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1 Introduction

Calabi-Yau compactifications of type II string theory (in)famously exhibit a moduli space of
vacua. A vast amount of work has been invested towards devising mechanisms of inducing a
potential on this space, with the aim of obtaining phenomenologically more realistic string
theory models. A complementary approach towards lifting the degeneracy of vacua is to
search for points on moduli space distinguished geometrically and then ask for physical
implications of these distinguishing features. Supersymmetric flux vacua of type IIB were
not historically, but could have been discovered following this strategy. In this paper,
we revisit the realization of the discrete symmetries T (time reversal) and CP (charge
conjugation and parity) in type II Calabi-Yau compactifications from this vantage point.

The question of time reversal invariance was recently discussed in the context of rigid
Calabi-Yau compactifications in [1]. There, a single θ angle appears, the coefficient of
the topological term involving the graviphoton field strength. This coefficient is a field-
independent constant, and the authors of reference [1] ask, in the spirit of the swampland
program [2], whether it takes a distinguished value preserving time reversal invariance in
rigid Calabi-Yau compactifications. Our analysis, in the broader context of general Calabi-
Yau compactifications, differs qualitatively as the multiple θ angles that appear are field
dependent. We address three questions: first, we show that the perturbative and non-
perturbative corrections to the tree-level prepotential around the large radius point, which
can be determined precisely via mirror symmetry, do not break time reversal invariance.
Surprisingly, it is not the infinitely many instanton corrections which pose the bigger chal-
lenge, but subtle quadratic terms in the prepotential which are needed to ensure integral
monodromy. We show that the quantized value of the coefficients of these terms lead pre-
cisely to the two values of θ angles which are compatible with time reversal symmetry.
Secondly, we argue that the monodromy action on the period vector associated to the
Calabi-Yau compactification extends the set of vacuum expectation values of non-invariant
fields compatible with time reversal invariance away from zero. Finally, inspired by [1] and
in the spirit of the opening paragraph of this introduction, we ask whether the θ angles
take interesting values at other distinguished points in moduli space. We note that rank 2
attractor points have the distinguishing feature that, with an important caveat that we
discuss, the gauge coupling matrix decouples the graviphoton from the remaining vector
fields. Encouraged by this result, we considered the explicit value of the complex gravipho-
ton coupling at such a point in an example: the value is mathematically distinguished by
its relation to periods of modular forms, but its physical relevance remains elusive.

Considerations of CP symmetry in the context of string theory date back to the early
days of the field [3–5]. CP must of course be broken in any realistic string model in order
to reproduce the weak sector of the Standard Model. One focal point of the body of work
on CP in string theory is how to mitigate this breaking in the strong sector, i.e. how
to solve (or incorporate solutions to) the strong CP problem. A typical approach is to
assume that CP is broken in the underlying theory, and to attempt to calculate (or in
recent works, determine the statistics of) the instanton generated potential for the Peccei-
Quinn axion (an incomplete selection of such works is [6–10]). In this work, we ask, in the
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context of flux compactifications of type IIB string theory, to what extent ingredients in
these models preserve CP . After generalizing to multi-parameter models an old proposal
of Strominger and Witten [3] for defining CP transformations in the context of Calabi-Yau
compactifications, we argue that CP is trivially realized for Calabi-Yau compactifications
on the locus of moduli space on which it can be defined, as it is induced by a orientation
preserving diffeomorphism of the 10 dimensional theory (this is similar to an argument
presented in [5]). We next discuss the vector and hyperscalar VEVs compatible with CP

invariance. For the supersymmetric vacua which preserve CP , we ask whether CP invariant
fluxes can be chosen which stabilize the moduli at these points. Similar questions have also
been pursued in [11–13], though we arrive at somewhat different conclusions: we argue that
the fully corrected prepotential preserves CP invariance, and we derive a condition on the
third cohomology of the Calabi-Yau manifold which determines whether a supersymmetric
flux vacuum preserves CP symmetry. In the case of one-parameter models, we show that
the condition is always satisfied.

From a four dimensional quantum field theory point of view, studying T and CP

invariance separately is redundant, as based either on arguments relying on analytical
continuation to Euclidean spacetime (see e.g. [14]) or on a detailed analysis of the types of
interactions which can occur in a Lorentz invariant Lagrangian theory (see e.g. [15]), such
theories enjoy CPT invariance. In the larger context of higher dimensional quantum gravity
theories, the two transformations appear on different footing: while the T transformation
can always be formulated, the existence of a natural candidate for a higher dimensional
CP transformation depends on the details of the compactification manifold. It thus makes
sense to discuss the two independently.

The paper is organized as follows. In section 2, we discuss the basic structure of
operators associated to discrete Lorentz symmetries, and identify two classes of terms
in the action based on their transformation behavior under such symmetries. Section 3
discusses the action of time reversal in Calabi-Yau compactifications. As time reversal is
orientation reversing, type IIA is the natural setting for this discussion. We identify a
choice of intrinsic phases that renders the 10d action invariant in subsection 3.1, before
turning to the compactified theory in four dimensions in subsection 3.2. Given the 10d
result, the tree level theory must satisfy time reversal symmetry, as we check explicitly
in 3.2.1. We incorporate non-perturbative α′ corrections into our discussion in 3.2.2, and
show that these respect time reversal invariance. In addition to worldsheet instanton
contributions, mirror symmetry requires a constant and quadratic contributions to the
prepotential. The coefficients of the latter are quantized and map to field independent
θ angles. We work out the normalization of the action and show that the values that
these coefficients may take are precisely those at which time reversal invariance holds. In
subsection 3.3, we argue that while time reversal invariance seemingly requires the vacuum
expectation value of the scalars in vector multiplets to vanish, VEVs equal to integers or half
integers also preserve time reversal invariance as a consequence of monodromy symmetry.
Finally, in subsection 3.4, we discuss our implicit assumption that the compactification
takes place in a vicinity of the large radius point, and touch upon issues that arise when
moving away from this point. We turn to the discussion of CP invariance in section 4.
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Unlike time reversal, it is natural to define CP so that it acts on the internal manifold.
We discuss this action in section 4.1. As the combined action of CP on spacetime and the
internal manifold is orientation preserving, the invariance of the 10d theory follows from the
analysis of section 2.1 without the need to introduce intrinsic phases. It is however possible
to introduce intrinsic phases, and this will prove useful in discussing flux vacua. This is
discussed in section 4.2. The question of spontaneous breaking of CP invariance is treated
in section 4.3. Finally, in section 4.4, we analyze the invariance of supersymmetric type
IIB flux vacua under CP transformations, before ending with some concluding remarks
in section 5. A series of appendices complement the text. In appendix A, we review
two aspects of 4d N = 2 supergravity theories: the gauge coupling matrix N in light
of special geometry, and the symplectic invariance and monodromy symmetry of such
theories. Appendix B reviews in some detail the special Kähler geometry of the complex
structure moduli space of Calabi-Yau manifolds. We review supersymmetric flux vacua in
the context of type IIB flux compactifications in appendix C. Appendix D finally discusses
how to explicitly find rank 2 attractor points, which are equivalent to supersymmetric
vacua in one-parameter models. We provide a list of such points in table 1.

2 Discrete Lorentz symmetries

The Lorentz group in arbitrary dimensions d exhibits four connected components. The
component containing the identity is called the proper orthochronous Lorentz group. The
other three components are obtained by acting by time reversal T ,

t
T7−→ −t , xi

T7−→ xi , (2.1)

space inversion Pd ,
t
Pd7−→ t , xi

Pd7−→ −xi , (2.2)

and their composition T Pd.
Quantum field theory already in four spacetime dimensions does not allow us to distin-

guish between the action of a discrete Lorentz symmetry such as P or T and a product of
this action with a global internal symmetry (i.e. one not involving an action on spacetime),
see e.g. the discussion in [15]. When descending from higher dimensions, we have even
more freedom to define the action of these symmetries, as we can couple them with an
involutive action of our choice on the internal dimensions.1 The composition of any such
action with the reversal of time which is a symmetry of the theory merits the name T ,
just as the composition with the inversion of the three spatial dimensions which yields a
symmetry merits the name P. We denote the corresponding operators on the Hilbert space
of the theory as T and P respectively.

In canonical quantization, the construction of quantum fields relies on imposing proper
transformation properties under proper orthochronous Lorentz transformations. The trans-
formation under P and T can involve intrinsic phases whose relative values can be partially

1Note that the action xi 7→ −xi cannot be defined generically in the internal dimensions; indeed,
generically, global coordinates xi do not exist, and we may or may not be able to define an involution on
the manifold. More on this later.
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worked out by analyzing the structure of the fields. The textbook [15] is an excellent ref-
erence on such matters. This analysis leads e.g. to the statement that a fermion and an
anti-fermion have opposite intrinsic parity, implying that mesons that are S-wave bound
states, such as pions, are pseudo-scalars.

2.1 Transformation of p-form fields under discrete Lorentz symmetries

The bosonic fields arising in 10d supergravities are the metric, the dilaton, and p-form
fields.

We will assume that P and T are isometries of the metric. We will also assume that
they leave the dilaton invariant, given that we do not expect their application to result
in strong-weak dualities. We hence turn to the study of the transformation properties of
p-forms. In physics, we often have the coefficients of a differential p-form in mind when we
speak of a p-form field. For example, we think of the four components of the photon field
as the coefficients of a 1-form, transforming under parity as

A0(x) P7−→ A0(Px) , Ai(x) P7−→ −Ai(Px) . (2.3)

The transformation properties of p-form fields under P and T are however most succinctly
described if we consider the p-form as a whole. Writing A = Aµdxµ, the above transfor-
mation becomes

A(x) P7−→ (P∗A)(x) = Aµ(Px)P∗dxµ . (2.4)

More generally, any p-form field C can carry an intrinsic sign, in addition to the
pullback action,

C(x) P7−→ ±(P∗C)(x) , C(x) T7−→ ±(T ∗C)(x) . (2.5)

Contributions of p-form fields to the action fall into two categories: kinetic terms
which are metric dependent via the occurrence of the Hodge star and metric independent
topological terms. We can subsume the discussion of the action of P and T on these terms
under the study of their fate under the action of a general diffeomorphism φ : M →M on
spacetime M . In the case of topological terms, the transformation under pullback of the
fields via the diffeomorphism φ is given by

Stop[Ci] =
∫
M
ωi1 ∧ . . . ∧ ωin (2.6)

7→ Stop[φ∗Ci] =
∫
M
φ∗ωi1 ∧ . . . ∧ φ∗ωin =

∫
M
φ∗(ωi1 ∧ . . . ∧ ωin) = ±Stop[Ci] ,

where the forms ωi denote either p-form potentials Ci or the associated field strengths Fi.
The final sign is positive for orientation preserving and negative for orientation reversing
maps φ. The second type of contribution takes the form

Skin[g, C] =
∫
M

dC ∧ ∗dC =
∫
M
〈dC, dC〉gvolg . (2.7)

Assuming φ to be an isometry of the metric, such contributions transform as

Skin[φ∗g, φ∗C] = Skin[g, φ∗C] = (2.8)∫
M
〈dφ∗C, dφ∗C〉gvolg = ±

∫
M
φ∗
(
〈dC, dC〉gvolg

)
= Skin[g, C] . (2.9)
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In the penultimate step, we have invoked

φ∗volg = ±volg , (2.10)

with the sign depending on whether φ is orientation preserving (plus sign) or reversing
(negative sign).

We conclude that kinetic energy type contributions are invariant under any isometry
(orientation preserving or not), whereas topological terms are invariant under any orienta-
tion preserving diffeomorphism.

In the simple case of electromagnetism, the kinetic term F ∧∗F is thus invariant under
any isometry, while the topological term F ∧ F breaks the symmetry under orientation
reversing transformations. Note that both terms are insensitive to the choice of the intrinsic
sign displayed in (2.5). The analysis becomes sensitive to this sign when couplings between
different C-form fields exist, or in the presence of sources. A 1-form field coupled via a
covariant derivative

D = d + iA (2.11)

will preserve P if it transforms without sign (as does d), and it will preserve T if it trans-
forms with sign (i.e. with opposite parity compared to d),

A(x) P7−→ (P∗A)(x) , A(x) T7−→ −(T ∗A)(x) . (2.12)

(recall that only if T is realized as an anti-linear operator can it relate two theories which
both exhibit a bounded spectrum, as a linear T would map H 7→ −H). On the other hand,
both signs are compatible with matter charged under shift symmetries, as occurs e.g. in
flux compactifications.

Note that self-duality conditions such as

F5 = ∗F5 (2.13)

of type IIB supergravity are not compatible with orientation reversing isometries, as by

φ∗(η ∧ ∗ω) = φ∗η ∧ φ∗(∗ω) = (2.14)
φ∗
(
〈η, ω〉gvolg

)
= 〈φ∗η, φ∗ω〉gφ∗volg = ±φ∗η ∧ ∗φ∗ω , (2.15)

an orientation reversing isometry φ anti-commutes with the Hodge star

φ∗(∗ω) = − ∗ φ∗ω . (2.16)

3 Time reversal

In this section, we will explore the time reversal symmetry of type II string theory compact-
ifications on Calabi-Yau manifolds, which lead to 4d theories with N = 2 supersymmetry.
The action of time reversal in 4d spacetime is orientation reversing. Unlike the case of
parity to which we shall turn below, it does not appear natural to compose this action
with an action on the internal dimensions in defining T . By the argument at the end
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of section 2.1, it is therefore difficult to take type IIB supergravity as a starting point
for our considerations, and we anchor our discussion in type IIA theory instead. Note
that by mirror symmetry, both 10d vantage points should ultimately give rise to the same
conclusions in 4d.

3.1 The action of time reversal in 10d supergravity

The bosonic action of type IIA supergravity is given by

SIIA = 1
2κ2

∫ [
e−2φ

(
R ∗ 1 + 4dφ ∧ ∗dφ− 1

2H3 ∧ ∗H3

)
(3.1)

−1
2 (F2 ∧ ∗F2 + F4 ∧ ∗F4)− 1

2 (B2 ∧ dC3 ∧ dC3)
]
,

where
F2 = dC1 , F4 = dC3 −B2 ∧ dC1 , H3 = dB2 . (3.2)

By the discussion in section 2.1, we need to introduce intrinsic phases under time reversal
to render the topological terms in this action time reversal invariant. As the term

B2 ∧ dC3 ∧ dC3 (3.3)

is quadratic in dC3, it fixes the required transformation property

B2(x) T7−→ −T ∗(B2)(x) (3.4)

of B2 uniquely. But then, for F4 to transform simply under time reversal, we need to
require that C1 and C3 transform with opposite relative sign,

C1(x) T7−→ ±(T ∗C1)(x) , C3(x) T7−→ ∓(T ∗C3)(x) . (3.5)

The p-form fields occurring in type II string theory are sourced by D-branes. The
coupling occurs via a term

µ

∫
V

Tr
[
exp[2πα′F2 +B2]

∑
q

Cq

]
(3.6)

in the D-brane worldvolume action. Here, V denotes the worldvolume of the brane, µ its
tension and F2 the field strength (which can be non-abelian, thence the trace) of the gauge
field on the brane. From the form of the coupling (3.6), we can read off that in order to
preserve T ,

• the field strength on the brane must transform as (3.4),

• Ci and Ci+2 must transform with opposite sign. This condition is consistent with (3.5).
It also implies that dC and ∗dC transform with equal sign (as C1 and C7 are electric-
magnetic duals, as are C3 and C5).
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3.2 The action of time reversal on the 4d theory

Having shown the invariance of the 10d supergravity action under time reversal, the invari-
ance of the 4d theory obtained from it upon compactification is automatic. By invoking
mirror symmetry, α′ corrections to the theory can be computed and elegantly packaged at
the level of the 4d theory. We will set the stage in the next subsection by verifying the time
reversal invariance of the tree level 4d action, before turning to the α′ corrected action in
section 3.2.2.

3.2.1 The theory at tree level

The 4d supergravity action obtained from type IIA upon Calabi-Yau compactification will
inherit time reversal symmetry. We can see this explicitly. The bosonic action is equal to

S4d =
∫ [1

2R∗1−gi̄dt
i∧∗dt̄̄−huvdqu∧∗dqv+1

2 ImNIJF I∧∗F J+1
2 ReNIJF I∧F J

]
(3.7)

with the metric on the hypermultiplet moduli space given by

huvdqu ∧ ∗dqv = dφ ∧ ∗dφ+ gab̄dz
a ∧ ∗dz̄b̄ + (3.8)

+e4φ

4

(
da+ 1

2(ξ̃AdξA − ξAdξ̃A)
)
∧ ∗

(
da+ 1

2(ξ̃AdξA − ξAdξ̃A)
)

+

−e
2φ

2 (ImM−1)AB
(
dξ̃A +MACdξC

)
∧ ∗

(
dξ̃A +MACdξC

)
.

The index i (as well as its alphabetic neighbors)2 enumerates vector multiplets containing
each one complex scalar field ti and a vector field whose field strength is denoted F i. The
index I runs over the range of i with 0 adjoined. F 0 is the field strength of the graviphoton,
which resides in the N = 2 gravity multiplet, together with the metric. The special
geometry relations governing the vector multiplet sector are summarized in appendix A.
The hypermultiplets are indexed by A, which runs over the range of a with 0 adjoined. The
dilaton φ, the axion a and the real pair of scalars (ξ0, ξ̃0) reside in the so-called universal
hypermultiplet, while all other hypermultiplets combine a complex scalar field za with
a pair of real scalars (ξa, ξ̃a). The matrix M is the mirror dual to the gauge coupling
matrix N : in type IIA compactifications on a Calabi-Yau manifold X, its expression is
given by (A.9), with the prepotential occurring in this definition determined by the special
geometry of the complex structure moduli space of X. Likewise, the Kähler metric gab̄ on
the special Kähler base of the hypermultiplet moduli space is given by (A.2), based on the
same prepotential.

We shall first consider the transformation behavior of the hyperscalars under time
reversal. We can let za and the dilaton transform trivially. The matrixM as a function of
za is therefore also invariant. The transformation behavior of the axion a is determined by
that of the 10d B-field: it is related to the space-time components h3 of the field strength
of B via

da = ∗h3 + . . . . (3.9)
2This qualifier will also apply to all ensuing index attributions I, a,A, . . ..
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By (2.16) and (3.4),
∗ h3(x) T7−→ − ∗ (T ∗h3)(x) = T ∗(∗h3)(x) . (3.10)

Hence, the intrinsic phase of a under time reversal is +1. Finally, the hyperscalars ξA
and ξ̃A in a type IIA compactification on X arise as the expansion coefficients of C3 in a
symplectic basis of H3(X,Z) and therefore both transform with the same sign under time
reversal.3

We conclude that the hypermultiplet sector conserves time reversal invariance at tree
level, no matter what sign we choose in (3.5).

The hypermultiplet sector generically receives gs corrections, yet is protected in type
IIA compactifications against α′ corrections. As one choice of sign in (3.5) leaves the
hypermultiplet sector untouched, we can rule out time reversal breaking contributions in
the fully quantum corrected action as long as hyper- and vector multiplet contributions do
not mix, i.e. up to two derivative level. We are tempted to conjecture that the quantum
corrected action will retain the symmetry under (ξA, ξ̃A) 7→ (−ξA,−ξ̃A), to render our
argument independent of the choice of sign in (3.5).

Turning now to the more interesting vector multiplet sector, recall that the 10d origin
of the graviphoton A0 is the gauge potential C1, and that the real part of the complex
scalar fields ti residing in vector multiplets descend from internal modes of the 10d B2
field, while the imaginary parts encode Kähler moduli of the internal metric,

ti = bi + ivi . (3.11)

The behavior of bi under time reversal follows from (3.4):

bi(x) T7−→ −bi(T x) , i.e. ti(x) T7−→ −ti(T x) , (3.12)

as T acts as an isometry on the metric. We lift the action of time reversal to projective
coordinates on the vector multiplet moduli space via

X0(x) T7−→ ±X0(T x) , X i(x) T7−→ ∓Xi(T x) . (3.13)

Dimensional reduction of the 10d action (3.1) leads to the 4d action (3.7) with the σ-
model metric gi̄ and the gauge coupling matrix NIJ obtained from the cubic prepotential

F tree = − 1
3!
κijkX

iXjXk

X0 . (3.14)

Here, κijk denote the triple intersection numbers, see (B.31). The gauge coupling matrix
which follows from this prepotential via equation (A.9) has components ReN00, ReNij ,

3We could choose to expand C3 in real cohomology at the level of supergravity. However, brane instanton
corrections break the continuous isometry of the metric on the hypermultiplet moduli space given by a
combined shift of the fields a, ξA and ξ̃A to a discrete one. This discrete isometry acts by integer shifts
on the expansion coefficients of C3 in integral cohomology (see e.g. [16]). We hence prefer to expand in
such a basis from the outset. Note that in the vector multiplet sector, the choice of expansion forms as
representatives of integral rather than real cohomology is due to the integral structure imposed by the gauge
connections, and is hence already required at the level of supergravity.
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ImNi0 which are odd in the fields bi, and complementary components that are even. As
ReN is the coefficient matrix of the topological term, and ImN the coefficient matrix of
the gauge kinetic term, this is the 4d manifestation of the 10d argument leading to (3.5):
the graviphoton must transform with opposite sign relative to all other gauge fields (which
belong to vector multiplets) in order for time reversal to be a symmetry of the action.

3.2.2 The α′ corrected theory

The above discussion was for the tree level action obtained from dimensional reduction of
the type IIA action. The vector multiplet sector is protected against gs corrections, but
does receive α′ corrections in type IIA compactifications. These are completely captured
via mirror symmetry. We discuss these corrections in this subsection.

Note first that, as the κijk occurring in (3.14) are real, the transformation of the tree
level prepotential F tree under time reversal is given by

ti(x) T7−→ −ti(T x) ⇒ F (x) T7−→ −F (T x) , (3.15)

where we have written F for F tree. In fact, independently of the precise form of the
prepotential F , the behavior (3.15) alone guarantees invariance of the action under time
reversal, as it implies that the components ReN00, ReNij , ImNi0 change sign under time
reversal, while the complementary components remain invariant. We can see this directly
from the presentation (A.9) of the gauge coupling matrix in terms of the prepotential:
writing

FI = ∂F

∂XI
, FIJ = ∂2F

∂XI∂XJ
, (3.16)

note that (3.15) together with (3.13) imply

F0(x) T7−→ ∓F0(T x) , Fi(x) T7−→ ±Fi(T x) (3.17)

and
F00(x) T7−→ −F00(T x) , Fi0(x) T7−→ Fi0(T x) , Fij(x) T7−→ −Fij(T x) , (3.18)

from which the claim easily follows. Alternatively, we can begin by considering one of the
defining relations for NIJ given in (A.3),

NIJXJ = FI . (3.19)

Then

N0JX
J/X0(x) F0/X

0(x)

(Ñ00 − Ñ0j t̄
j)(T x) −F0/X0(T x) −(N 00 +N 0j t̄

j)(T x)

T T (3.20)

and

NiJXJ/X0 Fi/X
0

(Ñi0 − Ñij t̄j)(T x) Fi/X0(T x) (N i0 +N ij t̄
j)(T x)

T T (3.21)
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where ÑIJ(T x) indicates the image of NIJ(x) under time reversal. Comparing the constant
terms and coefficients of t̄i yields the result.

This generalization away from F tree is important, as in 4d, non-perturbative quantum
corrections can be elegantly packaged at the level of the action in terms of corrections to
the tree-level prepotential. Based on the foregoing discussion, we conclude that these cor-
rections will not break time reversal invariance if the corrected prepotential still transforms
according to (3.15). In the vicinity of the large radius point, the exact prepotential has
the form

F(t) = −κijk6 titjtk − σij
2 titj + γjt

j + ζ(3)χ
2(2πi)3 −

1
(2πi)3

∑
n

ane
2πin·t , an ∈ Q , (3.22)

where (X0)2F(t) = F (X). The coefficients appearing in this expansion are explained in
the appendix following equation (B.30). The non-perturbative contribution satisfies (3.15)
by reality of the coefficients an. The perturbative contribution, polynomial in ti, transforms
according to (3.15) if the coefficients of all odd order terms in the variables ti are real, and
the coefficients of all even order terms imaginary. This is the case for all models for which
the matrix (σ)ij = 0. Before concluding that models with some entries σij ∈ 1

2Z − {0}
(the only other values that σij can take, see appendix B) break time reversal invariance,
we should note that by reality of the coefficients σij , the order 2 terms in the prepotential
only contribute linearly to the real part of the gauge coupling matrix (A.9), giving rise to
a term

− 1
2σijF

i ∧ F j (3.23)

in the action, up to a normalization constant we have not been keeping track of up to this
point. As the values of σij can shift by integral amounts under monodromy, this coupling
is only well-defined if we can identify 2πσij with the θij angle of periodicity 2π. If this is
true, σij ∈ 1

2Z is exactly the constraint which ensures that
∫
F i ∧ F j 7→ −

∫
F i ∧ F j is a

symmetry of the exponentiated action.
To check this claim, we need to work out the correct normalization of the term (3.23)

by reinstating all dimensionful constants and keeping track of the integrality properties
of the gauge fields. To keep constants such as κijk dimensionless, it will be convenient,
deviating from standard practice in 4d, to not assign mass dimension to coordinates xi
and differentials dxi. The correct mass dimension `8 of the topological term in the 10d
action (3.1), which requires

[B2] = [H3] = `2 , [Cp] = [Fp+1] = `p , (3.24)

then follows from assigning the appropriate mass dimension to the fields (B2)µν and
(Cp)µ1···µp rather than to the differentials dxµi . To ensure the correct mass dimension
of the kinetic terms, we must assign

[gµν ] = `2 (3.25)

such that
[∗1] = [

√
−g] = `10 (3.26)
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and

[Fp ∧ ∗Fp] =
[√−g
p! Fµ1...µpFν1...νpg

µ1ν1 · · · gµpνp

]
= `10`2(p−1)`−2p = `8 . (3.27)

After these preliminaries, we turn to the integrality properties of the form fields. The
relation between the field strengths Fp and integral cohomology follows from the Dirac
quantization condition associated to the D-brane source term for these fields (see e.g. [17],
also for the following statements relating couplings to the string length ls):

µp−1

∫
Σp+1

Fp+1 ∈ 2πZ . (3.28)

The BPS condition implies that the charge µp−1 of a D(p − 1) brane equals its tension
Tp−1. Assuming that the tension of the fundamental string and a D1 brane coincide, a
worldsheet calculation yields

Tp = 2π
lp+1
s

, (3.29)

where l2s = 4π2α′. It follows that (with apologies for the multiple uses of the bracket [·])[
Fp+1
lps

]
∈ Hp+1(X,Z) . (3.30)

A similar worldsheet calculation also yields the 10d gravitational coupling κ2 in terms of
the string length,

κ2 = 1
4π l

8
s . (3.31)

Next, we reinstate the α′ dependence in the relation between the field B2 appearing in (3.1)
and the variable bi on which the prepotential (3.22) depends via ti = bi + ivi. The expo-
nentials

e2πin·t (3.32)

arise from worldsheet instantons. The bi dependence stems from the worldsheet integrals

exp
(

i

4πα′
∫

Σ
B

)
. (3.33)

Introducing the notation bis for the modes of B (in the string worldsheet normalization),
we conclude

bi = 1
8π2α′

bis = bis
2l2s

. (3.34)

We are now ready to perform the reduction of the topological term

− 1
4κ2

∫
B2 ∧ dC3 ∧ dC3 (3.35)

in the action (3.1), which leads to the perturbative contribution proportional to Re Nij
in the 4d action: choosing a basis of representatives {ωi} of the cohomology H2(X,Z)
normalized as ∫

X
ωi ∧ ωj ∧ ωk = κijk , (3.36)
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we obtain

− 1
4κ2

∫
M4×X

B2 ∧ dC3 ∧ dC3 = − π
l8s

∫
κijkb

i
s dAjs ∧ dAks (3.37)

= − 2π
4π2

∫
κijk

bis
2l2s

d 2πAjs
l3s
∧ d2πAks

l3s
(3.38)

= − 2π
4π2

∫
κijk b

i dAj ∧ dAk . (3.39)

To accompany bis, we have here introduced the modes C3 = Aisωi+ . . ., which by (3.28) are
related to gauge fields with the conventional 4d normalization

∫
F ∈ 2πZ via

Ai = 2π
l3s
Ajs . (3.40)

Comparing to the corresponding term in the 4d action (3.7),

1
2

∫
ReNijF i ∧ F j , (3.41)

we conclude
1
2 ReN tree

ij = − 2π
4π2 κijkb

k . (3.42)

With the correct normalization thus fixed, σij hence contributes

1
2 ReN σ

ij = − 2π
4π2σij (3.43)

to the gauge kinetic term, as we wished to show.
Note that in non-abelian gauge theories whose gauge group exhibits a non-trivial cen-

ter, the physics at θ = 0 and θ = π is markedly different [18]. Such theories are accessible
via Calabi-Yau compactifications of type II string theory via the process of geometric engi-
neering [19], and thus fit into the framework just described. As an example of this setup, we
consider the engineering of gauge theories with the same gauge group SU(2) and vanishing
matter content but different θ angle. The engineering geometries are Calabi-Yau threefolds
which can be presented both as K3 fibrations and as elliptic fibrations over the Hirzebruch
surfaces Fn, n = 0, 1.4 These compact Calabi-Yau manifolds exhibit three Kähler moduli,
traditionally labelled by s, t, and u: the first corresponds to the base [B] of the rationally
fibered Hirzebruch surface, the second to its rational fiber [F ], and the third corresponds
to the class [F ] + [E], with [E] the class of the elliptic fiber. In terms of these parameters,
the prepotential reads (in the Kähler cone of the K3 fibration)

F = −1
6(8u3 + 3(2 + n)u2s+ 6u2t+ 3nut2 + 6 stu)

−n2ut+ 1
24(92u+ 12(2 + n) t+ 24 s) + 480ζ(3)

2(2πi)3 + Finst(Q) . (3.44)

4Over the base F1, the K3 and the elliptic fibration are associated to different Kähler cones in the
extended Kähler cone of the Calabi-Yau manifold.
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The form of the coefficient of the quadratic term ut follows upon imposing integrality of the
transformation matrix implementing the monodromies of the period vector under u 7→ u+1
and s 7→ s+1, as we argue in appendix B.4 after equation (B.36). In all three cases, we can
decouple gravity by taking the volume of the elliptic curve [E] to infinity, while performing
a double scaling limit on the remaining two Kähler classes in which we also take the volume
of the base [B] to infinity, while the volume of the fiber [F ], which governs the masses of the
W± bosons of the SU(2) gauge theory, becomes hierarchically small [19]. Note that this is
the weak coupling limit of the dual heterotic string, as the volume s ∼ 1/g2

het of the base
[B] of the Hirzebruch surfaces can be identified with the base of the K3 fibration. Following
the analysis of [19] we see from the classical terms in (3.44) that in the decoupling limit the
real part of the gauge kinetic function evaluates to 1

2ReN σ
tt = − 1

4πn, where t corresponds
to the scalar vacuum expectation value of the U(1) vector multiplet inside the SU(2). This
indicates that we can engineer SU(2) Seiberg-Witten theory with θ = 0 for n = 0 and
θ = π for n = 1.

3.3 Spontaneously breaking time reversal invariance

In the previous subsection, we concluded that time reversal acts on the field t(x) as

t(x) T7−→ −t(T x) . (3.45)

The vacuum expectation value t0 of the field t is invariant under this transformation only
if (assuming t0 constant)

Re t0 = 0 . (3.46)
Before concluding that all other VEVs break time reversal symmetry, we recall that N = 2
supergravity permits a symplectic action in the vector multiplet sector, as we review in
appendix A.2. A subgroup of the symplectic group acts as a symmetry on the theory.
In type IIA compactifications on a Calabi-Yau manifold X, this symmetry group can be
identified with the monodromy group acting on the middle dimensional homology of the
mirror Calabi-Yau manifold X̌. As long as we do not consider non-trivial gauge field
backgrounds, we can identify all VEVs of t related by this symmetry as describing the
same theory.5 The monodromy around the point of maximal unipotent monodromy (the
so-called MUM point) on the complex structure moduli space of the mirror Calabi-Yau
manifold X̌ can be written down in terms of the topological invariants of X, see (B.36); it
induces the following shift symmetries on the variable t:

t→ t+
∑
i

niei , ni ∈ Z . (3.47)

The sum here runs over the dimension of the complex structure moduli space of X̌, and ei
denotes the ith unit vector. Given t0 such that Re ti0 ∈ {0,±1

2}, the choice

ni =


−1 for Re ti0 = 1

2

0 for Re ti0 = 0
1 for Re ti0 = −1

2

(3.48)

5In the presence of non-trivial gauge field backgrounds, the identification would also require transforming
this background.
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acts just as negative complex conjugation. We conclude that all VEVs Re ti0 ∈ {0,±1
2} are

compatible with the conservation of time reversal invariance.

3.4 Time reversal symmetry away from the large radius point

Up to now, we have implicitly considered time reversal symmetry in a vicinity of the large
radius point. It is in this region that the 4d action (3.7), with h1,1(X) vector multiplets,
h2,1(X) + 1 hypermultiplets, and the prepotential given by (3.22), is a valid approximation
of the theory. In particular, we have full knowledge of the massless spectrum of the theory
here. Moving away from the large radius point, two phenomena may occur which invalidate
the action (3.7): additional states may become light, and a non-perturbative symplectic
transformation may be required which changes which entries in the period vector (B.7) can
be chosen to define coordinates on the scalar manifold of the vector multiplet sector (see
the discussion in appendix A.2). As the computation of the period vector takes place on
the mirror manifold, it is convenient to continue the discussion from the vantage point of
the mirror, and we will do so for the rest of this section.

Regarding the question of additional light states, while the absence of additional singu-
larities in the prepotential is a suggestive criterion for the absence of such states in a given
region, it is not necessarily fully reliable. E.g., consider a family of Calabi-Yau manifolds
X and a point z in moduli space at which the lattice(

H2,1(Xz)⊕H1,2(Xz)
)
∩H3(Xz,Z) (3.49)

is at least of rank 2. At such a point, infinitely many non-proportional D-brane charges
lead to vanishing central charge, yielding an infinite number of candidates for massless
states. Points on moduli space satisfying this constraint on the cohomology lattice of the
associated manifold exist, and are indeed very special. As we discuss in appendix C, if the
lattice (3.49) has a rank 2 sublattice whose complexification has a Hodge decomposition,
such points coincide with supersymmetric vacua of type IIB flux compactifications. We
leave the investigation of the intriguing question of additional massless states at such points
for future study.

In the remaining part of this section, we make some preliminary remarks regarding
the choice of a distinguished symplectic frame away from large radius, and the relation
to time reversal invariance. At a generic point on moduli space, such a choice will not
exist. At conifold points, a family of distinguished frames is well-motivated in [20] in the
context of imposing the so-called gap condition on topological string amplitudes. In the
same reference, a tentative criterion is also put forth for orbifold points. Here, we would
like to make an observation regarding a more subtle class of distinguished points on moduli
space, so-called attractor points of rank 2, defined by the condition that the lattice

H3(Xz,Z) ∩
(
H3,0(Xz)⊕H0,3(Xz)

)
(3.50)

have rank 2. As we discuss in appendix C, these points coincide with the supersymmetric
vacua discussed above in one-parameter models.

Our simple observation is the following: at such points, the gauge coupling matrix N
can be put in block diagonal form via a rational symplectic transformation. Identifying the
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graviphoton and its magnetic dual with the modes of C4 (recall that we are considering type
IIB compactification)6 of Hodge type (3, 0)⊕ (0, 3) [21], one block of unit size determines
the gauge coupling and theta angle for the graviphoton, and the other of size b2(X·)×b2(X·)
determines the couplings for the remaining vector fields. This form of N would indicate
the decoupling of the graviphoton from the vector multiplets at rank 2 attractor points.

To argue for the form of N , we first introduce the two lattices

Λ = H3(Xz,Z) ∩
(
H3,0(Xz)⊕H0,3(Xz)

)
, (3.51)

Λ⊥ = H3(Xz,Z) ∩
(
H2,1(Xz)⊕H1,2(Xz)

)
, (3.52)

as well as the notation ΛQ = Λ⊗Q and Λ⊥Q = Λ⊥⊗Q. When Λ is of rank 2, we can choose
two elements α0, β0 of a symplectic basis satisfying (B.11) and underlying both the mode
expansion of C4 and the definition of the period vector associated to Ω (see (B.13)) to lie
in ΛQ, and the remaining basis elements to lie in Λ⊥Q . With this choice, Xi = Fi = 0 and
∇iX0 = ∇iF0 = 0 for i 6= 0. We can immediately conclude from the presentation (A.5) of
the gauge coupling matrix that with this choice of representatives of a basis of H3(X,Q),

NQ =
(
F0/X

0 0
0 ∇·F·(∇·X ·)−1

)
, (3.53)

with ∇·F· and ∇·X · denoting the matrices with entries ∇iFj and ∇iXj respectively.
The astute reader has undoubtedly remarked the unsettling multiple appearance of the

field Q in the preceding two paragraphs. The necessity of tensoring by Q arises because the
lattice Λ⊕Λ⊥ is generically of finite index in H3(Xz,Z). To permit the normalization

∫
αI∧

βI = 1, we will hence generically require recourse to a rational normalization of elements in
Λ. Put differently, to reach the form (3.53) from a properly normalized symplectic basis for
H3(Xz,Z) requires acting with an element of the rational symplectic group Sp(2(b2 +1),Q).
This is troubling because, as outlined in the opening paragraph of appendix A.2, the same
symplectic transformation that acts on the period vector also acts on the vector (G−, F−)
of field strengths. A rational symplectic transformation of the form

S = 1
r
S̃ , S̃ ∈ Matn×n(Z) (3.54)

with n = 2(b2 +1) and r ∈ N chosen minimally would be permissible in the case of a charge
lattice only populated in r multiples of the elementary charges. We leave the investigation
of this question, together with the more pressing conundrum regarding the spectrum of
light states at rank 2 attractor points, for future study.

If a legitimate symplectic frame in which N takes the form (3.53) exists, it is tempting,
particularly in the one-parameter case, to explicitly compute the diagonal entries of N to

6As the back and forth between IIA, IIB, the compactification manifold X, and its mirror X̌ can be
mind-bending, let us restate the situation: we are discussing the gauge coupling matrix N as obtained at
a distinguished point on the Kähler moduli space of X upon type IIA compactification. We perform our
computation by considering the mirror image z of the point, which is a distinguished point on the complex
structure moduli space of X̌, and obtain N via type IIB compactification on X̌.
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see whether they are in any way distinguished. In the context of this paper, a natural
question is whether they yield θ angles that are either 0 or π, i.e. that preserve time
reversal invariance without recourse to a monodromy symmetry. This turns out not to be
the case. As we feel that the computation of these diagonal entries itself is interesting, we
will discuss one example despite this negative result.

Consider the family of Calabi-Yau manifolds associated to the Picard-Fuchs equation
AESZ 34 [22] which has an attractor point of rank two at z = −1

7 [23].7 This Picard-Fuchs
equation has the Riemann symbol

P



0 1
25

1
9 1 ∞

0 0 0 0 1
0 1 1 1 1
0 1 1 1 2
0 2 2 2 2

z


(3.55)

and it describes the variation of Hodge structure of a family of Calabi-Yau manifolds
with Hodge number h2,1 = 1. Mirror to this family is another family of Calabi-Yau man-
ifolds with triple intersection number D3 = 12, second Chern class c2 ·D = 12 and Euler
characteristic χ = −8. With this topological data in hand, we may compute the periods
in an integral symplectic basis around the MUM point at z = 0 (see appendix B, in par-
ticular equation (B.29)). By analytically continuing these solutions to the attractor point
at z = −1

7 , it was found numerically in [23] that the periods Π in an integral symplectic
basis are given by

Π(−1
7) = ω1


8
−30

0
5

+ i ω2


0
0
2
1

 , (3.56)

where8

ω1 = 13.323239482723603 · · · , ω2 = −80.866444656616459 · · · . (3.57)

This implies that in terms of the basis dual to the basis of H3(X,Z) with regard to which
the period vector Π is expressed, a set of generators of Λ is given by

(4,−15,−5, 0)T and (0, 0, 2, 1)T . (3.58)

Similarly,

∇zΠ
(
−1

7

)
= ω̃1


3
−6
0
1

+ i ω̃2


−7
14
−10
−5

 , (3.59)

7There are two Calabi-Yau threefolds described in [22]; one of which is a free Z/10Z quotient of the
other. Here, for simplicity, we will only consider the quotient manifold. This corresponds to the case κ = 1
in the notation of [23].

8Note that, in comparison with the normalization in [23], our periods contain an additional factor of
(2πi)3 so that Ω is an algebraic form defined over Q.
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where
ω̃1 = 51.010880877055569 · · · , ω̃2 = −38.125487167252326 · · · . (3.60)

Hence, with regard to the same basis as above, a set of generators of Λ⊥ is given by

(3,−6, 0, 1)T and (1,−2,−5,−1)T . (3.61)

One readily checks that the integral of the wedge product of the generators of Λ is
equal to ±7 and the same is true for the generators of Λ⊥. Furthermore, the integral of
the wedge product of an element of Λ with an element of Λ⊥ is indeed zero, as follows
from considerations of Hodge type. Thus, we find that Λ⊕Λ⊥ is an index 72 sublattice of
H3(Xz,Z). It is, therefore, impossible to assemble an integral symplectic basis of the third
cohomology from elements of this lattice. However, normalizing the first period in (3.58)
and the second period in (3.61) by a factor of −1

7 yields a rational symplectic basis of
this space which respects the Hodge splitting. The period vector Π of the holomorphic
three-form at z = −1

7 in terms of the standard basis at the MUM points is expressed in
terms of this basis by multiplication by the matrix S,

S = 1
7


14 7 0 0
5 1 1 −2
−5 0 −4 15
0 −7 21 −42

 ∈ 1
7Sp(4,Z) . (3.62)

As discussed above, the new basis diagonalizes the coupling matrix, yielding

NQ =

 −7
τΛ+3 0

0 3τΛ⊥−2
14τΛ⊥−7

 , (3.63)

where

τΛ = −1
2 + i 3.034789127729667 · · · , τΛ⊥ = 1

2 + i 0.373699556954729 · · · . (3.64)

The numbers τΛ and τΛ⊥ are known to be the ratios of periods of modular forms of weight
4 and 2 respectively for the congruence subgroup Γ0(14) ⊂ SL(2,Z) [23]. For example, the
number τΛ⊥ may be understood as the complex structure of the elliptic curve

y2 + xy + y = x3 + 4x− 6 (3.65)

with j-invariant equal to
(

215
28

)3
. However, as emphasized in [24], this is only one among

many possible rational models. The question of which (if any) rational models are singled
out by string theory remains an open question.

Given the preliminary nature of the investigations in this subsection, let us once again
summarize the main questions regarding the physics at rank 2 attractor points that we
raise. We note that the graviphoton can be decoupled from the other gauge fields at
these points if the occupation of the charge lattice permits the required rational symplectic
transformation. Is this requisite spectrum realized? If so, do the gauge couplings in this
frame take on distinguished values? We have not attempted to address the intriguing
question of the spectrum of the theory at rank 2 attractor points in this paper. As to
whether the gauge couplings are distinguished, in the example that we consider, they are
not obviously so.
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4 CP symmetry

Parity symmetry P is more subtle to define than time-reversal symmetry T in the context
of compactifications, as we expect P to also act on the compactification manifold. In
addition to the considerations of section 3, we hence need to generalize the spatial involution
xi 7→ −xi to the case of manifolds which generically do not permit global coordinates. We
will consider this generalization in the next subsection, before turning to the ensuing action
in four dimensions.

4.1 The action of CP on the internal manifold

In [3], Strominger and Witten note that composing 4d parity with an orientation reversing
involutive isometry in the internal dimensions yields an orientation preserving map and is a
symmetry of type I supergravity, whereas 10d parity acting on type I supergravity on R1,9

is not. For a generic compactification manifold X, it is not clear whether such a map exists.
When a family of compactification manifolds X is constructed by considering hypersurfaces
or complete intersections in complex projective space (or more generally, a product of
weighted projective spaces), an orientation reversing involution can be constructed for
those members of the family for which the coefficients of the defining equations lie in R. In
the following, we will call this the real slice of complex structure moduli space. If we refer
to the C-valued solution set of these equations as Xz(C), with z specifying one such choice
of real coefficients, complex conjugation defines an involution c:

c : Xz(C) → Xz(C)
p 7→ p̄ . (4.1)

When X describes a family of Calabi-Yau varieties with h1,1 = 1, c induces an isometry of
the Ricci flat metric g on Xz for any choice of Kähler class [ω]. To see this, note that c∗g
is also Ricci flat. We thus need to show that the associated Kähler class is equal to [ω];
Yau’s theorem will then allow us to conclude that g = c∗g. We can compute this class as
follows:

c∗[ω] = α[ω] (4.2)

as h1,1 = 1 , and α = ±1 by c2 = 1. As c is orientation reversing,∫
c∗(ω ∧ ω ∧ ω) = −

∫
ω ∧ ω ∧ ω , (4.3)

hence α = −1. Note that −c∗ω is the Kähler form associated to the metric c∗g, as c maps
the complex structure J of Xz to its negative,

− c∗ω = −c∗(g ◦ J ⊗ 1) = c∗(g) ◦ J ⊗ 1 , (4.4)

thus concluding the demonstration. For h1,1 > 1, by (4.4), we still require [ω] = −c∗[ω]
to conclude c∗g = g. However, we now must restrict the Kähler classes we consider to
the subset satisfying this constraint. This subset is not empty: given any metric g on Xz
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with associated Kähler form ω, g+ c∗g again defines a metric, with associated Kähler form
ω − c∗ω satisfying the constraint.

In the following, we will restrict to the region in the complex structure moduli space
and the Kähler cone for which c exists and describes an isometry.

To work out the effect of this involutive isometry on the compactified theory, we
need to compute the pullback c∗ of the involution on representatives of the cohomology of
Xz(C) that enter into the compactification. Assuming that Xz is a Calabi-Yau manifold,
we can argue as follows for the middle dimensional cohomology: the space H0(Xz,Ω3) of
global sections of the sheaf of algebraic 3-forms Ω3 is one-dimensional. A choice of section
(obtained via a residue formula on the ambient space) exists [25] which does not involve
complex coefficients. Calling this choice Ω, we thus have

c∗Ω = Ω̄ . (4.5)

The authors of [3] observe that this transformation implies that in heterotic compactifica-
tions, charged matter in a representation R of the gauge group is mapped to the conjugate
representation R̄. They thus identify the combined action of parity P4 in 4d and c on
the compactification manifold with the discrete symmetry CP . Type II compactifications
on smooth Calabi-Yau manifolds do not give rise to charged matter, but it is natural to
identify this action with CP also in this case, and we will do so:

CP = P4 ◦ c . (4.6)

To work out the action of c∗ on a basis {γi | 1 ≤ i ≤ b3} of H3(Xz,Z), we write

Ω =
∑

γiΠi ⇒ c∗Ω =
∑

γiΠi =
∑

(c∗γi) Πi . (4.7)

The first equality on the r.h.s. follows by (4.5) and reality of γi, and the second by linearity
of the pullback map. To solve for the b3 forms c∗γi, we need b3 linearly independent
equations of this form. These can be obtained by applying the same reasoning to a full
algebraic basis of H3(Xz). Concretely, such a basis can be constructed by considering
derivatives of Ω with regard to the b3−2

2 coordinates zi on complex structure moduli space,
the latter obtained as rational functions of the coefficients of the defining equations. In
the one-parameter case, e.g., away from apparent singularities, it suffices to consider Ω
together with its derivatives up to and including order three. Writing

(Ω,Ω′,Ω′′,Ω′′′)i =
∑
j

γjWji , (4.8)

we obtain ∑
j

γjWji =
∑
j

c∗(γj)Wji ⇒ c∗γi =
∑
j

γj(W ·W−1)ji . (4.9)

Note that as c∗ maps H3(Xz,Z) to H3(Xz,Z), the entries of the associated matrix are
necessarily integers. Furthermore, on any connected subset of the real slice of moduli space
that we are considering, c is continuous. Hence, the matrix associated to c∗ is constant on
such sets. We remark further that the determinant of c∗ (and more generally that of the
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pullback of any orientation reversing diffeomorphism) acting on the middle cohomology
equals (−1)

b3
2 . This can be seen as follows: the vector space H3(Xz,C) together with the

pairing (ω1, ω2) 7→
∫
Xz
ω1 ∧ ω2 is a symplectic vector space. We have

∫
Xz
c∗ω1 ∧ c∗ω2 =∫

Xz
c∗(ω1 ∧ ω2); since c is orientation reversing (because Xz is a threefold), this shows that

c∗ is antisymplectic. Hence, ic∗ is symplectic and thus has determinant 1. The claim
follows by det(c∗) = (−i)b3 det(ic∗).

Turning next to even dimensional cohomology, H2(Xz) and H4(Xz) can be decomposed
into an even and an odd eigenspace of c∗. Furthermore, integration gives a non-degenerate
pairing H2(Xz,R) ⊗H4(Xz,R) → R which is anti-invariant under c∗ since c is orientation
reversing. Hence, the pairing of forms of equal parity must vanish, allowing us in particular
to conclude that there are (non-canonical) isomorphisms between the even eigenspace of
H2(Xz) and the odd eigenspace of H4(Xz), and vice versa. Note that when we fix a Kähler
form ω which is odd under c∗, such an isomorphism is induced canonically, as follows from
the Lefschetz theorem, by wedging with ω.

4.2 CP action in 10d and 4d

We will be interested below in flux compactifications. These take a simpler form in type
IIB supergravity. The action of type IIB, ignoring the issue of the self-duality of the 5-form
field strength, is given by

SIIB =
∫ [

e−2φ
(1

2R ∗ 1 + 2dφ ∧ ∗dφ− 1
4H3 ∧ ∗H3

)
(4.10)

−1
2

(
F1 ∧ ∗F1 + F̃3 ∧ ∗F̃3 + 1

2 F̃5 ∧ ∗F̃5

)
−1

2C4 ∧H3 ∧ F3

]
,

where Fi = dCi and

F̃3 = F3 − C0 ∧H3 , F̃5 = F5 −
1
2C2 ∧H3 + 1

2B2 ∧ F3 . (4.11)

This action gives rise to the correct equations of motion, which must then be supplemented
with the self-duality constraint F̃5 = ∗F̃5.
CP as defined in equation (4.6) is an orientation preserving isometry; it is hence a sym-

metry of the action (4.10) by the discussion in section 2.1, without the need of introducing
intrinsic phases. The CP invariance of the 4d theory arising upon compactification is thus
automatic. Worldsheet instantons correct the tree-level prepotential governing the vector
multiplet sector. As the corrected prepotential is expressed via (B.26) entirely in terms of
the periods of Ω, c merely maps the prepotential to its complex conjugate, preserving the
action. In as far as α′ and gs corrections to the hypermultiplet sector can be captured via
a local 10d action,9 these, again by the discussion in section 2.1, will also preserve CP .

While it is thus not necessary to assign intrinsic phases to 10d fields in order to preserve
CP invariance, we will see below that the freedom to do so extends the set of vacua which

9Note that for brane instanton corrections, this condition will not be satisfied.
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preserve CP invariance. The phases we will require in our study of flux vacua in section 4.4
coincide with those we must introduce in order for a space-filling D3 brane to preserve CP
symmetry: the WZW coupling (3.6) of a space-filling D3 brane located at a fixed point of
the c-action will be invariant under CP only if we impose an intrinsic phase −1 for C0.
By (4.11), this in turn requires that C4 and either B2 or C2 also acquire an intrinsic phase
−1. Either choice is consistent with the invariance of the topological term in (4.10).

Note that phenomenological type IIB models often include space-filling D7 branes as
ingredients, and invoke Euclidean D3 brane instantons to generate potentials for axions.
Whether these branes preserve or violate CP symmetry depends on the action of c on the
internal cycle that they wrap.

4.3 Spontaneously breaking CP invariance

The transformation properties of the 4d fields in (3.7) under CP depend on the intrinsic
phase of their parent field in 10d as well as on the action of c∗ on the basis of forms on
which the Kaluza-Klein reduction of the parent field is based.

We first consider the hypermultiplet sector: the reduction here is based on a basis
of even cohomology. As argued above, this basis can be chosen with definite parity with
regard to c∗. Depending on the choice of intrinsic phase for C0, C2, C4 and B2, it is the even
or odd modes which transform trivially under CP and whose VEV is thus compatible with
CP invariance. The map between these modes and the hyperscalars ξA and ξ̃A occurring
in the 4d action (3.7) is somewhat intricate; it is worked out in [26].

We turn next to the vector multiplet sector. The scalars here are functions of the
complex structure moduli. As the definition of c required restricting to a real slice of
complex structure moduli space invariant under the action of c, we conclude that any
function of these moduli is also invariant. Hence, any VEV within the real slice that the
vector scalars take is compatible with CP invariance.

In the following, we will focus on points on complex structure moduli space that corre-
spond to supersymmetric flux vacua of type IIB string theory, as reviewed in appendix C.
As we discuss there, these coincide with rank 2 attractor points in one-parameter models.
We review a strategy to find such rank 2 attractor points in appendix D. All of the ex-
amples listed in table 1 of this appendix indeed lie on the real slice of moduli space; the
corresponding VEVs of the vector scalars are therefore invariant under the CP transfor-
mation. This property however is not generic. In the final paragraph of appendix D, we
also give several rank 2 attractor points which do not lie on the real slice.

4.4 CP invariance of supersymmetric flux vacua

In the previous section, we discussed the CP invariance of distinguished points on moduli
space. To localize the theory at these points requires additional ingredients. In this section,
we want to study the CP invariance of the theory in the presence of non-trivial fluxes.
Introducing such non-trivial backgrounds will break any symmetry which does not act
trivially on these.

Compactifying IIB string theory on a family of Calabi-Yau threefolds X with non-
trivial F3 and H3 flux will generate a superpotential for some of the moduli (see ap-
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pendix C). More precisely, for given locally constant cycles F3, H3 ∈ H3(X·,Z),10 defined
over a contractible subset of the moduli space, the superpotential is given by

W (z) =
∫
Xz

G3 ∧ Ωz (4.12)

where
G3 = F3 − τH3. (4.13)

Here, τ is a complex number that is identified with the vacuum expectation value of the
axio-dilaton

τ = C0 + ie−φ . (4.14)

The superpotential W depends on the complex structure moduli z through the section Ω
of the bundle of holomorphic (3,0)-forms.

Traditionally, one specifies the theory by fixing F3 and H3 and then solving the en-
suing 4d equations of motion to determine the vacuum expectation value for the complex
structure moduli and the axio-dilaton which follow. As explained in appendix C, the su-
persymmetric solutions to these equations determine a point z = z0 in complex structure
moduli space at which a rank 2 lattice Γ ⊂ H3(Xz0 ,Z) exists whose complexification has a
Hodge decomposition of type (2, 1)⊕ (1, 2).

In this section, we consider such vacua from a slightly different vantage point: we ask
whether given such a point z0, it is possible to choose compatible fluxes F3 and H3 such
that CP is conserved. In particular, this requires the fluxes to be invariant under this
transformation.

Let us assume that at z0, the intersection(
H2,1(Xz0)⊕H1,2(Xz0)

)
∩H3(Xz0 ,Z) (4.15)

has exactly rank 2, and hence equals Γ (we will comment on higher rank intersections at
the end of this section). The intersection is clearly invariant by c∗: c∗ acts as an involution
on H3(Xz0 ,Q) as c : Xz0 → Xz0 is an involution. Furthermore, as c is antiholomorphic,
c∗ : H2,1(Xz0) ∼−→ H1,2(Xz0). As both H3(Xz0 ,Q) and H2,1(Xz0)⊕H1,2(Xz0) are invariant
under c∗, so is their intersection.

As an involution, c∗ restricted to Γ is diagonalizable over Q with eigenvalues ±1. The
argument at the end of section 4.1 then shows that ΓQ decomposes into a sum of one-
dimensional eigenspaces E± to eigenvalue ±1 respectively. We shall call the indivisible
integral eigenvectors in these eigenspaces γ+ and γ−.

CP conservation now faces an apparent quandary: due to the constraint (C.18), we
cannot choose both F3 and H3 as multiples of the invariant form γ+. The conclusion that
no supersymmetric vacuum preserves CP would however be too hasty, as happily, we have
the freedom to introduce additional intrinsic phases, as discussed in section 4.2 above.

10In fact, the correct quantization condition is given in equation (3.30). We will implicitly choose a
normalization of the field strengths to absorb the factor of l2s in this section so as to not overload the
notation.
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Choosing an intrinsic CP phase −1 for either F3 or H3, for the flux background to
not break CP , the field strength carrying this phase should be an integer multiple of γ−,
the field strength carrying the phase +1 an integer multiple of γ+. Following the reasoning
around (C.22) in the appendix, we conclude that both choices F3 ∈ E+, H3 ∈ E− and
H3 ∈ E+, F3 ∈ E− are possible to fix the vacuum to the point z0. Whether this vacuum
is CP symmetric hence depends only on the value of C0: recall that when imposing a
non-trivial intrinsic phase on either H3 or F3, C0 also acquires an intrinsic CP phase -1.
Its VEV must therefore vanish in order to preserve CP invariance. One may be tempted
to enlarge the CP preserving domain by virtue of the discrete shift invariance subgroup
of S-duality. This is not possible, as this invariance is fixed by requiring that G3 have
the form

G3 = γ+ − τγ− or G3 = γ− − τγ+ . (4.16)

For multi-parameter models, a computation must determine whether given Γ, the decom-
position (4.16) occurs with Re τ = 0 or not. If so, the vacuum is CP preserving, else
CP violating. Specializing however to one-parameter models, we can show that all super-
symmetric vacua are CP preserving: we define a distinguished generator γ of ΓC in this
case as

γ = ∇zΩ = (∂z +Kz)Ω , (4.17)

with Ω chosen to satisfy (4.5). As K ∈ R, we also have Kz ∈ R in the slice of moduli space
under consideration. Hence,

c∗γ = γ̄ . (4.18)

Therefore, Re γ ∈ (E+)C, Im γ ∈ (E−)C, i.e.

γ = αγ+ + i βγ− with α, β ∈ R , (4.19)

allowing us to conclude that all choices of G3 compatible with this flux vacuum have C0 = 0,
hence preserve CP .

More generally, in the case of multi-parameter models and even if the intersection (4.15)
has rank greater than 2, this conclusion can be made if e.g. Γ is cut out by a correspondence
defined over R. Then ΓC can be generated by forms from H3(Xz0 ,Z), which are invariant
under γ 7→ γ, but also by forms from the algebraic de Rham cohomology H3

dR(Xz0), on
which c∗ acts by γ 7→ γ. For more details on correspondences we refer to [27].

As an example, consider again the Picard-Fuchs equation AESZ 34 (see equation (3.55)
for its Riemann symbol) and the associated family of Calabi-Yau manifolds described above.
This family has an attractor point of rank two at z = −1

7 where the Hodge structure splits
as in (D.1). The computation of the pullback c∗ of the complex conjugation map at this
point is simplified by the fact that this family exhibits no singularities on the negative real
axis of moduli space. By our discussion below equation (4.9), we can hence evaluate the
matrix W introduced in (4.8) immediately to the left of the MUM point. To this end, let

Π =
(
FI
XI

)
(4.20)

– 24 –



J
H
E
P
0
9
(
2
0
2
2
)
0
1
9

denote the period vector in the integral symplectic basis of the third cohomology adapted
to the MUM point (see the discussion around (B.24)), such that

W = (Π,Π′,Π′′,Π′′′) . (4.21)

Identifying c∗ with its matrix expression in this basis, we must thus evaluate

c∗ =W ·W−1 . (4.22)

The period vector Π can be obtained by applying a universal matrix T , depending
only on the topological data of the mirror Calabi-Yau threefold, to the period vector $
in the Frobenius basis at the MUM point (see equation (B.29)). As the coefficients of the
holomorphic functions gi(z) on which $ depends (see (B.22)) are rational, the imaginary
contributions to $ evaluated on the negative real axis arise only from the evaluation of
the logarithms occurring in this expression. Analytically continuing along the upper half
plane, we can thus write

W = T


1 0 0 0
πi 1 0 0

(πi)2

2 πi 1 0
(πi)3

6
(πi)2

2 πi 1




g0(z)
g0(z) log(|z|) + g1(z)

1
2g0(z) log2(|z|) + g1(z) log(|z|) + g2(z)

1
6g0(z) log3(|z|) + 1

2g1(z) log2(|z|) + g2(z) log(|z|) + g3(z)


(4.23)

for z ∈ (−∞, 0). The final matrix in this expression, being real, does not contribute
to (4.22), such that c∗ is determined solely by topological data [28, 29]:

c∗ =


1 1 − 1

12(c2 ·D + 2D3) D3

2 − σ
0 −1 D3

2 − σ −D3 + 2σ
0 0 −1 0
0 0 −1 1

 =


1 1 −3 6
0 −1 6 −12
0 0 −1 0
0 0 −1 1

 ; (4.24)

we have used that for the example under consideration, D3 = 12, c2 ·D = 12 and σ = 0.
Normalizing the covariant derivative (3.59) appropriately, we can now check explicitly

that it gives rise to a flux G3, which when expressed in the same basis underlying the
expressions (3.58) and (3.61) is given by

G3 =


3
−6
0
1

− τ

−7
14
−10
−5

 (4.25)

with
τ = i 0.747399113909459 · · · . (4.26)

Hence, c∗F3 = F3, c∗H3 = −H3, and C0 = 0. It is thus indeed possible to choose CP
invariant fluxes which stabilize the theory to a CP invariant supersymmetric vacuum at
C0 = 0 and z = −1

7 .
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5 Conclusions

Where do we go from here? A realistic compactification model must reproduce just the
right type and amount of breaking of 4d CP (and hence 4d T ) invariance to e.g. explain
Kaon decay while strongly constraining the existence of a neutron electric moment. To inch
towards models in which such questions can be posed, one should of course generalize away
from one-parameter models, but more substantially, elaborate on the use of mirror symme-
try in the presence of ingredients for realistic model building, such as branes, orientifolds,
and fluxes (see [30] and the many follow-up works for results in this direction).

It is noteworthy that the distinguished status that the discrete transformations C,
P , and T enjoy in 4d non-gravitational theories due to the universal validity of the CPT
theorem, does not lift to string theory: Numerous candidate transformations in string
theory could qualify as 4d CP transformations, and should be studied with regard to
their phenomenological consequences. As for the T transformation, it decouples from the
question of CP invariance upon lifting. One can define it universally by not coupling it
to any internal transformations, and ask about the behavior of physical laws under the
reversal of the direction of time.
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A The gauge sector of 4d N = 2 supergravity

In this appendix, we review the structure of the gauge sector of 4d N = 2 supergravity. We
introduce the gauge coupling matrixN both as a linear map relating special geometry data
and expressed in terms of a prepotential, and derive the equivalence of the two definitions
when a prepotential exists. With regard to the action of the integral symplectic group in
the gauge sector, we discuss the distinction between dualities and symmetries, and equate
the latter to the action of the monodromy group when the supergravity is obtained via
Calabi-Yau compactification.

A.1 Vector multiplets and the gauge coupling matrix

The vector multiplet sector of the 4d N = 2 effective action up to second order in derivatives
is governed by special geometry. A sigma model with target spaceM captures the dynamics
of the scalars in this sector. Let U ⊂M be a contractible subset with complex coordinates
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z1, . . . , zn. In terms of holomorphic functions X,F : U → Cn+1, whose components we
denote by XI and FI with I = 0, . . . , n, the sigma model metric g is determined by the
Kähler potential

K = − log
(
2 Im

(
XTF

))
(A.1)

via
gi̄ = ∂

∂zi

∂

∂z̄j
K . (A.2)

The kinetic and topological terms involving the vector fields are determined by the
gauge coupling matrix N : U → C(n+1)×(n+1). It is defined by the relations

F =NX (A.3)
∇iF =N ∇iX for i = 1, . . . , n , (A.4)

where ∇i = ∂i + (∂iK). These equations can be solved to yield

N = Φ Ξ−1, with Ξ = (X ∇1X . . . ∇nX), Φ = (F ∇1F . . . ∇nF ) . (A.5)

As K is invariant under real symplectic transformations(
F

X

)
7→
(
A B

C D

)(
F

X

)
, (A.6)

the associated transformation of the gauge coupling matrix

N 7→ (AN +B)(CN +D)−1 (A.7)

follows immediately from (A.5).
Both the positivity of the metric (A.2) and of the gauge kinetic term, which requires11

Im(N ) < 0 , (A.8)

impose constraints on the functions X and F . It is not possible to satisfy these constraints
on all of target space M using globally defined holomorphic functions. As we will review
in the next section, the required structures emerge naturally whenM is identified with the
moduli space of complex structures of a Calabi-Yau manifold.

We now consider the case that locally onM, we can introduce the coordinates zi = Xi

X0

as well as a homogeneous function F of degree 2 in X0, . . . , Xn, called a prepotential, such
that FI = ∂XIF . In particular, when M coincides with the complex structure moduli
space of a Calabi-Yau manifold, such a local choice is always possible. The gauge coupling
matrix is then given by [31]

N = F + 2i(ImFX)(ImFX)T

XT ImFX
, (A.9)

11Recall that the Maxwell action is I = − 1
4

∫
F ∧ ∗F , with the sign ensuring that the energy density of

the field is a positive multiple of E2 +B2.
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where F : U → C(n+1)×(n+1) is defined by F IJ = ∂XI∂XJF . To demonstrate this equality,
we will show that this expression satisfies the relations (A.3) as well as the relation

(∂iN )X = (N −N )∇iX , (A.10)

which is equivalent to (A.4) given (A.3). For the length of this demonstration, let N
indicate the expression (A.9). By the homogeneity and symmetry of F ,

NX = FX + 2i ImFX = FX = F . (A.11)

This is relation (A.3). With12 ∂iN = X0∂XiN and

∇iX = ∂iX + (∂iK)X

= X0
(
∂i
X

X0 + (∂i(K + log(|X0|2))) X
X0

)
= (X0)2

(
∂Xi

X

X0 + (∂Xi(K + log(|X0|2))) X
X0

)
= X0(∂XiX + (∂XiK)X) ,

(A.12)

where we now treat K as a function of X0, . . . , Xn, it only remains to show that

(∂XiN )X = (N −N )(∂XiX + (∂XiK)X) . (A.13)

Using that XI∂XI annihilates any homogeneous function of degree 0, we get

∂XiK = −∂Xi log
(
2 Im

(
XTF

))
= −∂Xi log

(
−2XT ImFX

)
= − (ImFX)i

X
T ImFX

. (A.14)

Thus, the J th component of the r.h.s. of (A.13) evaluates to

(N −N )Ji + (∂XiK)(NX − F )J

= FJi −N Ji − 2i
((

(ImFX)(ImFX)T

X
T ImFX

)
Ji

+ (∂XiK)
(

(ImFX)(ImFX)T

X
T ImFX

X

)
J

)
= FJi −N Ji

= ∂Xi(NX)J − (N∂XiX)J
= ((∂XiN )X)J .

(A.15)
This concludes the demonstration.

A.2 Symplectic transformations and monodromy symmetry

The Bianchi identities and equations of motion for the gauge field strengths F can be
compactly formulated in terms of the linear combination [32]

F− = F + i ∗ F . (A.16)
12We use that a homogeneous function of degree 0 in X0, . . . , Xn can be seen as a function of z1, . . . , zn

and vice versa, and that with this identification one has ∂i = X0∂Xi .

– 28 –



J
H
E
P
0
9
(
2
0
2
2
)
0
1
9

The dual gauge field strengths
G− =NF− (A.17)

combine with the F− to form a vector (G−, F−)T . Given the transformation behavior (A.7)
of the gauge coupling matrix N under symplectic transformations, the transformation

F− → (F−)′ = (CG− +DF−) = (CN +D)F− (A.18)

implies

G− → (AN +B)(CN +D)−1(F−)′ = (AN +B)F− = (AG− +BF−) , (A.19)

i.e. the vector (G−, F−)T transforms as a symplectic vector. A simultaneous symplectic
transformation of the vectors (F ,X)T and (G−, F−)T leads to an equivalent theory, in that
the equations of motion are invariant under this transformation. The action is invariant
for the subset of transformations for which B = C = 0. The complement is sometimes
referred to as the set of non-perturbative symplectic transformations.

Among all symplectic transformations, those count as symmetries (in contradistinction
to dualities) which are induced by a transformation of the fundamental fields of the theory.
As we have just seen, the transformation of the vector of field strengths (G−, F−) is induced
by the transformation (A.18) of the fundamental fields F−, given the transformation (A.7)
of the gauge coupling matrix N . The latter in turn follows from the definition (A.5)
upon the symplectic transformation (A.6) of the vector (F ,X)T . The distinction between
symmetry and duality hence boils down to the question whether (A.6) can be induced by
a transformation of the coordinates zi on moduli space. For a choice of vector (F ,X)T
for which X can serve as local coordinates, a symplectic transformation thus qualifies as a
symmetry if

F (CF (X) +DX) = AF (X) +BX . (A.20)
A transformation on the other hand which requires changing the functional form of F can
be interpreted as requiring a change of the coupling constants of the theory, and hence
yields a different, though dual, theory.

Symplectic symmetries are encountered naturally in the context of Calabi-Yau com-
pactifications, in which the vector (F ,X)T is identified with the period vector of the
holomorphic 3-form Ω: they arise upon analytic continuation of the period along a closed
path (which deserves to be interpreted as a transformation of zi). The full group of such
transformations is called the monodromy group of the Calabi-Yau manifold and can be
identified with the symplectic symmetry group of the N = 2 theory. We specialize to
N = 2 theories in the context of Calabi-Yau compactifications in the next section.

B Special geometry and the complex deformation space of Calabi-Yau
manifolds

We review the special geometry of the moduli space of complex structures of Calabi-Yau
manifolds in this appendix. We pay special attention to the question of positivity of the
Kähler metric and the gauge coupling matrix, as well as to the question of the integrality
of the monodromy transformations around the MUM point.
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B.1 Introducing Calabi-Yau manifolds and mirror symmetry

Different authors choose to include different amounts of data in their definition of Calabi-
Yau manifolds, see [33, 34] for reviews. We will define an n-dimensional Calabi-Yau man-
ifold as a compact Kähler manifold (X,ω), ω indicating the Kähler form, with holon-
omy group SU(n). An important consequence of this definition is that the Hodge num-
bers hp,0 vanish for p 6= 0, n. For n ≥ 3, this in particular implies h2,0 = 0; us-
ing the Kodaira embedding theorem, one can then show that X is isomorphic to the
vanishing locus of homogeneous polynomials in some CPN . Another important conse-
quence of the definition is that the canonical bundle of X is trivial, i.e. there exists a
nowhere vanishing holomorphic (n, 0)-form Ω which is unique up to multiplication by com-
plex numbers.13 The space of infinitesimal complex structure deformations, of dimension
dimH1(X,TX) = dimHn−1,1(X) = hn−1,1, is globally unobstructed [35, 36], giving rise
to a natural deformation family X →Mcs over the complex structure moduli space Mcs.
Choosing a holomorphic section z 7→ Ωz of nowhere vanishing holomorphic (n, 0)-forms
overMcs, one can define a global Kähler potential K onMcs by

e−K(z,z̄) = in
2
∫
Xz

Ωz ∧ Ω̄z . (B.1)

This gives Mcs the structure of a Kähler manifold; the associated metric is called the
Weil-Petersson metric. The prefactor in2 in (B.1) is required, as follows from the Hodge-
Riemann bilinear identities, to render the expression positive. We discuss these identities
and their relevance for the positivity of the Weil-Petersson metric further in section B.3.

Calabi-Yau manifolds are conjectured to exhibit mirror symmetry. This implies in
particular the existence of a mirror manifold X̌ belonging to a deformation family X̌ →
M̌ck varying over a space of complexified Kähler structures that can be identified with
X → Mcs. In the following, we will restrict to the case n = 3. By recourse e.g. to the
SYZ conjecture [37], which for n = 3 states that mirror symmetry can be understood as T -
duality on the three directions of a 3-torus fibration, we see that a type IIA compactification
on the manifold X is identified with a type IIB compactification on the mirror manifold
X̌. In type IIB compactifications, the vector multiplet moduli space is identified with
the complex structure moduli spaceMcs of the compactification manifold, and the special
Kähler base of the hypermultiplet moduli space (over which the directions descending
from the reduction of RR-forms are fibered) with the complexified Kähler structure moduli
space Mck. For type IIA compactifications, this assignment is exchanged. Since for a
large class of examples, the mirror pairs (X , X̌ ) can be systematically constructed, see
e.g. [38], and the complex structure deformation spaces and their special Kähler structure
are mathematically well understood, the discussion of the vector moduli spaces in this
paper uses the identification withMcs (or M̌cs), on whose structure we elaborate next.

13The uniqueness as a form rather than merely a cohomology class follows from the fact that a holomorphic
(n, 0)-form on a complex n-dimensional manifold is ∂̄ and ∂̄† = − ∗ ∂̄∗ closed, hence harmonic.

– 30 –



J
H
E
P
0
9
(
2
0
2
2
)
0
1
9

B.2 The complex structure moduli space of Calabi-Yau manifolds and the
holomorphic (3,0)-form Ω

By the Calabi-Yau property, H3,0(Xz) is one-dimensional for all z. These one-dimensional
vector spaces piece together overMcs to yield a complex line bundle F3. Much of the study
ofMcs can be reduced to studying a holomorphic nowhere vanishing section z 7→ Ωz of this
line bundle. The complexified middle cohomology of any fiber Xz has a Hodge filtration

H3(Xz) = F 0 ⊇ F 1 ⊇ F 2 ⊇ F 3 = H3,0(Xz) , (B.2)

where
F p =

⊕
l≥p

H l,3−l(Xz) . (B.3)

Like F 3, F i for i < 3 lift to holomorphic bundles F i over Mcs. Local considerations of
type imply that

∂ziΓ(Fk) ⊆ Γ(Fk−1) . (B.4)

As F 3 is one-dimensional, one finds that

∂ziΩz + (∂ziK(z, z))Ωz ∈ H2,1(Xz) , (B.5)

motivating the definition of the covariant derivative

∇zi = ∂zi + ∂ziK . (B.6)

A good strategy for studying Ω is to consider its periods, i.e. the integrals of Ω over
cycles that are locally constant on moduli space. To this end, we note that H3(Xz,Z) is a
symplectic module with respect to the intersection pairing. We can therefore introduce a
symplectic basis of 3-cycles {AI , BI | I = 0, . . . , h2,1} that is constant over some contractible
subset U ⊂Mcs. We then define the period vector

ΠT =
(∫

AI

Ω,
∫
BI

Ω
)

= (FI , XI) . (B.7)

To interpret the entries of Π as expansion coefficients of Ω, we can introduce the funda-
mental classes {ηAI

, ηBI} of the cycles {AI , BI}, defined via the relations∫
AI

γ =
∫
γ ∧ ηAI

,

∫
BI

γ =
∫
γ ∧ ηBI

(B.8)

for any closed 3-form γ. These classes satisfy the relation∫
ηAI
∧ ηBJ = AI ·BJ = δI

J . (B.9)

Hence, ∫
AI

ηBJ = −δIJ ,
∫
BI
ηAJ

= δIJ , (B.10)
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and all other periods of the fundamental classes vanish. From (B.10), we can deduce the
relation between the fundamental classes and a dual basis {αI , βI | I = 0, . . . , h2,1} to the
cycles {AI , BI}, defined via ∫

AI

αJ = δI
J ,

∫
BI
βJ = δIJ , (B.11)

all other periods zero. It is
ηAI

= βI , ηBI = −αI . (B.12)

Finally, we can express Ω in either one of these sets of forms as

Ω = XIηAI
− FIηBI = FIα

I +XIβI . (B.13)

B.3 Positivity of the Weil-Petersson metric and of the gauge kinetic term

Identifying the local expansion coefficients XI and FI of the holomorphic (3,0)-form Ω as
defined in (B.13) with the entries of the local functions X, F on target space introduced
at the beginning of appendix A, the required positivity constraints on the Weil-Petersson
metric and the gauge kinetic term follow from the Hodge-Riemann bilinear relations (see
e.g. [39]). These assert that for ζ a primitive (p, q) class in the middle cohomology of a
complex d dimensional Kähler manifold M ,

i(p−q)(−1)d(d−1)/2
∫
M
ζ ∧ ζ̄ > 0 . (B.14)

It is a classical result in the study of Riemann surfaces that these relations imply the
positivity Im(τ) > 0 for τ the holomorphic g× g matrix associated to the period matrix of
a genus g curve Σg: one introduces a basis {ωi | i = 1, . . . , g} of H1,0(Σg) and a symplectic
basis {ai, bi | i = 1, . . . , g} of H1(Σg,Z). The relations (B.14) then imply

i

∫
ωi ∧ ω̄i > 0 , i, j = 1, . . . , g . (B.15)

Introducing the periods

Ξ̃ij =
∫
ai

ωj , Φ̃ij =
∫
bi

ωj , i, j = 1, . . . , g , (B.16)

one defines τ (denoted Z in [39]) as the normalized bi period matrix,

τ = Φ̃Ξ̃−1 . (B.17)

A short calculation then shows that (B.15) implies

Im(τ) > 0 . (B.18)

Im τ plays the role of both the sigma model metric and the gauge coupling matrix in the
context of rigid N = 2 supersymmetric theories, which were geometrized by Seiberg and
Witten in their seminal paper [40].

– 32 –



J
H
E
P
0
9
(
2
0
2
2
)
0
1
9

The situation in N = 2 supergravity theories in 4d, geometrized via compactifications
of 10d theories on Calabi-Yau manifolds, is closely analogous. By the absence of cohomology
in degree 1 on Calabi-Yau threefolds, (B.14) implies that

i

∫
Ω ∧ Ω̄ > 0 , −i

∫
χ ∧ χ̄ > 0 for χ ∈ H2,1(Xz) . (B.19)

Comparing to (B.15), we see that the role of the basis {ωi | i = 1, . . . , g} of H1(Σg) is here
played by {Ω, χ̄i | i = 1, . . . , h2,1}. The analogy between N and τ is then immediately clear
upon comparing (A.5) and (B.17).14

Note that standard conventions in the physics literature (see e.g. [32]) require Im(τ) >
0, but Im(N ) < 0. We have implemented the required sign by defining the FI as AI periods
of Ω in (B.7). A more common choice is to define FI as the negative BI periods.

In contradistinction to gauge theories, the sigma model metric and gauge coupling
matrix do not coincide in supergravity theories. The former, given in terms of the Kähler
potential in (A.2), evaluates in the context of Calabi-Yau compactifications to

gi̄ = −
∫
∇iΩ ∧∇jΩ∫

Ω ∧ Ω̄
. (B.20)

The positivity of the metric follows immediately from (B.19).
To the best of our knowledge, the only known models satisfying the positivity con-

straint (A.8) are associated to Calabi-Yau geometries, or, at worst, to motives related
to Calabi-Yau geometries (e.g. in the context of the mirrors of rigid Calabi-Yau mani-
folds [43, 44] or of Calabi-Yau operators not necessarily associated to geometries [45]). A
proof that these constitute the only path towards constructing consistent N = 2 super-
gravity models is currently out of reach;15 it would have far-reaching consequences for the
N = 2 version of the swampland program.

B.4 Computing periods of Ω around the MUM point

The most straightforward path towards computing the periods of Ω is as solutions to so-
called Picard-Fuchs equations. For simplicity, we will restrict the following discussion to
the case of h2,1 = 1 (so-called one-parameter models). Since F0 is 4-dimensional in this
case, we find that Ω and its first four derivatives must be linearly dependent over the ring of
holomorphic functions. This implies that the periods of Ω satisfy a fourth order differential
equation (

f0(z) + f1(z)θ + . . . f4(z)θ4
)

Π = 0 , θ = z
d
dz , (B.21)

a so-called Picard-Fuchs equation (recall that the cycles {AI , BI} were chosen to be locally
constant on moduli space). This differential equation has special properties due to its ge-
ometrical origin, e.g. it is a Fuchsian differential equation with regular singularities lying

14In terms of a prepotential F , the entries of the gauge coupling matrix τ in gauge theory are given
by τij = ∂i∂jF . The analogous quantity also exists in supergravity theories, and was introduced as F
below (A.9). In the context of Calabi-Yau compactifications, N and F are related to the Weil and Griffiths
intermediate Jacobian respectively [41], see [42] for a review.

15A first modest step would be to extend the harmonicity argument in [40], which demonstrates that
Im τ cannot be a global function on moduli space, to the supergravity setting.
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in a compactification Mcs ofMcs. Due to these singular points, Mcs is not contractible;
analytically continuing the periods Π around singularities gives rise to multi-valued func-
tions onMcs. The associated monodromy matrices reflect the ambiguity in a global choice
of 3-cycles {AI , BI} on all ofMcs.

The Frobenius method permits determining a basis of local solutions to (B.21) around
any given point z∗ ∈ Mcs. This Frobenius basis corresponds to periods with respect to
some complex linear combinations of 3-cycles. A basis of solutions corresponding to an
integral symplectic basis of 3-cycles is typically identified via a careful analysis of the
geometry [46]. However, mirror symmetry permits a simple algorithm for identifying such
a basis, requiring only the knowledge of a few topological invariants of the mirror manifold
X̌, provided there exists a point of maximal unipotent monodromy, a so-called MUM point,
among the singular points inMcs. At such a point, all indicial roots of (B.21) are zero. If
z is chosen such that the MUM point is at z = 0, the Frobenius basis takes the simple form

$ =


g0(z)

g0(z) log(z) + g1(z)
1
2g0(z) log2(z) + g1(z) log(z) + g2(z)

1
6g0(z) log3(z) + 1

2g1(z) log2(z) + g2(z) log(z) + g3(z)

 (B.22)

for power series gi(z) normalized by g0(0) = 1 and g1(0) = g2(0) = g3(0) = 0. The
monodromy of this period vector around the MUM point is captured by the matrix

M$
0 =


1 0 0 0

2πi 1 0 0
(2πi)2

2 2πi 1 0
(2πi)3

6
(2πi)2

2 2πi 1

 . (B.23)

Mirror symmetry now dictates that the period vector around a MUM point in an appro-
priately chosen integral symplectic basis should have the general form

Π =


F0
F1
X0

X1

 = X0


2F(t)− t∂tF(t)

∂tF(t)
1
t

 , (B.24)

where t(z) = 1
2πi log(z) + 1

2πi
g1(z)
g0(z) and

F(t) = −D ·D ·D6 t3 − σ

2 t
2 + c2 ·D

24 t+ ζ(3)χ
2(2πi)3 + Finst(e2πit) . (B.25)

Here χ is the Euler number of X̌, D is a positive generator of H4(X̌,Z), c2 is the second
Chern class of TX̌ and σ can be chosen to be 0 or 1/2 depending on whether D · D · D
is even or odd. We have introduced the inhomogeneous prepotential F , related to the
homogeneous prepotential

F (X) = 1
2X

IFI , (B.26)
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with regard to which
FI = ∂XIF (X) , (B.27)

by

F(t) = 1
(X0)2F (X) . (B.28)

Due to the logarithmic structure of the periods at the MUM point, the mirror symmetry
prediction (B.25) determines Π uniquely up to a multiplicative constant. For suitably
normalized Ω, one thus finds

Π = (2πi)3


ζ(3)χ
(2πi)3

c2·D
24(2πi) 0 D·D·D

(2πi)3
c2·D
24 − σ

2πi −
D·D·D
(2πi)2 0

1 0 0 0
0 1

2πi 0 0

$ . (B.29)

In the case of multi-parameter models, the inhomogeneous prepotential (B.25) gener-
alizes to

F = −κijk6 titjtk − σij
2 titj + γjt

j + ζ(3)χ
2(2πi)3 + Finst(e2πit) (B.30)

and is likewise determined by topological data

κijk = Di ·Dj ·Dk =
∫
X̌
ωi ∧ ωj ∧ ωk , (B.31)

γk = 1
24c2 ·Dk = 1

24

∫
X̌
c2 ∧ ωk , (B.32)

χ =
∫
X̌
c3 . (B.33)

Here, we have introduced a basis of (1, 1)-forms ωk dual to Dk. Note that this topological
data, necessary to fix the perturbative contributions to (B.30), is precisely what is needed
to fix the topological type of the Calabi-Yau threefold X̌ by an application of the theorem of
C.T.C. Wall [47]. The coefficients σij have a less distinguished mathematical meaning. As
we will now argue, their value can be inferred, up to choice of an integral symplectic basis,
by the requirement that the monodromy group be contained in the integral symplectic
group Sp(b3,Z).

Note that quadratic and lower order terms in the variables ti do no affect the Yukawa
couplings, and do not affect the Weil-Peterssen metric if they are real. The quadratic terms
do however enter, as we discuss in section 3.2.2, in the topological gauge coupling ReNij
and therefore play a role when discussing time reversal invariance.

Let us consider the shift monodromy Ti : ti 7→ ti + 1 defined by analytic continuation
around the divisor {zi = 0} ⊂ Mcs, where

ti = 1
2πi log(zi) +O(z) , i = 1, . . . , r , r = h2,1(X) = h1,1(X̌) . (B.34)
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It acts on the period vector

Π =



F0
F1
...
Fr
X0

X1

...
Xr


= X0



2F(t)− ti∂tiF(t)
∂t1F(t)

...
∂trF(t)

1
t1

...
tr


= X0



κijk

6 titjtk + γjt
j + ζ(3)χ

(2πi)3 + . . .

−κ1jk

2 tjtk − σ1jt
j + γ1 + . . .

...
−κrjk

2 tjtk − σrjtj + γr + . . .

1
t1

...
tr


(B.35)

as16 (here we use the same notation for the shift monodromy and its representation on the
space of periods)

Ti =


1 −δi· 1

6κiii + 2γi 1
2κii· + σi·

0T 1 σ·i − 1
2κ·ii −κi··

0 0 1 0
0T 0 δ·i 1

 . (B.36)

The fractions that appear in this matrix render its integrality non-trivial. The inte-
grality of the entry (Ti)1,r+2 is guaranteed by the fact that it computes the arithmetic
genus of the divisor Di, see e.g. [48]: as c1(X̌) = 0,

Z 3 χ(Di,ODi) =
∫
X̌

(1−e−D)td(X̌) = 1
12(2D3

i +c2 ·Di) = 1
6κiii+2γi = (Ti)1,r+2 . (B.37)

The remaining obstructions to integrality are the elements 1
2κii· + σi· and σ·i − 1

2κ·ii. As
κijk is symmetric in all of its indices, integrality of these elements follows from the choice

σij = κiij
2 + nij , nij ∈ Z . (B.38)

One can easily check that all symmetric choices (B.38) (i.e. nij = nji) lead to symplectic
matrices Ti, e.g. by first checking this condition at vanishing nij , and then shifting the σij
by a choice of integers nij via multiplication of Ti with the matrix

1 0 −nii ni·
0T 1 n·i 0
0 0 1 0

0T 0 0T 1

 (B.39)

which is clearly integer symplectic if n is symmetric.
Note that the K-theory class of a geometric D4 brane calculates the σij geometrically,

see e.g. [20, 49]. But also in this setting, a basis of all branes has to be chosen such that
16In these (2r+2)× (2r+2)-matrices Ti, the 0 and 0T represent rows and columns of r zeros. δi· is a row

vector with entries δij , δ·i is its transpose. Likewise, κii· and σi· are row vectors with entries κiij and σij

respectively, with respective transposes κ·ii and σ·i. The boldface symbols represent r× r blocks of entries.
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the auto equivalences in the derived category of B-branes are integer symplectic, resulting
in the same integral freedom in choosing the σij .

Finally, to check the consistency of our sign conventions in (B.13) and (B.30), we will
compute the sign of

∫
X Ω ∧ Ω̄ in the limit of large vi = Im ti, where

F ∼ −κijk6 titjtk . (B.40)

By (B.13),

i

∫
X

Ω ∧ Ω̄ = i(FIX̄I −XI F̄I) (B.41)

= −2|X0|2 Im
(
κijk

6 titjtk −
κijk

2 t̄itjtk

)
= 4

3 |X
0|2κijkvivjvk .

For vi > 0, this is manifestly positive. For the canonical orientation of X in which the
volume form is locally proportional to (idz1 ∧ dz̄1) ∧ (idz2 ∧ dz̄2) ∧ (idz3 ∧ dz̄3), this is as
it should be, in accord with the Hodge-Riemann bilinear relations (B.14).

C Supersymmetric flux vacua and rank 2 attractors

In this appendix, we consider Calabi-Yau compactifications of type IIB supergravity in the
presence of non-trivial fluxes F3 and H3. Recall that the axio-dilaton is defined as

τ = C0 + ie−φ (C.1)

and is thus constrained to satisfy Im τ = e−φ > 0. The quantities which determine the
locus of vacua in this class of theories are the Kähler potential K of the full physical theory

K = − log(i
∫
X

Ω ∧ Ω̄)− log(−i(τ − τ̄)) +Khyper (C.2)

and the superpotential
W =

∫
X
G3 ∧ Ω , (C.3)

which we have written in terms of the convenient quantity

G3 = F3 − τH3 . (C.4)

Together, these determine the 4d potential

V = eK
(∑

gΞΩ̄∇ΞW∇ΩW − 3|W |2
)
, (C.5)

at the minima of which the vacua lie. The indices Ξ,Ω here run over all complex scalar
fields descending from the vector and hypermultiplets,17 including the axio-dilaton τ con-
tained in the universal hypermultiplet. The symbol ∇Ξ indicates the covariant derivative
∇Ξ = ∂Ξ + ∂ΞK.

17Slightly abusing terminology, as we are now considering N = 1 supersymmetry, we will continue to call
these vector multiplet scalars and hyperscalars, respectively.
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At tree level in α′ and gs, the only dependence of the superpotential on the hypermul-
tiplet sector is via τ . Hence,∑

gi̄∇iW∇jW =
∑

gi̄KiK̄|W |2 , (C.6)

with the sum extending over all geometric hyperscalars save the axio-dilaton.18 Again at
leading order, the contribution (C.6) cancels the second term in parentheses in (C.5) due
to the form of Khyper [50], giving rise to a so-called no-scale potential, as V is independent
of the hyperscalars which parametrize the Kähler structure of the compactification Calabi-
Yau manifold. The remaining terms are of the form

V = eK
∑
A,B

gAB̄∇AW∇BW , (C.7)

with the sum now extending over all vector multiplet scalars as well as the axio-dilaton τ .
Vacua lie at the minimum of the potential, V = 0, hence require

∇AW = 0 . (C.8)

As the hyperscalars are uncharged, the VEV of the supersymmetry variations of the asso-
ciated fermions are proportional to ∇iW . A vacuum preserving supersymmetry must thus
satisfy, in addition to (C.8),

0 = ∇iW = KiW ⇒ W = 0 . (C.9)

Since 〈[∇aΩ] | a ∈ vector multiplet index set〉 = H2,1(Xz0), (C.8) implies that the pro-
jection of G3 into H1,2(Xz0) must vanish. Assuming momentarily that τ does not vary
along the internal dimensions, the computation

∇τW = −
∫
H3 ∧ Ω +W∂τK = −

∫
H3 ∧ Ω−

∫
G3 ∧ Ω
τ − τ̄

= −1
τ − τ̄

∫
G3 ∧ Ω , (C.10)

shows that for such backgrounds, ∇τW = 0 implies the vanishing of the projection of G3
into H3,0(Xz0); V = 0 hence holds for points z0 inMcs such that

G3 ∈ H2,1(Xz0)⊕H0,3(Xz0) . (C.11)

In fact, condition (C.11) holds also when τ varies along the internal directions, as can be
demonstrated by considering the 10d equations of motion directly [50].

Imposing supersymmetry, the vanishing of (C.10) imposes the stronger condition (with-
out the necessity to restrict to constant axio-dilaton backgrounds)∫

H3 ∧ Ω = 0 . (C.12)

As H3 is real, z0 is hence constrained to satisfy

H3 ∈ H2,1(Xz0)⊕H1,2(Xz0) . (C.13)
18Neither W nor K depend on the hyperscalars descending from the RR-sector. These hence do not

contribute to the potential V .
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The constraint W = 0 together with (C.12) implies∫
F3 ∧ Ω = 0 , (C.14)

thus also
F3 ∈ H2,1(Xz0)⊕H1,2(Xz0) . (C.15)

A detailed study of the equations of motion of type IIB supergravity resulting from a
warped compactification ansatz shows that they cannot be satisfied unless the total tension
of all localized sources is negative [50, 51]. Choosing these sources to be D3 branes, D7
branes and O3 planes, the BPS condition implies that the resulting total D3 brane charge
Q3 is also negative. We will now argue that for Calabi-Yau compactifications, this does
not give rise to an additional constraint on the fluxes F3 and H3. The Bianchi identity for
the 5-form field strength F̃5 in the presence of localized sources is given by19

dF̃5 = H3 ∧ F3 − 2κ2
10T3δloc . (C.16)

Here, T3 indicates the D3 brane tension, and δloc signifies the Poincaré dual to the world-
volume of the sources. Integrating, we obtain∫

X
F3 ∧H3 = −2κ2

10T3Q3 , (C.17)

with Q3 denoting the localized D3 brane charge, carried e.g. by D3 branes, D7 branes
and O3 planes. We therefore find that any solution satisfying the warped compactification
ansatz requires [52] ∫

F3 ∧H3 > 0 . (C.18)

This condition does not pose an independent constraint on fluxes leading to supersymmetric
solutions however, as it follows from (C.13), (C.15), and reality of the dilaton:

∫
F3 ∧H3 = eφ

2i

∫
G3 ∧ Ḡ3 > 0 , (C.19)

the inequality following from the Hodge-Riemann bilinear identities (B.14) for primitive
(2,1)-forms.

Changing the focus from a choice of fluxes to a choice of distinguished points on moduli
space, we arrive at the following statement: a point z0 in the complex structure moduli
space corresponds to a supersymmetric flux vacuum if and only if there exists a rank 2
lattice Γ ⊂ H3(Xz0 ,Z) such that the complexification ΓC = Γ⊗Z C satisfies

ΓC = (ΓC ∩H2,1(Xz0))⊕ (ΓC ∩H1,2(Xz0)) . (C.20)
19Note that the relative sign between the two terms in equation (C.16) is different from the one in

reference [50]. We follow the conventions of [17]: the relative sign in (C.16) follows from the equations of
motion for F5 upon imposing self-duality, see equation (16.179) in [17], or the derivation of Nflux leading
up to (17.50).
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To see this, note that given Γ=〈γ1, γ2〉Z satisfying (C.20), constants α1,2∈C exist such that

ΓC ∩H2,1(Xz0)) = 〈α1γ1 − α2γ2〉C . (C.21)

Without loss of generality, we will assume that Im α2
α1
> 0. Up to positive integral multiples,

the following four options for the choice of G3 ∈ H2,1(Xz0), with the corresponding choice
of F3, τ , and H3 indicated by the successive parentheses, are then consistent with real
string coupling (i.e. Im τ > 0):

(γ1)−
(
α2
α1

)
(γ2) , (γ2)−

(
−α1
α2

)
(−γ1) ,

(−γ1)−
(
α2
α1

)
(−γ2) , (−γ2)−

(
−α1
α2

)
(γ1) . (C.22)

To ensure the positivity of the string coupling, we have the freedom to distribute a factor
of N ∈ N in our identification of τ and H3,

τH3 → ( τ
N

)(NH3) . (C.23)

Specializing to the case of one-parameter models, i.e. b3 = 4, we see that the lattice

Λ =
(
H3,0(Xz0)⊕H0,3(Xz0)

)
∩H3(X,Z) (C.24)

orthogonal to Γ in H3(Xz0 ,Z) (with regard to the inner product induced by integration
of the wedge product of forms) must in this case also have rank 2. A point z0 for which
Λ has rank 2 is called a rank 2 attractor, due to its relation to black hole solutions in 4d
N = 2 supergravity theories [53]. Over Q, the two lattices Λ and Λ⊥ = Γ generate the
third cohomology,

H3(Xz0 ,Q) = ΛQ ⊕ Λ⊥Q . (C.25)

D List of rank 2 attractor points and a strategy to find them

Given a one-parameter family X of Calabi-Yau threefolds we want to find rank two attractor
points (or equivalently points admitting supersymmetric flux vacua), i.e. complex structure
parameters z0 such that

H3(Xz0(C),Q) = Λ⊕ Λ⊥ (D.1)

for

Λ ⊂ H3,0(Xz0(C))⊕H0,3(Xz0(C)) and Λ⊥ ⊂ H2,1(Xz0(C))⊕H1,2(Xz0(C)) . (D.2)

A beautiful method for doing this was given in [23]. The idea is as follows. If Xz0 is defined
over some number field K, one can for suitable primes p reduce to a variety Xz0,p = Xz0/Fp
defined over the finite field with p elements. The Frobenius automorphism Fp : x 7→ xp of
Fp then naturally acts on Xz0,p(Fp) with the fixed points being exactly the points over Fp.
For suitable p-adic cohomology groups H3(Xz0,p) the Frobenius automorphism induces an

– 40 –



J
H
E
P
0
9
(
2
0
2
2
)
0
1
9

action F ∗p onH3(Xz0,p) and Hodge-like conjectures suggest that a splitting of the form (D.1)
induces a splitting of H3(Xz0,p) which is compatible with the action of F ∗p . Practically
speaking, this gives a factorization of the Frobenius polynomial

det(1− TF ∗p |H3(Xz0,p)) = (1− apT + p3T 2)(1− bppT + p3T 2) (D.3)

with integers ap and bp. Conversely, Tate-like conjectures suggest that such a splitting for
enough primes p leads to the splitting (D.1). This gives the following strategy for finding
rank two attractor points:

(1) Compute the Frobenius polynomials for some primes p and all smooth distinct fibers
of X (which are finitely many after the reduction to Fp).

(2) Look for persistent factorizations of the Frobenius polynomial and try to reconstruct
the underlying complex structure parameters lying in some number field K.

For an efficient algorithm to compute the Frobenius polynomials directly from the Picard-
Fuchs operator see e.g. [54].

The bigger picture of the splitting (D.3) is that 4-dimensional representations of
Gal(K/K) split to sums of two 2-dimensional representations. E.g. for K = Q the lat-
ter representations are well understood and in our case it is known that they are associated
with Hecke eigenforms of weight 4 and 2. These can be identified from the knowledge of
the Frobenius polynomials and conjecturally all periods of Xz0,p can be expressed in terms
of the periods and quasiperiods of these Hecke eigenforms. This is worked out for some
examples in [55] and [56].

In table 1 we list some rank two attractor points defined over Q with the associated
Hecke eigenforms. This includes two hypergeometric models and ten models where the
attractor point is an apparent singularity which is fixed under an involutional symmetry
z 7→ 1

a2z which induces the splitting. For apparent singularities the deformation method
from [54] still works if one slightly modifies the Wronski matrix used in the computation
such that it becomes invertible at the apparent singularity.

We close this section by giving some more complicated rank two attractor points of
operators from the AESZ list [22]. The first examples of attractor points not defined
over Q are the points 33 ± 8

√
17 of the operator AESZ 34. These were found in [23]

and are again associated with Hecke eigenforms of weight 4 and 2. Another example are
the points ±

√
−1/24 of AESZ 105. There the Galois representation on Λ⊥ is that of the

elliptic curve E : y2 = x3 + (1 ±
√
−1)x2 + 1 (after a Tate twist) or equivalently that

of the weight 2 Bianchi modular form associated with E. Numerically one finds that
the periods of Λ⊥ and E (multiplied by 2πi) agree. We expect that Λ is related to a
weight 4 Bianchi modular form but we have not tried to identify this form. The same
holds for the points ±

√
−3/32 of AESZ 161 which are associated with the elliptic curve

y2 + xy + (a+ 1)y = x3 − x2 + (a− 8)x+ 3a− 8 with a = 1±
√
−3

2 .
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Operator z0 Nf Ng ap bp

4 −1/2336 54 54 a5 = 3 a5 = 3
11 −1/2433 180 36 (a7, a11) = (2, 30)
34 −1/7 14 14 a3 = 8
36 −1/26 96 32 (a5, a7) = (2, 12)
49 −1/245 400 400 (a3, a7) = (4,−16) (a3, a7) = (−2, 2)
55 1/24 60 20 a7 = −28
84 −1/24 20 20
84 1/243 12 36
100 1/23 14 14 a3 = −2
101 1 22 11 a3 = −7
103 −1/32 180 90 (a7, a11) = (−28, 24) (a7, a11) = (−4, 0)
107 −1/25 48 48 a5 = 6
111 −1/283 144 144 a5 = −14 a5 = 2
115 −1/28 32 32 a3 = 8
144 −1/2332 306 306 a5 = 12 (a5, a7, a23) = (0, 2, 6)
145 −1/36 108 54 (a5, a7) = (9,−1) a5 = −3
154 −1/2433 216 216 a5 = 4 a5 = 4
155 −1/212 128 128 (a3, a5) = (−2,−6) (a3, a5) = (−2, 2)
165 −1/33 54 27 a5 = 12
166 −1/2836 864 864 (a5, a7, a11) = (−19, 13, 65) (a5, a7, a11) = (1,−3,−3)
238 −1/24 88 88 a3 = −1 a3 = −3
277 −1/214 240 80 (a7, a11) = (28, 24) a3 = 2
2.32 1/2433 324 324 a5 = −3 (a5, a7) = (3, 2)

Table 1. Some rational rank two attractor points of Calabi-Yau operators. The labels corresponds
to the number in [22] and in the last case to the number from [57]. We give enough Hecke eigenvalues
ap and bp to specify the associated normalized Hecke eigenforms f ∈ S4(Γ0(Nf ))new and g ∈
S2(Γ0(Ng))new uniquely.

Open Access. This article is distributed under the terms of the Creative Commons
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