 = L1Ly = tI'y5. (58)

1 )
=T Ly=—-T
V2 T2
The L; also satisfy the algebra of the imaginary unit quaternions, and commute with the
T;, and the Spin(7) gauge transformation generated by the L; is of the form gtd + ¢7 L;
where (¢', ¢%, ¢, ¢*) € S3. We shall then consider a generic gauge transformation generated

by the T; and L; of the acting on the spinor (5.7) of the form

(p*id + p'T3) (¢*id + ¢/ L) Y5 - (5.9)
We set ¢> = ¢ = 0 and ¢! = sino, ¢* = coso, such that
wA? cos 20 + %sm 20(w? — (A2 = \P) =0 (5.10)
and

p' = Re(\)sing, p* = —Im(A\)sino,
P> =0, p* =l(wcoso — N2 sin o) (5.11)
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where the constant £ is chosen such that (p!, p?, p3, p*) € S3. With this choice of parameters,
the gauge transformation given in (5.9) can be used to set A2 = 0 in (5.7), so the simplest
canonical form for the spinor ¢ is given by

Vi =w(l+eiazq) +Xep +Aeass weR, AeC. (5.12)

5.1 Stabilizer group of ¢

It is useful to consider the stabilizer subgroup of Spin(7) which leaves ¢4 invariant. In
particular, we must determine the generators f% I';j, where f4 € R are antisymmetric in
1,7, and satisfy
The conditions obtained from (5.13) are
2wfoz/3’ — \/éj\f#ﬁé‘ﬁ af
N = ﬁwf#ﬁsﬁ op
f*a=0. (5.14)

Depending on w and A, there are two possible different stabilizer subgroups:

(a) if w? — [A|? # 0 then (5.14) implies that f,g = 0 and f;, = 0, hence the stabilizer is
SU(3).

(b) if w? — |A|? = 0, the stabilizer is Go.

In the SU(3) stabilized case it is particularly useful to consider the complex SU(3)
invariant spinor bilinear scalar (14 ,T'1¢+) = 2¢/2w). There are various different cases,
corresponding to whether this scalar vanishes, or it does not vanish:

(i) w#0,\=0,
(7)) A\ #£0, w =0,
(i) w # 0, A # 0.

In fact, it is straightforward to see that the spinors associated with cases (i) and (i)
above are related by a Pin(7) transformation. To see this, consider the spinor from case (i),

Yy = Nep + Neazs - (5.15)

The Spin(7) gauge transformation generated by L3 produces a SO(2) which acts transitively
on {e] +ea34,i(€1 —e234)}, and hence without loss of generality we can set 14 = A(e1 +ea34)
for A € R. Next, note that

F234(61 + 6234) = —(1 + 61234) . (5.16)

It therefore follows that the spinor ¢ in case (i) is Spin(7) gauge-equivalent to a spinor
which in turn is Pin-equivalent, with respect to I'a34 € Pin(7), to the spinor in case (i). The
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effect of the I'og4 transformation is to flip holomorphic with anti-holomorphic directions
and to reflect along the # direction, namely

oa—a, H#— —#. (5.17)

It is therefore sufficient to consider spinors 14 corresponding to the Go stabilizer case,
and the two SU(3) stabilizer cases (7), (4#i). Having determined the stabilizers associated
with these three canonical types of spinors, we next proceed to obtain a linear system of
equations by substituting these expressions for ¢4 into (4.16). The linear system consists
of relations between the flux and spin-connection, which when covariantized with respect to
the appropriate stabilizer group, give rise to conditions on the flux X and the geometry of
the internal manifold M7. In the following sections, we shall present the covariant solution
of the linear system for each of the stabilizer subgroups.

6 SU(3) invariant spinor
In this section, we solve the KSEs (4.16) when the stabilizer of ¢, is SU(3), corresponding to
Yy = w(l + 61234) + Xe1 + 5\6234 weR, AeC, (6.1)

for w? — |A\|? # 0. We begin by considering the case for which both w and A are non-
vanishing. Furthermore, we will write A = pe?, where p > 0 and 6 € [0, 27| are two real
spacetime functions. The associated linear system and the components of the flux are
presented in appendix D. The linear system is initially expressed non-covariantly in terms
of SU(3)-components of the spin-connection and the fluxes, but, it can be rewritten in
SU(3)-covariant form by using the SU(3) gauge invariant bilinears. In appendix E we set
out the main relations which are used to write the relations in a manifestly SU(3) covariant
fashion, in terms of the following SU(3) invariant bilinears:

E=ef, wz—idagea/\eﬁ, X =

| —

1€apye” A A ner. (6.2)

w

The above forms are obtained from the following SU(3)-invariant spinor bilinears:

(¥4, Tathy)e® = —2(w® — [A*)¢ (6.3)
%M, Lol )et Aed = —2(w? — [AP)w (6.4)

S (14 T ey e A b A e = 2inn(A ~ Mg Aw
+4(w? — N + 4(w?® — N?)Y (6.5)

where a,b,c = a, &, #.
In constructing the solution to the linear system (D.2)—(D.13), it is convenient to make
use of the two Lee forms built from y, and w, which are

Z; = Vijkl)_(kl Qs W; = ijjkwki. (6.6)
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After some computation, the SU(3)-covariant conditions are as follows (here i, j, k = #, a, &
are frame indices on M7):

6¢7

Vlfi:—W[w(2w2+3\)\]2)(dw)j~+(3w2+2])\]2)9%e()\d5\)j] (6.7)
k~
VidIwij=—cA™*—6w 2““(7;‘?1) (6.8)
: (2w +2|)\|4+11w2|)\| )
Xijk (LeX) ]k——ﬁél[ W B e ()

(7w +4])\|4+4w2|)\| )
P ErRE e
(2w?+3[A%)
+3w( TR ] —4icA™? (6.9)
; ik — /3¢l (9w HAI ) (w2+4w )
o
+5W2A_W(dx)l] (6.10)
(A€) i1 = i )\(d/\)k w(d\)g (6.11)
(w2—|A[%)
74 w?dlog p+w?i w—ﬁdw—i—f A ’2(dw) —w?(dlogp); | &
w2_|)\|2 de w gP)j
(6.12)
W =gy | 0P~ AAP) (dw—g(du),¢)
+(5u+41A?) (dlog p-+iggw—¢ (dlog p)jgﬂ‘)} (6.13)
Lot = 3| (TwP+20P) (duw—g(dw)e?)
+(w? —1—2\)\\2)( (dlogp);&’ —dlogp—z’dgw)] (6.14)
mne  1_1 4 (WH[A]?) 2+|A|2) w® T
Xontfi(dE) ™" X' = AT iy () T2 mgkm(mm (6.15)

8IAP (5w’ + | A*)dw-+4wdp® (w” +5|A|*) +8wp® iggw (w” —|A[*)
—£i[8\)\]2(5102—{—|)\|2)dw+4wdp2(w2+5|)\|2)—|—8wp2id9w(w2—])\|2)L,:O. (6.16)

We also obtain a SU(3) invariant expression for the flux X. In general, any real 4-form
on My can be written as

X=e"AY+wAo+BAx+BAX+XT (6.17)
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where
e 0 is a real two-form;
e [ is a complex one-form, and /3 is its complex conjugate;
e Y is real 3-form;
o X™ is the traceless (2,2)-part of the flux.

We remark that X ™71 is the only part of the flux that is not fixed by the linear system.
However, a traceless (2,2) 4-form in 6 dimensions vanishes identically. To see this, note that
X™ is dual (in 6 dimensions) to a (1,1) 2-form R, R = %X *. Furthermore, by definition

1 -
= _b1babsby v TT _ = _pipeinve v TT
Raﬁ TR b1babsby — 4€a6 XM1M2171172
VR 13!
_ ' e _pip2 yIT _ Buipe Yy TT wvive _
= 4ea €3 XM1M2'71'72 =2 5OW1V2 X,UIMQ =0 (6.18)

as the contribution from trace terms in the final term vanishes. Hence R vanishes identically,
and so XTT =0.

It follows that the flux can be written as
X=e"ANY+wAo+BAxX+BAY (6.19)

where all of these terms are fixed by the Killing spinor equations. In particular, the
components of the real 2-form ¢ and of the complex 1-form g are given by

(@ =P)
Oij = (w2 + |A2) (wa)ij
— 2wy & [w(w? + 2AR)(dw)y + (20 + [A2)%Re(AdA)| (6.20)
T(w? — | AP)(w? + [A2)
Aw ) ; 3 (w? + |A]?) kj—
i = —3V2 55— ; Wil sy 7 Xk
i = =32y [(Ced) (L6, o] + 53y (49 s
(wh + 4w A2 4 [\ ki -
21
R s ) e (021
The real 3-form Y has components
Yvijk = qwy; l(dw)jk]l + (w A\ V)ijk + hXijk + ;L)_(z]k (6.22)

where ¢ and h are functions, and V is a real one-form, given by:

(w® =A%)
(w? + [A]?)

w? — A2 ,
Vi= Ewhrmwﬁ(ﬁgg)j (6.24)

B 3v2 1% w3 wA? -
~ 2 - [T e Y e

= -3 (6.23)

h

/i _i'
— qu Jk(dw)ijk. (6.25)
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6.1 SU(3) invariant spinor with A = 0, w # 0
Next, we consider the special case of the SU(3) invariant spinor

¢+:w(1+61234) w € R, w;é()

The SU(3) covariant geometric conditions obtained from the linear system are:

(dw)(3’0) _ (dw)(0’3) -0
d(w*€) = —gA*‘lwwA‘
T (Lew) = 0
Z; = —20(w™ dw); + 206 (w dw)
Wi = 8(w™ ' dw); — 8&£" (w™ dw)y
Jm ()_(ijk(ﬁgx)ijk) —4cA™ =0
VG = —12¢fw ™ (dw)y
Vifjwij = —cA*.
The flux X can be expressed as

X=e"AY +wAo

with
o= —w 2 Le(ww)
and
Yije = —3wp; H(dw) jrg + (w A V)i
where

Vi = wi?(Le€); -

7 Gg invariant spinor

(6.35)

(6.36)

(6.37)

(6.38)

In this section, we shall consider the case when the stabilizer of ¥ is Go, corresponding to

the case
Py = w(l + 61234) + Ae1 + Aeasy weR, AeC,

(7.1)

with w? = |A]2. We shall show that this orbit admits no solutions to the Killing spinor

equations and the bosonic field equations. To establish this result, we set A = e“w, where

( is a real function. The geometric conditions we obtained by solving the linear system are:

dw =d¢ =0
Qya®=0
a C 4
Q#,O& = 'LEA
Qpape™ = V2e Oy p”
Qi ape®™ = V2 Qg
2Q;7° — \@e*ngvpaQﬂ’#a + V2 ge*iCA%gﬂ " =0.
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Furthermore, we find that all of the components of the flux X vanish,
X =0. (7.8)
As X =0, the integrability condition IV [V;, V;] ¢4 from (3.8) implies that
{—;vivmr’ﬂ n gA“lViA ™ %A—‘ivark ; f4] by =0, (7.9)
Multiplying (7.9) by I';, we find
[—;viva(af 0+ gA"‘ViAFl i
_ 1% ATWLA R 4 68D — 6, TF) fﬂ Yy =0. (7.10)

We next take the inner product of (7.10) with 4, noting that the anti-hermitian terms
vanish identically as ¢ is Majorana. The hermitian part gives

(W, —%VNZA - %A—‘*varl B4 ) =0. (7.11)
The symmetric part of (7.11) then gives
VVIA[YL P =0 = V,V;A=0, (7.12)
and the antisymmetric part of (7.11) implies
- %A_4Vk14<¢+, I*iy) = 0. (7.13)

The 3-form spinor bilinear in (7.13) is proportional to the Go-invariant 3-form ¢ given by

o =e" Aw—2ivV2Tm(e?y), (7.14)
Popop = ~1047 Papy = —i1V2€ a5y = (0555)" - (7.15)

Hence (7.13) implies that
0irVFA =0 (7.16)

which in turn implies that dA = 0, so A is constant. However, from the Einstein field
equation (2.15) we obtain

. , 1 A
3KA™Y —V;VIA-3A7'V,AV'A + gc2A*7 + sz =0. (7.17)
It is clear that this equation admits no solution in the case for which A is constant and X = 0,
as the Lh.s. is strictly positive. Therefore, we conclude that there are no supersymmetric

warped product dSy solutions for which the spinor ¥4 is G2 invariant.
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8 Conclusion

We have obtained the necessary and sufficient conditions for warped product dS4 x,, M7
solutions in D = 11 supergravity to preserve the minimal N = 8 supersymmetry. To do
this, we first integrated explicitly the gravitino equation along the dS4 directions. This
reduces the conditions imposed by supersymmetry to a gravitino-type equation on My
acting on a Majorana spinor ¥, whose components depend only on the co-ordinates of
M. Using spinorial geometry techniques, the spinor 4 was then simplified to two possible
canonical forms by Spin(7) gauge transformations. These two canonical forms have stabilizer
subgroups corresponding to Go and SU(3). In the Gy case, we show that there is no solution
to the Killing spinor equations. For the SU(3) case we have determined the 4-form flux
in terms of SU(3) invariant geometric structures on My, as well as determining all of the
conditions imposed on the geometry of Mr.

Having obtained these conditions for the N = 8 solutions, it would be interesting
to further investigate the resulting (local) conditions on the geometry. It would also be
interesting to consider the N = 16 case, as well as the N = 24 and N = 32 cases. In
particular, for the latter two cases of N = 24 and N = 32 supersymmetry, it is possible
to find further conditions on such solutions utilizing the homogeneity theorem analysis
constructed in [25]. To proceed with this, suppose that there we have N linearly independent
solutions {¢" : r=1,...,N} for N =24 or N = 32 to the gravitino equation (4.16). We
then consider the integrability condition (4.15), which implies

2 2
2 g Cge_ A w2 2 s apitd - L gvaxt ) —
<|VA K 9 A (144)2X + 3cA VAT 18AVZAX ) v*=0. (8.1)
This implies that
2 2
rop T 2 . 6 A 2
<1/’ , Tol' <|VA| K 9 A (144)2X
+ %cA*SViAFif4 — 118AVZ-AXi>¢S> =0 (8.2)
and hence
e Tl V;A=0. (8.3)

On defining vector fields ©7° = (¢", I'gI';4*), this implies
C,C@rsA =0. (84)

For N = 24 and N = 32 solutions, it follows from the homogeneity theorem analysis of [25]
that the ©"° span pointwise the tangent space of M7, and hence

cdA=0. (8.5)

If ¢ # 0, then this implies that dA = 0. However, (7.17) implies that there are no solutions
for which A is constant. Hence, for N = 24 or N = 32 solutions, we must take ¢ = 0.
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This determines all possible N = 32 warped product dS, solutions. From [26], where
all maximally supersymmetric solutions in D = 11 supergravity were determined, the
maximally supersymmetric solutions are R0 with F = 0; AdS4 x S7 with 4-form F
proportional to the volume form of AdS,, AdS; x S*, with 4-form F proportional to the
volume form of S*, and a maximally supersymmetric plane wave solution which has F # 0,
but F2 = 0. In terms of possible N = 32 warped product dS4 solutions, the condition ¢ = 0
implies that F2 > 0 with equality if and only if F' = 0. Hence we exclude AdS, x S” and the
maximally supersymmetric plane wave as N = 32 warped product dSy solutions. It follows
that the N = 32 warped product dS4 solutions are R119 and AdS; x S*. In particular, it
is possible to write both R%* and AdS; as warped product dS4 geometries [17]. It would
be interesting to further understand the possible N = 16 and N = 24 warped product dSy
solutions, though the homogeneity theorem does not apply to the N = 16 solutions.
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A Conventions
We use the mostly plus sign signature n = diag(—,+,...,+). The gamma matrices satisfy
{FA,FB} IQQAB. (Al)

In these conventions, we take

Co1234567804 =1, (A.2)

and consequently the following duality relation holds

(p+1)(p—2) 1 A A
Laya, =(-1) 2 mEAl...Ap PR A AL (A.3)
where
€0123456789# = 1. (A.4)
The Hodge star of a p-form w is defined by
1
kWAL A, = EsAl...An_p Bl"'BPwsl...Bp . (A.5)
For every k-form w, one can define a Clifford algebra element ¢ given by
¢ =wa,. 4 DA (A.6)
In addition, one can define
4/20 = wCAl,..AkFAl“'A’“ , and Pwao = FCAI_HAkwAl"'Ak . (A.7)
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B Spinors from forms

The Majorana representation of Spin(10,1) can be constructed from the Spin(9, 1) spinor
representations and then adding the tenth gamma matrix I'x. This construction is derived
in an explicit representation, in terms of differential forms, in [27, 28]. We take the space
U of 1-forms on R®, with basis {ey,...,e5}. The space of Dirac spinors, A. = A*(U ® C),
is identified with the complexified space of multi-forms constructed from this basis. A, is
equipped with a canonical Euclidean Hermitian inner product ( -, - )

We then take the following representation for the gammma matrices:

Pon=—es An+ie;n  Dsn=es A1+iesn
Lin=e; An+ien 1=1,...,4
Lipsn =i(es An —iem) (B.1)
where 17 € A, and e, is the inner derivative along the direction e;. The tenth gamma matrix

can be chosen as

I'y = —T'0123456789 - (B.2)

One can verify that I‘%E = [. The gamma matrices satisfy the Clifford Algebra, namely
Fal'p+T'gl'4 = 2napl. The Hermitian inner product, acting only on 1-forms, is defined by

(2%q, wbeb> = (z“)*nabwb , (B.3)

and is then extended to the complexified space of multi-forms, A..

The gamma matrices are chosen such that I'y is skew-hermitian and I';, i = 1,...,9 are
hermitian with respect to ( -, - ). The Spin(10, 1) invariant Dirac inner product is defined as
D(n,8) = (Lon,0). (B.4)

In eleven dimensions a spinor can be Majorana; the reality condition is

n* = Tersom, (B.5)

where C' = I'g7gg is the charge conjugation matrix, and C* commutes with the gamma matri-
ces, i.e. CxI'y = T 4Cx . The Dirac representation of Spin(10,1) admits an oscillator basis as

1 1 ,
.= 7 (T5 —To) = V2esn Ty = 7 (T — iTass) = V2eaA

1 . 1 . :
r, = 7 (Ts5 +To) = V2ie, Ta= 7 (To + iTars) = V2ie, (B.6)

and I'y defined as in (B.2). In this oscillator basis, the gamma matrices satisfy the Clifford
Algebra, I'y/I'p + I'pl'4 = 2n4pI, with non-vanishing components are n,_ = ny = 1,

Nof = 5a5.
We note that (I'y)T = T_ and (T',)" = I's; (I't,T'%) act as creation operators on the

Clifford vacuum represented by the 0-degree form 1, where T4 = n4BT' 5. A general spinor

€ can be written as

5
1 ai...a — =
€= ];0 E%,,_akr 1k a=+,a. (B.7)
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C Derivation of equation (4.2)

Given the spinor ® defined in (4.1), we consider (4.2). In particular we begin by examining
the following terms:

Vi® + ky[Eq. (3.8)], (C.1)

where ki, ko are some constants to be determined. To begin with, note that the terms

which are linear in X are:

A 1 (120 +1—4k) 1 4 4=y
1+ k)=—V; —V,;A oo AT XT
(L k) gegVik + e VidX + 12 asgcA Tk
5k1 —1—18a) ,_ - 1 1 -
(5k: 53 Jea-sx Ft - so VAT X + o VAT X5
3+ 4k k i
+ 48 VAT X + g VRAT i,y X102 (C.2)
In order to set to zero the term involving V; X, we set k; = —1. Having done so, we then

consider imposing the condition

V;® — [Eq. (3.8)] + k2 A7'TY[Eq. (3.6)] + (1PX;® + g2 X; @
+ @3cATITAD 4+ uATIVLATTR® + s A7V, AD = 0, (C.3)

and compute all of the terms on the l.h.s., choosing the constants a, k2, g1, 2, g3, 4, g5 SO
that the identity above holds. The terms involving the quadratic contribution of X are

A (dka + 1 — 288q1)

lila . y. . J1j2J3J4
I U1J2X13141112X

1152
288q1 — T2q2 — 3
— 1728 2 )Fj1j2j3 102 X a1y, X128
8ko — 288q1 — 72q2 — 1 1+ 4ky — 288 1
= ?76 & )Fameimqupq ab — ( 212 n @FZXQ
(3 —288q¢1 + 72¢2) o
864 leXij2j3j4XJ1j2J3]4 : (C4)
The terms involving the linear contribution of X are
(1 —288q1 + 2q4 + 2g5) (12a + 5 + 12¢3 + 3456aq1) 1 _3 ~
A ——cATT; XT
576 VidX + 12 psed Tk
(288q1 — 294 — 1) (14 24q5 — 96¢1) o
7o VFAL X + 13 VR ATERE X o
8kg — 1 —288¢q; — 72 1+ 4ky — 288
+ ( 2 48 q1 Q2) vaFainkab _ ( + 272 ql)vaFijlengk]1]2J3
6 + 18a + 1728aq; — 432 ~
_(6+18a+ s 420) A=3 % [4 (C.5)
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The terms involving no contribution of X are

1
24(

+ ﬁ(161@ — 7 —36a — 12q3 + 24aqy + 12aqs)cA™V,; AT +

1 — 16ky — 24aqy + 12¢3)cA=4V* AL, T, T

1 1
+ (kQ — 2Q4> Ail‘VA|2FZ' — kQAilKPZ‘ — §Q5A71VkAviAFk

— %(:m + 4ky + 36g3a)P AT, (C.6)

By requiring that all terms in the above expressions should vanish, we are able to determine
the constant values, that are

1 1 1 1

ko =q1=¢5=0. (C.7)
D KSE linear system — SU(3) stabilizer
The linear system associated to the KSEs (4.16), with the spinor given by

Yy = w(l + 61234) + Xe1 + 5\6234 weR, AeC (D.l)

is as follows:

8#10—1—%9#& +24wX 5 —1102,4—4w—ﬂxx#234:o (D.2)

a#wrgﬂ#,aa— X, ﬁ+\wa#254—212A A=0 (D.3)

Wy 057 — V200 4 7+£)\X#a vy §X7 234=0  (D.4)

Ae”“ﬁﬁ#ag—\/in#v#V—w;)fX#a —;\X7234:0 (D.5)

Gﬂw—l—%wﬂy,a lewXu#a =0 (D.6)

am%mma%raxu#aa:o (D.7)

auw—%ﬂu7aa—%x#ma— \f)\XHzM =0 (DS8)

DA — éQW “+iXX#W *+ ?wxum =0 (D.9)

wQﬁ,aﬁgam V22 4 _*57 BXu#aﬁ_ggu 7 Xtpa +\6[/\€” Xpp3=0 (D.10)
wQu,W’—\QfAfwaQﬁ,#a%ﬂp %X#Q?)ZL /\2\4[Xa 8

+i iAA ‘fkwaxﬁaﬁ =0 (D.11)
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< A A V2
A e = V20 "+ 57 Kot Gen ™ Xpa * = “gwen P X o =0 (D.12)

2 2
A, = \gwgmﬁﬁ,#a%u A \/2}0 Xa®p?
cf )\ ﬁ
g WA X em| Ty W X7 =0. (D.13)

D.1 Solution for A 20, w # 0

From the linear system (D.2)—(D.13), we find that the components of the flux are given by
the following expressions

[e% 3 [ \ Yo
X#a 7= m _\/iﬂ))\&‘fy BQ#’QB — (U)2 + |)\‘2)Q#’# ’Y} (D14)
3 -

X5234 = m _2\/5)\1119#7#7 — (w2 + ‘)\’2)9#@5670‘6} (D.15)
Xpogr = =B N — Pwdh — Ay i A 4Aw} (D.16)
LR DY BV S A RV, Rt s '

@ 1 3
—12(w? + (M) Q0 @ + 2icA™H(w? + |N?)] (D.17)
A A .

Xiittap = 20,08 — \/%%BQ/L# 7+ djila (29#,#51 - \/5556}609# ’ ) (D.18)

5 w? -

Xﬁaﬂﬁ — \/§ EaypS, P — 2Q5 40 + 2(3108#111 — 04\

A — | A

+ ANON + Qo *(Bw? + 2|\ %) — z'éA*4(4|A|2 - w2)> : (D.19)

From the linear system (D.2)—(D.13), we also find the following geometric conditions:

4(w? = A?)dw + 2w(w? — [A*)Qp0

— 3V 2w Aeap s, *P 4 Bw(w? + A 2, = 0 (D.20)
4(w? — (AP + 22 (w? — A,

+ 3vV2wA%e 4050, P — 3N (w? + IN?) Q4 = 0 (D.21)
A(w? — A?)dw — 2w(w? — [A[*)Qy0

+V2AGW? 4+ 4N a0, P — w(w? + 17Ny 4, = 0 (D.22)
4(w? = A?)3u) — 2A(w? — (A1)

— V2w (4w? + 5|\ ?)epapy, % + AN1Tw? + [N?)Qp 40 = 0 (D.23)
20we™ P Qa5 — V2(w® + A4

— 22w Qg+ V2(w? + A?) Q7 =0 (D.24)
8(IN? + w?)Qp P — 8V2wAeTP* Q4

+ V2 P [ 20Ny 0 — 2004 — 200w + icA™ dw] = 0 (D.25)
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6(AILA — AIg)) + 6(w? + (M) Qpa® —icA™H(w? + |\ =0 (D.26)

2u(w? = AB)O ay + VINWE — AD)Q° e,
— wQy o (w? 4 5|A%) + V2A2w0? + [N?)eyasQs, @ =0 (D.27)

2v2w(w? — N2 eh5, — AN(w? — [AH)QY 4o — 30wAIyw
— 6w? 0\ — 240204\ — 6A(w? + 2]NH)Qp0 * + 3icA* dw? =0 (D.28)

(w2 = A2 (Qusa — Qagn) + ua | (Bw? + 2]A) AIgA — AIgN)
—2(w* + 3w A2+ AN Qp0 @+ ¢§A—4(2w4 +w? A2 20N ] =0. (D.29)

D.2 Solution for A =0, w # 0

We next present the components of the flux and the geometric conditions associated to the
KSEs (4.16), with the spinor given by

1,[)+ = w(l + 61234) weR. (D.?)O)

We find that the components of the flux are given by the following expressions

Xpozs = Xpoza =0 (D.31)
Xpa T = =30y 37 (D.32)
X0 5P = —24w oy (D.33)
Xittas = 20,08 + 20500 0y ) (D.34)
Xavs F= (Qppr + Q) + 45pyw_16#w. (D.35)

Furthermore, we find that the geometric conditions are given by the following expressions

Q™™ =0 (D.36)
Qp = —4w 0w (D.37)
Quo® = 4w 0w (D.38)
Qma,@ =0 (D39)
Qups = (D.40)

Ogw
Q%op = —2— D.41
8 ” (D.41)

opw 1 4

0% 4o —6T— — —cA™* =0 D.42
# o 3¢ (D.42)
(Qa,p8 — Qs.pa) - igA"*éag =0 (D.43)
Qpo® = i%A"‘ . (D.44)
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E Covariant relations

In this appendix, we present the main relations used to covariantize the linear system.
These expressions relate spin connection terms to SU(3)-covariant terms involving the SU(3)
invariant 1-forms &, w and y, their Lie derivatives with respect to £, and also the Lee forms
W and Z:

Vil = (Lef)p = =D p (E.1)
Vaés = —Qa #p (E.2)
Viwas = 210 5 (E.3)
Wo = —Qup pa — 207 5, (E.4)

Wa = —Qpua —20° 5 (E.5)

Z5 =20 45+ 205,74+ 2Q7 55 (E.6)

Zy =20 4, +20,57 +207,, (E.7)
(Lew)ap = 2iQs.ap + i1(d€)as (E.8)
(‘wa)&B = _2iQ#,&B - i(df)a,é (E.9)
(Lew)as = i(Q 4o + L p) (E.10)
(Lex)apy =3 eapn — 3.4 gy = (Qpn ™ — Qs Meapy (E.11)
(LeX)aps = (77 = Q3% Veras (E.12)
Lex = (Lex)™ (E.13)

The spin-connection components are rewritten in terms of those covariant quantities as

Qo = —% (Lelp+Wut Zy) (E.14)
Qppp = =Vl = —iVgwy, = —(Le)u (E.15)
Q0 = _%v#waﬁ = —% (i(Lew)ap + (dE)as) (E.16)
Qapy = _%(dw)@ﬁv (E.17)
Qaup = % (i(QW)aa —(d)s5 —5™" (ﬁgx)wa) (E.18)
Qap7 = %‘deg;y (E.19)
Eapy VoW = %aam(dw)o‘ﬁ7 (E.20)
Qa6 = —Vabp = —iVawyp (E.21)
Qup” = —%Eam(ﬁgi)“m + V2 (E.22)
0 go = % ((Le&)a — Wa) (E.23)
Qe Ml = —%(df)”’g (E.24)
0% 4y = =V, = —iV%Wsq . (E.25)
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