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ABSTRACT: The simplest black string in higher-dimensional general relativity (GR) is
perhaps the direct product of a Schwarzschild spacetime and a flat spatial direction.
However, it is known that the Einstein-Gauss-Bonnet theory does not allow such a trivial
and simple solution. We propose a novel analytic technique, which assumes that the Gauss-
Bonnet (GB) term becomes dominant over the Einstein-Hilbert (EH) term. Assuming the
dimensionless coupling constant « normalized by the horizon scale is large enough, we find
that the spacetime is separated into the GB region and GR region, which are matched
via the transition region where the GB and EH terms are comparable. Using this large o
approximation, we indeed construct new analytic solutions of black strings, from which we
analytically compute various physical quantities of black strings at large . Moreover, we
confirm that all these analytic results are consistent with the numerical calculation. We
also discuss the possible extension to general Einstein-Lovelock black holes.
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1 Introduction

For two decades, black holes in dimensions more than four have attracted many physicists

from a point of view of scientific and applied researches, for instance, by the microscopic

derivation of Bekenstein-Hawking entropy [1], the realistic production of black holes at

accelerators in the scenario of large extra dimensions [2], and AdS/CFT correspondence [3].

The recent developments by many researchers show the richness of such solutions and the



complexity of the dynamics [4]. In particular, a black string is one of the simplest non-
spherical black objects which can be constructed by simply adding a flat spatial direction
to the Schwarzschild-Tangherlini black hole [5]. For simplicity, it has been a major testing
ground for the black hole dynamics proper to higher dimensional black holes such as the
Gregory-Laflamme instability [6, 7].

So far, higher-dimensional black holes are studied mostly in Einstein’s theory of general
relativity (GR). However, GR is not a unique theory of gravity in higher dimensions, but it
can also include higher curvature corrections, which are inspired from the string theory in the
ultraviolet scale [8]. Einstein-Lovelock theories are one of such generalization of GR to the
higher curvature theories whose equations of motion are second order differential equations.
It is of great interest in theoretical physics as it describes a wide class of models. In Einstein-
Lovelock theories, the only found exact solutions of black holes are static and spherically
symmetric black hole solutions due to the lack of analytical methods. Moreover, even black
string solutions cannot be obtained by the simple addition of a flat spatial direction [9].
However, it is known that black strings admit such simple construction in the pure Lovelock
theories that only have a single Lovelock term without Einstein-Hilbert (EH) term in
the action [10, 11]. The inclusion of the negative cosmological constant and supporting
scalar or p-form fields also admits another types of homogeneous Einstein-Lovelock black
branes [12-15], which are hinted by the construction of homogeneous AdS black branes
supported by scalar fields [16].

In this article, we focus on the d (> 4)-dimensional Einstein-Lovelock theory with
only quadratic curvature corrections, i.e., the d-dimensional Einstein-Gauss-Bonnet (EGB)
theory, whose action is given by

1 d
_ — 1.1
S=17 /d zv/=g(R + aasLaB), (1.1)
where the Gauss-Bonnet (GB) term is written as
Lap i= R* — 4R, R™ + Ry po RMP7. (1.2)

In the EGB theory, a fundamental parameter of the theory is the coupling constant agp.
Hence it might be natural to study to construct black strings for small coupling constant [17—
19]. This limit is also used for the construction of spinning black holes in the five-dimentional
EGB theory [20]. Another controllable parameter is the dimension d, which leads to the
large d limit [21, 22] that is also useful in the construction of EGB black strings [23, 24] and
EGB rotating black holes [25]. Besides these limiting solutions, EGB black string solutions
were numerically obtained as well [17-19].

Now let us consider another new possibility of the parameter limit, in which the GB
term becomes dominant over the EH term around black holes or certain compact objects

R < agrLaB. (1.3)

This leads us to an interesting approximation, which we call the large o approximation,
where « is the dimensionless coupling constant normalized by the spacetime curvature



around the system R ~ R,!
a~ agpR > 1. (1.4)

For black holes of the radius rg, it should simply be R ~ 1 /r% , and hence, one can
also interpret this as the large curvature approximation or small black hole approximation
when agp is fixed. At the limit o — oo, it is natural to expect that spacetime geometry
approaches that of the pure GB theory, in which black strings restore a simple construction
with a flat spatial direction [10, 11]. Indeed, static EGB black holes approach static pure GB
black holes at large « [26]. The big difference from the pure GB theory is that arbitrarily
large but finite v causes the breakdown of the assumption (1.3) near the flat region where
the spacetime becomes almost GR

R > agrLaB. (1'5)

In our previous study on the stable bound orbits around the spherical EGB black hole [27],
we found that these two regions, which from now on we call the GB region and the GR
region, can be matched by an intermediate region of the transition region. In this article,
we use the large av approximation to construct EGB black strings. More precisely, we solve
the EGB equations in the GB, transition and GR region analytically, and then match them
to obtain the entire geometry. The physical quantities are also derived up to the leading
order and compared with the numerical calculation in d = 6,...,10. To see the validity
of the large o approximation, we confirm whether the analytical result fits well with the
numerical result in the large a regime.

The rest of this article is organized as follows. We first explain the setup in section 2.
In section 3, we revisit EGB black holes at large «. Then, the GB region of EGB black
strings is solved at large « in section 4. In section 5, we study the matching in the transition
region to connect the metric in the GB region and asymptotically flat background, and
then obtain the expression for the physical quantities. These analytic results are compared
with the numerical calculation in section 6. Finally, we discuss the possible extension to
Einstein-Lovelock black holes in section 7. The results are summarized in section 8.

2 Setup

From the action (1.1), the EGB equation can be derived as
1
R, — §Rg#,, +agpHu =0 (2.1)
where H,,, is the Lanzcoz tensor given by

1
H,, =2RR,, — 4RuaR*, — 4R,0,5 R? 4 2R 05, R, 77 — LGB (2.2)

1'We only consider the positive ags, since the coupling constant is bound below in the negative case.



Let us consider a d = n + 4 uniform black string under the ansatz following the convention
in ref. [18]

2

2 o dr
ds® = —b(r)dt +f(7“)

We assume that the metric asymptotes to the Kaluza-Klein background M, 3 x S', i.e., the

+a(r)dz* +r2dQ2 ;. (2.3)

direct product of a (n + 3)-dimensional Minkowski spacetime and a flat compact direction,
which can be written at r — oo as

a—1, b—=>1, f—1, (2.4)

with z-direction identified by z ~ z + L. The asymptotic behavior to this background is
solved as

b=1-L a=14+2, f=1-
rh T

Ct — Cy
n’ :

(2.5)

TTL
This enables us to determine the mass M and tension 7 by using the Arnowitt-Deser-
Misner (ADM) formula in [28],

QL Q-
M= (ot e — ), T = oo = (0 Dea). (2.6)

The so-called relative tension, or relative binding energy, is also computed as

_TL a—(n+1c

N =——“*- 2.7
M  (n+ e —c, 27)
The Hawking temperature Ty is defined by the surface gravity
K 1
Ty = — = / / 2.8
T f'(ro)d’(ro), (2.8)

where r = rg is the horizon radius. Moreover, the black hole entropy can be derived by the
Iyer-Wald formula [29, 30] as

1 0,
S = 7/ (1+2agpR)dS = 2L+l (1 + (2.9)
4G Ju

Lol 2n(n+1)aGB> o(ro)

2
7o

where R is the spatial curvature on the horizon.

3 EGB black holes at large o

In our previous study on stable bound orbits around the spherical EGB black holes [31], we
have found that the large a approximation provides us a useful analytic approach, which
simplifies the analysis of the geodesic motion [27]. Before the black string analysis, we
revisit the large « limit for asymptotically flat, static and spherically symmetric EGB black
holes in the (n + 3)-dimension. The metric of the EGB black hole spacetime is given by

dr?

F(r)

ds* = —F(r)dt® + +7r2d02 (3.1)
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Figure 1. Two separate regions in EGB black holes at large a.

with

2
2arj

Py =1+ (1—\/1+W), (3.2)

where the horizon is at 7 = rg, and we have introduced the dimensionless coupling constant
by

-1
o= w‘ (3.3)

o
In ref. [26], it is noticed that this solution is endowed with the following two regimes. For
the large o with fixed r, the solution approaches a black hole spacetime in the pure GB

theory

n—2

Flr)~1— (TO) . (3.4)

r

On the other hand, the limit r — oo with fixed « recovers the asymptotic behavior in
d=n+3 GR

(a+ 1)rg
rn '

F(r)y~1- (3.5)

In ref. [27], it is further pointed out that two regions, where we call the GB region and the
GR region, are separated by the transition scale

T = T0 a%ﬁ, (3.6)

which can be seen from figure 1. Around this scale r ~ 7, a transition region is formed, which
has sufficient overlaps with other two regions to allow the matched asymptotic expansion.
For n =2 (d = 5), the pure GB theory becomes kinematic as the three dimensional GR, and
there is no black hole solution without negative cosmological constant [32, 33]. Nevertheless,
eq. (3.2) still admits a horizon in the large a approximation for n = 2

2 .2
F(r):r i

. 3.7
2ar(2) (3.7)

Unlike n > 2 cases, we cannot take the limit o — oo in F(r). Taking into account such
difference, we consider n > 2 cases and n = 2 separately in the following analysis.



4 EGB black strings in GB region

First, we consider the GB region. Although a simple direct product of the (n+3)-dimensional
black hole metric (3.1) with a one-dimensional flat metric is not a solution to the (n + 4)-
dimensional EGB equation (2.1), we expect that the spatial section of a (n + 4)-dimensional
black string (2.3) has the same separation of scales as the (n + 3)-dimensional black hole in
the transverse direction. Note that we consider only n > 2 (d > 6) since for n =1 (d = 5)
agg is bounded above by the horizon scale [17],2 and hence our approach cannot be used.
We introduce the dimensionless constant a by eq. (3.3) in which the black hole radius is
replaced with the black string radius. In the following, as mentioned in the previous section,
we study the n > 2 cases and n = 2 case separately by using the 1/« expansion.

4.1 n > 2 cases
For n > 2, the black string solution for the pure GB theory is easily found as [10]

n—2
)

b(r) = f(r) = 1— <> T =1, (4.1)

r

where we set the horizon at r = 9. Then, we consider the 1/a-correction

n—2 n—2
1 1 1
b=bu (1— (TO) : +b1>7 f=1- <r0> S 4—fi, a=ag <1+a1> (4.2)
r a r a o

where by and apr are the constant scales of ¢t and z, which are determined by the asymptotic
behavior. From the combination of some equations of motion (see appendix A.l), the
equations for a1, by and f1 are written as, respectively,

w[ ()7 )] -t () 0

_n—

@( by >: 2n—(n+2)(r/ro)"" 7,
1-(

o)) =1 (1= (/r) )
I S (n+2)r
2r (1- (r/ro)—"%)? A(n—=1)nr3 (1= (r/r) %)’
(4.4)

(n—2)(n+3)(r/r0)> 4 n—2 (m

hi= 2n(n+2)(n?2-1) %% 4(n-1)\r

) N ay, (4.5)

where C is an integration constant. The regular solution of eq. (4.3) becomes

2(n+4)
(n—=2)n(n+1)(n+2)

n

Fr ((ro/)"7" ), (4.6)

al =

where we defined

1 y% -1
Fo(z) = / e (4.7)

“Interestingly, ref. [34] investigates black strings close to the maximum agB,max in five dimension.



Then, f; and b; are solved as, respectively,

/o1 84 o)
b= 2n((r)L —1)  2n(n—2)(n2-1) (1 ; (7?) )

(n+4) (4= (n+2)(ro/r)" =) Fu (r0/7) %)

- 2n(n? —1)(n% — 4) ) (4.8)
 m-2m+3)? (n=2)(n=3)— (n+4)F, ((To/r)nT_Q) o 25
IO [ Ve 2n(n? —1)(n +2) <7~> - (49

where the integration constants are determined by by (r9) = b\ (ro) = f1(r0) = a1(r¢) = 0.
All the scaling degrees of freedom for ¢ — A\t and z — Aoz are absorbed into ay and by.

4.2 n = 2 case

In the n = 2 case, the black hole result (3.7) suggests that the metric function should scale
as f = O(a™!). This rescaling actually leads to the leading order solution at large «

r2 1 [r2 70 r2 70
= ay—, - —— 1|, b=b - -—], 4.10
“ GH?% / 6 7"8 T H 8 T ( )

where ap and by are again the scaling constant of z and ¢. Clearly, this leading order
metric cannot have asymptotically flat region at r — oo, but rather tends to be a warped

product of AdS3 and S3,
+r2d03, fi= ,/bH Hi. (4.11)
6 1"0 aTQ
The 1/« correction

2 a 1 (2 r fi 2 rg b
a:aH<7%+a 5 f:67a %—7 +$, b:bH %—74‘5 5 (412)

is easily found as

ds? ~ 6ar? d

%< di? + dz?)
0

r 14 r(r3+rd)  r? re
NS N It ISP VA [ S (VAR | 1—--9 4.13
“ 2rg 1(3’ 73’7‘3> 673 +6r(2) ©8 r3 )’ (4.13a)
(Hy3—1)ro (27“3—1—7“5’)2 1 47 e 47“ —1-37"07“ —r8
by = F=1,-—= |1 - — 4.13b
! ot T a2z b3 )oell T Torerg 0 (413D)
(Hys—1)ro 13 1 4 (213 —3r) 3 (6r —1ro)ro
St e B L BRIy o (| METZ910) | 70 446 (1 T0) BT 7070,
h ot ez 3 ) T T oy r3 72r2
(4.13¢)

where 9F} (a, b, c; z) is the hypergeometric function.



5 Transition region

Since the GB-dominant condition (1.3) breaks down near the flat region, the previous GB-
dominant solution in the large o approximation needs a continuation to the asymptotically
flat region through the transition region around r ~ ry = roozn%?, in which we will use the
rescaled coordinate

U =T/Tg. (5.1)

The solution in the transition region is matched with the GB-dominant solution in the inner
overlap region (rg < r < 1y or u < 1) and with the asymptotic solution (2.5) in the outer
overlap region (r > ry, or u > 1), respectively. As in the GB region, the n > 2 cases and
n = 2 case are studied separately.

51 n>2

First, we consider the behavior of the GB-dominant solution in the inner overlap region in
terms of the rescaled coordinate (5.1), in which the leading order solution (4.6) behaves as

n—2

TQ n—2 n—2

b/bg o~ f~1— <T> R PN P (5.2)

From eq. (B.7), the next-to-leading order correction (4.6), (4.8), (4.9) behaves as the same
order,

2
a b A 1T 2o (5.3)

« « « (67

Therefore, we expect the metric functions in the transition region to take the following form
_n—2 _n—2 _n—2
a=ag <1+a n+2A(u)), b=by (1—1—04 n+2B(u)), f=1+a »2F(u), (5.4)

where A(u), B(u), F'(u) are regular functions of u, which satisfy

A(u) ~ const., B(u)~ —uianQ, F(u) ~ " for u< 1. (5.5)
From the behavior of the metric (5.4), one can expect a certain simplification by expanding

n—2 n—=2
the EGB equation (A.1) in the power of o™ »+2. Note that the same power o »+2 also
appears in the effective potential of the EGB black holes [27]. We can notice that egs. (A.la)
n—2

and (A.1b) to the leading order in o~ »+2 are integrable to give

ng _ 1) —n—1 (Oélu + u"+2F(u ( ) ) (56)

oy ) —
Alu) = 2(n + 1)F(u) — (n 1m2 )
) —
)

(n? — Du™"t (Bru? + u" 2 F(u "F (u)?)
2+ DF(u) — (n T ! (5:7)

B'(u) =

where a1, 1 is integration constants. Using the above equations, and eliminating A’(u)
and B’(u) from the leading order of eq. (A.1c), we obtain the quartic equation with respect



to F(u)

(n2 - 1) u <2a1ﬁ1 (n+1)u 24+ (n—1)(oq + 51)u-"—2)
— (n = 1) (2(a1 + B1)(n + Du""2 = n — 2) P(u)
+(n = Dt (2(er + B1)(n+1)*u™""2 = 3(n — 1)(n +2)) F(u)?
+4(n% = 3)(n+ Du’F(u)® — 2(n+ 1)3F(u)! = 0. (5.8)
If we introduce the function F(u) and the variable z by
F:=F/u? z:=u""2 (5.9)
Eq. (5.8) reduces to the quadratic equation with respect to = as
F(x) (=2(n+1)*P(2)* +4(n+1)(n? =3)F (2)2 = 3(n—1)2(n+2) F (z) + (n—1)*(n+2))
+(n?=1) (a1+61) (2(n+1) F(2)2 = 2(n—1)F(2) +n—1) 2420181 (n—1) (n+1)* =0,

(5.10)
which admits two branches
1 ~ ~ i
T M- Dt )22 Db (a4 B 2t Dt FP -2 D -n 4 D /Q(F)|.
(5.11)
where
QF) =4(n—1)(n+1)" (23n+ Doy + (n—1)(of +53)) F*
~8(n+1)}(n—1) (200 +1)(3n—5)a1 B + (n— 1>2(a%+ﬁ%>) B
+8(n+1)%( 3(5n+6 a151+n<o¢1+,81>)
+4(n+1)2(n=1)* (a1 = B1) 2 =n (4 fr+ i+ B2) ) F+(n—1)"(n+1)* (a1 + B1) 2.
(5.12)

5.1.1 Matching in the inner overlap region ro K r K 1, (u K 1)

Now, we consider the matching between the GB region, which has an overlap with the
transition region for rg < r < ry; (u < 1). The matching condition (5.5) requires

Fo—y ™ =—yz for z<1L. (5.13)

One the other hand, expanding eq. (5.11) for |F| > 1, we obtain

" —(n—1)(oq + B1) £ \/(n —1)((n—1)(a? + B2) +2(3n + 1)a151)F2 +O(F),
2(n— 1) fy

(5.14)



yielding a matching condition
2(n — a1 p ‘
(n— (a1 + 1) £ /(n = D((n— 1)(03 + B7) +2(3n + Do 1)

Plugging the behavior of F(u) in eq. (5.5) into egs. (5.6) and (5.7), we obtain A and B for
u <1,

1=— (5.15)

-1 -1 n— -1 -1 n—
A ~ const. + (n = Dicu )u_Tz, B ~ const. + (n = 1)(5 )U_Tz (5.16)

n—2 n—2

Comparing this with A(u) and B(u) in eq. (5.5), we can determine

1
n—1

a1 = 1, ,31 = (5.17)

It is easy to check that this condition also satisfies eq. (5.15).

5.1.2 Matching in the outer overlap region r > r¢, (u > 1)

In the outer overlap region r > ry (u > 1), matching with the asymptotically flat
background f — 1 requires ' ~ 0 for 2 < 1. Expanding eq. (5.11) around F' ~ 0, we obtain
N n—1
- 4(n + 1)0&1 51
Therefore, for the consistent match, we should choose (+) branch because a1 + 51 =
n/(n—1) > 0, that gives

_ 1
"~ 4n2(n? —1)

(o1 — B1 £ a1 + Bi]) + O(F). (5.18)

X

—n(@2n2(n? — )E? = 2n(n— DE +1) + \/@] (5.19)
with

Q(F) = 4n*(n* —1)*(n 4+ 2)°F* — 8n3(n® — 1)(n® + 3n? — 12)F3

+8n%(n —1)(n® 4+ 3n? +3n — 6)F% —dn(n — 1)(n® + 2n + 4)F + 0> (5.20)

Finally, from eq. (5.19), we can determine the behavior of F' in the outer overlap region
>y (u>1) as

nn+1) 1

e 5.21
(n—1)(n+2)un’ (5:21)
which also determines the behavior of A and B through egs. (5.6) and (5.7),
2(n+1 1 )(n?-2) 1
A ~ const. — (n+1) —, B ~const. — (n+ 1) ) L (5.22)
n(n—1)(n+2)ur n(n—1)(n+2)u»
From the original form (5.4), the metric functions behave as
_n—2 2(n+ Daag 17
a~ag (l—i—const. X o +2) — n(n—l)(n—i—Z)"f’T”’ (5.23a)
_n=2 (n+1)(n?® — 2)aby 8
b~by (1 t. nF2 ) — —. 5.23b
H( + const. X « ) nn—Dnt2) ( )

~10 -



n—2
The scaling constants need O(a™ »+2) corrections so that the metric asymptotes to the

Minkowski at r — oo,
ag =1+ O(a"m72), by =1+0(a ). (5.24)
From the ADM formula (2.6), eq. (5.23) leads to the mass and tension at large o

0,
(04 1)y L (5.25)

M ~
167G T

(7’L + 1)Qn+1 n

T ~ ma Q- (5.26)
Particularly, the relative tension approaches a finite limit at large «
L 1
N:ﬁfr:n_l, (5.27)
which is greater than that of the black string in GR
Neg = —— (5.28)
n+1

Since the scaling constants are determined as ag ~ by ~ 1, the temperature and entropy
are identical to that of the pure Gauss-Bonnet metric (4.1) at the leading order

n—21
n+1)Qy1

It is easy to verify that these variables satisfy the first law with the variation of (rg, L) at
O(a)

dM = TydS + TdL, (5.31)
and the Smarr-type formula (A.4) [18]
M =TL+ TyS. (5.32)

Note that the matching result (5.24) shows that the corrections to these variables should be

n-2 _n=2 _ . .
given in the power of o~ »+2, or both of a~ »+2 and o~ !, rather than the simple expansion
in a~!. However, we will not pursue determining the correction terms, as it will require
more laborious calculations.

- 11 -



5.1.3 Fragmentation at large o

As we obtained the mass and entropy of the black string of the length L at large «, let us
compare the entropy with that of the black hole of the same mass. The mass and entropy
of the d = n + 4 Boulware-Deser black hole with the radius rg is given by

_ (n+2)Q40 o\ m-1 _ (Mt +2) Qo o
Mgy = BRI R (n(n + 1)ags + rH) Ty 167G —1) argry (5.33)
and
Qi (1 200+ D+ 2acs) nis (14 D0+ D%is
= 1 nre o~ I .34

where eq. (3.3) is used. Comparing with eq. (5.25), the corresponding black hole radius is
given by

1
(n — 1)Qn+1) n-1 222 1
= — e 5.35
' ((n T 2) Q02 "o (5:35)

Therefore, using eq. (5.30), the entropy ratio becomes

S nQnn rg_lL_C<r0>nl1 o <(n—|—2)Qn+2

1

n—1
~ 5.36
SBH (n + Q)Qn+2 ’l“?[ L n—1 (n — 1)Qn+1> ( )

This ensures that the black hole phase has larger entropy, and hence the Gregory-Laflamme
instability occurs for thin enough strings ro < L even at the large « limit, which is in
accordance with the fact that pure GB black strings are dynamically unstable [26].

52 n=2

From the GB-dominant solution in egs. (4.10) and (4.13), the behavior in the inner overlap
region g < r < ry (u < 1) is given by

4 4 2 4
G,:CLHOJ<U2—%>, b:bHa<u2—11L8>, f:%—i—g—(;. (5.37)

This suggests the metric functions should take the following form in the transition region
a=agaAlu), b=bgaBu), f=F(u), (5.38)

where A(u), B(u) and F(u) are regular functions of u. Unfortunately, unlike the n > 2
cases, this ansatz never simplifies the EGB equation (A.1) in the transition region, since all
the terms become comparable as functions of u. However, we can still estimate the behavior
in the outer overlap region as

L t.
A(u), B(u), F(u) ~ const. 4+ conzs
u

, for wu>1. (5.39)

- 12 —



Therefore, the asymptotic behavior of metric functions become

a=aga (COHSt. + const.u_2> =1+ const.g2 (5.40)
r

b=bya (const. + const.u_Q) =1+ Const.%, (5.41)
T

where the scaling constants are set as ag,bg ~ o~ ! so that the Minkowski background is
recovered at r — co. This estimates the large a behavior of each variables

1
M~a, Tr~a, Tg~vVbga—l~Z=, S~ayag~+a. (5.42)
«

Using the Smarr formula N = 1 —TyS/M, one can also estimate the behavior of the relative
tension as

N=1-0(a"3?). (5.43)

6 Comparison with numerics

To compare with the analytic formula at large a, we solved eq. (A.1) with the Newton-
Raphson method for n = 2,...,6 using the following two grids
_ "0

X .

= n

(6.1)
or
2n

. 2(6 — 1)2(r/r0)" B na \ 22\
X = S AT 0o + (=80 + 3)(r o) 130 =1 0 <2+0'2(n_1) > :

(6.2)

The former is used for the n = 2 case and for small value of a in other dimensions
(n =3,4,5,6). For n > 2, the latter is used to keep the resolution around the transition
region at large a. We used 100, 200,400 or 800 meshes with the fourth order difference
scheme, so that the Smarr formula (A.4) satisfies enough accuracy.

In the figure 2, the metric functions for n = 4 are presented. The metric approaches to
that of the pure GB black strings at large «. The appearance of the transition region is
clearer if we take a look on the quantity r"lr;"a’(r) o o/(X) (figure 3).

In figures 4-6, physical quantities of EGB black strings are compared with the large
« results. Other than the relative tension, each quantities are normalized by the GR
values (C.11). As a characteristic behavior, one can notice that the relative tension once
falls to a minimum before it gradually grows 2‘50 the large o limit.> Because of the slow
convergence due to the fractional power o »+2 in the correction, it is difficult to see the
behavior at o — oo in egs. (5.25), (5.27), (5.29) and (5.30), directly. Instead, we use the

3The same behavior has already been observed in d = 6,8 (n = 2,4) (See figure 5 in ref. [18]).
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Figure 2. Metric functions in n = 4 (d = 8). GR and pure GB black strings correspond to the black

dashed and dotted curves respectively. ag = a(rg) admits an oscillatory behavior as a function of «,
n—2

which eventually goes back to ag =1 in O(a™ »#2). The red dotted curve is a fit curve.
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i
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Figure 3. Appearance of the transition scale r¢, in the metric function. The red dashed curves are
the peak position for each «. In the right panel, one can see that another coordinate X keeps the
transition region in the center area for better resolution at larger «.
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Figure 4. Relative tension vs. . Numerical results are plotted by solid curves for each dimension.
Red dotted curves are the fitting curves in eq. (6.3) for n > 2 and eq. (6.7) for n = 2. The right panel
is a closeup of the small parameter region. Black dotted curves are the linear approximation (C.12).

following fitting curves to compare with the numerical result

1 .
N=— (1 +3 cl-a—%+5> : (6.3)

i=1
M -n—2
=al|ll+ ) ¢ga "2, 6.4
= (1 S e ) o
Ty n—2 _jn=2
= 14 ca nt2 ) 6.5
Tu,Gr 2n ( ; ' ) (6:5)

Scr n—1

1+3 cz-a%?) , (6.6)
=1

where we include correction terms up to O(a~!). The above estimates are only for n > 2.
For n = 2, reflecting the results (5.42) and (5.43), we rather fit by

N=1-ca®? M=ca, S=ca, THzg. (6.7)

We find that all these fittings match the numerical results well at the large « region.

7 Extension to Einstein-Lovelock black holes

So far, we have investigated the large « limit in the EGB theory. Here, we discuss the
possible extension to the Einstein-Lovelock theories [8] whose action is given by*

L(d—1)/2]

d
= T6n G/dx v—g | R+ Z apl |, (7.1)

4For simplicity, we only consider the asymptotically flat background. However, we expect other non-flat
backgrounds such as (A)dS or squashed Kaluza-Klein also admit the similar simplification as long as the
typical scale of the background is sufficiently larger than the transition scale.
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Figure 5. Mass vs. a. Numerical results are plotted by solid curves for each dimension. Red dotted
curves are the fitting curves in eq. (6.4) for n > 2 and eq. (6.7) for n = 2.
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Figure 6. Temperature and entropy vs. a. Numerical results are plotted by solid curves for each
dimension. Red dotted curves are the fitting curves in egs. (6.5) and (6.6) for n > 2 and eq. (6.7)
for n = 2.

where the k th Lovelock term Ly is given by

. o—k albl'“akbk c1dy dek
Ly =2 kgubiabigerdy | pede (7.2)

In d = n+ 3 dimension, the static black hole solution can be obtained by the ansatz [35, 36]

dr?

ds® = —(1 — r24(r))dt* + T 200 200

+r2dQ2 4, (7.3)

where ¥(r) is given by the real root of the following polynomial

mo [n/2+1] 2k
2 v+ Z apt®, o= o H(n +3-14). (7.4)
k=2 (=3

The mass parameter mg is determined by
[n/241]

mo = Tg 1 + Z ak s ak = ng(k_l)ak, (7.5)
k=2
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Figure 7. Separate regions in the Einstein-Lovelock black hole with a correction Ly for ay > 1.

where (rg) =1y 2 and r = rg is the horizon radius. With the normalized metric function
¥ := 131, the condition (7.4) is rewritten in the dimensionless form

[n/2+1]

0=1— (:?)M + ];2 A (@k _ <T>”+2> . (7.6)

If the k-th order is exclusively dominant, the solution becomes that of pure k-th Lovelock
theory [37]

$2<m)k = gttz—l—l—(:?)k. (7.7)

7.1 With a Ly

First, we examine whether the similar separation of scales occurs in the Einstein-Lovelock
theory with a single Lovelock term L by assuming &y > 1. It is obvious that the Lovelock
term becomes dominant around the horizon where the metric almost becomes the pure
Lovelock solution (7.7), while the post-Minkowski behavior is obtained at large r. In the
intermediate region if it exists, the following terms should be comparable in eq. (7.4)

R N n+2
b~ @l ~ @ (TO) , (7.8)

,
which determines a transition scale
N k
T~ Ty t= 10 o B0 (7.9)

Therefore, the Finstein-Lovelock theory with a single Lovelock term can admits the similar
structure as in the EGB theory (see figure 7). One can check that the transition scale in
the EGB theory (3.6) is reproduced by setting k = 2.

7.2 With £, and L3

Next, we consider more general cases in which the theory includes multiple Lovelock
corrections. For instance we focus on the Einstein-Lovelock theory only with the second
order and third order Lovelock terms, whose normalized coupling constants are large:

1 < @, as. (7.10)

17 -



Transition Transition

Horizon |£3 dominant L9 dominant GR region
| A

r=r, r~ T3 F~Ty12

Figure 8. Three separate regions in the Einstein-Lovelock black hole with £9 and L3 corrections
for 1 < s < 43 < 3.

Here we do not assume the hierarchy between the two. Then, the transition between the
L3-dominant and Ls-dominant regions can exist if the following terms become comparable
in eq. (7.4)

o 3 N R 70 n+2
Qgtp” ~ azy” ~ (a2 + as) (7,) ; (7.11)
which gives a transition scale
o (A2(An 4 Ay a3 TR
T~ T3 1= T0 (a3(a2 + ag)/a2) . (7.12)
Similarly, the transition between Lo dominant and GR region would occur if
=R ~ R R 0 n+2
B ~ Goi? ~ (@ + a3) <T> . (7.13)
This introduces another transition scale
1
T~ T 12 1= 10 (042(052 + 053))”+2 . (7.14)

To obtain the separation of scales ro < ;23 < 7¢r,12, We also require

2 1
~2\ nt2 =2 A3\ n+2
r Q r Q Q
iz (22 >, B =43 > 1, (7.15)
T'tr,23 as To as Qg
which is equivalent to
~ ~ ~92
ar < a3 K Q5. (7.16)

This introduces an additional hierachy between as and ag. With the latter condition, one
can check that the discarded terms in eq. (7.4) becomes negligible at each transition scale

-~ ~ ~ 73 ~
(67 (6 o
azy r=rias 02 WY |mpy 1y 02

Therefore, we conclude that, at the large coupling limit, multiple Lovelock terms lead to the
layered structure in which each Lovelock term becomes dominant one by one through the
multiple transition regions (figure 8). Note that the Lo-dominant region cannot appear inside
the £3-dominant region, as it requires two contradicting conditions a3 < a2 and asz >> a3.
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8 Summary

In this article, we have constructed the analytic solutions of black strings in the d =n + 4
EGB theory, using the novel method of the large o approximation, where « is defined as
the dimensionless GB coupling constant normalized by the horizon radius. The points of
this method are summarized as follows:

o For sufficiently large «, the GB region, where the GB correction is dominant over the
FEinstein-Hilbert term, appears near the horizon. In the GB region, the black string
metric can be obtained analytically by expanding in 1/a.

¢ Since the spacetime is asymptotically flat in the transverse direction to the horizon, the
GB correction ceases to be dominant at large enough distance from the horizon where
we also have the GR region in which the metric is approximated as the post-Minkowski
spacetime of GR.

2
e There is the transition region between the two regions at the scale ri, = rg a»+2 at
large a.

e These three regions admit overlaps at large «, and hence the entire geometry can be
obtained by the matched asymptotic expansion.

Using this method, we have obtained the analytic solutions of black strings, from which
we have also obtained the phase diagram of the EGB black string analytically for large
a. By solving the EGB equations numerically using the Newton-Raphson method for
n = 2,...,6, we have shown that the resulting phase diagram is consistent with the analytic
formula obtained by the large v approach. Lastly, we have discussed possible extensions to
Einstein-Lovelock theories.

This work has several possibilities of development. A quick application will be the
extension to the Einstein-Lovelock black strings with a single or multiple Lovelock terms.
As seen in the last section, the analysis with a single Lovelock correction will be almost
parallel to the EGB theory. For the theories with more than one Lovelock terms, one has to
solve multiple layers around the horizon in which each Lovelock term becomes dominant in
turn. It would be also interesting if one can apply to more realistic cases such as quantum
corrected black holes in M-theory [38].

The application to a rotating black hole in the EGB theory or Einstein-Lovelock theories
is a challenging but fruitful project, since an exact solution of such a black hole is not yet
found in the higher curvature theory (see ref. [25] on a rotating EGB black hole at large d).
If we intend to construct an analytic solution of a rotating black hole at large «, we first
have to obtain the rotating black hole solutions in the pure GB theory or pure Lovelock
theory. This deserves our future work.

We should note that spacetimes in Einstein-Lovelock theories generically suffer from
pathologies in the strong field regime, such as short scale instabilities [39], shockwave
formation [40], and more remarkably the loss of hyperbolicity [41-43]. Nevertheless, it is not
clear whether or not every solution obtained by our approach is in this pathological regime.
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For example, it is shown that static EGB black holes admit such instabilities and the loss of
hyperbolicity at large « only in d = 5,6 [39, 41], that correspond to the transverse section
of d = 6,7 black strings. This might imply that, in higher dimensions, those pathologies
become milder outside the horizon.

Lastly, we would also like to point out the possibility of more general and sophisticated
formulation. The large d limit [22] which is another successful approximation, has lead
to the effective theory approach [44] or equivalent membrane paradigm [45], that greatly
simplified the analysis. If one can find an effective description in the large o approximation,
that may enhance the understandings and broaden the applicability of this approximation.

Acknowledgments

We thank Harvey S. Reall and Norihiro Tanahashi for useful comments and discussions on
the well-posedness in Lovelock theories. This work is supported by Toyota Technological
Institute Fund for Research Promotion A. RS was supported by JSPS KAKENHI Grant
Number JP18K13541. ST was supported by JSPS KAKENHI Grant Number 21K03560.

A Equations

Here we present the explicit form of the field equation

1
gw/ = R;U/ - iRguV + aGBHMw

Eu
bt D)) 1) (a0 @ Dal)\ o
0 G 0 (G gy ) e )= )
n(n+1acs ((f(?“)—1)r2(a’(7")2—2a(7")a”(7“)) (- 1)(n-2a(r) (f(r)—1)?
r2 a(r) f(r)
B =D 2n—1)( )~ Dr(alr) >+a'<r>f<r>>>
) )
(A.1a)
822
ol D)D) | () (et )b() N (e
0= 70 w0 (Gt gy ) )= )
n(ntDacs ((f(r)—1)7"2(6’(7")2—26”(7")) (= 1) (n—2b(r) (f ()~ 1)?
= () )
BF) -2 (P)d(r) 2<n—1><f<r>—1)r<b<r>f’<r>+b’<r>f<r>>)
i) )
(A.1b)
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O__T2a’(7“)b’(7‘) _(ntDrd'(r)  (n+Drb'(r) nn+1)(f(r)—1)
N 4a(r)b(r) 2a(r) 2b(r) 2f(r)
n(n+1)agp (Sf() )7" a'(r)b'(r) a(r) (r)
+ 2055 ( 320 b0 +(n—1)(f(r)—1)r(a(r)+b(r)>
(n—2)(n—1)(f(r)—1)
+ 27 () ) (A.lc)
£l + E%, — Eq
Crd(n) RPd W) | ) | (e 2)rf () (n+3)<f( )—1)
0="20) ~ 2atyotr) "6 T T
acn [3nrf (r)a! (1) (r) 2m~2f 1 3f(r)) (('(r) (n=1)(n—2)(n+5)(f (1) —1)°
+ 72 [ a(r)b(r + ( a(r) + ) f(r)
) Y ) () | K ( 1)n(3/(r) — 1r2a'< W(r) | 2nf(r)rd(a” (b (r) +a' (nb" (1))
a(r)b(r) <a<r> +b<r>>+ a(r)b(r) + a(rb(r)
L2 (A0 V0P 31 (d() V@) 20 () (=)t f )
+2n(f(r)=1)r <a<r>2 T <a<r> + <r>) o) o0 ") )]

As shown in ref. [18], the following combinations are integrable

1 1 d [y [a +1) !

Rtt+a<Htt+§£GB):W\/ fbdr 2 bf( H(naGB( (F=D+ V“fa>)].

) (A.2)
~ P | 1 d |r"tla’ b +1)

R .ta (H Z+§£GB> - rntl fbdr 2 : j ( 1+ 2 r2 e ( (f 1) e >>] ’

] (A.3)
Thus, the condition R, — R*, + a(H'; — H?,) = 0 leads to the Smarr-type formula

M =TL+TgS. (A.4)

A.1 1/« expansion

We define the dimensionless coupling constant « with the horizon radius ry as in eq. (3.3).
The equation for the 1/« correction to the pure GB solution (4.2) is given by the combination
of eq. (A.1) expanded in 1/«

P\ () 2
(m) <n(n+1) < (At e < (ATD)

_2]”(7“7)1 x (A.lc)—n({b(i)m x (A.ld))

n—2 n—2
. (7o 2 2 n n_(ro 2 , 7174‘47‘2 .
_<1 (%) ) 1(r)+<2 (™) >7‘a1(7‘) sy 2 TOTY,(A5)

- 21 —



and

n—1

n (—2f<7~) X (A.la) -

7o

r

8f(r) A+ 1) f(r)
5 X (Al + S (Al + ——

i [n(” +1)(2—n)ai(r) + 4n(n® — 1) <7«>"22 fi(r) — 2(n —2)(n +3) <’”)n;2]

- dr 70 n -+ 2 70
+ 0™, (A.6)

< (A.ld))

which lead to egs. (4.3) and (4.5), respectively. The expansion of eq. (A.1lc) also leads to
eq. (4.4).

B An integration in 1/a expansion

Here we study the asymptotic behavior around = = 0 (r > rg) of the integration (4.7),
which is rewritten as

n+2

12— —1
Y
F =] ¥—d B.1
)= [y (B.1)
44 3__4_ o__4_ 1— 4 __4
r- n2-1 z" n2-1 g" n2-1 g n2-1 g n2-1
=1 -2
n(@)+(n )[ dn=3) " 3n—10  2m—4) | n=6 ' 4 ’
(B.2)
where we defined a finite function I,,(z) for n > 2 by the following integral
4(n—3)
1 1 — y n—2
L(z) =0, In(z):= / STV Gy (n>3). (B.3)
T 1-— Yy
The integration formula
L T
/0 T dr=H, 1 (Re(u) > 0) (B.4)
guarantees that this function takes a finite value at z =0
I,(0) = Ham-3), (B.5)

n—2

where H), is the Harmonic number, whose noninteger values are defined by the digamma
function and the Euler constant H, := ¥(u + 1) + . For n = 3,4,6 cases, although
the expression (B.2) seems singular, one can obtain the regular expression by taking the
continuous limit n — 3,4, 6, which leads to Inz oc Inr behavior for r > rg. The dominant
behavior in F,(z) for z < 1 becomes

n—2
4

Fo(z) & T (z< 1), (B.6)

which gives the asymptotic behavior for r» > rg

P (r0/7)"T" ) = ”;2:; (B.7)
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C Linear perturbation from GR at small agg

Here we extend the small agp analysis of the black string in ref. [18] to the arbitrary
dimension. Let us consider O(agp) correction to the GR black string solution

QGB . aGB aGB
CL:1+72(11, b:l———i— bl7 f—l—f‘f‘ fl (Cl)
7o r 5
The linear perturbation is solved as
- n+1 [nr2nt? 2 7"0 Ty
a1=—"5 [ r2(:z+2 o F 2+ 3+ —2(n+1)log 1= (C.2)
- n(n+1)Hptz +n(n*+n—2) n 9 1
by =— ; o (nt1) —(n+1 ) log TO
n+2 rn n+2
) 202 2(n+1)2F1< ’n:;2’2+72”:9]>
0
+(n +n_1) 2n+2 n+2 _1
Lant2 [ n(3n+4)(n+1)2F (1 3+n,4+%;:—§;) (4n° +150° +8n—8) 2 F (2 242,342, ,—3)
0 J—
T anis Bn+2)(n+2) 2(n+2)
pint2 [2(n®+3n%+n—1) 2 Fy (2 342,442;10 ) n*(n+1)2F (2 4+2 542, :g)
0
R 3012 + 2(nt2)(2n+1) (C.3)
and
: 77/7”3 (n-"‘l)HnTH +n2—n—4 (n+1)10g (1_:*(2)
fi=—" n+2 B n+2
2nt2 (2(n+1)(n2+n—1)2F1 (2 1+ 2,2+ 2; jjg) —n3—5n2—4n+2)
0
T r2nt2 n+2
antz | (40 +150% +8n—8) o F (2 242 3+i,:g)
O —_—
R 2(n+2) "
n 3n+4)2F (1,3+2,4+2; 78
TL+1 7‘4 +2 n( ( ) n’ n’rn 2 2 7,.0
+3n+2r4n+2 - +2(n*+2n—1)oF ( 2, 342 R S it e

n2(n+1)2F1 (2 4+ 2 5+Z,ﬁ) T5n+2
0

* 2(n+2)(2n+1) Pon+2? (C4)

where Hy, is the Harmonic number and o F} (a, b, ¢; x) is the hypergeometric function. We
imposed the boundary condition as

iy —0, bp—0, fi—=0, (r— o0),
a] — 0(1), l~71 — O(T‘ — ’l“()), fl — O(’I" — 7‘0), (7“ — ’I"o). (CG)
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Q
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Up to the linear order, the thermodynamic variables are obtained as

M nn+1)Hni2 aGB
= _ -1 — C.7
Mcr ( i R LU (©1)
n(n + 1)H o
GB
= — 3 C.8
Hn+2 o
GB
= 2 1)) — C.9
T ( e+ 2)n )) S (©9)
n + ]. Hn+2 a
GB
=1 2 1 C.10
SGR +( PRI (6.10)
where
(n+ 1)1 Lrg Qpiarg n QnHLrngl
M, = = T = =
GR 167G » 7GR 167G’ HGR d7try’ SGR 4G
(C.11)
The relative tension is given by
1 2 1
N = (1 _ W) . (C.12)
n+1 r§
All these are consistent with the result in ref. [18] for n =1,...,4.
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