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1 Introduction

General relativity is the most successful theory to describe the interaction of gravity. It
predicts the existence of the black hole, which is a fundamental object in theoretical physics,
astronomy, and cosmology. Over the past few decades, many studies of general relativity
have shown that black holes can be viewed as a thermodynamic system and satisfy the
four laws of thermodynamics [1–3]. By considering the semi-classical quantum effect in
curved spacetime, Hawking found that the black hole can be regarded as a blackbody
system [4], which provides a natural provided a natural explanation to the laws of black
hole thermodynamics. After that, the thermodynamics of black holes has aroused wide
interest among researchers, and people believe that it can give us a deeper understanding
of gravity.

The most profound laws of black hole mechanics are the first and second laws. With
a straightforward derivation, the first law of the Kerr-Newmann black hole shows the
relationship between the variations of black hole mass M , angular momentum J , electric
charge Q, and areas, i.e.,

δM = κ

8πδA+ ΩHδJ + ΦHδQ , (1.1)

in which κ, ΩH , and ΦH are the surface gravity, angular velocity, and electric potential of
the event horizon. The original derivation of the first law demands that the perturbation
of the spacetime is stationary (“equilibrium state version”) [2]. Moreover, their calculation
is also based on the Einstein equation. After that, the discussion is extended to the
“physical process version”, where a stationary black hole is changed by some infinitesimal
physical process [5, 6]. In particular, Iyer and Wald [6, 7] show that the above first law
of thermodynamic relation is also applicable to any diffeomorphism covariant theories,
in which the first law of black holes can be regarded as a straightforward result of the
variational identity, and it can be expressed as

δM = κ

2πδS + ΩHδJ , (1.2)
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where
S ≡ −2π

∫
B
ε̃

δL
δRabcd

ε̂abε̂cd (1.3)

is the Wald entropy which can be expressed as a Noether charge of theory [6, 7], where εab
is the binormal of the cross-section B of the event horizon.

It is worth noting that Iyer-Wald’s discussion does not consider the cases with the
gauge field, and they assume that the asymptotically flat stationary black hole contains a
bifurcated Killing horizon and all fields are smooth on the Killing horizon as well as the
bifurcation surface [6]. In the gravitational electromagnetic system, because of the gauge
covariance of the electromagnetic field, the vector potential is not a real physical quantity
in spacetime. Therefore it is not necessary to demand that the vector potential is smooth
on the Killing horizon, and Iyer-Wald’s results cannot be simply extended to these cases.
With this consideration, Gao derived the first law of the asymptotically flat stationary
black holes in Einstein-Maxwell and Einstein-Yang-Mills theories without the assumption
that the vector potential is smooth on the Killing horizon [8]. Their result shows the same
expression as eq. (1.1). Moreover, it has been shown that the first law is satisfied for
the Einstein gravity minimally coupled nonlinear electromagnetic field [9]. For the cases
with non-minimal couplings, the first law has been explicitly checked for some particular
theories [10]. Recently, the discussion is also extended to some cases where the fields have
internal gauge freedom based on the extension of Wald’s formalism [11–13].

The standard Einstein-Maxwell is a good approximation to describe the gravitational
and electromagnetic interactions at a low-energy regime. However, at higher-energy regime,
the effective theory should be corrected by adding some higher-order derivative terms
to take into account the quantum effects [14–17], including the higher-curvature terms
and nonminimally coupled electromagnetic field terms. These corrections will modify the
dynamics of gravity as well as the laws of black holes. A natural question is whether
the first law of black holes is also satisfied in these effective theories after the quantum
corrections are taken into account. Therefore, in this paper, we would like to extend
Gao’s discussion [8] into a more general gravitational electromagnetic system and derive
the first law of black holes without the assumption that the vector potential is smooth at
the Killing horizon.

The remainder of this paper is organized as follows. In the next section, we derive
the explicit expressions of the Noether charge and variational identity in the gravitational
electromagnetic theory with a general Lagrangian L(gab, Rabcd, Fab). In section 3, after
assuming that the metric and electromagnetic strength are smooth near the Killing horizon
as well as the bifurcation surface, we derive the first law of the black hole thermodynamics
in the gravitational electromagnetic system. Finally, we give a brief conclusion in section 4.

2 Noether charge in the gravitational electromagnetic system

In this section, we first review the Noether current and Noether charge in the diffeomor-
phism covariant gravitational electromagnetic theory. The Lagrangian n-form is given by

L = εL(gab, Rabcd, Fab) , (2.1)
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in which F = dA with the vector potential A is the electromagnetic strength, Rabcd is
the Riemann curvature tensor of the Lorentz signature metric gab, and L is an analytic
function of the scalars from the contraction of Rabcd and Fab. In the following, we refer to
(gab, ψ) as φ collectively. Consider a one-parameter family φ(λ) of the configuration space.
The variation of any quantity η(λ) is defined by

δφ = dφ(λ)
dλ

∣∣∣∣
λ=0

. (2.2)

Variation of the Lagrangian n-form can be formally divided as

δL = Eφδφ+ dΘ(φ, δφ) , (2.3)

in which Eφ = 0 is the equation of motion and Θ(φ, δφ) is the symplectic potential of this
theory. Next, we are going to calculate the explicit expression of these quantities. From
eq. (2.1), we have

δL = εδL+ (δε)L

= εδL+ 1
2Lg

abδgab .
(2.4)

For the first term of the above equation, we have

δL = Aabδgab + EabcdR δRabcd + EabF δFab , (2.5)

in which we have denoted

Aab = ∂L
∂gab

, EabcdR = ∂L
∂Rabcd

, EabF = ∂L
∂Fab

. (2.6)

For the first term of eq. (2.5), using the relation

Aabδgab = − ∂L
∂gab

δgab , (2.7)

we have
Aab = − ∂L

∂gab
. (2.8)

Considering the assumption that L is a function of the contractions of Rabcd and Fab, it is
not hard to get

∂L
∂gab

= 2(ER)acdeRbcde + (EF )acFbc . (2.9)

After noting that the index of “a” and “b” in the above expression is symmetric, we also
have

2(ER)[a
cdeRb]cde + (EF )[a

cFb]c = 0 . (2.10)

For the second term of eq. (2.5), we have

EabcdR δRabcd =EabcdR Rabc
eδgde−2EacbdR ∇d∇cδgab

= (EcdeaR Rcde
b−2∇c∇dEacbdR )δgab+2∇d(∇cEadbcR δgab−EacbdR ∇cδgab),

(2.11)
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For the third term of eq. (2.5), we have

EabF δFab = 2EabF ∇aδAb = −2∇aEabF δAb + 2∇d(EdbF δAb) . (2.12)

Summing the above results, we can get

δL =−
(
EcdeaR Rcde

b + 2∇c∇dEacbdR + EacF F
b
c

)
δgab − 2∇aEabF δAb +∇dδ̄vd (2.13)

with
δ̄vd = 2∇cEadbcR δgab − 2EacbdR ∇cδgab + 2EdbF δAb . (2.14)

Using
∇dδ̄vd = d ? δ̄v , (2.15)

we can further obtain

Θ(φ, δφ) = Θgrav(φ, δg) + Θe.m.(φ, δA) , (2.16)

in which
Θgrav
a2···an(φ, δg) = εca2···an

(
2∇dEacbdR δgab + 2EabcdR ∇bδgad

)
,

Θe.m.
a2···an(φ, δA) = 2εaa2···anE

ab
F δAb .

(2.17)

Moreover, we also have

Eφδφ = −ε
(1

2T
abδgab + jaδAa

)
, (2.18)

in which
T ab = 2Ecde(aR Rcde

b) + 4∇c∇dE
(a|c|b)d
R + 2E(a|c|

F F b)c − gabL ,
jb = 2∇aEabF

(2.19)

can be regarded as the stress-energy tensor and electric current of the extra matter source.
Using the symplectic potential, the symplectic current (n− 1)-form is defined by

ω(φ, δ1φ, δ2φ) = δ2Θ(φ, δ1φ)− δ1Θ(φ, δ2φ) , (2.20)

in which δ1 and δ2 are the variations related to any two different one-parameter families.
If the spacetime M is global hyperbolic, denoting C to the Cauchy surface, the symplectic
form of this theory is defined as

Ω(φ, δ1φ, δ2φ) =
∫
C
ω(φ, δ1φ, δ2φ) . (2.21)

The Noether current (n− 1)-form related to the vector field ζa is defined as

Jζ = Θ(φ,Lζφ)− ζ ·L . (2.22)

Using eq. (2.3), it is not hard to verify

dJζ = −EφLζφ . (2.23)

Therefore, if the dynamical field φ satisfy the on-shell condition Eφ = 0, the Noether
current is a closed form, i.e., dJζ = 0, which implies there is a Noether charge (n−2)-form
Qζ such that J = dQ. Next, we prove the following lemma:
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Lemma 1. For the theory with Lagrangian (2.1), the Noether current Jζ can be divided as

Jζ = Cζ + dQζ , (2.24)

in which
(Cζ)a2···an = εaa2···an(ζbTba + ζbAbj

a) ,

(Qζ)a3···an = εaba3···an

(
EabF A

cζc − 2∇dEabcdR ζc − EabcdR ∇[cζd]
)
.

(2.25)

are the constraint (n− 1)-form and Noether charge (n− 2)-form of this theory separately.
When the dynamical field φ satisfies the on-shell condition, we have Cζ = 0.

Proof. The Noether current Jζ can be written as

Jζ = Θ(φ,Lζφ)− ζ ·L
= ?(vζ − ζL) ,

(2.26)

in which we have defined vζ = δ̄v|δφ=Lζφ. Based on eq. (2.14), the first term of above
equation can be expressed as

vcζ = 2EabcdR ∇b(Lζgad) + 2LζgbdW cbd + Ec1Lζχ
+ Ecb2 ∇b(Lζχ)−∇bEbc2 Lζχ+ 2EcbF LζAb .

(2.27)

Using
Lζgab = 2∇(aζb) ,

LζAa = ∇a(ζbAb) + ζbFba ,
(2.28)

we have

vcζ = 4EabcdR ∇b∇(aζd) + 4∇(bζd)∇aEabcdR + 2EcbF ∇b(ζaAa) + 2EcbF ζaFab . (2.29)

For the first term of above expression, we have

vc12 = 2EabcdR ∇b∇aζd + 2EabcdR ∇b∇dζa + 2∇bζd∇aEabcdR + 2∇dζb∇aEabcdR

= 2EabcdR ∇[b∇a]ζd + 4EabcdR ∇[b∇d]ζa + 2EabcdR ∇d∇bζa
+ 2∇bζd∇aEabcdR + 2∇dζb∇aEabcdR

=EabdcR Rabdeζ
e + 2EabcdR Rbdaeζ

e + 2∇d(EabcdR ∇bζa)

− 2∇bζa∇dEabcdR + 2∇bζd∇aEabcdR + 2∇dζb∇aEabcdR

=EabdcR Rabdeζ
e + 2EabcdR Rbdaeζ

e + 2∇d(EabcdR ∇bζa)− 2∇b(ζa∇dEabcdR )

+ 2∇b(ζd∇aEabcdR ) + 2∇d(ζb∇aEabcdR ) + 2ζa∇b∇dEabcdR

− 2ζd∇b∇aEabcdR − 2ζb∇d∇aEabcdR

=EabdcR Rabdeζ
e + 2EabcdR Rbdaeζ

e + 2ζd∇a∇b(EdacbR + EabcdR − EbdcaR )

+ 2∇d[EabcdR ∇bζa + ζb∇a(EabcdR − EdacbR − EbdcaR )] .

(2.30)

From the definition of EabcdR , we can see that EabcdR has the same symmetries as Rabcd.
Therefore, EabcdR also satisfies the Bianchi identity E[abc]d

R = 0, i.e.,

EabcdR + EbdcaR + EdacbR = 0 . (2.31)
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Using the above identity, we have

vc12 =EabdcR Rabdeζ
e + 2EabcdR Rbdaeζ

e − 4ζd∇a∇bEbdcaR

+ 2∇d[EabcdR ∇bζa + 2ζb∇aEabcdR ]

=EabdcR Rabdeζ
e + 2EabcdR Rbdaeζ

e + 4ζd∇(a∇b)EcadbR + 4ζd∇[a∇b]EcadbR

+ 2∇d[EabcdR ∇bζa + 2ζb∇aEabcdR ]

=EabdcR Rabdeζ
e + 4ζd∇a∇bE

(c|a|d)b
R + 2EabcdR Rbdaeζ

e − 2RabecEeadbR ζd

− 2RabedEcaebR ζd + 2∇d[EabcdR ∇bζa + 2ζb∇aEabcdR ].

(2.32)

Considering the following results

2EabcdR Rbdaeζ
e = EabcdR Rbdaeζ

e + EabcdR Rdabeζ
e = EabdcR Rabdeζ

e ,

2RabecEeadbR ζd = Rabe
cEabedR ζd, 2RabedEcaebR ζd = −RbeadEbeacR ζd,

(2.33)

we can further obtain

vc12 = 3EabdcR Rabdeζ
e − EabdeR Rabd

cζe + 4ζd∇a∇bE
(c|a|d)b
R

+ 2∇d(EabcdR ∇bζa + 2ζb∇aEabcdR )

= 4Eabd[c
R Rabd

e]ζe + 2Eabd(c
R Rabd

e)ζe + 4ζd∇a∇bE
(c|a|d)b
R

+ 2∇d(EabcdR ∇bζa + 2ζb∇aEabcdR ) .

(2.34)

For the third and forth terms of eq. (2.29), we have

vc34 = 2EcbF ∇b(ζaAa) + 2EcbF ζaFab = 2∇d(EcdF ζaAa) + jcAaζ
a + 2EcbF ζaFab. (2.35)

Summing the above results, we have

vcζ = 3EabdcR Rabdeζ
e − EabdeR Rabd

cζe + 2EcbF ζaFab + 4ζd∇a∇bE
(c|a|d)b
R

+ jcAeζ
e + 2∇d(EabcdR ∇bζa + 2ζb∇aEabcdR + EcdF ζ

aAa)

=
(
4Eabd[c

R Rabd
e] + 2Eb[cF Fb

e]
)
ζe +

(
2Eabd(c

R Rabd
e) + 2Eb(cF F e)b + 4∇a∇bE

(c|a|e)b
R

)
ζe

+ jcAeζ
e + 2∇d(EabcdR ∇bζa + 2ζb∇aEabcdR + EcdF ζ

aAa) .

From eq. (2.10), we can see that the first term of the above expression vanishes. Together
with the equation of motion (2.19), we can get

vcζ − ζcL =ζeTec + ζeAej
c + 2∇d(EabcdR ∇bζa + 2ζb∇aEabcdR + EcdF ζ

aAa) . (2.36)

Therefore, we have
Jζ = Cζ + dQζ (2.37)

with
(Cζ)a2···an = εaa2···an(ζbTba + ζbAbj

a) ,

(Qζ)a3···an = εaba3···an

(
EabF A

cζc − 2∇dEabcdR ζc − EabcdR ∇[cζd]
)
.

(2.38)

As we desired to show.
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Variation of Noether current Jζ from eq. (2.24), we can get

δ̄Jζ = δ̄Θ(φ,Lζφ)− ζ · δL
= δ̄Θ(φ,Lζφ)− ζ ·Eφδφ− ζ · dΘ(φ, δφ)
= δ̄Θ(φ,Lζφ)− LζΘ(φ, δφ) + d[ζ ·Θ(φ, δφ)]− ζ ·Eφδφ
= ω(φ, δφ,Lζφ) + d[ζ ·Θ(φ, δφ)]− ζ ·Eφδφ ,

(2.39)

where we have introduce the notation δ̄ to denote the variation when the vector field ζa is
fixed, i.e., we have

δXζ = δ̄Xζ +Xδζ (2.40)

for the quantity Xζ .
Moreover, using eq. (2.26), we have

δ̄Jζ = δ̄Cζ + dδ̄Qζ . (2.41)

Combining the above results, we can obtain the following identity

d[δ̄Qζ − ζ ·Θ(φ, δφ)] = ω(φ, δφ,Lζφ)− ζ ·Eφδφ− δ̄Cζ . (2.42)

In the following, we consider a one-parameter family φ(λ) in which any φ(λ) satisfy
the on-shell condition, i.e., we have C(λ) = Eφ(λ) = 0 and δC = Eφ = 0. Then, the
variational identity becomes

ω(φ, δφ,Lζφ) = d[δ̄Qζ − ζ ·Θ(φ, δφ)] . (2.43)

Consider the asymptotically flat stationary-axisymmetric spacetime satisfying the
asymptotic condition of “Case I” in ref. [18]. Let ζa be a vector field related to the
symmetry at asymptotically infinity. Then, there exists a conserved quantity Hζ related to
this vector field. If we assume φ(λ) satisfies the on-shell condition, δHζ can be expressed
as [8, 18]

δHζ =
∫
∞

(
δ̄Qζ − ζ ·Θ

)
, (2.44)

in which “∞” denotes a (n − 2)-sphere at asymptotically infinity. When ζa is chosen as
the vector field ta related to the asymptotic time translation or ϕa related to the rotation,
the canonical mass and angular momentum can be defined by [8]

δM =
∫
∞

(
δ̄Qt − t ·Θ

)
, δJ =

∫
∞

(
δ̄Qϕ − ϕ ·Θ

)
. (2.45)

Using the equation of motion (2.19), the electric charge of the spacetime is defined by

Q = −
∫
∞
εaba3···anE

ab
F . (2.46)
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3 The first law of the stationary-axisymmetric black holes

In this section, we would like to derive the first law of black holes in the gravitational electro-
magnetic system with Lagrangian (2.1). Let (M, gab) is an asymptotically flat stationary-
axisymmetric spacetime satisfying the asymptotic condition of “Case I” in ref. [18], and
there is a bifurcated Killing horizon H with a compact bifurcated surface B. Assume that
the metric gab and electromagnetic strength Fab is smooth near the horizon as well as
the bifurcation surface. The generated Killing vector field of the Killing horizon can be
expressed as

ξa = ta + ΩHϕ
a , (3.1)

in which we have denoted ΩHϕ
a = Ω(µ)

H ϕa(µ). Here t
a and ϕa(µ) are the Killing vector fields

related to the time transition and axial symmetries of the spacetime, Ω(µ)
H is the velocity

of the black hole horizon H. Considering the gauge covariance of the electromagnetic field
Aa, we can impose the conditions

Aaξ
a|∞ = 0 and LξAa = 0 (3.2)

such that Aa is a Killing vector field in the spacetime. This condition always can be imposed
by a gauge transformation Aa → A′a = Aa − ∇aχ with χ satisfying ξa∇aχ|∞ = Aaξ

a|∞
and ∇a(ξb∇bχ) = LξAa.

In the following, we consider a one-parameter family φ(λ), any element in which is a
stationary-axisymmetric black hole as described above. Considering the diffeomorphism
invariance of the theory, we can choose a gauge such that ξa and Killing horizon H (includ-
ing the bifurcation surface B) is independent on λ, i.e., they are fixed under the variation.
Replacing ζa by ξa and considering the symmetries

Lξgab(λ) = 0 , LξA(λ) = 0 , (3.3)

the variational identity (2.43) implies

d[δ̄Qξ − ξ ·Θ(φ, δφ)] = 0 . (3.4)

Choose Σ to a hypersurface connecting the sphere S∞ at infinity and a cross-section S on
the future Killing horizon. Integration of eq. (3.4) on Σ, using the Stokes theorem, we can
further obtain ∫

∞

[
δ̄Qξ − ξ ·Θ(φ, δφ)

]
=
∫
S

[
δ̄Qξ − ξ ·Θ(φ, δφ)

]
. (3.5)

For the left side of the above expression, using the definition of the mass and angular
motion (2.45), we have∫

∞

[
δ̄Qξ − ξ ·Θ(φ, δφ)

]
=
∫
∞

[
δ̄Qξ − t ·Θ(φ, δφ)

]
=
∫
∞

[
δ̄Qt − t ·Θ(φ, δφ)

]
+
∫
∞
δ̄QΩHϕ

= δM − ΩHδJ .

(3.6)

– 8 –
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For the right side of eq. (3.5), considering the gauge choice δξa = 0, we can replace δ̄ by δ.
Then, we have∫

S

[
δ̄Qξ − ξ ·Θ(φ, δφ)

]
=δ
∫
S
εaba3···an

[
EabF A

cξc − 2ξc∇dEabcdR − EabcdR ∇[cξd]
]

−
∫
S
ξ · [Θe.m(φ, δA) + Θgrav(φ, δg)] .

(3.7)

Since we assume that Rabcd, gab and Fab is smooth near the Killing horizon (including
the bifurcation surface B), EabcdR and EabF would also be the smooth tensor near the horizon.
Before deriving the first law, we first prove the following Lemma:

Lemma 2. For a stationary black hole with bifurcated Killing horizon H. Let ξa be a Killing
vector field generated the future Killing horizon, S be a cross-section of future horizon, and
sa is another null vector field on H satisfying

saξa = 1 , sasa = 0 , wai sa = 0 , (3.8)

in which wai is the tangent vector on the cross section S. Denote zai = {ξa, sa, waj } to
the basis on the cross section. Then, for any tensor field Xa1···ak which is smooth on the
horizon (including bifurcation surface) and satisfies LξX = Xa1···ak , if Xa1···akz

a
1 · · · zak is

not zero, the number of ξa must not be greater than the number of sa.

Proof. Consider a foliation of the horizon H which is obtained from the cross-section S

by the diffeomorphism generated by the Killing vector field ξa. The vector field zai is also
generated by this diffeomorphism, i.e., we have

Lξzai = 0 . (3.9)

For the slice (cross section) S is not the bifurcation surface B, zai would be a finite vector
field, i.e., contraction of any finite tensors is finite. Since Xa1···ak is smooth on the Killing
horizon H, Xa1···akz

a
1 · · · zak would be finite on any cross section S.

When S approach the bifurcation surface B, we have ξa → 0. However, note saξa is
finite, sa must be divergent when S → B. To show the divergence, we choose another two
finite null vector field ka and la on the cross-section S near the bifurcation surface, which
satisfies

kala = −1, kak
a = 0, lal

a = 0 ,
ka = Cξa, la = C−1sa ,

(3.10)

in which C is a scalar field on the cross section S. Since ka and la are finite vectors on
the bifurcation surface, we have C →∞ when S → B. Denote z̄ai = {ka, la, wai }. Since we
assume that Xa1···ak is smooth near the bifurcation surface B, Xa1···ak z̄

a
1 · · · z̄ak will be finite

on B. Since
LξXa1···ak = 0 , (3.11)

we have
Lξ(Xa1···akz

a
1 · · · zak) = 0 , (3.12)
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which implies that Xa1···akz
a
1 · · · zak is invariance along the Killing vector ξa. When the

cross section S is not the bifurcation surface B, za would be a finite vector. Then, we have
Xa1···akz

a
1 · · · zak is finite on whole future horizon H. From eq. (3.10), we have

Xa1···ak z̄
a
1 · · · z̄ak = Cm−nXa1···ak z

a
1 · · · zak , (3.13)

in which m is the number of ξa and n is the number of sa. Since Xa1···ak is a smooth
tensor near the bifurcation surface, Xa1···ak z̄

a
1 · · · z̄ak should be finite when C approaches

B. However, from eq. (3.13), we can see that when m > n, if Xa1···ak z
a
1 · · · zak is finite,

Xa1···ak z̄
a
1 · · · z̄ak would be divergent, which is in contradiction with the assumption that

Xa1···ak z̄
a
1 is smooth near the bifurcation surface. Therefore, when m > n, we must have

Xa1···ak z
a
1 · · · zak = 0 . (3.14)

As we desired to show.

Since we assume that EabcdR is smooth near horizon, ∇aEabcdR is also smooth near the
horizon (including bifurcation surface). Using lemma 2, we have

εaba3···anξc∇dEabcdR = 2ε̃a3···ansaξbξc∇dEabcdR = 0 (3.15)

on the horizon H. Then, eq. (3.7) can reduce to∫
S

[
δ̄Qξ − ξ ·Θ(φ, δφ)

]
= δ

∫
S
εaba3···an

[
EabF A

cξc − EabcdR ∇[cξd]
]
−
∫
S
ξ · [Θe.m(φ, δA) + Θgrav(φ, δg)] .

(3.16)

For the first term of the left side in the above equation, we first prove that Aaξa is
a constant on the horizon. Considering the Killing condition LξAa = 0, we can further
obtain

∇b(ξaAa) = −ξaFab . (3.17)

Using lemma 2 and the assumption Fab is smooth on the horizon (including bifurcation
surface), we have Fabξaξa = Fabξ

awbi = 0 on H, which implies

ξb∇b(ξaAa) = wbi∇b(ξaAa) = 0 (3.18)

on H. Therefore, ΦH = Aaξ
a|∞ −Aaξa|H = −Aaξa|H is a constant on horizon. Then, the

first term of the left side becomes∫
S
εaba3···anE

ab
F A

cξc = −ΦH

∫
B
εaba3···anE

ab
F . (3.19)

Using the on-shell condition ∇aEabF = 0, it is not hard to get

−
∫
B
εaba3···anE

ab
F = −

∫
∞
εaba3···anE

ab
F = Q . (3.20)

Therefore, we have
δ

∫
S
εaba3···anE

ab
F A

cξc = δ(ΦHQ) . (3.21)
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For the third term of eq. (3.16), we have∫
S
ξ ·Θe.m.(φ, δA) = 2

∫
S
ξcεaca3···anE

ab
F δAb

= 2
∫
S
ε̃ξcε̂acE

ab
F δAb .

(3.22)

Using ε̂ = s ∧ ξ = dv ∧ dr, we can obtain∫
S
ξ ·Θe.m.(φ, δA) = 2

∫
S
ε̃ξaE

ab
F δAb = 2

∫
S
ε̃ξaE

ab
F sbξ

cδAc

=
∫
S
ε̃ε̂abE

ab
F ξ

cδAc = QδΦH .
(3.23)

In the following, we are going to evaluate the gravitational part. Since we choose the gauge
such that ξa and H is fixed in the variation, we can use the Gaussian null coordinates
{v, r, θ1, · · · , θn−2} to calculate these quantities. The line element of the spacetime in this
coordinate can be expressed as [19]

ds2 = 2(dr − rαdv − rβidθi)dv + γijdθ
idθj , (3.24)

in which α, βi and γij are the function of r and θi. The horizon H is determined by r = 0.
The Killing vector field generated the horizon is

ξa =
(
∂

∂v

)a
, sa =

(
∂

∂r

)a
. (3.25)

Note that the gauge choice which fixes the Gaussian null coordinates is the same as the
gauge choice to fix ξa and H. In this gauge choice, only α, βi and γij are dependent on the
parameter λ. Based on the above coordinates, on the horizon r = 0, we have

∇aξb = κε̂ab − βiξ[a(dθi)b] , (3.26)

in which κ = α(0) is the surface gravity of the Killing horizon H. For the Einstein gravity,
the constancy of the surface gravity (black hole zeroth law) has been proven using only the
dominant energy condition of the matter field [20]. Recently, the proof has been extended
to Lanczos-Lovelock theory with the additional assumption that the theory has a smooth
limit to general relativity [21]. However, there is no general proof of the zero law for the
theory in any diffeomorphism covariant theories. Without the gravitational equations, the
zeroth law can also be checked if the exterior derivative of the twist of the horizon Killing
field vanishes on the horizon [22]. In this case, the result can be applied to any gravitational
theory. As a corollary of this, it implies that κ is constant on the horizon for all static black
holes or any stationary-axisymmetric black hole with the ‘t−φ’ reflection isometry [22, 23].
In this paper, we only consider the cases where the zero law is satisfied.

For the second term of eq. (3.16), we have∫
S
εaba3···anE

abcd
R ∇[cξd] =

∫
S
ε̃ε̂abE

abcd
R ∇[cξd]

= κ

∫
S
ε̃ε̂abε̂cdE

abcd
R +

∫
S
ε̃βiε̂abξc(dθi)dEabcdR .

(3.27)
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Using lemma 2 and considering that (dθi)d is a tangent vector of S, the second term of the
above expression vanishes. Thus we have∫

S
εaba3···anE

abcd
R ∇[cξd] = κ

∫
S
ε̃ε̂abε̂cdE

abcd
R = −κS2π .

(3.28)

Therefore, eq. (3.16) reduces to

−δ
∫
S
εaba3···anE

abcd
R ∇[cξd] = 1

2πδ(κS) . (3.29)

For the last term of eq. (3.16), we have∫
S
ξ ·Θgrav(φ, δg) = 2

∫
S
ξeεce···an

(
∇dEacbdR δgab + EabcdR ∇bδgad

)
= −2

∫
S
ε̃
(
ξc∇dEacbdR δgab + ξcE

abcd
R ∇bδgad

)
.

(3.30)

For the line element (3.24) in the Gaussian null coordinates, straightforward calculation
gives δgab = δγab, in which γab = γij(dθi)a(dθj)b. Based on lemma 2, it is not hard to see
that the first term of eq. (3.30) vanishes. For the last term of eq. (3.30), we have

ξcE
abcd
R ∇bδgad = −EµσρrR δgµρ;σ . (3.31)

Using the line element (3.24), lemma 2 can be presented as: if EµσρτR is not zero on
horizon, the number of “v” in the index must be larger than number of “r”. Therefore, the
nonvanishing contributions in eq. (3.31) from δgµρ;σ only comes from the term in which
the number of “v” larger that number of “r”. Using the line element, it is not hard to find
that the only nonvanishing component of δgµρ;σ is

δgvv;r = −2δα = −2δκ . (3.32)

Therefore, we have ∫
S
ξ ·Θgrav(φ, δg) = −4δκ

∫
S
ε̃EvrvrR = 1

2πSδκ . (3.33)

Summing the above results, we have

δM = κ

2πδS + Ω(µ)
H δJ(µ) + ΦHδQ . (3.34)

Therefore, we derived the first law of black holes in the gravitational electromagnetic system
and the expression is the same as the Einstein-Maxwell theory.

4 Conclusion

The first law of black hole in a diffeomorphism covariant theory is generally derived by Iyer
and Wald [6]. However, their results bases on the requirement that all dynamical fields be
smooth near the future Killing horizon as well as the bifurcation surface, and consequently
their discussion cannot be simply extended to the cases with gauge symmetry. In this
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paper, we extended their discussion into the gravitational electromagnetic system without
the requirement that the vector potential A is smooth near the horizon since it is not a
real physical quantity.

Firstly, we calculated the Noether charge and variational identity of the gravitational
electromagnetic theory with the Lagrangian L(gab, Rabcd, Fab). Then, using these results,
we derived the thermodynamic first law of the asymptotically flat stationary-axisymmetric
black holes. In contrast to the earlier discussion by Iyer and Wald, we only require that the
electromagnetic strength Fab and metric gab be smooth near the future horizon (including
the bifurcation surface), without making any constraints for the vector potential A. Under
the above conditions, we obtain the first law of thermodynamics for the mass, angular
momentum, and charge variation of the black hole. The result is the same as the expression
of the first law in Einstein-Maxwell theory. Our investigation shows that the first law of
black hole thermodynamics is also universal in an effective theory that takes into account
the quantum corrections in Einstein-Maxwell theory, and Wald entropy is still the best
choice to describe the entropy of a steady black hole.
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