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ABSTRACT: We comprehensively study Galilean and Carrollian hydrodynamics on arbitrary
backgrounds, in the presence of a matter/charge conserved current. For this purpose, we
follow two distinct and complementary paths. The first is based on local invariance, be it
Galilean or Carrollian diffeomorphism invariance, possibly accompanied by Weyl invariance.
The second consists in analyzing the relativistic fluid equations at large or small speed
of light, after choosing an adapted gauge, Arnowitt-Deser-Misner-Zermelo for the former
and Papapetrou-Randers for the latter. Unsurprisingly, the results agree, but the second
approach is superior as it effortlessly captures more elaborate situations with multiple
degrees of freedom. It furthermore allows to investigate the fate of hydrodynamic-frame
invariance in the two limits at hand, and conclude that its breaking (in the Galilean) or
its preservation (in the Carrollian) are fragile consequences of the behaviour of transport
attributes at large or small c. Both methods do also agree on the doom of Ncetherian
currents generated in the relativistic theory by isometries: conserved currents are not
always guaranteed in Newton-Cartan or Carroll spacetimes as a consequence of Galilean
or Carrollian isometries. Comparison of Galilean and Carrollian fluid equations exhibits
a striking but often superficial resemblance, which we comment in relation to black-hole
horizon dynamics, awkwardly akin to Navier-Stokes equations. This congruity is authentic
in one instance though and turns out then to describe Aristotelian dynamics, which is the
last item in our agenda.
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1 Introduction

Fluid dynamics is 19th century physics par excellence. It has been thoroughly investigated,

expanded and applied in various areas, but continues to raise questions and challenges, which

are sometimes conceptual. In relativistic fluids for example, the issue of hydrodynamic-frame

invariance is rather subtle. It reflects the freedom to choose arbitrarily the velocity of the

fluid, and is rooted in the impossibility to distinguish the mass flow from the energy flow in



a relativistic system. This invariance was made popular by Landau and Lifshitz in their
formulation of dissipative relativistic hydrodynamics without heat current [1], as opposed
to the first formalism for relativistic fluids due to Eckart [2]. The freedom to set freely
the velocity field has drawbacks recognized long ago, when implemented in the linearized
(or, more generally, truncated) constitutive relations, which accompany the fluid equations
of motion. A comprehensive presentation of the subject can be found in [3-6], where the
main difficulties, namely causality, stability and shock structure, are discussed in length.!
More recent progress has been reported in [9-19], showing that the debate is still ongoing.
It is worth stressing that the above phenomenological descriptions of out-of-equilibrium
phenomena are enshrined by relativistic kinetic theory. In particular, the various quoted
formalisms — Eckart, Landau-Lifshitz or others — arise using the relativistic Boltzmann’s
equation. Further reading on this subject is proposed in [20-23].

Hydrodynamic-frame invariance has also emerged in a slightly more formal context.
The asymptotic isometries of the gravitational field in general relativity? are related to the
symmetries of a fictitious fluid defined on the conformal boundary.® When the gravitational
field is asymptotically anti-de Sitter, the boundary is time-like and the dual fluid is
relativistic. A local transformation of the fluid velocity amounts to a diffeomorphism on the
gravitational side. For an asymptotically flat gravitational field, the boundary is null and
the associated fluid is Carrollian [28]. Does the hydrodynamic-frame invariance survive in
that case and does it share the above relationship with the asymptotic isometries? Similarly,
and irrespective of any bearing to gravity, why is hydrodynamic-frame invariance lost in
ordinary Galilean fluids, where the velocity and the mass density are measurable quantities?

The purpose of the present work is to elaborate on properties of Galilean and Car-
rollian fluids, in the spirit and as a follow up of ref. [29]. This includes the discussion of
hydrodynamic-frame invariance, the addition of a conserved current and its associated
chemical potential, the interpretation of Galilean and Carrollian fluid equations as conser-
vation laws stemming out of appropriate diffeomorphism invariances, and the dearth of
conservation properties ensuing isometries.

The emergence of Carrollian physics goes back to the works of Lévy-Leblond [30]
and Sen Gupta [31]. The Carroll group is an ultra-relativistic contraction of Poincaré
group. It is dual to the better-known non-relativistic contraction, the Galilean group.*
Carrollian symmetry has triggered interest in several directions. On the mathematical side,
new geometric structures were discovered dubbed Carrollian manifolds [32-46], following
patterns similar to those leading to the Galilean duals i.e. the Newton-Cartan geometries.
From a more physical perspective, the connection of Carrollian symmetry with asymptotic
isometries of Ricci-flat gravitational backgrounds and in particular its role in the growing
subject of flat holography have attracted outmost attention [47-56].

"Modern textbooks on fluid mechanics are e.g. [7, §].

2See e.g. the lecture notes [24] for a recent review and further references on this subject.

3This fluid is often referred to as “dual” or “holographic” — see refs. [25-27] for the precise symmetry
interplay and a complete bibliography of fluid/gravity holographic correspondence.

40n a purely semantic vein, the given names “relativistic, ultra-relativistic, non-relativistic” are all
unfortunate, as pointed out with brio by Jean-Marc Lévy-Leblond. Although it is probably too late to give
up the first, one should try to replace the others by Carrollian and Galilean. Incidentally, Niels Obers and
Stefan Vandoren rightfully insist on the ultra-local nature of the Carrollian limit.



Ordinary, Galilean fluid dynamics is the non-relativistic limit of relativistic hydrodynam-
ics. It was originally circumscribed to three-dimensional Euclidean space with absolute time
i.e. to the strict Newtonian framework with full Galilean isometry. Efforts have been made
to evade this restriction [57—66] and finally reach the general equations describing a non-
relativistic viscous fluid moving on a space endowed with a spatial, time-dependent metric,
and covariant under Galilean diffeomorphisms such as #' = #/(t) and x’ = x'(t,x) [29, 67].5

The more exotic Carrollian fluids are “flowing” on Carrollian manifolds and their
equations of motion are invariant under Carrollian coordinate transformations, ¢’ = t'(¢,x)
and x’ = x/(x). Although particle motion is forbidden due to the shrinking of the light
cone, and despite the absence of a microscopic analysis based on thermodynamics or kinetic
theory, the dynamics for a continuous medium seems to make formally sense, involving an
“inverse velocity,” energy density, pressure etc. The first instance where Carrollian fluids
were quoted is ref. [70]. There, it was realized that contrary to a forty-year lore, Einstein
dynamics on black-hole horizons and the associated membrane paradigm were not related
to the Navier-Stokes equations, but instead to their Carrollian duals. This observation was
further discussed in [71], and aspects of Carrollian hydrodynamics were analyzed in [72-77].
It is fair to repeat that this sort of fluids lack of microscopic settlement and laboratory
applications. Nevertheless, their dynamical equations emerge in various instances where
null hypersurfaces are at work, and this justifies a thorough investigation.

The hydrodynamic equations for Galilean or Carrollian fluids were obtained in [29] as
limits of the fully covariant relativistic equations on general pseudo-Riemannian manifolds.
For the Galilean case, the suitable form of the metric was Zermelo, whereas Papapetrou-
Randers was better adapted to the Carrollian limit. These metrics are indeed form-invariant
under Galilean or Carrollian diffeomorphisms respectively (see [78] for further properties).
Our study is performed here in the presence of a conserved current, which contributes the
dynamics, and fosters the attainment of the Galilean continuity equation. The infinite
or vanishing velocity limits are accompanied with some assumptions on the behaviour
of the physical quantities such as energy density, heat current or stress tensor, including
important sub-leading terms. We show that the resilience or the failure of the relativistic
hydrodynamic-frame invariance in the non-relativistic or ultra-relativistic limits are closely
tied to those behaviours. In a nutshell our conclusions can be summarized as follows. For the
Carrollian case, the behaviours at vanishing velocity of light are suggested by the experience
acquired with holographic fluids, and turn out to be compatible with hydrodynamic-frame
invariance. This is no longer true in the Galilean limit, where the rules are dictated by
non-relativistic physics and disrupt this invariance, unless one concedes to give up matter
conservation and at the cost of altering the Navier-Stokes equations.

The relativistic hydrodynamic equations, namely the vanishing of the covariant energy-
momentum tensor divergence, translate the invariance of some effective action with respect
to general diffeomorphisms ¢’ = ¢/(¢,x) and x’ = x/(¢,x). Similarly, Galilean or Carrollian
equations can be reached upon imposing the corresponding diffeomorphism invariance on the
effective actions. The energy-momentum tensor is in these cases traded for other generalized

®See also [68, 69] for a discussion on symmetries.



momenta adapted to the local symmetries at hand. Our analysis, performed along the lines
of [79], reveals subtleties and slightly differ in comparison with the large-c¢ or small-¢ limits
of the relativistic theory. This betrays that when considering these limits, as opposed to
working with action principles directly in Newton-Cartan or Carrollian spacetimes, more
information is stored in the equations, and more constraints emerge due to the larger
original local invariance. Specifically, Galilean mass conservation (continuity equation) is
built in (as shown in [29]) irrespective of extra matter current conservation. This confirms
that the most striving and economical approach for reaching the dynamical equations is
indeed the one based on the limiting procedure, originally used in [29], which can be even
extended at wish for incorporating naturally more degrees of freedom, which would require
more conjugate variables in the Galilean or Carrollian action principles.

In order to deliver a comprehensive picture of the web of dynamics emanating upon
contractions of the plain relativistic group and their associate spacetimes, we briefly venture
out and explore the realm of Aristotelian geometries. Introduced by Penrose in [80],
they became suddenly popular because they do not possess any boost invariance (see
e.g. [74, 76, 81-83]). The absence of boosts® features that both time and space are absolute
in these geometries. Hence motion and light cone are trivialized, and the notion of fluid
becomes even more questionable than in the Carrollian framework. Nonetheless, dynamics
can be defined from invariance principles — no limit involving the speed of light exists that
would connect Aristotelian spacetimes to relativistic theories — and is worth investigating
as it appears to stand at the intersection of Galilean and Carrollian physics.

When discussing dynamics in general, and fluid dynamics in particular, part of the
duty is to exhibit conserved quantities. These are generally the consequence of symmetries,
but this concept should be scrutinized on a case-by-case basis. In a relativistic theory, any
(conformal) Killing field provides a conserved current upon contraction with a (traceless)
conserved energy-momentum tensor. We prove that this is no longer systematically true for
Galilean or Carrollian hydrodynamics, and for instance, boosts present in flat space are not
spared — this would be circumvented in Aristotelian spacetimes if boosts were available.
Hence Neetherian currents in Newton-Cartan or Carroll manifolds arise for a restricted
subset of isometries. This is an important spin-off of our study, that compromises former
attempts to describe hydrodynamics in flat Newton-Cartan or Carroll spacetimes on the
ground of Neetherian conservation laws.

An executive outline of the present work is as follows. We remind the basics on relativis-
tic fluids in the presence of a conserved matter current with emphasis on hydrodynamic-frame
invariance. This analysis is further expanded into two distinct frames, the Zermelo and
Papapetrou-Randers, appropriate for the subsequent investigation about Galilean and Car-
rollian fluids. Galilean fluids are first studied from the conservation perspective mirroring
the Galilean-diffeomorphism invariance of Newton-Cartan spacetimes with emphasis on
the effect of isometries, when present in the background; next as the infinite-c limit of the
relativistic hydrodynamics in Zermelo frame. Hydrodynamic-frame invariance is revisited
and we move next to the Galilean massless case. The current analysis is repeated along

5The associated group is the static group, introduced in [84].



cognate lines for Carrollian fluid dynamics with a paragraph specifically devoted to the
possible multiplication of degrees of freedom in the zero-c limit. Finally we describe the
case of Aristotelian fluids in a short section before concluding.

The subject of hydrodynamic-frame invariance and Carrollian fluids has been lately in
the spotlight. Some debatable statements have been promoted in the literature, and our
views are not always in line with those of other authors. Wherever necessary, we stress it
and provide the adequate elements to make the comparison clear and avoid confusion. Our
approach is meant to be a constructive criticism, and we intentionally supply a wealth of
technical details, some appended in four sections, to back-up our conclusions, sometimes at
the expense of considerably increased length.

2 Relativistic hydrodynamics

2.1 Basic concepts and general equations
Energy—momentum and matter conservation

Fluid mechanics is the description of irreversible off-equilibrium thermodynamics under the
assumption that the wave lengths of dynamical phenomena are large compared to typical
kinetic scales. It is thus legitimate to assume local thermal equilibrium and use the laws of
thermostatics (recalled in appendix A), although the definitions of temperature, chemical
potential, entropy etc. are possibly questionable, or at least ambiguous.

Without external forces and springs or sinks of matter, the basic requirements are
covariant energy-momentum and matter (rather than mass) macroscopic conservation,

encoded in the following d + 2 equations:”
v, T" =0, (2.1)
V,Jt =0, (2.2)

where we assume the spacetime, of dimension d 4 1, be equipped with a metric g, .
The energy-momentum tensor and the matter current can be decomposed along a vector

congruence u* playing the role of velocity field normalized as uu, = —c?:
utu? utq”  uVgt
T = (¢ +p) 2 + pgh’ + M + =t (2.3)
JH = gout + j*. (2.4)
The viscous stress tensor 7 and the heat current ¢ are purely transverse:
1
u'q, =0, u Ty, =0, uTy, = —qy — ey, e = 5 Twutu”. (2.5)
c
They are expressed in terms of u’ and their spatial components ¢; and Tij withi=1,2,...,d.
Similarly is the imperfect particle current from its components j;, since
. 1
uj, =0, o0o= —gu“JM. (2.6)

In the above expressions — see also appendix A

"Matter conservation could be multiple, or even absent as e.g. in a gas of photons, although no principle
forbids the existence of conserved currents in fluids made of massless carriers — see appendix A.



e ¢ and gg are the energy and the matter per unit of proper volume, as measured by an
observer moving at velocity u* (comoving);

e ¢ and gg are related and so are T*” and J*;

e p is the local-equilibrium thermodynamic pressure obeying an equation of state of the
form p = p(T, po), where T and pg are the local temperature and chemical potential;

 the quantities j;, ¢; and 7;; capture the physical properties of the out of equilibrium
state, and are usually expressed as expansions in temperature, chemical potential and
velocity derivatives: the constitutive relations in their hydrodynamic expansion.

. . . . . d+1
It is worth recalling that from the perspective of an effective action® S = % [d e /=g £,
the energy-momentum tensor is defined as

o — 205 (2.7)

- v =g 59,111/’
whereas for the matter current, a U(1) gauge field with components B, is needed:

1 65
JH = ﬁﬁ (2.8)
On the one hand, invariance under diffeomorphisms generated by arbitrary vector fields
§&=¢EM(t,x)0, as
Oe G = —LeGuw, (2.9)
where

Leguw = fpapguv + gupaufp + Qupaufp = V& + Vily, (2.10)

implies the conservation equation (2.1). On the other hand, the matter-conservation equa-
tion (2.2) is a consequence of invariance under

SAB, = —0,A (2.11)

with A = A(t, x).

It is important to stress at this early stage that we do not assume any isometry, neither
here, nor in the subsequent limiting geometries. The energy-momentum tensor and the
current should not be confused with any sort of Neetherian currents, and their conservation
is a direct consequence of local invariances. This should be opposed to other approaches
presented in the quoted literature.

Isometries, conformal isometries and extra conservations

If £ = ¢+0, is a Killing field it obeys

Ly, = 0. (2.12)

8 As usual %ddﬂaz =deAndzt AL Ada?.



Hence, due to (2.1), the current defined as
I, = €T, (2.13)

is divergence-free

V. I" =0. (2.14)

Using Stokes and Gauss theorems,

/ A e/ =g’V 1" :?{ 1, (2.15)
w

oW

where W is a domain inside M and *I is the M-Hodge dual of I = I,,dz* (1.4 = 1), we
infer that

1
Qr= /zd *1 (2.16)

c
is conserved. Here, 34 is an arbitrary space-like hypersurface of M, and “conserved” means
that the value of Q7 is independent of the choice of 34.”

When the energy-momentum is trace-free

T", =0, (2.17)

a conformal isometry suffices for producing a conservation, along the lines described above.
The conformal Killing satisfies

2
rcg__g#y = mvpfpglw. (218)

Entropy current and entropy equation

The variational definitions of the energy-momentum tensor and the matter current as
conjugate momenta to some elementary background fields are elegant and general as we will
see in the forthcoming sections, but not indispensable. The physics of the fluid relies in fact
on the decomposition of these momenta into observable quantities, expressed themselves
as derivative expansions, and this requires more information than the knowledge of local
symmetries. To this, one should add that the entropy current S* is yet another physical
object, which has no variational definition of the sort (2.7) or (2.8). It has actually no
microscopic definition such as an expectation value of some observable, but is built order

10" requiring among others that its divergence (or,

by order in the derivative expansion,
alternatively for theories which incorporate memory effects, the integrated divergence) be

non-negative. The generic form of the entropy current is

1

°If 4 belongs to a family of hypersurfaces defined as 7(t,x) = const., the conservation is expressed as
% = 0. This needs not be so though, and the wording “conservation” is to some extent reductive, as no
reference to time is needed. Care should also be taken with the behaviour of the fields at spatial infinity and
if ¥4 has itself a boundary.

10The first order is often referred to as classical irreversible thermodynamics, the second extended irreversible

thermodynamics, etc.



where »# is a kind of universal piece of the current, and R* depends on the specific
off-equilibrium thermodynamic theory. Using (2.5), (2.6), (A.3) and (A.5), X# is recast
as follows:

o . 1 o w . 00
TH — o © —gt = g B =gt 2.20
R AR Too <] w? ) (2.20)

with o the entropy, w the relativistic enthalpy (A.3) and po the relativistic chemi-
cal potential.

It is convenient, both for the relativistic dynamics and for its Galilean or Carrollian
limits, to consider the longitudinal and transverse projections of (2.1), possibly combined
with (2.2) and the thermodynamic laws (A.5), (A.6) and (A.8) in order to trade the energy
for the entropy. For the longitudinal projection, we find:!!

v

ay
—u, V,T" =u(e) + (w + ;) 0+ 1m0, +V,¢" + c2q , (2.21)
T o MO 0,7 a,
= TVVEV + g@ + T'U'VO'MV + T‘]Vay? —|— qV ( T + C2> 3 (222)

where 7 = 7", is the relativistic non-equilibrium pressure and u(f) stands for u*0,f.

We have also introduced the following kinematical tensors:'?

ay, = u'Vyuy,, 0 =V, u, (2.23)
1 1
O = V() + 2 () — g@ Py (2.24)
1
Wy = V[Hu,,] + §U[uay}, (2.25)

which are the acceleration, the expansion, the shear and the vorticity of the velocity
field, with h,, and U, the projectors onto the space transverse and longitudinal to the

velocity field:
Uy Uy Uy Uy
MQ + [z U,u,u = - MQ . (226)

hyy =
H c

c
Relativistic hydrodynamic-frame invariance

The absence of sharp distinction between energy and mass flow in relativistic theories
brings some redundancy in the above fluid data such as ¢* and j*. In his seminal theory of
relativistic fluids [2], Eckart shed this redundancy by making the choice j* = 0, whereas
Landau and Lifshitz [1] required instead ¢* = 0. It is more generally admitted that one has
the freedom to redefine

T(z) = T'(z), po(z) — pg(x), ut(x) = ut (), (2.27)

provided we modify accordingly (z), p(x), oo(z), ¢*(z), 7" (x) and j*(z) so that the
energy-momentum tensor, the conserved current and the entropy current remain unaltered.
This is the gauge symmetry, associated with local Lorentz transformations, known as

1This is the generalization of eq. (127,5) in [1] for general gravitational backgrounds and in an arbitrary
hydrodynamic frame.
20Our conventions for (anti-) symmetrization are A(,,) = % (A + Avy) and Ap,) = 5 (A — Auw).



hydrodynamic-frame invariance. It translates, that the velocity field has no first-principle
definition in relativistic hydrodynamics.'?

It should be stressed here that irrespective of the aforementioned local Lorentz freedom,
dealing with out-of-equilibrium phenomena brings its share of indetermination. Once the
global equilibrium is abandoned, thermodynamic functions become local and their very
existence relies on local thermodynamic equilibrium. They are furthermore supposed to be
slow-varying for hydrodynamics to make sense. Nonetheless, even within these assumptions,
for non-perfect fluids, neither p(x), e(z) and go(x) appearing in the fluid equations, nor
T(z) and po(x) entering the constitutive relations need a priori to be identified with the
corresponding local-equilibrium thermodynamic quantities. We have made that choice here,
and we will not further discuss this side of hydrodynamic-frame invariance, but rather focus
on the kinematical aspects. More information can be found in the already quoted literature,
and in particular in [10-19].

Suppose we perform a local Lorentz transformation on the fluid, i.e. a transformation
on the velocity vector field

u—u-+dou, du-u=0. (2.28)

One can transform accordingly the various pieces that appear in the decomposition of
T, (2.3) so that 0T, = 0:1

2
S — _gqu5uu’ (2.29)
dq, = %q”(suu — wouy, — Tyuout, (2.30)
1
§ (Phyw + Tyw) = % (Wbt + wydup) + = (UpTvp + U Typ) Su
1
-3 (outq” + du”q") . (2.31)

Similarly, in the presence of a matter current, one requires 6.J, = 0, and using (2.4)
one obtains:
0ju = —uuboo — 000Uy, (2.32)

The interplay between the energy-momentum tensor and the matter current is ensured
by the thermodynamic laws and the entropy current. The latter must also be hydrodynamic-
frame-invariant, as are the thermodynamic relations, in particular the Gibbs-Duhem equation

13n fact, the two extreme options embraced by Eckart and Landau-Lifshitz may not be achievable in all
systems. The former demands a time-like conserved current J* and selects a velocity field aligned with it.
The latter requires that the energy-momentum tensor has a time-like eigenvector with positive eigenvalue
and alignes the velocity with this eigenvector. In both cases, the defining assumption is reasonable, and the
output unique, leaving no residual hydrodynamic-frame invariance. The equivalence amongst these frames
relies on a deep interplay between the energy-momentum and the conserved current, when it exists. This
interplay reveals in thermodynamics and specifically in the entropy current. However, although equivalent,
the two frames are not equally suited for the non-relativistic limit, as we will see in section 3.2 (see also [8]).

We cannot disentangle at this stage the transverse components p and 7,,, as their separation relies on
thermodynamics (p is the equilibrium pressure, 7., stands for the non-equilibrium stress and its trace is the
non-equilibrium pressure).



and the equation of state. These requirements provide the tools for computing do, dp, 07,
and d1p, in terms of the above variations already expressed with the basic data du,, and dgo.
We will not delve in analyzing the effects induced on thermodynamic observables by the
local Lorentz transformations (for that see e.g. [10-19, 85]), but will conclude this discussion
with some remarks. At the first place, as already stressed, there is no microscopic definition
of the entropy current. Hydrodynamic-frame invariance serves therefore as a prerequisite
for completing expressions like (2.20), order by order in the derivative expansion. Secondly,
qu» Tww and j, are given in the form of constitutive relations, which are asymptotic series,
terminated at finite order. This blurs the fluid-frame invariance, and is at the heart of the
caveats mentioned in the introduction (stability and causality). Privileged hydrodynamic
frames unavoidably emerge, depending on the physical situation under consideration. Last
but not least, even when the previous items are under control (as in two dimensions [25]),
the question of global issues remains, in the lines discussed in refs. [25-27]: like any gauge
symmetry, hydrodynamic-frame invariance suffers from possible global breaking.

A remark on perfect fluids

For a perfect fluid, the heat current, the viscous stress tensor and the transverse part of the
matter current vanish. From an intrinsic view, given an energy-momentum tensor and a
matter current, these requirements are met if the matter current is an eigenvector of the
energy-momentum tensor, and if the transverse part of the energy-momentum tensor with
respect to this eigenvector is proportional to the projector orthogonal to the current. Given
the normalisation of the velocity, here aligned with the current, this provides unambiguously
00, p and ¢ (see (2.3), (2.4), (2.5) and (2.6)), and guarantees at the same time the absence
of j¥, ¢¥ and 7. The entropy current (2.19) in now given by (2.20) and is proportional to
the velocity. From (2.22) we infer it has zero divergence.

Formally, one could perform local hydrodynamic-frame transformations. However,
following the rules (2.28), (2.29), (2.30), (2.31) and (2.32), no transformation exists, which
preserves the perfect forms of the matter current and of the energy-momentum tensor.
They all generate non-perfect components, which should in this case be considered spurious

15

because they do not reflect any genuine microscopic interaction. In the absence of

dissipative phenomena and heat transport, energy is carried by matter and there is no
ambiguity in defining a physical fluid velocity, in line with the presentation of ref. [1].

Weyl-invariant fluids

A physical system such as a fluid can be invariant under Weyl transformations. Those act
on the background metric and fluid velocity as

ds? — B 2ds?, ut — But, (2.33)

and more general tensors are Weyl-covariant if they rescale with some power of 9% (weight
w) — not to be confused with the relativistic enthalpy w). A Weyl-covariant derivative D,

15 Although unphysical, this formal freedom is important from a holographic perspective, and was discussed
extensively in [25-27].

~10 -



maintains the canonical Weyl transformation of a Weyl-covariant tensor, and calls for a

16
_ ! (a _ §u> . (2.34)

The Weyl covariant derivative is metric-compatible:

Weyl connection one-form:

Dyguw = 0, (2.35)
(DD, —D,D,) f=wfFu, (2.36)

where the action on a weight-w scalar f is
Dif = Vaf +wAyf, (2.37)

and
F;},V = 8/LAI/ - aVAM (238)

is the Weyl curvature (weight-0). For concreteness, the action of Dy on a weight-w form v,
and a weight-w tensor ¢, is

Dyvy = Vv, + (w+ 1) Ay, + Aoy — gunAv,, (2.39)
DAtuV = V)\t;w + (w + Q)A)\t;w + Aut)\z/ + Autu)\ - guAAptpV - gzz)\Aptup- (2'40)

Commuting the Weyl-covariant derivatives acting on vectors, as usual one defines the
Weyl-covariant Riemann tensor

(DpDy = DyDy)vP = RP, 07 + wvPFy, (2.41)

(v” are the components of a weight-w vector) and the usual subsequent quantities. The
Weyl-covariant Ricci (weight 0) and scalar (weight 2) curvatures read:

R = Ry + (d = 1) (VoA + AAy = g ANAY) + g VAAY = B, (2.42)
R = R+ 2dV,A* — d(d — 1) A\ AN (2.43)

The fluid dynamics captured by (2.1) and (2.2) is Weyl-invariant under the necessary
and sufficient condition that the energy-momentum tensor and the matter current are
Weyl-covariant and such that

VT =D,TH, ¥V, J"=D,J" (2.44)

This demands the conformal weights of T},, and J, be d — 1, and T},, be traceless. The
required weight for the energy-momentum tensor is the translation of Weyl invariance for
the underlying action, as one infers from eq. (2.7); this Weyl invariance also imposes the

YThe explicit form of A is obtained by demanding D,u* = 0 and v*Dyu, = 0. The Weyl connection
is not unique. Any weight-w conformal vector V is associated with a bona fide Weyl connection Ay =
W (%V — av) with Oy and ay, the expansion and acceleration of V. An example of alternative
Weyl connection will be presented in section 3.4.
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weight | observables
d+1 E, P
d Qus 00
d—1 Tuvs Ju

Table 1. Conformal weights.

absence of trace.!” In the decomposition (2.3) the latter condition reads —e 4 dp + T, =0,
usually split into the conformal global-equilibrium equation of state plus a condition on the
piece associated with dynamical irreversible phenomena:

e=dp, T, =0. (2.45)

Furthermore we learn from eq. (2.8) that the gauge field B, conjugate to J* is weight-zero
to comply with the expected weight for J,. We have summarized the weights of the various
physical quantities in the table 1.

2.2 Fluids in Zermelo coordinates

Zermelo frame

In a pseudo-Riemannian manifold M of d + 1 dimensions, one can always assume the
Arnowitt-Deser-Misner form of the metric

ds® = —Q*c*dt* + ay; (d:vi - widt) (dmj — wjdt) (2.46)
with a;j, w® and Q functions of z = (ct,x) = {z#,u = 0,1,...,d} and x stands for
{x!,... 2%}. These coordinates are well-suited for the implementation of the Galilean

limit [29]. Indeed, Galilean diffeomorphisms

t'=1(t), x' = x/(t,x) (2.47)
have Jacobian . ., .
ot , ox* » oz’
J(t) = — (¢ = — JU(t = — 2.48
( ) at7 j ( 7X) 8t Y ]( 7X) 8.%"7’ ( )
and the transformation of the metric components is nicely reduced:
e 1y 0
aj; = apJ I, w'* = 7 (wa +]k> , Q= 7 (2.49)

This fits with the Newton-Cartan structure emerging at infinite c.

We call Zermelo metrics (see [78]) the restricted class of (2.46) for which Q depends on
t only. This class is stable under Galilean diffeomorphisms because J in (2.49) does not
depend on spatial coordinates. The corresponding Newton-Cartan geometries reached in the

17We recall that 65 = fdde\/—g (%T’“’@guu + J“(SB;L). Hence for an infinitesimal Weyl rescaling (i.e.
P close to the identity), 0S5 = — fdd“x\/—g In BT, "
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Galilean limit are torsion-free (see [42]) and they feature an absolute, invariant Newtonian
time [dtQ(t) = [dt’ Q' ().

The above reduction with respect to the Galilean diffeomorphisms (2.48), can be
completed as follows. Any tensor component with an upper time index transforms as a
Galilean density, and thus is a scalar upon multiplication by 2. Similarly the components
with lower spatial indices transform as Galilean tensors. As an example, the transformation
of the d 4+ 1 vector components u* under a Galilean diffeomorphism leads to'®

u® = Jud, uh = upJ F (2.50)
A relativistic fluid moving in (2.46) is described by the components of its velocity u,
normalized as |[ul|? = —c%:
dat . A
ut = di = u =~¢, u' =, (2.51)
T

where the Lorentz factor « is, in the Zermelo frame!®

dt 1
’y: —_— = .
dr Q1 - ()

Under a Galilean diffeomorphism (2.48), the transformation of u* (see footnote 18) induces

(2.52)

the expected transformation on v*:

v'F = % (vai + j’“) . (2.53)

Orthogonality conditions (2.5) and (2.6) imply that the fundamental data for the
non-perfect matter current, the heat current and the stress tensor are j;, ¢; and 7. Other
components are e.g.

o S ko k) (o k_, k
o (@-w)iio o (W-w')g 200 _ (v W )(v _w>Tkl S0 _ (v W )Tkj

7= cQ2 7 9 cQ2 204 ’ i 2 ’
(2.54)

which transform as tensors under Galilean diffeomorphisms.

Hydrodynamic-frame transformations and invariants

The fluid velocity is parameterized in (2.51) with d components v*. We can thus formulate
the relativistic hydrodynamic-frame transformations in terms of arbitrary dv’(z). In the
Zermelo frame, we obtain:

3
y .
oy = 6—25112 (v; —wj), (2.55)
hence
i 7 k
bu =60 {9+ T3 (vi — wi) (0 +v*or) | . (2.56)
8When the indices are inverted, the transformations are of the connection type: u'* = Jiu* + Jiu0,

—1j . . o . oo
uh = L (ug — u; J"Y J*). For those, the tensorial structure is restored at the infinite-c limit, where indices
0 J J k ’ )
are lowered and raised with a;; and its inverse.
19Expressions as v stand for a;jv'v?, not to be confused with |[u||? = g, utu”.
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Using eqs. (2.29), (2.30) and (2.31) together with (2.54) and (2.56) we find:2°
’7 .
de = —2— 00", 2.
5 20 (2.57)

5q; = youk (; (vi —w;) g — why; — Tki) ; (2.58)

2
8§ (phij + 7ij) = 275Uk ((vi —w;) (T + phjr) + (v; — wj) (Tik + Phir))

g
— 0*2(51]]{: (qih]’k + qjhl-k) , (2.59)
where (see (2.26))
2
hir, = ai, + 27 (vi — wi) (vk — wg) - (2.60)
When a matter current is available, the above is completed with (2.32), which gives
Voo
doo = —0—251) Ji (2.61)
and
. k "}/2 .
0ji = 0v <C2jk (vi —w;) — ’YQohm) : (2.62)

The transformations at hand translate the invariance of the energy-momentum tensor
and current components. The latter define therefore invariants, which are simply the energy
density, the heat current, the stress tensor, the matter density and the matter non-perfect
current in a privileged frame, that we will call “at rest” or “proper,”?! borrowing the
standard expressions of special relativity:

700 _ %’ oi _ Cquri’ Tij = Peaij + Toij (2.63)
with trace
T, " = —& +dpy + a" 15, (2.64)
and
JV = 6901‘7 Ji = Jri- (2.65)

We find explicitly

> (o = ) (v — )
_ 202 7 7
er =7 " + 27 <U —w ) + (phij + 7i5) 202 ; (2.66)
1 ’Uj — wj V; — W;
@i = e7°Q (v — w;) + 7YQq; (53 + ( 2)9(2 )>
C
J _ and
+ (phij + Tij) Y Qw s (2.67)
ev?
Praij + Trij = 5 (Vi = wi) (vj —wy) + -5 (i (v — w)) + g5 (v — wi))
+ phij + 7ij, (2.68)

2ONotice that g,éu = ydv'q;.
21We call this frame “fiducial” in section 3.2 and show it is associated with an observer at velocity uz = e;
given in (3.3).
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and

. Ui — wi
erzgoﬂv-%yr—gi?f, (2.69)
Iri = Ji + 007 (vi — wi) . (2.70)

It should be stressed that the above quantities are hydrodynamic-frame invariant but
also covariant under Galilean diffeomorphisms. This latter property will be useful when
considering the Galilean limit.

Killings and conserved currents

Consider a Killing field on M satisfying (2.12)
E=80,+0; = ey + ey, (2.71)
where we have introduced a somewhat more convenient frame and coframe
=g (@),  w=a, o'=ada o =d—wid, (2.72)

so that the metric (2.46) reads:

ds? = —¢? (95)2 + a;;0'07. (2.73)

Hence
g=¢0 d=¢-tv, §=-7¢ &G=a;& =6 (2.74)

With these data, the components of the conserved current (2.13) are?
=S, L =i, (2.75)
Q
where
L &

tor = € — €, (2.76)
iri = € (praij + Teig) — E . (2.77)

The associated conserved charge is obtained using (2.16):
Qr= / Va Lo (d:n1 - wldt) A (dwd - wddt>
g

d
- / Vayo (dxl — wldt> A ANaigQAEA LA (dxd - wddt) , (2.78)
Za

i=1

where a¥ ir;€2dt is the ith factor in the exterior product of the last term.

#2We use the standard decomposition I* = rou® + i* with u*4,, = 0 and 1o = —u/I,, and introduce to, as
a proper or fiducial density, following the footsteps of the energy-momentum tensor and the matter current,
egs. (2.63) and (2.65).
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2.3 Fluids in Papapetrou-Randers coordinates
Papapetrou—Randers frame
An alternative frame for a d + 1-dimensional pseudo-Riemannian manifold M is defined as
2 2 i\ 2 i1
ds? = —c (Qdt — bida') " + agda'da?, (2.79)

0

where all functions are z-dependent — again x = (2" = ct, x). It is known as Papapetrou-

Randers, and this form is stable under Carrollian diffeomorphisms

t'=#(t,x) and x' =x'(x) (2.80)
with Jacobian o o 9
t t ; x’
t,x) = — ji(t,x) = =—, f(x) = . 2.81
=0 X = e T = oo (281)
Under Carrollian diffeomorphisms, © and the metric transform as in (2.49) i.e.
Q== oV =Jpgd, (2.82)
while b obeys a connection transformation
Q . _ 7/
b, = (bi + J.]i> J (2.83)

The Papapetrou-Randers frame realizes a reduction with respect to the Carrollian
diffeomorphisms (2.80). Any tensor component with a lower time index transforms as a
Carrollian density and provides a scalar upon division by §2; the components with upper
spatial indices transform as Carrollian tensors. The d + 1 vector components u* transform
under a Carrollian diffeomorphism as

U . .
uly = 70 u' =l (2.84)
One can again express the components of a velocity field normalized to —c? as u° = vc
and u’ = yv'. It is furthermore convenient to parameterize v’ as
20) 3 i
. c=Q ; v
! p f=—" (2.85)

= — & = _ s
Y TIT c2Bib; 20 (1 _ Wé’j)

because of future use in the Carrollian limit, and due to the simple Carrollian transformation
property this definition leads to?3
g = Jip. (2.86)
Now the Lorentz factor reads: 25 b
1 .
yo LHBb (2.87)
Q1 — 2p2?
In Papapetrou-Randers frame (2.79), the fundamental hydrodynamic variables are
naturally chosen as j%, ¢/ and 7¥!. Using the transversality conditions (2.5) we find:

jo=—cQBij",  qo=-cQBig’, 100 = VBB, T =—cQBT".  (2.88)

These are all Carrollian tensors (or densities).

2 This js easily proven by Qbserving that 5? + b = —?T“Oi. We define as usual b* = a*b;, 8; = ai; 87,
Vi = aijvj, b2 = bibl, ,32 = ﬁlﬁz and b ﬂ = biﬁl.
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Hydrodynamic-frame transformations and invariants

Following the same pattern as for the Zermelo frame, we investigate the hydrodynamic-frame
transformations, i.e. local Lorentz transformations captured here in the d components 3% (x).
We obtain

oul = ¢, Su’ = 02\/% (2.89)
with
57:6275ﬁi(1+gﬁ.b+ 1_522[32) , (2.90)
and 5 i ok
hik = gt 4 lc_ﬁcfﬁz (2.91)

Using the general transformation rules (2.29), (2.30) and (2.31) together with (2.88)
and (2.89) we find (w is the relativistic enthalpy (A.3)):*

B q'6p;
i 3Pk q" B ki ki
0q" = g \ JToape —wh™ — 7% (2.93)
625,3k

0+ 4) = 25 1) 9 )
_ OB (a'h7* + ¢h). (2.94)

N7z

Similarly, using eq. (2.32), we obtain:

7B
and ) .
G c“0 Bk, Jj B ki
07" = \/1 25 (\/1 a5 — ooh ) (2.96)

The energy-momentum tensor is by definition invariant under hydrodynamic-frame
transformations. This invariant can be nicely tamed in three canonical objects, which are

the energy density ¢, the heat current ¢’ and the stress tensor 7/, in the fluid proper

o

hydrodynamic frame:2°
Too = .92, Ty = ——¢q, T = pra® + 17 (2.97)
c
with trace
TM“ = —&r +dpr + a7, (2.98)

2 q'éB;
/1—c2p2""
25Tn section 4.2 this frame is referred to as “fiducial” and is associated with an observer moving at velocity

#Notice in passing ¢, 0u” = c

upr given in (4.72).
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and
Jo = —Qoor, J' =4 (2.99)

It is easy to relate these invariants to the fluid data in an arbitrary frame encoded in f°.
We find

__ € 2014 258 (phid 4 i
r= 1 22 + V=282 + B3 (ph +7 ) ) (2.100)
L= ? e . i ij
qr—l_CQﬂﬁm(5]+cﬁﬁg)+cﬁj(ph +79), (2.101)

2.8 Big 4 Bl .
pea? + 7 = CPB | PEADC | i 4 i, (2.102)

= 1_62ﬁ2 /1—02ﬂ2

and similarly
_ €0

1 — c2B2?
o3’

+ Bij", (2.103)

(2.104)

Killings and conserved currents

Consider a Killing field of the generic form (2.71), satisfying (2.12) on M in Papapetrou-

Randers coordinates, where the convenient frame and coframe are now?°

1 b; - ) . )
e; = 58,5, e =0; + 5&5, ol = Qdt — b;dx’, 0' = da’, (2.105)

so that the metric (2.79) becomes (2.73). The Killing components are

ff = th - fibz‘a fi = §i7 & = —szt, &= aijfj =& + &b, (2.106)

and those of the conserved current (2.13), following the familiar decomposition procedure
in a proper frame:

Iy = —cQugr, I' =, (2.107)
where
o = g € 2.108
Or = 2 glqr f Ery ( . )
it = & (pea” +77) — €l (2.109)

Using (2.16), one can express the conserved charge in the Papapetrou-Randers frame
as follows:

d
Qr = ﬁLOrdxlA.../\dxd—/ V@Yo dat A AL (QdE = bjdad ) AL Ada?, (2.110)
Xd d =1

where in the exterior product of the second term, i’ (2dt — b;jda?) is the ith factor.

26Later on e; will be alternatively displayed as .
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3 Galilean fluid dynamics

3.1 Newton-Cartan manifolds and general Galilean covariance
Newton—Cartan in a nutshell

The natural geometric framework for describing non-relativistic fluids is torsionless Newton-
Cartan — see e.g. [37-44] for a comprehensive presentation and further reading suggestions.
Newton-Cartan manifolds are members of a wide web including Bargmann spaces or
Leibnizian structures (see [34, 39, 40]). We will here consider a manifold M = R x 8
equipped with coordinates (¢,x) and a degenerate cometric?”

02 =a" 0;0;, i,5...€{1,...,d}, 3.1
J

as well as a clock form

of = Qdt. (3.2)

The dual vector of the latter, referred to as a field of observers, is
1 .
A i,
=g (0 +w'0;) . (3.3)

Here, a*/ and w' are general functions of (t,x) whereas Q = Q(t). This last feature makes
the clock form 6% in (3.2) ezact and this qualifies for the torsionless nature of the Newton-
Cartan manifold. As pointed out in section 2.2, this guarantees the existence of an absolute
time [dtQ(t) = [dt’ Q' (¢'), invariant under Galilean diffeomorphisms (2.47) — the only
allowed now. For completeness, one should emphasize that even in general, torsionfull
Newton-Cartan spacetimes the time interval is invariant but depends on the location x of
the clock: [ dtQ(t,x). One still — abusively — call it absolute as a way to stress that the
differences are due to the location of the clock and not directly to its motion, if any. Motion
affects directly the measurements of spatial distances.

The submanifold § plays the role of d-dimensional Newtonian space, endowed with a

positive-definite metric, inverse of a%/
de* = a;;(t,x)da'da?, (3.4)

and observed from a frame with respect to which the locally inertial frame has velocity
w = w'9; (see footnote 39). A moving particle or a fluid cell will have velocity v = v'9; with

vt = dd—f‘f. Under Galilean diffeomorphisms (2.47) with Jacobian (2.48), the transformation
rules are as in (2.49), (2.53), and
1 e 1—1i
o= (at — kg 1,1@-), (3.5)
o = J 1o, (3.6)

The clock form and the field of observers remain invariant:

o' =0, ¢ =ec; (3.7)

%

2"We systematically omit the tensor product symbol ® in the metric and in the cometric.
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Galilean tensors carry only spatial indices i,7,... € {1,...,d}, which are lowered and
raised with a;; and a*. They transform covariantly under Galilean diffeomorphisms (2.47)
with Jacobian Jij and J _1; defined in (2.48).2% Tensors depend generically on time ¢ and
space x. Connections can be defined on the geometries at hand, which lead to space
and time derivatives, covariant with respect to Galilean diffeomorphisms. These are not
uniquely defined (see the literature quoted above) as are torsion-free and metric-compatible
connections in Riemannian geometries. We will here make the specific choice, which naturally
emerges when the present geometry is reached as an infinite-c limit of a pseudo-Riemannian
manifold in the Zermelo frame (2.46) (see appendix A.1 of ref. [29]). This choice makes a
sharp separation between space materialized in 8 and time. Our spatial connection is

i
Yk = - (Ojaqp, + Opay; — Ojajy) - (3.8)
The associated covariant derivative is spelled @i, as opposed to V;, the spatial component
of the Levi-Civita covariant derivative V, defined on the ascendent pseudo-Riemannian
spacetime.?? This connection is torsionless

7k k

and metric-compatible
Viaji, = 0. (3.10)

Its Riemann, Ricci and scalar curvature tensors are defined as usual d-dimensional Levi-
Civita curvature tensors would be on 8, except that they are t-dependent:

[@k, @z} V= (ak’nij — OVkj + Vem V1§ — %im’)’zg}) V7=V, (3.11)

It is worth stressing that Galilean tensors can be constructed from an object which is
not a vector but rather transforming like a connection,

1 .
e _ L 1k pi ok
A _J(JZA +4%). (3.12)
Indeed 1 ) )
—vkg) - gkt = - kl kl 1
QV 298150, 20 (LACL —l—&ga ) (3 3)
(LA is the Lie derivative along A = A%9;) and
1. 1 1
ﬁv(kAl) + ﬁatakl = 20 (Laag + Oragy) (3.14)

have tensorial transformation rules, and their trace is a scalar.>® We can apply this to w or
v (see (2.49) and (2.53)) and define

w 1 /- 1 o 1 /- 1
TS 5 (V(ij) + 26156%]') , Vi = 5 (V(Z’U]) + 28taij) , (3.15)

Z8For a vector e.g. the transformation is V'* = JFV?.

9Tn [29] the hat was not used in the Galilean covariant derivative, and this might have caused confusion.

390bserve that neither %8,5 nor éﬁ A acting on Galilean tensors give separately tensors because of (3.5)
and A" transforming as (3.12).
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where the upper indices refer to the vectors w and v, corresponding to the geometry and
fluid respectively. The former is purely geometrical (and emerges in the large-c expansion of
the relativistic-spacetime Levi-Civita connection in Zermelo frame3!); the latter is associated
with a fluid of velocity v’. They coincide for a fluid at rest in the locally inertial frame, i.e.
for v* = w'. From these tensors, one defines their traceless relatives and the traces: the

geometric Galilean shear

w 1 - 1 1 w
f ij = 5 (V(iwj) + 8taij> — faije , (3.16)

and the geometric Galilean expansion

gv — % (01 v + V'), (3.17)
as well as the fluid Galilean shear
£ = é <@(¢Uj) + ;@%‘) - é%ﬁ”v (3.18)
and the fluid Galilean expansion
6 = % (o va + Vi) (3.19)

One similarly defines a time, metric-compatible covariant derivative (again emerging
in the Galilean expansion of the spacetime Levi-Civita covariant derivative in the time
direction of a Zermelo frame). For a scalar function ® it is simply

1
= ef(Q)) = 58@ + ﬁ@j@, (3.20)

1De
Q dt

whereas for vectors one finds

1DVE 1wl L o
[ ——— 4 — 0.Vt _VIH. — JWT /7
G = gV gV VI +AMV
1 . . ey
= 5 @V + oW V) £ 4. (3.21)

More generally, the Leibniz rule leads to

1 f)KZ 1 i i Wi AW 7
QTJ -0 (@K i AWK ]) +7 kKk] o =AY K Tl — s (3.22)

and as a consequence
1Da¥  1Daj;
Qd  Q dt

(3.23)

31 As a general comment, valid both in the present section on Galilean dynamics as well as in the
next on Carrollian, the c-dependence of our relativistic metrics is always explicit and in line with the
Galilean (or Carrollian) reduction. Hence, every term in the power expansions is Galilean-covariant (or
Carrollian-covariant).
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In the presence of a fluid one can also introduce the more physical material derivative

d A
i O + 'V, (3.24)
which produces a scalar density (or a scalar upon division by ) when acting on a scalar
function. When acting on arbitrary tensors, it should be supplemented with appropriate
w and/or v terms in order to maintain the tensorial transformation properties. Several
options exist and we here quote the most physical (see [29]):32

1DVY  1dV' 1

_ _ L vie i
Q@ Coa o Vi

1DV, 14dV; 1. .
i i N
Qda o Talvie (3.25)

resulting in genuine tensors under Galilean diffeomorphisms. As opposed to (3.22), this
time-covariant derivative is not metric compatible:

1 Daij R
- = 24W. .. 2
Q dt T (3.26)

Space and time Galilean covariant derivatives do not commute. They define a Galilean
tensor, rooted in the Riemann tensor of the ascendent relativistic spacetime at finite velocity
of light. We find

1D -

[th, vi] d = —4"*.9,®, (3.27)
LD w1 ke iy s
ﬁa,vz \% = -7 ZVk;V +rikV, (328)

and similarly for higher-rank Galilean tensors, where
a1 o y
M = Q (8t%qk + ViViw? = VA + wlrjkh») . (3.29)

Galilean diffeomorphisms and conservation equations

Without referring specifically to a fluid, one may consider an effective action describing
the dynamics of a system defined on the geometry M = R x & discussed previously. This
effective action is thus a functional of a¥, Q and w': S = [dtd%/a'QZL. The standard
relativistic energy-momentum tensor (2.7) is now traded for the following Galilean momenta,
namely the energy-stress tensor, the momentum and the energy density:

2 45

I, = ———— .
17T JaQ ddi (3.30)
1 6S
P=———" 31
\/(7(25% (3.31)
1 5S  w'sS

32For a detailed and general presentation of Galilean affine connections see [39, 40].
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which can likewise be combined as 5(2 =—\/a (H + % P) These momenta are summarized
in the following variation — at least for the gravitational sector:

—/dtQ/ddaz\/E (;HU&#J’ + Pia% + (H + 1;;3-) §1n Q) . (3.33)

The above momenta obey conservation equations as a consequence of the assumed
invariance of the action under Galilean diffeomorphisms, which simultaneously guarantees
their Galilean-covariant transformation rules. Galilean diffeomorphisms (2.47) are generated
by vector fields on M whose time component depends only on t:

=60, + 60 = ¢le; + €0 (3.34)

(this is the same expression as (2.71)), where £i(t) = ¢8(¢)Q(t) is a Galilean scalar, and
E4(t,x) = & — ¢'w' are the components of a Galilean vector. The variation under diffeomor-
phisms is implemented through the Lie derivative (the minus sign is conventional):

g y o P .
— 6:a" = Lea¥ = =2 (v“gﬂ) +4WEEt 4 Qw<’aﬂ>k6k§t> : (3.35)
where the last term drops for Galilean diffeomorphisms. Furthermore
_ 1 t t 1 7 2\ 9.
Leej=—5 (@5 T Lw ) g (atg T Lw ) a;, (3.36)
from which, using (3.3), we infer
0= L0 = 9l + Lyl Sew' = —Lew' = 9 + Lyl (3.37)

Notice also the action on the clock form:

1 D¢

= o — ot = 40, (3.38)

£:00 = % (8@5 + ngf)

where we introduced o
1 D§t

t 3.39

utx) = 54 (3.39)

not to be confused with the chemical potential introduced in thermodynamics.
We can now determine the variation of the action under Galilean diffeomorphisms:

1 DI

d t
5eS = /dtd x\ﬁa{g o

lDP
Q dt

+ / dtd?ax {at (\/CT (Hg‘j - Pjgj))
0; (\/Ewi (Hgf - Pjgﬂ“) —\/mnijgi)}. (3.40)

+ 0TI + 11, ; mf]

+ &

s <o,
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Requiring that ¢S vanishes and ignoring the boundary terms (last two lines in eq. (3.40)),
we reach two equations. The momentum equation is the simplest because & being functions
of both ¢t and x, their factor must vanish:

Qdt

1D Ny
< + 9w> P+ P]Aw] + VJHU = 0. (3.41)

The energy equation is more subtle because 55 depends on t only. As a consequence it is
enough to require that its factor be the Galilean divergence of a vector:

Qdt

1D L
( + GW> I+ 1,49 = —V,IT, (3.42)

where II' is undetermined a priori. Indeed, \/a’ foﬁiﬂi =0; (\/E Q{fﬂi), which leads to a
boundary term and vanishes inside the integral. One can interpret IT* as the energy current
(also energy flux).

Gauge invariance and matter conservation

Besides Galilean covariance, the action might also be invariant under a local U(1) symmetry,
parameterized by A(t,x) and acting on the components of a gauge field B = B(¢,x)dt +
B;(t,x)dz’ as

0AB; = —0;A, 6pB = —0A. (3.43)
The conjugate momenta are now the matter density and the matter current:
0= _\/15:55;’ (3.44)
Ve ()
with 6%; = —va (AN + ow'), and
5S = — / dtdey/a (0B + (N + gu' ) 5;) (3.46)

for the matter sector. The gauge variation of the action reads:
opAS = /dtddxﬁ (g@tA + (QNi + Qwi) 81~A)
d QA | ==& w Nz
/dtdmf th+6 0+ V;
+ / dtd’z {0, (Va'he) + 0 (Va'A (AN + ou') ) }. (3.47)

Invariance of S leads to the Galilean continuity equation:

1D .
—— 4+ 9v N =0. 4
(th+ >Q+V 0 (3.48)
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The continuity equation can be alternatively presented in an integral form, using Stokes

and Gauss theorems:33

/ dtd?zQva ((th + 0“’) o+ %NZ) =

j{ Va'o dxl —wldt> AN (d:nd —wddt>

igt d d
awf; (do! —w'dt) A ANTOT AL A (dat - widt), (3.49)

where W € M = R x § and N0 is the ith factor in the exterior product of the last term
(67 is the clock form given in (3.2)). From this we obtain a conserved charge — under
the usual assumptions for the behaviour of the fields — expressed as an integral over an
arbitrary hypersurface X5 of M = R x 8. It coincides with the relativistic Zermelo result
captured e.g. in (2.78).

Although not compulsory, it is convenient to chose X5 = 8 i.e. a constant-t hypersurface.
We then find

Qn = /S d*zv/a'e, (3.50)

which fits the usual definition of charge in Galilean physics. In this case, the conservation of
QN is often phrased as independence with respect to ordinary time ¢, although it is actually
a stronger statement, even in Newton-Cartan spacetimes, where there is a privileged time
direction (for the relativistic case, see the comment in footnote 9). Time-independence
appears explicitly if one trades 8 in the integral (3.50) with V C 8. Assuming for simplicity
that the boundary 9V of that domain does not depend on t and using (3.48), the time
evolution of the matter/charge content of V is

th/dd”:f@_ /d z 0 (\/67 (Niwg)) :—/W*(ng), (3.51)

where x stands for the d-dimensional 8-Hodge dual based on /a and on the antisymmetric
symbol €, ;, with €;_4 = 1. If the integral is performed over the entire 8 it vanishes
(assuming a reasonable asymptotic behaviour), and @y in (3.50) is conserved.

Equation (3.48) and its variables are a priori independent of the energy-momentum equa-
tions (3.41), (3.42) and their variables. As we will see, thermodynamics sets a relationship
among the momentum F; and the current N;.

Isometries, conservation and non-conservation laws

In (pseudo-)Riemannian geometry, isometries are diffeomorphisms generated by vectors
leaving the metric invariant, i.e. requiring (2.12).3% Newton-Cartan spacetimes may also have

33Stokes theorem is valid irrespective of the metric. Gauss’ requires a dual exterior derivative df, which
can be introduced consistently despite the cometric being degenerate. We will not elaborate on this matter
here. For the Carrollian case, this was discussed for d =1 in ref. [26].

34For historical reasons, some authors use the name “Killing fields” for generators of isometries in a
(pseudo-)Riemannian manifold exclusively. We take the freedom here to call every isometry generator a
Killing field, be it for weak or strong, Newton-Cartan or Carrollian manifolds.
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isometries. Due to the degenerate cometric, however, their definition and the determination
of the Killing fields are more subtle. This subject has been abundantly discussed in the
literature. We will summarize the features important for our purpose regarding the Galilean
fluid dynamics.

The Killing fields are of the Galilean type (3.34) and are required to obey

Lea =0, £:00=0, (3.52)

since the fundamental geometric data are the cometric (3.1) and the clock form (3.2). Using
expressions (3.35) and (3.38) for Galilean diffeomorphisms (¢ is only t-dependent), we
obtain the Galilean Killing equations:

1Dgt

VieD 4 awiiet — o, Qda (3.53)

These equations generally admit an infinite number of solutions. The reason is that they
refer to the weak definition of Newton-Cartan spacetimes [36] in terms of the cometric and
the clock form, and express exclusively the invariance of these data. A strong definition
exists and requires additionally a symmetric affine connection, which is metric-compatible

and parallel-transports the clock form.?>

Isometries are thus restricted to comply with
the strong definition, and leave the affine connection invariant. This reduces the set of
generators to a finite number [87].

Notice also that the fundamental geometric piece of data for a Newton-Cartan spacetime
is genuinely the clock form 6! rather than the field of observers e;. The latter is not required
to have a vanishing Lie derivative along Killing vectors, and using (3.36) and (3.53) we
indeed find

1 N N
Leey=—5 (2u€" + Lw) 0, (3.54)

for a generic Killing field &,

Consider as an example the Newton-Cartan manifold with o = 6, Q = 1 and w°
constant. This is our familiar R x E3 spacetime, which is flat for the connection introduced
earlier. Equations (3.53) possess an infinite number of solutions:

= (70" + 27(1)) 9; + T, (3.55)

with T" a constant and €2;; = Qf&kj antisymmetric. Imposing the invariance of the affine
connection, one recovers [87] the (d+2)(d+1)/2-dimensional Galilean algebra gal(d + 1) with
contant §2;; generating the so(d) rotations, Z7(t) = V7t + X/ for the Galilean boosts and
spatial translations, and 7" for the time translations. We find in particular that

Leep = — (VI +wbQy’) 0, #0, (3.56)

showing among others that the boosts produce a displacement in the field of observers. This
is expected because w’ describes the constant velocity of the original inertial frame, which

35Tt turns out that the connection we have introduced in this section obeys these properties.
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is shifted during a Galilean boost, and nicely illustrates why it would have been unnatural
to impose the invariance of e; under the action of an isometry.

Assuming the existence of an isometry, we can now address the conservation law
that would take the Galilean form (3.48) with a Galilean scalar x and a Galilean vector
K determined from the Killing components ﬁf and ¢, and from the Galilean momenta,
i.e. the energy density 1I, the momentum FP; and the energy-stress tensor II;; defined in
egs. (3.30), (3.31), (3.32), as well as the energy flux II;, and satisfying the conservation
equations (3.41) and (3.42). The Galilean scalar

K = <1D + 0“’) K+ VK (3.57)

would then vanish on-shell. The components of the Galilean current x and K* are read off
in the boundary terms of 6¢S given in (3.40) and set on-shell:36

k= P, — €I, (3.58)

K; = &1 — €11, (3.59)

Using the conservation equations (3.41) and (3.42) we obtain the following result:

K = —gfzftt + % (&;fi + ﬁwfi) + IL; (@ij + ’A}’wijg) (3.60)
- % (016" + £wt?). (3.61)

We have used the Killing equations (3.53) to reach (3.61) from (3.60), which shows that
in Newton-Cartan spacetimes, a Killing field fails to systematically support an on-shell
conservation law for Galilean dynamics. This could have been anticipated, actually. Indeed,
P, is conjugate to v'/a (see (3.31)) and w' transforms under diffeomorphisms according
to (3.37), even when this diffeomorphism is generated by a Killing vector field. This is
precisely what eq. (3.61) conveys. Still, a conservation law exists for those Killing fields,
which happen to satisfy Lze; = [€,e;] = 0 — using Jacobi identity, one checks that the
commutator of two such Killings leaves also e; invariant. As we mentioned earlier, ordinary
Galilean boosts in R x E3 do not, eq. (3.56). In other instances with multiple degrees of
freedom arising from a Laurent expansion in powers of ¢? (see section 3.3), several currents
coexist in the presence of a Killing, and some can be conserved due to the accidental — as
opposed to a priori demanded — absence of a P;-like component.

The above result sounds iconoclastic, in view of the robustness and generality of
Noether’s theorems. In ref. [42], for instance, the existence of an isometry-related conserved
current in torsional Newton-Cartan spacetimes has not been demonstrated, not even
questioned — it was just assumed to be true. However, it is not ipso facto, for the simple
reason that isometries are less restraining in Newton-Cartan spacetimes, so that only a

36They are in fact inherited from the relativistic-current components i.e. as a large-c expansion of (2.76)
and (2.77), and the precise computation is performed at the end of section 3.3, eq. (3.129).
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restricted class of Galilean Killing fields might indeed be eligible for conservation laws —
boosts in flat spacetime aren’t.

One may naturally contemplate that & being a Killing field, the right-hand side
of eq. (3.61) is associated with a boundary term. If this happens, the boundary term
contributes the current components x and K*, leading to an effective ' and K7, truly
conserved. However, this does not seem to be the rule, not even in flat space, where
K =P, (Vi + kaki>, obtained using eqs. (3.55) and (3.56).37

The same conclusion will be reached for Carrollian spacetimes in section 4.1, and
further discussed from the large-c perspective in the upcoming paragraphs, as well as in
appendix D.

Weyl invariance, conformal isometries, conservation and non-conservation laws

Fluids involving massless excitations have observables with remarkable scaling properties.
We can introduce Weyl transformations acting as follows on the fundamental geometric
data of a Newton-Cartan geometry:

g g 1 . ‘ 1

a9 — B4V, Q— §Q, w' — w', w; — o2 Wie (3.62)
Since €2 is a function of ¢ only, the second of (3.62) imposes B = %B(t). Weyl-invariance
requirement of an effective action S leads to following weights for the Galilean momenta
in (3.30), (3.31), (3.32): the energy-stress tensor II;; has weight d — 1, the momentum P,
d, and the energy density II, d + 1. The energy flux II; introduced in (3.42) has also weight

d. Furthermore, using (3.33) with d5S = 0 implies that
I, =11 (3.63)

On the matter sector, the gauge fields B and B; are weight-zero, whereas g is weight-d and
N;, d—1.

Weyl covariance can be implemented with the appropriate Galilean-Weyl covariant
derivatives for both time and space. These will be introduced latter in section 3.4, our
aim being here to foster on the case of conformal Killing fields and their possible role in
supporting conservation laws within Weyl-invariant Galilean dynamics.

Following [34, 36] a conformal isometry is generated by a vector field & satisfying

Lsa' = \a¥, (3.64)

where

At x) = % (Vi + 07¢"). (3.65)

37For the conservation to occur in flat space, P; should be a potential flow (also called 4rrotational, see [1]
section 9) i.e. obey P; = (8,5 + wjaj) i + 0;¢ for some set of functions ¢(t,x) and ¢;(¢,x) — scalar and
vector potentials. Then X = (& + wjaj) ¢in‘ + 8¢¢>Wi with W = V* + kaki and the conservation
works out ((3.57) vanishes) with current components k — ¢;W* and K* — ¢W*. Notice that in contrast to
the present framework, the conservation is generally valid for free-particle motion on Newton-Cartan flat
spacetimes, as in that case the momentum is a total derivative (typically :c’) Appendix C summarizes this
instance and provides the necessary details for making the statement sound.
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This set of partial differential equations is not sufficient for defining conformal Killing vectors
— again a consequence of the cometric degeneration. Besides, imposing a requirement similar
to (3.64) on the clock form 6! does not help since according to (3.38), the Lie derivative
of 0 is already proportional to 0! with factor (3.39). What is rather natural is to tune p

versus A so that the scaling of the metric be twice that of the clock form:3®

2%+ A =0. (3.66)

This is a consistent Weyl-covariant condition, leading to a reasonable set of conformal Killing
fields. Using the strong versus the weak definition of Newton-Cartan structures further
reduces the freedom for conformal isometries, and opens the Pandora box for investigating
conformal Galilean algebras in flat Newton-Cartan spacetimes: cga(d+ 1) and their multiple
variations. Discussing these in detail is beyond our scope and ample information can be
found in the quoted references.

Assuming Weyl invariance i.e. (3.63), and the presence of a conformal Killing field,
the conservation equations (3.41) and (3.42) can be exploited for computing ¥ defined
in (3.57), (3.58) and (3.59):

_ A B 0 7
K =11 (2 + u) +5 (2u€" + £wt'). (3.67)
The extra condition (3.66) defining the conformal Killing vectors of Newton-Cartan space-
times emerges naturally in the quest of conserved Galilean currents and gives X =
% (&5{5 + L:wgf) # 0. As for the ordinary Killings, a conformal Killing vector does not
guarantee a conservation law for Weyl-invariant Galilean dynamics.

3.2 (Galilean hydrodynamics as a non-relativistic limit
Philosophy and large-c behaviour

Equations (3.41), (3.42) and (3.48) summarize the conservation properties of Galilean
dynamics on a general, curved and time-dependent space 8, spatial section of a torsionless
Newton-Cartan spacetime R x 8. They are general-Galilean-covariant and are a consequence
of this invariance, as much as the relativistic equations (2.1) and (2.2) reflect general
Riemannian covariance.

Fluid dynamics is more. Its description requires expressing the momenta in terms of
the velocity field v, the heat current Q, the stress tensor X, together with local-equilibrium
thermodynamic variables such as e, p, h, o, i, T and s, obeying further thermodynamic
laws (see appendix A), and ultimately entering the constitutive relations. A systematic
approach to this programme is based on the large-c expansion of relativistic hydrodynamics
in Zermelo frame, which is the natural pseudo-Riemannian ascendent of the present Galilean
framework. This method was applied successfully in [29], where the Eckart frame was

38More generally, one considers 2p + 2\ = 0, where z is the dynamical exponent i.e. minus the conformal
weight of 2. Here, due to the close relationship of our Newton-Cartan spacetimes with relativistic ascendents,
the weight of € is inherited from the latter and z = 1. One also defines the level N = 2/-, which appears in
the conformal algebras emerging in flat Newton-Cartan spacetimes.
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implicitly assumed on the relativistic side, subsequently ignoring the role of the current
and the chemical potential. We will generalize it here in order to address the issue of the
non-relativistic hydrodynamic-frame invariance, which relies intimately on the behaviour of
the various observables.

The dependence with respect to the velocity of light is explicit in the relativistic
geometric data (see the metric (2.46)). This is our choice for making the bridge with
Newton-Cartan straightforward. As a consequence, the behaviour of kinematical observables
is also known — see (2.23), (2.24), (2.25), (2.51) and (2.52). We find in particular

Vi — Wy

W = é +O (o), wi= g +0 (/). (3.68)
and
oij = €5+ 0 (1), (3.69)
O =0"+0 (1), (3.70)
wij = % (v = w))) + 0 (1/2). 3.71)

The non-relativistic limit of thermodynamic variables is standard and is recalled in
appendix A. The precise relation of the Galilean density o to the proper density gy deserves
however a comment. Indeed, the density measured by an observer is the projection of the
current (2.4) onto the observer’s velocity. For instance, an observer at rest with respect to
the fluid, i.e. running with velocity u, finds

00 = ——Juut. (3.72)

The density o is the one measured by a fiducial observer of Zermelo frame. Since g is the
“non-relativistic density,” this fiducial observer should have some “absolute” status. In
Minkowski spacetime we would have simply taken the inertial observer at rest in the inertial
frame at hand. In Zermelo it is natural to consider an observer with velocity uz = e; as
given in (3.3) because

ulVyuy =0, (3.73)

and thus this observer indeed defines a locally inertial frame.? Hence we obtain

1 Q vt — !
— Ity = zJO = Q00 TIiTag

.74

0= —

which naturally coincides with the hydrodynamic-frame invariant gg, introduced in (2.69).
This expression agrees with ref. [29] only in the Eckart frame, i.e. when j; = 0.

The behaviour of gy in terms of ¢ at large ¢ depends on the behaviour of j; and this
brings us to the heart of the discussion of the non-relativistic limit in hydrodynamics:

39This is precisely why it was stated earlier that a frame with velocity w = w'd; was inertial in the
Newton-Cartan geometry (3.3), (3.4). Notice that the property (3.73) holds because © is a function of time
only, which is the emanation of the torsionless nature of the limiting Newton-Cartan structure, and enables
to define in turn an absolute Newtonian time in this Galilean limit. This framework, where no isometry is
assumed, is the closest we can go to the standard classical Newtonian physics on R x E4 with clock form dt.
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how do the stress tensor 7;;, the heat current ¢; and the non-perfect current j; behave at
large ¢? There is no absolute answer to these questions, it depends on the microscopic
properties of the system (the interactions in particular). These properties are encapsulated
in the transport coefficients appearing in the constitutive relations for 7;, ¢; and j; as
derivative expansions. For instance, at first-derivative order 7(1);; = —2n0i; — (hi;©,
qay = —Kh” (&,T + c12 al,) and j); = —hYorT0, ¢ with a typical relationship among

orw?
TQ(%
charge conductivity). Under the reasonable assumption that 7, ¢ and x (the shear and

the transport coefficients: k = (see e.g. ref. [10], where o7 is referred to as the
bulk viscosities, and the heat conductivity) are of dominant order 1, op is of order 1/¢
(due to w?). Since po is of order ¢® (rest-mass contribution in (A.4)) we conclude that 7;;
and ¢; are of order 1, whereas j; is of order 1/c2. For reasons that will become clear in the
discussion on hydrodynamic-frame invariance, we would like to be slightly more general at
this stage, and assume the following behaviour:

Tij = =i + O (1), (3.75)
q = cr + kg + 0 (YY), (3.76)
Ji=mt g+ 0 (1)), (3.77)

Following the above discussion, r; and n; are expected to vanish for ordinary non-relativistic
fluids. Their presence will disclose some interesting properties though.

Before we proceed with the Galilean fluid equations a comment should be made.
Considering several distinct orders in the expansion of the relativistic data amounts to allow
for a multiplication of the degrees of freedom in the Galilean limit (see the end of section 3.3).
This is accompanied with further dynamical (or possibly constraint) equations. Sometimes,
these degrees of freedom and their dynamics can emerge separately, by performing an
appropriate ¢? rescaling in the relativistic data before taking the limit. This is how the
electric versus magnetic options occur, as e.g. in refs. [34, 101].

Inserting the expression (3.77) in (3.74), we find:*

V—W 2 n-(v-w
9029—12<§( Q )+ (Q )>+O(1/c4), (3.78)

C

The latter can in turn be used inside (A.2) leading to

V—W 2 n-(v—w
6:c2,g+g<e—;< = ))—(Q)+0(1/c2), (3.79)

where the first term is the rest energy, the second is the internal energy corrected by the
kinetic energy with respect to the local inertial frame, and the third is a contribution
originating from the leading term in the matter current (3.77). We already foresee that
this amounts to the presence of a spring or a sink that create or consume matter, and this

40 Although lim Qy = 1, we must keep terms of order 1/c2 because of the rest mass contributions.
c— 00
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will be confirmed when reaching the conservation equation. This situation is usually not
considered except when discussing diffusion or similar phenomena (see for instance [86],
chapter VI).

A last comment concerns the role of (A.2), or its large-c emanation (3.79). This
equation of thermodynamic nature, makes the bridge between energy-momentum and
matter conservations. As we will see soon, it establishes a relationship amongst P; and N;
respectively defined in (3.32) and (3.45) as the fluid momentum and the matter current.

Notice that if several charges and associated conserved currents are present, only one
will have a privileged relationship with the energy-momentum, being therefore affiliated
with mass conservation — and entering the thermodynamic relation (A.2), as mentioned in
appendix A.

Galilean momenta

The Galilean momenta defined earlier in (3.30), (3.31), (3.32), (3.44) and (3.45) will now
appear in the large-c expansion of the relativistic energy-momentum and current compo-
nents (2.63) and (2.65) in Zermelo frame, as explicit expressions in terms of the various
hydrodynamic and thermodynamic observables. This includes the energy current II¢ intro-
duced in eq. (3.42) — and not a priori defined as a variation of the effective action with
respect to some conjugate variable. As we have already emphasized, the thermodynamic
laws set relationships amongst the energy-momentum and the matter.
Using egs. (2.66), (2.67), (2.68), (2.69), (2.70) and (3.74), we obtain:

Oor = 0, (380)

. 1
Jri = N; + iji + O (Yer), (3.81)

where we introduced the leading and subleading matter currents

_wl

Q

,UZ

Ni=p +n', (3.82)

n-(v—w)(v —w)

i = mi — " , (3.83)

The subleading terms must be kept because they are multiplied in the expansions by the
rest-mass term and contribute the equations. Anticipating the next steps, we set

vt —w'

Q

Pi=p + 7. (3.84)

We recognize in P; (defined generically in (3.31) — indices raised with a*/) a slight extension
of the usual fluid momentum, while the matter current N? (introduced in (3.45)) is related
to the former as

Ni= Pl 4ni—ri, (3.85)

The more standard equality N* = P? occurs when n' = r’.
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Similarly we find for the energy-momentum

e =co+TI+0 (1), (3.86)
Gri = P+ 11 + pi + O (1/e2) (3.87)
prag; + 1oy = i + O (1/e2) (3.88)
with*!
(vi — wi) (v — wj) (v — we)r;
I = o S+ pay; — Ty + 22, (3.89)
1/v—w)\? (2r—mn) - (v—w)
= <e+2< = )>+ - , (3.90)
v — W, 1 /v—w\2 vl — i
ri (Vv=w\? T (v—w) (v — w)
T3 ( Q ) + Q2 + ki — mi, (3.91)

the explicit expressions for (3.30) and (3.32). Observe that we have split the order-1
contribution in (3.87) as II; + p;. This is not arbitrary because p;, defined in (3.83), occurs
also as subleading term in the matter current (3.81), and these will annihilate in the final
equations, which will turn exactly as (3.41), (3.42) and (3.48). We recover in the above
formulas the fluid energy-stress tensor, energy density and energy current, as defined in
ref. [1] §§ 15 and 49, generalized though in a covariant fashion for arbitrary torsionless
Newton-Cartan geometries. They all receive exotic contributions from the n; and r;, absent
in standard Galilean fluids. The combination

Qi = ki —my, (3.92)

inside the energy current, appears as the Galilean heat current. It receives contributions
from both the relativistic heat current g; and the relativistic non-perfect matter current
Ji (see (3.76) and (3.77)). This is exactly how it should: in Landau-Lifshitz frame ¢; =0
and the Galilean heat current originates exclusively from the relativistic non-perfect matter
current, whereas in Eckart frame where j; = 0 it is the other way around. A more complete
discussion on hydrodynamic frames will be brought off in a short while. As anticipated
in footnote 13, we can however notice that for fluids without conserved current, although
sensible, the Landau-Lifshitz hydrodynamic frame is not suited for the Galilean limit — it
leads to @; = 0 and Eckart frame is always preferred [8].

“IThe energy current IT; defined in (3.91) differs slightly from the expression (3.44) of [29], even at
vanishing r. In that reference, neither were the momenta defined as variations of an effective action, nor was
the hydrodynamic-frame invariance a guide.
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Hydrodynamic equations

The fluid equations (2.1) and (2.2) translate the vanishing of

A 4 . . 1
cQV,TH = ¢? (C@ +V; (TZ — nl>) +Vip' +€+0 (02) , (3.93)
1
c
. 1o 1
VuJH =€+ C—2V1~p + 0 ) (3.95)
with
1 DII o
— ~ w Awij T
€ aO + 011 + IL;; 4™ + V1T, (3.96)
1DP, L
_ PR wp Awj JTT.
J; 0 & + 0P + Py, + VD, (3.97)
1 ]59 ~ .
€= —-——+0% N .
O @ +60%0+V (3.98)

Two fluid equations emerge from (3.93) because of the presence of order-1 and order-c?
terms that should both be zero in the infinite-c limit. The latter should be taken after we
combine (3.95) with (3.94) as

VT = 2V, (1 = n') + 6+ 0 (1)), (3.99)
leading to
Vi (r' =n') =0, (3.100)
and
€ =0, (3.101)

which is the fluid energy equation. Using (3.85), eq. (3.100) is recast as

Vi (N = P') =0, (3.102)

which is a constraint equation for the divergences of the matter current and the fluid

momentum. Finally, (3.94) provides the fluid momentum equation

(3.103)

whereas (3.95) exhibits the continuity equation, which thanks to (3.102) also reads:*?

(3.104)

possibly recast in several forms

1 Do ~ . 1ldp -~ . 1dp A
—_— w ZPZ_ v il_ v ’L'Z_ . 1
6 = t—|—9Q+V _”]t+00+vr_"dt+eg+vn_0 (3.105)

“2This is the typical equation describing phenomena, where several fluid components are present but are

not separately conserved. Examples are diffusion or superfluid dynamics (e.g. [86], chapters VI and XVI,
egs. (58,3) or (139,3)).
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We can now summarize our findings. The Galilean fluid equations on a general back-
ground are by essence fully covariant under Galilean diffeomorphisms (alternative views
about this statement are available in ref. [29]) and extend the standard hydrodynamic equa-
tions on flat Euclidean space with absolute time. The momentum equation (3.103) coincides
with (3.41), whereas the energy equation (3.101) is (3.42). Similarly, the continuity equa-
tion (3.105) is identified with (3.48), provided the matter current and the fluid momentum
have equal divergence (3.102). This requirement is subsequent to the relationship (3.79),
which finally relates the energy-momentum equations with the matter equation.

Strictly speaking, eq. (3.105) is not a conservation law. Integrated inside a static
domain V, the density g varies in time, not only because of the expansion or the contraction
of V (term p0Y), but also due to the flux of n through 9V. Using (3.51) we find:

éi/vddm\/c?ﬁ/wggz—/wm. (3.106)
Allegedly, n appears as the flux of matter brought about by a sink or a spring. Furthermore,
eq. (3.100) transcribes that matter loss or gain goes along with heat loss or gain. In usual
Galilean hydrodynamics r* is required to vanish, which then forbids such spring or of
matter. At the same time, in those cases n' = 0, and the fluid momentum and matter
current are identical: P; = ;. The systems under investigation here are more general and
possess a remarkable property, which is broken in ordinary non-relativistic fluids: Galilean

hydrodynamic frame invariance.

The fate of hydrodynamic-frame invariance

The relativistic fluid equations are invariant under arbitrary unimodular transforma-
tions of the velocity field u, captured in*® v* — o 4 §v*(¢,x), provided they are ac-
companied with the transformations of all other dynamical quantities, as described in
egs. (2.57), (2.58), (2.59), (2.61) and (2.62). Does this survive in the Galilean limit?

The intuitive answer to this question is no. The velocity field is a physical and observable
quantity and only variations by constant values in directions associated with isometries
of the underlying Galilean spacetime, if any, might leave the equations invariant. The
fluid density o is also physical and has furthermore a microscopic definition in terms of an
observable expectation value. It is hard to imagine how one could maintain the continuity
equation invariant without altering the density. Although this might still be considered as
an abstract field redefinition,** it would be at the expense of giving up the physical meaning
of the various quantities at hand.

The above intuitive answer seems to contradict the mathematical structure of the
equations describing the dynamics. Indeed, on the one hand the operators entering equa-
tions (3.96), (3.97) and (3.98) are velocity-independent; on the other hand, the momenta p,

43The infinitesimal local Lorentz transformations are parameterized with Lorentz boost and rotation
generators, V*(t,x) and Q% (¢,x) — antisymmetric, as follows: dv’ = V' — Vj% + Q9 (v; — wy).
In the Galilean limit the general local velocity transformation is thus dv* = V* + Q% (v; — w;) — Galilean
boosts and rotations.

“4This point of view, slightly different from ours, is adopted to some extent in [63, 64]. We acknowledge a

rich exchange with P. Kovtun on that matter.
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N;, F;, 11, 1I; and 1I;;, appear as coefficients in the expansion of the hydrodynamic-frame-
invariant relativistic momenta (3.80), (3.81), (3.86), (3.87) and (3.88). It is however too
naive to infer that the Galilean momenta are automatically invariant. They are obtained
assuming a behaviour of the stress, and of the heat and matter currents with respect to
c? (eqgs. (3.75), (3.76), (3.77), (3.78), (3.79)), and this behaviour may or may not be stable
under velocity transformations.

The precise answer calls for a thorough examination of the transformations (2.57), (2.58),
(2.59), (2.61) and (2.62) in the infinite-c limit, and of their effect on the non-relativistic
quantities introduced through (3.75), (3.76), (3.77), (3.78) and (3.79). We find the following

transformations under the action of general local Galilean boosts and rotations:*°

2

aijdp — 52@' = —QT‘(Z-(SUj), (3'107)
Sr; = —%m, (3.108)
Sv;(v—w)-n &l (v —w; (vi — w;)(v; — wj)
i=a 0o 1t o i — — ohagj + Xij |
e S ) (  '17¢ 02 ohaij + ])
(3.109)
Sv7 v — W
0Qi = — ( (rj —ny) — ohai; + X5 |, (3.110)
Q Q
ode = (n; — 2r;) %, (3.111)
50 =0, (3.112)
Sn; = —%5% (3.113)
v vj—wj\ vi—w; v (V—w)-n
omi =~ (n] 0= ) ot q qa (3.114)
and thus
5(n' =1} =0. (3.115)

In turn, this action translates into the invariance of the fundamental momenta, i.e. the fluid
energy density, the fluid energy current, the fluid energy-stress tensor, the fluid momentum,
the matter density and the matter current:

SII=0, dI'=0, MY =0, 6P =0, 6p=0, S6N'=0. (3.116)

These imply that the Galilean fluid equations are invariant under an arbitrary local redefi-
nition of the fluid velocity field v'(t,x).

This result is important but should be reckoned with great care. On the one hand,
the non-relativistic density o is not sensitive to the velocity field v (in contrast with the
relativistic result (2.61)). On the other hand, the standard momentum Q% does depend
on the velocity. The actual momentum emerging here, P? displayed in eq. (3.84), is therefore

invariant thanks to n’. Hence, the non-conservation of matter discussed previously saves

Notice the following useful formulas: §0° = é@iévi and 552} = é (@(iév]-) — éaij@kévk), whereas
00" = o6& = 0.
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hydrodynamic-frame invariance. Put differently, this invariance is disabled upon demanding
a genuine conservation i.e. n' = 0: truly conserved, ordinary non-relativistic fluids are
not hydrodynamic-frame-invariant. For these fluids the behaviours of the relativistic heat
and matter currents are g = k; + O (1/¢?) and j; = % + O (!/c*). Following our earlier
discussion these behaviours are physical, but are at the same time unstable under velocity

transformations.*6

Although negative, our last conclusion makes clear the origin of the physically expected
breaking of velocity invariance in non-relativistic fluids obeying an authentic conservation
equation. In this respect, it is worth quoting a substantial literature on trials to explore
the symmetries of Navier-Stokes equations (i.e. first-derivative truncated Galilean fluid
equations) in their compressible or incompressible form. A nice overview is given in [69],
from which it comes out that most of these extra symmetries are probably accidental,
and bound to the specific truncation or system (compressible/incompressible), rather than
emanating from the original relativistic hydrodynamic-frame invariance.

Heat and entropy equations

As we have emphasized in section 2.1, the investigation of hydrodynamic-frame transforma-
tions should be completed with the analysis of the entropy current, which is also invariant
in the relativistic theory. We will not pursue this endeavour any further, which provides
ultimately the transformations ds, dp, 07, and du. Instead, we will combine the above
results in order to reach the non-relativistic entropy equation.

As a first step we can perform the usual combination € — ”i?;“”i JL;, which leads to the
heat equation. It takes the following form:

1d <€Q+(V—W)-(I'—n))+(hQ_F(V—W)é(r_n)_§>ev_£vijzzj

viwi(vw)-(rn)> rt D v — w; l(vw
Q0

2 A .
) V,r? = 0.

(3.117)

This equation can be alternatively established within the relativistic framework, by consider-
ing —u, V,T* asin (2.21), and its subsequent Galilean limit. Notice that due to the explicit
appearance of the velocity field (u, or v%), the equation at hand is hydrodynamic-frame

invariant only on-shell.

46The requirements r* = 0 or n* = 0 are not compatible with the transformations (3.108) or (3.113).
Observe however that a choice, stable under hydrodynamic-frame transformations, is n; = r;, thanks
to (3.115). With this, P* = N'® and we are the closest possible to ordinary non-relativistic fluids, without
genuine conservation though.
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Assuming the thermodynamic properties*” of section A and using in particular eq. (A.15)
together with the continuity equation (3.105), eq. (3.117) is recast as follows:

T 1 (e

<§ (v- W)Q' (r— n)) 0 4 7,50

A ; vi—wi(v—w)~(r—n) ; 1 /v—w\2
_v"<Q_ 0 0 o (“2( 0 )))
(1 Dv—w = 1 /v—w)\?

which can also be reached from the relativistic equation (2.22) in the infinite-c limit. This

equation is intricate and can be somehow simplified by setting n = r, which does not spoil
the Galilean hydrodynamic-frame invariance (again realized on-shell):

oTds _ %p o sii ¢ (of _ oy 1<V—W>2

i (1 Duv—w ~ 1 /v—w)\?
B (R ) R

The latter resembles the entropy equations found when studying diffusion phenomena or

dissipative processes in superfluids (see egs. (58,6) and (140,4) in [86]). The combination
h + % (%)2 materializes a sort of effective chemical potential for the current r. For
vanishing r, (3.119) is the standard non-relativistic entropy equation in arbitrary Galilean
backgrounds. We will not pursue this discussion any longer.

3.3 A comment on Galilean conservation versus non-relativistic limit
The hidden local U (1)

We have so far pursued two distinct approaches. The first (section 3.1) relies on the
requirement of Galilean general covariance for a system defined on a (torsionless) Newton-
Cartan spacetime — possibly but not necessarily — obtained as an infinite-c limit of a
pseudo-Riemannian geometry in Zermelo frame. The second (section 3.2) amounts to
taking the ¢ — oo limit after the general-covariance conservation has been imposed on the
relativistic system.

It is legitimate to wonder whether the two approaches are equivalent, in other words,
whether the conservation requirement and the ¢ — oo limit commute.

In order to present a clean answer to this question, we must consider the simplest
possible situation. Aiming at this, we focus on the energy and momentum only (no matter)
and make no reference to their expressions in terms of fluid variables such as density,
thermodynamic quantities, velocity etc. Starting with a Newton-Cartan set up, we define

4"This might turn naive due to the extra underlying degrees of freedom carried by the effective cre-
ation/destruction currents n and r. Investigating this issue in not in our agenda here.
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the energy-stress II;;, the momentum P; and the energy density II as in (3.30), (3.31)
and (3.32). General Galilean covariance translates into two equations, (3.41) and (3.42),
which reveal a novel, a priori undetermined vector II;, interpreted as the energy current.

Alternatively, one may work in a relativistic spacetime equipped with Zermelo coordi-
nates, and a full-fledged and conserved energy-momentum tensor 7}, with the following
large-c expansion:

D270 =g, =TT+ O (1/c2)
QT = qu; = 2P + 11 + O (1/2) (3.120)
Tij = pragj + 1wy = iy + O (1) .

This determines the energy current I; as a subleading term with respect to the momentum
P; in the expansion of the relativistic heat current. Furthermore, the expansion of the
relativistic equations is now

OV, T = 2V PI+€+0(1/2) =0
1 j (1/e2) (3.121)
VT = J; + O (1/e2) = 0.

with € and Jl; given in egs. (3.96) and (3.97). We recover, as in the first way, the Galilean
conservation equations (3.41) and (3.42), supplemented now by an extra constraint on the

current P;:

V,;P? = 0. (3.122)

The punch line of the current discussion is that taking the ¢ — oo limit followed by the
general-covariance requirement is less restrictive than following the pattern in the reverse
order. With this latter order, not only the energy current is provided explicitly but the fluid
current obeys an extra constraint equation. The reason for this is simple. When the infinite-c
limit is the last step, the system secretly remembers the full diffeomorphism invariance
present at the first step, which contracts during the limit into the Galilean covariance
accompanied with a central extension [88]. This extra hidden local U(1) invariance accounts
for the supplementary equation (3.122). When the Galilean diffeomorphism invariance is
the second step, the x-independence of & leaves II; undetermined, and no further equation
is found.

All this shows how the full — as opposed to (3.122) — continuity equation (3.105)

%% + 0¥+ VP! =0, (3.123)
can emerge provided e, contains an extra c?p term, without introducing a relativistic
conserved current with a local U(1) symmetry, as in [29].*® When such an explicit U(1)
current is present, as in sections 3.1 and 3.2, it is promptly identified with the hidden one
through (3.102), originating in the deep relationship between energy and mass, eq. (A.2).

48With this method, however, the relativistic hydrodynamic frame is locked to Eckart’s since the Galilean
heat current Q" in (3.92) receives only the contribution k'.
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More general abstract equations

The large-c behaviours (3.80), (3.81), (3.86), (3.87) and (3.88) (or a simpler version of the
latter without p (3.120)) are motivated by the physics standing behind these momenta,
captured in the behaviours of transport coefficients and materialized in (3.75), (3.76)
and (3.77). As an echo to the comments made when setting the latter, one could be more
abstract and consider order-c? terms in the stress tensor 7i; as we have already introduced in
the heat and matter currents, and possibly further powers in those (r; and n; were already
beyond normalcy, but introduced as a mean of restoring hydrodynamic-frame invariance —
or demonstrating its breaking in genuine non-relativistic fluids). The net effect of this sort
of options is to bring the energy-momentum tensor in the form

DT =g, = 2o+ 11+ O (1/2)
QT = gy = * P+ AP + 11 + O (1/2) (3.124)
Tij = prajj + Tvij = C2ﬁij +11;; + O (1/2) ,

and produce at infinite ¢ a genuine hierarchy of equations, which are replicas of those we
have already met:

(&5 +06%) 4 11529 4 V01 =0

(%dﬁ ew)g+n AW 4 ;P =0

VPl =0 (3.125)
(&5 +0°) P+ P37, + VIIL; = 0

(&5 +0°) B+ P37, + VIl = 0.

This sort of situation is the archetype of multiplication of degrees of freedom, mentioned
earlier. It comes naturally thanks to the existence of a parameter ¢, which makes it possible
to organize a Laurent expansion. It is more artificial to interpret this system as conservation
equations portraying local symmetries, because this would require introducing further
variables, conjugate to the new momenta, such as @, ’, Q etc. We will not elaborate
on that, but keep the structure in mind for comparison with the forthcoming analysis
of section 4.3 about Carrollian fluids. For the latter, no physical intuition can possibly
serve a as guide — basic thermodynamics is even missing. Only a blind 1/c2 expansion
applies, as suggested by the only known application field of Carrollian fluids, which is flat
holography [25-28]. Then the hierarchy obtained is dual to (3.125), and this plainly justifies
our present excursion from standard, physical non-relativistic fluids.

Multiplication of degrees of freedom occurs also in the matter sector. On could indeed
abstractly assume that some matter current behaves like
%Io:Lor:CQI?&+I£+O(1/c2), I :irk:C4f{k+02f{k+Kk+O(1/c2). (3.126)

Using these expansions in the relativistic divergence of the matter current J* in Zermelo
background we find: R
VIt =K+ K+ K+ 0 (Ye2) (3.127)

40 —



with
+ 0w> F+ VK (3.128)
+ +V,K

which must vanish if V ,I# = 0.

As an aside application of the latter results, we can insert the behaviour (3.124) inside
the components (2.76) and (2.77) of a relativistic conserved current resulting from the
combination of the energy-momentum tensor with a Killing field. We find thus

h=EF -
R=EP ¢l
K; = &1L, — £, (3.129)

=
I

~
v

where k and K; are precisely as anticipated in (3.58) and (3.59). On-shell i.e. assum-
ing (3.125), and using (3.53) we find for (3.128)

K =0
F="5 (atgi n ngf) (3.130)
H =5 (0" + Lw),

in agreement with the result (3.61) for the last two. The first vanishes, and this shows that
even though the existence of a Killing field does not guarantee the conservation of a Galilean
current, such a conservation can occur if the appropriate vector vanishes. Ordinary Galilean
fluids as those studied in section 3.2 have P; = IT;; = 0 in (3.124) so that K7 = 0. Hence
two currents survive, one with  # 0 (non-conserved) and another, which is conserved
(% = 0) but already known. Indeed, it is the very same that appears inside the ordinary
continuity equation, and no extra conservation arises as a consequence of isometries.

One might be legitimately skeptical about the validity of the above conclusion on
non-conservation: how can the bona fide law V,I# = 0 of a relativistic current I* = £, TH"
based on a Killing field & of a pseudo-Riemannian spacetime, break down suddenly in the
infinite-c limit? The answer is captured by the very definition of a Galilean Killing, which
ultimately leaves non-vanishing terms in the divergence. The precise way this comes about
is exposed in appendix D.1.

3.4 Massless carriers and Weyl properties
Generic hydrodynamic equations

Although massless particles are ultra-relativistic, a macroscopic collection of them forming a
fluid can be compatible with Galilean symmetries. The latter appear as a phenomenological
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emanation and are agnostic on their microscopic origin. Such a system can also have a
conserved current and a chemical potential, which are not related to mass, but to some
charge. Some examples of this sort are mentioned in appendix A (see ref. [89]) together
with their basic thermodynamic properties.

The difference with respect to the previous section (section 3.2) is the Galilean limit.
Here, instead of (3.78), we can simply consider

20 =0+0(/), e=ge+0(e), (3.131)

where e is the energy per charge unit and p is the charge volume density — as opposed
to proper volume — and ¢ = pe the non-relativistic energy density (see also appendix A).
Again, our goal is to find the fundamental variables as well as the dynamical equations,
and probe the behaviour of the latter under Galilean hydrodynamic-frame transformations.
Why do we expect this sort of system be potentially Galilean hydrodynamic-frame
invariant? A gas of photons, perhaps under some isotropy and homogeneity requirement
regarding interactions, gives no handle for measuring a global velocity. In other words,
we do not expect v* to enter the hydrodynamic equations. This reasoning is not a proof,
but a guideline to pursue here. For that, we will adopt again the behaviours (3.75), (3.76)
and (3.77) for the stress tensor, the heat and the charge currents, even though we are
aware that on physics grounds r; and n; are bound to vanish. For the charge current, the
subleading term m; turns out to be irrelevant here because of the absence of rest mass.
Equations (2.66), (2.67), (2.68), (2.69) and (2.70), now give:

oor = 0, Jri = Ni+ 0O (1) (3.132)
with Galilean charge current
; vl —w' .

N'=p g+ n'. (3.133)

From the energy-momentum tensor one obtains
e, =11+ 0 (1/e2), (3.134)
@i = P+ 11 + O (1/e2) (3.135)
pragj + Trij = Ii; + O (Y/e2), (3.136)

which coincides with (3.120), where

(v — wa)ry)

Pi— i (3.138)
or - (v —
= Hr(;w)’ (3.139)
vi—w o (v=w\? r-(v—w) (v —w
i = ((e + plaij — Xij) —5—+ 5 ( Q ) + ( Q)z( ) +ki,  (3.140)

are the explicit expressions for (3.30), (3.31) and (3.32), as well as for the energy current
I1;, which will appear in the energy equation (3.42). The Galilean heat current receives now

a single contribution as
Q= k. (3.141)
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For the fluid under consideration, the structure of the conservation equations is as
follows (actually as in (3.121) because the energy-momentum (3.134), (3.135), (3.136) is as
in (3.120)):

OV, T = 2V +€ 40 (1), (3.142)
VuT‘ui =Jl; + O (1/e2), (3.143)
V. JH =8 +0 (1), (3.144)

with €, JMl; and 6 as in (3.96), (3.97), (3.98). At infinite ¢ the hydrodynamic equations are
again (3.101), (3.103), (3.104), and we recover egs. (3.41), (3.42) and (3.48), as expected,
plus the extra equation (same as (3.122))

Vi =0, (3.145)

which is absent when the unphysical vector 77 originating from the ¢? term of the relativistic
heat current vanishes. The difference with respect to the massive case studied in the
previous section dwells in the expression of the momenta (energy-stress tensor, fluid current,
fluid energy density and fluid energy current — the charge current is the same as the matter
current before).

We can now combine the above results in order to reach the heat and next the entropy
equations. Equivalently these are obtained as infinite-c limits of egs. (2.21) and (2.22). We
find for the former

g Uiy, = 1d (e—l—(v_gzm.) - <£+p+(v—gv)«r - 2) v — &5V

. ;o vi—w(v—w)-r\ r'Duv—uw
+V1<Q 0 0 ) Qa0

For the entropy equations there are two options. If no conserved charge current exists, the

= 0. (3.146)

equation (3.104) is immaterial, the chemical potential vanishes and (A.19) gives de = T'do,
which can be substituted in (3.146). This happens e.g. for a gas of photons. If a conserved
charge current is available then ¢ can be traded for ge, ¢ + p for ph, o for gs, and
using (A.18), (A.19) and (3.104) one obtains

1doe oT'ds " A
which can be inserted back in (3.146):

D h () (S D)t

Qdt ' Qdt Q 0 d
A . v—wl(v—w)-r TiD’Uz‘—wi_
+V; <Q a9 a ) an o =" (3.148)

Given the above Galilean hydrodynamical equations, one may reconsider their behaviour
under velocity local transformations. The absence of rest mass for the carriers modifies
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the scalings with respect to the speed of light, and possibly the invariance properties.
Bringing together the transformations (2.57), (2.58), (2.59), (2.61) and (2.62), and the
scalings (3.75), (3.76), (3.77) and (3.131), we find in the infinite-c limit that dp and on, are
still as in (3.112) and (3.113), while

2
a;j0p — 63 = —ﬁr(i(svj), (3.149)
or; =0, (3.150)

Oki = 0Q;

vl vy — w;

= ﬁ ( Q rj— Qh(lij + E”) , (3151)

de = pde

v’

= —2r,—. 152
i (3.152)

These transformations ensure the invariance of the Galilean momenta as in egs. (3.116),
which thus implies that for fluids consisting of massless particles, the Galilean fluid equations
established above are invariant under arbitrary hydrodynamic frame transformations.*”
One should stress that, thanks to (3.150), the hydrodynamic-frame invariance holds
even when r; = 0, which is the physically interesting situation, following our previous
discussion on the behaviour of the relativistic heat current. The momentum equation

obtained from (3.97) greatly simplifies in this case:
M; = dip — V27 =0. (3.153)

Nonetheless, due to (3.113), hydrodynamic-frame invariance does not resist when n; is

required to vanish in the charge current, which is necessary for the continuity equa-

tion (3.98), (3.104) to be a genuine conservation. This caveat, which opposes again

hydrodynamic-frame invariance to conservation, is evaded precisely for fluids without con-

served charge, as are photon gases, which are therefore truly hydrodynamic-frame-invariant

in the Galilean regime with entropy equation (for the physical situation where r; = 0)
Tdo

» o
S — 2 0v — ¢ %+ V,Q = 0. 154
th+<£+p d)@ §%27 +ViQ' =0 (3.154)

Weyl invariance

Galilean groups can accommodate conformal extensions. The subject has generated an
abundant literature, part of which is already quoted here [33, 34, 38, 52, 53] — more can
be found in those references. The analysis of conformal symmetry in non-relativistic fluid
dynamics has been in the agenda of many groups. No real guiding principle has been followed
though, the search has been usually blind and the output often looks accidental.’® From
the fluid perspective on non-isometric and non-conformal-isometric backgrounds, conformal

“Equations (3.146) and (3.148) are hydrodynamic-frame-invariant only on-shell.
50Reference [69] makes better contact with the relativistic fluid equations, and provides a nice and critical
overview of the field.
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symmetry is rather meant to be Weyl symmetry, which is expected to portray the dynamics
when no massive excitations are present. This instance was touched upon in section 3.1,
when presenting the basic features of Newton-Cartan geometry, and will be considered in
the present section from the perspective of the large-c limit in Zermelo backgrounds.

The fundamental quantities of the Zermelo geometry (2.46) behave as follows under a
Weyl transformation:

1 . . 1 1

Qij — @aij, w' — w’, w; — @wi, Q— @Q, (3.155)
and since ) depends on time only, the last of (3.155) imposes B = %B(t). The veloc-
ity components u* have weight 1. This gathers the following for the ordinary spatial

fluid velocity:
1

vt — 0t Vi = Gz ie (3.156)
With this at hand, one can wonder what is the Galilean Weyl-covariant derivative,
acting on Galilean Weyl-covariant tensors. From a purely mathematical perspective taming
the connections on Newton-Cartan (or Carrollian) geometries is a thriving subject (see
e.g. [38-40]). We will here answer modestly this question by examining the infinite-c
limit of the connection (2.34) and the corresponding Weyl-covariant derivative used in the
relativistic case. As we will also witness later in the Carrollian side, this splits into time
and space Weyl derivatives, associated with time and space Weyl connections, inherited
from the limit of A given in (2.34). Owing to the fact that

v

lim QcA® = —%, lim A; =0, (3.157)

c— 00 c— o0

there is no spatial Weyl connection in the Galilean limit. The ordinary Galilean spatial
covariant derivative V; used here as the usual d-dimensional metric-compatible and torsion-
less covariant derivative with connection coefficients (3.8) (possibly time-dependent since
generally a;; = a;;(t,x)) is thus Weyl-covariant on its own right. This is not a surprise
since a Weyl rescaling with %(¢) leaves the Christoffel symbols (3.8) unaltered.

The Galilean time covariant derivative % given in (3.25) is not Weyl-covariant, though.
It can be promoted to a Weyl-covariant Galilean time derivative D; thanks to 8V, which
transforms indeed as a connection:

0" = RO — %atgs. (3.158)

Consequently, if St ", are the components of a weight-w Galilean tensor, then

1 i 1D w, .\ ..
ﬁgts T = (th + 59 ) S (3.159)

are the components of Galilean tensor with weight w 4 1. Observe that the components of
the Galilean shear given in (3.18) is of weight —1:

U 1 v
& = 5&%- (3.160)
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The Weyl transformation (3.158) holds equally for 8% defined in (3.17), and so does in
fact (3.160) for £*; defined in (3.16). One can therefore introduce an alternative Galilean

Weyl-covariant time derivative, defined in purely geometrical terms:*!
1. 1D w,,
ﬁDt@ = (th + EO ) P, (3.161)
1. 1D w+l
—DVi=|==4+—=6"|V, .162
Q tVi (Q & + 4 ) Vi (3.162)

for weight-w Galilean scalars or forms, extendable by the Leibniz rule. For convenience,
both D; and @t will be used in the following and should not be confused.

Equipped with the above tools and imposing Weyl invariance (3.63), the fundamental
equations (3.41), (3.42) and (3.48) are recast as follows:??

1 ~ . ~
Db+ P 4+ VL = 0, (3.163)
1 . . ~ .
591‘/1—[ -+ Hijng] + V,II' = 0, (3164)
1 4 ~ .
gDio+ ViN' =0. (3.165)

They are Weyl-covariant of weights d + 1, d + 2 and d + 1.

When dealing with Galilean fluids, the Galilean momenta o, N;, F;, II, 1I; and 1I;;
emerge in the large-c expansion of 0:0, jri, €r, Gri and pra;j + 7vi; (see egs. (3.132), (3.134),
(3.135), (3.136)). The weights inherited in this limiting procedure (the relativistic weights
are available in table 1) are in agreement with those previously defined through the effective-
action definition of the momenta. These momenta are expressed in terms of the Galilean
velocity v* together with the usual list of variables emanating from the relativistic stress,
heat current and charge/matter current.

From the expressions (3.137), (3.138), (3.139), (3.140), we infer that the forms r;, k;
(and thus @;) have weight d, while n; and the Galilean stress ¥;; have weight d — 1. The
Weyl condition® (3.63) now reads ¢ = dp — ¥. The stress being considered as a correction
to perfect fluids, absent at global thermodynamic equilibrium, this condition splits into the
conformal equation of state

e = dp, (3.166)

accompanied with the Weyl-invariance requirement
Y =30 =0. (3.167)

Other thermodynamic observables like e, T', 1 or h have all weight 1, and s is weight zero.

1 This sort of Weyl-covariant derivative is insensitive to the fluid velocity and is thus better suited for
discussing hydrodynamic-frame invariance. Its relativistic ascendent is a Weyl connection A% constructed,
as explained generally in footnote 16, with the vector field uz = e; defined in (3.3) (and used in section 3.2),
which has norm —c? in the Zermelo background (2.46). This connection exists irrespective of the fluid
velocity: A% = %th.

%2\We saw in section 3.1 that II;; has weight d — 1, P; and II; weight d, and II weight d 4 1; similarly o is
weight-d and N; weight d — 1.

%3Notice in passing that the Weyl-invariance requirement (3.63) determined from the effective action, is
also the large-c expression of the relativistic condition T),* = 0 discussed at the end of section 2.1, obtained
using (2.64) with (3.134), (3.135) and (3.136).
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It is important to stress that the above analysis is consistent because we have been
systematically referring to fluids with microscopic massless degrees of freedom, and have
thus used eqs. (3.132), (3.133), (3.134), (3.135), (3.136), (3.137), (3.138), (3.139), (3.140).
Had one considered fluids with massive carriers, conflicts would have appeared in the
conformal weights, as e.g. in eq. (3.102) setting a relationship among N and P?, which in
a Weyl-covariant system are expected to have different weights (d + 1 and d + 2).

Hydrodynamic equations (3.146) and (3.154) are recast as

Ly, (e Goir) rp i s

Q Q Q Q
- vt —w (v—w)-r
Qi - — 0, 1
v <Q . . ) 0 (3.168)
o Ly (v=w)er\ rovi—w oy
N - v —w(v—w)-r
7h i(L i v __ = (. 1
Vil 4V <Q 5 : ) (3.169)

For more conventional conformal fluids with »* = 0 and no conserved charge we find

1
Q

r
0

Die — £'55Y + ViQ' = D0 — €57 + ViQ' =0, (3.170)

which are Weyl-covariant of weight d 4+ 2. The Euler (transverse) equation (3.153) remains
unchanged and can be expressed in terms of the energy thanks to (3.166), or further
using (A.18):

9;(To) — V% = 0. (3.171)

1 o
; Viv,: =
dc’?s J (d+1)

It is Weyl-covariant of weight d + 1.

Besides expressing hydrodynamic equations for fluids based on massless microscopic
constituents in a Galilean general-covariant fashion, our present analysis exhibits one class
of physical fluids, where hydrodynamic-frame invariance survives the Galilean limit: the
conformal fluids without any conserved charge. This is in contrast to the more general
Galilean hydrodynamics studied in section 3.2, where hydrodynamic-frame invariance was
only emerging in exotic fluids, where matter conservation was not fulfilled. Furthermore,
under the physical assumption that the heat current remains of order 1 in the infinite-c
limit (r; = 0 in (3.76)), the energy density is insensitive to the choice of fluid velocity
(see (3.152)).

Conformal isometries and conservation laws

There is not much we can add on conservation laws that has not yet been processed.
Summarizing, the large-c expansion of the energy-momentum tensor (3.134), (3.135), (3.136),
combined with the components (2.76), (2.77) in the presence of a conformal Killing field
&, produces

tor=k+ 0O (1/02) , i, = K, +0 (1/02) (3.172)
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with k and K} as in (3.58) and (3.59), defining a Galilean current. Using the Weyl-
invariance condition (3.63), the equations (3.163), (3.164), and the Galilean Killing equa-
tions (3.64), (3.66), the Galilean divergence (3.57) of this current turns out to satisfy (3.67).
As usual, conservation demands a symmetry wider than a conformal isometry, for which

0 4+ Ly = 0.

4 Carrollian fluid dynamics

4.1 Carroll structures and general Carrollian covariance
Carrollian manifolds

Carroll structures are alternatives to Newton-Cartan spacetimes, introduced in [34-36].
They consist of a d 4+ 1-dimensional manifold M = R x 8 endowed with a degenerate metric
and a vector field, which is the kernel of the metric. These manifolds are described in
terms of fibre bundles® with one-dimensional fibre and a d-dimensional base 8§ thought of
as space, the fibre being time. The Carroll group [30, 31] emerges as the isometry group
of flat Carrollian structures, but our framework is here more general with no assumption
about isometries, but Carrollian diffeomorphisms instead; the Carrollian transformations are
realized locally, in the tangent space. These diffeomorphisms have the virtue of preserving
the time/space separation, as opposed to general diffeomorphisms.

For concreteness M will be equipped with coordinates (t,x) and we will restrict to
degenerate metrics of the form

de? = a;(t,x)da’dz?, i,j...€{1,...,d} (4.1)

with kernel generated by
1
€ = ﬁaty (42)

which defines a field of observers. This coordinate system is adapted to the fiber/base
splitting, which is in turn respected by Carrollian diffeomorphisms (2.80). It is also naturally
reached in the Carrollian limit of a pseudo-Riemannian spacetime in Papapetrou-Randers
gauge (2.79). The Carrollian structure naturally incorporates an Ehresmann connection,
which is a background gauge field b = b;dz?, appearing in the dual form of the kernel
generator (4.2):

of = Qdt — b;da’, (4.3)

the clock form. The scale factor €2 and the gauge components b; depend on t and x.

S4Carrollian structures were defined as “ambient structures” in refs. [39, 40]. Notice that we use equally

”

the wording “manifolds,” “spacetimes” and “structures.” Mathematically the latter is more precise for it
embraces the various attributes. Depending on these attributes, it can be even refined into weak or strong

structure as we will see in the following.
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Under Carrollian diffeomorphisms (2.80) (the Jacobian is defined in (2.81)), the trans-
formation rules of the various geometric objects are as in (2.82), (2.83) as well as

0, = %at, (4.4)
o =gt ( . f}‘at) , (4.5)
0" = of, (4.6)
=770, (4.7)
where
D = 0; + %at, (4.8)

are the vector fields dual to the forms da?, also spelled e; in (2.105).

For Carrollian manifolds it is customary to say that space is absolute, whereas time
isn’t, as opposed to their dual relatives, the Newton-Cartan spacetimes. This is again
somehow abusive, except when a;; depends on space only, and it mostly refers to the form
of the Jacobian (2.81). It is rooted to the properties of the primitive Carrollian manifold
obtained as the ¢ — 0 limit of Minkowski spacetime.

Carrollian tensors depend generically on time ¢ and space x. They carry indices
i,j,... € {1,...,d}, which are lowered and raised with a;; and its inverse spatial cometric
a’, and transform covariantly under Carrollian diffeomorphisms (2.80) with Jacobian Jij
and J 71; defined in (2.81). Following [29], we introduce a Levi-Civita-Carroll connection
with coefficients ;

K2
’%k = % (5jalk + 3kalj — élajk) . (4.9)
This connection is not unique (see the already quoted literature [36, 40, 41]), but emerges
naturally in the vanishing-c limit of a Levi-Civita connection in the Papapetrou-Randers
coordinates (2.79). It defines a spatial Carrollian covariant derivative V; with tensorial
transformation properties under Carrollian diffeomorphisms (details on the transformation
properties can be found in the appendix A.2 of ref. [29]).5°
The Levi-Civita-Carroll connection is torsionless and metric-compatible:

ik =24k =0, Viajp, = 0. (4.10)

The vectors d; do not commute and define the Carrollian vorticity:

2

[éi,éj} = ﬁwijata wij = by + bl (4.11)
with )
i = g (Oibi + i), (4.12)

55 Important remark: many symbols are common to the Galilean and Carrollian sides investigated in the

present paper. The context should leave no room for confusion.
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the Carrollian acceleration. Notice that
46" = pda’ A O — j;dat A da, (4.13)

so that vanishing Carrollian acceleration and vorticity are necessary and sufficient conditions
for 6¢ be closed and define a family of hypersurfaces inside M = R x 8 as 7(t,x) = const.,
where locally ol = dr.

The ordinary time derivative operator %&t acts covariantly on Carrollian tensors.
However, it is not metric-compatible because a;; depends on time. Hence one defines a new
Carrollian temporal covariant derivative by requiring covariance, i.e. %f){f = 1D, and

Dyajy, = 0. (4.14)
This is achieved by introducing a temporal Carrollian connection

o1 1
Fij = 55 0ij = &ij + Saijt, (4.15)

which is a genuine symmetric Carrollian tensor split into a traceless part, the Carrollian
shear, and the trace, which is the Carrollian expansion:

1
0= ﬁat In+/a' (4.16)
The action of D; on scalars is 9
D® = 9,9, (4.17)

whereas on vectors or forms it is defined as
ﬁDtV =g WALV, ﬁDtVi =9 Vi — 7V (4.18)

Leibniz rule generalizes the latter to any tensor and allows to demonstrate the
property (4.14).
The commutators of Carrollian covariant spatial derivatives define further Carrollian

tensors (® and V¢ are a Carrollian scalar and a Carrollian vector):5
A 2
[Vi, V]] o = wi]a@t@, (4.19)
(Vi Vi VI = (8505 = 8k + by — Al VI + (B0 VI (4.20)
.. . 92 ..
= lele] + WklﬁDtVZ. (421)
Similarly, time and space derivatives do not commute:

AR LDy +0) VI 4,V = 450V - a, v 4.22
bt Vi = ©; 9 t + Yk =% VgV5 —ar . (4.22)

®61n [29] an alternative tensor was defined as fijkl = ﬁijkl+2ﬁijwkl with [@k, @z} & :fijlej—f—wkl%@tVi.
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with®?

¥ 1 . N 1.
M= <9¢i5i + Viyy, = Qc?wik> (4.23)

and
T]jk =Tk = P (Vj’Y]k - 3k9) ) (4.24)

further Carrollian curvature tensors.

Carrollian dynamics and Carrollian diffeomorphisms

Consider now a dynamical system on a Carrollian manifold M = R x § described with an
(effective) action S = [ dt da\/a'QZ, functional of a;;, Q and b;. The associated Carrollian
momenta, which replace the corresponding relativistic energy-momentum tensor (2.7) are
now (see [79, 90])%®

y 2 08
/-
Y = o (4.25)
.1 68
1 /0S8  b; 48
H_—ﬁ <59+95bi>’ (4.27)

with g—g =—va (II+ b,-Hi). These are the energy-stress tensor, the energy current and the
energy density.
Diffeomorphisms are generated by vector fields as in (2.71)

£=¢E0+¢60; = <§t - f’g) &+ ¢ (ai + gat> = g%at + £, (4.28)

Carrollian diffeomorphisms (2.80) are restricted to &' = £°(x). As usual, the variation under
diffeomorphisms is implemented through the Lie derivative and we find the following:

— Ssay; = Leayy = 2V i€ray, + 263, — 2b(iaj)k$atg’f, (4.29)
where the last term drops for Carrollian diffeomorphisms. Furthermore
Leey = — (éatfi + %‘fi> e; = ey, (4.30)
and (the form 67 is defined in (4.3))
£e6' = (éatgf + goifz) 0"+ (8 — ) €' — 2 m;) da. (4.31)
From the latter we infer

1 1 7 i 1 ; . A ; .
—(55 InQQ= QLgQ = ﬁf)tftﬂo,f , —(55()@' =Lgb; =b; (Qatft—l-(pjf]) - ((8,-—@,-) ft—ijwji) .
(4.32)

57Notice that rlz(%’y{k = (@1 + %‘) ’?jk + (@k + gok) ’iji — (@J + ij) 4ik is a Carrollian tensor, even though
Al is not.
*8The fluid energy density II was spelled e in [29].
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We can now move to the variation of the action under Carrollian diffeomorphisms:

1

6:S = / dtd?z+/a'Q (;Hiﬂ'égazj + T8 b; — 9 (H + biHi) 559) . (4.33)

Using (4.29) and (4.32) with & = £/(x), we obtain (indices are here lowered with a;;)
0eS = / dtddz/a Q) {—gf Kéat + 9) I+ (Vi + 2¢4) I + H”%}
+ & [(V+¢) I, + 2, + Ty |
+ / dtddz {at [ﬁ (gf (H + bZ-Hi) - gjbinl'j)}
+ 0 [\/EQ (gfni - gﬂ'nij)] } . (4.34)

Ignoring the boundary terms (last two lines of (4.34)), d:.S = 0 implies that the Carrollian
momenta defined previously in (4.25), (4.26), (4.27) are Carrollian-covariant, and leads to
two equations. The energy equation is simple because ¢! depends on ¢ and x:

1 A . .

The momentum equation calls for a careful treatment. Indeed, £ is a function of x only,
hence the factor in brackets in the second line of (4.34) needs not vanish, but rather

. ; . 1
(Vj + @j) IV; + 21V s + Tl; = — <Qc9t + 0) P; (4.36)

because \/a Q¢! (é@t + 0) P, = 0, (Ja¢'P;), which is a boundary term and vanishes inside
the integral.

The new vector P;, which we will refer to as momentum, is not defined directly through
a variation of the action with respect to some conjugate variable. It is however inescapable,
and this can be verified whenever a microscopic action is available in terms of fundamental
fields leading to full-fledged equations of motion. In this instance, egs. (4.35) and (4.36)
must be obeyed on-shell, and this procedure determines the momentum P; (for a Carrollian
scalar field see [103]).

A plethora of comments and comparison to the existing literature is appropriate at
this point. The Carrollian equations at hand, which are ultimately the Carrollian fluid
equations, have been the source of confusion or misinterpretation, and unfortunately this is
not fading.

As a first and minor remark, the term in the right-hand side of (4.36) was missing
in [79, 90].5% More importantly, it has been claimed that both vectors, the energy current
IT; and the momentum P;, should vanish [74, 77]. Systems where this happens are not

" More precisely, eq. (4.36) here is in disagreement with eq. (2.30) in [79] resulting from the invariance of
the action under Carrollian diffeomorphisms. It agrees however with eq. (4.4) in the same reference, reached
via a vanishing-c limiting procedure (see also our eq. (4.81)).
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excluded, but there is no principle that demands a priori such a property — as no reason
exist for the Galilean energy current and momentum to vanish.5°

Another feature of the above equations (4.35) and (4.36) is their superficial resemblance
to egs. (3.42) and (3.41). This is superficial because when coming to the genuine fluid equa-
tions, the various momenta are expressed in terms of kinematical and physical parameters,
which are different in the two instances (e.g. there is no “velocity” in Carrollian dynamics —
see next section for details on the Carrollian fluids). But even at the superficial level, the
resemblance is alleviated by the symmetries, which are undoubtedly distinct: Carrollian
versus Galilean. Nonetheless, confusion has settled for good in the literature around the
membrane paradigm, which was originally carefully stated [91], but has drifted in time
giving an overwhelming importance to Navier-Stokes equations, which are Galilean par
excellence, for the description of phenomena occurring in the vicinity of black-hole horizons,
which call for Carrollian physics (ref. [92] is a good example of abuse). Recently, efforts
were made to clarify this issue [70, 71].

A U(1) local invariance and conservation law

If the action on the Carrollian manifold is further invariant under a local U(1) associated
with a gauge field B = B(t,x)dt + B;(t,x)dz’ as in (3.43), then a further conservation is
available. This sort of conservation is not as useful as it was in the Galilean framework.
Indeed, the thermodynamic law (A.2) that sets the relationship between a conserved charge
and the energy (see also the discussion in section 3.3) is invalidated here by the vanishing-c¢
limit, and plays no subsequent role in the fluid dynamics.

The conjugate momenta are again the charge density and the charge current:

1 /6S b 6S
- (2% 4,
¢ ﬁ(éB Q(SBi)’ (4.37)
.1 §S
= 635, (4.38)
with 25 = \/a' (o + b;N?). The gauge variation of the action is here:
%S:/&Mmﬂ(@+mN§%B+QM%BQ (4.39)

_ / dtd’z/a ((o+b:N') A + QN'D:A)
= /dtddxﬂQA (é&t,g + 0o+ (@z + cpi) Ni)

- / dtd’z {0, (Va'A (o+b:N')) +0; (Varan')}. (4.40)

Invariance of S leads to a Carrollian continuity equation:

1 a3 Z _
<Qat + 0) o+ (vi + w) N'=0. (4.41)

89As an aside comment, in flat as in AdS holography, the momentum P; of the boundary fluid is mapped
onto the bulk angular-momentum aspect [28], and this is not expected to vanish. From a different perspective,
as already mentioned, microscopic systems such as the Carrollian scalar field exhibit non-vanishing II; and
P; 79, 103].
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Using Stokes and Gauss theorems (see also footnote 33) and the Carrollian continuity
equation (4.41) we find

1 N .
/ dtdlz Qv/a ((aﬁue) ot (Vite:) NZ) :7{ Jaodz A .. Adz?
W Q oW

d
—7{ Va ) dz' AL ANIAL L At
w3
(4.42)

where W C M =R x § and N@? (Gf given in (4.3)) is the ith factor in the exterior product
of the last term. Assuming a good behaviour for the fields, a conserved charge exists and
can be expressed as an integral over an arbitrary space-like hypersurface g of M =R x 8.
This conserved charge is identical to the relativistic Papapetrou-Randers result obtained
e.g. in (2.110). As for the Galilean instance, it is suitable to chose ¥4 = 8 i.e. a constant-t
hypersurface, and the charge then reads:5!

QN = /8 NG (g+bz~Ni). (4.43)

Following the Galilean steps, time-independence reveals by replacing 8 in (4.43) with V C 8,
where the boundary 9V does not depend on ¢, for convenience. Using (4.41), the time
evolution of the matter/charge content of V is the following:

iAd%\/cT (o+b:N") = —/Vddx@- (vaan) = | axN. (4.44)

If 'V is extended to the whole 8 the time dependence fades and we find that ()n is conserved.

Isometries, conservation and non-conservation

Isometries of Carrollian spacetimes are generated by Killing fields of the Carrollian
type (4.28), required to obey
Laaij = 0, Lgei = 0, (4.45)

because the metric (4.1) and the field of observers (4.2) are the fundamental geometric data
in the spacetimes at hand (see refs. [34-36, 45]). For Carrollian diffeomorphisms (£ = £ is
only x-dependent), egs. (4.29) and (4.30) lead to

A i 1 n 4
ViFaj + €4 =0, ﬁatft + i§' = 0. (4.46)

51Tt should be noticed that the presence of b; apparently breaks the manifest covariance, since according
to (2.83) the form of the integrand is respected only by coordinate transformations such that ¢’ = t'(¢) i.e. a
subset of Carrollian diffecomorphisms. This is actually innocuous, and merely translates a feature of the
hypersurface chosen for computing the charge, which is otherwise an absolute constant, as emphasized in
footnote 9 for the relativistic case, and further discussed in section 3.1 within the Galilean framework. If
the clock form is closed (see eq. (4.13)), locally 8¢ = dr and one may alternatively choose the integration
hypersurface ¥, as 7(t,x) kept constant. In this instance, we obtain Qn = fET ddxﬁg. Nevertheless, all
choices of space-like hypersurface X4 lead to the same charge.

~ 54 —



These equations refer to the invariance of a weak Carroll structure [35] and possess an
infinite set of solutions. As for the Newton-Cartan case discussed in section 3.1, strong
Carroll structures are further equipped with a torsionless metric-compatible connection,
which is also required to be invariant under Carrollian isometries. This constricts the
solution space of (4.46). Observe however that one does not demand the Ehresmann be
invariant, hence for a Carrollian Killing field &, using (4.46) inside (4.31) we obtain:

ﬁg’af = ((éz - QOZ') ff - 2§jo,;) dl‘i. (4.47)

The case of a Carroll spacetime with ¢ = ¢, Q = 1 and constant b; (standard
flat Carroll spacetime with our connection) provides a nice illustration of the above.
Equations (4.46) possess an infinite number of solutions:

£= (272" + X7) 0; + F(x)0, (4.48)

with constant and antisymmetric Q;; = Qikékj generating the rotations in so(d), constant
X7 for the space translations, and an arbitrary function of space f(x). The latter is only
linear if the connection of the strong Carroll structure is required to remain invariant under
£ f =T — Bz, T generating time translations and B; being the Carroll boosts. The
total number of solutions is now (d+2)(d+1)/2; which is the dimension of the Carroll algebra
care(d + 1). Besides, we find that

£:0" = — (Bi +0b;) da’ # 0, (4.49)

exhibiting a constant shift in the Ehresmann connection.

We can now handle the conservation law that would take the Carrollian form (4.41)
with a Carrollian scalar  and a Carrollian vector K* determined from the components {f
and & of a Carrollian Killing, and from the Carrollian momenta, i.e. the energy density II,
the energy current II* and the energy-stress tensor I1¥ defined in eqs. (4.25), (4.26), (4.27),
as well as the momentum P?, and satisfying the conservation equations (4.36) and (4.35).
If such a conservation exists, the Carrollian scalar

1 = )
H = (Qat + 9) e+ (Vit o) K (4.50)

shall vanish on-shell. In fine, x and K* are disclosed in the on-shell boundary terms of
0:S (see (4.34)) — or likewise, inherited from the relativistic-current components (2.107),
(2.108), (2.109):52

k= EP, - ¢, (4.51)

K'= ¢ — ¢, (4.52)

52We anticipate here section 4.3, where eqs. (4.133) are obtained as a small-c expansions of (2.108)
and (2.109), leading to (4.134), which includes (4.51) and (4.52).
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The scalar & can be determined using the conservation equations (4.36) and (4.35):
1, . i (A ] 4 PN
K =11 (Qatft + i€ ) -1 ((az - %‘) ¢ - 2§jwjz‘> + 1Y, (Vifj + ft%’]) (4.53)

We have obtained (4.54) from (4.53) thanks to the Killing equations (4.46). This latter result
shows that in Carroll structures, a Killing field does not guarantee an on-shell conservation
law for Carrollian dynamics.%

The above result is expected as in the Galilean case, where a similar non-conservation
was proven: the energy current IT’ is conjugate to b; (4.26) and b; does transform under
diffeomorphisms (see (4.32)), even when this diffeomorphism is an isometry. Nonetheless,
eq. (4.54) infers that a conservation law exists for the subalgebra of Killing vectors such
that £ Eef = 0,5 in agreement with general Ncether’s theorem, for which isometry seems
insufficient and a stronger symmetry required. Incidentally, one cannot exclude that the
right-hand side of (4.54) originates from a boundary term (as for the corresponding Galilean
equation (3.61)). Conservation would then occur — put differently (4.50) would vanish
with effective Carrollian curent x’ and K%, amended by the boundary-term contributions.

As we have emphasized slightly above, ordinary Carrollian boosts in flat Carroll
structures (a;; = d;5, Q@ = 1, b; constants) do not satisfy the extra condition [459{ =0
(see (4.49)), and thus no conservation law is necessarily associated with them. This property
was disregarded in refs. [74, 76, 77|, where the authors took for granted that such a
conservation should exist in the primitive sense i.e. with & = 0 in (4.54).%° This assumption
led to the conclusion that IT should always vanish, as we have already pointed out. A similar
reasoning in the Galilean case (see (3.61)) amounts to stating that the fluid momentum P,
ought to vanish. This is a notoriously degenerate state, where either the fluid is absent, or
motion is absent — global equilibrium is reached. Having no intuition for Carrollian fluids,
we leave open a teensy possibility for a state with vanishing energy flux to make sense. Such
a state is by no means a consequence of any spacetime symmetry though.®® This feature
will be recast at the end of section 4.3, where besides the Carrollian current (4.51), (4.52),
more currents of the same sort appear, which may or may not be conserved as a consequence
of the vanishing of a vector, be it the energy flux II* met here, or another vector emerging
in the small-c expansion of the relativistic heat current.

83 Credit should be given to the authors of [79] for observing this phenomenon in a quite general framework.

54The Jacobi identity is used to show that the commutator of two &s obeying Lng = 0, satisfies the
same condition.

% Notice that conservation might be valid with non-vanishing %, if the latter is a generalized divergence.
In flat space we find & = II° (Bi +Q/ bj) using egs. (4.48) and (4.49). Under the assumption of potential
flow (we borrow the Galilean language) II; = did + Or i with ¢(t,x) and ¢;(t,x) the potential functions so
that X = 3¢¢>Ui +0:¢:U" with U" = B*4+Q%b;. In this very specific instance, there is a conserved Carrollian
current associated with boosts and rotations, and components x — ¢;U* and K* — ¢U* making (4.50) vanish.

56Situations of this sort are not forbidden but are not demanded a priori. They may occur outside the
realm of fluids. For instance, a Carrollian scalar field has always vanishing energy flux in its electric edition,
and can be set to zero in magnetic some configurations [77, 79, 103]. However, this flux is generically
non-zero in the magnetic version, although configurations do exist for which it vanishes.
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Weyl invariance, conformal isometries, conservation and non-conservation

As for the Newton-Cartan spacetimes, Weyl transformations can be investigated in Carrollian
manifolds. They act on their basic geometric data as
1 1 1
Q5 — @azj, Q — @Q, bl — @b@, (455)
where B = %B(t,x) is an arbitrary function. The Carrollian momenta IT¥, II* and II defined
in (4.25), (4.26) and (4.27) inherit conformal weights d+3, d+2 and d+ 1 when the effective
action is presumed Weyl-invariant. The momentum P? appearing in (4.36) has also weight
d + 2, and in the matter sector, assuming the gauge field B and B; be weight-zero, we
conclude from (4.37) and (4.38) that the density o and the matter current N? have weights
d and d + 1.
Requiring Weyl invariance for the effective action dgS = 0, expression (4.33) implies that
I," = 1I. (4.56)

7

In order to implement elegantly Weyl covariance, the appropriate covariant derivatives will
be introduced in section 4.2 for time and space, dubbed Weyl-Carroll. For the moment, we
wish to circumscribe our discussion and adapt to Carroll the pattern discussed in section 3.1
for Newton-Cartan spacetimes, Weyl-invariant dynamics and conformal isometries. This
will lead to the same conclusion as above: a conformal Killing field does not always provide
a conservation law in Weyl-invariant Carrollian dynamics.

Following [33-36, 45] a conformal isometry is generated by a vector field & satisfying

ﬁgaij = /\aij, (4.57)
where 5
N v~ t
Alt,x) = 7 (Vig" +0¢"). (4.58)

The extra condition imposed for reaching an operational definition of conformal Killing
vectors is again (3.66) i.e. 2+ A = 0 with (see (4.30))

uit.x) == (o + '), (4.59)

A dynamical exponent z, here equal to 1, can also be defined (see footnote 38), and the
distinction of weak versus strong Carroll structures supplements the discussion on the web
of conformal Killing fields.

Assuming the existence of a conformal isometry, the conservation equations (4.35)
and (4.36) can be used for computing the Carrolian scalar # (4.50) with (4.51), (4.52)
and (4.56):

K =TI (; + u) — 1T ((éi - <p,~) ¢t 251‘%) . (4.60)

The defining equation (3.66) for conformal Killing vectors on Carrollian spacetimes ex-
pectedly arises in (4.60), but is insufficient to ensure X = 0. As anticipated, a plain
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conformal Killing field does not generically provide a conservation law in Weyl-invariant
Carrollian dynamics.

The same conclusion has been reached for Galilean spacetimes in section 3.1. It will be
further investigated from the small-c viewpoint in the following paragraphs, and finally in
appendix D.2.

As an example, let us again consider the standard flat Carroll spacetime (a¥ = §%,
) =1 and constant b;). Equations (4.57) and (3.66) possess an infinite number of solutions,
which for a strong Carroll structure read [35, 36, 45]:

£ =Y/ (x)0; + (T(X) + 237;Yi) 28 (4.61)

with T'(x) an arbitrary function generating the supertranslations and Y*(x)d; being con-
formal Killing fields of Euclidean d-dimensional space, generating so(d + 1,1). This is the
conformal Carroll algebra ccare(d + 1) = so(d + 1, 1) & supertranslations, also known as
BMSy o (for Bondi-van der Burg-Metzner-Sachs) [35, 36].57 We also find how the clock
form behaves:

L0 = (&» (T v7b;) + S0V + dc’ij”) da’. (4.62)

The associated current is not conserved since ¥ in (4.60) does not generically vanish,%
unless 8ij =Cpand T =Ty + Y7 bj — %bixi, thus linear in 2 (Co and Tj are constants).
This excludes the d special conformal transformations of so(d + 1,1) and leaves the super-
translations with the time translation as unique freedom, leading to a symmetry subgroup
of finite dimension % + % + 2.

One should stress again that generally, IT° ((51 — goz-) ff — 27 Wji) with & a conformal
Killing field of a Carrollian manifold M, might be a boundary term possibly leading to
a conserved Carrollian current. This needs however to be appreciated case-by-case and
not premised.

4.2 Carrollian hydrodynamics from relativistic fluids — I

The small-c expansion

Following the pattern introduced in [29], we will now study the vanishing-c limit of relativistic
hydrodynamics on a pseudo-Riemannian manifold, in Papapetrou-Randers coordinates. As
for the Galilean case, all c-dependence in the geometry is explicit. In particular, the fluid
velocity is parameterized with 3% introduced in (2.85), and for small ¢ we obtain:

vl = QB+ 0 (c4) . (4.63)

57In the presence of a dynamical exponent defined via 2p + zX = 0 (in this case the Carrollian structure
is not inherited from the Carrollian limit of a pseudo-Riemannian spacetime), the algebra exhibits a level
N =2/z: ccaven(d+1). Strictly speaking ccare(d+1) = ccarra(d+ 1) is BMS442 for d = 1,2 only, because for
higher d the BMS algebra is finite-dimensional, whereas ccarty (d 4 1) is not. Infinite-dimensional extensions
of the BMS algebra have been nevertheless presented in the literature (see e.g. [99] for a recent account and
further references).

58For general Carrollian fluids it has no a priori reason to vanish, and no Neether current exists. Nonetheless,
one finds explicit dynamics where these currents are enforced (see e.g. [98] for the scalar electrodynamics),
and where the full conformal Carroll group is realized in terms of the associated conserved charges.
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The fluid velocity vanishes at zero ¢ — this is not a surprise — but a kinematical parameter
with dimensions of an inverse velocity is bound to remain in as a Carrollian-fluid variable.
The full fluid congruence then reads:

ug = —cf2 40 <c3) , u'=c*p+ 0 (c4) , (4.64)

whereas the expansion and the shear behave as

0= %at /@ +0 () =0+0(?), (4.65)
ol = —é (;ataij + éaifat In ﬁ) +0(c?) =¢7+0(c?) (4.66)

with £€¥ and @ defined for a Carrollian manifold in (4.15) and (4.16).

In order to go on with the fluid equations, we should handle the behaviour of the
energy-momentum tensor at small c¢. This includes €, p ¢* and 7. The matter current j°, if
present, plays no role since no relationship amongst € and p survives in the Carrollian limit.
In the absence of thermodynamic or transport hints for the behaviour of these quantities, we
will consider an ansatz motivated by the Carrollian fluids emerging in flat holography [28].
The simplest is

€:n+0(02),
p:w+0<02),
qi:Qi+02wi+O(C4),
P = 20 10/().

This follows the pattern of the Galilean counterpart (3.75) and (3.76), except that the
energy is now of order 1, as for the case of a massless-carrier Galilean fluid. In section 4.3 we
will consider a Laurent expansion with order-1/c2 terms, as required in flat-holography fluids.

Although a conserved current is not essential in the discussion, we present it for
completeness with the following ansatz

o0=x+0 (c2> , F=nF+0 (C2> . (4.71)

We recall that gg is the proper density i.e. the density measured by an observer with
velocity u*. We could consider a fiducial observer, who would play here the role of uz in

Zermelo frame:

1
upR = 0. (4.72)

This observer is not geodesic (unless 0, it is a Killing field), but this is of secondary
importance since inertial frames play no role in the Carrollian limit. For this observer, the
fluid density is —C%JMugR = &Jo, which coincides with o, given in (2.103).
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Carrollian momenta and hydrodynamic equations

With the data (4.67), (4.68), (4.69), (4.70), the invariant pieces of the relativistic energy-
momentum tensor defined in (2.97), (2.100), (2.101) and (2.102) read:

gi =T+ 2P+ 0 (c'), (4.73)
& =T+0(?), (4.74)
pea 7 =17+ 0 () (4.75)
with
M=n+26Q", T=qQ, 0Y=QH +p4Q +wa’—-E", (4.76)
and ,
Pl=n' 45 (n+w+5Q") — AEN + Q" (4.77)

Equations (2.1) with the energy-momentum tensor at hand demand the follow-
ing expressions

év,ﬂ’ﬂo =%+0(c), (4.78)
v, TH — 1 115 0 ) 1T + VA €+ 0 (c? 4.79
I =5 (gDt +I05; t +%6"+0 () (4.79)
be zero with
1 . 2 i ija
R , . 1. :
G, = (Vi + %) IT'; + 2Mcoy; + I, + <QDt + 9) Pj + P'4;. (4.81)

Hence, we recover the Carrollian momenta conservation equations (4.35) and (4.36) (notice
the use of the Carrollian time covariant derivative (4.18)) augmented with an extra equation
on the energy current

I~ i in i
(QDt 4 9) IV 4+ T4, = 0. (4.82)

The whole Carrollian scheme of the present section, and eq. (4.82) in particular,
resonate with the discussion made on the Galilean side, section 3.3. This equation is
indeed absent when working directly in the framework of a Carrollian manifold with
Carrollian diffeomorphisms, as in section 4.1. It is in fact a boundary term that could
not be retrieved by a variational principle — as the Carrollian momentum P’ appeared
to be necessary but undetermined. Getting the Carrollian dynamics as a zero-c limit of
relativistic hydrodynamics is richer.

On the one hand, equation (4.82) emerges as a vestige of the original full-diffeomorphism
relativistic invariance, and is the dual of the Galilean constraint equation (3.122) —

59Precise statements on this reminiscence of full diffeomorphisms are illusive. In particular, no central
extension can accompany the Carrollian contraction. According to ref. [84], the prerequisite for this to occur
is the existence of an absolute time i.e. Galilean or Aristotelian frameworks.
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remember that time and space play dual roles in the two limits considered here, interchanging,
among others, momentum and energy current. On the other hand, the momentum P*
is no longer undetermined, and stands for the subleading term of the relativistic heat
current (4.73), expressed explicitly in terms of the kinematical and “thermodynamic-
transport” observables — (¢ and n, @, Q', ©, ¥ in (4.77).

This last observation calls for a comparison with the existing literature. At the first
place it should be accepted that the very concept of spacetime energy-momentum tensor
is loose in Carrollian (and Galilean) physics. This was clearly emphasized in the early
work [79], where the role of Carrollian momenta as a necessary replacement to the energy-
momentum tensor was proposed. It is stated again here, and one should moreover avoid
the latent confusion amongst momenta (or energy-momentum tensor, if any) as a response
of the system to geometry disturbances, and Noetherian currents, which are generically
absent as no isometries have been assumed. Next, it is clear that nothing requires the
vanishing of neither the energy flux IT?, nor the momentum P?, irrespective of the approach
— Carrollian conservation or zero-c limit. This has been undermined in [74, 76, 77]. Finally,
the momenta are expressed in terms of an “inverse velocity” B and not a velocity v*, since
no velocity is compatible with Carrollian physics due to the shrinking of the light cone. It
should be added that no matter density enters the momenta because no relationship exists
any longer between energy and mass. Equation (A.2) is obsolete in the Carrollian limit,
and it is fair to admit that Carrollian thermodynamics remains in limbo — as pointed out
in appendix A. This is sometimes overlooked.

From a more abstract viewpoint, a relation between energy and some other charge
(possibly, but not necessarily the mass) might appear only if a conservation exists that defines
this charge, independently of the conservation involving the energy. Such a conservation
may or may not be present for the relativistic fluids, and is emergent in the Galilean limit.
For the Carrollian case, if a U(1) conservation law of the type (2.2) is available in the
ascendent theory, we find, after inserting (4.71) inside (2.103) and (2.104):

oor =0+0 (02) ; (4.83)
ji=N+0(?), (4.84)

with
o=x+pm', N =n (4.85)

the matter Carrollian momenta explicitly determined in terms of 3*. We can now compute
the divergence of (2.4) in the Papapetrou-Randers background (2.79). The result is

Vit =3 +0(c) (4.86)
with )
7= (0 +0) o (V54 ) N (487)

and demanding the conservation, we recover the Carrollian continuity equation (4.41).
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Hydrodynamic-frame invariance

We discussed hydrodynamic-frame invariance in the framework of relativistic fluids, where
it states that the relativistic fluid equations remain invariant under arbitrary unimodular
transformations of the velocity field u, performed together with transformations of the energy
density, pressure, heat current and stress tensor — see e.g. (2.92), (2.93) and (2.94).7° The
question we want now to answer is again whether this invariance survives the Carrollian limit.

From the experience we have acquired in the Galilean section, answering requires a
careful analysis, and the output depends on several options. Assumptions are made about
the small-c behaviour of the various observables (see (4.67), (4.68), (4.69), and (4.70)) and
this behaviour may not be stable under Carrollian hydrodynamic-frame transformations.
As opposed to the Galilean situation, there is no physical intuition that can argue in favour
or against. There are however concrete results from flat holography [26, 27] suggesting
that Carrollian hydrodynamic-frame invariance should hold as a local boundary symmetry,
translating in a bulk diffeomorphism transformation.

As for the Galilean case, the operators entering (4.80), (4.81) and (4.82) are velocity-
independent, and the momenta F;, II, II; and II;; appear as coefficients in the expansion of
the hydrodynamic-frame-invariant relativistic momenta (4.73), (4.74) and (4.75). In order
to conclude about hydrodynamic-frame invariance, we must investigate the stability of the
scaling properties encoded in (4.67), (4.68), (4.69) and (4.70), using the transformation
rules set in the Papapetrou-Randers frame (2.92), (2.93) and (2.94). We find the following:

on = —203:Q", (4.88)

16Q" =0, (4.89)

or' = 68; (2 — (n+ w)a” + B1Q7) (4.90)

5 (EJ - waij) — 0By (Qiaﬂ“ + Qjaik> . (4.91)

Remarkably, under the frame transformations at hand, the Carrollian densities and fluxes
defined in (4.76) and (4.77) are invariant:

SI1 = 0, ST = 0, SIIY = 0, P = 0. (4.92)

Contrary to the Galilean massive case (section 3.2), but similarly to the Galilean massless
case (section 3.4), the energy-momentum-tensor dynamics and the current dynamics are
decoupled here. This decoupling holds in particular for hydrodynamic-frame invariance,
and we are invited to iterate the above course for matter dynamics. For matter, the
transformation rules in Papapetrou-Randers frame are (2.95) and (2.96), whereas the
invariant relativistic momenta (4.83), (4.84) should be used in conjunction with the small-c

"In the Papapetrou-Randers frame, the local unimodular transformations (2.28) are captured by Bt —
B+ 3B (t, x) (see egs. (2.51)), (2.85), (2.87)) parameterized as §3° = B* — ¢ B 3;3" 4+ Q% 3;. Infinitesimal
Lorentz boosts are associated with B¥(t,x), while infinitesimal rotations go along with the antisymmetric
Qv (t,x). In the Carrollian limit, the general transformation, which captures Carrollian boosts and rotations,
reads: §8° = B* + QY ;.
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behaviour (4.71). The output is now

ox = —6pm’, (4.93)
on' = 0. (4.94)

Using (4.85), one shows that
So=0, ON'=0. (4.95)

This result demonstrates the invariance of (4.87). In conclusion, matter dynamics is
hydrodynamic-frame-invariant, establishing thereby that Carrollian fluid dynamics is
hydrodynamic-frame invariant.

Weyl-invariant Carrollian fluids

Carrollian fluids are fundamental ingredients of flat holography, where they appear in
their Weyl-invariant version [28]. On a Papapetrou-Randers frame, Weyl transformations
generated by %B(t,x) act as they do on the fundamental data of a Carrollian spacetime,
egs. (4.55). The Weyl-invariance condition (4.56) is here reached as the zero-c limit of
the relativistic Weyl-invariance condition 7%, = 0 discussed at the end of section 2.1,
using (2.98), (4.73), (4.74) and (4.75). For Carrollian fluids, the various Carrollian mo-
menta (4.76), (4.77), (4.85) are expressed in terms of fluid variables such as the inverse
velocity /3%, the energy density 7, the pressure w as well as Q;, m; and Z;j. Their conformal
weights are™ 1, d+ 1, d+ 1, d, d and d — 1. Similarly the weights of x and n’ are d and
d + 1. Condition (4.56) reads 1 = dw — =%;, which is split as usual:
n=dw, Z'. (4.96)
The geometric tools necessary for handling Carrollian Weyl covariance were introduced
in appendix A.2 of [29] and we summarize them here. We define Weyl-Carroll covariant
time and space derivatives using 6 and ¢; defined in (4.16) and (4.12), which transform
as connections

9%%9—%@%, ©i — i — 0;In B, (4.97)

as opposed to the Carrollian shear &;; (4.15) and Carrollian vorticity w;; (4.11), which are
Weyl-covariant of weight —1. The action of the Carrollian Weyl-covariant time derivative
on a weight-w function & is

1 - 1 w
—D® = = -
t d

q QD,g(I) +

1 w
0P = —0;d + —6P 4.
Qf)t + 77 (4.98)

and this is a scalar of weight w 4+ 1. On a weight-w vector, the action is

1 . 1 - w—1 1 w X
R ! 1 I Ly gy n
O WV QDtV + 7 A% Q@V + dHV +&V (4.99)

"'We mentioned in section 4.1 that II¥, IT*, II* and IT have conformal weights d + 3, d + 2, d + 2 and
d + 1, whereas the density ¢ and the matter current N* have weights d and d + 1.
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These are the components of a Carrollian vector of weight w + 1. Similarly for any tensor
by Leibniz rule and in particular we find:

Dyag = 0. (4.100)

For a weight-w scalar function ®, we introduce the space Weyl-covariant Carrol-
lian derivative

D;® = 9;® + wy; P, (4.101)

which has the same conformal weight. Similarly, for a vector with weight-w components V*:

A

DV =V, V!4 (w— 1) V! + 'V — 61 Vi, (4.102)

The Weyl-Carroll spatial derivative does not modify the weight of the tensor it acts on.
The action on any other tensor is obtained using the Leibniz rule, as in example for
rank-two tensors:

Ditrr = Vitw + (w + 2)@jti + @it + @itrg — ajitrie’ — ajptae’. (4.103)

Moreover, it is metric-compatible:

A

Djakl =0. (4.104)

Time and space Weyl-Carroll covariant derivatives do not commute. Their commutators
allow to define further geometric tensors such as the Weyl-Carroll curvature (spatial and
mixed space-time), which do also emerge in the small-c expansion of the relativistic Weyl
curvature tensors introduced in (2.41), (2.42), (2.43), and evaluated in a Papapetrou-Randers
background. More information is available in the already quoted reference [29].

With these derivatives, Carrollian equations (4.35), (4.36) and equation (4.82) read for
a conformal fluid:

1. . 3
EDtH + D;IT* + H”fij =0, (4105)
& i L | i
1 4

These equations are Weyl-covariant of weights d+2, d+1 and d+1 (P; is weight-d). They are
also manifestly hydrodynamic-frame invariant. Similarly, for the matter sector, (4.41) reads:

1 ~ ~ .
gD+ DN =0, (4.108)

and is Weyl-covariant of weight d 4+ 1 and hydrodynamic-frame invariant.

— 64 —



4.3 Carrollian hydrodynamics from relativistic fluids — 11
More degrees of freedom

The behaviours (4.67), (4.68), (4.69) and (4.70) of energy, pressure, heat current and stress
tensor are required for matching the zero-c limit of hydrodynamic equations with the
Carrollian momenta conservation, while preserving hydrodynamic-frame invariance. At
the end of section 3.3, we contemplated exotic Galilean situations involving more degrees
of freedom and obeying extended systems of fluid equations reached at infinite ¢, such
as (3.125). Although of limited use in the non-relativistic framework, this sort of extensions
play a pivotal role when studying Carrollian fluids in flat holography, were more divergent
terms appear to be needed [28]. It is worth elaborating in this direction in the spirit of [29],
and consider in particular’?

szc%+n+o(c2), (4.109)
wz%+w+0@ﬂ, (4.110)
f=£+@+8#+0@% (4.111)
oo o) i

We can at the same time extend the matter sector with
_w 2 r_m 2
Qo—C2+X—|—O<C), =2 +n +O(c). (4.113)

With the new scalings, the expansion of the energy-momentum tensor components
(2.100), (2.101), (2.102) is now

=0 41+0(),
¢l =L 4T + 2P 4 O (), (4.114)
pra + 19 = % + 119 + 0O (02) )
The Carrollian momenta are displayed in (B.1). Similarly, the matter current (egs. (2.103)
and (2.104)) exhibits the following:
~ vk
_ 0 2 ko Ni k 2
QOI*CQ—FQ—FO(C)a Jr*CQ +N +O(C) (4115)
with g, o, N* and N* given in (B.2).
Using the above expansions in the relativistic divergence of the energy-momentum
tensor on Papapetrou-Randers background (2.79) one obtains

c F
qVil'o= "5 +%+0 (), (4.116)
Loxt o )
Vi = T+ T +0(e), (4.117)

"In holographic Carrollian fluids, one keeps terms up to order 1/ct. The pattern is the same.
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while the divergence of the matter current reads:
N
14 s 2
VuJ —62—1-54-0(0). (4.118)

In these expressions, €, §; and § are given in (4.80), (4.81) and (4.87), whereas the new
expressions are

14 - - P
F = <QDt + 9) IT - (Vi + 24,01‘) IT* — 1145, (4.119)
#H; = (Vi + %‘) I + 25 + Hg; + (QDt + 9) 10, + T4, (4.120)
1 4 . .y
Aj = (QDt + 9) I + 145, (4.121)
and .
N = <Qat + 9) o+ (% + soj) N (4.122)

At zero c, the Carrollian energy and momenta equations are thus € =% = 6; =#; = X; =
0, and similarly § = N = 0 describe the matter sector. All these equations are invariant
under hydrodynamic-frame transformations because the differential operators are geometric
and thus invariant, and because the momenta II, IT, II¢, IT¢, P, 1%, 1%, g, o, N*, N* also
are, as shown in appendix B.

Weyl-invariant Carrollian fluids

For the system under investigation, the use of an effective action is not convenient, as it
would require a complete set of variables conjugate to the momenta II, IT¢, II¥ and II, IT¢,
IT% | which is bigger than a;j, b; and Q. Weyl invariance is here easier to impose as a zero-c
limit of 7%, = 0 discussed at the end of section 2.1, using (2.98) with (4.114):

T L

I c2

(i = 1) + 10/ = 1+ O () =0, (4.123)
leading to
=11, I}=1IL (4.124)
These conditions can be recast in terms of Carrollian-fluid observables using the explicit
expressions of the momenta (B.1). Splitting them again a la (2.45), into global-equilibrium
equations of state plus conditions for the dynamical irreversible components, we find
the following:
(=d¢, ¥;=0, n=dw, E';=pp;5". (4.125)
The conformal weights of II, IT?, IT¥ match those of II, II?, IT%/; those of the extra variables
¢, ¢, ¥; and 3;; are d+ 1, d+ 1, d and d — 1, while for w and m® we find d and d + 1.
Finally, using (4.124), the equations € = F =6, =%; =L; =0and § =N =0
become Weyl-covariant with

g = ﬁﬂthr DN, (4.126)
1 A n o~
W=D+ DjN7, (4.127)
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and

€ = —%i)tn — DI — TV, (4.128)
F = —%@tf{ — DI — V¢, (4.129)
G = DT, + 20T w;; + (é@ta;i + ]> P, (4.130)
H; = DI, + 21Ty + (é@té;i + f@) IL;, (4.131)
x; = éi)tﬁj +11¢. (4.132)

These equations are the seed for flat holography, see [25-28]. They are covariant un-
der Carrollian diffeomorphisms, covariant under Weyl rescalings and invariant under
hydrodynamic-frame transformations, which are local Carroll transformations (Carroll
boosts and rotations).

Isometries and conformal isometries

As a final application of the above results on multiplication of degrees of freedom, we
can insert the behaviour (4.114) inside the components (2.107), (2.108) and (2.109) of a
relativistic conserved current resulting from the combination of the energy-momentum
tensor with a Killing or a conformal Killing field. We obtain

*CLQIOZLQr::;4+:;2+I€+O<C2), Ik:if:[;quKkJrO(g) (4.133)
with (remember that £ = £ is a function of x only for Carrollian diffeomorphisms)
k=¢P— ¢
f= ¢ — ¢
k=T (4.134)

Kz' — ngji _ ngz

Ki— gjﬁji _ gfﬁi’
where k and K; are precisely as anticipated in (4.51) and (4.52), and described in footnote 62.

Inserting (4.133) in the relativistic divergence of the matter current I* in Papapetrou-
Randers background we recover a multiplication of (4.50) in the form

Vuf“=?7+%+%+0(c2) (4.135)
with
X = (%&—1—9)/%:0
% = (éat + 9) At (m + 90%') K'=-Ir ((32 - %‘) & - 2€jwji> (4.136)
X = (éat + 9) K+ (@z + %) K= —II ((32 — (p1> ¢t — 2§joi)
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The last equalities are obtained owing to the Carrollian Killing (4.46) (or conformal
Killing (3.66), (4.57), (4.58), (4.59)) conditions and the equations of motion € = F = §; =
#H; = X; = 0 (see eqgs. (4.128), (4.129), (4.130), (4.131), (4.132) — and (4.124) for the
Weyl-covariant situation). One of the three currents is conserved as a consequence of the
(conformal) isometry, whereas the other two are not.

The multiplication of degrees of freedom induced by the behaviour of the energy-
momentum tensor (4.114), triggers a multiplication of currents in the presence of an
isometry (or a conformal isometry if the dynamics is Weyl-invariant) — here three, but
possibly more if more terms are present in (4.114). These currents are generically non-
conserved, as we already observed in section 4.1 for a single current (egs. (4.54) or (4.60)),
unless the symmetry is stronger than a Carrollian (conformal) isometry i.e. if Lgef =
(((i — gpi) ff — 27 wj-i) dz’ = 0. Alternatively each of those currents may or may not be
conserved, irrespective of the others, when an appropriate vector in the expansion of q
vanishes, be it II* or II, and this explains why # = 0 in the above paradigm, whereas
H #0and K # 0.

As we emphasized at the end of section 3.3 in the Galilean framework, i.e. for infinite
¢, it is puzzling that the conservation law V I* = 0 of a relativistic current I* = §,TH"
produced by a Killing vector & of a pseudo-Riemannian spacetime, similarly fails when the
limit c-to-zero is taken. This is once again due to the nature of the Carrollian Killing fields;
details are available in appendix D.2.

5 Aristotelian dynamics

Aristotelian spacetimes

Aristotelian spacetimes were introduced in [80]. They are part of a rich web of geometric
structures, which incorporate Newton-Cartan and Carroll, among others. Their defining
feature is a manifold M = R x 8 of dimension d + 1, endowed with a degenerate metric and
a degenerate cometric. The first implies that there is a symmetric rank-two tensor acting
on tangent-space elements

de? = £, (t,x)dz" dz”, p,v...€{0,1,...,d} (5.1)
with one-dimensional kernel, the field of observers
v=v"(t,x)0,: Luvt =0. (5.2)

The second translates into the existence of symmetric rank-two tensor acting on cotangent-
space vectors:
9%, = m" (t,x) 0, 0y, (5.3)

where
w=pu,(t,x)dz" :  mhpu, =0, (5.4)

defines a clock form (one should say “anti-clock” because of the sign), such that

— vt + mhMy, = o, v, = —1, mtl,,, = d. (5.5)
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The topological structure M = R x 8§ provides here a genuine, vertical and horizontal
foliation, as opposed to Carrollian manifolds, where it generally supports a fiber bundle over
a d-dimensional basis, and to Newton-Cartan were the fibration is defined over a line. In
other words, Aristotelian spacetimes lie in the intersection of Carrollian and Newton-Cartan
geometries with trivial Ehresmann connection for the Carrollian and trivial field of observers
for the Newton-Cartan.”

The vector v and the covector p are intrinsic geometric objects. Aristotelian trans-
formations are meant to leave them invariant and respect the associated foliation. This

forbids boosts, which is a characteristic feature of Aristotelian spacetimes translating into

the absolute nature of time and space. In practice it allows to adopt a convenient choice:™
df2 = Qg5 dl‘z dl‘j, 87271 == aij 81 aj (56)
with aikakj = 6; and
1
V= ﬁat, u = —0dt, (5.7)
where a;; and €) are functions of ¢ and x. Aristotelian diffeomorphisms act as
t'=t), x' =x'(x) (5.8)
with Jacobian o e
t , z’
Jt) = =— Jt =, 5.9
(=" i) =5 (59)
The transformations of the metric and kernel components are thus
! —1k -1 ! Q

Aristotelian manifolds can be equipped with covariant derivatives, which allow to obtain
genuine tensors under Aristotelian diffeomorphisms (5.8). As for the various spacetimes
met earlier, we will focus here on the simplest torsionless and metric-compatible space and
time connections, which naturally appear in the conservation equations.

The spatial connection is the same as the one introduced for the Galilean manifolds
in (3.8):

, il
’y;-k = o5 (@-alk + 8kalj - Ehajk) . (5.11)
The associated covariant derivative is spelled V; since it needs not be distinguished from the
ordinary Levi-Civita derivative on a Riemannian d-dimensional manifold — it just depends
on time here. It is torsionless, because V;k are symmetric and also obeys V;a;, = 0.7 Tts

"0ur definition of Aristotelian manifolds is that of [80], also used in [74, 76]. In refs. [39, 40] “Aristotelian”
is somewhat less restrictive. It is meant to be a Leibnizian structure and a Frébenius-integrable distribution
associated with the absolute clock form (p A dp = 0 obvious for (5.7)). The necessary extra ingredient
to match the more conventional picture we use is the field of observers v (5.2) (or (5.7) in the concrete
realization), as described in Props. A.5 and A.6 of [40].

"This is not the most general choice, as (3.1)—(3.2) and (4.1)—(4.2) were not the most general either for
Newton-Cartan and Carrollian manifolds.

"For a more general discussion on compatible connections, see Props. A.17 and A.18 of [40].
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Riemann, Ricci and scalar curvature tensors are defined as usual d-dimensional Levi-Civita
curvature tensors would be, except that they are t-dependent.
The time derivative operator é@t is also promoted to an Aristotelian temporal metric-
compatible covariant derivative
Dyaj, =0, (5.12)

using
1 1
%j - Eataij = fij + Eaiﬂ. (513)
We have introduced the familiar by now traceless shear tensor §;; and expansion scalar

6 = L0;In\/a’, which can be completed with the acceleration form
0 = 9; In Q. (5.14)

The action of Dy is as in the Carrollian case, egs. (4.17) and (4.18): D;® = 0;® and

generalized using the Leibniz rule.
Time and space derivatives do not commute:

1 . 1 ) . _ .
{QDt, vz} VI = g ((QDt + 9) Vi — #,y’“) — VeV —dr? VF (5.16)
with"®
. 1 . ; 1 ;
ik = p <9S0i5i + Vi, — Qaﬁfk> (5.17)

another Aristotelian curvature tensor, similar to the one introduced for our Carrol-
lian connection.

Dynamics from diffeomorphism invariance

Aristotelian fluids were introduced in [74], and mentioned as “self-dual” in [29]. They
received further attention [76] amid a soaring interest for non-boost-invariant dynamics [81—
83]. It is abusive though to call this “hydrodynamics” for two reasons. The first is shared
with the Carrollian instance: a fluid is meant to assimilate a phenomenological description
of a many-body system under local-equilibrium and slow-variation assumptions, and those
assumptions are non controllable in the Carrollian or Aristotelian framework due the absence
of a thermodynamic or kinetic theory — the elementary particle motion is forbidden in both
cases. Additionally, as opposed to Galilean or Carrollian manifolds, Aristotelian cannot
be obtained naturally as limits of pseudo-Riemannian spacetimes. Thus, no guide for the
would-be Aristotelian fluid equations exists that could be based on a limiting procedure,
and this is the second reason. The only safe way to reach a set of equations covariant
under Aristotelian diffeomorphisms (5.8) is to require this diffeomorphism invariance at
the level of an effective action, and study its conservation consequences for the conjugate

"6 Again %Gt'ygk = (Vi+ i) 'yjk + (Vi + ¢x) ’yji - (Vj + <pj) ~ir is an Aristotelian tensor, even though
j .
;) 18 not.
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Aristotelian momenta. The latter remain however agnostic on a decomposition in terms of
kinematical (as v; for Galilean, 3¢ for Carrollian) and kinetic (energy, pressure, heat and
stress) variables.

Starting again with an action S = [ dtd%/a'Q% on M = R x 8, now functional of a;j
and €2, the Aristotelian momenta conjugate to those variables are

R

- VaQdag’

_ 198
Va 6

These are the energy-stress tensor and the energy density, and with those the variation of

1%

(5.18)

= (5.19)

the action in the gravitational sector is
1 ..
58 = —/dtﬂ/ddx\/c? (QHU(S@” +TI61n Q) . (5.20)

Aristotelian diffeomorphisms (5.8) are generated by vector fields

, -1 ,

E=£0+£0=¢ G0+ 0, (5.21)
where ¢ = £8(t) and ¢' = ¢%(x). The variation under diffeomorphisms is implemented as
usual with

— 5&&1‘]‘ = Laai]’ = 2V(Z§ka])k + 2£t’}/l'j. (522)
Now
Lev=pv,  Lgp=—pp (5.23)
with )
p(t,x) = — (Qﬁtft + g0,§l> . (5.24)
Thus 1
—0:InQ = QLEQ = — L. (5.25)

Using (5.22) and (5.25) in (5.20) with ¢ = £%(x), we obtain (indices are here lowered
with aij)
At iy , .
555 = /dtddxﬁﬂ {ft KQ@ + 9) II + HZ]%]} + & {(Vj + SOJ') Hji + H(,DZ} }
+ / dta’e {o; [Vae'm] - o, [Vaoe]). (5.26)

The boundary terms (last line of (5.26)) are ignored and 6 S = 0 implies that the momenta
defined earlier in (5.18), (5.19) are Aristotelian-covariant. It leads to two equations: the
energy equation

1 iy )
<Q<9t + 9) II + H”%j = — (V,L + 24)01) HZ, (527)
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and the momentum equation

: 1
(Vj+ i) TP, + s = — (Qat + 9> P, (5.28)

In these equations the energy current II' and the momentum P! are undetermined.
They arise because &' depends on time and & on space, exclusively. As a consequence,
Va Qe (Vi + 2¢) ITF = 9 (ﬁngHi) and /a Q¢ (éat + 9) P, = 8, (y/aiP,), which are
boundary terms and vanish inside the integral.

Aristotelian dynamics stands at the intersection of Galilean and Carrollian. This is
expected from first principles and can be verified by comparing egs. (5.27) and (5.28)
with (3.42)" and (3.41) in the Galilean at w’ = 0, as well as (4.35) and (4.36) in the
Carrollian b; = 0 instances. However, contrary to these, Aristotelian dynamics cannot be
reached as a limit of relativistic hydrodynamics. No kinematical parameter such as v; or
/3" can be foreseen and no decomposition of the momenta a la (3.84), (3.89), (3.90), (3.91)
or (4.76), (4.77). Finally, hydrodynamic-frame invariance cannot be argued or disputed.

The presence of a matter/charge sector can be treated as in the previous families of
dynamics. We assume the existence of a gauge field B = B(t,x)dt + B;(t,x)dz’ associated
with a local U(1) transformation as in (3.43), and the conjugate momenta

1 685
=—= 2
, 1
‘ 05 (5.30)

" Oa 0B;
are the charge density and the charge current. The gauge variation
5AS = / dtd’ey/a’ (o0\B + ON'6,B;)

- /dtdda: {\/EQA <S128t9 + 00+ (Vi+ i) Ni) — 0 (Vaho) =0, (\/EAQNi>}

(5.31)
is assumed to vanish, and this leads to
1 i
(Qat + 0) o0+ (Vi+ @) N'=0. (5.32)

In integrated form, thanks to Stokes and Gauss theorems, this conservation reads (V C 8, a
constant-time section, and 9V does not depend on time):

d/ddx\/c?g: —/ddxai (ﬂQN) = —/ OxN (5.33)
de Jy v v

"TNotice that a term of the type 2¢;IT° would also have been present in this Galilean energy equation if
we had considered a torsionfull Newton-Cartan spacetime, with = Q(t,x), as we assume in the present
Aristotelian case.
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with the conserved charge defined as an integral over the entire space S:

Qn = /S d’z\/a'o. (5.34)

As for the Galilean or the Carrollian situations discussed in sections 3.1 and 4.1, one can
chose any space-like hypersurface >, for the determination of the charge:

d
QN = \/Egd:clA.../\dder/ Vay da' A AN LA da?, (5.35)
Yd Ya =1
with the clock form w given in (5.7), and N*w at the ith position in the last exterior product.

Weyl invariance

Weyl invariance can also be present in Aristotelian dynamics. The reasoning is familiar,
starting from 0.5 = 0, we are lead to the condition

I, =11 (5.36)

The geometric tools for handling Weyl covariance are similar to those introduced in the
previous sections. The connections are 6 and ¢; (see egs. (5.13) and (5.14)) with

d
0= B0~ OB, i~ i~ OiInB. (5.37)

The action of the Aristotelian Weyl-covariant time derivative on any tensor increases its
weight by one unit. On a weight-w function & it is

1 1 w 1 w

while on a weight-w vector, we find using (5.15)

1 1 w—1
- l:—D 1
OtV =PVt —

w

y oVl 4 el ve (5.39)

1
V! = ﬁatvl +

Similarly for any tensor by Leibniz rule and in particular we find D;ax; = 0.
A spatial Aristotelian-Weyl-covariant derivative can also be introduced, and does not
alter the conformal weight. For a weight-w scalar function ® it acts as

D;® = 0;Q + wyp;P; (5.40)
for a vector we find
DV =V Vit (w—1)p; V! + 'V — 6LV, (5.41)

The action on any other tensor is obtained using the Leibniz rule, and in particular
Djakl = 0.

Time and space Aristotelian-Weyl covariant derivatives do not commute and curvature
tensors follow, which resemble those already quoted for the Carrollian or Galilean cases. We
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will not elaborate on this subject here, in particular because all these connections can be
generalized and studied in a more abstract geometric framework, as for example in [39, 40].

With the above tools, Aristotelian equations (5.27) and (5.28) read, under the assump-
tion of conformal dynamics (5.36):

1

g DI+ DT+ 19¢,; = 0, (5.42)
7 1 7 7

These equations are Weyl-covariant of weights d 4+ 2 and d+ 1 (IT and Hij have weight d + 1,
whereas II; and P; are weight-d). Similarly, for the matter sector, (5.32) reads:
1
Q
and is Weyl-covariant of weight d + 1.

Dio+ DN =0, (5.44)

Isometries, conformal isometries and conservation laws

Isometries of Aristotelian spacetimes are generated by vectors fields (5.21) required to satisfy
Lgai]‘ = 0, Lgp: 0. (545)
The latter lead to a set of Killing equations for £(t) and £i(x):

R 1 ,
V(ifkaj)k + §t"}/ij =0, ﬁatft + @& =0. (5.46)

For conformal isometries, the generators must satisfy
Lgaij == )\aij (547)
where A is obtained by tracing the latter:
_ 2 (g gl
Altx) = (Vig' + 0¢") . (5.48)

As for the previous Galilean and Carrollian cases, the requirement (5.47) must be supple-
mented with the usual extra condition (3.66) 2u 4+ A = 0, in order to reach a well-defined
set of conformal generators — u(t,x) is displayed in (5.24).

In the presence of isometries or conformal isometries, we can define an Aristotelian
current £ and K® (as o and N* in (5.29), (5.30)), following the previous definitions in
Newton-Cartan ((3.58) and (3.59)) or Carrollian spacetimes ((4.51) and (4.52)) — see also
the boundary terms in 0:5 (5.26) evaluated on-shell:

k=P €T, Ki=dI - dIr. (5.49)

Going on-shell and using the Killing equations, or the conformal Killing equations when
the system is Weyl-invariant i.e. when (5.36) is satisfied, we find:

H = (glzat + 9) K+ (Vit i) K" =0. (5.50)

Consequently, on Aristotelian structures, a (conformal) Killing field always supports an
on-shell conservation law for (Weyl-invariant) Aristotelian dynamics.
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6 Conclusions

Hydrodynamic equations for Galilean and Carrollian fluids on arbitrary backgrounds
were displayed in ref. [29]. The present work augments these achievements and points
towards an extensive set of features: (i) the fluid momenta conjugate to the geometric
variables that define the spacetime and their role in the dynamics; (ii) the inclusion of
a matter conserved current and its potential interplay with the energy and momentum
through thermodynamics; (iii) the hydrodynamic-frame invariance; (iv) the consequence
of isometries in terms of conservation. For this purpose, two distinct and complementary
approaches have been pursued.

The first relies on local symmetries, primarily diffeomorphism invariance, but also local
Weyl and U(1) gauge invariance. The energy and momenta are defined through geometry
and are conserved as a consequence of diffeomorphism invariance. They are different for the
relativistic, Galilean or Carrollian theories, and it should be stressed that only the relativistic
theory has an energy-momentum tensor T, with zero general-covariant divergence. In
Galilean dynamics there is an energy-stress tensor Il;;, a momentum F; and an energy
density II, obeying a set of conservation equations, necessarily involving an extra variable,
the energy flux II;, which is not conjugate to any available geometric piece of data. Similarly,
Carrollian dynamics goes through with an energy-stress tensor II¥/, an energy flux IT* and
an energy density II, whereas the momentum P’ comes now aside.

The second approach consists in working within an appropriate coordinate system of
the relativistic theory, and reach the Galilean or Carrollian dynamics in the infinite or zero
speed-of-light limit. This method does not allow to retrieve Aristotelian dynamics, which is
neither a large-c nor a small-c limit, but offers the possibility to capture more degrees of
freedom by keeping overleading terms in the Laurent expansions. It is also better suited for
unravelling the subtleties in the contraction of the relativistic group of invariance, as the
persistence in the limit of a supplementary equation, absent in the direct approach. This is
for instance the continuity equation in the Galilean framework or a similar conservation
equation in the Carrollian, which betray that the relativistic diffeomorphism group valid
before the limit is bigger than the actual Galilean or Carrollian groups. Finally, only when
considering a limit from a relativistic system, can we express the various momenta in terms
of the relevant kinematical and thermodynamic variables. This is how the velocity appears
in the Galilean limit, whereas the inverse velocity arises as the relevant observable for
Carrollian fluids — particularly important for the latter, where the we have no handle or
hint from thermodynamics. The kinematical observables play a pivotal role in the further
analysis of hydrodynamic-frame invariance.

The energy-momentum variables entering the dynamical equations are variations of
some effective action with respect to geometric data. These are not any sort of Noetherian
currents, which have no reason to exist since no isometry is assumed. Furthermore, even
when isometries are present, Noetherian conservations appear only in relativistic dynamics.
In Galilean and Carrollian systems, conserved currents cannot be designed on the basis
of an isometry, unless the latter obeys an extra condition. This unexpected result should
be viewed as one of our main accomplishments. It jeopardizes Noetherian descriptions
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of Galilean or Carrollian hydrodynamics on isometric backgrounds, and calls for extra
attention when studying charges in the framework of flat holography.

Focusing specifically on Galilean hydrodynamics, a few words should be devoted to
the extra conserved matter current introduced in the relativistic theory. As shown in [29],
this current is not necessary for recovering the continuity equation in the Galilean limit.
Additionally, its associated matter density defines the rest contribution to the energy density,
and their relationship is dictated by thermodynamics. This is how the chemical potential,
absent in [29] enters the dynamics. Most importantly, in the limiting process, this current
contributes to the Galilean heat current, as much as the relativistic heat current does,
confirming that both Eckart and Landau-Lifshitz hydrodynamic-frame choices are viable.
This brings us to a central theme of the present work: the hydrodynamic-frame invariance
in the Galilean limit.

The fluid velocity in the relativistic system is merely a book-keeping device. The effect
of modifying it by local Lorentz transformations propagates on the various observables
(heat current, stress tensor, thermodynamic variables) so as to keep the energy-momentum
tensor, the matter current and the entropy current invariant. When considering a limit on
the speed of light, the expansion of the observables matters on the possible preservation of
the hydrodynamic-frame invariance. Using the standard behaviour dictated by the physical
transport coefficients, this invariance does not survive in the Navier-Stokes equations. This is
not a surprise because the velocity and the matter density of a Galilean fluid are measurable
observables, protected by a symmetry supported by the conservation of mass — itself a
consequence of a central extension of the Galilean group emerging in a Poincaré-group
contraction. Adopting an alternative behaviour, with overleading terms in the heat current
saves the hydrodynamic-frame invariance at the expense of altering the continuity equation.
The resulting dynamics is reminiscent of diffusion processes or superfluids, where indeed all
species are not simultaneously conserved.

Fluids based on massless energy carriers are revealed as an exception to this Galilean
scheme. For these fluids, with or without a charge conservation, the behaviour of the
heat current, possibly but not necessarily with exotic terms, is compatible with Galilean
hydrodynamic-frame invariance. It should be emphasized that this holds irrespective of
Weyl invariance, which is not even a priori assumed. The deep reason of this feature is rather
the absence of a rest term in the energy density, behaving like ¢*> — and thereupon, the
inexistence of mass conservation, usually in conflict with hydrodynamic-frame invariance.

Although to some extent dual to Galilean, Carrollian fluids exhibit different features.
As opposed to the Galilean case, we have no inkling on what thermodynamics for these
systems is, due to the absence of motion and thus of kinetic theory. For the same reasons,
the energy density cannot be decomposed into rest plus kinetic contributions. Therefore, if
a conserved charge exists, it decouples from the hydrodynamic equations. More importantly,
no transport theory is available that would serve as a guide for the behaviour of the physical
observables (heat current and the stress tensor) when the speed of light gets extinct. Instead,
Carrollian fluids have been recognized as holographic duals of asymptotically flat spacetimes
— their unique successful application so far — and this gives a handle on the terms to keep
in the small-c expansion. With those, hydrodynamic-frame invariance is maintained in the
Carrollian limit, reflecting holographically residual bulk diffeomorphisms.
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Aristotelian dynamics was the last subject treated in this context. As we stressed
earlier, only the geometric method is applicable, based on Aristotelian diffeomorphisms.
The set of equations reached in this way appears as the intersection of Galilean (with
torsion though) and Carrollian dynamics. The reduction of the light cone onto points, the
degenerate nature of motion and the impossibility to bridge this theory with the relativistic
theory through a limit,”® leaves little room for a more in-depth discussion in terms of fluids.

All this summarizes our achievements, their relationships and the general context. This
activity, mostly based on classical physics and differential geometry, is part of a palette
of timely developments. The subject of hydrodynamic-frame invariance has been treated
here in a kinematic fashion, ignoring the entropy current and the constitutive relations.
This latter facet has come back in the forefront [11-19] (see also [63, 64]), and further
investigation of these physical features is certainly desirable in light of our more formal
results. In particular, certain aspects of the photon fluid deserve some attention, even at
an anecdotic level [93] with the notorious Planck-Ott paradox: does a moving body appear
cool? According to Israél about this paradox [5] “it is not yet quite dead,” and one indeed
finds articles where it is still debated [94]. On a less frivolous tone, relativistic and Galilean
hydrodynamics can be studied using Boltzmann equation, and this should also apply to
Carrollian fluids. More ambitiously, one may even try to root Boltzmann equation inside field
theory, which in turn would require mastering Galilean or Carrollian fields on general curved
spacetimes. At the classical level, some results are available [63—-65, 79, 95-98, 100-103],
but the quantum theory remains elusive — see e.g. [104].

Besides the caveats plaguing hydrodynamic-frame invariance in relation with causality
or stability and rooted in the constitutive relations, this local gauge symmetry does also
disclose global issues. Local velocity transformations may leave the system with global
distinctnesses. To handle them, one should be able to design charges associated with the
energy and momenta, the matter current or the entropy current, possibly sensitive to global
properties. For relativistic or Carrollian fluids, those charges can be handled holographically
via a gravity dual, asymptotically anti-de Sitter or flat. They actually obey algebras, which
depend on the chosen hydrodynamic frame [25-27]. Extensions and refinements to this
analysis would be expedient.
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A A primer on thermodynamics

Relativistic thermodynamics

We remind here the usual observables of global-equilibrium thermodynamics. These are
supposed to make sense also in local-equilibrium thermodynamics, as for fluids where the
absence of short wave-length modes is assumed. In this case they depend on time and space
and refer to measurements performed by an observer comoving with respect to the fluid.
Matter conservation is generically (but not necessarily) akin to the existence of massive
carriers in conserved number.

e The temperature T'.
e The mass density gy per unit proper volume.

e The entropy per unit proper volume o, and the entropy per unit mass s
(specific entropy):
o = 500. (A.1)

e The relativistic internal energy density per unit proper volume &, which contains the
rest mass, and the specific energy per unit mass e:

€= (e + 02> 00- (A.2)
e The pressure p and the relativistic enthalpy w per unit proper volume:
w =¢€+Dp. (A.3)

o The relativistic chemical potential per unit mass (specific chemical potential) p9. This
contains the rest-mass contribution, as opposed to u:

po = p + 2. (A.4)

These quantities obey the grand-potential equation, sometimes referred to as the Gibbs-
Duhem equation:
w =To + ppoo < p = Tspo + (oo — €0o- (A.5)
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The energy density is a functional of two thermodynamic variables: € = € (0, 09). The
first law of thermodynamics reads:

1
de =Tdo + podoy < de = T'ds — pd () . (A.6)
00
The Gibbs-Duhem equation allows to exhibit the dependence of the enthalpy per unit
proper volume w = w (o, p, 0o)

dw = Tdo + dp + podoo, (A.7)

whereas a double Legendre transformation on € infers the dependence of the grand potential
p=p(T, po)
dp = odT + opdpo = soodT + oodp. (A.8)

We would like to mention the situations where no massive degrees of freedom are present
in the microscopic theory.”™ A gas of photons is the prime example but other instances
exist in condensed matter, in particular when fermions are involved, as in graphene (see
e.g. [89]). In the latter case, as opposed to the gas of photons, there is a conserved quantity.
So g is non-vanishing, but it is not a mass density; € = egg and pg = u, without rest-mass
contribution. These systems can be conformally invariant, and in that case the dependence
p=p(T,p) is

p=T"f (wr) (A.9)

in D = d + 1 spacetime dimensions.5°

Coming back to a system with massless carriers and no conserved charge, as for the gas
of photons, the above thermodynamic relationships simplify by setting ; = 0 and dropping
the rest-mass terms. Specific quantities are no longer significant in this instance. Fluid
dynamics of such systems does not involve any conserved current.®! The basic laws are
summarized as follows:

w=90
dw =Td d
w=tdordp (A.10)
de =Tdo
dp = odT,

and when the system is furthermore conformal, p oc T'.

Several conserved charges might exist simultaneously in a thermodynamic system. They
would each be associated with a density and a chemical potential. Only one, if any, would
however enter the energy density (A.2).

"This happens effectively in the usual ultra-relativistic limit, meant to be relevant microscopically at
high temperature or high pressure.

89The precise bearing between conformal invariance, absence of mass and existence of conserved currents
is subtle and tight to the microscopic theory.

81 This instance was discussed in the precise framework of relativistic fluid dynamics in [86] section 134,
footnote 1 and exercise 2. The general thermodynamic aspects are presented in greater detail in [105]
section 60.
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Non-relativistic limit

The thermodynamic variables introduced earlier in the relativistic theory such as gg, €, p etc.
are referring to a comoving observer. Measurements performed by another observer, be this
an inertial observer in special relativity or some fiducial observer in a general gravitational
background, are more relevant for the Galilean framework, but are not equal and should be
spelled stricto sensu with some distinctive index. Their differences, however, are of order
1/¢2 and vanish in the infinite-c limit. In order to avoid inflation in notation, we will keep
the same symbols, e, T', p, s, u, with the exception of gy, which becomes p for the fiducial
observer. The 1/c2 corrections amongst g and ¢ (see (3.74)) play no role in thermodynamics,
but are indispensable in recovering Navier-Stokes equations as the Galilean limit of the
relativistic hydrodynamic equations.

In non-relativistic thermodynamics, it is customary to introduce the specific volume
(not to be confused with the velocity)

1
v = —y A11
. (A11)
as well as specific enthalpy h = h (s,p) as®?
h =e+ puv, (A.12)
which also enters in
w=nh-—"Ts. (A.13)

Using these definitions and the various relativistic laws mentioned above, we find the
standard expressions:

dh =Tds + vdp,
d(eg) = oT'ds + hdp,

de = Tds — pdv,

dp = —sdT + vdp.

Before closing this section, let us quote that Galilean thermodynamics can accommodate
fluids with massless energy carriers, as long as the macroscopic velocity is small compared
to ¢ — although at the microscopic level the dynamics is ultra-relativistic. Again, a
conserved current may or may not exist. In case such a current is available, g is the charge
density with®® ¢ = ep the internal energy density and pu the chemical potential. The basic
relationships are now

w=pt+e=To+puo<=p="Tso+ uo— ep, (A.18)

and
dw =Tdo + dp + pdo

de = Tdo + pdo (A.19)
dp = odT + odp.

82This is spelled wy, in footnote 1, section 134 of [86].

83Notice the distinction: ¢ = lim € = ep, 0 = lim o = sp. In order to avoid multiplication of symbols,
Cc—» 00 c— 00

we keep w = hp, p and p both for the relativistic quantities and for their Galilean limits.
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Equations (A.11), (A.12), (A.13), (A.14), (A.15), (A.16), (A.17) remain also valid, together
with (A.9) in case of conformal invariance.

If no conserved charge is present, the chemical potential vanishes (as does du) and the
relevant equations are expressed with w, ¢ and o rather that ho, ep or sp.

Carrollian thermodynamics

Carrollian thermodynamics is poorly understood. In most parts of this work dealing with
the fluid equations, we have kept the energy density € and the pressure p unaltered in
the limit of vanishing velocity of light. Neither have we introduced any temperature, nor
discussed an entropy equation, and when a conserved current was assumed (as eluded
in [85]), no relationship was established or set among energy and conserved-charge densities.
This is minimalistic by default. Indeed, the shrinking of the light cone and the absence of
particle motion or signal propagation, raise fundamental questions regarding the origin —
and even the definition — of energy, pressure, entropy, temperature and thermalization
processes. Even the kinematic parameter of the fluid is an inverse velocity, which could point
towards the dynamics of instantonic space-filling branes, as mentioned in [29]. Obviously,
this sort of objects are tachyonic — like those introduced later in [77] — and we feel uneasy
advocating any sort of kinetic theory for setting up thermodynamic laws and deviations
from equilibrium.

B Carrollian momenta and hydrodynamic-frame invariance

In section 4.3 we obtained the Carrollian fluid equations under c?-scaling assumptions
involving more degrees of freedom than the standard ones treated in section 4.2: (4.109),
(4.110), (4.111) and (4.112) for the relativistic energy e, pressure p, heat current ¢* and
stress tensor 7%/, and similarly for the matter sector with the matter density oy and the
non-perfect current j° in (4.113). These equations involve the Carrollian momenta I, 11,
I, 1%, Pt 119, TI¥, g, o, N*, N*, which have the following expressions in terms of the
observables entering the already quoted c-expansions:

I = Q' (27— ga'?) 4B (C+Bj ) + B

Pi=ri—f; (B9 —wa'l)+ 8 (n+8,Q0) + & (Q+2207) + 8% (C+o+ 18,07

= ¢+28;¢ (B.1)
I1=n+26iQ"—fifB; (X7 — pa™ ) +B (C+Bi")

114 = qﬁﬂj _|_ﬁi¢j +¢aij —Ni

M = Q31 +BQI +wall — =1+ 8187 (C+6)+ 5 (V181 +5'0),
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and

Ni =mi
NI =ni + 57

L (B.2)
0 =w+ Bmt

0=x+Bn* +Euw.

The aim of the present appendix is to show that these are hydrodynamic-frame-invariant.
Although hydrodynamic-frame invariance is built-in for the relativistic momenta (2.100),
(2.101), (2.102), (2.103) and (2.104), it is not guaranteed to persist in the vanishing-c limit
because it can be incompatible with the presumed small-c behaviour of the physical
observables. This happens in the Galilean (infinite-c) limit, as we have witnessed in
section 3.2 for the ordinary i.e. with n’ = 0 non-relativistic fluids, because dn’ oc o' (see
eq. (3.113)). Here it turns out to hold and in order to prove that we use the relativistic
transformation rules (2.92), (2.93), (2.94), (2.95) and (2.96) in the Papapetrou-Randers
frame (2.79). Using (4.109), (4.110), (4.111), (4.112) and (4.113), and expanding we find

dm? =0

ond = —5pIw + §Bm* B

n Fw+ dpm” (B.3)
Sw = —6BmF

ox = —06k (n* + Em*)
and
St =0
0Q" = 68 (BY — ¢a”) — 3B°¢C + 8B B
ot = 0B; (B9 — (n+ w)a’) + B-08; (SY — (C + ¢)aid) + 68;8 (B(C + ¢) + Q)
+B2 316577
6¢ = —265:)"
o = ~208: (Q' + &07)
§XU — §ail = isBI + g
0 — bwall = QU647 + QIS + 88 (THIBT + DM pT) + B (i6B7 + 46
+6BkB% (V187 + I BY) + B1BI5¢.

(B.4)
It is straightforward to show that the variations of all momenta (B.1) and (B.2) vanish.

C Free motion

Our results on the failure of conservation laws associated with some Galilean or Carrollian
(conformal) Killing vector fields are generic and rooted to the nature of the underlying
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geometries. The same phenomenon occurs when studying free-particle motion in Newton-
Cartan spacetimes, or instantonic branes on Carrollian structures (see [29] for motivations
on the latter paradigm). For concreteness we will illustrate here the former case.

The stage is set with an action

S[x] = /@dm(t)gf(t,x,v), (C.1)

where L = QF is the Lagrangian — as opposed to the Lagrangian density. The generalized
Lagrange momenta are

o<
0q
and the energy E = )€ with '
_piv'
€ = Q <. (C.3)
The equations of motion are Euler-Langrange
1 0z
—p; — — = 0. C4
Qp ot (C4)

The dot stands for the total derivative along the trajectory, which can act also as 9; + v'0;
on any tensor, and should not be confused with d/d¢ defined in (3.24) unless they act on
scalars (cf. ordinary vs. covariant spatial derivative).

Consider Galilean diffeomorphisms generated by

£=¢0,+ 0, (C.5)
where & = £(t) and
g=¢o, d=¢-dv, g=-¢ G=ud=6 (C.6)
Their effect on the dynamical variables is
t—t+ ¢t
xt— x4 £ (C.7)

vh = vt 4 8@1 + Ujajfi — Uiatft.
On the one hand, the invariance of the action is characterized as follows:

55 =0 Q5L + Lo,¢t = %, (C.8)

where ¢ = ¢(t,x) is an arbitrary function, that needs not be zero. On the other hand, one
can determine the on-shell variation of the Lagrangian density:

Lo, 1dy g
0% = — 5ot + 5 3 (i€ —8¢). (C.9)

The simplest of Noether’s theorems states that

68 =0 < pi& — %55 — ¢ = constant of motion. (C.10)
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Suppose now that the motion is free on a Newton-Cartan spacetime featured by a*, w'

and €. The Lagrangian density is

1 . A . .
T (2 J J
Zz = 502 % (v ( w) (v w ) (C.11)
with 1
Di = ﬁ(vl - U)Z) (012)
Euler-Lagrange equations read:
1D wj
(th—i-p]V)p,—i-pﬂ =0. (C.13)

As an aside remark, the latter equation is the infinite-c limit of the spatial component of the
geodesic equation u#V ,u; = 0, in a Zermelo background. The time component u“VHuo =0
leads to .
L dpip'

20 dt
which is the energy equation, obtained by contracting (C.13) with p'.

+ pipi AU =0, (C.14)

We can now compute the generic variation of (C.11) under Galilean diffeomorphisms
acting as (C.7). We obtain the following:

o . Dgt 1 D¢t o
— . (i ¢9) t 2 wij - - _AWE ¢]
6% = pip; (VUED +¢14"7) — pip' aq TP <Q TR ) : (C.15)
If & is a Killing field it satisfies (3.53), the first two terms drop and
_(1Dg i
0L = pi (Q w7 j£> (C.16)

does not vanish, exactly as in the Galilean fluid dynamics in the presence of an isometry.
This betrays the break down of conservation, unless the right-hand side of eq. (C.16) happens
to be of the form (C.9), in which case Neether’s theorem applies in its version (C.10).

As already emphasized repeatedly, this pattern works the same way in all situations we
have met, involving Galilean or Carrollian dynamics. In flat spacetimes (either Galilean or
Carrollian) boosts belong invariably to the class of isometries with non-vanishing Lagrangian
variation (see (3.56) and (4.49)). There is not much we could extract from this in fluid
dynamics (except for the case of flat-space potential flows, see footnotes 37 and 65), but for
Galilean free-particle motion on flat spacetime (a;; = d;5, @ =1, w' constants) the situation
is simpler. We find indeed:

) . d . . 4

Y A A | - k N\ - IAV A S v g ki .

53_(@« w)(VZ—i—me)—dt(wVZ wVZt—kwa;ﬂ). (C.17)
In this particular case, (C.10) applies and gives the general constant of motion as (see
also (3.55))
. , T . ‘ o

Vi (#t—a) = 5 (¥ - w?) + Xi (8 - w') + Qua'd. (C.18)

The boosts V' do not generate any useful first integral (the initial position xé), as opposed

to time translation 7', space translations X’ and rotations ;;, which lead to energy,
momentum and angular momentum conservations.
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D From conservation to potential non-conservation

D.1 Galilean law from infinite speed of light

Our starting point is a pseudo-Riemannian spacetime in Zermelo frame (2.46)
ds® = —Q%*?dt? + ay; (dxi — widt) (dxj — wjdt) (D.1)
with an energy-momentum tensor T*” obeying V,T"" = 0, and a vector field
E= €0+ €0, = Elop + ey, (D.2)
where the frame and coframe are defined as in (2.72), and
g=¢q, d=¢-ev', g=-  g=ad=¢. (D.3)

We define a current as in (2.13), I, = T,,,§", and compute its on-shell divergence, using
egs. (2.63):

1 ,_ e DE Sich | chawis
Vil = =5 Tuwleg"” = —q 47 + (Praij + 7iij) (V & +e ]>
1 1 ]A)gi AWt ) i t
+ Cj(lri (th -7 jfj ~a Jajft> . (D.4)

This result is relativistic, expressed with Galilean derivatives though. It vanishes iff

1 Det
Q di =0
Vg 4 glawij — (D.5)

1 DE cwigd 2 A el
GDE —qwi el 2qiigpel = o,

which are simply the conditions for & be a Killing field of the pseudo-Riemannian manifold.

We would like now to consider the infinite-c limit of (D.4). At the first place, we
must provide the bahaviour of ¢, ¢;; and pra;; + 7;; for large c¢. This is typically of the
form (3.120)84

e =114+ 0 (1/2)
i = Py +11; + O (1/c2) (D.6)
Praij + i = Iij + O (1/¢2)

and (D.4) becomes:

H]/j tA A s A n ] HZ 1 ]/j i . N .. 2
VIt = —5d§+mj (Vig+etqmia) + (P+62> (Q di —&%fﬂ—c%waj&t) +0(1e2).
(D.7)

84More general behaviours have appeared in (3.86), (3.87), (3.88), or in (3.124). These choices wouldn’t
change our present argument though.
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For this expression to remain finite at infinite ¢, we must impose that®

;6" =0, (D.8)

which is the requirement that & generates a Galilean diffeomorphism. Conservation holds
in the limit if expression (D.7) vanishes, which is again a threefold condition:

1 Det
Vg 4 glawid = g, (D.10)
1 Dgi AW ¢]
aaq e =0 (D.11)

Equations (D.9) and (D.10) are nothing but (3.53) i.e. the definition of a Galilean Killing
field. Equation (D.11) is an extra condition, absent for generic Galilean isometries. The
latter do mot guarantee the existence of a conserved Galilean current. The break down of
the conservation is read off in

1 Dé AN N ;
: b p | 25 pwt ]| - 0 7

which agrees with (3.61) or (3.130). As stressed in section 3.1, the failure might be only

apparent, if the term % (8t§i + wai) turns out to be a boundary term, that would then
contribute the Galilean current.
D.2 Carrollian law from zero speed of light
We will here consider pseudo-Riemannian spacetime in Papapetrou-Randers frame (2.79)
2 2 i\ iq.d
ds® = —c¢ (th — b;dx ) + a;jdx"da’. (D.13)
We assume a conserved energy-momentum tensor 7/ and a vector field as in (D.2) with
g=¢a-¢8y, &=¢, =-A G=ay8 =&+ b (D.14)
The frame and coframe are defined in (2.105).
We now compute the on-shell divergence of the current (2.13) I, = T,,£", using
egs. (2.97):
1 1. 2 . . N/ .
Vil = ST Leguy = e <Qat§t + %fz) + (pa? +77) (Vigg + €4

. . . 1 .
—q ((@ = %‘) ¢ —28wj; — ngaijat§]> : (D.15)

85Following the discussion on section 3.3, one may refine the limiting procedure for the Killing fields, and
reach the Galilean diffeomorphisms as £/(¢, x) = £4(t) + Sv(t,x)+0 (}4) This would alter eq. (D.11) as
é % — 'Aywjifj — 0;v = 0. Similarly the arbitrary function v(¢,x) would also appear in the large-c expansions
of egs. (2.76) and (2.77), altering the Galilean currents (3.129). Ultimately, this would have no incidence
on our conclusions about the interplay between Galilean isometries and conservation. It may nevertheless
provide a complementary view on the large-c contraction of the relativistic diffeomorphisms, possibly in line
with the approach followed in ref. [106], where a further duality relationship has been established among
leading Galilean and subleading Carrollian contributions (see footnote 87), and vice-versa.
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Although expressed with Carrollian derivatives, this is relativistic and vanishes iff
G0’ + it =0
Vi) + €9, =0 (D.16)
(8 — wi) € — 26751 — Fgaydel = 0.

These conditions define a Killing field & on a pseudo-Riemannian manifold.
We would like now to consider the zero-c limit of (D.15). We must provide the bahaviour
of &r, ¢¢ and pra” + 79 for small ¢, which is typically of the form (4.73), (4.74), (4.75)%6

e =11+ 0 (c?)
¢ =T'+c2P' + 0 () (D.17)
pra? + 19 =119 + 0 (%) .
Equation (D.15) reads now:
VIt = -1 <(128t§£ + %’fi> + 117 (@ifj + ff%j)
(W 2P (8- ) € ~ 265 - Goaydie ) +0(2).  (Dy)

Finiteness at zero ¢, demands®”

e =0, (D.19)

hence & generates a Carrollian diffeomorphism. Conservation holds in the limit if expres-
sion (D.18) vanishes. This is occurs if

1. .
GO’ + g’ =0, (D-20)
@(ifj) + §£’A}/¢j =0, (D.21)
(0= ¢i) € = 26 m; =0, (D.22)

Equations (D.20) and (D.21) are as in (4.46) i.e. the definition of a Carrollian Killing
field. Equation (D.22) is an extra condition, absent for generic Carrollian isometries, which
therefore do not guarantee the existence of a conserved Carrollian current. The disruption
to the conservation is measured as

im v, I" = —1Ir’ ((32 - <Pz') = 2§jwjz‘> ; (D.23)

in agreement with (4.54) or (4.136).

86More general behaviours have appeared in (4.114). The latter wouldn’t change our present conclu-
sions though.

87 Mirroring footnote 85, an option is to set £'(t,x) = £5(x) + 2v'(t,x) + O (c4). With this, eq. (D.22)
becomes (51 - cpl-) = 26} wji — $aij0w’ =0, and further work would be necessary on egs. (2.108), (2.109)
and (4.134), that would not alter our final conclusions, but could shed light on the small-c contraction of
general diffeomorphisms.
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