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1 Introduction

In addition to its large conceptual importance for the foundations of quantum theory,
entanglement also constitutes a key resource for quantum technologies [1–4] and plays
an important role in strongly-correlated quantum many-body systems [5–8]. Historically,
entanglement has been studied widely in systems consisting of spins (i.e., qubits or qudits)
or similar local degrees of freedom that interact with each other [9–11]. The characterization
of entanglement is, however, much more subtle in highly-constrained systems such as lattice
gauge theories (LGTs) [12–22]. Such theories are defined by local conservation laws given
by the gauge symmetry (e.g., the Gauss’s law in quantum electrodynamics (QED)). These
restrict the dynamics to small parts of the full Hilbert space, so-called superselection sectors
(SSs), which are determined by an extensive set of local conserved charges [23, 24]. As a
consequence, coherences between two SSs with different local charges cannot be accessed,
as there is no physical, gauge-invariant operation that would allow one to couple them.
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This generates a situation that is drastically different from spin systems, where arbitrary
operations are allowed to explore the full Hilbert space.

Although challenging, it is highly desirable to get a handle on entanglement in LGTs:
on the theoretical side, the role of entanglement in the thermalization and equilibration of
gauge theories is an outstanding question in the field of high-energy physics [25–27]; on the
practical side, gauge theories are of great interest for quantum technologies, e.g., through
their close relation to paradigms of topological quantum computing [28] and the large num-
ber of gauge quantum-simulation experiments that are currently being developed [29–40].
In recent years, the subtleties of defining entanglement entropy and other full-fledged entan-
glement measures for LGTs have been highlighted in the literature [12–22]. However, the
experimental observation of such entanglement measures requires knowledge of the system
state that grows exponentially with system size. In contrast, the concept of entanglement
witnessing [41–46] provides an efficient and scalable framework for accessing entanglement.
However, it has not yet been extended to LGTs.

In this work, we introduce entanglement witnessing for LGTs. This framework is based
on a careful definition of separability of such a highly constrained system. We obtain a
viable definition by combining recent developments concerning entanglement in LGTs with
a physically motivated approach that has, e.g., been successfully applied in the past to
massive fermions that are subject to the global superselection constraint of particle number
conservation [47–49]. In our framework, two spatial regions of a LGT (figures 1a) are sepa-
rable if and only if the expectation values of all gauge invariant observables with support in
both regions decompose into products (see figure 1c). Conversely, if the expectation value
of any such observable exceeds the expectation value allowed by separable regions, the state
of the system is witnessed as entangled (see figure 1d). Using the example of a U(1) LGT
in two spatial dimensions, we analytically illustrate the role of the SSs, as these crucially
determine the attainable expectation values, and we provide an example for an entangle-
ment witness in this LGT. In a second example, we illustrate the entanglement witnessing
framework for a LGT consisting of U(1) gauge fields coupled to dynamical fermionic par-
ticles and anti-particles. Our discussions serve to showcase how some of the subtleties in
detecting entanglement in LGTs can be overcome with limited practical resources.

The rest of this paper organized as follows: in section 2, we discuss an operative
approach to define separable states in situations where the system is subject to a symmetry
constraint. This definition permits us to define adequate entanglement witnesses. We
illustrate this concept at the examples of a fermionic system with parity conservation and
a general LGT with arbitrary gauge symmetry. In section 3, we specialize to the example
of a pure U(1) lattice gauge theory in 2+1D. We introduce a set of entanglement witnesses,
exemplify its effectiveness through an explicit example of a small system, and discuss the
scaling of required resources with system size. In section 4, we extend the scenario of
section 3 by coupling the U(1) gauge field to fermionic matter. Finally, section 5 presents
our conclusions and discussion of potential lines of inquiry. The paper is complemented by
appendices that contain further technical details on conditions for a SS to be physical, a
scheme that enables to remove frozen plaquettes from the considerations, and the numerical
optimization of expectation-value bounds of the considered witnesses.
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Figure 1. Entanglement witnessing in lattice gauge theories. a) Lattice used for the examples in
this work. Top left: basis choice for the two-dimensional Hilbert space associated with the electric
field living on edges. Bottom left: physical states obey a local gauge symmetry, here exemplified
for a U(1) pure gauge theory. At all vertices j, adjacent electric fields have to sum up to zero
(two-in-two-out rule). Right: example of disjoint subregions A and B for which entanglement
witnesses are constructed in this work (ap and bp label plaquettes). b) The expectation value of
operator Ûa1 (Û †a1

) on |ΨA〉 as defined in equation (3.8) is α1α
∗
3 (α∗1α3). Analogous calculations

apply to each operator in equation (3.7). c) We define separable states as those where all tensor
products of operators ÔA and ÔB, acting on A and B, respectively, factorize. Witness operators
Ŵ± are constructed from sums of such tensor products, Ĉ =

∑
m Ôm

A ⊗ Ôm
B (see equation (2.8)).

d) If constructed suitably, bounds for the expectation value of Ĉ on generic states exceed those of
separable states and equation (2.8) defines effective entanglement witnesses Ŵ±.

2 Separability and entanglement in lattice gauge theories

Entanglement is a fundamental feature of composite quantum systems. It relates to the
amount of information and correlations shared in a non-classical manner between different
constituents [10].

For a system composed of local d-dimensional degrees of freedom (qudits), it is straight-
forward to define entanglement, since the many-body Hilbert space has a decomposition
into a tensor product. In particular, one can easily identify product states, i.e., pure states
that do not have any quantum correlations. More concretely, product states are those
states that can be written as a tensor product,

|ψprod〉 =
⊗
j∈L
|ψj〉 ∈ H =

⊗
j∈L
Hj , (2.1)
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where each |ψj〉 ∈ Hj ' Cd denotes the local state with respect to some labeling L of
the physical qudits. Separable states constitute a more general set of non-entangled states
which includes mixed states with classical correlations. Nonetheless, they are simply char-
acterized by product states since all separable state ρsep can be written as a convex com-
bination,

ρsep =
∑
µ

pµ |µprod〉 〈µprod| , (2.2)

of product states |µprod〉. Crucially, any state not of this form is entangled, so we can
leverage information about product states to detect entangled states.

Regardless of the underlying degrees of freedom (i.e., the dimension of the Hj and
associated algebra), whenever a tensor product decomposition exists, one can use equa-
tion (2.1) to pinpoint non-entangled states. However, there are physical systems that do
not admit such a decomposition, as is the case for the LGTs considered in this paper. For
such systems, the definition of product/separable states requires some care. Specifically,
one has to use the factorization of expectation values that holds for all product state,

〈ψprod|
∏
j∈L

Ôj |ψprod〉 =
∏
j∈L
〈ψj |Ôj |ψj〉 , (2.3)

as the basis for distinguishing non-entangled and entangled states.

2.1 Fermions with particle-number conservation

Before tackling the case of LGTs, it is instructive to consider the illustrative and pedagogical
example of a fermionic many-body system. In particular, it provides a familiar example
of a system whose product states are not described by equation (2.1). This will shed light
in the subtleties that occur in presence of superselection rules and the implications for the
separability criteria.

The Hilbert space of a system of fermionic particles is a Fock space,

H =
|Hsp|⊕
N=0
HN =

|Hsp|⊕
N=0
Hsp ∧ · · · ∧ Hsp︸ ︷︷ ︸
Nth exterior power

, (2.4)

generated by the exterior powers of the single-particle Hilbert space Hsp. Due to the anti-
symmetric nature of the exterior product, it does not admit a tensor product decomposition
that is compatible with the fermionic operator algebra. This is necessary to account for
the canonical anticommutation relations, but it is an obstacle as far as equation (2.1) is
concerned. Therefore, we require an alternative approach to define product states and
identify entangled states.

As pointed out in reference [47], the solution comes from equation (2.3) as it is a criteria
that relies solely on understanding the operator algebra and some well-defined notion of
subsystems. For instance, this approach provides and elegant way of understanding the
notion of a partial trace for systems of indistinguishable particles [50]. Most importantly, to
obtain a consistent rule it is critical to account for the parity superselection rules [47, 51, 52],
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as parity conservation informs how one must enforce equation (2.3). Concretely, given a
bipartition of the system into subsystems A and B, a product state is any state that fulfills

〈ÔAÔB〉prod = 〈ÔA〉A 〈ÔB〉B (2.5)

for all physical observables of the form Ô = ÔAÔB, where ÔA only acts on A and ÔB only
acts on B. The expectation values in the right-hand side are with respect to local states.

In order to make sense of equation (2.5), we must clarify what are subsystems and local
observables in this context. To do so, we fix a basis forHsp so that there are modesM which
label the single-particle basis states and the associated creation (annihilation) operators
ĉ†m(ĉm). The bipartition of the system splitsM into a disjoint unionM =MAtMB with
MA and MB defining the subsystems. There are two algebras of operators, Aπ and Bπ,
associated to the bipartition that correspond to the local physical operators of A and B,
respectively. Here, local means that an operator ÔA ∈ Aπ can only affectMA modes, and
similarly for operators in Bπ. As in [47], the π subscript indicates that the operators in
Aπ and Bπ must also be compatible with the parity operator P̂ = (−1)

∑
m
ĉ†

mĉm associated
to the corresponding subsystem. Hence, given a product state, equation (2.5) must be
valid for all ÔA ∈ Aπ and ÔB ∈ Bπ. However, it does not need to hold for nonphysical
observables that violate the parity superselection rule.

From equation (2.5), one can define separable states of a fermionic many-body systems
by considering convex combinations of product states, as in the case of a tensor-product
structure of Hilbert space. Again, it is important to enforce consistency with the parity
superselection rule [47, 52]. As such, all states envolved must be physical, i.e., there can
be no coherence between different superselection sectors of P̂ .

2.2 Separable states in LGTs

As the fermionic case illustrates, the algebras of local operators are the fundamental objects
that inform the restrictions placed on product states. In particular, the fewer observables
qualify as physical, the weaker the constraint given by equation (2.5) becomes, thus making
a larger set of states separable. Hence, in a highly constraint system, fewer states qualify
as entangled. With this insight, we are ready to discuss the notion of separability in LGTs,
which will present the theoretical basis for constructing entanglement witnesses for such
systems.

Crucially, our goal is to describe entanglement as an observer who lives within the LGT
would perceive it. Hence, the gauge symmetry constitutes a fundamental, and inescapable,
aspect of the system, and only gauge-invariant observables are admissible. This is in sharp
contrast with physical realizations that may exist, e.g., in an actual laboratory device
that performs a gauge-theory quantum simulation. An outside experimenter may perform
certain rotations on the qubits constituting the device or perform measurements in basis
that are incompatible with Gauss’s law, which observers within the gauge theory have no
access to. However, for our purposes, any coherence that couples different SSs should be
disregarded from the point of view of the gauge theory, since it does not translate into
non-trivial quantum correlations.
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The aim here is to detect entanglement between two subregions A and B of a LGT
defined on a lattice L (see figure 1a). For simplicity, A and B are taken to be two disjoint
subregions whose boundaries do not touch directly. This avoids subtleties that occur when
dividing a LGT into subsystems whose boundaries do touch [14, 16, 17, 24] and simplifies
some discussions and computations later on. Nonetheless, our approach is generalizable.
Similarly to the fermionic case, there are algebras Ag and Bg that correspond to operators
with support in A and B. The subscript g indicates that the algebra only includes operators
that respect the underlying symmetry, meaning here that they are gauge invariant. Just as
before, product states are those that factorize according to equation (2.5) for all ÔA ∈ Ag
and ÔB ∈ Bg (see figure 1c). As one might expect, only gauge invariant states are allowed,
in the full lattice and also in the subregions, so that the local expectation values are taken
with respect to physical states.

In order to further characterize product states, we notice that Ag and Bg can have a
non-trivial center [14]. In fact, this is precisely the obstruction to the existence of tensor
product decomposition and we can use this to our advantage. To make this concrete,
let us consider a set of generators {Ẑj}j of the center of Ag, denoted Z(Ag). Since the
generators can be diagonalized simultaneously, there is an eigenspace HA(ZA) for each set
of eigenvalues ZA = {Zj}j , i.e., for all |ψA〉 ∈ HA(ZA) we have Ẑj |ψA〉 = Zj |ψA〉. The
operators of Ag do not couple different HA(ZA) since they commute with the elements of
the center, so the eigenvalues ZA amount to SSs of the subregion A. Naturally, the same
principle applies to B and to the region covering the rest of the lattice, R = (A ∪ B). As
a consequence, one has a decomposition of the Hilbert space of the LGT,

H =
⊕

(ZA,ZR,ZB)
HA(ZA)⊗HR(ZR)⊗HB(ZB) , (2.6)

into a direct sum of the SSs ZA, ZR and ZB. Equation (2.6) holds because inside the
eigenspaces the generators of the centers are proportional to the identity, so that they
act trivially and there is no obstruction to a tensor decomposition within a fixed SS.
However, there is an important caveat, namely the direct sum only runs over compatible
combinations (ZA, ZR, ZB) of superselection sectors. For instance, the shared boundary of
A and R implies that the generators of Z(Ag) are related to operators in Z(Rg) so that
the values of ZA and ZR are not independent (and mutatis mutandis for ZB and ZR).
Hence, the compatibility rules between ZA, ZR, and ZB capture how, and when, one can
glue gauge invariant states of the subregions to construct a global gauge invariant state.
In section 3, where we discuss the concrete example of an U(1) LGT, we give an explicit
construction of the generators of the centers, and it will be clear that the superselection
sectors cannot be combined arbitrarily.

Equation (2.6) provides a way to use information about the algebras of locally gauge
invariant operators to characterize separable states. Namely, we know that the product
states factor after the projection into the eigenspaces and can use this to calculate expec-
tation values of separable states. Hence, one can write a separable mixed state restricted
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to A and B as
ρsep|A∪B =

⊕
(ZA,ZB)

p(ZA, ZB)ρA(ZA)⊗ ρB(ZB) , (2.7)

where the direct sum runs over compatible SSs (compare to equation (26) in [14]). The
distribution of the state into SSs is inherited from the global state and encoded into the
probabilities p(ZA, ZB). States of this form are exactly those that fulfil the requirement
that correlators between physically allowed observables factorize as in equation (2.5). In
some sense, this turns the approach typical of tensor-product Hilbert spaces around, where
first separability is defined on the state level from which then consequences on observables
follow. Importantly, equation (2.7) does not imply that the overall Hilbert space is a
tensor product as the non-trivial structure of equation (2.6) manifests itself through the
consistency relations among the different SSs.

Notice our discussion has no explicit mention of the superselection sectors of L so far.
In principle, this can be accounted for by ZL. Nonetheless, it is more convenient to fix the
global superselection sector from the start, so that Z(Lg) becomes trivial. Hence, unless
otherwise mentioned, we work with a fixed superselection sector HL(ZL) instead of the full
Hilbert space.

2.3 Entanglement witnesses for LGTs

An entanglement witness [41–46] is an operator Ŵ chosen such that the hyperplane 〈Ŵ 〉ρ =
0 splits the space of quantum states into two, with the convex set of separable states fully
contained in one half, typically chosen as 〈Ŵ 〉ρ ≥ 0. Any state with 〈Ŵ 〉ρ < 0 cannot be
separable, and must hence be entangled. In this way, one can use the measurement of Ŵ
as a tool to diagnose entangled states. Though entanglement witnesses are by definition
not able to detect all entangled states (those with 〈Ŵ 〉ρ ≥ 0) and do not define an ordering
relation between entangled states, they imply a significant resource economy: entangle-
ment witnessing entails the measurement of a (more or less complex) physical observable,
in contrast to the knowledge of the full quantum state that is required for full-fledged
entanglement measures such as von Neumann entropy or negativity [1, 43].

Entanglement witnessing is well-established for systems with a tensor-product Hilbert
space. To develop an entanglement witness for LGTs, we need to identify observables
that can faithfully divide out the separable states defined according to equation (2.7). We
consider witness operators of the form

Ŵ± = ±
(
ω±sep1̂− Ĉ

)
, (2.8)

with an observable Ĉ =
∑
m Ô

m
A Ô

m
B that is used to capture quantum correlations between

subregions A and B.
Most importantly, in the construction of Ĉ we must employ only gauge invariant

observables that preserve the local superselection rules, i.e., ÔmA ∈ Ag and ÔmB ∈ Bg. The
constants ω±sep are chosen to ensure a non-negative expectation value for all separable states.
By optimizing over all separable states,

ω±sep = max/min
ρsep

〈Ĉ〉ρsep
, (2.9)
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the 〈Ŵ±〉ρ = 0 hyperplane touches the boundary of the set of separable states, thus maxi-
mizing the entangled region detected by Ŵ± [46]. However, for the entanglement witness to
be effective, at least some entangled state has to overcome the bounds from equation (2.9),
i.e.,

ω− < ω−sep or ω+
sep < ω+ (2.10)

where ω± is the maximal/minimal eigenvalue of Ĉ.
In practice, the direct sum in equation (2.7) enables a substantial simplification of the

optimization procedure in equation (2.9). Namely, we can solve the optimization procedure
for product states within a fixed pair of compatible SSs ZA and ZB,

ω±sep(ZA, ZB)=max/min
|ψA〉,|ψB〉

∑
m

〈ψA| ÔmA |ψA〉〈ψB| ÔmB |ψB〉 . (2.11)

Optimizing subsequently over all compatible pairs ZA and ZB, one recovers ω±sep. This
procedure is significantly more efficient than performing a single optimization over the set
of all separable states. Moreover, in a scenario where there is additional information about
the state being evaluated, a more sensitive witness may be obtained. For instance, if the
probability distribution p(ZA, ZB) is known, the constants

ω±sep(p) =
∑

(ZA,ZB)
p(ZA, ZB)ω±sep(ZA, ZB) (2.12)

yield tighter bounds that may detect entangled states that ω±sep cannot.
In particular, if there is only a single fixed superselection pair for A and B, the bounds

from equation (2.11) can be used directly.
Notably, though we focus on the bipartite case, our separability criterion and the

construction of the entanglement witness can be easily extended to the multipartite case.
Assume a scenario with subregions A1 . . .Ak. We can then define Ĉ =

∑
m Ô

m
A1
. . . ÔmAk

(there are now more possibilities, since each summand can couple different subregions,
i.e., some ÔmAq

can equal the identity in different combinations). To calculate the ana-
logues of equation (2.11), one further needs to compute the compatible SS combinations
(ZA1 , . . . ZAk

), leading to bounds for multipartite separable states.
In the next sections, we provide concrete realizations of entanglement witnesses for

U(1) LGTs in 2+1D with explicit evaluations for equation (2.9). They provide additional
details on the decomposition coming from equation (2.6) and describe how the compatibility
constraints between the SSs come about.

3 Pure U(1) gauge theory in 2+1D

To exemplify the above discussions, in this section we consider entanglement witnesses for
a pure U(1) LGT in 2+1D. We will include dynamical matter in the next section.

The theory considered lives on a spatial lattice L, consisting of lattice sites j, edges `,
and plaquettes p. We choose a two-dimensional local Hilbert space associated with each
edge `, spanned by {|0〉` , |1〉`} (see top left of figure 1a) and whose local algebra is generated
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by the Pauli matrices σ`. This choice allows us to find the following representations for the
‘electric field’ operators Ê` and the U(1) gauge generators gj :

Ê` = 1
2 σ̂

z
` and ĝj =

∑
`∈?j

sign(`, j)Ê` , (3.1)

where ?j denotes the set of edges whose boundary includes j and

sign(`, j) =

+1 if j = ∂+
0 `

−1 if j = ∂−0 `
(3.2)

accounts for the different relative orientations. Under our conventions, for a horizontal
(vertical) edge `, ∂+

0 ` is the left (bottom) site and ∂−0 ` is the right (upper) site.
Equation (3.1) is a discretized version of the Gauss’s law generator known from QED

that is used, e.g., in the context of quantum link models [53, 54]. Choosing a uniform and
vanishing background of static charges, physical states |Ψ〉 have to satisfy ĝj |Ψ〉 = 0 for
every j ∈ L, see figure 1a for an example. Within the pictorial representation of figure 1a,
the physical states obey what is known in the literature as two-in-two-out rule, i.e., at each
vertex v two arrows are incoming and two are outgoing.

Within our scenario, the only physically meaningful operators Ô are those that are
gauge invariant, i.e., those with [Ô, ĝj ] = 0 for every site j. Naturally, the set of gauge
invariant operators includes the generators ĝj and electric fields Ê`. In addition to these,
the present theory has gauge-invariant plaquette operators Ûp and Û †p ,

Ûp = σ̂−`1 ⊗ σ̂
−
`2
⊗ σ̂+

`3
⊗ σ̂+

`4
and Û †p = σ̂+

`1
⊗ σ̂+

`2
⊗ σ̂−`3 ⊗ σ̂

−
`4
, (3.3)

where the involved links are defined in figure 1a. Figure 1b depicts the action of the
plaquette operators on gauge-invariant configurations. It is possible to obtain further gauge
invariant operators by linearly combining and/or considering tensor products among ĝj , Ê`,
Ûp, and Û †p . In particular, tensor products of plaquette operators on neighboring plaquettes
yield gauge-invariant loop operators.

3.1 Constructing a valid entanglement witness

We can define the set of boundary points ∂0X of a subregion X as the points belonging to it
that have at least one connected edge lying outside X . For each site j ∈ ∂0X , it is possible
to associate an operator Ẑj that commutes with all locally gauge invariant operators of X ,

Ẑj =
∑
`∈X

sign(`, j)Ê` . (3.4)

The superselection sector HX (ZX ), with ZX = {Zj}j∈∂0X , is the Hilbert space such that

∀ |Φ〉 ∈ HX (ZX ) , ∀j ∈ ∂0X : Ẑj |Φ〉 = Zj |Φ〉 . (3.5)

As mentioned before, an operator in Xg cannot connect states belonging to different SSs,
i.e., it does not couple HX (ZX ,1) and HX (ZX ,2) whenever ZX ,1 6= ZX ,2. Given a concrete
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description of the generators of Z(Xg), there are some constraints that a label set Z has
to fulfill in order to identify a physical superselection sector (see appendix A).

With the above definitions, we are in the position to define a valid entanglement witness
for the considered U(1) gauge theory. Assume the two non-touching sub-regions A and B to
contain N plaquettes each, as sketched in figure 1. We can then define a witness operator
compatible with the prescriptions in section 3.1 through

Ĉ =
N∑
i=1
Ûai ⊗ Ûbi

with Ûxi = Ûxie
iφxi + Û †xi

e−iφxi . (3.6)

Here, ai and bi label plaquettes in A and B, respectively. The phases φxi may be useful
to optimize the witness depending on the physical situation, but, without restriction of
generality, we choose φxi = 0 in what follows. Given that Ûai and Ûbi

are gauge invariant
operators, it follows that Ĉ is a meaningful operator in the considered U(1) LGT. In
particular, Ĉ cannot change the border conditions of regions A and B. To evaluate 〈Ĉ〉
and obtain the constants for equation (2.10), we extract bounds for the expectation value
of Ĉ both for generic states (not necessarily separable) and separable states. Fixing a pair
of SSs HA(ZA) ⊗ HB(ZB), yields the bounds ω−sep(ZA, ZB) and ω+

sep(ZA, ZB), from which
we can define an entanglement witness via equation (2.8).

3.2 Concrete example

To give an example how the witness defined through equation (3.6) works, we consider the
simple geometry and associated SS depicted in figure 2a (in appendix B, we illustrate a
reduction scheme that permits to increase the efficiency in dealing with larger regions). In
this scenario, equation (3.6) becomes

Ĉ = Ûa1 ⊗ Ûb1 + Ûa2 ⊗ Ûb2 , (3.7)

with ω− = −
√

2 and ω+ = +
√

2.
There are two pairs of SSs associated with regions A and B compatible with the SS

of the larger region L, sketched in figure 2c. We label them (ZA,1, ZB,1), top of figure 2c,
and (ZA,2, ZB,2), bottom of figure 2c. Using fixed basis states for HA(ZA,1) ⊗ HB(ZB,1)
and HA(ZA,2) ⊗ HB(ZB,2), depicted in figure 2d, we explicitly evaluate the action of Ĉ
on separable states between regions A and B. The first case is relatively simple because
Ĉ |ϕiA,1〉⊗|ϕ

j
B,1〉 = 0 for all i, j = 1, 2. This is the case since Ĉ, as defined in equation (3.6),

can only combine a flippable plaquette in A with an unflippable one in B or vice versa.
Thus, Ĉ|HA(ZA,1)⊗HB(ZB,1) = 0 and this operator cannot witness entanglement in this SS.

The second case is less immediate, and requires us to explicitly evaluate 〈Ĉ〉 for an arbi-
trary product state in HA(ZA,2)⊗HB(ZB,2) and then optimize it to extract ω−sep(ZA,2, ZB,2)
and ω+

sep(ZA,2, ZB,2). Consider a product state |Ψprod〉 = |ΨA〉 ⊗ |ΨB〉 ∈ HA(ZA,1) ⊗
HB(ZB,1) and an expansion in basis states as

|ΨA〉 = α1 |ϕ1
A,2〉+α2 |ϕ2

A,2〉+α3 |ϕ3
A,2〉 and |ΨB〉 = β1 |ϕ1

B,2〉+β2 |ϕ2
B,2〉+β3 |ϕ3

B,2〉 . (3.8)
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`9
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`13

`14

`15

`16

0 −1/2 +1/2 −1/2 +1/2 0

0−1/2+1/2−1/2+1/20

b )

Ûa1 ⊗ Ûb1 Ûa2 ⊗ Ûb2

=

|φ1〉
=

|Φ〉
=

|φ2〉

c )

0 −1/2 +1

−1+1/20

−1 +1/2 0

0−1/2+1

0 −1/2 0

0+1/20

0 +1/2 0

0−1/20

d )

=

|ϕ1
A,1〉

=

|ϕ2
A,1〉

=

|ϕ1
A,2〉

=
|ϕ2
A,2〉

=

|ϕ3
A,2〉

=

|ϕ1
B,1〉

=

|ϕ2
B,1〉

=

|ϕ1
B,2〉

=

|ϕ2
B,2〉

=

|ϕ3
B,2〉

Figure 2. (a) Example geometry and SS considered in section 3, with N = 2 plaquettes in both
subregions A and B. (b) Constituents from which the entangled state |ξ〉 of the pure-gauge U(1)
theory is constructed and action of the plaquette-operator components of the operator Ĉ defined in
eq. (3.7). (c) After tracing out the region neither in A nor B (i.e., the two central bonds in panel a),
one obtains two pairs of allowed SSs. Top: HA(ZA,1)⊗HB(ZB,1). Bottom: HA(ZA,2)⊗HB(ZB,2).
(d) Basis states associated with HA(ZA,1) (top left, red), HB(ZB,1) (top right, blue), HA(ZA,2)
(bottom left, red), and HB(ZB,2) (bottom right, blue).

Then we have (see figure 1b)

〈Ĉ〉sep = (α∗1α3 + c.c.)(β∗1β3 + c.c.) + (α∗1α2 + c.c.)(β∗1β2 + c.c.) . (3.9)

Setting αi = aie
iφi and βi = bie

iηi , and choosing without restriction of generality φ1 =
η1 = 0, we can rewrite equation (3.9) as

〈Ĉ〉sep = 4a1b1

3∑
i=2

aibi cosφi cos ηi . (3.10)

Using that cosφi cos ηi takes values in [−1,+1], we can optimize ±4a1b1(a2b2 +a3b3) under
the constraints given by the normalization of |ΨA〉 and |ΨB〉 (i.e.,

∑
i a

2
i = 1 and

∑
i b

2
i = 1).

As a consequence, we find

− 1 ≤ 〈Ψprod| Ĉ |Ψprod〉 ≤ 1 . (3.11)

The minimum is achieved, e.g., for |Ψprod〉 = 1
2(|ϕ1

A,2〉 + |ϕ2
A,2〉) ⊗ (|ϕ1

B,2〉 − |ϕ2
B,2〉), while

the maximum is reached, e.g., with |Ψprod〉 = 1
2(|ϕ1

A,2 + |ϕ2
A,2〉〉)⊗ (|ϕ1

B,2〉+ |ϕ2
B,2〉). Since

equation (3.9) is invariant under the exchange of α3 with α2 and of β2 with β3, we can
recover an entire class of separable states that give extremal expectation values of Ĉ.

We can now combine the above bounds to define entanglement witnesses for a generic
|ΨL〉 ∈ HL(ZL). Assuming there is no information about the reduction to the subre-
gion A ∪ B, the reduced state might be a mixture of states of HA(ZA,1) ⊗ HB(ZB,1) and
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HA(ZA,2)⊗HB(ZB,2), so we employ equation (2.11) and optimize over both pairs of SSs.
Hence, it follows that the optimal bounds are given by ω−sep = minj=1,2 ω

−
sep(ZA,j , ZB,j) =

−1 and ω+
sep = maxj=1,2 ω

+
sep(ZA,j , ZB,j) = 1 and the optimal entanglement witnesses are

Ŵ+ = 1̂− Ĉ and Ŵ− = 1̂ + Ĉ . (3.12)

Given that the general bounds are ω− = −
√

2 and ω+ = +
√

2 reported below eq. (3.7),
we conclude that any state with expectation value 1 −

√
2 ≤ 〈Ŵ±〉 < 0 is detected as

entangled.
An example of an entangled state between regions A and B that saturates these bounds

is |ξ〉 = 1
2 |φ1〉+ 1√

2 |Φ〉+
1
2 |φ2〉, with |φi〉 and |Φ〉 defined in figure 2b. Using that Ĉ |Φ〉 =

|φ1〉 + |φ2〉 and Ĉ |φ1〉 = Ĉ |φ2〉 = |Φ〉, we obtain Ĉ |ξ〉 =
√

2 |ξ〉. Thus, 〈Ŵ+〉ξ = 1 −
√

2,
correctly revealing that |ξ〉 is entangled.

4 Fermionic matter coupled to U(1) gauge field

Until this point, we have considered a pure gauge theory. In this section, we generalize the
discussion to include dynamical matter.

4.1 Notations

As an illustrative example, we consider — in addition to gauge fields living on the links the
lattice L— single-species fermions living on the lattice sites. Concretely, we consider stag-
gered fermions [55] (see, e.g., references [54, 56] for applications to quantum link models),
where negatively (positively) charged (anti-)particles are associated in an alternating fash-
ion to the sites of the lattice. The gauge generators of equation (3.1) are then modified to

ĝj = ψ̂†j ψ̂j −
1− (−1)(xj+yj)

2 −
∑
`

sign(`, j)Ê` , (4.1)

where ψ̂j (ψ̂†j) are fermionic annihilation (creation) operators associated with lattice site j.
The electric field and plaquette operators defined in equations (3.1) and (3.3), respec-

tively, remain invariant under the action of the gauge generators in equation (4.1). In
addition, the presence of the dynamic fermions allows for new gauge invariant operators.
Besides local particle densities ψ̂†j ψ̂j (and products thereof), these are fermionic correlators
connected by gauge strings of the form

P̂Γ = ψ̂†j1

(
n∏

m=1
σ̂†`m

)
ψ̂j2 , (4.2)

where Γ = [`1, . . . , `n] denotes a path consisting of n links connecting lattice points j1
and j2, such as illustrated in figure 3b. Such operators commute with every ĝj and thus
are gauge invariant. Importantly, both endpoints of such fermionic correlators need to lie
within a contiguous region, unlike, e.g., for fermionic systems without gauge symmetry,
where one can choose correlators between arbitrary modes, which can also lie in disjoint
spatial regions.
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n1 n2

n3

n4

b )

j1

j2

`1 `2

`3

`4

`5

c )

P̂`4 ⊗ P̂n4 P̂`2 ⊗ P̂n2

=

|φ′1〉
=

|Φ′〉
=

|φ′2〉d )

−1 0

−10

0 0

0+1
HAB,1−−−−→

−1 +1

−10

−1 0

0+1
HAB,2−−−−→

−1 0

00

0 0

00
HAB,3−−−−→

−1 +1

00

−1 0

00
HAB,4−−−−→

e )

Figure 3. (a) Geometry for L, SS, and sub-regions A and B chosen in the example calculations
in presence of dynamical fermions. (b) Example of a path, Γ = [`1, . . . , `5], connecting two lattice
points j1 and j2. Dynamical fermionic matter lives on the lattice sites, while gauge fields live on
links between sites. (c) A linear combination of the three states depicted yields an entangled state of
a U(1) gauge theory in presence of dynamical fermionic matter. The entanglement can be witnessed
by the operator Ĉ ′ defined in equation (4.4). Its constituents are path operators P̂`4 ⊗ P̂n4 and
P̂`2 ⊗ P̂n2 (see equation (4.2)), which connect the three states as illustrated. (d) Compatible pairs
of SSs, HA(ZA,n) ⊗ HB(ZB,n) with n = 1, . . . , 4, associated with regions A and B. (e) Choice of
basis for the SSs in 3d. States are illustrations of |ϕj

X ,n〉 and span HX (ZX ,n). Negative (positive)
charges can only live on odd (even) sites and whenever they are present ψ̂†ψ̂ takes the value 0 (1),
marked by a red (blue) bullet.

In analogy with section 3.1, given a region L and one of its boundary points j, we
define elements of Lg as

Ẑj = ψ̂†j ψ̂j −
1− (−1)(xj+yj)

2 −
∑
`∈L

sign(`, j)Ê` . (4.3)

Figure 3a exemplifies a region L and choice of SS HL(ZL), as well as two disjoint sub-
regions A and B . The corresponding pairs of compatible SSs (ZA, ZB) are represented in
figure 3d, while figure 3e sketches the basis we adopt to perform explicit calculations.

4.2 Construction of an entanglement witness

With these definitions, we can construct entanglement witnesses for a gauge theory in pres-
ence of dynamical matter. The operator Ĉ = Ûa1⊗Ûb1 , defined as in equation (3.6), is still
gauge-invariant and thus remains valid in principle as a entanglement witness. However,
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its action on the examples in figure 3c vanishes for the chosen SS of L. Hence, it is not
useful to witness entanglement.

We modify the witness to include path operators P̂` = P̂` + P̂ †` for neighboring lattice
sites separated by a bond ` (see equation (4.2)). One could also consider more general
definitions, such as P̂` = P̂`e

iφ` + P̂ †` e
−iφ` . Nonetheless, for the sake of simplicity and with

no loss of generality, we fix φ` = 0 for all bonds. Labeling the links as in figure 3a, we define

Ĉ ′ = Ûa1 ⊗ Ûb1 +
4∑
i=1
P̂`i ⊗ P̂ni . (4.4)

The extremal eigenvalues of Ĉ ′ are ω− = −
√

2 and ω+ = +
√

2. To determine bounds of
Ĉ ′ on a separable state in HA(ZA,n)⊗HB(ZB,n) (i.e., ω−sep(ZA,n, ZB,n) and ω+

sep(ZAn , ZBn )),
we consider each case of figure 3d separately. To this end, we evaluate f(a, b,α,β) =
〈Φn| Ĉ ′ |Φn〉 on a product state |Φn〉 = |φA,n〉 ⊗ |φB,n〉 with |φA,n〉 =

∑
j aje

iαj |ϕjA,n〉 and
|φA,n〉 =

∑
j bje

iβj |ϕjB,n〉. We optimize f(·) under the constraints given by the normaliza-
tion of |φA,n〉 and |φB,n〉 (i.e.,

∑
j a

2
j = 1 and

∑
j b

2
j = 1). For small systems, the calculations

can be performed analytically, while for larger regions we use an optimization approach
detailed in appendix C. The explicit results for the simple case depicted in figure 3a are as
follows.

First and second pair of SSs (see figure 3d). The action of Ĉ ′ vanishes on both
pairs HA(ZA,1)⊗HB(ZB,1) and HA(ZA,2)⊗HB(ZB,2), so f(a, b,α,β) = 0. It follows that
ω±sep(ZA,1, ZB,1) = ω±sep(ZA,2, ZB,2) = 0.

Third pair of SSs (see figure 3d). Defining αij = αi−αj and βij = βi−βj , we have

f(a, b,α,β) = 4a2a3 cosα23[b2b4 cosβ24 + b3b6 cosβ36]
+ 4a1a2 cosα23[b1b5 cosβ15 + b6b7 cosβ67] , (4.5)

for the action of Ĉ ′ on HA(ZA,3) ⊗ HB(ZB,3). Since the cosine takes values in [−1,+1],
we obtain |f(a, b,α,β)| ≤ 4a2a3(b2b4 + b3b6) + 4a1a2(b1b5 + b6b7) ≤ 1. Consequently, the
bounds are ω±sep(ZA,3, ZB,3) = ±1.

Fourth pair of SSs (see figure 3d). We have f(a, b,α,β) = 4a1a2 cosα12 · b1b2 cosβ12
for HA(ZA,4) ⊗HB(ZB,4), and thus |f(a, b,α,β)| ≤ 4a1a2b1b2 ≤ 1. Therefore, the bound
is also give by ω±sep(ZA,4, ZB,4) = ±1.

In conclusion, optimizing over all SSs, we find ω±sep = ±1. Thus, any separable state
between regions A and B must satisfy −1 ≤ 〈Ĉ ′〉sep ≤ 1. With these inequalities, we can
define the entanglement witnesses Ŵ ′± = ±(ω±sep · 1̂− Ĉ ′).

4.3 Example of correctly detected entangled state

As an example of a state that is detected as entangled by Ŵ ′+, we consider |Ψ〉 = 1
2 |φ
′
1〉+

1√
2 |Φ

′〉+ 1
2 |φ
′
2〉, as illustrated in figure 3c. All three states have an excess positive charge

in region A and are charge neutral in B. From inspection of figure 3c, one sees that |Ψ〉
is non-separable. We have that Ĉ ′ |Ψ〉 = (P̂`2 ⊗ P̂n2 + P̂`4 ⊗ P̂n4) |Ψ〉 =

√
2 |Ψ〉. Thus, the

expectation value of Ŵ+ on |Ψ〉 is 1−
√

2 < 0, and |Ψ〉 is correctly recognized as entangled.
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0 +1/2 −1/2 . . . ±1/2 ∓1/2 . . . +1/2 −1/2 0

0 −1/2 +1/2 . . . ∓1/2 ±1/2 . . . −1/2 +1/2 0

b1 b2 . . . bN a1a2. . .aN

Figure 4. Geometries and SS choices considered for the resource scaling summarized in table 1.
The total number of plaquettes is Nplaq = 2N + 1, with N in subregions A and B each.

5 Discussion

In this work, we have introduced the concept of entanglement witnessing for lattice gauge
theories. A key challenge derives from the absence of a tensor product structure of the
Hilbert space, which is rather given by the direct sum of different gauge SSs. This issue
makes it impractical to define separability directly at the state level. To resolve this
challenge, we have adopted a definition within which separable regions are those where
all correlators between gauge-invariant operators decompose into products. Turning the
typical approach of tensor-product Hilbert spaces around, this requirement of factorization
then defines the structure of separable states, and it leads us to a natural generic form of
entanglement witnesses for LGTs.

One central advantage of our framework is that the evaluation of the witnesses consid-
ered here requires only polynomial resources — as is typical for entanglement witnesses [1,
43]. This is in sharp contrast to the exponential scaling of full-fledged entanglement mea-
sures. For instance, it is instructive to compare the effort required to carry out full tomogra-
phy with that of entanglement witnessing using the operator in equation (3.6). The results
for the geometries and border conditions sketched in figure 4 are summarized in table 1.

Though we have illustrated concrete constructions for U(1) gauge symmetry in two
spatial dimensions, our concept is general. As such, there are many possibilities for fu-
ture theoretical developments. In particular, the presented scheme can be applied to other
symmetries, such as discrete groups. An especially interesting set of questions to which
the framework may contribute evolves around the presence of entanglement in non-Abelian
models, for which it has been found that entanglement entropy and entanglement distil-
lation behave qualitatively different from Abelian models [16, 17, 20]. Another potential
setting for applying our framework is in topologically ordered models where the gauge
symmetry is enforced dynamically.

Finally, our work opens the way to certifying entanglement in a fully scalable way in
modern quantum simulators of LGTs [33–39]. An interesting application will be, e.g., to
study the role of entanglement build-up in equilibration dynamics of gauge theories [25, 58],
which is a major open question in contemporary heavy-ion collision experiments [26, 27].
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N 2 3 4 5 6
Nplaq 5 7 9 11 13
Nft 168 1155 7920 54288 372099
Npt 8 24 63 168 440
New 2 3 4 5 6

Table 1. Resource scaling of entanglement certification for the systems sketched in figure 4. The
number of measurements required for full tomography of the system L, with Hilbert space dimension
dL, grows exponentially with system size according to Nft = d2

L − 1. Full-fledged entanglement
measures on a subsystem A can be computed by expressing the reduced density matrix of A
as a mixture of SSs HA(ZA). However, partial tomography of the reduced density matrix of
subsystem A is also typically plagued by exponentially growing cost (see, e.g., [57] for an example
in 1+1D). Specifically, the number of measurements necessary is given by Npt = d2

A − 1 where dA
is the dimension of the chosen SS HA(ZA) (illustrated here for the largest superselection sector).
In contrast, the number of independent measurements to evaluate the entanglement witness Ĉ
defined in equation (3.6) only scales polynomially as New = (Nplaq − 1)/2. Depending on the
specific scenario, this number can be further decreased, e.g., by parallel measurements of commuting
summands of Ĉ. As these figures illustrate, entanglement witnesses for LGTs can drastically reduce
the resource cost of entanglement detection.

FBK-Fondazione Bruno Kessler, INFN-National Institute for Nuclear Physics and CNR-
National Research Council.

A Conditions for a SS to be physical

Given a rectangular region R, we consider a pair of boundary points A,B ∈ ∂0R. We
define

ŝlong(A,B) =
∑

j∈Γlong(A,B)
Ẑj , (A.1)

ŝshort(A,B) =
∑

j∈Γshort(A,B)
Ẑj , (A.2)

where Γshort(A,B),Γlong(A,B) ⊂ ∂0R are the paths along the contour of R that connect A
and B. Considering a SS labeled by an array Z (i.e., HR(Z)), we have that, ∀ |Φ〉 ∈ HR(Z),

〈ŝlong(A,B)〉Φ =
∑

j∈Γshort(A,B)
Zj , (A.3)

〈ŝshort(A,B)〉Φ =
∑

j∈Γshort(A,B)
Zj . (A.4)

It is possible to prove that any SS needs to satisfy, for every pair of boundary points, the
conditions on 〈ŝΓlong(A,B)〉 and 〈ŝΓshort(A,B)〉 reported in table 2, where we use the abbre-
viations ∆x = |Ax − Bx| and ∆y = |Ay − By|, with A = (Ax, By) and B = (Bx, By). The
conditions depend on the relative position of the boundary points A and B, as illustrated
in figure 5a, 5b, and 5c.
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a )

A B A

B

A

B

b )

A B A

B

c )

A B A

B

Figure 5. Relative position of points A and B. a)A∧B not corner points (left: same edge, middle:
adjacent edges, top: opposite edges). b) A∨̇B is corner point (left: same edge, right: not on same
edge). Two generic situations need to be distinguished. c) A∧B are corner points (left: same edge,
right: not on same edge).

Position of A and B Specification of position 〈ŝshort(A,B)〉 〈ŝlong(A,B)〉

A ∧B not on corners
(see figure 5a)

same edge ±∆x+∆y+1
2 ±∆x+∆y−1

2

adjacent edges ±∆x+∆y+2
2 ±∆x+∆y

2

opposite edges ±∆x+∆y+1
2 ±∆x+∆y+1

2

A∨̇B on corner (see
figure 5b)

same edge ±∆x+∆y+2
2 ±∆x+∆y−1

2

not on same edge ±∆x+∆y+1
2 ±∆x+∆y

2

A ∧B on corners (see
figure 5c)

same edge ±∆x+∆y+1
2 ±∆x+∆y−1

2

not on same edge ±∆x+∆y
2 ±∆x+∆y

2

Table 2. Constraints that an array Z has to verify to represent a physical SS.

B Reduction scheme

LetA and B be two regions with border conditions set by ZA and ZB, respectively. Depend-
ing on the SS, the evaluation of the witness defined in equation (3.6) can be substantially
simplified. Suppose that the operator Ûai (Ûbi

) identically vanishes when represented on
HA(ZA) (HB(ZB)) for i ∈ IA (i ∈ IB), meaning that plaquette ai (bi) is unflippable. We
remove the pairs of plaquettes ai, bi that contain at least one unflippable plaquette from
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Z ′E1
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Figure 6. Reduction scheme applied to different cases. Top: different initial cases: corner boundary
points (yellow), edge boundary points (blue), internal points (green). Edges belonging to X are
thickened. Bottom: final cases obtained reducing cases in figure 6g. The edges belonging to X ′
(gray shaded region) are thickened.

A and B, obtaining A′ and B′. Let J = [1, . . . , N ] \ (IA ∪ IB), we define A′ =
⋃
j∈J aj

and B′ =
⋃
j∈J bj , with new border conditions set through arrays ZA′ and ZB′ . Then, we

define Hfinal =̇HA′(ZA′)⊗HB′(ZB′) and Ĉ ′ =
∑
j∈J Ûaj ⊗ Ûbj

. The initial operator Ĉ can
be written as Ĉ ′ +

∑
i∈IA∪IB

Ûai ⊗ Ûbi
, where the second term vanishes by hypothesis on

Hinitial = HA(ZA) ⊗HB(ZB). Thus, considering a generic state ρ̂ in the initial space, we
have 〈Ĉ〉ρ = TrAB(ρ̂Ĉ) = TrAB(ρ̂Ĉ ′). To evaluate the expectation value of Ĉ, we can trace
out the degrees of freedom not involved in the operator Ĉ ′ (i.e., degrees of freedom lying in
A \ A′ and in B \ B′), which yields 〈Ĉ〉ρ = TrA′B′(ρ̂′Ĉ ′) = 〈Ĉ ′〉ρ′ , where ρ̂′ = TrAB\A′B′ ρ̂.
What is the advantage of considering 〈Ĉ ′〉ρ′? If we wanted to evaluate 〈Ĉ〉ρ, one would
need to define a base of Hinitial (allowing one to represent ρ̂ and Ĉ). This consists in im-
posing all boundary conditions corresponding to boundary points of A and B, and fixing
the physical Gauss’s law sector for internal points of AB. In contrast, evaluating 〈Ĉ ′〉ρ′

requires only a basis for Hfinal, which is constituted by less degrees of freedom (A′ ⊆ A,
B′ ⊆ B), and with fewer constraints.

In the following, we show the procedure that allows us, given a region X with border
conditions encoded in ZX , to recover a subregion X ′, containing less unflippable plaquettes,
and the associated border conditions set by Z ′X ′ . We can distinguish 3 kinds of vertices
in X : C is a corner boundary point, where ZC takes values 0,±1; E is an edge boundary
point, where ZE takes values ±1/2; and I is an internal point if it does not belong to ∂0X .
Corner boundary points that have values ±1 are part of an unflippable plaquette, which
does not contribute to the witness defined in equation (3.6) and can thus be removed. In
figure 6g we represent all possible initial situations. Unflippable plaquettes can be removed
from the considerations by applying the transformation rules to the superselection sectors
summarized in table 3, where we introduce θ1(x1, x2) = δx1,0

2 (x2−x1)+ x1
2 and θ2(x1, x2) =

δx2,0
2 (x1 − x2) + x2

2 . We end up with situations sketched in figure 6g, which can be consid-
erably simpler, depending on the number of unflippable plaquettes that can be removed.
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Quantity Expression

Case a
Z ′C1

ZE1 + ZC/2

Z ′C2
ZE2 + ZC/2

Case b
Z ′C ZE + ZC/2

Z ′E ZC/2

Case c Z ′E1
= Z ′E2

ZC/2

Case d
Z ′C1

ZE1 + θ1(ZC1 , ZC2)
Z ′c2

ZE2 + θ2(ZC1 , ZC2)

Case e
Z ′C ZE + θ1(Zc,1, ZC2)
Z ′E θ2(ZC1 , ZC2)

Case f
Z ′E1

θ1(ZC1 , ZC2)
Z ′E2

θ2(ZC1 , ZC2)

Case g Z ′C ZC1 + ZC2 + ZC3

Table 3. Relations between ZX and Z ′X ′ for the different cases.

C Optimization method

In this section, we introduce a numerical technique to evaluate bounds of Ĉ when evaluated
on a separable state, given a fixed SS. For a given basis choice, we denote with MA the
set of matrices [UAp1 , . . . ,U

A
pn
,PA`1 , . . . ,P

A
`m

] that represent operators of equation (4.4) acting
on A. Similarly, we define MB = [UBp1 , . . . ,U

B
pn
,PB`1 , . . . ,P

B
`m

]. In the situation under
consideration, the matrices in MA and in MB have real entries. For the chosen basis, a
separable state between A and B is represented through two complex vectors α = {aieiφ

A
i }i

and β = {bieiφ
B
i }i. Expanding 〈Ĉ〉sep ≡ 〈Ψsep| Ĉ |Ψsep〉, we find

〈Ĉ〉sep =4
∑
n

∑
i,j

aiMA,ni,j aj cos(φAj − φAi )

×
∑
l,m

blMB,nl,mbm cos(φBl − φBm)

 . (C.1)

Using the triangular inequality and the fact that the cos(·) function takes values in (−1,+1),
we conclude

|〈Ĉ〉sep| ≤
∑
n

∑
i,j

aiMA,ni,j aj

∑
l,m

blM
B,n
l,m bm

 (C.2)
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with ai, bi ∈ (0, 1) and the normalization constraints
∑
i a

2
i =

∑
j b
j
j = 1. Using the method

of Lagrange multipliers, one finds the system of equations

MA(b) · a = λAa (C.3a)
MB(a) · b = λB(b) (C.3b)

aTa = 1 (C.3c)
bT b = 1 , (C.3d)

where we definedMA(b) =
∑
n(bTMB,nb)MA,n and equivalentlyMB(a). It is possible to

verify that aTMA(b) · a = λA = f(a, b) = bTMB(a) · b = λB.
To solve the equation system (C.3) for large regions where analytic computations

become unfeasible, we implement an iterative method. We initialize a0 to a random nor-
malized vector, evaluateMB(a0) =

∑
n(aT0MA,na0)MB,n and solve the eigenvalue problem

MB(a0)b0 = λBb0. Since we are looking for a maximum of f(·, ·), we choose the eigenstate
with maximal eigenvalue λB. Then, we use b0 to evaluateMA(b0) =

∑
n(bT0MB,nb0)MA,n

and solve the eigenvalue problem MA(b0)a1 = λAa1, selecting again the eigenstate with
maximal eigenvalue λA. This process is iterated until convergence. In the considered sce-
narios, we find that only few trials converge to a local maximum rather than the global
maximum of f(·, ·). Since the system studied in 4.2 is small, we optimized f(·, ·) analyti-
cally. For more complex systems, this numerical method can be successfully used to derive
bounds.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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