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the general case. In a free CF'T we check the thermalization of multi stress tensor operators
directly and also confirm the equality between the contributions of multi stress tensors to
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functions by disentangling the contributions of other light operators. Unlike multi stress
tensors, these light operators violate the Eigenstate Thermalization Hypothesis and do not

thermalize.
KEYWORDS: 1/N Expansion, AdS-CFT Correspondence, Conformal Field Theory

ARX1v EPRINT: 2102.04953

OPEN AccCESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP09(2021)205


mailto:karlsson@maths.tcd.ie
mailto:parnachev@maths.tcd.ie
mailto:tadicp@maths.tcd.ie
https://arxiv.org/abs/2102.04953
https://doi.org/10.1007/JHEP09(2021)205

Contents

5 O Q @& » X

>

Introduction and summary
Thermalization and universality

OPE coefficients in the free adjoint scalar model

3.1 Stress tensor

3.2 Double-stress tensor with minimal twist

3.3 Double-stress tensor with minimal twist and spin s = 6
3.4 Minimal-twist multi stress tensors

3.5 Double-stress tensors with non-minimal twist

Thermal one-point functions in the free adjoint scalar model
4.1 Stress tensor

4.2 Double-stress tensor with minimal twist

4.3 Minimal-twist multi stress tensors

4.4 Double-stress tensors with non-minimal twist

4.5 'Triple-stress tensors with non-minimal twist

Thermal two-point function and block decomposition

5.1 Thermal two-point function of a single trace scalar operator

5.2 CFT data of scalar operators with dimensions two and four

5.3 CFT data of single-trace operator with twist two and spin four

5.4 CFT data of double-trace operators with twist and spin equal to four

Comparison with the eigenstate thermalization hypothesis
Discussion

OPE coefficients from Wick contractions

Subleading twist double-stress tensors

Single trace operator with dimension A ~ Cr

Stress tensor thermal one-point function

Dimension-six spin-four single trace operator

© © oo @@

10
11

12
13
13
13
14
15

16
17
18
20
21

22

24

26

31

33

35

37

Thermal one-point functions of multi-trace operators in the large-IN limit 38



G Free boson in two dimensions 39

G.1 Review free boson in two dimensions 39
G.2 Thermal two-point function of quasi-primary operator 40
G.3 Quasi-primaries, OPE coefficients, and thermal one-point functions 41
G.4 Free adjoint scalar model in two dimensions 44
H Vector model 48
I Factorization of thermal correlators 50

1 Introduction and summary

Holography [1-3] provides us with a useful tool to study d-dimensional CFTs at large
central charge Cp, especially when combined with modern CFT techniques (see e.g. [4—6]
for reviews). One of the basic objects in this setup is a Witten diagram with a single
graviton exchange which contributes to four-point functions. It can be decomposed into
the conformal blocks of the stress-tensor and of the double-trace operators made out of
external fields [7].

When a pair of the external operators denoted by O is taken to be heavy, with the
conformal dimension Ag ~ Cr, and the other pair denoted by Oy, stays light, the resulting
heavy-heavy-light-light (HHLL) correlator describes a light probe interacting with a heavy
state. In this case, operators which are comprised out of many stress tensors (multi stress
tensor operators) contribute, together with the multi-trace operators involving Or. As we
review below, the OPE coefficients of the scalar operators with a (unit-normalized) multi
stress tensor operator T]_f s, which contains k stress tensors and has twist 7 and spin s, scale
like Aoy 7s, ~ AF/Cq/? for large A.

The contribution of a given multi stress tensor operator to the HHLL four-point func-
tion (OgOrOrOp) can be compared to the contribution of the same operator to the
corresponding two-point function at finite temperature! =1, (OLOp) 3. In this paper we
argue that they are the same in generic large-C7 CFTs. As we explain later, this means
that OPE coefficients of TT’fS with the two heavy operators Oy, ((’)HTﬁS(’)H% are equal
to their finite temperature expectation values, (Tf s)3- The relation between the inverse
temperature § and the conformal dimension Ap is set by considering the stress tensor
(k=1,7 =d—2,s = 2), but the equality between the thermal expectation values and the
OPE coeflicients for all other multi stress tensor operators is a nontrivial statement. We
call it “the thermalization of the stress tensor sector”.? It is directly related to the Eigen-
state Thermalization Hypothesis (ETH) [26-30], as we review below. Hence, we argue that
all multi stress tensor operators in the large-C'r CFTs satisfy the ETH. In d = 2 the ETH
and thermalization have been studied in e.g. [31-61].

1See [8-25] for some previous work on finite temperature conformal field theories in d > 2.
2We show this explicitly for certain primary heavy operators O in free CFTs. We also observe that
other light operators do not satisfy the thermalization property that the stress tensor sector enjoys.



Here we want to address the d > 2 case. In holographic theories CF'T and bootstrap
techniques provide a lot of data which indicates that the thermalization of the stress tensor
sector happens [62-73]. Some of the OPE coefficients in holographic CFTs were computed
using two-point functions in a black hole background [63] — these are thermal correlators
according to the standard holographic dictionary. It is also worth noting that the leading A
behavior of the OPE coefficients in holographic models does not depend on the coefficients
of the higher derivative terms in the bulk lagrangian [71] (this should not be confused with
the universality of the OPE coefficients of the minimal-twist multi stress tensors [63]). Such
a universality follows from the thermalization of the stress tensor sector as we discuss below.

A natural question is whether the thermalization of the stress tensor sector is just a
property of holographic CFTs or if it holds more generally. In this paper we argue for the
latter scenario. We compute the OPE coefficients (and the thermal expectation values) for
a number of multi stress tensor operators in a free CFT and observe thermalization as well
as universality of OPE coefficients. We also provide a bootstrap argument for all CFTs
with a large central charge.

The rest of the paper is organized as follows. In section 2, we begin by considering the
thermalization of multi stress tensor operators Tf’ s~ The heavy state we consider is created
by a scalar operator Oy with dimension Ay ~ Cr and by thermalization of a multi stress

tensor operator we mean?
k k
(OulTENOm)| st = Noyours,| st = (Tho)s, (1.1)
ck/2 ck/2
T T

where the heavy state |Op) on the sphere of unit radius is created by the operator Op,

Aoyoytk, are the OPE coefficients of TT"“;S in the Oy x Oy OPE and | k/2 means

Al /O
we keep only leading terms that scale like A%,/ C’éi/ 2~ Céf/ > In (1.1) (T Tk )3 is the one-
point function on the sphere at finite temperature 3~!. Note that the OPE coefficients
involving the stress tensor are fixed by the Ward identity, and hence eq. (1.1) for the
stress tensor establishes a relation between the temperature 3~ and Ay. By the large-Cr
factorization,” the thermal one-point functions of multi stress tensors can be related to the
thermal one-point function of the stress tensor itself. Explicitly,

k
k k k k
<TT,5>/3 - CT,S(<Td1—2,2>B) =Crs ()\OHOHT;,QQ) ) (12)

]; . are theory-independent coeflicients that appear because of the index structure in

<T7’_fs>5. In the second equality in (1.2) we used (1.1) for the stress tensor. Note that (1.1)
and (1.2) imply that the leading Ay behavior of the multi stress tensor OPE coefficients

where ¢

is universal, i.e. it does not depend on the theory.” We provide a bootstrap argument for

3Here we are suppressing the tensor structure. Note that all terms scale like C;/ % which is consistent

with Tﬁ s being unit-normalized.

“See [74] for a general discussion of large-N factorization and [75, 76] and [8] for the discussion in the
context of gauge theories and CFTs respectively. The factorization holds in adjoint models in the ’t Hooft
limit at finite temperature, but there are counterexamples, like e.g. a direct product of low-Cr CFTs.
However the factorization of multi stress tensors would still apply in these models.

®This amounts to the large-Cr factorization of correlators (Og|Tyy - .. Tag|Om) in heavy states.



this universality in all large-C'r theories. Also note that (1.2) is written for multi-trace
operators TT'fS which do not contain derivatives, but the presence of derivatives does not
affect the statement of universality.

In section 3, we check the universality by computing a number of the multi stress tensor
OPE coefficients in a free SU(N) adjoint scalar theory in d = 4 dimensions. We compare
the leading Ap behavior in the free theory with results from holography/bootstrap and
find perfect agreement in all cases listed below. After fixing the coefficients for the stress
tensor case in section 3.1, we look at the first nontrivial case, T42,4 in section 3.2. Section 3.3
is devoted to the double stress tensor with two derivatives, T4276. This is an operator whose
finite temperature expectation value vanishes in the large volume limit (on the plane), but is
finite on the sphere. In section 3.4 we consider minimal twist multi stress tensors of the type
T Qkk:,Qk' Section 3.5 is devoted to multi stress tensors with non-minimal twist, T6272 and T8270.

In section 4, we verify that (1.1) holds in the free adjoint scalar theory for a variety
of operators. In this section we again consider d = 4, but in addition, take the infinite
volume limit. This is for technical reasons — it is easier to compute a finite temperature
expectation value on the plane than on the sphere. We spell out the index structure in (1.1)
in detail and go over all the examples discussed in the previous section. In addition, we
discuss some triple stress tensor operators.

We continue in section 5 by studying thermal two-point functions in the free adjoint
scalar model in d = 4. By decomposing the correlator into thermal blocks we read off
the product of thermal one-point functions and the OPE coefficients for several operators
of low dimension and observe agreement with the results of sections 3 and 4. Due to the
presence of multiple operators with the same dimension and spin, we have to solve a mixing
problem to find which operators contribute to the thermal two-point function.

In section 6 we explain the relation between our results and the Eigenstate Ther-
malization Hypothesis. We observe that unlike multi stress tensors, other light operators
explicitly violate the Eigenstate Thermalization Hypothesis and do not thermalize. We
end with a discussion in section 7.

Appendices A, B, and C contain explicit calculations of OPE coefficients while in
appendices D and E thermal one-point functions are calculated. In appendix F we review
the statement that the thermal one-point functions of multi-trace operators with derivatives
vanish on S x R4~1. In appendix G we study a free scalar in two dimensions and calculate
thermal two-point functions of certain quasi-primary operators. In appendix H we consider
a free scalar vector model in four dimensions. Appendix I discusses the factorization of
multi-trace operators in the large volume limit.

2 Thermalization and universality

In the following we consider large-Cr CFTs on a (d — 1)-dimensional sphere of radius R,
which we set to unity for most of this section. As reviewed in [71], the stress tensor sector
of conformal four-point functions consists of the contributions of the stress tensor and all
its composites (multi stress tensors). The HHLL correlators we consider involve two heavy
operators inserted at az% = 400 and two light operators inserted on the Euclidean cylinder,



with angular separation ¢ and time separation z%. The correlator in a heavy state (the

HHLL correlator on the cylinder) is related to the correlator on the plane by a conformal
transformation

lim 2287 (22) 22O (24)0(1)0(2,2) 05 (0)), (2.1

T4—>00

(On|O(a, 9)O(0)|On)

where the cross-ratios (z,z) on the plane are related to the coordinates (z%, ) via

0 ; 0 ;
p=e T, =TT, (2.2)

The stress tensor sector of the HHLL correlator is given by

g(Z, 2) - :J:zlllinoo xZAH <OH($4)O(1)O(Z’ E)OH(O» multi stress tensors (23)
and can be expanded in conformal blocks
_ 1 HH,LL _
G2 = [ o T 9= 2) 24

TE,

where 7, s, k label the twist, spin, and multiplicity of multi stress tensors. We are interested
in the double scaling limit where the central charge and the dimension of Oy are large,
Cr, Ay — oo with their ratio p o< Ay /Cr fixed. In this limit the products of the OPE
coefficients which appear in (2.4) are given by

p(HHLL) _ ( 1

S
TF, _2> AooTE A0KOKTE, (2.5)

b
ag\*
Cr

k
where we only keep the leading, (%) term in the OPE coeflicients )‘OHOHTfsv but

retain all terms in the OPE coefficients of the light operators Aporx . The contribution of

the conformal family of a multi stress operator T]_f s to the HHLL correlator is therefore

P g1 - 21— 2)
(Onl0 (. )OO Oy, = — . (2.6)

[V2z(1 - 2)(1 - 2)]4

We now consider these CFTs at finite temperature 3~ 1. To isolate the contribution of
the conformal family associated with TT’f <» We can write the thermal correlator as

(Olalh. £)00)s = 7o e (00 )00

1 1\ .
- VR gao R o (1) deom st —s1-9) @)
TFs

+..., (2.7)

where 1
(TF)p = Z06) Z efmi)\oioiﬂis (2.8)



is the finite temperature one-point function on the sphere of the Tf.f < operator and the dots
denote contributions from other operators. In (2.8) Z(/3) is the partition function and the
sum runs over all operators, including descendants.® Note that

(TF )5 =BT fF (8). (2.9)

Here and below the indices are suppressed (see e.g. [17] for the explicit form) and f¥ (8) ~
C’;“;/ ?isa theory-dependent nontrivial function of 5 which approaches a constant ff, 4(0) in
the large volume (8 — 0) limit.

Consider the thermalization of the stress tensor sector:

(OulTENOm)| s = Aoyours,| st = (Th)s. (2.10)
ok/2 ok/2
T T

Note that Tj_f ¢ Is unit-normalized, so all terms in (2.10) scale like C’;,i/ ’. Eq. (2.10) implies
the equality between (2.6) and the corresponding term in (2.7). Note that the left-hand side
of (2.10) is a function of the energy density while the right-hand side is a function of tem-
perature. The relationship is fixed by considering the stress tensor case: the corresponding
function fé_m(ﬁ) is determined by the free energy on the sphere (see section 6).

In the following, we will first discuss the case where the multi stress operators TT’f s do
not have any derivatives inserted, and then show that the derivatives do not change the
conclusions. Assuming large-Cr factorization, the leading Cr behavior of (Tf s)3 on the

sphere is determined by that of the stress tensor. Schematically,

<T7]'€,s>/3 = Cf’,s (<Tc}—272>5)k T (211)

k are numerical coefficients, which depend on k, 7, s, but are independent of the

where ¢7

details of the theory and the dots stand for terms subleading in C ! By combining (2.11)
and (2.10), one can formulate a universality condition

e k _ k d \*Fay
)\OHOHTQS ak = Cr,s()\oHoHle_n) = Crs (1 _ d> k> (212)
oR/2 ’ C?
T

where the last equality follows from the stress tensor Ward identity for the three-point

function which fixes A0y ouT! (le_272 here is unit-normalized). In other words, ther-

2,2
malization and large-C7 factorization imply that the leading A*/ Cfﬂ/ ? behavior of the multi
stress tensor OPE coefficients is completely fixed and given by (2.12) in all large-Cp CFTs.

In the paragraph above we considered multi stress tensor operators that did not contain
any derivatives in them. However, the story largely remains the same when the derivatives
are included, as long as their number does not scale with Cr. Indeed, the three-point
function involving the stress-tensor with added derivatives, 0, ...093T),, still behaves like
A0y Oyda...05Thy =~ A /v/Or up to a theory-independent coefficient. Hence, (2.12) still
holds, provided thermalization and large-C'r factorization hold on the sphere.

5The corresponding conformal blocks can be obtained in the usual way by applying the quadratic con-
formal Casimir and solving the resulting differential equation [77].



Note that due to conformal invariance, correlators on the sphere depend on R only
through the ratio 8/R. Moreover, in the large volume limit, factors of R need to drop out
of (2.6) and (2.7) to have a well defined limit. To see this we use that (1 — z) — 0 and
(1 —2) — 0 when R — oo and the conformal blocks behave as (see e.g. [6])

001 _ 5 1_3) ~ C (] — )5 old/2) (1—Z)+(1—5)>
gT,s (1 71 ) Nd,S[(l )(1 )] Cs <2 (1 — Z)(l — 2)

(2.13)
|$’T+s 4/ xO
N, T e (2
Nd, RT_,’_S s |:L" ’
where |z] = /(2%)? + x2, ngﬂ_l)(%) is a Gegenbauer polynomial and Ny, = 7((1/28!_1)5.

Including the factor [(1 — 2)(1 — 2)]™® from (2.6) in (2.13) this agrees with the thermal
block on S' x R%! in [13]. Now from the thermalization of the stress tensor we will find

o (5)
SH (2 2.14

o\ 3 (2.14)
and from (2.12) and (2.13) it follows that

in the large volume limit that

g%

k
CT

(1 =21 =2)Aoorr Ao 0,1,

The dimension of multi stress tensors Tf’ s is given by 7+ s = dk +n where n = 0,2,.. ..
Therefore, the only multi stress tensors that contribute in the large volume limit have
dimensions dk. Restoring R in (2.6)—(2.7) and inserting (2.15) one finds that R drops out
in the large volume limit. The correct dependence $~(7+%) from (2.9) in the R — oo limit is
also recovered in (2.6) using (2.15). The multi stress tensor operators that contribute in the
large volume limit are therefore of the schematic form T},,,,T},,0, - - - T}yy0,, With arbitrarily
many contractions and no derivatives.

In holographic theories thermalization and the Wilson line prescription for the cor-
relator allows one to compute the universal part of the OPE coefficients (see [66, 78] for
explicit computations in the d = 4 case). It is also easy to check explicitly that the uni-
versality (2.12) holds for holographic theories with a Gauss-Bonnet gravitational coupling
added. While the statement was shown to be true for the leading twist OPE coefficients
in [63], it was not immediately obvious for multi stress tensors of non-minimal twist. Some
such OPE coefficients were computed in [63, 71]. (See e.g. egs. (5.48), (5.51), (5.52), (5.57)
and (D.1)-(D.5) in [71]). Indeed, the leading A’“/C’éi/2 behavior of these OPE coefficients
is independent of the Gauss-Bonnet coupling.

What about a general large-Cr theory? We first consider the OPE coefficients of
double-stress tensors. To this end, consider the four point function” (07}, T,,O) where O
is a scalar operator with scaling dimension A. In the direct channel OxO — O’ — T}, xT ),
for finite A and large Cr, the leading contribution in the large-Cr limit comes from the

"This correlator for finite A was recently considered in holographic CFTs with Agap > 1 and A < Agap
in [73].



identity operator O x O — 1 — T}, x T),. The subleading contributions in the direct-
channel are due to single trace operators as well as double trace operators made out of
the external operators of the schematic form T’ f s and [00],; =: ©0*9;...0,0 :. The
exchange of the identity operator is reproduced in the cross-channel O xT},, = [OT,s]n1 —
O x T,s by mixed double-trace operators [OT,3],; with OPE coefficients fixed by the
MFT [79-81]. The subleading contributions in 1/C7 are then due to corrections to the
anomalous dimension and OPE coefficients of [OT,4],,; and single trace operators in the
O x T, OPE. An important example of the latter is the exchange of the single trace
operator O, whose contribution is universally fixed by the stress tensor Ward identity to
be ()‘OTLMOP o A?/Cr times the conformal block. This gives a universal contribution

to Aporz as was also noted in [73].

We now want to consider the case where A ~ Cr and study the OPE coefficients of
the double-stress tensor operators in the O x O OPE. Firstly, note that the contribution
from Tf,s to the four-point function expanded in the direct channel is proportional to
Mootz Arrrz,- The OPE coefficients Apprz = are fixed by the MFT and are independent
of A and therefore the dependence on the s;:aling dimension comes solely from the OPE
coeflicients Aporz . In the cross-channel, we analyze two kinds of contributions: from the
exchanged operat(,)r O and from all other operators O’ # O. From the operator O we get a
universal contribution to the OPE coefficients in the direct channel )\@@Tz , that we denote

by )\SEQTQ This contribution is universal since it only depends on ()\OT1 20 0)? < A?/Cr
in the cross-channel, which is fixed by the Ward identity. The contrlbutlons from other

operators O to the same OPE coefficient will be denoted by )\EQQ,)TQ ; such that Aporz2 =

)\8297’3,5 + AE?QE?T?,S' Note that it also follows from the stress tensor Ward identity that the
only scalar primary that appears in the cross-channel is ©. The operator O therefore

necessarily has spin s # 0.

To prove universality we need to show that AEQ%)TQ < A?/Cr in limit 1 < A o Cp
by studying the A dependence of the OPE coefﬁments )\Olefzzol in the cross-channel.
For operators ', such that Aps < A, we expect that these OPE coefficients are heavily
suppressed. It would be interesting to understand if one could put a general bound on the
contribution of these operators in the cross-channel in any large-C'r theory. On the other
hand, assuming thermalization, the OPE coefficients due to operators O’ such that Apr ~
A have been calculated in [23]. The obtained results are in agreement with our expectation,
namely, these OPE coefficients are suppressed in 1 < A o« Cp limit. Additionally, in the
cross-channel we have double-trace operators [OT,s],,, whose OPE is fixed by the MFT
and it does not get A-enhanced. Note that in holographic theories with a large gap,
1< Agap < O, in the regime A < Ag,, there is a coupling )‘OT;_Q,QTJ_M which scales

like W
This is different from the regime considered in this paper where A > Ag,,.

and its contribution to multi-stress tensor OPE coefficients was studied in [73].

One can iteratively extend the argument given here to multi stress tensors operators
(with & > 2) by considering multi stress tensors as external operators. For example,
to argue the universality of Appors one may consider (0T} 9017 2 0). The bootstrap



argument above can be applied again by using the fact that OPE coeflicients A\pprz2  are
universal, and the OPE coefficients Apr2 o are again expected to be subleading.

3 OPE coefficients in the free adjoint scalar model

In this section we consider a four-dimensional theory of a free scalar in the adjoint repre-
sentation of SU(N), see [82-87] for related work. The relation between N and the central
charge Cr in this theory is [88]

4
Cr= g(N2 —1), (3.1)
and we consider the large-N (large-Cr) limit. The propagator for the scalar field d)ij is
given by
. , 1 . 1
7 k _ 1 sk v sk _
(@@t (0) = (510 = o0 ) = (3.2
A single trace scalar operator with dimension A is given by
1
Oa(z) = L Tr(9) « (x), (3.3)
VAN?
where : ... : denotes the oscillator normal ordering and the normalization is fixed by
(OA(R)OAW) = —— 5 (34)
AR = Ty Ty '

The CFT data that we compute in this section are the OPE coefficients of multi stress
tensors in the Op x Op OPE. Assuming we can take A — Ag ~ Cp, the large-A limit of
these OPE coeflicients is shown to be universal. One may worry that for Ay ~ Cp we can
no longer trust the planar expansion, but, as we show in appendix C, the large-A limit of
the planar result yields the correct expression even for Ay ~ Cr.

3.1 Stress tensor

The stress tensor operator is given by

T, (2) 0,60, — %qﬁ@u@,jqb - (trace)) : (2), (3.5)

1
=—=:1r
3V Cr <
where the normalization

(TH(x)T,5(0)) = ‘1,1|8 (I(“p(:c)f”)a(x) — (traces)) , (3.6)

with I#,(z) := 6", — 2"”‘”;%”. The OPE coefficient is fixed by the stress tensor Ward identity
to be

4A
AOAOATQIQ Y /Cr’

It is also useful to find (3.7) using Wick contractions since an analogous calculation will be

(3.7)

necessary for multi stress tensors. We do this explicitly in appendix A.



3.2 Double-stress tensor with minimal twist

In this section we study the minimal-twist composite operator made out of two stress
tensors

1
(T2)ng(x) = ﬁ T The) (x) — (traces), (3.8)
with the normalization

(TP (2)(T?) 26 (0)) = |;16 (I(”,J” MPSI7, — (traces)) : (3.9)

Consider the following three-point function

AOAOATZA

<OA($1)OA(x2)(T2)ul/pa($3)> (ZNZ,/Z/)ZJ — (traces)) s (310)

O |z122A Y wyg| A aes |4

where ZV = % - % It is shown in appendix A that the OPE coefficient Ay, o ATZ,
is given at leading order in the large-C'r limit by
8V2A(A —1)

)\OAOATEA — T (311)

Evaluating %If’LL) defined by (2.5) in the large-A limit,® we obtain
4
mHHLL) (1
PT42’4 - <_2) )\OHOHTEAAOAOATZA

(c*?)Q (3.12)
2 2
_ 8812? (a2 +0(a)) =4 (2?800 - O(A>> ,

where we use the following relation

_ 1604x

— U OH 1
=30, (3.13)

The result (3.12) agrees with the leading behavior of the corresponding OPE coefficients
computed using holography in [63] and bootstrap in [66, 68].
3.3 Double-stress tensor with minimal twist and spin s = 6

We consider double-stess tensor operator with two (uncontracted) derivatives inserted

(TQ)uypgnH(x) = 2\/11@ : (T(Wap(%Tm) () — g (O(pTW> (GUTW)) () — (traces))(: . |
3.14

Using the conformal algebra eq. (C.2), it is straightforward to check that this operator is
primary. It is unit-normalized such that

1
(T2 @) (1) e ) = 1o (10017 517, 175 7T — (traces)) . (3.15)

8By the large-A limit, we strictly speaking mean 1 < A <« Cp. However in this paper we often
extrapolate this to the A ~ Cr regime.



By a calculation similar to those summarized in appendix A, we observe that the OPE
coefficient of (T2) wwpons in the Op x Op OPE is given at leading order in the large-Cr
limit by

8 [2 A(A-1)

)‘OAOATfﬁ:g 91 Op (3.16)

Evaluating PéIjH’LL), defined by (2.5), in the large-A limit, we obtain
4,6

6
LD 1
P - <_2) AOHOHTZ’(}AOAOATE’G

(2) (3.17)

2 A% A?
= Z S0 (A4 0(A) =1 (= + O(A) )
819 C%( +O(@) = (1164800+ ( )>

The result (3.17) agrees with the leading behavior of the corresponding OPE coefficients
computed using holography in [63] and bootstrap in [66, 68].

3.4 Minimal-twist multi stress tensors

We now consider multi stress tensors 7. 2’27%. Just like the double stress tensor (k = 2), we
show that these have universal OPE coefficients in the large-A limit for any k.

Consider the unit-normalized minimal-twist multi stress tensor operator given by
i 1
(T )Ml,uz...u% (‘T) = ﬁ : T(#WQTMSM o 'T,uzkflugk) : (x) - (traces)' (3'18)

The OPE coefficient of (T%) 4, us...us, 10t the Oa x Oa OPE, in the large-Cip limit is given by?

ANF [(A+1)
ACaLoy o 3 \/ECT/ F(A —k+ 1)
First, we write P(HH’LL), defined by (2.5), in the large-A limit. We obtain this OPE

TS
coefficient from (3.19) for k = 3,

6
mELL) (1
PTgﬁ - <_2) )\OHOHT&G)\OAOAT&G N 3
’ oH
(%) (3.20)
_ 32 A?—I 3 2 _ .3 A3 2
T 2187 C3 (4%+0(8%) = " {ze8m00 + 9% )

The result (3.20) agrees with the leading behavior of the corresponding OPE coefficients
computed using holography in [63] and bootstrap in [68].

9See appendix A for detailed computations of similar OPE coefficients.
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Additionally, we consider the OPE coefficient PZ(FI;IH’LL)
2k, 2k

in the large-A limit for

general k,

1 2k
( 2) OHOHT2kk,2k OAOAT;@,%

(%?)k (3.21)
k

1 2 2 Al}:{ k k—1 k A k—1

If we consider the limit 1 — 2z < 1 — 2z < 1, such that p(1 — 2)(1 — 2)3 is held fixed,
only operators Tfk’zk contribute to the heavy-heavy-light-light four-point function given by
eq. (2.3). The conformal blocks of Tzkk,% in this limit are given by

gkl =2, 1—2) ~ (1—2)F(1 - 2)*", (3.22)

and we can sum all contributions in eq. (2.4) explicitly to obtain

1 BA > 3
G(z,2) ~ —— et (7R, (3.23)
(1=2)1-2))
Notice that the term in the exponential is precisely the stress-tensor conformal block in the
limit 1 — 2z < 1 — z < 1 times its OPE coefficient. Therefore, the OPE coefficients (3.19)
imply the exponentiation of stress-tensor conformal block. We conclude that these OPE

coefficients are the same as the ones computed using holography and bootstrap in the limit
of large A.

3.5 Double-stress tensors with non-minimal twist

So far we have shown that the minimal-twist multi stress tensor OPE coefficients are
universal in the limit of large A. In this subsection, we extend this to show that the simplest
non-minimal twist double-stress tensors also have universal OPE coefficients at large A.

The subleading twist double-stress tensor with twist 7 = 6 is of the schematic form
: TH,T™ : and has dimension A = 8 and spin s = 2. It is given by

1
(T?%) () = 75 TuaT®, : (z) — (trace). (3.24)
The normalization in (3.24) is again chosen such that (7),, is unit-normalized, see
appendix B for details.
The OPE coefficient of (7?2),, in the Op x Oa OPE is found from the three-point

function in the large-Cr limit, for details see appendix B,

_ 4V2A(A —1)  ZFZY — (trace)

o @) T2 3.25
(Oae)OA) (1) (a)) = =00 == P B (329)
from which we read off the OPE coeflicient
4/2A(A - 1)
)\OAOATG%Q = T- (3.26)
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Evaluating PF}IQ{H’LL), defined by (2.5), in the large-A limit, we obtain
6,2

2
(maLry _ (1
PT62,2 - 9 )\OHOHTGZ’2)\OAOAT;2

(32) (3.27)
2 2
:;ACI; (a2 +0(a)) :;ﬂ( ° +O(A)>.

28800

The result (3.27) agrees with the leading behavior of the corresponding OPE coefficients
computed using holography in [63] and bootstrap in [71].
We further consider the scalar double-stress tensor with A = 8 and spin s = 0 which
is given by
1
T (2) = —= : TWT" : (2). 3.28
(T%)(w) = 575 : TuT™ : (@) (3:29)

The three point function (Oa (21)Oa (22)(T?)(z3)) is found in appendix B to be

2v2A(A - 1) 1
@) O T? = 3.29
(Oa(21)O0a(22)(T7)(23)) 9Cr e (3-29)
from which we read off the OPE coeflicient
2v2A(A — 1)

)\OAOATSQ’O = T (3.30)

We write P;IQ{H’LL) in the large-A limit
8,0
HH,LL
P}2 ) = /\OHOHT;O)\OAOAT;O

(%f (3.31)

- 5102 (a2 +0A)) = u saaag O ) -

The result (3.31) agrees with the leading behavior of the corresponding OPE coefficients

computed using holography in [63] and bootstrap in [71].

4 Thermal one-point functions in the free adjoint scalar model

In this section we explicitly show that multi stress tensor operators thermalize in the free
theory by calculating the thermal one-point function of some of these operators on S* x R3.
One-point functions of primary symmetric traceless operators at finite temperature are
fixed by symmetry up to a dimensionless coefficient by (see e.g. [8, 13])

b
(O oo )8 = BTOO (eu1 o lpg, (traces)) . (4.1)

Here e, is a unit vector along the thermal circle.
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To compare the thermal one-point functions and OPE coefficients from the previous
section, we need to derive a relation between %—g and the temperature!® =1, Here Ay ~
N? refers to the scaling dimension of a heavy operator O with OPE coefficients given by
the large-A limit of those obtained in section 3. One can relate the inverse temperature 3
to the parameter pu = 1%0%—;{ using the Stefan-Boltzmann’s law E/vol(S3) = N272/305%.
The energy of the state E is related to its conformal dimension A via E = A/R. One can
then use vol(S3) = 272 R? and the relation between N and Cr given by (3.1), to find

160 A 1 4
_160Ag _ 160 , R 8(7TR) . (4.2)

S R DR A
4.1 Stress tensor

The thermal one-point function for the stress tensor T2172 = T}, is calculated in appendix D
where we find that bT212 is given by

24N
b = — . 4.3
T21,2 15\/3 ( )
Using (4.2) and (D.6) one arrives at
bT21Y2574 = A0y OuTL," (4.4)

4.2 Double-stress tensor with minimal twist

In this section we calculate the thermal one-point function of the double-stress tensor
operator with 7 = 4 and spin s = 4. The operator is written explicitly in (3.8). The
leading contribution to the thermal one-point function of (7°2) uvpo follows from the large-
N factorization and is given by

() uspms = 5 Tl Ty} = (traces
2 /IS N? (4.5)
= 6755 (epevepes — (traces)) .

Using the relation (4.2) and the OPE coefficient (3.11), we observe the thermalization of
this operator,

s (4.6)

Cr

—8 _
beAB — AOHOHT42,4

4.3 Minimal-twist multi stress tensors

Consider now multi stress tensors T2kk,2k with twist 7 = 2k and spin s = 2k. We show that
these operators thermalize for any k by calculating their thermal one-point functions:

ka
<(Tk)u1uz---uzk>6 = 2= (emeuz T Cugy T (traces)), (4.7)

s

10See also section 6 and appendix D for alternative derivations.
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where the leading behavior of bTé“k . follows from the large- N factorization:

b = (b = IV 4.8
z%%-—;%ﬂqgQ = L E (4.8)
Egs. (4.2) and (4.8) may be combined to yield
—4k __
bTQkk,2kl8 o AOHOHTQICIC,QI@ ﬁ' (4'9)
chl?

4.4 Double-stress tensors with non-minimal twist

The subleading twist double-stress tensor is of the schematic form : T#, T : and has twist
7 = 6 and spin s = 2. The explicit form can be found in (3.24). The leading term in the
thermal one-point function is given by

(T2 = j§<TW>5<T”a>ﬁ ~ (trace)
b%212 1 1 v
- ( _ 45~) (4.10)

2.8
_ V2N'r (e — o).
67538 4

therefore,
L VAN
T 675
Taking the large-A limit of the OPE coefficient in (3.26) and substituting (4.2), we observe
thermalization,

(4.11)

s (4.12)

Cr

—8 _
ng,Qﬁ - )\OHOHT()%Q

We further consider the scalar double-stress tensor with 7 = 8 and s = 0 which is given
by (3.28). The thermal one-point function for this operator is

1

T?)) g = —=(T\)s(TH

((T%)s 3ﬁ< ) (T ) s
_ 1 §b2 /878_ 7T'8N2 ( . )

T 3v24 T2" T 675288

where the factor of % in the first line comes from the index contractions. Hence,
m8N?

b = —. 4.14
T82,0 675\/§ ( )

Using (4.14), (3.30) and (4.2), we again observe thermalization,
ng’OB_S = AOHOHTS%O éi (415)

T
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4.5 Triple-stress tensors with non-minimal twist

We consider the triple stress tensors with 7 = 8,s = 4 and 7 = 10,s = 2. The unit-
normalized triple stress tensor with 7 = 8 can be written as
3 1 oY
(T*)upo () = = (: T Lo T%) : () — (traces)) (4.16)

where |a| denotes that index « is excluded from the symmetrization. The thermal one-point
function follows from large-N factorization

1 a
<(T3)uupa>3 = ﬁ ((T(uu>5<Tp|a|>5<T o)>[3 — (traces))
1 b
= 2—\/35—1222 (epevepes — (traces)) (4.17)
47‘(’12N3
= 30375512 (enevepes — (traces)),
therefore,
47T12N3
b = _ . 4.18
T 30375 (4.18)

The OPE coefficient of the operator with same quantum numbers (A = 12, s = 4)
is calculated holographically and is given by (D.1) in [71]. In the large-A limit it can be

written as
4 3 A3
(#H,LL) _ (1 , , _ 64 AYA )
PTg’4 = < 2) AONONTE A OLOLTS, (AJ)3 = 2187 (3 + O(A7). (4.19)
Cr

Now, one can easily read-off Ap, 0,73, in the large-A limit

4A3
+ O(A?) = ~oni t 0(A?%), (4.20)

\ _ 32A3
OAOATgA - _27\/§CT3/2

where we use the relation between central charge Cr and N given by (3.1). Using (4.2)
one can obtain
A3 - (4.21)

/
3/2
CT

—12 __
bT83,4/B - )\C)].I(QHTS74

We also consider the triple stress tensors with quantum numbers A = 12 and s = 2.
There are two linearly independent such operators that schematically can be written as
: T, aﬁTaﬁT w - and @ T,,T O‘BTﬁy ;. We write the following linear combinations of these

operators
1 (6% (6%
(T () = TN (: TapT™ Ty« (@) + 41 Tua T T, - (2) — (trace) ), (4.22)
) 12
(T%) () = % (; Tag T Ty = (1) = o Ty T T, - () - (trace)) L (423
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Both (T%),,, and (T?),,, are unit-normalized and their overlap vanishes in the large- N limit
(T2 (2)(T°)77 (y)) = O(1/N?). (4.24)

The thermal one-point functions of these operators, obtained by large-N factorization, in
the large-N limit are given by

2 N3gl2
T3 s = =1/ = ———— (epen — (4 ,
(T v e 370125712 (Cuev — (trace)) (4.25)
(T*)uw)p = O(N),
therefore,
2 N3r!2
bps = —/5—,
10,2 310125 (4.26)

b1, = O
The holographic OPE coefficient of the operator with the same quantum numbers
(A =12, s = 2), with external scalar operators is given by (5.57) in [71]. In the large-A
limit it can be written as

32 AYA3

p(HHLL) _ _ 2%
(AJ)3 729 C%
Cr

3
Tio,2

+ O(A?). (4.27)

1 2
(—2> AOAOATS, , A OHORTS,

We can read-off )‘OAOATfo,Z:

) 83 A
OAOATEQQ - 27 03/2
T

3
0(A?) = —?:\//%]%3 +0(A?). (4.28)

Again, using (4.2), one can confirm that this operator thermalizes

sl - (4.29)

3/2
Cr

bra B =\
Tﬁzﬁ OHOHT%Q

5 Thermal two-point function and block decomposition

In this section we study the thermal two-point function (OpoOa)s and decompose it in
thermal blocks. We determine the contributions of a few low-lying operators, including the
stress tensor T2172 and the double stress tensor Ti 4- They exactly match the corresponding
OPE coefficients and thermal expectation values computed in previous sections. Due to
the presence of multiple operators with equal scaling dimension and spin, there is a mixing
problem which we solve explicitly in a few cases. Related appendices include appendix F,
where we review the statement that the thermal one-point functions of multi-trace operators
with derivatives vanish on S x R4 and appendix G, where we consider two-dimensional
thermal two-point functions. In appendix H we do a similar analysis for the vector model
in four dimensions.
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5.1 Thermal two-point function of a single trace scalar operator

The correlator at finite temperature 57! in the free theory can be calculated by Wick
contractions using the propagators on S x R3. Explicitly, the two-point function at finite

temperature is given by!!

TA(A —
(050505 = glath i) + TEE DG > 6
where
G = 3 1
b o (¥ +mB)% + % (5.2)
" (x| — 429 T (x| + 20 .
= 3 [Coth (ﬁ(\ | za;E)) + Coth <6(] \—i—sz))

The dots in (5.1) contain contributions due to further self-contractions which will not be
important below.'? Taking the 3 — oo limit of (5.1) we can read off the decomposition of
the two-point function in terms of thermal conformal blocks on S' x R3 with coordinates

r = (2%,%).
Following [13], if |z| = {/(2%)? + x2 < 3 the two-point function can be evaluated using
the OPE:
(OA@)OA(0))5 =Y Aoa0a0lE| Py - Ty, (OF17H00) g, (5.3)
@)

where Ao, 0,0 is the OPE coefficient, 7 and sp is the twist and spin of O, respectively.
Using (4.1) together with (5.3), the two-point function on S x R? can be organized in the
following way [13]:

aom 1 (1) [E%v

(OaA@)OA)sg= > Wm@ ) (5.4)
OT,SEOAXOA x x

where we sum over primary operators O, with twist 7 and spin s, appearing in the OPE

OA X OpA ~Ors+.... In (5.4) Cs(l)(xOE/|:L‘|) is a Gegenbauer polynomial which, together

with a factor of |z|~24+7~% forms a thermal conformal block in d = 4 dimensions and the

coefficients ap, , are given by

1 S
0o, , = (2) /\OAOAOT,sb@T,s- (5.5)
Expanding (5.1) for § — oo one finds:
1 T2A |
- |1+ —
<0A($)0A(O)>ﬁ ‘$|2A [ + 332 ‘iU|
. (5.6)
A
+ ol BX(6A —9) + (158 ~19)(w5)") + 0(57°)|.

""Here and below we assume that A > 4. We further drop the disconnected term (Oa)3 ~ N”.

—2a ~ A—a

2These terms will be proportional to 372*§(z%, |x|)
blocks, these will not affect the operators with dimension A < 8 or A = 8 with non-zero spin s # 0.

, with @ > 4. When decomposed into thermal
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From the expansion (5.6), we can read off the coefficients a,/ ¢ := > , , ao_, , where we
sum over all operators with twist 7/ and spin s’:

B A
azo0 = 3 5
7tA(3A - 5)
e 5'7
a4.0 18 5 ( )
_ A
a2 = 745 .

For future reference, expanding (5.1) to (’)(%) one finds

276 A
a4 = ——,
’ 945
5.8
dr TSA(A — 1) (5:8)
44 1050

Note that due to the mixing of operators with the same twist and spin, a,, generically
contains the contribution from multiple operators. In the following section we calculate the
OPE coeflicients and thermal one-point functions of operators which are not multi stress
tensors but contribute to (5.7) and (5.8).

5.2 CFT data of scalar operators with dimensions two and four

We explicitly calculate the thermal one-point functions (O)g = boB 2 and OPE coeffi-
cients A\p 0,0 for scalar operators O with twist 7 = 2 and 7/ = 4 using Wick contractions.
This is done to find which operators contribute to the thermal two-point function and to
resolve a mixing problem.

For 7 = 2 there is only one such operator, the single trace operator Os(x) = ﬁ :
Tr(¢?) : (x) given in (3.3). The OPE coefficient is found by considering the three-point

correlator

AOAOAO
Oa(21)On (22)O — TR Te—E 5.9
(Oa(z1) A(HTQ) 2(373)> ’x12’2A—2‘$13‘2|x23|2 ( )

The three-point function is calculated in appendix A, in the large-V limit, and it is given by

V2A 1

= 1
<OA($1)OA('I2)02($3)> N |$12|2A72’$13’2|l‘23|27 (5 O)
and therefore Ao, 0,0, = % to leading order in 1/N. To calculate the thermal one-point

function o< (Tr(¢?))s, we include self-contractions, i.e. contractions of fundamental fields
within the same composite operator separated by a distance mf along the thermal circle
for m # 0 and integer. Explicitly, the one-point function of Oy is given by

1 N? N
(Oxfe))s = 7 %20 CTLRENT (5.11)
therefore, )
N (5.12)

bo, = ——.
Oy 32
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The contribution to the thermal two-point function ap, is found using (5.10) and (5.12)

A
a2,0 = bo, Ao 0,0, = 5 (5.13)

This agrees with (5.7) which was obtained from the thermal two-point function.

We now continue with scalar operators of twist four. There are two such linearly inde-
pendent operators appearing in the Oa X Oa OPE. In order to construct an orthonormal
basis, consider the following single and double trace operators:

1
Ou(x) = 555 : Tr(6") : (),
2N
. o (5.14)
Ospr(r) = 2aN? Tr(¢°)Tr(¢7) : (z).
We further construct the operator @4 that has vanishing overlap with Oy pr(x) as follows:

@4 = N[O4 — CO4O4YDTO4,DT}> (5.15)

with N a normalization constant and CO,04 pr 18 the overlap defined by

(O4(2)Ospr(y) = —— 5 (5.16)

Explicit calculation gives co,0, pr = 2—]\\@ and N = % in the large- N limit, and the scalar

dimension four operator orthogonal to the double trace operator O4 p is therefore

1 2v/2
[O . — 7\[

Oy =
4 NG N

Note that even though the second term in (5.15) is suppressed by 1/N, it can still contribute

O4,DT1 : (5.17)

to the thermal two-point function due to the scaling of OPE coefficients and one-point
function of a k-trace operator O*):
bow ~ N¥,
1 (5.18)
)\OAOAOU“) ~ W?
in the limit N — oco.
The one-point function and the OPE coefficient for Oy is found analogously to that of
05 in the large-N limit
4
TN
b04 = T?
5.19
oA (5.19)
AONONO4 = N
Consider now the double trace operator given in (5.14). The one-point function fac-
torizes in the large- NV limit:

(Ospr()s = j§<<02<x>>5>2
T4 N2

= Tsva

(5.20)
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Likewise, the OPE coefficient can be computed in the large- N limit (see appendix A)

V2A(3A - 5)
)\OAOAO4,DT = N2 . (5.21)
Consider now the thermal one-point function of @y in (5.17)
= 1 2v/2
O4)5 = bo, — ——b
( 4>,3 \/234 Oy N O4,DT] (5.22)
=O(N),

where we have used (5.19) and (5.20). Since the corresponding OPE coefficient is suppressed
by N1, it follows that the only scalar operator with dimension four contributing to the
thermal two-point function is the double trace operator O4 pr. From the OPE coefficient
and thermal one-point function of this double trace operator, using (5.20) and (5.21), we
find the following contribution to the thermal two-point function

7t A(BA - 5)

2
— (5.23)

aq,0 =
which agrees with (5.7).

5.3 CFT data of single-trace operator with twist two and spin four

The primary single trace operator = = O 4 with twist 7 = 2 and spin s = 4 is given by

- _ b -
h—d;uzpo'(x) - 96\/?6]\7 : TT(¢(8M8V8P80¢) 16(8(“¢)(a’/8p80)¢) (524)

+ 18(9,0,¢) (0,05 p) — (traces)) : ().

The relative coefficients follow from requiring that the operator is a primary, see appendix E
for details.
The thermal one-point function of this operator is found from Wick contractions in
the large-N limit to be
876N
= epevepes — (traces)) . (5.25)

(Euvpo)s = YRS (

Moreover, the OPE coeflicient in the Op x O OPE can again be calculated using Wick
contractions similarly to how it was done for T427 4 in appendix A. By explicit calculation

one finds
AN Z,2,7,Z, — (traces)

OA(21)Oa(z2)= r3)) = , 5.26
< A( 1) A( 2) ,pra( 3)) \/%N ‘$12‘2A_2‘$13‘2‘J)23‘2 ( )
and therefore the OPE coefficient Ao, 0,0, s given by
4A
A = —. 5.27
OAOAO2 4 \/%N ( )
Now, it is easy to check that
1 2m9A
2105040240024 = 51 (5.28)

which agrees with as 4 in (5.8).
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5.4 CFT data of double-trace operators with twist and spin equal to four

To find the full contribution to the thermal two-point function from the operators with
7 =4 and s = 4 we need to take into account the contribution of all operators with these
quantum numbers and solve a mixing problem. In addition to the double-stress tensor
operator with these quantum numbers, the other double trace primary operator which
contributes is given by
1
ool (z) = ek Tr(¢?)(Tr(90,0,0,058) — 16T7(0(,00,0,0) ) 529)
+18T7 (0,00 #0045y 9) () — (traces)) s (),

where the operator is unit-normalized. Notice that this is the double trace operator ob-
tained by taking the normal ordered product of two single trace operators, the scalar
operator with dimension 2 and the single trace spin-4 operator with dimension 6. There
are more double trace operators with these quantum numbers which are, however, not sim-
ply products of single trace operators. These do not contribute to the thermal two-point
function to leading order in ﬁ (see appendix F).

Note that it follows from large-N factorization that the overlap of this operator with
(T?) uvpo is suppressed by powers of %; since both of these are double trace operators and
obey the scaling (5.18), to study the thermal two-point function to leading order in N2
one can therefore neglect this overlap.

The thermal one-point function of OEVTPO follows from the large-N factorization and
we find that

[2 478 N?

where we used the thermal one-point functions for each single trace operator given by (5.11)
and (5.25). The OPE coefficient is calculated in appendix A,

[2 4A(A —1)

Using the thermal one point function and the OPE coefficient in (5.30) and (5.31) respec-

DT

Lwpo 8ives the following contribution to the thermal

tively, it is found that it the operator O
two point function:

1\ 28 A(A — 1)
Gopy = (2) bopTA0s0s0RT = T oe35 (5:32)

The total contribution from T7, together with that of OEZ{, using (3.11), (4.5)
and (5.32), is
TSA(A - 1)

1050 (5.33)

asq = (agz, +agpr) =

This agrees with a4 4 in (5.8).
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6 Comparison with the eigenstate thermalization hypothesis

In this section we discuss the relation of our results to the eigenstate thermalization hypoth-
esis (ETH). We argue that the stress tensor sector of the free SU(IV) adjoint scalar theory
in d = 4 satisfies the ETH to leading order in Cr ~ N2 > 1. We explain the equivalence of
the micro-canonical and canonical ensemble when Ag ~ Crp in large-Cp theories. In this
regime, the diagonal part of the ETH is (up to exponentially suppressed terms which we
do not consider), equivalent to thermalization. Note that in two dimensions the Virasoro
descendants of the identity satisfy the ETH (see e.g. [42] for a recent discussion).

We begin by showing the equivalence between the micro-canonical and the canonical
ensemble on Sé x Sl when Ay ~ Cr > 1. See [9, 11, 12, 14, 89] for a similar discussion
at infinite volume as well as [47] in the two-dimensional case. The expectation value in the
micro-canonical ensemble of an operator O, which we take to be a scalar for simplicity, at
energy F' = Ap/R is given by

O = 55 Z(0010), (61)
@
where we sum over states |O) with energy (E, E + §E) and N(FE) is the number of states
in this interval. On the other hand, consider the partition function at inverse temperature
B given by

BA

Z(8) = Ze*% - /dAp(A)e*f, (6.2)
O

where we sum over all states in the theory. In the second line in (6.2) we have approx-
imated the sum of delta-functions by a continuous function p(A). Expectation values in
the canonical ensemble is then computed by'3
(©O)s = 2(8)" [ dBp(B)O) 5 e R, (63)
Consider the partition function in (6.2) with a free energy F = —3~!log Z(53). By an
inverse Laplace transform of (6.2) we find the density of states

1 ﬁ’(A—H—F(ﬁ’))
Ay) = —— ! B .
p(Am) 2m.R/dﬁe

For Ay ~ Cr and a large free energy'* F' ~ Cr, we can evaluate (6.4) using a saddlepoint

(6.4)

approximation with the saddle at 8 given by

Ap

== 95 (8 F)s. (6.5)

Consider now the thermal expectation value in (6.3), multiplying both sides by Z(5) and
doing an inverse Laplace transform evaluated at Ag ~ Cp we find

o (- ) |

micro 1 /
pAmO)IT = 5 [ A8/ (O)re (6.6)

131t was argued in [14] that the existence of the thermodynamic limit implies that we only need to sum

over operators with low spin.
14We consider a CFT in a high temperature phase.
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For F' ~ C7 > 1 we again use a saddlepoint approximation to evaluate (6.6) with the saddle
at 3 determined by (6.5), assuming (O)g does not grow exponentially with Cr. The r.h.s.
of (6.6) is therefore the thermal expectation value (O)s multiplied by the saddlepoint
approximation of the density of states in (6.4). It then follows that

(O ~ (0), (6.7)

with 8 determined by (6.5). In particular, in the infinite volume limit R — oo, the free

energy is given by!?
b (can) Sdeil
_ T

Fe
where Sy = Vol(S91) = QFg/F(%). Inserting (6.8) in (6.5) we find [9]

B _ <_(d - l)bTﬁi”)Sd) ‘ . (6.9)

(6.8)

dAg

We can use (6.7) to see the thermalization of the stress tensor. The free energy is
related to the expectation value of the stress tensor T,E(;an) [5]

(T — Sd;d_laﬁ(—ﬁp(ﬁ)). (6.10)

n)

On the other hand, the expectation value of T, Oga in a heavy state |Op) is fixed by the

Ward identity to be

(can) . Apg
(On|Ty " |On) = TSR (6.11)
Multiplying (6.5) with (SqR?1)~! and comparing with (6.10)—(6.11) we find that
(OulT35™|On) = (T55"™) 5. (6.12)

This shows the thermalization of the stress tensor in heavy states where F' ~ Ay ~ Cr
in large-Cr theories. Note that this follows from (6.7) since we can replace the micro-
canonical expectation value at E = Ay /R, on the Lh.s., with the expectation value in any
single heavy state with dimension Ay due to the Ward identity, independent of the heavy
state. Put differently, the stress tensor satisfies the ETH as we will review below.

We now consider the eigenstate thermalization hypothesis for CFTs at finite temper-
ature on the sphere S9! of radius R. The diagonal part of the ETH is given by

(Ol Ors|On) = (O ) ™" + 0 (75 | (6.13)

(micro)

where Oy and O; s are local primary operators and (Or )5 is the expectation value
H

of O in the micro-canonical ensemble at energy £ = =iL. Here we assume that the

Here we denote the canonically normalized stress tensor by Tfﬁ,ﬂn), whose two-point function is given
n)Hv can C v
by (T (@) 1,5 (y)) = GE (1", 1") — (trace)).
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operator O is a heavy scalar operator with large conformal dimension Ag oc Cp > 1.
The operator Or on the other hand can have non-zero spin.'® In (6.13), eS®E) is the
density of states at energy £ = Ay /R. As shown in (6.7), in the limit Ay ~ Cr > 1, the
micro-canonical ensemble is equivalent to the canonical ensemble at inverse temperature
B determined by (6.5). It then follows from (6.13) that the diagonal part of the ETH can
written in terms of OPE coefficients and thermal one-point functions:

)\OHOHOT,S bOT,S fo‘r,s (B/R) —S(E)
RT+s IBT-l-s +0 (6 ) ’ (614)

where fo, . also appears in (2.9). This is equivalent to the statement of thermalization
discussed in the rest of the paper.

In this paper we observed that the multi stress tensor operators satisfy (6.14). One
can also ask if (6.14) holds for any operator in the specific heavy state we considered. By
comparing egs. (5.10) and (5.11) using (4.2), one can check that operator Oy = ﬁ :
Tr(4?) : does not satisfy (6.14). Since this is a free theory, it is not a surprise that the
ETH is not satisfied by all operators in the spectrum which is seen explicitly in this case.

7 Discussion

In this paper we argued that multi stress tensor operators T’ 7]? s in CFTs with a large central
charge C'r thermalize: their expectation values in heavy states are the same as their thermal
expectation values. This is equivalent to the statement that multi stress tensor operators
in higher-dimensional CFTs satisfy the diagonal part of the ETH in the thermodynamic
limit. The analogous statement in the d = 2 case is that the Virasoro descendants of the
identity satisfy the ETH condition in the large-Cr limit.

We observed that the operator Oy = ﬁ : Tr(4?) : does not satisfy the ETH. This is
seen by comparing eqgs. (5.10) and (5.11) using (4.2). While this operator does not thermal-
ize in the heavy states we considered, the OPE coefficient averaged over all operators with
Ajp ~ Cr is expected to be proportional to the thermal one-point function. The averaged
OPE coefficients should therefore scale like ~ /Ay compared to A\o,0,0, ~ Au/V/Cr
for the heavy states we considered. It would be interesting to exhibit heavy operators that
produce the former scaling.

We provided a bootstrap argument in favor of the thermalization of multi stress tensor
operators. One should be able to refine it to give an explicit form for leading behavior
of the multi stress tensor OPE coefficients — we leave it for future work. The holo-
graphic/bootstrap OPE coefficients for the leading twist double stress tensor operators can
be found in e.g. [66] — they are nontrivial functions of the spin. As explained in [66, 68],
the leading A behavior of the minimal-twist double- and triple-stress tensor OPE coeffi-
cients is consistent with the exponentiation of the near lightcone stress tensor conformal
block. One can go beyond the leading twist multi stress tensors. In holographic HHLL
correlators each term of the type (Au)* ~ (AAy/Cr)* comes from the exponentiation of

Y5The tensor structure in (6.13) is suppressed.
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the stress-tensor block — this follows from the Wilson line calculation of the correlator in
the AdS-Schwarzschild background [66, 78, 90].

In this paper we argue that this behavior is universal, and is not just confined to
holographic theories. Hence, one can formulate another statement equivalent to the ther-
malization of multi stress tensor operators. Namely, scalar correlators of pairwise identical
operators of dimensions Aj g in large-Cr theories in the limit Aj o > 1, A1Ay/Cr fixed
are given by the exponentials of the stress tensor conformal block.!” This is similar to what
happens in two-dimensional CFTs.

Note that the universality of the OPE coefficients is naively in tension with the results
of [73], where finite gap (Agap) corrections to the multi stress tensor OPE coefficients were
considered. In particular, for double stress tensors, such corrections behave like A3/ Agap
which is clearly at odds with the universality statement. Of course, the results of [73]
are obtained in the limit A < Ag,p, while in this paper we consider the opposite regime
A > Agap.

One may also wonder what happens with the universality of the OPE coefficients
beyond leading order in A. In particular, in [78], it was shown that the bootstrap result
for the HHLL correlator exactly matches the holographic Wilson line calculation (in the
double scaling limit where only the minimal twist multi stress tensor operators contribute).
This corresponds to including terms beyond the exponential of the stress tensor block —
one needs to compute the HHLL correlator, take a logarithm of the result, divide by A,
and then take the large-A limit. The result is sensitive to terms subleading in the large-A
limit of the multi stress tensor OPE coefficients. In four spacetime dimensions the result
in [78] is given by an elliptic integral — is it applicable beyond holography?

In [66] terms subleading in A were shown to be important for the computation of the
phase shift. The simplest nontrivial case in two spacetime dimensions is the operator Ay
which is a level four Virasoro descendant of the identity (see e.g. [91]). One could also
get it by using the CFT normal ordering and imposing the quasi-primary condition [92].
Consider now the case of minimal twist (twist four) operators in four dimensions. How do
we determine the analog of A4? There is no Virasoro algebra now.

Presumably, one can reconstruct the analog of A4 in four spacetime dimensions by
considering a CFT normal ordered product of stress tensors, and adding a single trace term
to ensure that the resulting operator is a primary and is orthogonal to the stress tensor itself.
Note that the CFT normal ordering differs from the oscillator normal ordering in a free
theory by the addition of a single trace operator, as reviewed in appendix G. This procedure
can then be generalized to other multi-trace operators. We leave it for future work.

It is also helpful to imagine what happens in a theory like N’ = 4 Super Yang-Mills,
where there is a marginal line connecting the weak and the strong coupling (the latter
admits a holographic description). Presumably, as the coupling is turned on, only one
operator remains light (with dimension eight and spin four), while others get anomalous
dimensions. It would be interesting to see this explicitly even to the leading nontrivial
order in the 't Hooft coupling. It would also be interesting to see how the corresponding
OPE coefficient interpolates between its free and strong coupling values.

1"See [33] for previous work on the eikonalization of the multi stress tensor OPE coefficients at large spin.
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Using crossing symmetry, we argued that the universality of multi stress tensor OPE
coefficients is related to the OPE coefficients Ao, 1,07, with O" # Op being either heavy
or light, present in the cross-channel expansion. Such OPE coefficients with at least one
operator being heavy were recently studied in [23, 93]. It would be interesting to further
study the connection of our results to this work.

Another interesting question concerns the fate of the double trace operators of the
schematic form [OAOa]n,. Consider the d = 4 case in the large volume limit and n,! =0,
for simplicity. We expect that the corresponding OPE coeflicients in the free theory behave
like Ao, 04[0a0A]0.0 X A% /Cr o« Cpp?,'® while their thermal one-point functions behave
like ([OaOalop)s x CrB~22. Comparing the two results with the help of (4.2) one
observes that such operators do not thermalize in the free theory for generic A. The
situation is more nontrivial in holography where we do not know the large p behavior of
the OPE coefficients.'” As pointed out in [63], the contribution of double-trace operators
to thermal two-point functions is different from that of multi stress tensors. The latter is
only sensitive to the behavior of the metric near the boundary, but the former knows about
the full black hole metric. This seems to indicate that the thermalization of the double
trace operators in holographic theories is also unlikely.?"

It is a natural question how generic are the heavy states for which the stress tensor
sector thermalizes. The results of our paper seem to suggest that such thermalization is
more generic than the thermalization of other light operators.?! Other interesting questions
include generalizations to the case of finite but large central charge and to non-conformal
quantum field theories.
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A OPE coefficients from Wick contractions

In this appendix we go through the calculations needed for finding the OPE coefficients of
various operators using Wick contractions. This mainly amounts to counting the number of
contractions leading to a planar diagram. For simplicity, the figures are shown for external

18This scaling is obtained by computing the OPE coefficient A0HOK[OAOAo for 1 < Ag < Cr and
extrapolating it to the Ay ~ Cr regime.

!9Note that the large-N scaling in holography is different. Both the OPE coefficients and the thermal
expectation values behave like C% as opposed to Cr ~ N2,

20A simple way to decouple such operators is to take the large-A limit.

2LA closely related question of finding “typical” states where the stress tensor sector thermalizes in the
large volume limit in d = 2 was recently discussed in [58]. There it was observed that such states are
Virasoro descendants when the central charge is finite.
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Figure 1. The two-point function (: Tr(¢*) :: Tr(¢*) :) before any contractions.

Figure 2. The two-point function (: Tr(¢*) :: Tr(¢*) :) completely contracted.

operators with A = 4 while we write down the result for general A as this is needed for
the main body of the paper.

To begin with, since we consider a large-N matrix theory, it is convenient to use the
double-line notation for fundamental field propagators. In figure 1 the two-point function
(: Tr(¢*) :: Tr(¢?) :) is visualised. In figure 2, the planar diagram is shown for A = 4 and
there are A number of such contractions giving a planar diagram

P(:Tr(gbA)::Tr((;SA):) = Av (Al)

where the P,y denotes the number of planar diagrams for (...).

We further need the OPE coefficient Ao, 0,0,. This is shown in figure 3 for A = 4
and there are 2A possibilities for step (1), A number of possibilites for step (2) after which
everything is fixed assuming that the diagram is planar. This gives

2
P(:Tr(¢A)::Tr(¢A)::Tr(¢2):) =2A% (A2)

In figure 4 the three-point function (: Tr(¢?) :: Tr(¢?) :: Tr(¢*) :) for A = 4 is shown.
For the first contraction (1) there are 2A possibilites, for the second contraction there are
A and for step (3) there are two possibilites. This gives overall

_ 2
P(:Tr((bA)::T'r(qﬁA)::Tr(¢4):> = 4A". (Ag)
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Figure 3. The three-point function (: Tr(¢?) :: Tr(¢?) :: Tr(¢?) :) completely contracted.

10y o ¢

1) (3) 10} ¢

Figure 4. The three-point function (: Tr(¢?) :: Tr(¢?) :: Tr(¢*) :) completely contracted.

In figure 5 and figure 6, the three-point function (: Tr(¢*) :: Tr(¢*) : Tr(¢*)Tr(¢?) :)
is shown. The reason for there being two different types of diagrams is because each trace
term in the double trace operator : Tr(¢?)Tr(¢?) : can either be contracted with the same
: Tr(¢*) : (figure 5, type B), or to both (figure 6, type A).

Consider first the type of diagrams in figure 5. For the first contraction there are 2A
such terms and the second contraction gives another factor of 2. Contraction (3) and (4)
contributes factors of A and 2 respectively. What remains is equivalent to the two-point
function (: Tr(¢>72) = Tr(¢™2) :) which further give a factor of (A — 2) and therefore
there are 8A%(A — 2) contractions of type B in figure 5.

Continuing with figure 6, the first contraction gives a factor of 2A, the second con-
traction A and the third one a factor of 2(A —1). What remains is then fixed by imposing
that the diagram is planar. The type A diagrams in figure 6 therefore further contributes
4A%(A — 1) planar diagrams to (: Tr(¢?) = Tr(¢?) : Tr(¢®)Tr(¢?) :). It is therefore
found that

_ 2
P(TT(¢A)TT(¢A)TT(¢2)TT(¢2)> =4A (3A - 5) (A4)
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Figure 5. The three-point function (: Tr(¢*) = Tr(¢*) :: Tr(¢?)Tr(¢?) :). There are two such
types of contractions that give planar diagrams, here it shown when each : Tr(4?) : connect to a
separate : Tr(¢*) :.

(3) (4)

Figure 6. The three-point function (: Tr(¢*) = Tr(¢*) :: Tr(¢?)Tr(¢?) :). There are two such
types of contractions that give planar diagrams, here it shown when each : Tr(¢?) : connect to both
: Tr(¢*) : operators.

Consider now the stress tensor OPE cofliecient A\p, 0 ATy, Where

1 1
sy T (auqbaygb — 0000 (trace)> : (2) (A.5)

and the three-point function (OAOaAT),.):

Tw(ﬂf) =

4,4, — traces

(Oa(1)Oa(22) T (¥3)) = AOAOA T (A.6)

| 212|227 2|z93]2|713]%’

where Z,, = ‘ill—zTQ — éiTQ From the definition of T),, in (A.5) it is clear that the only
term that contributes to term 13,13, comes from the second term in (A.5) that is of the
form oc Tr(40,,0,¢). Up to the derivatives, the diagram will look like those visualised in

figure 3. The number of diagrams is half of that given in (A.2) since we restrict to terms

proportional to x13,%13,:
PoAOAT) =A% (A7)

|Il3u1131/

from which we reproduce (3.7).

~ 99 —



Now we want to find the OPE coefficient AOAOATZ, for the double-stress tensor T42,4-
This is done similarly to the way the stress tensor OPE coefficient was found. First, the
operator (T?),,,0 Was given in (3.8) to be

(T2)p0 () = \}E T Too - () — (traces) (A.8)

and the three-point function (OAOA(T?)wp0) is fixed by conformal symmetry to be

A0pOAT2,

(OA(@1)OA (22)(T?) ppo (23)) (2,2,Z,Zy — (traces)).  (A.9)

|12 ws] 4wt

Consider the term in (A.9) proportional to x13,,713,213,13,. This will be due to the term
in (T?)4po of the form Tr(¢8,0,¢)Tr(¢9,0,¢). Using this we find that

11/ =1 \?
(O (@10 (2)(T 0 (@3) s 15,10, (173w) ¥

~ AN2 2 \4y3N
p V2 \4v3 (A.10)
(OAOATE er3,215,15 7134
|712]2(A=2) | z93|4| 23|12
, come from

The number of contractions giving a planar diagram, Po, OAT2 s perymrs 15
diagrams of the form given in figure 6. Since we are considering the term proportional
713,713, T13,T13¢, the number of such diagrams are reduced compared to scalar double
trace operator. Instead the first contraction, (1) in figure 6, give a factor of A, the second
contraction, (2), a factor of (A —1), the third contraction (3) gives a further factor A after

which everything is fixed by imposing that the diagram is planar. We therefore find that

_ A2
P<OAOATE,4>|113HI13V113,21130 =A%A-1), (A.11)
and inserting this in (A.10) gives
2v2A(A — 1)
AOAOATfA = 3Nz (A.12)

and therefore reproduces (3.11).
Similar to the double-stress tensor, consider the dimension-eight spin-four double trace

operator
OPT () = ———— : Tr(6?) (Tr(60,0,0,056) — 16Tr(3(u000,05))
nvpo 96\/%]\[2 M (A.13)

+ 1817 (0,00 90,05y 9) () — (traces)) : ().
The three-point function (OA(azl)(’)A(:z:g)(’)B};,o(x;z,» is given by

DT )‘OQOQODT

uvpo
X = 7 ZVZ ZU —(t . A.14
<0A($1)0A( Q)Ouypo.<x3)> | 12|2A74’ 13’4| 23|4( u 0 (races)) ( )

By again considering terms in (A.14) proportional to 213,213,713,%713, We find that each
term in (A.13) will contribute planar diagram of the type in figure 5, while only the
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term ~ Tr(¢d*®) also give a contribution of the type in figure 6. Considering first the

terms coming from the diagram in figure 5, one finds that this contribution vanishes. The

remaining contribution to the term (A.14) proportional to 13,213,713,213, comes from

the first term in (A.13) and the planar diagram pictured in figure 6; there are 2A%(A — 1)

contractions giving such a planar diagram leading to

(OA(21)OA(22) 0D (23))|ars 2150215, 0130 = A]l\ZA 963%]\72 NA
2A2(A — 1)

|21 [2(A=2) |zg3]4|213]12

(A.15)

where the 384 in the numerator come from the derivatives. This gives the OPE coefficient:

[2 4A(A — 1) )
)\OA(/)A(/)DT — %T + O(N ) (Alﬁ)

nvpo
B Subleading twist double-stress tensors

In this appendix we study the subleading twist double-stress tensors, both with dimension
8 and spin s = 0,2 denoted (T?) and (T?)"¥ respectively. The calculations needed to find
the OPE coefficient in the Oa x O OPE are reviewed as well as the normalization of
(T2)re.
The (T?)* was defined in (3.24) which we repeat here:
1 oMY

(T2 (z) = 5 ThaT™ s (@) =

The operator (T2)"* can be seen to be unit-normalized to leading order in N:

(TP T - (). (B.1)

(T2)" (21)(T?) o (22)) = é(T“a(xl)Tpﬁ(@»<T”a(931)Tﬂa>

+ (p +— o) — (traces) + O(N2).

(B.2)

Using the two-point function of the stress tensor in (3.6) and I#,I, = 6", one finds
(T2 (@0) (1) 0 (22)) = 5 (101 — (traces)) (B.3)

from which it is seen that (72)*” is unit-normalised.
We now want to find the OPE coefficient of (T2)"” in the Op x Oa OPE. It can be

found from the basic objects I, ,S},)pg, 1 ,s%,)pg and [ L(L?,)pg which we calculate below.

We first consider a similar quantity J Ol

JOEPT — CTr(¢B) 1 (1) - Tr() : (2) = Tr(0,00,0)Tr(8,005) : (3))
24 NA
@133 |zas[B]aro 2R

x [(28)%(A — 2)(aly2528528; + ehyatanfyafs) +

AP(A = 1)(ah 523 (23253 + ah5255) + ahsaty (2525 + 95’27335?3))] (B.4)
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Definining X1 = —L (-0 + 4”%%3) we then study J@"7°.

 Jwis]? [z13]2

JOPT = (Tr(2) : (21) : Tr(6™) : (z2) = Tr($0,0,0)Tr($9,050) : (23))

— L [AQ(A _ 1)22 <X,ul/ 1 XPU 1 + XMV 1 XPU 1 >
| 219|284 13 | 293]2 13 2952 B 2327 |25)2
11
+ ((2A)*(A —2))2° X1y \xlg\QXS?’ e
+(13) < (23)]. (B.5)

And lastly J®)"77.

JEOPT = (Tr(®) : (21) : Tr(d™) : (22) = Tr(90,0,0)T7(8pd050) : (23))

NA 1 zP.25
= ————[((2A)2(A — 2))28 X1 23723
|$12|2A_4 {(( ) ( )) 13 ’2?13‘2 |x23|8

L A2(A - 1) XY 1 . 21378 :‘ mggf(f:a
|z23?  |w13]*|@23]

+(13) «— (23)]. (B.6)

We further need to make (B.4)—(B.6) traceless in the pairs (i, v) and (p, o) and therefore
define 777 ag
[orer _ giypeee O jaye pr 07 pyuva
4 4

5“” 5p0' J(l) [e2nel

wt T B

From (B.4)—(B.6), the three-point function (Oa(21)Oa (z2)(T?)* (z3)) is given by

1 (o V) (e )1 oy (ula V)
2y .~ (D) _703 272 _
(OA(21)Oa(x2)(T)H) 1273 Ara (I p I p +4I a (trace) |.

(B.8)
Explicitly we find that

_ V2A(A —1)  ZFZY — (trace)

T2 Qv
<OA($1)OA($2)( ) ($3)> 3N2 |$12|2A—6|ZE13|6|(1)23|6

Consider now the scalar operator (72) defined by

(T2)(z) = 36\}2N2 T T : (2). (B.10)

The three-point function (Oa (z1)Oa(x2)(T?)(x3)) can be found using 1) defined in (B.7)
as follows

1 14 14 1 v
(Oa(@)0a(@)(T)(23) = 2o—rs (W o = IOy 4 1O ) +O(NTY
A(A -1 1
_ Al ) +O(NTH. (B.11)

3V2N2 |z12|?278|z13]8|2as3|8
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C Single trace operator with dimension A ~ Cr

In this appendix we study the single trace scalar operator O, given by

Op(w) = fWH  Tr(¢™) : (2), (C.1)

with Ay ~ Cr and N, A, a normalization constant.?? When calculating the normaliza-

tion constant Na,, as well as the three-point functions (O (21)Op(x2)O(x3)), non-planar
diagrams generically gets enhanced by powers of Ag and therefore invalidates the naive
planar expansion. The goal of this appendix is to show that

(O (21)O0p (22)O(3)) = (Oa(21)Oa(22)O(3)) | a=a (C.2)

where O is either : T r(¢?) : or, more importantly, minimal-twist multi stress tensors with
any spin. Moreover, note that the L.h.s. in (C.2) is in principle exact in Cp ~ N? while the
r.h.s. is obtained by keeping only planar diagrams with A < Cr and then setting A = Ap
in the end.

The propagator for the field ¢ was given in (3.2) by

1
|z —y*

(0@ ) = (5165 — 0504 (©3)
Consider now the three-point function (: Tr(¢2H) : (x1) : Tr(¢™H) : (zo) : Tr(¢?) : (x3)).
Due to the normal ordering, one ¢ field in : Tr(¢?) : (23) need to be contracted with
: Tr(¢™#) : (x1) : and the other one with : Tr(¢*#) : (z3) :. Note that for this contraction
the second term in (C.3) give a contribution proportional to Tr(¢(z3)) = 0. It is therefore
seen that

(: Tr(D") = Tr(9™) = Tr(d3) :) = 285 (: Tr(dsdr™ ") = Tr(¢s™) 1), (C.4)

where we introduced the notation ¢; = ¢(z;) and dropped the |z;;|~? coming from (C.3).
The position dependence is easily restored in the end. Now it is seen that the r.h.s. of (C.4)
is proportional to the two-point function®® of Oy and we therefore find that

(: Tr(¢NH) o Tr(ghH) = Tr(¢2) 1) = 2A5Na,,, (C.5)

which is exact to all orders in C7. Including the normalization factor of Oy in (C.1) and
O from (3.3) we find that

= N7°). .
<OH(x1)OH($2)02($3)> N |.%'12|2AH_2’:B13‘2|.%'23’2 + O( ) (C 6)
By comparing (C.6) with (5.10) we find that
A0 OpO; = AOAONOs | A=A - (C.7)

22Mixing with other operators with A ~ Cr is not important for this discussion.
Z3Up to the position dependence.
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Note that in (C.6) the normalization of Oy cancels the contribution from non-planar
diagrams in limit Ay ~ Cp. For A = 2 in (3.3), it is trivial to compute the normalization
exact in N to get the correction to Ap,0,0, in (C.6).

Consider now the stress tensor operator defined in (3.5) and the three-point function
(Ob(21)On(x2)T,m(x3)). This is fixed by the Ward identity but is an instructive example
before considering more general multi stress tensors. In the same way as the OPE coeflicient
was found in the Op x Op OPE, due to the tensor structure being fixed by conformal
symmetry, we consider the term proportional to z}3z%; in the three-point function. This

comes from the — 5 \}@Tr(@?“@yqb) term in the stress tensor when 9,0, ¢ is contracted with

one of the Ay number of ¢(z1) fields. Doing this contraction we therefore see that

(Tr(@) s Tr(62H) s Tr(9s0,0,68) Mas g = 81 (: Tr(sd® ) i Tr(g2H) 3,
(C.8)
where the factor 8 comes from the derivatives and we again suppress the spacetime de-
pendence. The r.h.s. of (C.8) is also proportional to the normalization constant of Op.
Including the normalization factor of the stress tensor in (3.5) and that of Oy in (C.1),
the three-point function (OgOpT,,) can be obtained from (C.8) from which we read off

the OPE coefficient
4A g

/\OHOHT;W = —3\/@

(C.9)

This agrees with (3.7).
We now want to show that is true for minimal-twist multi stress tensors with any spin.
For simplicity, consider the double-stress tensor with spin 4 defined in (3.8)

1
V2
Similarly to the calculation of the three-point function with the stress tensor, we can
obtain the three-point function (O (21)On (22)(T?)uwpe (23)) by considering the term pro-
portional to @i3z432052;. This will be due to the term —=5—T7(¢0,0,¢)T7($0,0,0)

V2620
when contracting d,,0,¢ with some ¢(x1) and likewise contracting 0,0,¢ with some other

(T%) jpo () = : Ty Doy + () — (traces). (C.10)

pv po

¢(x1). The number of such contractions is given by Ay (Agy — 1) and we find that
(: Tr( 1AH) = Tr( QAH) 2 Tr(¢30,0,03)Tr(930,0503) :>|I;1LSI1{3$/113$?3

=82 (Ap = 1) Tr(g3¢0" %) = Tr(e") :),  (C.11)

where the factor of 82 again is due to acting with the derivatives and note that the po-
sition of the ¢3 fields in the last line is not important. It is again seen that the r.h.s.
of (C.11) is proportional to the normalization constant of Op. Including the normaliza-
tion in (3.8) and (C.1) we find the three-point function (OgOp(T?),up) and read off the

OPE coefficient:
~ 8V2Ap(Ap —1)

-3/2
)‘(’)1-1(91-1T42’4 - 9CT + O<CT )7 (Clz)

which is seen to agree with (3.11) when setting Ay = A. Note that the corrections in (C.12)
are solely due to corrections in the normalization of Ti 4 and therefore Ao, 0,72 =
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AOAOATEA to all orders in Cp. These arguments generalize straightforwardly to minimal-
twist multi stress tensor with any spin such that the results are the same as those obtained
in the planar limit for A < C% in section 3 by setting Ay = A. The only correction in
C'r is then due to the normalization of the multi stress tensor.

The same argument applies to any scalar primary multi-trace operator Oa, without
any derivatives, with OPE coefficients given by (C.6), (C.9) and (C.12).

D Stress tensor thermal one-point function

In order to calculate thermal one-point functions in the free adjoint scalar model we use
the fact that the thermal correlation function is related to the zero-temperature case by
summing over images. Consider now the thermal one-point function of the stress tensor.
Generally, the one-point function of a spin-s symmetric traceless operator with dimension
Ao on St x R4 is given by [13]

(OF1Hs (z)) g = ;fo (eFt...ets — (traces)), (D.1)

where e#! is a unit-vector along the thermal circle. Consider first the canonically normalized
stress tensor given by T,S,San) = ﬁ(TT(GF@@#gb) — %Tr(¢6M6V¢) — (traces)). In order to
find the one-point function, use the following:

2 _
T oo o) = 0 (B~ A=y - L) (D)
and
2 _
TR0 owo() = 2 (<6 + Ay -l - D)) (D3

To get the thermal correlator, we use (D.2) and (D.3) with z,y along the thermal circle
separated by a distance mf, with m integer, and sum over m # 0. The relevant terms for
calculating the one-point functions in terms of fundamental fields are therefore

2 9o
(U0 == e+ 2
(D.4)
8(N2-1) ,, 2(N?-1)

(Tr(0u0y99)) m = “mp)E ¢ ¢ (mB)! Opws

where we note that only the first term in each equation in (D.4) contribute to the non-trace
term in (D.1).
We therefore find for the stress tensor one-point function:

_ ;&l«:rr(amayqb»ﬂ — (T (00,005 — trace)

_—12(N? - 1) 2¢(4)
B 354 Ik

(T8

(D.5)

(eue, — (trace)),
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where the 2¢(4) comes from summing over images and we therefore have

4(N? - 1) 47t
b (can) = ————2¢(4) = ———— (N~ —1). D.
o =~ o) = — (v - 1) (D.6)
b (can)
This agrees with f = T“T” in eq. (2.17) in [13] for (N2 — 1) free scalar fields. This also

agrees with ag o = ”:—? found from the two-point thermal correlator using:

7T4A 1 2 )\OAOAT(can) bT!S?/an)
a2 = E = 5 Cr ) (D~7)
S
using Ay, o, pean) = —% in this normalization and Cp = %(N2 — 1). This is simply

related to the one-point function for the unit-normalized stress tensor by (to leading order
in N)

Cr

Sa (D.8)
N 2N
o~ 15\/3.

Let us now consider the thermalization of the stress tensor, keeping all the index

br,, =

W

structures. To compare the thermal two-point function with the heavy-heavy-light-light
correlator, we want to relate the dimension of the heavy operator, Ag, to the inverse
temperature 8. Consider the expectation value of the stress tensor in a heavy state created
by Og on the cylinder R x S3

Zrzv —Yomzrz,

D.J9
|z13]2A8H 2 |z93]2|212]? (D-9)

A . A
(On|T" (25, 2)[O)eyt = lim |27 |22|* Aoy 041,

where the r.h.s. is found by a conformal transformation to the plane with Z#= (% + %)
i "
When z1 =0 and 23 — 0o, it is seen that ZH = _IrxTQIQ and (D.9) only depends on ## = é;h =

7, where 7 is a radial unit vector. In radial quantization it follows that
(OnlTH (e, WOy = “28088 (5,6, — 15 (D.10)
H Tpa, N H/cyl = R4 €utu i .

where we reintroduced the radius of the sphere R, Ao, 0,1,, is the OPE coefficient of T},
in the Oy x Oy OPE and é, = (1,0,0,0).

The thermal one-point function of an operator O, ,, with twist 7 and spin s, on Sl x 83
is fixed by conformal symmetry [13]

b 8
<OT,S(.T)>IB = (97-,95{(—9—’::(1%)

where fo_ (0) =1 and e = (1,0,0,0).

(eF1 ... ets — (traces)), (D.11)

— 36 —



We assume thermalization of the stress tensor in the heavy state:

(O[T (2)|On) = (Thw(x))s (D.12)
where (T"”(x))g is the thermal one-point function at inverse temperature 3 evaluated on
S' x $3, with R being the radius of S3. Using (D.10)—(D.12) we find

AOHOHT‘;LV _ bTMupr.u(%)
R4 - 54
Using (D.13) for R — oo in the free adjoint scalar theory, together with the one-

(D.13)

point function br,, = —21211%7 and the OPE coefficient Ao, 0,1, = —34\%%, one finds the
following relation between p = 1%%ATH and the inverse temperature [3:
8 (mR\*
=——] . D.14
=5 (%) (D.14)

This agrees with (4.2).

E Dimension-six spin-four single trace operator

We want to calculate the contribution of the single trace operator with 7 = 2 and s = 4.
The unit-normalised O3 4 operator is given by?!

_ 1
S0 (1) = GUTEN Tr($(8,0,0,056) — 168, 0) (9500 6) )

+ 18(0(,0,$)(0,05)¢) — (traces)) : (x).
The relative coefficients are fixed by demanding that it is a primary operator (Ko, Z,p0] =

0. Explictily, this is done using the conformal algebra

(K, P)| = 2i(nuD — M,,),

. (E.2)
(M, Pyl = —i(mpu Py — nov Pu),
and the action on the fundamental field ¢
P,¢(0) = —i0,¢(0),
1:6(0) L#(0) (£3)

D(0) = i6(0).
The relevant commutators in order to fix Z,,,, are
(Ko, Pud] = = 2008,
(Ko, PuP,¢) = — 400, Py — ANaw P + 21,0 Pod,
(Ko, PyP,P,p| = — 6nap Py Py — 610y Py Ppp — 61)0p Py Py
+ 20 Py Pa® + 21p PP + 20y Py Po ),
(Ko, PMPVPpPU¢] = — 8Nap Py PpPsp — 8N PPy Py — 810 p Py PPy — 8o Py Py P
+ 20 PpPo Pa® + 20up Py Po Po @ + 200 Py Py Pa + 21 B Py P ¢
+ 20y Pu Py Po@ + 21p6 Py P, Po), (E4)

which can also be found in e.g. appendix F in [94].

24We denote this operator either as Qs 4 or Z,vpo depending whether we want to explicitly list the indices
or not.
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The thermal one-point function of this operator is found from Wick contractions to be

8(nT)°N
=) 8 = —— (e ese e, — (traces)) . E.5
<#VP>5 27\/@(#1’0 ( )) ( )
. . . _ 1 . A .
Moreover, the three-point function with operators Oa(x) = JANE Tr (gb ) : (z) can
again be calculated using Wick contractions similarly to how it was done for T 5Vpg in
appendix A. By explicit calculation one finds
AN Z,72,7,Z, — (traces)
OA(x1)Oa(22)E pvpo(T3)) = A , E.6
< A( 1) A( 2) Hvp ( 3)) \/%N ‘x12‘2A_2|x13|2‘$23‘2 ( )
and therefore the OPE coefficient Ao, 0,0, s given by
4A
)‘OAOA(92,4 = m (E7)
Now, it is easy to check that
1 20 A
?)\OAOA(QZAbO?A = 945 ° (E.8)

which agrees with as 4 in (5.8).

F Thermal one-point functions of multi-trace operators in the
large- N limit

In (5.33), it was shown that a44 was due to double trace operators which were normal
ordered products of single trace operators without any derivatives. There are, however,
other double trace operators that have the same quantum numbers and are schematically
represented as [0,y Concretely, the double trace operators with twist and spin four
besides (12),p0 and (OPT),, 0 are [0202]04 and [O2T),,]0,2. We argue that the thermal
one-point functions of these operators are subleading in the large-N limit when evaluated
on the plane.
Consider the thermal one-point function of a double trace operator [OqOpl,; =
0, 0% Oy + ..., where O, and Oy are single trace primary operators and dots repre-
sent terms where derivatives acts on O, as well, in order to make [O,O,; a primary
operator. The term in the thermal one-point function that behaves as N* (N2 for double
trace operators) comes from contracting the fundamental field within each trace separately.
Therefore we have
(0,07 Op) g = (O4) 3 (0*m D' Op) 5 + O(1), (F.1)

which is simply due to large-N factorization. As §?"9'O} is a descendant of Oy, it is easy
to explicitly show that (02"0'Op)g = 0 for n # 0 or | # 0, from which it follows that

(0,0°"0'Op) g = O(1). (F.2)
Similar reasoning holds for all terms in [O,Oply 1, so we conclude for n % 0 or [ # 0 that

([0aOb]n1)s = O(1). (F.3)
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It is easy to generalise (n and/or [ non-zero)
([Oay - OuJna)s = O(NF2). (F.4)

Using the canonical scaling for the OPE coefficients (5.18) it is found that these multi-trace
operators give a suppressed contribution to the thermal two point function in the large- N
limit:

1
)\OAOA[Oar"Oak]n,l <[Oal o Oak]n,l>6 = O(m) (F5)

The conclusion is that these operators with n # 0 or [ # 0 do not contribute to the
thermal two-point functions to leading order in N. Note that for n =1 = 0, the operator
is just : Oy, Oq, ... Oy, : and it does contribute to the thermal 2pt function since

AOAOA[Ouy - Ouylnz0.1=0[Oar - - - OarJn=0,=0) 3 = O(1). (F.6)

From (F.5) it is seen that multi stress tensor operators of the schematic form [T%],,,
with either n or [, or both, being non-zero will not contribute to the thermal correlator to
leading order in N on the plane.

G Free boson in two dimensions

In this appendix we discuss free scalars in two dimensions. We first consider a single
scalar and then the case of the SU(NN) adjoint scalar. We compute two-point functions
of a particular class of quasi-primary operators at finite temperature 1/5. These two-
point functions are not determined by the conformal symmetry, because the quasi-primary
operators do not transform covariantly from the plane to the cylinder. They transform
covariantly only with respect to the global conformal transformations. The only operators
that have the non-zero thermal one-point functions are the Virasoro descendants of the
vacuum and therefore, only these operators contribute to the thermal two-point function
of the quasi-primary operators.?® Virasoro descendants of the vacuum have different OPE
coefficients with external quasi-primary operators compared with the case when primary
external operators are considered.?%

G.1 Review free boson in two dimensions

We consider single free boson ¢(z) in two dimensions. The stress tensor can be written in
terms of Virasoro modes as

T(z) = \@Zz_”_an. (G.1)
n
This stress tensor is unit-normalized

(T(2)T(w)) = —3- (G.2)

#We check this explicitly up to the O(1/4%).
Z6Deviation from the Virasoro vacuum block in the Regge limit of four-point HHLL correlator is observed
in [95] as well.
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The fundamental field can be expressed as Laurent series

+o0
0¢(z) = Z 2" oy, (G.3)

n=—0oo

where oscillators «,, obey the following algebra

[ty Q| = NOptm 0- (G.4)
They act on the vacuum as
apl0) =0, n > 0. (G.5)
The two-point function of the fundamental fields is given by
1
0 0 = —. G.6
P00 = s (G:6)

The unit-normalized stress tensor can be expressed in terms of the fundamental field as

T(z) = Ly 0p0e : (z) = \}Q Zz_m_"_2 L O Qi (G.7)

V2
where : ab : denotes product of operators a and b with the corresponding free theory oscil-
lators being normally ordered such that the operators annihilating the vacuum are put at
the rightmost position. Then, it follows

1 1
Ln = 5 ; L Op—m Oy 1= 5 (Z On—mQm + Z aman—m) . (GS)

m>0 m<0
G.2 Thermal two-point function of quasi-primary operator

We are interested in computing the thermal two-point function of quasi-primary operators
at temperature 1/8. Quasi-primary operators O(z) are defined as [L1,O0(z)] = 0, or
equivalently, in therms of their asymptotic in-states O(0)|0) = |O), as L1|O) = 0. We
denote the quantum numbers of quasi-primary operators that correspond to eigenvalues
of Ly and Ly by (h, fi,). We consider the following unit-normalized quasi-primary operator
with quantum numbers (h, 0)

1 1 h
= ——:(0)": (2) = —= Z 2 DM Ay - Oy, o (G.9)
\/m m m1,M2,...,Mp "

which is properly defined when h is a positive integer. Its asymptotic in-state is given by

On(2)

1O4) = OR(0)|0) = jﬂml)hm» (G.10)

One can check that this operator is a quasi-primary but not a Virasoro primary.
The thermal two-point function of this operator for even h is given by

%(h—?) om 0o h—2n
h! 2(2 1
(On(=)0n(0))s = > 4"(h—2n)!( Cﬂ(?)> ( 2 (z+mﬁ)2>

n=0 m=—00
o 2((2));1 (G.11)

F(%—%)2F(h+1) ( p?

_l’_
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This expression is obtained by writing all possible Wick contractions between fundamental
fields d¢, including those that belong to same operator Oy, that we call self-contractions.
Fundamental fields are separated along the thermal circle in all Wick contractions. Factors
(2“2)) are due to the self-contractions,

52
- 1 [2¢(2)
Z 52m2 _< 62 ) (G-12)

m=—o00,m#0

The sum over n comes from doing n self-contractions within each of the external operators.
Term W counts the number of Wick contractions with n self-contractions for each
external operator, including 1/ Vv/h! normalization factors. The term in the second line
of (G.11) is due to the case when we take n = h/2 self-contractions in both external
operators, i.e. it represents the disconnected contribution.

Since the state Oy, is quasi-primary, it transforms properly only with respect to the
global conformal transformation. These are just the Mo&bius transformations in two-

dimensional spacetime z — ZZZIS, with ad — bc = 1. On the other hand, the usual way to
calculate the thermal two-point function of primary operators in two dimensions is to do a
conformal transformation from the plane to the cylinder with radius 3, z — % log(z). This
transformation is clearly not one of the Mobius transformations and that is why we can not
use this method to compute the thermal two-point functions of quasi-primary operators.

Expanding (G.11) for T' = % — 0 one finds

Yiv4 2 —1 Vv 4
OO0} =1 + 24 53 U ﬁf vo(%). @

G.3 Quasi-primaries, OPE coefficients, and thermal one-point functions

In expansion (G.13), terms O(z") are due to the quasi-primary operator with quantum
numbers (h1,0) in the operator product expansion Oy x Op. Identity in the expansion is
due to the identity operator. We show that the second term on the r.h.s. is due to the
stress tensor. The quantum numbers of stress tensor T'(z) are (2,0). First, we evaluate the
thermal one-point function of the stress tensor
1 = 1 2
(T)g = 7 > Fm? = 335 (G.14)

m=—00,m7#0

This is obtained by the Wick contractions of fundamental fields in the stress tensor, that
are separated along the thermal circle. The same result can be obtained by the transform
of the stress tensor from the plane to the cylinder using the Schwarzian derivative.

We define the OPE coefficient of unit-normalized operator O, with quantum numbers
(ho,0), with two O), operators as

(On(e)OM(2)0(er)) = e 2RO (G15)

Next, we evaluate its OPE coefficient of the stress tensor with Oy by doing the Wick
contractions between fundamental fields

(On(21)On(22)T(23)) = v/3h !

(21 — 23)2(22 - 23)2(21 - 22)2(

=t (G.16)
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therefore Ao, 0,7 = V2h. This OPE coefficient is fixed by the Ward identity. Now, it

follows
h (7z)?

3 B2
which reproduces the second term on the r.h.s. of (G.13).

ZzAOhOhT<T>5 = (G.17)

We are now interested in the contributions of quasi-primary operators with quantum
numbers (4,0). There are only two linearly independent operators with these quantum
numbers given by>’

1

(TT : (2) = Norh () : (2) = \ﬁ abz;dz—a—b—c—d—‘* g pey <, (G.18)
10 > —m—n—4 3 .- —m—4
A4(z) = 77 Yoz *Lan*_E oz (m+2)(m+3)Ly, |,

(G.19)

where *xab* denotes the product where the relevant Virasoro generators are normally or-
dered. It should be noted that the operator A4(z) is Virasoro descendant of unity, while
: TT : (2) is not. The relevant asymptotic in-states are given by

1
| :TT:) =TT : (0)|0) = ——(a_1)*|0),
V24

10 3 (G.20)

— — =72, _=

40 = 84(0)]0) = /55 (22 = 520 ) 0]

In terms of oscillators, |A4) state can be represented as

10 /1 2 3
A =/ (4(a D' aciacg — 2o(a) ) 0). (G.21)

From egs. (G.20) and (G.21) one can see that | : 77 :) and |A4) are the only quasi-primary
states with quantum numbers (4, 0). Namely, all such states have to be linear combinations
of the following states

a_4]0), a_za_1]0), oz2_2|0), a,2a2_1|0>, o/i1|0), (G.22)

N N N
Lo (H a;ﬁ) ’0) = (Z kz> <H Oéki> |0>, (G.23)

where k; > 0. It is straightforward to check

because

Lia_4|0) = 4a_3]0),
Lia_3a-1|0) = 3a_sae_1|0),

L1a?,]0) = 4a_sa_1]0), (G.24)
Lia_20”1]0) = 203 ,]0),

Llo/i1|0)

2"Both of them are unit-normalized.
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It follows that a?,]|0) is already quasi-primary and one can make only one more as
a_za_1]0) — 2a_sa[0).2% | : TT :) and |A4) are just the linear combination of these
two states with overall normalization.

Now, one can calculate the overlap of | : TT :) and |A4) states as

V5
(0]A4(0) : TT : (0)|0) = 5 (G.25)
The state orthogonal to |A4) can be written as
< 3 b}
|Ay) = 3 (: TT : (0) — \3[A4(O)> 0). (G.26)

Using (G.20) and (G.21), it can be written in terms of free theory oscillators.
We compute the OPE coefficients of : T'T" : and A4 with two Oy, operators. We express
all states in terms of free theory oscillators and use algebra (G.4) to find

V6
Xo,0,.1T: = (On|On(1)| : TT ) = Th(h - 1), (G.27)
) 1
Nononn. = (OWOMMIAD = /20 (= 1), (@.29)
~ 2
Aoy0,5 = (OHONDIAD) = Z2h (1 —2). (.29)
Now, we evaluate the thermal one-point functions of A4 and A4. From (3.4) in [58] we
have 4
3m
2.\
which is the thermal one-point function of the first term on the r.h.s. of (G.19). The second
term can be written as —5 >0 27" (m + 2)(m + 3) Ly, = —ﬁ@QT(z). It is clear
that it will not affect the thermal one-point function of A4(z), as (9°T)z = 0.
Therefore, from (G.19), we have
10 i
Ay g = 1) — (xT?x) 5 = . G.31
< 4>ﬁ 27< >5 2\/%/64 ( )
Now, it follows
4 24 1
< <A4>5)‘(’)h(’)hA4 = 12B4h h - 5 9 (G32)

which is the third therm at the r.h.s. of (G.13). On the other hand, we can evaluate the
thermal one-point function of : T'T : (z) operator by Wick contractions of fundamental
fields separated along the thermal circle

a4

61654

(:TT :)g = (G.33)

28 These states are not unit-normalized.

43 —



Using (G.26), it is straightforward to confirm that (A4)s = 0. Therefore, as we expected,
operator A4 does not contribute to the thermal two-point function of Oy, operators, even
thought it is present in the operator product expansion Oy x Q.

This is a general property of two-dimensional CF'Ts, that only the operators in the
Virasoro vacuum module have non-zero expectation value on the cylinder.

G.4 Free adjoint scalar model in two dimensions

In this subsection we study a large-c theory. Consider the free adjoint SU(N) scalar in 2d
with
0p(2)% = 27" o), (G.34)
m

with 1
[(O‘m)ab, (an)cd} = MOm4n <5ad5cb - N(S“b(SCd) . (G.35)

The thermal two point of the quasi-primary operator Oy, = \/hlw : Tr((0¢)") : follows im-
mediately from the result in four dimensions upon replacing the propagator of fundamental

fields. We find that
7th(h — 2)

(On(2)0n(0)) 5 = g2a(2)" + o5 g2d(2)" 2+, (G.36)
where
ad 1
gpa(z)= Y ———
m=—00 (Z + m6)2 (G37)

(/6 mn(7mz /6 )

2 4 _
(On(2)0R(0))5 = 2721 |1+ Thay Wz4 + 0(5—6)1 . (G.38)

3532

Consider first the normalized stress tensor which is given by

1
T=——:Tr(0¢d9) :, G.39
7 | Trl0e99) (G-39)
with ¢ = N? so that (T(2)T(0)) = 4. By calculating the OPE coefficient with Oy, and
the thermal one-point function of 7', one finds that these are the same as those for the
scalar Tr(¢?) operator in four dimensions so that (1) = ?:;TNB? and \p, 0,7 = @, and
the product reproduces the weight two term in (G.38):

72h
Consider now *1T* defined by
« TT % (0) = lim T'(2)T(0) — (sing. terms). (G.41)

z—0
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The OPE of the stress tensor in (G.39) can be found in the free theory by first performing
Wick contractions

T(E)T(0) = 51z Tr{00(:06(2) = Tr(06(0)06(0)) :
) . (G.42)
=TT:(0)+...+ N2z Tr(0¢(z)0¢(0)) : +?,
and expanding the second term in (G.42) for z — 0 we find
T()T(0) = TT: (0) + ... + N%ZZ  Tr(96(0)06(0)) :
4 NiQ Tr(826(0)96(0)) : J\; TrE*6(0)6(0)) : +...  (G.43)

where the dots refer to higher order terms in z. Inserting the OPE (G.43) in (G.41) we
find that

FTT + (0) = TT : (0) + %  Tr(936(0)96(0)) : (G.44)

Consider the state *T'T" x (0)|0), which is given in terms of oscillator modes by

2 L Tr(asa1)0).  (G.45)

LTfr’(on,l)Tr(ozz,l)|0> + N

#TT % (0)[0) = 537

Now T'r(a™)|0) is a quasi-primary while Tr(a_3a_1)[0) is not. One way to make it a
quasi-primary is to simply remove the second term in (G.45) and then we get a quasi-
primary state which is just : 77 : |0). Another option is to remove a descendant of the
stress tensor to construct |A4). To do the latter we need to remove the descendant of the
stress tensor with weight 4 given by 0*T

O*T = ‘]/\?  Tr(03¢0¢) : +J€ : Tr(02¢0%9) : . (G.46)
Acting on the vacuum we find
>7(0)]0) = Q‘NETr(a_ga_l)\m + fﬂ(a?z)yoy (G.47)

Consider now L; = %(Tr(a_lozg) + Tr(a_sas + ...)) which acts as L1Tr(a?,)|0) =
4—]\/[5Tr(oz_1a_2)|0> and as L1Tr(a—sa_1)|0) = 3—J\\/?Tr(oz_loz_g)\0>. We can therefore con-
struct a quasi-primary state annihilated by Li: Tr(a—sa—1)|0) — 2T7(a%,)|0). The quasi-
primary |A4) is then given by:

1
M) = 5 [{TT < ) ~ - 22T
_ 2\/;]\72 Tr(a? )Tr(a®)[0) ~ 5 Tr(a2,)[0) + S Trlacas)lo)]  (Gudg)
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There are two more weight 4 single trace quasi-primary operators given by

1
o) = WT7"<(3¢)4)

0 — % (Tr(a3¢a¢) — 2Tr(82¢82¢)) : (G.49)
) (1 5
_ o (282T7’(8¢8¢) _ 2Tr(82¢82¢)> ,

where ny(2) is some N-independent normalization constant. The state |A4) can be written
in terms of : 77" : (0)|0) + aO2(0)|0) in the following way

1
ﬁ

The OPE coefficient for : TT : is up to a normalization the same as the scalar dimension

2

Ay) = _c
[A4) 5N 1o )

[; TT : (0)|0) + o<2>|o>] . (G.50)

4 double trace operator in 4d and is given by

11, L1
F13%23%12 (G.51)
Lon@h—5)— ! '
N 2lyagsety

where 4h?(3h —5) come from the number of contractions giving planar diagrams. Consider
now the OPE coefficient for @), One finds

nee N 3
(OROROP)) = - OB s | (<2)(=3)1* (=5 + 235) — 5207(~2) 213223
hNP 21329321 2
(G.52)
_ 6hn0(2) '
Nz%z%z%‘*“
Using (G.51), (G.52) and (G.50) we find the OPE coefficient for |A4)
V2h(15h — 19
(0pOuA) = Y215 = 19) (G.53)

5N2
Note that the h dependence matches that of the weight 4 term in the two-point func-
tion (G.38). Additionally, the OPE coefficient given by (G.53) can not be extrapolated to
the limit when h ~ C7, as in this limit the planar expansion used for calculating (G.53)
breaks down. For this reason, we can not test the thermalization of A4 in heavy state Oy, .
Let us consider the thermal one-point function which is given by

(Ag)y = [1172 +0(1)} _ N (G.54)
4/8 — \/§ T - 18\/2847 .
where the term o< %((9(2» 3 is subleading since it is single trace. We find that
7*h(15h — 19
(A)Ao,0un, = T, (.5

which agrees with the weight 4 term in (G.38).
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Note that it is explicitly seen that one can write A4 either as «T'T * +(desc.of T) or
as : 17T : —i—%OST with Ogr a quasi-primary single trace operator. In this case the single
trace operator which one needs to add to : TT : to get A4 can be written as a sum of
descendants O®?) o« 9*°T — S-Tr(9%2¢0¢). Explicitly, we have

V2
1 3
M) =5 [*TT “(0) - - ﬂNeﬂT(O)] 10)
1 . (G.56)

As we saw above, using the second line in (G.56) it is straightforward to calculate correlation
functions using Wick contractions to see that A4 gives the full weight four contributions to
the thermal two-point function for large-N theories.

Now, we consider the following quasi-primary operator

V2
o VANA/2

where we denote the anti-holomorphic part of the free field by ¢ = ¢(z). The thermal
two-point function of this operator, up to the terms subleading in large-N expansion, is

Oa(z,2) . Tr ((aqaa‘&)%) (2, 2), (G.57)

given by

7T2A

(24 sin® (%) sin® (%)
1 m2A(2 4+ 22)  mAGA+2)

— +
(22)A 632 36031

(Oa(2,2)04(0,0))5 =

(G.58)
(*+ 2 + ma

One can easily check that the OPE coefficients of stress tensor T" and its anti-holomorphic
partner T' with O are given by

A
AONOAT = A0 05T = aN’ (G.59)

while their thermal one-point function are given by

— 2N

(T)g=(T)p = 325 (G.60)

It is easy to check that terms proportional to 3~2 in (G.58) are contributions of 7' and T
operators
A (2 1 32
_ 5 mA(2° + 27)
(T)sA0p05T2" + (T)pAo 0,77 = e
We compute the OPE coefficient of operators A4, defined by (G.48), and its anti-holomor-
phic partner A4 with O and obtain

(G.61)

A(BGA +2)
)\OAOAA4 = )\OAOA]\4 = 10\/§N2 I (G62)
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which agrees with (C.26) in [66]. Its thermal one-point function (which is the same as (A4)3)
is given by (G.54). Another operator that contributes to thermal two-point function (G.58)
is : TT :. Its OPE coefficient with O and thermal one-point function are given by

A2
AOA(')A:TT: = W
B 7'['4N2 (G63)
TT g = ——.
Again, it is easy to check
(Aa)sros0aniz" + (Ma)pro, 05,2 + ( TT Ao, 0,72 E =
_ *ABA+2) (e A2 5 (G.64)
- 36084 36647 7

which matches with the corresponding terms in (G.58).

The OPE coefficients Ao, 0, A, )\OAOA]\47 and )‘OAOA:TT: can be extrapolated to the
limit A ~ N2, by the same logic as in appendix C. Then, we can explicitly check the
thermalization property of Ay, A4, and : TT :. To establish a relation between the inverse
temperature 8 and the conformal dimension Ap of heavy state O = Oa. 2, We assume
the thermalization of stress tensor

(T)g = AoyouT, (G.65)
which implies
Ay 2

Using this relation, it is easy to show

(A1)p = A0y 05N a2, 5
N2

<A4>6 = )\OHOHI_\4 ﬁ’ (G67)
N2

<: TT :>ﬁ - )‘OHOH:TT: &

N2

This means that operators A4, A4, and : TT : thermalize in the quasi-primary state O
similarly to the thermalization in a Virasoro primary states in large-c theory, that was
analyzed in [42].

H Vector model

In this section we study the free scalar vector model at large-N. Consider the scalar

operator
1 N
2

Oa = === 1 (¢'¢")2 : (2), (H.1)
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where N (A) is a normalization constant which to leading order in N is given by

N(A) ~ (A)INZ. (H.2)
The thermal two-point function is given by
0 ena L (AN oA
(Oa(@)0a(0))s = Gz, x[)™ + 5 Kg(an x>+, (H.3)
where
s 1
(e, [x|) =
B m;oo (2% + mpB)? + x2 (H.4)
- T x| — 20 L) . 0
= 3] {Coth <ﬁ(|x] sz)) + Coth (5(|x| + mE)ﬂ .

The thermal a, j coefficients ag 2 and a4 4 are the same as in the adjoint model (this is so
since the second term in (H.3) does not affect these):

A
a2,2 = £
45 (H.5)
ar = TSA(A — 1)
YT 00
The unit-normalized stress tensor is given by
T (z) = N : (@Lgo o' — 2% 00" — (trace)) s (x), (H.6)

where Cp = %N . The OPE coefficient of the stress tensor is again found by Wick contrac-

tions to be
4A

A =———,
OAOAT/,LV 3\/@
in agreement with the stress tensor Ward identity. The double-stress tensor is given by
1
2 _ .
TMV,DO’ - % . T(
and the OPE coefficient is calculated precisely as for the adjoint model and we find

8v2

)‘(’)A(’)ATj4 = TC’T

(H.7)

T, : —(traces), (H.8)

jwTpo) -

A(A —1). (H.9)

There is another double-trace operator with twist 4 and spin 4 and takes the same form
: 02034 : as for the adjoint model

1 L . . .
OPT (2) = ——— : 0" (©10,0,0,0,¢" — 160,07 8,0,0,0
,uupo( ) 96/ 70N P (‘P uOvOpOUc P (¥ OvOp0s)P (H.10)
+ 180,00’ p0) " — (traces)) : (z).
The OPE coefficient and the thermal one-point function yields the same result as for the
corresponding operator in the adjoint model.?? It then follows that the as4 extracted
from (H.3) is reproduced by the sum of the double stress tensor and (H.10).

29Note that this is not true for all operators but is in line with the fact that a44 is unaffected by the
second term in (H.3).
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I Factorization of thermal correlators

In this appendix we argue for the factorization of thermal expectation values of multi-trace
operators in large-Cr theories on S' x R41. Consider the thermal two-point function of
a scalar operator O with dimension A:

(O@)0(0))5 = (0)5(0)5 + (O(2)O(0)).c (L1)

where the second term consist of the connected part of the correlator. Note that the
disconnected term in (I.1) is independent of the position . On the other hand we can
evaluate (I.1) using the OPE on the plane which takes the form

1 mn
O(z)0(0) = FEs +> " Moopoy,, 7 OO + . .., 1.2)
n,l

when written in terms of primaries and the dots refer to terms surpressed in the large-Cp
limit. Note that App|p0),, are the MFT OPE coefficient which are of order 1. The term

in (I.2) that is independent of x is due to the n = [ = 0 term in (I.2) and inserting the
OPE on the Lh.s. of (I.2), we find that

A00[00]0, ([00]0,0)s = (O)3. (1.3)

When [OO]p is unit-normalized the OPE coefficient is given by Aoojoo),, = V2 and it
follows that 1

—{O)\%. 14
\/5< )5 (1.4)

We therefore see the that the thermal one-point function of the double-trace operator

([00]o,0)5 =

factorizes on the plane. We expect a similar argument to hold for multi stress tensors.
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