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ABSTRACT: We construct three models to describe the scenario where two eternal black holes
are separated by a flat space, and can eventually be entangled by exchanging radiation. In the
doubly holographic setup, we compute the entanglement entropy and mutual information
among subsystems and obtain the dynamic phase structure of the entanglement. The
formation of entanglement between these two black holes is delayed by the space which
the radiation must travel through. If the black holes exchange sufficient Hawking modes,
the final state is characterized by a connected entanglement wedge; otherwise, the final
entanglement wedge contains two separate islands. In the former case, the entanglement
wedge of the black holes forms at the time scale proportional to the size of the flat space
between them. While in both cases, the unitarity of the evolution is preserved. When
the sizes of the black holes are not equal, we observe a loss of entanglement between the
smaller black hole and the radiation at late times. On the field theory side, we consider two
Sachdev-Ye-Kitaev (SYK) clusters coupled to a Majorana chain, which resemble two black
holes connected by a radiation region. We numerically compute the same entanglement
measures and obtain similar phase structures as the bulk results. In general, a time delay of
the entanglement between the SYK clusters is found in cases with a long Majorana chain.
In particular, when the SYK clusters are different in size, similar entanglement loss between
the smaller SYK cluster and the Majorana chain is observed. Finally, we investigate a chain
model composed of EPR clusters with particles exchanging between neighboring clusters
and reproduce the features of entanglement observed in the previous models.
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1 Introduction

Understanding black hole physics in the context of quantum mechanics is a notoriously
difficult task. It leads to the famous problem of whether a black hole evaporates in a
unitary fashion, which is also called the black hole information paradox [1-3]. On one side,
the nearly thermal spectrum of Hawking radiation requires the entropy to keep growing,
according to Hawking’s earlier calculation. On the other side, however, the quantum nature



of black holes demands that the entropy of radiation should decrease at late times and its
dynamical evolution should obey the rules described by the Page curve [4-6]. See [7-10] for
further debates.

Recently, a breakthrough was made to understand the unitary evolution in the context of
Gauge/Gravity duality [11, 12]. By extremizing the generalized gravitational entropy [13, 14],
the entanglement contributed by Hawking radiation can be captured by the quantum
extremal surface (QES), through the island formula [15]

S[R] = min {ext
T

s [Area [07]

e +S[RUI]]}. (1.1)

Here R and Z represent the radiation and the islands, respectively. At the beginning of
evolution, the entropy increases due to the accumulation of Hawking modes. While at late
times, the growth of entropy is pinched off by the emergence of the island in the gravitational
region. As a result, the entropy of radiation during evolution is in line with the Page
curve [16]. See [17-38] for more recent discussions on islands. The island formula (1.1) was
firstly proposed in the model of two-dimensional gravity coupled to two-dimensional CFT
matter sectors [15]. In addition to this time-dependent case, the island also emerges in the
two-dimensional static geometry, where the eternal black hole is in equilibrium with two flat
baths [39]. The full-time behavior of entropy for this model can be obtained by considering
the holographic dual of this two-dimensional theory, known as double holography, where
the QES becomes a standard RT/HRT surface in the three-dimensional geometry [15, 17].

The existence of islands in higher dimensions was first demonstrated in [40], where the
lower-dimensional black hole is replaced by a brane with tension where Neumann boundary
conditions are applied [41-43]. In this context, however, the dynamical Page curve can be
obtained only under the condition that there are sufficient degrees of freedom (DOF) on
the brane [44-47], where the prescriptions of inputting enough DOF have been proposed as
well. See [45-55] for more brane-world construction in higher dimensions.

From the aspect of path integral formalism, the emergence of islands corresponds
to the dominance of another saddle point, known as the wormhole saddle point, where
Euclidean wormholes connect the different replicas [56, 57] (See also [58, 59]). Inspired
by this thought-provoking viewpoint, the notion of “wormhole” was extensively discussed
as the bridge between disjoint universes [60-64], where the wormhole behind horizons is
lengthened, as well as in baby universes [65-68], which connect to parent universes through
a wormhole.

To better understand the black hole information paradox, measuring alone the entan-
glement entropy of radiation is not sufficient. On one side, other measures were introduced
to investigate the entanglement properties of radiation in [69—75]. On the other side, the
entanglement properties inside the gravity system were studied in [76], where the emergence
of the island trimmed off the growth of reflected entropy.

Further, an intriguing topic is to investigate two black holes entangled by exchanging
Hawking radiation, based on the setup of thermofield double (TFD) states [39, 77-79]. We
consider two black holes separated by a finite space. Intuitively, the Hawking radiation
emitted by one black hole can eventually be absorbed by the other, if they travel through



this space. By this process, two black holes will develop more and more entanglement. Due
to unitarity, the entanglement will eventually reach an upper bound determined by the
DOF of subsystems. In this paper, we strive to model these phenomena by analyzing the
entanglement properties between the separate black holes and envisaging the formation of
entanglement, from both the bulk gravity and boundary perspective. (See [80-83] for other
discussions on the formation of wormholes.) For these purposes, we propose the following
three kinds of models to simulate the entanglement between black holes and radiation:

First, we construct a doubly holographic model with two Planck branes in (3 4+ 1)
dimensions. The tension and Dvali-Gabadadze-Porrati (DGP) terms [84] are imposed on
both branes to enhance the DOF. Second, inspired by the work in [85], we propose a
quantum mechanical model with two separate SYK clusters coupled to a Majorana chain
connecting them. Third, we will further simplify the model to be one composed of several
EPR clusters which form a chain structure, with the outermost clusters being black holes
and the inner clusters being radiation. See also [86-88] for other models in BCFT, BTZ
black hole and black string with branes.

The paper is organized as follows: in section 2, we generalize the doubly holographic
setup in [44] by introducing two Planck branes with Neumann boundary conditions on
them. Then we apply the Einstein-DeTurck formalism to solve this gravitational system.

In section 3, we elaborate on the description of the holographic entanglement entropy
and mutual information in different phases. More importantly, we find a novel phase
concerning the appearance of a wormhole.

In section 4, we illustrate the dynamical phase structures and transitions of entanglement
during the evolution in the probe limit. Subsequently, we take the backreaction into account
and explore the effect of DOF in black holes on the phase structure.

In section 5, we propose a quantum mechanics model that connects SYK models with
Majorana chains. The eigensystems are calculated by exact diagonalization and the related
measures in quantum information theory are computed.

In section 6, we construct a toy model which consists of several EPR clusters. By
allowing them to exchange particles with the nearby clusters, we qualitatively simulate the
process of black holes entangled by radiation.

Finally, the conclusions and discussions are given in section 7.

2 The doubly holographic setup

In this section, we will present a general setup for two charged eternal black holes exchanging
Hawking modes. Consider two d-dimensional eternal black holes which are asymptotic
AdSy, coupled to two finite-sized flat baths, where Hawking modes living in this combined
system are described by the d-dimensional CFT matter sector, as shown in figure 1(b). Here
the matter sectors in baths are served as radiation R, while B; and By denote two different
eternal black holes, with the subscripts L, R denoting the left- and right-sided black holes in
each eternal black hole B;. Specifically, the asymptotic boundaries between black holes and
finite-sized baths are glued together, where we impose the transparent boundary condition
on the matter sector. This setup is called the brane perspective in literature [49], and
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Figure 1. (a): boundary perspective. The (d — 1)-dimensional quantum systems Biy,, Big and
Bsy,, Bop are in equilibrium with two d-dimensional finite-sized baths. (b): brane perspective. Two
d-dimensional eternal black holes are in equilibrium with two d-dimensional finite-sized baths. (c):
bulk gravity perspective. The Planck branes are back-reacted to the ambient geometry.

there are two other equivalent perspectives. The first is the boundary perspective, where
two d-dimensional eternal black holes together with the matter sectors are replaced by
(d — 1)-dimensional quantum systems Bir, B1r and By, Bog — figure 1(a). The second
is the bulk gravity perspective, where the matter sector is dual to a (d + 1)-dimensional
bulk and B; and Bs are described by Planck branes ply and pla in the bulk, as shown
in figure 1(c). In the first model, the setup will be constructed from the bulk gravity
perspective, while the dynamical processes will be described from both the bulk gravity
perspective and the brane perspective.

From the bulk gravity perspective, the action of the (d + 1)-dimensional gravity theory
is specified as

I:l(dm[/dd“xr(}%—i—d(d >+2/dd V=haKa
167Gy
2
_/dd+1x\/fglF2—|—ZZ (/ A/ —h; (K; — o) —/ ddl:ﬂ\/—;ﬁzﬂz‘)]
2 - pl; pl;Nd
2
X [ty T+ Lo [ ety 21
z; 167 Gd) 87 G(d) pLind

Here Ky is the extrinsic curvature on the conformal boundary @. The electromagnetic
curvature is F' = dA. K; is the extrinsic curvature and the parameter «; is proportional to
the tension on the brane pl;, which will be fixed later. The last term in the second line
is the junction term at the intersection of the brane pl; and the conformal boundary 8,
where 6; is the angle between the brane pl; and the boundary, while 3J; is the metric on
pl; N 0. The first term in the last line is the DGP term [45], where Gl(:? is the additional
Newton constant on each brane and Rj, is the intrinsic curvature on each brane. The
second term in the last line is the junction term at the intersection pl; N & of the brane
and the conformal boundary, where k; is the extrinsic curvature on pl; N 3. Taking the



Figure 2. A simple setup of Planck branes. Here Planck branes are anchored on the conformal
boundary at (z,w) = (0,0), (2, w) = (0,wp) respectively and penetrate into the bulk with angles 6,
and 92.

variation of the action, we obtain the equations of motion as

d T . 1
Ry + ﬁguu = (T/“’ - d_lgul/> o with Ty = Fua b — ZFQg!W, (22)
VMFMV — 07 (23)

where T' is the trace of the energy-stress tensor 7),,.

2.1 Boundary conditions on the Planck branes

In AdS/CFT setup with infinite volume, the (d + 1)-dimensional bulk is asymptotic to
AdSgy1 which in Poincaré coordinates is described by

LQ d—2
ds?® = - (—dt2 +dz* + dw® + z; dwf-) : (2.4)
with the conformal boundary at z = 0. Let 6; be the angle between the i-th Planck brane
and the conformal boundary as shown in figure 2. Then Planck branes pl; and pls are
described by hypersurfaces

w+cotbz=0 and (w—wy)—cothyz=0 (2.5)

respectively near the boundary. One should cut the bulk ending on these two branes and
restrict the region between them [41, 84, 89, 90]. We will also impose these constraints (2.5)
deep into the bulk and find its backreaction to the geometry.

For the boundary terms in (2.1), we impose Neumann boundary conditions on each
Planck brane, which are

1
(Ki)ap — Ki(hi)ap + ai(hi)ap = ML iRhi(hi)AB — (Rn,)aB| 5 (2.6)

(d+1)

where h; is the induced metric on the brane pl;, and \; = Z](VTL can be regarded as the
b,i

effective coupling of the DGP term on this brane. The parameter a; in action (2.1) is fixed

to be a constant by solving (2.6) near the conformal boundary to concrete the tension term
on the brane.



In addition to (2.6), we also impose Neumann boundary conditions for the gauge field
A, on the brane pl; [41-43, 91], which is

nFu(hi)'B =0, (2.7)

where n,, is the normal vector to that brane and the subscript B denotes the coordinates
along the brane.

2.2 The Einstein-DeTurck formalism

The line element of the standard RN-AdSz41(d > 3) geometry is

L2 2, dZ° 2 = 2
ds =3 —f(z)dt —i-%—i-dw +Zdw]~ , (2.8)
j=1
A=p(1-2"2)dt, (2.9)
d—22\ 4 d=24% 54
fE =11+ — 5 | 2+ e (2.10)

where 4 is the chemical potential of the boundary theory, the outer horizon has been scaled
to be z = 1 and one can recover it by transforming coordinates

{t,z,w,w;} = {t,z,w,wj}zgl, i=1,2,...,d—2. (2.11)

In order to restrict the region between the Planck branes (0 < x < 1), and outside the event
horizon, we transform the coordinates to

w = wox + [(cot B + cot Oy )z — cot b] 2, z=1-—192% (2.12)

That is, for x = 0 we have w + cot 01z = 0, while for x = 1 we have (w — wp) — cot 62z =0
(see appendix A for more discussions). With the presence of Planck branes, the geometry is
not precisely RN-AdS, and the deformation of the ambient geometry due to the backreaction
of Planck branes can be described by introducing the Deturck method [92].

Instead of solving (2.2) directly, we solve the so-called Einstein-DeTurck equation,
which is

T
Rw/ + 39,u1/ = (T,W - 2.9“1/) + V(#fy), (2.13)

where
&=, (9) —Th,(9)] 9"

is the DeTurck vector and g is the reference metric. Here g is required to satisfy the same
boundary conditions as g only on Dirichlet boundaries, but not on Neumann boundaries [40].

Now we introduce the metric ansatz in the four-dimensional case and derive the
boundary conditions in the doubly holographic setup. Since the translational symmetry



1 2 3 4 ) 6
y = Q=1 Q=1 | Qs=21(z,1) | Qu=2o(z,1) | Qs=1 | Qs=p
y=0 9y,Q1=0 | 9,Q2=0 0yQ3 =0 0yQ4=0 0yQ5 =0 | 9,Qs =0
X = ntFu b’ =0 | nét =0 | Q3= 2Z1(1,y) equation (2.6) at z =1
x=0 | ntF,h";=0|n,"=0| Q3= 21(0,y) equation (2.6) at z =0
Table 1. Boundary conditions, where Z;(z,y) ;ch(t;;ff)(&(;tt%ﬁ:ﬁi%ﬁ and Zy(w,y) =

[U}o — (y2 — 1)(C0t 91 + cot 92)]2.

along the x direction is broken, the most general ansatz of the ambient geometry is

L 4Qs
=g | VP ’ ? —2 2 2l (214
ds a— 2z | Y (y)Q1dt* + P(y)dy + Q4 (dz — 2yQsdy)? + Qsdw? (2.14)
A= y2 Qe dt, (2_15)
2 22 1 2 3#2

with {Q1, Q2, Q3, Q4, @5, Q¢ } being the functions of (x,y). All the boundary conditions are
listed in table 1, with the tension on the brane

o 2cos; — \; sin? 0,

T L .

(2.17)

(see appendix B for derivation). Moreover, the boundary conditions at the horizon y =0
also imply that Q1(z,0) = Q2(z,0), which fixes the temperature of the black hole as

_6—,[1/2/[/2

T
h 8

(2.18)

The reference metric g is given by Q1 = Q2 = @5 =1,

x (cot 01 + cot 03) — cot 61 ) )
@ wp — (y2 — 1) (cot O1 + cot 02) and Q4 (wO (y ) (cot 61 + co 2))

With the metric ansatz (2.14), the ambient geometry is numerically solved by the
Newton-Raphson method. Specifically, we discretize the Einstein-DeTurck equations (2.13)
both on the x and y directions with the Chebyshev Pseudo-spectral method.

Distinguishing the DeTurck soliton and the solution of Einstein equations is always
important. Note that the possible solution of (2.13) with £ # 0 is called DeTurck soliton,
which is not the solution of the Einstein equations (2.2). In literature, it is shown that the
DeTurck soliton does not exist for static geometries with Dirichlet boundary conditions,
while for Neumann boundary conditions, this conclusion has never been proved [40, 93, 94].
Although there is no rigorous proof, the problem we address is well-posed elliptic, where the
local uniqueness of solutions is guaranteed. That is to say, a soliton must be distinguishable
from any genuine solution. Therefore, in practice, we just need to monitor the gauge vector
¢, and make sure it will converge with the increase of the grids — see appendix C for details.
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Figure 3. Free parameters are fixed to be {61,0s,wo,u, L} = {m/4,7/4,2,1,1}, while
{Q1,Q2,Q3,Q4,Q5,Qs} as functions of (z,y) are shown from (a) to (f).

Xp  Radiation Radiation
Horizon Horizon
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Figure 4. In the ordinary doubly holographic model, (a): no island emerges at early times; (b): an
island emerges after Page time.

Owing to the Neumann boundary conditions on the brane, there is no analytical
expression of the metric. See figure 3 for a concrete example, where the values of
{Q1,Q2,Q3,Q4,Q5,Q¢} are obviously deviated from those of g.

3 The entanglement entropy and mutual information

3.1 Quantum extremal surfaces and phase structures

From the brane perspective, the entanglement entropy of the radiation R is measured
by a quantum extremal surface. Further from the bulk gravity perspective, the QES is



equivalently described by a (d — 1)-dimensional HRT surface and a lower-dimensional area
term on the brane pl [40, 45, 49, 50], namely

1
S[R] = ks {e%ct [Area(yzur) + AL Area(az)]} , (3.1)

where yzuR is the corresponding HRT surface sharing the boundary with Z U R. In the
ordinary doubly holographic setup with one Planck brane, there are two possible phases
characterized by distinct configurations of HRT surfaces — figure 4. The first phase 7y,
occurs at early times with the absence of an island Z, while another phase occurs at late
times, and a non-trivial island Z emerges to keep the entanglement entropy (1.1) from
divergence after the Page time [39].

For simplicity, we consider #; = 02 and Ay > A; throughout this paper, and the
involvement of a second Planck brane renders four possible phases for the configuration of
HRT surfaces at most! — which are illustrated in figure 5.

As proposed previously in [44, 76], we will still call the phases as shown in figure 5(a)
and 5(c) the trivial phase and the island phase respectively, since the configurations of
HRT surfaces are similar to the cases with one Planck brane. In addition, it is interesting
to notice that the presence of the second Planck brane brings two more possible phases
during evolution. The first possible phase is called the half-island phase — figure 5(b),
at which only one island emerges on the brane due to the fewer DOF on it. Another possible
phase may occur at the saturation of the whole system, which we call it the wormhole
phase — figure 5(d). In this phase, the entanglement wedge connecting 1 and B appears
in the bulk, representing the entanglement between them. We will call it a “wormhole”
connecting these two black holes, following the idea of ER = EPR conjecture [10] (see
also [95] for some constraints on experiments). The dynamics of the wormhole formation
will be analyzed in the next section.

Technically, the endpoints of HRT surfaces should locate near the branes. Consider
these HRT surfaces anchored at x = x and © = 1 — z, respectively on the conformal
boundaries — figure 5. They measure the entanglement between two subsystems: one
consists of By, By and part of baths within the region x € [0, z) U (1 — x, 1], while another
consists of the remaining bath with x € [z}, 1 — 23]. Conventionally, we still call the former
the black hole subsystem, and the latter the radiation subsystem.

3.2 The entropy and mutual information in different phases

From now on, to avoid cumbersome statements we will call the trivial, half-island, island
and wormbhole phase simply as Ph-T, Ph-H, Ph-I, and Ph-W respectively. From (3.1), the

! Actually, without this assumption, the ambient geometry with two Planck branes will generally lead to
five possible phases at most, where the extra phase is similar to figure 5(b).
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Figure 5. The configurations of HRT surfaces in four possible phases: (a): the trivial phase; (b):
the half-island phase; (c): the island phase; (d): the wormhole phase, with the HRT surfaces being
plotted in blue.

entropy density of the radiation subsystem R can be determined by

4GV SR
SRl = =gy
1

— min {Aln) + Alvr), Ab] + Al + AlOT:)
Al + Abr] + AIOT] + AlOL), Al }. 32)

Here V is the infinite volume of the relevant spatial directions. For instance, for d = 3 we
have V = [dw;. A[G] is the area of the corresponding extremal surface G. Moreover, in
the second line, we have set L = 1. While for each black hole subsystem B; (i = 1,2), the
formula of entropy density is the same as that in the ordinary double holography with one
Planck brane — see figure 4, which is

1
S[B] = 3 min {A[m], Al + A[&I’i]}, i=1,2 (3.3)
Moreover, the density of mutual information between any two subsystems K and K’ can be

expressed as

[[K: K] = s[K]+s[K] - s [EUK], (3.4)

~10 -
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Figure 6. The extremal surface in (a): trivial phase, (b): island phase and (c): wormhole phase
with {L, 01,602, A1, Ao, p,wo} = {1,7/4,7/5,1,1,1,1/2}. Note that the minus sign in y-direction
represents another asymptotic region, and is just convenient for drawing figures.

with IC € {By, B2, R}. For simplicity, all these quantities are dimensionless. Following the
transformation (2.11), their dimensions can be recovered as

{w07ThnU’a ‘/a SUCLIUC : ’Cl]} - {’on/Zh,ThZh,,uZh, V/Zh’ S[K]Zh7I[IC : ,C/]Zh} . (35)

Next, we will derive the expressions for densities A/V in each phase in parallel. First,
for the extremal surface vy, at ¢ = 0, we introduce the parameterization = = z;(y) (i = 1, 2)
— see figure 6(a) for a concrete example, which leads to the corresponding density

A [/YT«L]
2V

L dy Q: ,
- /0 (1—y2)2\/Q5 <4P(y) + Q1 (2yQs + xi(y))Q) (3.6)

t=0

Then, for v;, together with 0Z; (i = 1,2), we introduce two different ways of parameter-
ization in different intervals. In the (z,y) plane, for the curve in y € [y, 1], we introduce
x = x;(y) just as the parameterization of ~z;, while for the curve in x € [z, 1], we introduce
y = y;i(z) instead, with y/(z.) = z(y.)"! — see figure 6(b). Note that the anchoring
point y1(0) = yr, on the brane can be read off from the integration procedure. Thus, the
surface with the extremal area can be found by running the anchoring point all over the
brane. Subsequently, the corresponding density associated with that anchoring point can
be expressed by

Al [P dy 9] ,
oV / (1—11,2)2\/625 (4P(;) +QH(2yQs + fﬂl(y))2>

T dx 4Q2yi(9€)2 / ;
+ /O W\/Q5 (P(yl(a:)) + Q4 (1 + 2y1(2)Q3y) (z)) ) (3.7)

A[0T,] _ AV @5
2V 1-— y%l

(3.8)

=0

- 11 -



Similarly, for «y, anchored at y2(1) = yz,, we have

Ahlz] _ L dy
T <1—y2>2\/ as 1

1 dzx 4Qayh (2)2 /
T )2_1)2\/Q5 <P(2yy; +Qa(1+ 2y2(w)Q3y2(x))2). (3.9)

B+ QU 2Qs + 1))

zer (yo( ()
A[0Ty]  XVQs
2V 1-yi - (3.10)

Finally, for the surface vy, we introduce the parameterization y = y(z)- figure 6(c),
which leads to the corresponding density

Abwl _ o da o (1Qa/ (@) Q@)
2V _/xb (y(x)21)2\/Q5< Ply(x) + Q4 (1 +2y(2)Q3y' () ) (3.11)

With these expressions at hand, we are now ready to investigate the entanglement

properties of the system. In the next section, we will elaborate on the description of the
entanglement entropy and mutual information in the probe limit, which renders complicated
phase structures. Further, we will take the backreaction of branes into account and study
its effect on both the entanglement properties and phase structures.

4 Page curves and entanglement phase structures

Page curve plays a significant role in understanding the black hole information paradox. In
our case, there are also Page curves caused by exchanging hawking modes of separate black
holes. However, usually, it is difficult to obtain the Page curve in the doubly holographic
model since the backreaction of the brane to the ambient geometry is very hard to solve
such that one lacks the data inside the event horizon during evolution [44].

Fortunately, this difficulty can be circumvented by considering the special case with
the probe limit [44]. In such cases, Planck branes pl; apply no backreaction to the ambient
geometry. This allows us to consider the entanglement properties with respect to time.
The strategy to calculate the Page curves is as follows: first, we analytically calculate the
growth rate of entropy densities, and then numerically find the saturation values of the
Page curves by properly choosing the distance wg between By and Bs. As a result, the full
Page curves can be obtained by this hybrid method.

The upshot is that the unitary evolution can be preserved not only by the emergence
of islands but also by the formation of a wormhole. In the next subsection, we will first
calculate the growth rates of quantum information measures such as entanglement entropy
and mutual information.

4.1 The growth of entropy and mutual information densities

In the probe limit, i.e. |7/2 — ;| < 1 together with A\; < 1, we have

gﬁga Qﬁﬁl’,”
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and hence, the corresponding ambient geometry in any dimensions can be treated as the
standard RN-AdS black holes as shown in (2.8) with 0 < w < wy. Now we obtain the data of
the geometry inside the horizon, which allows us to keep track of the growth of 7, with time.
To see this, we firstly express the density functional of vz, in the Eddington-Finkelstein

coordinates {v, z, w,w;} as

—17

; dEi /(= = (= /(= ;
—y ()= / W\/—%(:‘) [f(zi(E0)vi(Ei) + 22, (Ei)],  i=1,2, (4.1)

where Z; is the intrinsic parameter on 77,, and the corresponding time on the boundary

t:v—i-/fcz).

Due to the cyclic coordinate v in (4.1), the integral of motion can be obtained as

system is

f)' + 72

¢= 2d=1 /o [f(2) + 22']

(4.2)

Furthermore, since the action in (4.1) is invariant under reparametrizations, we can freely
choose the integrand as

V[ + 227] = 2471 (4.3)
We subsequently substitute both (4.2) and (4.3) into (4.1), and then the result is

d A[’VTi] . _f(zmax) -
& v zgﬁ)l{ , 1=1,2, (4.4)
Zmax d—1
e (4.5)
0

F@F(2) + C222d-2

Here zmax denotes the turning point of the trivial surface 7, and the derivation is presented
in appendix D. Moreover, the relation between zy.x and the integral of motion C' is given by

f(zmax) + 02212nda;2 =0. (46)

At late times, the extremal surface y7, tends to surround a special slice, with zyax =
zy [79]. Define

F(z) = +——=—, (4.7)

it is easy to show that C? = F(zpnay)? will keep growing until approaching an extremum at
Zmax = ZM, where we have the following relation
1—d ¢r
_ 2y Cf (2m)
Fl(za) = (1= d)zy i/~ f (2ar) — L2222 — . (4.8)
M 2v/—f (2m)
By substituting the solution of (4.8) into (4.4), we finally get the growth rates at late

times as
i A[VTi]

Jim o — = F(zum), i=1,2. (4.9)
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As a result, the growth rate of the entropy density of R at late times is

9F(zy), Ph-T,
tlg]{f)lo @S[R] ={ F(zy), Ph-H, (4.10)
0, Ph-T and Ph-W.

Note that the first is always twice as much as the second since the entropy on one of
the branes reaches saturation in Ph-H. Specifically, after recovering the dimension, for the
neutral cases where p — 0, we have

. d d—
lim %S[R] = ab, T, (4.11)
pn—0
_ 92d+i-3_d—1,3-d 1-d =2 o ‘o
where b, = 2°Ta 7% d27%(—=1+d) @ (—2+ d) 2@ . Moreover, a = 2 if the system is in
Ph-T, a = 1 if the system is in Ph-H, and a = 0 if the system is in Ph-I or Ph-W. While
for the extremal cases where T}, — 0, we have

d
lim —s[R] = ab Thpd=2. (4.12)
Ty 50
2-d
Here b. = 27 0 dal) [%} > and the linear behavior with respect to T}, indicates that

the near horizon geometry of the near-extremal black hole is AdSy x R4~! spacetime. In
this case, the evolution is nearly frozen due to the low temperature and the entropy density
barely grows.

Further in Ph-W/| the entropy density of R (3.2) saturates, while the mutual information
density (3.4) between B; and B might not. Similarly, the late-time growth of the mutual
information density can be expressed as

2F(zpr), both s[B;] (i = 1,2) are growing,
d
tli)m ﬁl[Bl :Ba] = F(zp), only s[B] is growing, (4.13)
0, both s[B;] (i = 1,2) are saturated.

Hence, the linear growth of mutual information density is similar to that of entanglement
entropy density as shown in (4.11) and (4.12).

The similar derivations for remaining s[K] and I[K : K'] will not present here. These
quantum information measures are crucial for analyzing the evolution process including the
formation of wormholes.

4.2 Dynamical evolution and phase structures in the probe limit

In this subsection, we will elaborate on the entanglement phase structures during evolution.
First, we investigate the cases with equal-sized black holes, where B and By contain the
same DOF, which is simple but enough to generate a wormhole. Then, we study the
cases with different-sized black holes, where the smaller (larger) black hole B;(B2) contains
fewer(more) DOF.

— 14 —



(R ] T g
....... . . 2.0
Type-1 R . 6 ti13
02 .“_... 5 Wp=6
* Ph-I 15
03 N 5 ! =4
= K A e Ph-T z
Type-II . J [SS— 410
0.4} . R . [
Type-III *
05
0.5 Ph-W ti tis
3
0.0
3.0 35 4.0 4.5 5.0 0.5 10 15 2.0 00 05 10 15 20 25 30
Wo t f
(b) (c) (d)

Figure 7. (a): the phase diagram in {w@o,?,T,}. The region inside the orange surface is in Ph-T.
The region outside the orange surface is divided by the blue surface into Ph-W and Ph-I. (b):
the different types of evolution, with ., (T}) and w.s(T}) being two critical distances. (c): for
T, = 6/8, the projected phase diagram in {wy,7}. (d): two Page curves for radiation R, with
Page time ¢ = 14 and = #;3 respectively. Segments in blue, green and red, represent the combined
system is in Ph-T', W and I, respectively.

For numerical convenience, here we continue to work with the coordinate set {¢,y,z,w; }
in 4-dimensional spacetime. In addition, the UV cut-off near the conformal boundary is
fixed to be e = 1—1/100. We also use scale-free parameters in the following discussion, such
as {TIJQ, t~, Th, ﬂ, §[R], f[Bl . BQ]} = {wo/wb, t/wb, Thwb, MWy, s[R]wb, I[Bl : Bg]wb}, where
Wp = WoTp.

4.2.1 Black holes of equal size

Different phases are undergone by the combined system during evolution — figure 7, at
different distances 1wy between By and By as well as temperature T},. As shown in figure 7(a),
there are two critical surfaces in orange and blue, which separate Ph-T, I and W. The
reason for no Ph-H is that the black hole subsystems with the same DOF are saturated at
the same time.

For instance, at the beginning of evolution, the hot systems with subsystems B; and
By being far apart are always in Ph-T, which indicates that black hole subsystems are not
entangled with each other in this phase. While the cold systems with adjacent subsystems
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Figure 8. The evolution on entropy and mutual information density at different distances (a): wo =
2.67, (b): Wy = 3.91, (c): Wy = 6.67, while other parameters are specified to {L, 61, 62, A1, Ag, fi, T, } =
{1,7/2,7/2,0.3,0.3,0,6/87}. Note that AQ := Q(t) — Q(0), where Q = s, I.

are generally in Ph-W, which manifests that in these cases By and By are entangled with
each other and hence, there is a wormhole connecting them.

Based on these observations, we extract three characteristic types of evolution —
figure 7(b). Intuitively, these types are distinguished by the formation of wormholes.
First, for adjacent black holes where the distance wy is less than a critical scale .1 (Th),
wormholes have emerged from the beginning. Second, for middle-ranged black holes where
e (Ty) < o < Wep(T),), wormholes are generated in the intermediate stage. Finally, for
distant black holes where w0 is greater than another critical scale wcz(T 1), wormholes never
appear. Again, to avoid cumbersome statements we will name these types of evolution
simply as Type-I, Type-II, and Type-III respectively.

Next, we will elaborate on these types of evolution by tracking the entanglement entropy
density and mutual information density of each subsystem, and the detail is given as follows:

« Type I: the evolution of adjacent black holes, W < W1 (Th)

For adjacent black holes, the whole system is always in Ph-W during evolution —
figure 8(a).

At the beginning, a wormhole has already been generated between the adjacent black
holes B; and Bs, so they share nonzero mutual information density I [B1 : Ba] at
t = 0. Whereafter, the entanglement between B; and By becomes stronger owing to
the accumulation of exchanged Hawking modes between them. By the entanglement
wedge reconstruction, the information on both Planck branes can only be encoded in
Bi1 U Ba, but not in the radiation subsystem — see figure 5(d).

Until # = #;3, black hole subsystem Bj (Bs) is fully correlated with R U By (B1),
and hence, the mutual information density I [B1 : By] approaches saturation. In this
circumstance, in addition to the former reconstruction, we can also extract information
on brane pl;(plz) from the combined system R U Ba (Bi).
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These phenomena are different from those in the standard double holography sup-
porting one Planck brane [15, 39, 40, 44, 57, 96], and are also direct consequences of
the formation of the wormbhole.

Type II: the evolution of middle-ranged black holes, w¢1 (’i‘h) <Wo< v~v02(’:~[‘h)

For Middle-ranged black holes — figure 8(b), the system falls in Ph-T at the beginning.
In this phase, B1 and Bs start to exchange Hawking modes with the nearby subsystem
R, so 5[R] starts to grow.

At t = t14, the system undergoes a phase transition from Ph-T to Ph-W, in which the
wormhole occurs. The radiation subsystem R is fully entangled with B U Bs (5[R]
saturates), and simultaneously, B; begins to interact with B (1: [B1 : Bs] and $§[B;]
starts to grow). Until £ = #13, both the entropy and mutual information densities
saturate.

As a result, we obtain a dynamical curve of §[R] — figure 8(b). Although it exhibits
similar behaviors as in the standard double holography, in this circumstance, the
unitary evolution is preserved by the formation of wormholes rather than the emergence
of islands.

Type III: the evolution of distant black holes, wg > Wcz(’i‘h)

For black hole subsystems which are far apart — figure 8(c), the evolution also tends
to begin with Ph-T. That is, By U B2 starts to be entangled with R as the process
goes on.

After t = 113, the radiation subsystem R is fully entangled with By U Bs, where 3[R]
saturates, as well as 3[B;], but the growth of I[B; : Bs] is suppressed by the long
distance.

Note that we acquire a Page curve here without the formation of wormholes. Therefore,
the unitarity during evolution is preserved by the emergence of islands. In this sense,
the situation is much similar to those in literature.

4.2.2 Black holes of different sizes

In the following, we will generalize the discussion to the cases with different-sized black holes,

where the smaller(larger) black hole B;(B2) contains fewer(more) DOF. The phase diagram

is demonstrated in figure 9, by varying both the distance @y and Hawking temperature Tj,.

We remark that one more possible phase (Ph-H) appears in this case, due to the different

instants of the saturation of 5p,. Nevertheless, we point out that the addition of Ph-H will

not change the classification of evolution. Thus we still envisage the evolution with the

following types:

e« Type I: the evolution of adjacent black holes

For adjacent black holes, the full system still tends to stay in Ph-W — figure 10(a).
Nonzero mutual information density at £ = 0 indicates the existence of the wormhole
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Figure 9. (a): phase diagram in {,#,T,}. The region inside the orange surface is in Ph-T. The
region enclosed by the orange and the green surface is in Ph-H. While the region outside the green
surface is divided by the blue surface into Ph-W and Ph-I. (b): the different types of evolution.
Here the left-most red curve .1 (T},) and the right-most red curve wes(T},) are two critical distances.
(¢): for T}, = 0.36, the projected phase diagram in {wo,}.

connecting By and Bs. As time passes by, the accumulation of Hawking modes directly
enhances the entanglement between them.

At £ = t19, the entropy density 3 [B1] of the smaller black hole subsystem B; saturates
first, while that of the larger one By does not. As a result, the entanglement between
B; and R will continue to “pass” into By (where I[B; : R] decreases while I[By : R]
increases). From the brane perspective, in this phase, we are allowed to reconstruct the
information inside the black hole on brane pl; from the boundary region R. Finally,
at = 193, all measures under consideration reach equilibrium.

e« Type II: the evolution of Middle-ranged black holes

For middle-ranged black holes, the system undergoes either Ph-T,W or Ph-T,H,W,
and then reaches the saturation. The desired wormhole will be generated during the
evolution in both routes.

Let us firstly discuss the evolution undergoing Ph-T,W phases- figure 10(b). At early
times, B; and Bs start to exchange Hawking modes with R. At ¢ = {14, R is fully
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entangled with the surroundings, and hence, B; begins to be correlated with By. Until
t = 12, the entropy density of B; saturates, while that of B; does not. Thus the
entanglement between B; and R passes into Bs all the way until the equilibrium is
reached at t = ta3.

As for the second case — figure 10(c), the main difference from the former is that
the entropy density of 3] saturates prior to that of R. After the saturation of B at
t = t19, By continues to interact with R. Until the saturation of R at t = fo4, the
entanglement between B; and R is reassigned into By. We remark that in this case,
the wormhole occurs later and the maximal entanglement is much lower, reflecting
the intuitive fact that the farther the distance wg, the harder it is for B; and By to
be correlated.

We also point out that in both cases unitarity is preserved by the formation of a
wormhole rather than an island.

e Type III: the evolution of distant black holes

For distant black holes, the system is in Ph-T at the beginning and finally saturates
in Ph-1.

In this type of evolution, the entropy density of B; saturates first at £ = £1o, while
those of By and R saturate later at t = f53. As a result, the entanglement between B;
and Bs continues to grow until ¢ = fa3.

Similar to the Type-III of black holes with equal size, the wormhole is never generated
if only considering the leading order of mutual information and unitarity is preserved
by the emergence of islands as described in literature.

In this subsection, we have demonstrated that when the amount of DOF on the brane
is small such that the backreaction of the brane can be ignored, the evolution of the system
can be classified into three universal types according to the distance between the black
holes. Then a natural issue arises and remains unanswered. That is, whether and how these
types of evolution will be affected by the amount of DOF on the branes. Therefore, inspired
by the work in [44], we tend to take the backreaction of branes into account and investigate
its effect on the existence of the wormhole in the next subsection.

4.3 The wormhole phase in backreacted spacetime

To illustrate the universality of the wormhole phase, or more precisely, the universality of
the evolution characterized by three types, in this subsection, we take the backreaction
into account, which is equivalent to joining DOF on the black hole subsystems B; and
Bs. Moreover, in the probe limit, we need an artificial nonzero scale w; to produce a
dynamical Page curve, but in backreacted cases, we can safely eliminate it. Therefore, we
change the definition of symbol “tilde”, which results in new scale-free parameters, such as
{0, 1, fi, 3[R}, I[By : Bo]} = {woTh, tTh, 11/ T, s[R]/ Ty, 1By : Ba]/Ti}.

For simplicity, here we explore neutral cases with the same DOF on branes. That
is to say, we specify i = 0 and 6; = 03 = 37/16, while vary A := A\ = A2 and wy. The
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Figure 10. The evolution on entropy and mutual information density at different distances (a): wo =
8/3, (b): wo =47/15, (¢): W = 119/30 and (d): Wy = 20/3, while other parameters being specified
to {L,01,05, A1, e, i, T} = {1,7/2,7/2,0,0.3,1,9/87}. Note that A3[R] := 3[R](t) — 5[R](0).

corresponding HRT surfaces and types of evolution are shown in figure 11(a) and 11(b),
respectively. It can be seen that there are also two critical scales w.; and w.2 which classify
the evolution into three types. For A > 0.7, w. grows with A\, while @,; is rarely changed
with A. This result indicates that with more DOF, B; and B are more likely to be correlated,
and thus the wormhole is more likely to be generated during evolution.

5 SYK clusters coupled to Majorana chains

In this section, a similar setup in the context of SYK models is constructed by identifying
By and By as distinct SYK systems, and radiation R as Majorana chains connecting them.
This combined system is studied by exact diagonalization (ED). The entanglement entropy
and mutual information of subsystems are investigated during the evolution, and the results
are compared with those obtained in the previous section.

5.1 The setup

To be specific, the SYK systems labeled by x; and x2 are composed of N,, and N,,
Majorana fermions with random couplings among them, respectively, while the Majorana
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Figure 11. (a): different configurations of HRT surfaces at ¢ = 0, with {L, 0,02, fi, \,@o} =
{1,37/16,37/16,0,2,37/2}.  (b): different types during evolution, with {L,0;,0,1} =
{1,37/16,37/16,0}. Green dots represent that the system undergoes Ph-T,I during evolution.
Orange dots represent the system undergoes Ph-T,W. While Blue dots represent the system always
stays in Ph-W.

chains are described by 1 (z) on Ny separate sites with hopping A/2, and the fermions on
the first and last sites are coupled with nearby SYK systems respectively. The combined
system is sketched in figure 12. The corresponding Hamiltonian of the whole system is
given by

Hp=Hy,, +Hy,, +Hyp, +Hing

Ny, /2 Ny, /2
= Z (Jy11)igkIXALiX1L,jX1L kX1 L1+ Z Jxor )ijkIX2L,iX2L,5X2L,kX2L,1
1<j<k<l 1<j<k<l
N¢/2 le /2 Ny, /2
iVivA iVavA
+7 Z V()Y (z+1)+ ; Z XL (1) +———— Y ¥r(Ny/2)xaL.
NXl/ NX2/2 i

(5.1)

where J; (i = x11, x2r) are in Gaussian distribution, which satisfy

RINf
Ni

(Ji)iji = 0, (Ji)ijrt)? = (5.2)

Starting with a thermofield double (TFD) state, with six subsystems x1r,, x2r,%r and
X1R, X2R, YR, the time evolution of the TFD state can be constructed as

TFD (1)) = ~HOHL2 | )

exp (5.3)

X1LsX1R |I>¢L7¢R ’I>X2L7X2R ’

Z(B)

where |I) K,.Kp 18 @ maximally entangled state between K and Kp subsystems, where
K € {x1,x2,%}. On the SYK systems, the state is defined as

(XIL,j + inR,j) “[>X1L=X1R =0, j=12,... 7NX1/27 (5'4)
(XQL,J' + iX?R,j) |I>X2L7X2R =0, ;j=12,... 7NX2/2' (5'5)
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Figure 12. The combined system, where the SYK subsystems are connected by the Majorana chain.

On the Majorana chains, the state is defined as

(Yr() +ir(@)) Dy pr =0, =1,2,-- Ny/2. (5.6)

Next, the density matrix of the subsystem K can be obtained by tracing out the DOF
of its complement K, which is given by

prc(t) = Try (ITED(1)) (TFD(1))). (5.7)

For instance, when K = y;, we have K = x3 U. Then the entanglement entropy of a
system K is defined by
SIK] = —Trg (pic log p). (5.8)

and the mutual information between K and K’ is defined to be
I[K:K’]:S[K]+S[K']—S[KUK’]. (5.9)
5.2 The entanglement properties of subsystems

In this subsection, we investigate different measures in quantum information to keep track
of the entanglement properties during evolution. Precisely, x; and xs serve as the black
hole subsystems B; and By respectively, while 1) is regarded as the radiation subsystem R.
The amount of DOF in B; and By are referred to as the number of fermions in x; and xo,
namely NV,, and N,,, and the distance between B; and By is captured by the number of
sites IV, in Majorana chains.

In principle, we hope the combined SYK system can not only resemble a classical
gravity system, but also reach local thermalization quickly for each subsystem, which
specifies the hierarchies between the parameters in the above Hamiltonian. The former
requires 1 < J;8 < N,, and the latter requires J;5 > Viv/AB. In practice, although
it is difficult to realize all the large hierarchies in ED, we still maintain the proper gaps
between the parameters. The numerical computations of the entanglement entropy and
mutual information are illustrated in figures 13 and 14. Their evolution still shares many
qualitative features with the entanglement evolution in the gravity system, as discussed
below, which suggests the universal evolution of the entanglement of subsystems. At the
end of this subsection, we will also discuss some distinctions between the present setup and
the gravitational one.
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Figure 13. The evolution on entropy and mutual information densities, with N,, = N,, = 6,
and {J13, J23, AB, VivAB, Vav/ABY = {5,5,1,3,3}. For the first line, an average of 21 samples is
plotted in each panel, while for the second line, a single sample is plotted in each panel. In both
lines, Ny = 2,6,8 from left to right.

Equal-sized cases with N,, = N,, — figure 13.

« For adjacent SYK subsystems with small Ny, the mutual information I[x; : x2] is
positive and grows immediately at the early stage — figure 13(a) and 13(d). This
indicates that the SYK systems have already been correlated at ¢/8 = 0, which agrees
with Type-I evolution — figure 8(a), where the wormholes have been generated for
adjacent black holes.

With the growth of the number of sites N, in Majorana chains, the growth of I[x1 : x2]
is delayed, and I[x; : x2] saturates at a lower level. The first agrees with the result
that the appearance of Ph-W is delayed with the increment of the distance of black
holes in Type-II evolution — figure 8(b), where the unitarity is preserved via this
phase transition. While the second implies that the evolution approaches Type-IIT —
figure 8(c), with the growth of distance.

For all of Ny, S[x1] are always close to S[xz], since x1 and x2 have the same number
of Majorana fermions and their couplings obey the same Gaussian distribution. In the
gravity system, we always find 5, = 55,, when B; and By contain the same amount
of DOF.
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Figure 14. The evolution on entropy and mutual information densities, with N,, # N,,. An
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parameters are fixed to be {J13, J23, AB, Viv/AB, Vo/AB} = {3,3,3,1,0.3}.

Different-sized cases with N,, < N,, — figure 14.

o The bifurcation among I[x; : ¥], I[x2 : ] and S[¢] occurs at the scale that S[x1]
nearly saturates, where S[t)] has reached saturation and the entanglement between
x1 and 1 starts to “pass” into xs. This phenomenon is similar to that in the
gravity system, where the entanglement transmits into By at late times, as shown in

figure 10(b).

o The growth rate of I[x; : x2] has fallen nearly by half at the scale of the bifurcation —
figure 14(b), which also agrees with the result in figure 10(b).

o S[xi] always saturates earlier and at a level lower than S[x2], due to fewer DOF in
x1 compared with those in yo. In the gravity system, this result is also manifest.

At the end of this section, we remark that aside from these similarities, there are
also some distinctions in this quantum mechanical setup compared to the gravity system,
which mainly Cstems from the deviation from both the large N limit and strongly coupled
limit, especially in the Majorana chain. First, in the combined SYK model, x; and xo will
always be entangled within the range of parameters, and it is reasonable to expect the
existence of entanglement in any choice of parameters. While in the gravity system, since we
only observe the results in the leading order, the entanglement between B; and Bs always
vanishes as long as the distance is far enough. Second, the saturation of entropies is always
smooth in the combined SYK model, which is distinct from the first-order phase transition
of entropies in the gravity system. Third, some decaying oscillations occur in the growth of
the entanglement entropy and mutual information, due to the lack of thermalization in the
Majorana chain.

6 A toy model for the evolution of entanglement: EPR clusters

We propose a toy model to mimic the evolution of two-body entanglement in the previous
systems. Considering several clusters of EPR, pairs, each pair consists of one left and one
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Figure 15. A chain model consisting of EPR clusters at early times, where one right qubit has only
been entangled with one left qubit in the same color. Without loss generality, we simply require the
right qubits remain still, while only those on the left will exchange.

right qubit, which together build a maximally entangled state. Collecting all the left and
right qubits respectively, the resulting huge maximally entangled state resembles a TFD
state, which is the model we are mainly interested in this section.

Specifically, we denote M clusters of EPR pairs as {G;|i = 1,2,..., M}, each of them
containing N; EPR pairs, and denote the total number of EPR pairs as N = >, N;.
Then, consider the time evolution only on the left qubits under a simple interaction —
exchanging one left qubit in G; with one left qubit in G; at the frequency of J;;, which
plays the role of a coupling constant. Note that the right qubits remain static during
evolution. We define N;; as the number of left qubits in cluster G; entangled with the
right qubits in cluster GG;, which satisfies the constraints N; = Zj]\il Ni; = jj\il Nj;. The
evolution equation for IV;; in mean field theory is

d M N N, N\ N:
—Nii =Y Ji |—=2 (1— - )+  — A 6.1
dt " ; J’“[ N; Ny, N; | N (6.1)

In the unit of 2In2, the entanglement entropy of G; is S; = N; — Nj;, and the mutual

information between G; and Gj is I;;; = N;; + Nj;.

Now we divide all clusters into three subsystems, namely B; = G1, Bs = Gy, and R =
Uf‘iglGi, which respectively serve as two black hole subsystems and radiation subsystems
in the previous holographic model. Then, we specify the coupling constants J;; as Jiz =
Jov—ym =V, gy = A, i €{2,3,..., M —2}, with others being 0, and Ny = Not1 = ng,
with v € {2,---, M — 2}. As a result, these clusters together construct a chain model,
which resembles the previous holographic setup — figure 15. In this combined system, we
have the following identifications:

e Ni, Nps,ng are regarded as the DOF in the black hole and radiation subsystems.
e M is referred to as the distance of distinct black hole subsystems.
o V characterizes the strength of interactions between B2 and R.

e A characterizes the speed of propagation of qubits in R.

— 95—



0.4

0.3

0.2

0.1

0.0

-
-

150 200 250 300

Vit

100

S[R]/N
S[By]/N
S[B,] /N
I[By:B,] /N
I[B;:R]/N

I[B,:R]/N

Figure 16. The evolution on entropy and mutual information in the EPR clusters, where M =
16,Ny =5,ng=1,Nyy=10and V=A = 1.

In this context, the entanglement entropies and mutual informations can be expressed as

M—1
S[B1] = Sy, S[R| =
i—2
M-1 M—1
IB1:Rl= > Ly, I[R:By)= I,

1

[|
N

= i

(Il':l + IIM)/27

S[Be] = Sm,  (6.2)

I[BQ : Bl] = I (63)

The evolution of entanglement for typical parameters of M > 1 and ng < N1 < Ny

is illustrated in figure 16. The results are also similar to those obtained in the previous

holographic model:

e Overall, entanglement entropy and mutual information grow at early times, because

of the exchanging process, and finally reach equilibrium.

o The growth of I[B1, Bs] exhibits a time delay related to M, because the qubits that
are exchanged between B; and By have to traverse R.

o I[B1,R] grows at first and then shrinks because both B; and R have to be entangled
with the largest subsystem B and lose some entanglement between each other

according to the monogamy of entanglement.

7 Conclusions and discussions

In this paper, we have constructed three different kinds of models to demonstrate the

dynamic process that two black holes can be entangled by emitting radiation, which exhibits

a generic phenomenon in a quantum system with black holes.

First of all, from the bulk gravity perspective, the doubly holographic model has been

constructed numerically, where the holographic CFT matter sectors are dual to a higher
dimensional bulk and the black holes By and Bs are replaced by two Planck branes in
the bulk. The bulk geometry is solved by the Einstein-Deturck equations with Neumann
boundary conditions on the branes. The DOF on branes pl; are specified both by the angle
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0; and the DGP coupling A;. Restricting B; to be a smaller black hole with fewer DOF, we
have found four possible phases of QES during evolution, including a novel wormhole phase,
which corresponds to the formation of wormholes owing to the exchange of Hawking modes
between black holes. In the probe limit, we have elaborated on the entanglement phase
diagrams and dynamical evolution for black holes of both the same and different sizes. In
general, the entanglement entropy of each black hole subsystem increases at early times
due to the exchange of Hawking modes with the environment, while saturates at late times.
Furthermore, three universal types of evolution can be distilled: first, for adjacent black
hole subsystems, a wormhole has been generated from the beginning, and no dynamical
Page curve of radiation is found. Second, for middle-ranged black holes, the instant of
wormhole formation is delayed by the distance, and unitarity of the evolution is preserved.
Third, for distant black hole subsystems, the entanglement between black holes vanishes
up to the leading order of quantum corrections in the bulk, because of the long distance.
Consequently, unitarity in this type will only be preserved by the emergence of islands.
Moreover, for the cases with B; being a smaller black hole, the entanglement between the
smaller black hole and radiation will leak into the larger one at late times.

The second model we have proposed is a quantum mechanical system that is composed
of two separate SYK clusters x1 and yo connected by a Majorana chain . In this setup,
SYK clusters are regarded as black hole subsystems and Majorana chains serve as radiation.
Concretely, the DOF both in SYK clusters and the Majorana chains are specified by the
number of fermions they contain, namely, Ny,, N,, and N,. To resemble the former gravity
setup and consider the limitation of the numerical calculation, we further require the weak
hierarchies N, > 8J; > 1 and 8J; > Viv/AB, where 8J; and V;v/AB are the dimensionless
couplings inside the SYK system y;, and between the SYK system y; and the Majorana
chain . With the finite number of fermions, the system is solved by exact diagonalization,
and we have numerically computed the same entropy measures in this coupled SYK model.
We have investigated both the equal-sized SYK clusters with N,, = N,, and the different-
sized SYK clusters with N,, < N,,. In summary, with short Majorana chains, the SYK
clusters will be entangled from the beginning. With the increment of the chain length, the
instant of the entanglement between the SYK clusters is delayed and the maximum of the
entanglement is suppressed. In addition, in the cases of the SYK clusters with different
sizes, the entanglement between the “smaller” SYK cluster x; and the Majorana chain
will pass into the “larger” SYK cluster yo.

The third model consists of several EPR clusters {G;|i = 1,2,--- , M} forming a chain
structure including two outermost clusters G1, Gy referred to as black holes B1, By and the
inner clusters serving as radiation R. Concretely, the DOF in each subsystem is specified
by the number of EPR pairs it contains, and the distance of B; and By is referred to as
the number of clusters M. By exchanging particles with nearby clusters, the entanglement
properties of the subsystems can be explored. Focusing on the case with N1 < Ny, and in
the large distance limit M > 1, we find the growth of entanglement between By and Bj,
exhibits a time delay. Also, B will lose some entanglement with R at late times due to the
monogamy of entanglement.

Nevertheless, the deviation from the large N and strong coupling limit in our quantum
mechanical setup will generally lead to some discrepancy in the entropy and mutual

_97 —



information in comparison with the results in a gravity system. So we are looking forward
to studying the entanglement by solving the Schwinger-Dyson equations of the coupled
SYK model in the future.

It is also interesting to compare our model to [97], where an eternal traversable wormhole
was constructed in both nearly-AdSy gravity and the SYK model by coupling two entangled
subsystems. These two subsystems share the same Hamiltonian and are coupled by a
double-trace interaction which matches their entanglement structure of the ground state, a
nearly-TFD state. The ground state is eternally traversable, where a signal injected from
one subsystem can travel into the holographic bulk and appears in the other subsystem [98].
Turning on this interaction does not affect the entanglement entropy between these two
sides [99]. While in our construction, the subsystems Bj 2 or SYK] 2 are not directly coupled,
and their entanglement increases gradually as Hawking modes travel through the bath. In
other words, the clusters SYK 2 in our system get entangled and reach the wormhole phase
in a different manner.

In addition to the above discrepancies, our models also share some similarities with [97].
On one side, our phase structures at late times are similar to those in [97] at finite
temperature. From the bulk gravity perspective, the entanglement wedge of B U By is
connected (disconnected) in the wormhole phase (island phase). This feature is similar to
the connected (disconnected) bulk in the eternal-traversable-wormhole phase (two-black-
hole phase) in [97]. On the other side, the transitions between these two phases are also
similar. To see this, we trace out the bath and consider the purity of the remaining
two subsystems,? which is negatively correlated to the second Renyi entropy of the bath.
When the bath is small (huge), the purity is high (low), then the two subsystems tend to
end in the wormhole phase (island phase). In this sense, this transition is similar to the
Hawking-Page transition in [97], where at low (high) temperature or high (low) purity, the
eternal-traversable-wormhole phase (two-black-hole phase) dominates.

Another interesting direction is to consider the dynamics in the full backreacted
spacetime, which cannot be covered by our setup in this paper, due to the lack of metric
data inside the event horizon. Nonetheless, by applying the ingoing Eddington coordinates
in the Einstein-DeTurck formulation [100], this problem may be conquered. It must be
pointed out that, the Einstein equations become a mixed elliptic-hyperbolic system, and
hence the local uniqueness of solutions is not guaranteed in this setup [92]. Beyond the
stationary cases, it is also interesting to further generalize the numeric setup into the
nonequilibrium cases [17].

Furthermore, observing various entropy computed in the coupled SYK model indicates
that the result of each individual realization seems to have some noise around the averaged
result, although our computation is limited by the number of fermions. This could be related
to the recent “half-wormhole” interpretation of the noise of the spectral form factors [101-
105]. It is interesting to see in our case that the half-wormhole also contributes to the
entanglement entropy. This is in fact a natural result from the holographic point of view;
holographically the entropy is computed by the bulk gravitational path integrals that involve
bulk geometries compatible with the replica trick in the boundary field theory. Then it is

2Usually B1 U Bz is not in a Gibbs state so the temperature is not well defined.
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very likely that (half-)wormbhole-like off-shell bulk geometries could also contribute to this
computation, which could be the origin of the fluctuations of the entropy for each realization
of the random coupling. It is interesting to show how various “half-wormhole” contributions
enter the holographic computation of various entropies explicitly. In particular, the current
case involves two asymptotic boundaries connected by a pair of branes, which could be
translated to a boundary with two pairs of matter trajectories and the half-wormhole
analysis in [68], see also the follow-up discussions in [106] could be applied directly. It is
interesting to further optimize our numerical code, probably borrowing some numerical
techniques from [107], and verify this behavior in the future.

Note added. While this work was being completed ref. [88] appeared, where the authors
considered a similar doubly holographic setup but in AdSs/BCFT; duality and found
a similar dynamic phase structure of entanglement. Our discussion applies to general
dimensions, and also to the case where the black holes are different in size, realized via
different tensions and DGP terms. Furthermore, we also construct two microscopic many-
body models to study the evolution of entanglement. Finally, we discuss the time delay
of entanglement due to the propagation of radiation and the loss of entanglement at late
times due to the different sizes of the black holes.
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A Black hole geometry with Planck branes

As mentioned in (2.8), the metric of the standard RN-AdS,; black hole is

2 L? 2 dz? 2 = 2
ds® = —5 [—f(z)dt Tt dw® + Y dw? |, (A1)
i=1
A=p (1 - zd_2> dt, (A.2)
d—2 d—2 -
f(z)=1-— (1 + -1 1/L2> 2%+ ﬁ/ﬂzw 2, (A.3)
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where the outer horizon has been scaled to be z;, = 1. However, for the geometry with
branes, it is convenient to transform the coordinate into

w=W+FW)z, (A.4)

where F'(WW) is some smooth function of W.
A trivial example is the black hole geometry with one Planck brane at w+z cot 6 = 0 [44].
One can set F(W) to be a constant, which is F/(WW) = — cot # and hence, (A.4) becomes

w =W — cot 6z. (A.5)

In this context, the location of the brane becomes W = 0 and we only focus on the region
with W > 0.

A slightly more complicated example is the black hole geometry with two Planck branes
at w+ zcot By = 0 and w — wy — z cot 05 = 0 respectively, as mentioned in the main context.
In this case, we may consider a function satisfying the following boundary conditions

F(0) =—cotf; and F(wy) = cotby (A.6)

at the same time. Therefore, a simple choice is

(cot B2 + cot 07)
wo

F(W) =

W — cot 6, (A.7)

and we keep our attention only on the region between the branes, which is 0 < W < wy.
Then, for numerical convenience, the coordinates can further be transformed to

x:K and y=+v1-z, (A.8)
Wo

which lead to the form as shown in (2.12).

B Derivation of the free parameter ;

Near the boundary, the geometry is asymptotic to AdS4 which in Poincaré coordinates is
described by

2
o _ L7

ds
52

(—d? + d2? + duw? + duw}). (B.1)
For the Planck brane at w + cot 61z = 0, the outward normal co-vector is

L -1
n=nyudrt = ————mem—

Z\/1+ cot? 6y
Substituting (B.1) and (B.2) into the induced metric (k1) = 1w — nyunw, we find the
extrinsic and intrinsic curvature are

(cotO1dz + dw) . (B.2)

0
K1:3COS L and Ry, = —

6 sin? 0,
7 _—

L2

(B.3)
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Figure 17. Numerical convergence test with fixed parameters {L,01,02, p,wo} =

{1,197 /40,197/40,0,2}. (a): norm of the DeTurck vector £2(z,y) with gridpoints {N,, N,} =
{10,10}. (b): maximum of the norm as a function of gridpoints N(= N, = N,).

Further, substituting (B.3) into (2.6), the free parameter is fixed to be

2cosf; — A\ sin?6
o = ! 7 ! L (B.4)

Similarly, for the brane at (w — wp) — cot #2z = 0, the outward normal co-vector is

(—cot badz + dw) , (B.5)

1
m = mydaxt = —

2 /14 cot? 6,

and the corresponding free parameter is obtained as

2cos By — Ay sin? Oy
a9 = I .

C Monitoring the norm of DeTurck vector &2

In this appendix, we examine the numerical convergence of £2 to distinguish the standard
solution of Einstein equations (2.2) and the corresponding DeTurck equations (2.13).

By adjusting the number of Chebyshev grid points both along x and y directions, which
we denote as IV, and N, respectively, we monitor the norm of DeTurck vector £2 = Euét —
see figure 17(a). Specifically, for fixed grid points {N,, N,} and other parameters such as
{L, 01,02, u,wo}, we take the maximum of ¢? within domain {(z,y)|0 <z <1N0 <y < 1},
which we denote as &2,,,. Then varying {N,, N}, we finally obtain &2, as a function of
grid points, as illustrated in figure 17(b). The key point is that even though there is no
proof of the non-existence of the DeTurck soliton with Neumann boundaries, with sufficient
Chebyshev grid points, we are still capable to obtain a solution that is arbitrarily close to
that of Einstein equations.
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D Derivation of the growth rate of entropy density

Recall that the entropy density of Planck branes penetrating the horizon is written as

s[Ri] =

/Zd : F) + 22, (D.1)

where i = 1,2 denote the different Planck branes.
In addition, the conserved momentum conjugated to v and the invariance of the
reparametrization can be expressed respectively as

f(z )v +z

C= R P F (D.2)
and
\/—v’ [f(2)v" +22/] = 2471, (D.3)
From (D.2) and (D.3), we further obtained
2(6) =~/ f(2) + 02220, (D.4)
o C+(C?+ f(z)2)
V() = s , (D5)
and also
1 + Cz(dfl)( -
’ _ f(z)+02z2 d—1
V() = e (D.6)

where we have set L = 1.
Therefore, the expressions of time and area can be expressed respectively as

t:/dv+/fcz):/<v'(z)+f(lz)>dz

Zmax (d_l)
= / dz Cz (D.7)
z)\/f(z) + C22(d-1)

Bl e L e
2V 0 2(§) 0 Z(d—l)\/f<z) + C22)2(d-1)
Zmax \/Z2d 202 + f Zmax d—l
= / C/ dz

z)zd-1 \/f + (2,242

Zmax \/ZQd 202 + f )
— / dz - Ct, (D.8)

2)zd-1

where 2y« is the turning point of 77, and in the following, we will use the fact that zmax
is evolving in time. Combining these two equations, the growth rate of the area can be
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obtained as

d A (ALt [mar) | demax dC

%W B f(zmax)zgl;)lc dt dt
Zmax —1+d
+ @ / ¢z dz —C
W flz)JOr 224 f(2)
_f(zmax)

Note that in the last step, we have used the result as shown in (4.6).
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