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1 Introduction

Open superstring field theory (SFT) can be a powerful method to obtain non-perturbative
information about superstring theory. The best example is tachyon condensation where
tachyonic solutions to the SE'T equations of motion have been shown to describe the decay
of non-supersymmetric D-branes [1]. In addition to the non-supersymmetric tachyonic
solutions, the equations of motion of SFT also contains spacetime supersymmetric solutions
which can be studied. In particular, it would be interesting to use SFT to search for stringy
generalizations of instanton solutions of super-Yang-Mills which give rise to non-perturbative
effects in gauge theories. Note that instanton solutions in SFT have been studied in [2-5]
in the RNS formalism starting from a system of D3- and D(—1)-branes. Here we will
take a different approach, starting with the Yang-Mills instanton and calculating massive
stringy corrections. It would be very interesting to compare these two approaches, although
this is expected to be non-trivial since they correspond to perturbative expansions in
opposite limits.

After compactifying to four dimensions, the massless states of the open superstring
include D = 4 super-Yang-Mills fields and the instanton solution is obtained by requiring
the four-dimensional Yang-Mills field-strength to be self-dual. However, it is difficult to



generalize the concept of self-dual field strength to SFT since the only gauge-invariant
quantity that can be constructed from the string field ® is Q®, which vanishes on-shell.
Nevertheless, one can instead define the four-dimensional instanton solution as a localized
half-BPS solution to the equations of motion, i.e. a solution which is annihilated by half of
the N =1 D = 4 spacetime supersymmetries. In this paper, we will generalize this half-BPS
definition of the instanton solution in SFT and will find the first stringy correction.

Since D = 4 spacetime supersymmetry plays an important role in our construction, we
will use the manifestly N =1 D = 4 super-Poincaré invariant action for SF'T of [6], which is
based on the D = 4 hybrid formalism of [7]. The massless contribution to this SFT action
reproduces the usual N =1 D = 4 superspace action for super-Yang-Mills theory, and the
massive states are also described in terms of N =1 D = 4 superfields. Although we will
be unable to find an exact solution to the SF'T equations of motion which generalizes the
self-dual instanton, we will find the first stringy correction to the instanton solution which
corresponds to turning on certain massive spin-2 and spin-0 fields.

In section 2 of this paper, we review self-dual instanton solutions in super-Yang-Mills
theory. In section 3 we review the D = 4 hybrid formalism for the superstring and introduce
the central problem of this paper — solving the half-BPS condition in open superstring
field theory. Our strategy for tackling this problem is to write a series expansion for the
string field and solve order by order in the expansion parameter, as explained in section 4.
In section 5 we review the BPST instanton in super-Yang-Mills and generalize it to SFT
using the star product. In section 6 we calculate the first stringy correction to the BPST
instanton and show it corresponds to turning on certain off-shell massive fields by comparing
with the vertex operators for the first massive level of the string.

2 Super-Yang-Mills instantons

N =1 D = 4 super-Yang-Mills can be described by a vector superfield V(x, 0, é) where i is
a gauge index and (z™, 6, éd) are the usual N =1 D = 4 superspace variables for m = 0
to 3 and «, & = 1 to 2. We also define V = VT where T? are the generators of the gauge
group. Supersymmetry transformations are generated by acting on V with

0 (VA
T =505~ 5 (o™8) Om (2.1)
and 5 )
7 — 7 —(§™* - 2.2
7' = gyt 5 (05D 22)
where 0™ are the Pauli matrices and 6% = 0%, ¢° = —¢' for i = 1,2, 3.

We want to find field configurations that are preserved by half of this supersymmetry.
Naively, this condition would be formulated as

(eq)V =0, (2.3)

where €® is a supersymmetry parameter and eq = €%q,.



However, that is not quite correct. We must keep in mind that the theory has a gauge
symmetry, given by

SgaugeV = Ly )2 [A — A —icoth (.,s,ﬂv/z) (A T A)} , (2.4)
where A and A are chiral and antichiral, respectively, and .Z is the Lie derivative:
2y (A) = [V, A] (2.5)

So the correct condition is not that (eq)V vanishes, but that it is pure gauge. In other
words, V' is preserved by half of the supersymmetry if there are A and A such that

(GQ)V = _5gauge‘/- (26)

Of course, one could also consider states preserved by the antichiral supersymmetry, for
which the analysis is similar.

To see what eq. (2.6) implies, we first write V' in Wess-Zumino gauge and assume that
the fermions vanish (since we are concerned with classical field configurations):

_ 1 .-
V = —00"0v,, + 592.921). (2.7)
Since V3 = 0 in Wess-Zumino gauge, the gauge transformation of eq. (2.4) becomes

5gaugeV:A+A+%[v,A—A}+%[V,[V,A+AH. (2.8)

The most general A can be written in components as

A = A(z) + V200 (x) + 0°F () + i00™60, A(z) + \;592657” (@) + %92525,4(:1;).
(2.9)

Similarly, the most general A is

_ __ _ P e
A= A* + V200 + 02F* — o™, A* + %9290”1 ) + S020°0A". (2.10)

The gauge transformation is then
SgangeV = A+ A* + V200 + V20 + 6°F + 0 F*+
mp | » * 1 * i 2 [ p=m 1 mp
0o™0 (z@m(A—A )= 5 lom A+ A ]) + 5 (90 )+ 3 (vm, Vo aD +
t
V2
Lo2ge (15 (A+ AY)
2 2

0? (eamamw + % {vm,wameD +
i

5 [Umn, O™ (A + A™)] +

v (A + A%) = 20" (A + A%) vy, + (A + A7) 0?).
(2.11)



On the other hand, the supersymmetry transformation is
(eq)V = —ec™Ouvp, + €06°D + %eam(}"Oé?@mvn (2.12)

Plugging eqgs. (2.11) and (2.12) into eq. (2.6) and splitting it in components, we find
the conditions:

A+ A* = =F = F* = 9,,(A— A%) = 0, (2.13)
ba = = (e0™) (2.14)
a — —=\€0 y Ums .
\/5 Q
i (0™")g Finn = 03D (2.15)
where 0™ = 1 (™" — 0"5™). Since ¢™" is traceless, we conclude that
D=0 (2.16)
and
(0™")g Fun =0, (2.17)

which tells us that the gauge field must be anti-self-dual.

3 String field theory instantons

We now want to generalize the Yang-Mills instanton solutions to SF'T. One approach to
this problem was developed in [2-5] by studying marginal deformations corresponding to
the blow-up of a zero-size D(—1) brane on a background of D3-branes, and calculating the
massless stringy corrections to the instanton profile. Here we will start with the super-
Yang-Mills instanton profile and calculate the first stringy corrections using supersymmetry
and the equations of motion. We will see that these two methods of computing stringy
corrections correspond to opposite limits of small and large instantons.

To describe the SFT instantons, we’ll use the hybrid formalism developed in [6] which
describes a compactified superstring with manifest four dimensional super-Poicaré symmetry.
We take the four-dimensional space to be Euclidean. Also, we will only consider states that
are independent of the structure of the compactified manifold.

The hybrid formalism contains five free bosons (2™, p) and eight free fermions (6, 6%,
p®, p*) with OPE’s

2" (21)x" (22) ~ —log |21 — 226", p(z1)p(z2) ~ log(z1 — 22)

Pa(21)0%(22) ~ 85 (21 — 22) 71, Ba(21)0° (22) ~ 62 (21 — 25) !

and a field theory for the six-dimensional compactification manifold which is described by
the ¢ = 3 N = 2 superconformal generators [TC, Gg, Ge, JC}.



The N = 4 superconformal generators are defined in terms of these free fields by

1 —. 1 )
= 502" Qayy + padB® + Padb® + S9p0p - %a% T (3.1)
Gt =ePd* +GL, G =ePd* + Gg (3.2)
Gt = e72irtillo g irtitle (G (3.3)
G~ = ctiomilleg? 4 cie=itle (G (3.4)
J=idp+iJo,  JtT =eWtile  jo— — ptirillc (3.5)
where

i 1, 1
do = po+ 50°0ai — 7(0)00a + £0.0(0)° (3.6)

_ : 1, oz 1-
dg = pa + %eaaxw 1090 + £0.0(6)° (3.7)

Jo = 0Hc, Tas = 0)4Tm, and the notation e —iptiHe (GE) means the contour integral of
e~ tille around Gg.

In principle, instantons in SF'T can be found using the methods of the previous section
and are defined to be field configurations whose superymmetry variation is pure gauge:

(Eq)v = _6gaugeV (3.8)

However, unlike the super-Yang-Mills case, there is no gauge choice where V2 = 0. So the

gauge transformation is now an infinite series in V:
SgangeV = A+ A+ = [V A—A]+ 12 v, [v.a+A]]+ 0 (vE), (3.9)

where the products are to be interpreted as star (x) products, as defined in [8]. The gauge
parameters A and A in eq. (3.9) have to satisfy

GH(A) =0 (3.10)

and

GT(A) =0, (3.11)

where the notation G*(A) denotes the contour integral of G around A.

Although we will be unable to analytically solve eq. (3.8) because of the infinite number
of terms, one can solve eq. (3.8) perturbatively by expanding around the linearized massless
solutions to V, A and A. In the rest of this paper, we will use this perturbative method to
find the first stringy corrections to the super-Yang-Mills instanton solution.



4 Series expansion of the half-BPS condition

To perform a perturbative expansion, first write the string field V' as a power series in some
parameter A:

V=AVo+ AV + XV +.... (4.1)
Similarly, write

A =Moo+ NA+ XA+ ... (4.2)
and

A=XAg+NAL+ XA+ ... (4.3)

We can then break up eq. (3.8) in powers of A:

(eq)Vo = Ao + Ao, (4.4)

_ 1 _
(eq)Vi = A1+ Ay + 5 [Vo, Ao — Ao (4.5)

and so on. The goal is to first determine V; and then recursively determine V;4; from V;.

Finding Vj is relatively easy because eq. (4.4) is linear and thus the massless and
massive states decouple. Actually, since we are working with off-shell string theory, the
expressions “massless” and “massive” need some clarification. By “massless” we mean any
state that depends only on the worldsheet zero modes of 2™, % and 64 and not on their
derivatives nor on p®. That is, they are the states that would be massless if they were
on-shell. All remaining states will be called “massive”.

Let us choose a gauge such that

_ 1 .-
Vo = _Ho'meUOm + 59202D0 + V(),massivey (46)

where Vj massive contains the massive components.
It is trivial to adapt the computations of section 2 to show that

Dy =0 (4.7)

and

o™ (Omvon — Onvom) = 0. (4.8)

Later we will describe an explicit solution of this condition for the case of a U(2) gauge group.

What about the massive part? We will argue here that massive on-shell states cannot
contribute to the instanton solution since they are not localized in spacetime. Note that in
Euclidean space, the solution to the linearized equation of motion (678,80, — M?)® = 0 is

¢):(/}#kf(ky$“5uk|—-ﬂfy (4.9)

Suppose f(k) is non-zero for some k™ satisifying |k| = M. Then it is easy to see that

®(x) diverges exponentially as e“M ® in the direction z™ = ck™ for ¢ large. So there are no
localized solutions to (6™"0,,0, — M?)® = 0 in Euclidean space which can contribute to

the instanton solution.



So the linearized condition of eq. (4.4) together with the requirement that the solution
is localized in spacetime implies that

Vo = —00™0vom, (4.10)
where vg,, satisfies
o™ (Omvon — Onvom) = 0. (4.11)
A specific choice for the compensating gauge transformation is
Ag =0, (4.12)
and
Ag = — (60m§> Vom, (4.13)

Equipped with this, we can now try to tackle eq. (4.5). We will find that due to the
complexity of the star product, Vj * A contains massive components even though Vy and A
contain only massless components. So unlike Vj, V1 will contain massive components.

5 BPST instanton

To gain intuition, it will be useful to consider an explicit super-Yang-Mills instanton solution
and see how it can be extended to string field theory. For an SU(2) gauge group, the k = 1
instanton can be written in a simple form which is the BPST instanton [9]:

i ﬁ;nn(x - xo)n
=2 5.1
" = a2 ol
xy' and p are two fixed parameters representing the center and the size of the instanton,
and 7., are the ‘t Hooft symbols [10]:

Nimn = €imnd — 52m6n4 + 5in5m4 (52)
where i = 1,2,3 is an SU(2) index and m,n = 1,2, 3,4 are Euclidean spacetime indices.
Note that the t’Hooft symbols are anti-self-dual in their Lorentz indices:

1

Nimn = *iemnpqﬁipq (5'3)

To show that eq. (5.1) does indeed represent an instanton, we have to show that the
corresponding field strength,

Fl = 0,08 — 008 4 ¢TFpd oF (5.4)
is anti-self-dual. The derivative of v?, is
7. {( _ 2 4 0% — 27 _ Py
2771nm x 1"0) p Ninp (SL‘ ﬂfo) (SL‘ xo)m
(& — 20)2 + p?I”




whereas the quadratic part of the field strength is

€ijkTjmpTling(x — 20)P (x — x0)?

eijkvfnvil =4 [(1,‘ — .75())2 n p2]2 (56)
Using the identity
Eijkﬁjmpﬁknq = 5mnﬁipq + 5pq"7fimn - 5mq7_h’pn - 5pnﬁz’mqa (5-7)
we obtain
6ol vl = Hin (2 — 20)? = Tipn (@ — 20)P (2 — 0)m — Timp(@ — 20)P(T — T0)n
g = (o = 20)? + 2 |
(5.8)
Then the field strength is
= 2
Fi =4 MmnP (5.9)

[(z = 20)* + p?]?
and the anti-self-duality of the field strength follows from the anti-self-duality of 7;mn.

To connect this with what we were doing in the previous section, let us expand v¢, in
powers of 1/p*:

T - Ufﬂm
T ; G (5.10)
where
VUt = 2(=1)" 1 (x — 20)" (2 — o). (5.11)

That is, we are working with a large instanton expansion which has the form of (4.1) where
the expansion parameter is A = p%. This is different from [2-5] where they expand the
solution in p corresponding to a small instanton expansion.

Now we would like to find the corrections to this instanton solution in superstring field
theory — that is, a solution to eq. (2.6) where we take the massless part of the string field
to have the form of the BPST instanton. Note that the gauge group should now be U(2)
rather than SU(2). Since the star product in non-commutative, the massive levels of the
string field will have singlet contributions, even if the massless level doesn’t. We formally
define the object v, as ‘

i _ Trn (T — 20)"
T (= wo)® + o

where the products are to be interpreted as ® products, and ® denotes the truncation of

v

(5.12)

the star product to the massless level (see appendix A). To give meaning to division by z™,
we invoke the expansion in 1/p? of eq. (5.10) where

Ut = 2(=1) T (@ = 70)" ® (2 = 20)°)

T®

(5.13)

2 means the

and rg in the exponent means we multiply r times with the ® product. Also, x
normal ordered product — that is, no contractions between the x’s.
As we showed in the last section, the massive part of V{ is trivial. Thus we can take Vj

to be the linear part of the BPST instanton (we will fix the position to be at the origin):

V=0, Vi=-200"0n,,2" (5.14)



where V{ denotes the U(1) component of the U(2) gauge group. We can also take the
massless part of V; to be

= —0o™0vs,, = 200™07",, 2" @ 2°. (5.15)

7
Vl,massless

but this will have massive corrections.! Both the equations of motion and the half-BPS
condition for the massless fields reduce, up to this order, to their form in super-Yang-Mills.
Thus, it is immediate that (5.14), (5.15) are solutions. At higher orders, since the star
product of massive fields can have massless components, we expect there will be both

massive and massless corrections. That is, V! = —00™0v},, is not a solution to the

r,massless
equations for r > 2.

In the next section we’ll compute the first massive level of V.

6 The first stringy correction

We now want to compute the first stringy correction to the BPST instanton, which is the
first massive level of V7. To that end, we must solve the half-BPS equation at the quadratic
level (i.e. O(1/p*) terms) which corresponds to eq. (4.5). Although Vp, Ag and Ag are
massless, the star products in the commutator will contain massive terms which will imply
that V7 has a nontrivial massive part.

In addition to the expansion (4.1), we will also use level truncation. We define the n-th
mass level of the string field as the component with conformal weight n at zero momentum.
Note that each term in the perturbative expansion has, in principle, components at all mass
levels. Here we truncate to the first level.

The first massive contribution to the half-BPS solution is not unique — if V; is a
solution to eq. (4.5), then V] = V; + ¢*Q is also a solution for any field Q since (¢q)¢?Q = 0.
We can ask if there is a half-BPS solution which also satisfies the SFT equations of motion.?
The answer is yes, and we will show that the first massive contribution to this solution is
unique if we also require that it vanishes at infinity, i.e. it is localized in spacetime like the
Yang-Mills instanton. In other words, ¢?Q will be uniquely determined if we require that
V] satisfies the SFT equations of motion and is localized in spacetime. This first stringy
correction to the BPST instanton will be interpreted as turning on some off-shell massive
fields. To see what kinds of fields these are, we will compare our result with the first massive
states of the superstring which on-shell consists of a massive spin-two multiplet and two
massive scalar multiplets [11, 12]. We will find that our solution corresponds to turning on
a spin-two and a scalar field.

In subsection 6.1 we find the general solution to eq. (4.5) when V; is given by the
linearized BPST solution. In subsection 6.2 we find the unique first massive contribution to

'Note that the massless contribution to Vi is ambiguous, since one can always shift Vi by any linearized
massless solution. One could try to remove this ambiguity by fixing the properties of the half-BPS solution,
but we will not attempt this here.

2Note that the half-BPS solution is required to be annihilated by half of the N=1 d=4 supersymmetries,
i.e. two supersymmetries. If one required that the half-BPS solution was annihilated by half of the N=4 d=4
supersymmetries, i.e. 8 supersymmetries, one expects that it would automatically satisfy the SFT equations
of motion. We would like to thank discussions with Carlo Maccaferri and Jakub Vosmera on this point.



the half-BPS solution that also satisfies the equations of motion and vanishes at infinity. And
in subsection 6.3 we compare our solution with the vertex operator for the first massive level.

6.1 Half-BPS solutions

In this section we will solve the equation
_ 1 _
(e)Vi =AM+ A+ 3 {Vo,/\o - Ao} (6.1)

given the linearized BPST solution for Vj

Vi = —00™00},,(x) = —200™00,, " (6.2)
Al = —2ea™07} 2" (6.3)
AL =0 (6.4)

As noted before, we can add any ¢?-exact term to a solution V; and still have a solution.
For the massive part Vi massive, we'll show that the solution for the first massive level is
unique up to a g-exact term, and up to gauge transformations. If, in addition to eq. (6.1),
we require that the solution satisfies the equations of motion and vanishes at infinity, we
will find that the g?-exact term is fixed uniquely. From now on, we’ll use V; instead of
V1, massive to denote the first massive level since we’ll only deal with this level in this section.
Similarly, A; and A; will denote the first massive level of the gauge parameters.

First we have to calculate the commutator on the right-hand side of eq. (6.1), which
involves evaluating a star product. Then we substitute the general form of the string
field and gauge parameters at the first massive level. This is given by the fields that have
conformal weight 1 at zero momentum, and which have mass squared M? = 2 when on-shell.

The commutator will contain terms that are not eg-exact, which must therefore be
cancelled by the gauge terms. This will fix A; and Aj, up to eg-exact gauge parameters
(that is, up to eq(A} + A}) where A} and A} are gauge parameters). Once the gauge
parameters are fixed, we have determined eqV;, which means we have determined V; up to
a q2—exact term.

At the first massive level, the commutator [Vp, Ag] satisfies

E[V A]lei*Aj{ai Uj}:Vi*/vUO (6.5)

9 [V0:520 90 0 ) 0 0 .
where o is i times the 2 x 2 identity. This is because (Vg * J_Xf)) = —(1_\6 * V{) at this level.
Details on the calculation of the star product can be found in appendix A, and one finds at
the first massive level that

Vi« Ay = 00°V,, + 00°V, + 11U, (6.6)

where ] ]
™ = 92™ — %00’”85 - %e‘&mae (6.7)

~10 -



and

Vo = —3\2/3 (am§>a ea™Ovl,, @ v, (6.8)
Vi = 2 ((HJm) €00 — 000 (ea™) ) Vo @ Vb, (1) (6.9)
3v3 “ @
4 0.ap (=i i i i
Un = 3—\/3907’960(19 (UmeOq — U0p77qm) (6.10)

where y™ = ™ + %90’"9_.

The general form of the string field at the first massive level is [11]
Vi = d“W,, (:c 0, é) T AW, (w 0, é) T I™W, (:): 0, é) 1 90°V, (ac 0, 9‘) (6.11)
1 90°V, (x 0, e‘) +i(dp—0He) B (x 0, 9‘) + (8H¢ — 39p) C(x,0,0)
and the gauge transformations are
Ar =G (7% (d*Ea(@,0,0) + 00° Ba(,0,0)) ) (6.12)
= —2illaaD*E* + d*D?Eq + d* (2B, — i0aaB*) + 00° DB,
+ 06% <—z’8adBa +4E, — ;82Ea> +i0p <2D°‘Ba — i@adDaEd)
A =G (e%p_iHC (dO‘Ea(:U, 0,0) + 00° By (z, 0, é)))
= ~2illga DYE® + d*D* By + d* (2B — 1006 B*) + 00° D* B,
+00° (—i@adBé‘ + 4B, — ;82Ea> +i0 (He — 2p) (2Dd1§d - iadeEa)

where D, = 80% + %Q_é‘ﬁad and D, = 8;% + %Ho‘ﬁad. We can use the gauge freedom to fix
V1 in the form

Vi = 11" Wiy, (,0,0) + i (0p — 0Ho) B (2,0,0) + (0He — 30p) C (2,0,0)  (6.13)

Note that there are no terms proportional to d or d in either V; or in the commutator.
Fixing the d and d terms to zero in (6.12), the gauge parameters take the form

1 _. 1 _. (- 1_ _ ; _
Ay = = Sillag D*E® + 1a@%’awDZEQ + 00% (Ed — 8D2D2Ed> — i@pDO‘DQEa (6.14)
_ 1 _ . 1 - _ 1 _
Ay = = Sillaa DYE® + 1ae%'c‘)wD?Ea + 06* (Ea - 8D2D2Ea> (6.15)
- iﬁ(Hc — 9p)DYD*E,

where we have rescaled E, and E, by a factor of four for later convenience.

Equation (6.1) can be decomposed into five equations by separating the terms propor-
tional to 90, 90%, TI"™, dp and dHy. The first two will fix E, and Eg4, up to eg-exact
terms. The other equations, in turn, will determine Vj.

- 11 -



The terms proportional to 90% and 90% give

1 - : _
Vo= Eo— s D*D’Eq + %BadD2Ea (6.16)
_ _ 1_ _ ; _
Vo= Es— {D’D*Es + ﬁﬁadDQE“ (6.17)
which are solved by
1 - ' .
Eo = Vo + D*D*V, if)wDQVa +E (6.18)
_ _ 1= _ 3 _ _
By = Va+ DDV — i@adDZVa +E, (6.19)

where E/ and E'g are solutions to the homogeneous equations, i.e. they satisfy
E = _%aadDQE/d, E, = _%amDQE’O‘ (6.20)
(0"0, +1)E!, = (0"0, + 1) E!, = 0. (6.21)

As we’ll see shortly, E/ and E'4 are also eg-exact.
The terms proportional to II"* give the equation

€qWn + Uy, = —% (Gm)*Y Do Es — % (Gm)** Dy Eo (6.22)
Note that
. _ D) _ N . o
Om DoV = 33 {(—260'(10(5% + eaq6map9) Vgp @ Vo, (y) — 2007 50" 0ea 0y, 05, (6.23)

+2i90p0_60q6ma"vépﬁén}

2 _ _ , , o o
= 33 {(—4eaq0(5mp + €omB6P)vg, @ vy, (y) + 4i0aPOeat <ﬁ;mv6q — Uépﬁ;m)}

2 _ _ . .
= —=(—4ea¥05™ + ean 06 )vp, @ vy, (y) + 2iUn,

3V3

In the second equality we used the fact that ¢™"7!, = 0 and (&(man)); = —25m”(5£. So
eq. (6.22) becomes

1 S em ) i i
eqWy, = ﬁ (460‘105 P _ eam%pq) Vp @ Vg (v) (6.24)
i _ o L9 905 G, = - i .
— —6%4D,, ( =D?D*V; — - 834, D*V? E’-) — 5 (0m)* DaEao

Finally, the equations for C' and B are
eq(C +iB) = %DO‘DQEQ (6.25)

eq(C —iB) = —%DQDQEQ (6.26)
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In order for equations (6.24)—(6.26) to be consistent, we must verify that the right-hand
sides are eg-exact. Note that any field of the form e (y, 0) is eg-exact: ey (y, 0) = eq(02(y, 0)).
It’s then easy to verify that V,, and D?V} are eg-exact, as are any derivatives of these
quantities, since ¢ anti-commutes with D and D. Thus, the equations are consistent as long
as we require that Do EY, + D4 E!,, D*D?E!, and D*D?FE!, are eg-exact.

One might suspect that the E/, and E_'(’l terms simply give a gauge transformation of
Vi. This is indeed the case, as we’ll now show. First, note that requiring D®D?E!, = eq(F)
implies, by the first eq. in (6.20), that E, = —%eq(DdF) = eq(E"). Similarly, D*D?E’, =
eq(F) implies E!, = eq(E"). Note that E” and EY are only defined up to ¢?(something).
Also, they satisfy eqs. (6.20) and (6.21) up to ¢?(something) — in other words, we can
choose E’ and E' such that they satisfy those conditions. That means they only change
A1 and A by eg-exact gauge parameters, which in turn means that they only contribute
pure gauge terms to V.

Thus, from eqgs. (6.24)—(6.26), we have uniquely determined eq(Vi) up to a gauge
transformation. This means we also have determined V7, up to a gauge transformation and
up to ¢%(something). The particular solution found by simply eliminating eq in eqs. (6.24)—
(6.26) (after writing the right-hand sides as eg(something) in the way described in the
previous paragraphs) is

o2 _ o )
0 _ m 7 i
= sn [(2009653, — 001,067 vy, @ vy, () — 72000 (6.27)
8 _
— —_0(5p — 3H¢) 00™ Oy,
73 (5p c) 00y
Vi=0

where the = products, again, are normal ordered, i.e. no contractions.

6.2 Equations of motion

We now want to verify that we can find a half-BPS solution which satisfies the equation of
motion, given, to quadratic order, by [6]

Gt (6t ) = 3 {6+ (W), 6" () (6.25)

Although we will only solve for the first massive level, we can show that the equation of
motion can be solved for all massive levels. There is a solution if the right-hand side is
GtG™-exact. Note that it is annihilated by both G and G*t. In other words, there is
an obstruction to solving the equation if and only if the right hand side is a non-trivial
state in the cohomology of GTG*. This is equivalent to asking whether there is an on-shell
massive state that can decay into two self-dual massless states. But V| is not an eigenstate
of momentum and is a polynomial in . In momentum space, it is therefore a linear
combination of delta functions and derivatives of delta functions which vanishes at non-zero
momentum.? So there can be no such on-shell massive state and there is no obstruction to
solving the equation of motion for V; at any mass level.

3We thank the referee for this useful comment.
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The solution Vi written above does not satisfy the equation of motion, but we can
find a field V; that does, and which differs from 1%} by a ¢*-exact term. This solution V; is
unique if we also require that it vanishes at infinity.

Calculating the anticommutator between G+ (Vg) and G (Vp) again involves evaluating
a star product:

Lot )6 (0) = 56 (W) + 6 (W) {0’} = 6 (%) + G (1) o
(6.29)
where

GT (Vo) = € (2d° Dy — i00% 00 D) Vi, (6.30)

and we have used that 9,6 D%V = 0.
As before, let’s separate the terms proportional to II", d,, dg, dp and dHc. Note that
acting with G+ or G™ on the equation gives zero, so not all terms are independent. For
example, we don’t need to check the terms proportional to 0% and 90%. Details on the

star product can again be found in appendix A, and on the right-hand side of (6.28) we
find (times an overall factor of e~#+iHc):

- Terms proportional to II":

16¢ 8 _ ) .
2DV @ Da Vi — Om DD, Vy @ DD Vy 6.31
3\[ 0 0 3\/:,;( 0 0 ( )
—D*DoVi @ 0, D*DaVii + i00a D*Vi @ O deg‘)
162 . . 192; _
= 2009067, — 00,0677 v @ v} + —0o,,0
3\/3( ) Op Oq(y) \/g
- Terms proportional to d*:
16 - o 16 . .
——— D3 D Vi @ DYV = ———0,0, @ vF 6.32
33 0 0 3.3 Op 0 (y) ( )
- Terms proportional to d%:
16 N % aysi 16 -n2 my . =t in
53 DaDaVi ® DVg = — \[( Oavly @ 0 (y) + 2i07 (0™ )i v™ (y)) (6.33)
- Terms proportional to d(Hc — 3p):
8t (D“DaVi ® D*DaVg + i0aa D°Vy © DV ) (6.34)
3V3
16

i 64 ~
\/’ Op ®v p(y) - %Ho-maym
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And on the left-hand side of (6.28) we find:

Terms proportional to I1":

—{D2%, D*} Wy, + 8W,y, — 40”0, Wy — 80, B — 12(3,)* [Da, Da] € (6.35)

16i . . : , 192i - 128
— a9p0s5P _ Pq ? ? P
=15 (2009967, — 00,0677 v, @ vi,(y) + 5 0omf + =um
- Terms proportional to d*:
4i (0™) 4 D*Win — 240,64 D“C + D, D*(18iC + 2B) (6.36)
16 , ;
= ———0,v, @vP
3\/3 Op 0 (y)
- Terms proportional to d%:
4i (0™) . D*Wn + 24004 D“C — D4 D*(18iC — 2B) (6.37)
_ 16 0.0\ ip 02 my . =t in 2567
= —5 5 (el 0 () + 200" ) = —200
- Terms proportional to i0(p — H¢):
m 1 2 2 B «
— 49 Wm—sB—i{D,D}Bmaad[D,D}c (6.38)
_ 1
V3

Terms proportional to (Hc — 3p):

— 2652 | Da, Do W™ — 8C + % {D? D*} € +160,0™C + 0us | D*, D*| B

(6.39)
_ 64

V3

128:

321 7 ip
X
0 (y) \/g

= — )
3v3 P

0™ 0y, +

We conclude that V; does not satisfy the equations of motion. However, the following
Vi can be defined which differs from V; by a ¢?-exact term and which satisfies the equations

of motion:

. 64 8i 64

V2 =VP — —T"y,, — — (0Hc — 30p) y* + —=i (0p — OH, 6.40
1=V = E = 5 (0Hc —30p)y \/gz( p ) (6.40)
20 m 0 q i i ) -
=550 (200706, — 00,067 ) vy, @ v, (y) — 720070 + iy
8 () ms .o 16 /., .= .

+ 7 (60™ 0y — iv?) (9H — 39p) + 7 (i00™ 8y, + 4) i(p — OHc)

Vi=0
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We can still add to V4 a term ¢?® where ® satisfies G (GF(®)) = 0, i.e. ® describes
an on-shell massive field. But as explained below eq. (4.9), any non-zero on-shell massive
field will diverge exponentially when x — oo. So in order to have an instanton solution
that vanishes at infinity, we should set ® to zero. Note that the stringy contribution V;
of eq. (6.40) naively diverges quadratically in 2™ when = — oo, but this is expected since
it was found using an expansion in p%. After summing over all orders in p%, one expects
that the stringy contribution will vanish at infinity like the super-Yang-Mills instanton.
However, adding an on-shell massive contribution to V; would diverge exponentially when
x — oo and could never cancel after summing over all orders in p%. We therefore have a

unique solution.

6.3 Meaning of the massive fields

The first massive level of the on-shell string field describes two massive scalar multiplets
and a massive spin-two multiplet. The on-shell field can be gauge-fixed to the form

" (W, + 20 (F — F)) = < (9p — 0He) [D?, D?] (F + F) + (0Ho — 30p) (F + F)
(6.41)
where F and F are the chiral and antichiral superfields for the scalar multiplets, and W, is

!
8

the superfield for the spin-two multiplet. In components,

F=X(y)+0% )+ 0)*Y(y), F=X@)+0%H)+0)*Y(7) (6.42)
and
A ) = = 1
Win = Cpy + i0xm — 10Xm + 000 (vmn + 4emnpq8p0q) (6.43)

008N, — 000N, — eoéé%a"ancm

where X, X, Y and Y are massive real bosons, &, and &, are massive spinors, vpy, is
a massive symmetric traceless tensor, C,, is a massive vector, and y and A\ are massive
spin-3/2 fermions [11, 12].

This is to be compared to our result of eq. (6.40). Since V; is not on-shell, it doesn’t
take the form (6.41). Nevertheless, we can still identify the components of V; with certain
components of F, F and W,,. Comparing eq. (6.42) and (6.43) with eq. (6.40), one finds
that the non-zero component fields are

g 16

Xo(y): \/gy +ﬁ7 Um,

o = Vo ® Uy — 206, ® 06 (6.44)

where vé(m ® vén) = v}, ® vy, + 0§, @v,,. We can therefore interpret the correction to the
BPST instanton as turning on the U(1) component of a massive scalar field and a massive
spin-two field.
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A Star products

In this appendix we detail the calculation of the relevant star products. We’ll use conformal
mappings to the upper half complex plane (see [13]). The prescription we use is as follows:
given a basis e” of the string field space, the star product of two arbitrary string fields A
and B is

A*BzZ(ef,A,B) er (A.1)
where C denotes conjugate states. These are defined by
(eTC, es) = rs (A.2)
where
(4, B) = ((I(2) © A(0)) B(0)) yup (A.3)
The right-hand side is a correlator in the upper half plane, and I(z) is the conformal
transformation
1
I(z) = —= (A.4)
z
The coefficient is given by the correlator
(A, B,C) = (f-10 A(0) fo 0 B(0)f1 0 C(0)) ypp (A.5)
with the conformal transformations
2
fn(z) = tan {7? + 3 arctan z (A.6)
The correlators are given by
(17 (21) €27 (29) ) = i(2m) 6% (ky + ho) |21 — 2| F172 (A7)
<029‘26*W”HC> =1 (A.8)

A.1 Massless level

We will denote the massless level of the star product by ®. In the pf sector, there are no
non-trivial massless contributions. For example, it is immediate that

0° © 0° = 908 (A.9)
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For the 2™, however, there are non-trivial (higher derivative/higher order in ') terms,
even at the massless level. Computing the product of two functions of ™ is slightly tricky
because =" itself is not a well-behaved operator in the worldsheet theory. Rather, the actual
operators are worldsheet derivatives of 2™ and plane waves e”*. The solution is to assume
that the functions of ™ we are interested in admit Fourier transform representations and
to compute the star product of functions z™ in terms of the products of exponentials, that
can be obtained by the usual methods. That is,

F(z)* Gz) = / é 7:314éﬁlﬁ(kl)é(kg)elklx*e’kﬁ (A.10)

We need then to calculate the product e”® % e**2% which amounts to calculating the

—ik:c’ eiklx eikg:c):

coefficient (e ,

((fikx’ ke, e“‘m) _ (i)—(k2+k§)/2 @) k3 /2 <€_ikx<_\/§)eik1x(0)eik2x<\/§)> (A.11)
= i(2myto 2tk B R R g g
So the ® product is
cik1z g gikar _ oI 2[—2(k1+h2) 421 k3 |+ v/3[(kn o) ki k3] ik +k2)z (A.12)
We conclude that
F(z)®G(x) = (A.13)

2 2 2 2
exp l—21n2 (f)F + /el + 8F8G> ~InvV3 (aan + el + 38F8G>] F(z)G(x)
T

o0x?2  Ox2 0zx? Ox2 Ox2
A.2 First massive level

The star product between two fields F'(z, 6, 9_), G(z,0, 5) will contain terms proportional to
90, 90% and II"™. The conjugate states are proportional to dy, dg and II,,, respectively.
Thus, we need to calculate the coefficients (d,V (z,6,0), F,G), (dsV(z,6,0), F,G) and
(I™V (x,0,0), F,G). The relevant conformal transformations are

fo(daV(2,0,0)) (2) = F(2)daV (£(2)) + ;}l,((zz)) D,V (A.14)
fo(daV(x,0,0)) (2) = f'(2)daV (f(2)) + g}l,(é)) DsV (A.15)
fo (I0"V(2,0.0)) () = f(2)daV (f(2)) + 5;/(@ oV (A.16)
For the first coefficient we obtain
(dV (2,0,0), F.G) = 2 (d.V(~VB)F(0)G(V3) ) - jg (DaV (—VBIF(0)G(V3))
- —3\2/3(—1)V ((V(—V3)DaF0)G(V3)) — (-1)F (V(~V3)F(0) DaG(V3)))

(A.17)
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where (—1)V is 1 if V is commuting and —1 if anticommuting. Note that (—1)V00°W is
the conjugate of d,V if W is the conjugate of V. We conclude that

F x G|ae = %890‘ (=DoF ® G+ F ® D,G) (A.18)
where ‘ 59 denotes the terms in the star product proportional to 96%, and C' = %. A
similar calculation yields the terms proportional to 9% and II":
(F % G) 2o :% [aoa (=DoF @ G + F ® D,G) + 00% (—DdF RG+F® Ddc)
+II" (=0 F @ G+ F ® 0,,G)] (A.19)

A.3 Products involving d and 06

To calculate the equations of motion, we also need to evaluate products of the form dy F*dsG
and dg F * 00°G. At the massless level, we have

(V(@.0,0),do F, dsG) = % (V(~V8)da F(0)dsG(V3)) (A.20)
+ 5 (Vv PO DAGVE)
(V(2.0,0),duF,00°G) = ;;’55 (V(~VBIF(0)G(V3)) (A.21)

Therefore
_ _ 1 _
doF @ dyG = C? <DdF ® DG — 5(—1)FDaDdF ®G (A.22)
1 P _ 1 _
+§(_1) F® DaDaG = 1 Dok @ DaG

dsF © 00°G = C%F 0 G (A.23)

Now we move on to the first massive level. To get the terms proportional to I, we
need the coefficient

(I1"V (2,0,0), doF, daG) = C2 ((I™V, D4 F, DuG) (A.24)
—%(—1)17 (Hmv, D,D,F, G) + %(—1)F (Hmv, F, DdDaG)

1 _
- (Hmv, D,F, DdG)) + (=D)FC3e™ (V,F,G)

(67

where the last term comes from the O(1/(212213223)) term in the OPE de(21)do(22)TT7(23).
For daF % 00°G we have simply

(1™V, s F,00°G) = C247 (1™V, F,G) (A.25)
We conclude that
doF % dsG| = C* (DdF * DoG — %(—1)FDQDQF * G

+%(—1)FF * Dy DoG — iDaF * DdG> + (-)FiC*I™ F o G
II
daF +90° G, = C*5F « G|, (A.26)
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To obtain the terms proportional to d and d, we need the following coefficients:

(00°V (2,0,0), duF,dsG) = (A.27)

~ ()" ()" (V(-VB)DaFO)G(V3)) + 5 (V(-VE)FO)DsG(V3))
(aéﬂ' V(z,0,0),d.F, Jda) = (A.28)

— (—1)Veds! <<V(—ﬁ)F(0)DaG(¢§)> + %(—1)F <V(—\/§)DQF(O)G(\/§)>>
(00°V, duF, aa‘BG) = (007V,d, P, 8§BG> =0 (A.29)

Therefore

doF x daG|, = —C%dg ((—1)FDdF ® G+ %F ® DdG> (A.30)
doF % dsG| ;= —C%dg (F ® DoG + %(—1)FDQF ® G) (A.31)
doF % 00°G|,; = doF x 00°G|; =0 (A.32)

A.4 Products involving p and H¢

The last product we need for the equations of motion is e % e~2#+Hc  We will need the

following conformal transformations

foen(z) = (f/(2) "R e (£(2) (A.33)
foemtio(z) = (£/(2)) 2 enitie (f(z)) (A34)

o if"(2)
fodp(z) = f(2)0p(f(2)) + 27 2) (A.35)
f o OHe(2) = F/(:)0He(f(2)) + 2L ) (4.36)

2f'(2)
The relevant coefficients are

(1,60 -2t} _ 2 (3

ip —2ipriHe) _ Ot A
(Op,ep,e 2”+H)——2C' ! (A.38)
(o, o, v = g (a39)

where to conjugates of 1, 9H¢c and Op are, respectively, e~*+iHc  _gHoe~+ilc /3 and
Ope~tpFitle  Thus, the product we are looking for is (truncated to the first massive level)

eiP x e~ 2iptie — o—2,—iptiHo | %C—l(aHC — 30p)eiPtitc (A.40)

—90 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited. SCOAP? supports

the goals of the International Year of Basic Sciences for Sustainable Development.

References
[1] A. Sen, Universality of the tachyon potential, JHEP 12 (1999) 027 [hep-th/9911116]
[INSPIRE].
[2] C. Maccaferri and A. Merlano, Localization of effective actions in open superstring field theory,
JHEP 03 (2018) 112 [arXiv:1801.07607] [INSPIRE].
[3] C. Maccaferri and A. Merlano, Localization of effective actions in open superstring field theory:
small Hilbert space, JHEP 06 (2019) 101 [arXiv:1905.04958] [INSPIRE].
[4] L. Mattiello and I. Sachs, On Finite-Size D-branes in Superstring Theory, JHEP 11 (2019)
118 [arXiv:1902.10955] [INSPIRE].
[5] J. Vosmera, Generalized ADHM equations from marginal deformations in open superstring
field theory, JHEP 12 (2019) 118 [arXiv:1910.00538] [INSPIRE].
[6] N. Berkovits, SuperPoincaré invariant superstring field theory, Nucl. Phys. B 450 (1995) 90
[Erratum bid. 459 (1996) 439] [hep-th/9503099] [INSPIRE].
[7] N. Berkovits, Covariant quantization of the Green-Schwarz superstring in o Calabi-Yau
background, Nucl. Phys. B 431 (1994) 258 [hep-th/9404162] [INSPIRE].
[8] E. Witten, Noncommutative Geometry and String Field Theory, Nucl. Phys. B 268 (1986) 253
[INSPIRE].
[9] A.A. Belavin, A.M. Polyakov, A.S. Schwartz and Y.S. Tyupkin, Pseudoparticle Solutions of
the Yang-Mills Equations, Phys. Lett. B 59 (1975) 85 [INSPIRE].
[10] G. ‘t Hooft, Computation of the Quantum Effects Due to a Four-Dimensional Pseudoparticle,
Phys. Rev. D 14 (1976) 3432 [Erratum ibid. 18 (1978) 2199] [nSPIRE].
. Berkovits an .M. Leite, Superspace action for the first massive states of the superstring,
11] N. Berkovi d M.M. Leite, S jon for the fi j f th )
Phys. Lett. B 454 (1999) 38 [hep-th/9812153] [INSPIRE].
[12] N. Berkovits and M.M. Leite, First massive state of the superstring in superspace, Phys. Lett.
B 415 (1997) 144 [hep-th/9709148] [INSPIRE].
[13] L. Rastelli and B. Zwiebach, Tachyon potentials, star products and universality, JHEP 09

(2001) 038 [hep-th/0006240] [INSPIRE].

- 21 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1126-6708/1999/12/027
https://arxiv.org/abs/hep-th/9911116
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9911116
https://doi.org/10.1007/JHEP03(2018)112
https://arxiv.org/abs/1801.07607
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.07607
https://doi.org/10.1007/JHEP06(2019)101
https://arxiv.org/abs/1905.04958
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.04958
https://doi.org/10.1007/JHEP11(2019)118
https://doi.org/10.1007/JHEP11(2019)118
https://arxiv.org/abs/1902.10955
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.10955
https://doi.org/10.1007/JHEP12(2019)118
https://arxiv.org/abs/1910.00538
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.00538
https://doi.org/10.1016/0550-3213(95)00259-U
https://arxiv.org/abs/hep-th/9503099
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9503099
https://doi.org/10.1016/0550-3213(94)90106-6
https://arxiv.org/abs/hep-th/9404162
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9404162
https://doi.org/10.1016/0550-3213(86)90155-0
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB268%2C253%22
https://doi.org/10.1016/0370-2693(75)90163-X
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB59%2C85%22
https://doi.org/10.1103/PhysRevD.14.3432
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD14%2C3432%22
https://doi.org/10.1016/S0370-2693(99)00334-2
https://arxiv.org/abs/hep-th/9812153
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9812153
https://doi.org/10.1016/S0370-2693(97)01269-0
https://doi.org/10.1016/S0370-2693(97)01269-0
https://arxiv.org/abs/hep-th/9709148
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9709148
https://doi.org/10.1088/1126-6708/2001/09/038
https://doi.org/10.1088/1126-6708/2001/09/038
https://arxiv.org/abs/hep-th/0006240
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0006240

	Introduction
	Super-Yang-Mills instantons
	String field theory instantons
	Series expansion of the half-BPS condition
	BPST instanton
	The first stringy correction
	Half-BPS solutions
	Equations of motion
	Meaning of the massive fields

	Star products
	Massless level
	First massive level
	Products involving Lg and Lg
	Products involving Lg and Lg


