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1 Introduction

One pressing problem for Effective Field Theories (EFTs) of quantum gravity is to de-
termine which kind of physics one can obtain at regions of weak coupling. Since these
regimes appear along large field distance limits, one may be led to assume that the size
of the EFT field space can be arbitrarily large, which is very suggestive for, e.g., em-
bedding macroscopic models of large field inflation in a UV complete theory of quantum
gravity. Concrete string theory realisations however show that asymptotic limits of infinite
distance come with a mechanism that prevents a 4d EFT description beyond a certain
point, as predicted by the Swampland Distance Conjecture (SDC) [1]. As a consequence
of this conjecture, quantum gravity would impose a maximal size to any EFT field space.
Determining what this size is and what is the precise mechanism that triggers the EFT
breakdown is a central part of the Swampland Program [2-5], and substantial progress has
been achieved through different studies and refinements of the SDC [6-24].

The standard strategy to test and improve our insight on the SDC is to consider a
particular string theory compactification, and then attempt to classify and understand
the physics of each of its infinite distance limits. While this has been a very successful
approach, a more intrinsic EF'T viewpoint on these asymptotic large distance limits and
their associated phenomena is still lacking. Such a description would undoubtedly put
the SDC and all the swampland conjectures connected to it on a firmer ground, even
beyond the string theory realm. A promising avenue to achieve this goal is to consider
large field variations induced by the presence of localised objects in our EFT, like black
holes or bubbles of nothing, as done in [17, 25-31]. In this spirit, it was pointed out in [32]
that for 4d EFTs most of the swampland conjectures are connected to the physics of low-
codimension objects, namely strings and membranes. In particular, certain %BPS strings
are directly related to the presence of infinite distance limits in 4d A/ = 1 EFTs.

A connection between strings and large field distances is already hinted by the 4d
cosmic string solutions of [33]. Indeed, in this work the authors construct codimension-
two profiles of an axio-dilaton 7, whose simplest solution asymptotes towards the infinite
field distance limit 7 — ioco at spatial infinity. It was later on realised in [34] that the
point at which 7 = ico can be interpreted as the location of a D7-brane. From this F-
theory perspective one may construct 4d string solutions by compactifying type IIB on a
six-manifold X, wrapping several (p,q) 7-branes on X and placing them parallel to each
other in 4d. When approaching a D7-brane location the axio-dilaton profile will draw an
infinite distance path 7 — ico in field space. From the 4d EFT viewpoint, such profile is



sourced by the presence of a localised operator, which is how D7-branes are treated in type
IIB supergravity. Moreover, the solution around the D7-brane describes a monodromy
Rer — Rer + 1, which is promoted to an axionic shift symmetry as we approach the
D7-brane core. In other words, the source of the profile 7 — ico is a 4d fundamental string
magnetically coupled to the axion Rer.

The purpose of this work is to characterise 4d EFT large field distance limits in terms
of the key EFT ingredients of the above example. More precisely, we consider fundamental
axionic strings, treated as codimension-two operators of the EFT, and study their back-
reaction profile in the vicinity of the string core. In the context of A/ = 1 theories this
backreaction describes a trajectory in a field space region with a perturbative axionic sym-
metry, with a logarithmic profile for the saxionic partner. Such a profile allows to map the
physics of the backreacted solution to the physics of vacua up to the distance 1/A from
the string core, with A the EFT cut-off scale. As we approach the core we asymptotically
reach a regime in which those non-perturbative effects that break the axionic symmetry
become negligible, pointing to the emergence of a continuous shift symmetry. By the no
global symmetry conjecture [35, 36], one expects that for EF'Ts coupled to quantum grav-
ity such exact shift symmetries are located at infinite distance points in field space, with
some mechanism preventing the EFT to ever reach them, similarly to the setup in [37].
Therefore, these solutions are particularly suitable to study the physics of the SDC from
an EFT perspective. In fact, the properties of these strings guarantee that the associated
solutions can always be treated in an EFT weakly-coupled regime, which is why we refer
to them as EFT strings throughout the paper.

Indeed, one difference with [33] is that in our case the fields that vary along a $BPS
string flow will generically be subject to a potential. However, we argue that if the Hubble
and mass scales of the potential are low compared with the EFT cut-off scale A, so that
near this scale it makes sense to talk about a field space, our approach to extract the
physics of large field distances still applies. One way to see this is to apply the philosophy
of [38, 39] to our context, and interpret the string backreaction as a renormalisation group
(RG) flow of the string couplings. In this scheme, the backreaction details closer to the
string core determine the string couplings at higher energies, and also the asymptotic large
field behaviour of our theory. Therefore, in a sensible setup the interesting part of the EFT
string solution will be at wavelengths much shorter than the effect induced by a potential.
The RG flow picture also helps to understand the universal behaviour of the EFT string
tension 7, which asymptotically vanishes either as we increase A or we approach an infinite
distance point. This monotonic behaviour provides a rationale for the EFT breakdown that
the SDC predicts. Indeed, if an EFT string is a genuinely fundamental object of our 4d
EFT, then it cannot be resolved by it for any scale A, and so by consistency the EFT
semiclassical description must break down before 7 < AZ.

Another generalisation with respect to [33] is the arbitrary number of different pertur-
bative axionic shift symmetries that may coexist in given region of a 4d N/ =1 EFT. We
find that this richness is encoded in a lattice convex cone of EFT string charges, whose
interplay with the saxionic field space of this region allows us to classify different kinds
of string flows, which ultimately reflect the asymptotic properties of the Kéhler potential.



We have indeed checked that this structure is realised in a plethora of 4d N/ = 1 examples
built from string compactifications, some of which allow us to connect 4d EFT strings with
the definition of supergravity strings recently formulated in [40] for 5d theories.

This set of universal properties that stem from the notion of EFT string prompt us
to propose the Distant Axionic String Conjecture, which essentially claims that all 4d
EFT infinite distance limits are realised by the RG flow associated to an EFT string. This
proposal was already advanced in [32], and in the present paper is captured by Conjecture 1.
Thereafter, we will discuss at some length several implications of this conjecture, like for
instance how it constrains the behaviour of the field space curvature at infinity.

Obviously, the most direct consequences involve the SDC. As said before, EFT strings
are asymptotically tensionless, and thus any consistent 4d EFT must break down along
the infinite distance trajectories that they describe. This observation does not specify the
precise breakdown mechanism: it could be via the tower of oscillation modes of the string
itself, or via some other tower of states — e.g. Kaluza-Klein (KK) modes — that appear
at a lower scale, as observed in the context of 4d AN/ = 2 theories in [15]. We analyse a
large set of asymptotic limits in different classes of 4d NV = 1 string compactifications,
finding that in each case it is either a tower of KK-like modes or the oscillation modes
of an EFT string that trigger the EFT breakdown, strengthening the Emergent String
Conjecture [15]. Furthermore, whenever the leading tower is not given by the oscillation
modes of the EFT string, the asymptotic behaviour of the scale m, of this tower is tied up
to the asymptotics of the EFT string tension that describes this limit. We believe this to
be a general feature of 4d EFTs compatible with quantum gravity, with the precise relation
between m, and the EFT string tension as captured by Conjecture 2, which states that in
Planck units m2 ~ T% for some scaling weight w € Z~, asymptotically along each EFT
string flow. Finally, as already pointed out in [32], these two conjectures together with
the Weak Gravity Conjecture (WGC) for EFT strings imply the SDC in 4d theories, with
the exponential descent rate of m, specified by the EFT string extremality factor and the
scaling weight. Therefore, if this set of proposals is true, one could essentially estimate the
maximal cut-off m, of a 4d EFT theory simply using EFT datal!

The paper is organised as follows. In section 2 we describe fundamental axionic strings
and their properties from the viewpoint of 4d EFTs, which lead to the definition of EFT
string. In section 3 we argue why EFT string solutions are directly related to trajectories
of infinite distance in the EFT field space, giving them an RG flow interpretation. In
section 4 we discuss the interplay between %BPS strings and non-perturbative corrections,
and capture them in terms of continuous and discrete conical structures. Section 5 contains
two of the main results of the paper, namely conjectures 1 and 2. They characterise the
asymptotic limits of infinite distance of a 4d EFT in terms of EFT string flows, and have
interesting implications for several swampland criteria. Section 6 shows how these two
conjectures and all the EFT structure developed to arrive to them are realised in several
classes of string compactifications, providing abundant examples that support our claims.
We finally draw our conclusions in section 7.

Several details have been relegated to the appendices. Appendix A contains a glossary
of terms for string flows and for cones in algebraic geometry used throughout the paper.



Appendix B shows that the gravitational contribution to the EFT string energy density does
not affect the results of section 2. Appendix C argues that EFT string flows correspond to
asymptotically geodesic paths in field space. Appendix D elaborates on the correspondence
between EFT string solutions and their RG flows, by computing the latter from a field
theory perspective. Appendix E discusses the backreaction and flows associated to 4d
%BPS instantons. Appendix F examines in detail string flows in different toroidal orbifold
compactifications and their resolutions.

2 Fundamental axionic strings in 4d N' =1 EFTs

In this section we describe, from a 4d N' = 1 EFT perspective, solutions that correspond
to %BPS axionic fundamental strings. These strings are characterised by the following
properties:

- They are fundamental localised objects, in the sense that they have a singular core
that cannot be resolved within a quantum field theory approach. This is to distinguish
them from other solitonic strings that can be described within the EFT.

- They are magnetically coupled to axions and enjoy an approximate continuous shift
symmetry near their core. With approzimate we mean that it should be preserved
at perturbative level by the Kéhler potential and only broken by exponentially sup-
pressed corrections. Hence, the axion behaves as a 0-form gauge field.

This allows one to describe their solution by means of a dual formulation, where the
axion is replaced by the 2-form gauge field By under which the strings are electrically
charged. Preserving the N/ = 1 supersymmetric requires that the chiral multiplets are
replaced by linear multiplets. One of the vantage points of working in this dual picture is
that we may easily compute the string tension 7, which should satisfy

A < T < ME, (2.1)

in order not to imply the EFT breakdown, where A is the EFT cut-off scale. Therefore, such
strings must be included as localised operators in the theory, as they cannot be resolved
within the 4d EFT regime of validity.

2.1 Axionic strings in N = 1 EFTs

Let us consider a 4d N'= 1 EFT formulated in terms of chiral multiplets. Axionic string
configurations naturally appear when the set of chiral fields can be split as {¢%} = {t?, X"},
with the superpotential W = W(x) only depending on a subset of them, and a Kéhler
potential K that for now we keep general. Under these circumstances, one may find a
moduli space of supersymmetric vacua with a fixed value x, for the scalars {x"} and
arbitrary value for the fields ¢*. Indeed, since the F-flatness conditions imply

DtiW|VaC = (8t'iK)W|VaC = O, (22)



then the supersymmetry conditions amount to impose W (x«) = 0y W (xx) = 0, leaving the
{t'} unconstrained. Moreover, the Cremmer et al. [41] F-term potential V (¢, x) evaluated
at y.« vanishes at least quadratically on the chiral fields, and so it can be ignored when
considering string-like configurations with a varying profile on the {¢}. A similar statement
holds for no-scale models with a semidefinite positive potential and a moduli space of
Minkowski vacua.

Ignoring the presence of V', the relevant terms of the effective action are

S = Mg/ (;R £ 1— K, 5d¢% A *dq35> : (2.3)

whose string-like solutions can be analysed following the discussion in [33]. For this one
splits the 4d coordinates into (¢, z, z, z), and imposes 2d Poincaré invariance on (¢, z). That
is, we allow the varying fields ¢’ to depend only on z, Z and choose a 4d metric of the form

ds® = —dt? + da? + €?Pdzdz, (2.4)
where D depends only on the transverse coordinates (z,z). The equations of motion read
Kap000° + Kap,006° N9¢Y =0, (2.5)

where 0 = dz A 0,. The simplest class of solutions corresponds to holomorphic
20> =0, (2.6)

or anti-holomorphic profiles: 9¢* = 0. In our setup, the choice (2.6) amounts to set
X = X« and

o' =0. (2.7)
We can then regard t(z) as defining a holomorphic map from C to the moduli space M.
From the Einstein equations it also follows that

eV = |f(2)fPe, (2.8)

with f(z) a holomorphic non-vanishing function [33]. One may also derive condition (2.6)
by writing the energy per unit length of a solution in a BPS form:

£ = M2 / K5 (00" A %2007 + 6% A %205°) = M3 / Tot + 202 / K506 A 208",
(2.9)
with the integral performed over the (z, Z)-plane, where the Hodge star operator g acts,

and Jy = 1K ,5do% A d¢P. For fixed boundary conditions the first term is topological,
while the second is positive definite. We can then obtain the BPS bound

> MP%/JM, (2.10)

which is saturated for holomorphic profiles.



Local solutions to (2.7) corresponding to strings located at z = 0 and associated to a
monodromy of the form

>ttt e, e, (2.11)
are given by
=t 4 —¢ilo (> : 2.12
0" 9mi® 8\ (212)
where t}, 29 are constant. Writing #* = @’ +is’ and 2z = re' we can split this solution as
. . 1 . r
t=s) — —€'l — 1, 2.13
s' =5y~ 5-¢'log (To) (2.13a)
at = 0 e’ 4 const (2.13b)
2 ’ '

where, later on, a’ is to be interpreted as an axion and s’ as its saxionic partner. We see
that the latter develop a harmonic profile with a logarithmic singularity at the location of
the string. More precisely,

st = el oo for r—0. (2.14)

This implies that when approaching the strings location certain scalars within {t'} are
driven towards the boundary of the moduli space patch that they describe.

Let us for simplicity assume that e’ > 0, Vi — the more general case works analogously
and will be discussed in detail in the following sections. By considering sf > 1 and
Mprg > 1, the string solution will describe a large saxion profile s' along a range of r
much larger than the four-dimensional Planck length, namely r < rg. Within this region,
by appropriately redefining z one may set the non-vanishing holomorphic function in (2.8)
to a constant:

2D — JKo—K(tx)

: (2.15)

which we choose as Ky = K(tg, x«). In this way the normalisation of the warp factor

is fixed as e?P|,,

= 1, and only #} and z remain as free adjustable parameters of the
solution. Moreover, let us assume that the trajectory (2.14) takes the EFT to a region of
field space in which K exhibits an approximate continuous shift symmetries of the form
Ret’ — Ret'+const, so that the a® = Ret’ involved in (2.13b) can be considered to be
axions in this limit. As a consequence, the solution for the metric will display a radial
symmetry, and the solution (2.12) then corresponds to a 4d %BPS axionic string.

Finally, the single string solution can be easily generalised to a multi-string solution:

S 1 , _
tZ:t6+Zeleog(z Z“), (2.16)

2mi -

where €, are the charges of the string located at z, in the 2-plane, and ¢} is the value of ' at
20. If sh = Imt}, is large and charges e’ > 0, then s’ will remain large in the domain 1, Dq,
where D, = {|z — 24| < |20 — 24|}, which is non-vanishing if the strings are sufficiently close
to each other. This shows that they are in equilibrium and do not exert any force among
them, as expected for mutually %BPS objects.



2.2 Dual formulation

The above description of %BPS axionic strings involves a Kéhler potential which, near their
core, is invariant under axionic shifts a® — a® + ¢!, and then depends on the chiral field
t* only through its saxionic component s° = Imt’. In this case, the local string solution
admits a dual description in terms of dual saxions £; and two-form potentials Bs; defined as

10K )
l; = —5@, Hzi =dBy; = —Ml;%gij*dajp (2‘17)
where 2K
1
= 2.1
Gij 2 0s*0sd (2.18)

More precisely, by using a metric of the form (2.4), the BPS condition dt' = 0 implies that
Hyi = —MBdt Adw A (Gyyds’) = MEdt A dz Ade, (2.19)

so that we can identify
By = M1:2> £;dt ANdax, (2.20)

up to a closed contribution. Therefore, as expected, strings transverse to the (z, z)-plane
are electrically charged under the two-form potentials Bo;. The dual action describing a
single string with charges e’ is given by [42, 43]

1 . 1
_ 5 /glj <M}2) dd; A *dgj + ﬁg?‘[& AN *H3j> + Sstring, (2.21)
with
Swuing = = [ PETeV/=h+ ¢! [ Bay, (2.22)
S S

where £% are coordinates along the world-sheet S, hg, is the pulled-back world-sheet met-
ric and
Te = M3 e't; (2.23)

is the field-dependent string tension.
By using (2.4), the corresponding equations of motions are

d (g1« dt;) = e'dt A da A 6s(S),

g , (2.24)
d (G Hyj) = — M3 e'6s(S).
From (2.19) we get *H3,; = —M}3 #2 d/; and then both equations reduce to
d (gif %9 dej) = —d #9 ds’ = —2i00s' = €'05(S), (2.25)

which is indeed satisfied by (2.13a).

In this formulation it is clear that the physical consistency condition e¢; > 0 must be
satisfied at each point in field space. In fact, for each %BPS string of charges e’ satisfying
e'l; > 0, there is an anti-string of charges &’ = —e’, which preserves the opposite fraction
of supersymmetry. Its contribution to the EFT is obtained by replacing ¢! — &' and



el; — —e'l; = e; > 0 in (2.22). The corresponding flow solution is given by the anti-
holomorphic counterpart of (2.12): ¢ =t — 5-é'log (%)

It is important to realise that a correct physical interpretation of the localised string
terms appearing in (2.21) and (2.24) strongly depends on the metric structure of the moduli
space around the point s* = e’ x co. Take for instance the flat Kahler potential K = C'p¢p
for ¢ = €*™*. In the ¢t chiral coordinate the metric looks degenerate at s = Imt = oo, but
this is just a coordinate singularity. In this case the localised terms in (2.21) and (2.24) are
just the dual manifestation of this degenerate parametrisation of field space. Indeed, by
using the more natural ¢ coordinate, the local string flow solution (2.12) corresponding to
an elementary charge e = 1 is just given by the perfectly smooth local solution ¢ = ¢q %,
in which no localised source appears. This local solution can then be considered ‘solitonic’.!
A similar conclusion holds for any solution around a smooth finite distance point in field
space. Instead in this paper we will focus on fundamental localised strings, which induce

a flow of the saxions s* to infinite field space distance.

2.3 Energy-momentum tensor and tension

We now compute the components of the energy-momentum tensor for a single local string
flow solution in both dual pictures. We start with the chiral picture where, by imposing the
holomorphic condition (2.7), one obtains the following energy-momentum tensor associated

with the scalar sector o
Ty = —Tyy = 2M3 KiJ’eiQDaztlaztj’ (2.26)

TZZZ zz — 22:()-

Then, by integrating it on a certain domain we get the associated linear energy density:

Epack (1) = ~ / dz A dz 20Ty, = 102 / Kpoti not = M2 |y, (2.27)
2Jp(r) D(r) D(r)

where in the last equality we have omitted terms containing dx”, dx”, as they vanish on

the string solution. As in (2.9), Epack is related to the kinetic energy density of the string

solution. Note that here we have only performed the integral on a disc D(r) of radius r

in the (z, z)-plane, where non-perturbative corrections are suppressed. In this region one

may also assume an axionic symmetry, which further simplifies this result because then
Kij = %QU and so

o . . . 1 .
JM|301 = iKZ’jdtZ Adt) = gij da* ANds? = dl; Ada' = ? etdl; Adb. (228)
0
The linear energy density associated with a disk of radius r can then be written as

8back<r) - Mlg/

= MEé /0 dt; = M2 e ti(r) — £:(0)]. (2.29)

'This solution may be easily completed into a finite energy configuration by considering ¢ as a local
coordinate for P! and K = C|¢|® as an approximation for |¢| < 1 of the Fubini-Study Kihler potential
K = Clog(1 + |¢|*) on P'. By using (2.10) one can easily see that the tension of this BPS solitonic string
is 2rC'M3.



There is, however, a second contribution to the energy-momentum tensor coming from
the localised fundamental string. This contribution is more easily computed using the dual
linear multiplet Lagrangian (2.21). In general, the contribution of the localised fundamental

mn i a m n Vv —h
string — _MI% e'lih baaX X ﬁfsz(s) . (230)

string is

In our solution this amounts to
Torne — _psting — Ap2e=2Deig; 52(r) (2.31)
which contributes to the linear energy density as
Estring = % / dz A dz e?P T8 = MEet;(0) . (2.32)
Adding up both contributions we obtain
E(r) = Epack + Estring = Mp e'4;(r) . (2.33)

In obtaining this result we have implicitly neglected the gravitational contribution to £(r).
In appendix B we argue that such a contribution leaves (2.33) unchanged.

Note that the expression for £ is identical to the tension 7 that one typically assigns
to a BPS string in an unperturbed vacuum, cf. (2.23), for some choice of saxion vevs. In
the string solution (2.13), the value of the saxions are determined by the choice of radius as
¢; = £;(r). Therefore changing the radius corresponds to a flow in the value of the moduli
¢;, and so to a flow in the string tension 7e. The result (2.33) then implies that this tension
flow is captured by the radial dependence of the linear energy density of the solution. As
discussed in [32] and in the next section, this fits nicely with the 4d EFT description of
string-like objects, if one interprets 1/r as the mass scale A at which the effective string
tension is computed.

2.4 EFT strings and validity of the solution

Given the local string solution (2.12) and (2.15), one may reconsider its validity when
some of the assumptions taken to derive it no longer apply. First of all, it is important to
stress that the solution (2.12) is not unique. In principle one may add an arbitrary linear

L. —
combination of terms of the form e27imit

, m; € Z without spoiling the monodromy (2.11).
Hence the solution (2.12) is physically relevant if such terms can be neglected within a
sufficiently large distance from the core of the string. In general this property depends on
the specific form of the EFT Kéhler potential and on the choice of string charges e’.
Besides these intrinsic limitations of the above string solution, one may consider the
effect of a superpotential that does depend on all the fields ¢%, and in particular on the fields
t!. This induces a scalar potential V that cannot be neglected in (2.3), and which modifies
the equations of motion and their solution. The question is under which circumstances
the modification is small enough such that the above solution can still be considered to

be a good approximation. In general, any potential V' can be easily associated with two



kinds of field dependent energy scales: the mass m ~ +/[02V| and Hubble H ~ /V /Mp
scales. Roughly speaking, we can then trust the string solution (2.12) at length scales L
well below 1/m and 1/H, within an error of order mL or HL. Hence, as long as m and
H remain below the EFT cut-off A, there is still a finite energy regime where we can trust
the solution. Quantifying the effect of a non-trivial potential in general is quite involved,
although one can be more specific for the string solutions that we will consider in this paper.

In this work we will restrict to fundamental axionic strings, which imply the follow-
ing two assumptions from an EFT perspective. First, the string singular core cannot be
resolved with a 4d quantum field theory approach, so the string corresponds to a funda-
mental localised object in the theory. Second, the Kéhler potential should preserve the
continuous axionic shift symmetries at perturbative level in an expansion in 1/s, where s
is the linear combination of saxions that diverges at the string core. In other words, the
axionic shift symmetries should be broken only by those non-perturbative corrections of

the form e2mmit" that are exponentially suppressed in a sufficiently large disk around the
string core. In terms of the above string solutions this implies that we will focus on those

of the form

CEFT = (2.34)

Flows (2.12) along which K displays a perturbative ax-
{ ionic shift symmetry and non-perturbative effects are sup- }

pressed

We will dub the corresponding strings as EFT strings, for reasons to become clear shortly.
Note that, by definition, along an EFT string flow solution we can neglect the non-
perturbative corrections which break the axionic symmetries and then we are legitimated
to pass to the dual formulation of subsection 2.2. This means that the EFT flows can be
interpreted as sourced by fundamental localised strings charged under the By; gauge fields.
Both assumptions behind the definition of an EFT string are actually correlated. The
first one implies that the axion can be interpreted as a fundamental axion (a 0-form gauge
field) rather than an ordinary pseudo-Goldstone boson, and it is then the gauge invariance
of the O-form gauge field which protects the theory from perturbative corrections spoiling
the shift symmetry. If the axion is not fundamental, the dual description in terms of the
Ba-field will stop being valid at some energy scale Apg, associated with a finite number of
new degrees of freedom. Above this energy scale Ag, the EFT gets UV completed into a
different 4d EFT. In this case, the strings are solitonic in the sense that their core can be
fully resolved within the 4d EFT above Apg,. Furthermore, the tension of strings charged
under pseudo-Goldstone bosons is typically determined by the symmetry breaking scale.
Contrary, the Bo-field description of a fundamental axion is always valid at least up to a
scale m, at which the 4d EFT description breaks down because of an infinite number of new
degrees of freedom. So the string cannot be resolved within a 4d EFT approach, in which
case we denote them as fundamental strings. Their tension is a priori arbitrary, although
if we want to keep a semiclassical description of these objects we need to impose (2.1).
For fundamental strings, the gauge invariance of the axion should be preserved at any
energy scale below m,, implying that the 0-form global symmetry can only be broken in
some specific ways that preserve the (—1)-form gauge invariance associated to a 0-form
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gauge field. This negative degree might sound strange, but notice that large transforma-
tions of this gauge symmetry are simply the familiar discrete shifts of the axion, while the
continuous shift correspond to the O-form global symmetry. The O-form global symme-
try can be either broken by instantons (electrically charged states) or by coupling it to a
(—=1)-form gauge field [44, 45] with a flux-induced potential & la axion monodromy. This
(—1)-form gauge field strength is simply a dynamical parameter (typically an internal flux)
labelling different vacua of a multi-branched potential (see [46-48]). This is the analogous
axionic version of a Stiickelberg-like coupling providing a mass for a gauge field: the axionic
symmetries get spontaneously broken and the axion gets massive by ‘eating up’ the fluxes.
These two possible mechanisms lead to a superpotential of the following form,

W = Wi () + O(e2mmit"y (2.35)

where Wiy () = MP f4ll4(¢) with TT4(¢) some functions of the chiral fields usually
dubbed periods and f4 € Z the so-called flux quanta. As above, the exponentially con-
tributions are usually associated to non-perturbative effects due to the presence of BPS
instantons charged under the axions, and are exponentially suppressed near the axionic
string core by assumption.

Indeed, let us first consider the case where Wy, = 0 and the superpotential is a sum
of terms of the form O(e%imiti), m; € Z. Such non-perturbative corrections are always
expected to be present for at least some values of m;, modifying both the superpotential
and the Kahler potential, and breaking any continuous shift symmetry that the latter may
develop in some field space regions. In this sense, assuming that (2.14) takes the EFT to
an axionic shift symmetry region amounts to require that e‘m; > 0 for all the instanton
charges m; that are relevant in the EFT region, and it essentially identifies the solution
near the string core with a perturbative EFT limit, in which all corrections of the form
O(e%imiti) can be neglected. In particular, the second derivative of the scalar potential
will be suppressed like O(e“”misi) which is negligible in the region (2.14). String charges
satisfying these positivity constraints correspond to the EFT strings in (2.34). As it will be
discussed in section 4, using these observations one can characterise (2.34) as a discrete cone
of string charges, directly related with an EFT regime of perturbative axionic symmetries.

Let us now consider the case where the superpotential is of the form W = Wy« (¢). The
axionic string may become anomalous as the 0-form global symmetry may be spontaneously
broken to a discrete remnant requiring the simultaneous shift of the axions and the fluxes.
This anomaly is cured by attaching the string to membranes, whose charge ma modifies
the flux quanta like f4 — fa + ma as we cross them. Hence, the membranes mediate
non-perturbative transitions between the different branches of flux vacua. As pointed out
in [42] and elaborated in [32], not all of these transitions can be described dynamically at

the level of the EFT, but only a sublattice I'gpr of them with a tension Tmem satisfying
Tmem
Mg

sectors from the EFT viewpoint, each corresponding to a different choice of non-dynamical

< A. Those flux quanta not connected by I'gpr should be considered as separate
flux quanta. The question is then for which of these choices the string solution (2.12)

is still a good approximation. By our discussion above, we may evaluate the effect of
Whux near the string core, where non-perturbative corrections are assumed to die off.
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Intuitively, a first necessary condition for the string solution not to be spoiled is that
the Hubble scale vanishes asymptotically along (2.12), which is the kind of potentials
analysed in [49]. The associated membranes are selected by requiring Tmem < M} in
the perturbative regime, and the induced potential exhibits a runaway behaviour in the
limit (2.14). Additionally, one should require that (X lglaﬂang)l/ 2 is small compared to the
EFT cut-off A. Following the discussion in [32, section 4.3],2 one may see that this will be
the case if Wy, involves periods 14 (¢) that either do not depend on the direction (2.14) or,
if they do, they correspond to flux quanta within I'gpr. All remaining fluxes will generate
a potential which, asymptotically along (2.14), generates a mass for this field direction
above A, so (2.14) cannot actually be considered as an EFT field direction. Hence, we get
a self-consistent picture in which EFT strings get attached to EFT membranes associated
to fluxes inducing a potential that dies fast enough in the perturbative regime. For those
choices of fluxes in which the limit (2.14) is not obstructed and makes sense in the EFT,
the string solution (2.12) should be a good approximation in the said limit.

To sum up, for EFT strings all non-perturbative effects will die along the trajec-
tory (2.14), and a sensible choice of flux quanta guarantees that the BPS string solu-
tion (2.12) can be trusted in a large region near the string core, even in the presence of
a potential. For this reason, these EFT string solutions will always make sense from the
viewpoint of an A/ = 1 EFT. In fact, as will be discussed in section 3, their profiles admit
a compelling RG flow interpretation, as expected for localised operators of an EFT. This
interpretation will support that, for our analysis to make sense, the fields entering the
string solution need not be strictly massless, but only light compared to the EFT cut-off
scale A.

Finally, let us consider the case of axions coupled a la Stiickelberg to one or more
U(1) gauge fields. That is, the axion may shift as a’ — a’ + Ap’ under a U(1) gauge
transformation A — A 4 d\, with p* € Z. One can still dualise the axions a’ into Boj,
which couple to the gauge field A via a term p’ [ F' A By;. This coupling makes massive
the Bo-field, so that a string of charges p’ can break by nucleation of a pair of a magnetic
monopoles. The mass-squared is of order m? ~ g2Ml—%gijpipj , with g being the U(1) gauge
coupling which is typically of order g ~ 1/4/s, where s is the linear combination of saxions
that couples linearly to F'AxF'. Following the reasoning above, as long as this mass is below
the cut-off, there will exist some energy regime in which the EFT string solution will be a
good approximation, and the string instability can be neglected. This seems a reasonable
assumption in the perturbative regime; as it will be shown in the next section, the 2-form
gauge coupling G;; vanishes asymptotically. Therefore the mass will be small as long as the
1-form gauge coupling g does not blow up. From the perspective of the axion, the 0-form
global axionic symmetry gets gauged as the gauge field A gets massive by eating up the
axion. Hence, instanton-breaking terms can only appear if the theory contains electrically
charged particles. Here we can also make the distinction between fundamental axions or
those coming from a sort of Abelian Higgs model. Recall that only the first case is of

2This analysis assumes a particular class of field metrics which we will encounter in the next section,
cf. (3.8).
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interest for us, as the associated strings are fundamental rather than solitonic. Finally,
Stiickelberg couplings generate D-term potentials with saxion-dependent Fayet-Iliopoulos
terms in N’ = 1 EFTs, which could in principle distort the corresponding string flow. In
those cases we will however assume the presence of matter ¢* charged under the U(1)-
fields, such that there is always a flat D-term direction along (', ¢“) which defines the
actual string flow.

3 Strings and infinite field distance limits

As we have seen above, 4d EFT string solutions feature a logarithmic backreaction that
describes a flow in the field space M of our EFT, and more precisely on the saxionic fields
s'. Therefore, following the same philosophy as in [25, 29] (see also [17, 26-28, 30, 31,
44, 50]), one may use these string solutions to study large variations in the field space
of the EFT. In particular, as we will argue, EFT string flows are naturally associated
to field space trajectories of infinite distance, and they provide a unique tool to test the
physics of constant-field configurations. In addition, the string solution has a natural RG
flow interpretation, which allows one to link variations along M with changes of the EFT
cut-off A. This dictionary between string backreacted solutions, RG flows and field space
variations yields several important lessons. In particular, just like A has a finite range
and above some scale one must drop the 4d EFT description, the same occurs after some
distance along flows in M generated by EFT string solutions.

3.1 Physics along the string solution

If we consider a certain point in field space tg = {t4} € M and an EFT string of charge e,
then the solution (2.13) will realise a flow on the saxions s = {s’} from an initial value s¢ at
ro to the boundary of field space (2.14), as we approach the string location at r» = 0. Going
in the opposite direction, some s* will become of order one and expected corrections of order
O(e2™"") will become significant, a point at which the local solution (2.12) can no longer
be trusted. Therefore, even if a general 4d string solution can be seen as a map from C to
the EFT field space M, an EFT string solution selects a disc D(rg) C C, which is mapped
to a perturbative region of M in which all non-perturbartive effects can be neglected.
In particular, non-perturbative corrections of the form O(e2™™t") with me’ > 0 will be
more and more suppressed as we proceed along the flow (2.13a) towards r» — 0, until we
reach an exact axionic shift symmetry in the limit (2.14). By standard quantum gravity
arguments [35, 36], we only expect to realise such global continuous symmetries at infinite
distance in field space. As a result, consistency with quantum gravity relates EFT string
locations to infinite distance points on the boundary of M, and the backreacted saxionic
trajectory (2.13a) to infinite distance paths in M.
This relation can be quantified by parametrising the radial saxionic flow (2.13a) as

s'(0) = sb + o€’ (3.1)

where we have defined 2o = log(ro/r). For a given s, let us denote by o, the value of o
at which the flow reaches the boundary of the saxionic field space. The field space distance
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travelled by the radial flow is given by

do= [ fagasasi = [“an i Gyo) = o [T uoran, @)

where in the last equality we have introduced the physical string charge Qe, defined as
Q2 = M3 G,je'e’ . (3.3)

This definition of Qe is well-motivated in the field space region probed by the EFT flow
along D(rg), since it lies within a weakly-coupled region where axionic shift symmetries are
a good approximation. One can then resort to the dual formulation described in section 2.2
in terms of two-form potentials B; s to which the strings couple electrically. Since the kinetic
matrix for the B, is Ml;2gij, see (2.21), the physical charge is then defined as in (3.3).
Notice that along the flow (3.1) Qe(0) is simply given by

d?K(s())

Qe(0) = Mp 2do2

(3.4)

Quantum gravity arguments constrain the possible asymptotic behaviour of Qe along
the EFT flow. First, one can argue that necessarily o, = 0o, which is what we indeed
expect for an EFT string flow of the form (2.13a), since there the axionic shift symmetry
gets restored at the string core r = 0. For this, notice that iMp Qe can also be interpreted
as axion decay constant fy of the axionic direction ¥ that shifts by 27 around the EFT
string: a' = %ei 9, ¥ ~ 9 + 2m. The axion 9 has the kinetic term

1 1
_ iffgdﬂ/\*dﬁ: _@Mg/ggdm*dﬂ. (3.5)

An instanton of charges m; has action Sy = 27 m;s®, and the axionic version of the
WGC [51] applied to these instantons reads

f19 Sm < Ym Mp = Qe(miSi) < Ym s (36)

where vy, is some constant depending only on the instanton charges m;. The positive
quantity m;s’ does not decrease along the EFT flow for allowed instanton charges m;, and
so (3.6) implies that Qe must remain finite along the corresponding EFT flow. As said, the
absence of global symmetries requires that d, = oo, which can then only happen if o, = co.

Second, since m;s’ ~ (m;e')o for o — oo with m;e’ > 0, then (3.6) implies that Qe
vanishes asymptotically along the flow: Q¢ — 0. Notice however that (3.2) and d. = c©
imply that Qe cannot go to zero too quickly, although all conditions are satisfied if Qe ~
o~ with n € (0,1]. This range can be reduced if we take into account that the asymptotic
behaviour of the string tension Te(o) = M3 e'4;(co) is governed by

d7e(0)
do

=-02<0, (3.7)

where we have used (2.17) and (2.18). Requiring that 7¢ does not become negative at
o, = oo further restricts the range to n € (1/2,1]. Moreover, for EFT strings we expect
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that a WGC-like bound is saturated asymptotically for ¢ — oo, so that an asymptotic
relation of the form Mp Qe ~ vTe with a constant ~ is satisfied. It is easy to see that this
only happens if Q¢ ~ o~ L.

Therefore, the only reasonable option for EFT strings seems to be a physical charge
Q. that vanishes asymptotically like 0!, with a similar behaviour for the tension 7s. As
such, the proper distance diverges logarithmically as ¢ — 0. = oo, and using (3.4) one
obtains a Kihler potential which asymptotically takes the form K ~ —nlogo, for n € RT.
This is indeed the case for all the string theory examples analysed in section 6, where we
have that asymptotically

K ~ —log P(s), (3.8)

with P(s) some homogeneous function of positive integral degree on the saxions. Hence,
we can use the WGC and the existence of EFT strings as a physical motivation for the
behaviour of the Kéhler potential observed in string theory compactifications. Notice that
then the dual saxions ¢; decrease as o~ ! along the trajectory (3.1), just like (3.4) and the
tension Te. Finally, using (3.8) one may argue that EFT string flows are asymptotically
geodesic, see appendix C.

Let us remark that, in practice, not any choice of charges e’ corresponds to an EFT
string, nor to a point at infinite distance. Indeed, as we will discuss in section 4, some
choices of e’ correspond to saxionic flows along which some non-perturbative effects become
relevant and destroy the axionic shift symmetry. Interestingly, for such cases the string
flow reaches the field space boundary for a finite value of the parameter o in (3.1), at least
at the classical level.

To sum up, as we proceed along the string flow (2.13a) towards the core of an EFT
string, we probe regions of the EFT field space along which the string becomes tensionless
and weakly coupled, and the associated axionic symmetry becomes more and more exact.
This picture may provide the wrong impression that at the string core we reach a regime
in which strings are tensionless and the axionic symmetry exact. This is however not so,
because (2.12) is not the actual flow realised by an EFT with a finite cut-off A. Instead, an
approximation of (2.12) is realised, which tends towards (2.12) as we increase A. Taking
this observation into account leads in fact to an interesting RG flow interpretation of the
string solution, which we now turn to discuss.

3.2 RG flow interpretation

In an EFT with a given cut-off A the string backreaction profile will not look like (2.13),
but rather like a coarse-grained profile in which only 4d Fourier modes up to momentum A
can enter. From this kind of observation stems the EFT interpretation of the backreaction
of extended objects, used in [38, 39] to interpret p-brane backreaction in string theory.
Following the same philosophy, a 4d string backreaction can be interpreted in terms of a
classical S-function for the 4d string couplings to the bulk fields, and in particular for its
effective charge and tension.

To apply this philosophy to our context, let us consider the linear energy density £(r)
of the EFT string solution contained in a disk of radius r, as computed in section 2.3. As
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follows from (2.33), £(r) is a sum of two contributions, namely the energy contained in the
string backreaction Epack and the localised contribution Egiring. While the sum &(r) is a
physical, fixed quantity that only depends on the radius r, the contribution of each term
depends on the energy cut-off A of the EFT describing the axionic string.

From this observation one can derive interesting consequences. On the one hand, if we
take the formal limit A — oo, then e captures the full energy of the profile (2.13), and
Estring reaches its minimum. On the other hand, if we take A ~ 1/r the EFT essentially
sees a flat backreaction profile and no energy can be stored in the term &p,qc. Equivalently,
for a given cut-off A the choice of radius r = 1/A implies that ek (r) = 0, and the whole
contribution to the linear energy is stored in Egring. Notice that this radius is the minimal
distance from the string that can be resolved by the EFT and, by the previous observation,
the point from where we can read the string couplings (2.30) at the cut-off-scale A, directly
from the string backreaction (see figure 1).

In other words, the string backreaction (2.12) realises the RG flow of its couplings,
with the cut-off-scale setting the distance 1/A at which the couplings are defined. The
bulk profile along the radial direction r can then be interpreted as an RG flow of the brane
couplings as one changes A ~ 1/r. In particular, we may identify the effective string tension
at the scale A with

Ter(N) = E(rp) = MB e'li(ry) (3.9)

where ry = 1/A is the radius where the coarse-grained flow stops.> In this sense, ap-
proaching the string location along the profile (2.13) can be related to increasing the EFT
cut-off, with the corresponding changes in the effective string tension and charge. This
variation can be easily linked to our above discussion if we express the flow parameter
as 0 = 5= log(Arg), with A the cutoff at which the effective string tension is defined.
Then (3.7) becomes

d7e(A)

dA

It follows from our previous discussion that for EFT strings Tg,(A) decreases as A — oo. In

2mA =-02<0. (3.10)

particular, for Kéhler potentials of the form (3.8) this monotonically decreasing behaviour
is such that 75 (A) — 0 as A — oo. This can either be seen by looking at the asymptotic
behaviour of the dual saxions ¢; coupling to the string, or by performing a direct 4d field
theory computation of the string RG flow along the lines of [52], see appendix D.

In light of these considerations, some comments are in order:

- Near the EFT cut-off scale A all the effects at a much lower scale can be neglected. In
this way we may reinterpret our results of section 2.4, in which the different potentials
that appear in sensible setups do not modify the string solution near the string core.
In this sense, the relevant EF'T field space M for our analysis can either contain flat
directions or fields whose mass is much smaller than A. In the following, a point in

3More precisely, one should use the backreacted metric to compute the distance from the string core.
By using (3.8), (2.15) gives a warping e?” ~ P(s). Applied along the saxionic flow (2.13a), this produces
a logarithmic correction to the flat-space identification 75 ~ 1/A. In the following we will ignore such a
logarithmic correction.
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Figure 1. Axionic string backreaction (2.13a) and (2.13b). In gray, we highlighted the region
r < ru that cannot be resolved within the EFT.

M will denote either a vacuum or a constant-field configuration in which the Hubble
and mass scales of the potential are negligible compared to A.

- Even if the string solution of section 2 is obtained in a supersymmetric setup, our con-
clusions should also hold for EFTs in which supersymmetry is spontaneously broken.
Indeed, SUSY-breaking effects will modify the string solution, but if supersymmetry
is restored at some scale Agusy then such a solution will look like the above %BPS
string solution at distances shorter than rsysy = 1/Agusy. Notice that our reasoning
only depends on the asymptotic behaviour of the string solution near the string core,
and is therefore insensitive to SUSY-breaking effects or any mass deformation well
below the EFT cut-off A. In particular, for the sake of the argument that leads to the
behaviour Q¢ ~ 0!, the saturation of the WGC-bound only needs to be imposed
asymptotically. In terms of the RG flow interpretation, this means that the reasoning
also applies to EFT strings that may not be seen as BPS in the IR, but become so
in the UV.

- An analogous reasoning can be applied in cases where the axionic shift symmetry is
broken by a perturbative superpotential. Indeed, as already discussed in section 2.4,
we may consider a superpotential of the form (2.35) with Wy, breaking the axionic
shift symmetry. However, if the flow still makes sense as a field space direction, the
string solution of section 2 should be a good approximation near the string core.
Then, since our reasoning in this section only depends on the shift symmetries of
the Kéahler potential and the subsequent properties of the string charge Qe, having
Waux # 0 should not affect the fact that the string should be located at infinite
field distance, as well as all the consequences that follow. Pictorially, 4d EFT string
solutions whose axionic symmetry is broken by W,y correspond to solutions with a
radial branch cut, in which a membrane is placed to render the string operator gauge
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invariant. Away from the membrane location the radial flow of the saxion should
be less and less distorted as we approach the string core, and the discussion of this
section should follow through.

3.3 String flows as paths in field space

One of the main applications of EFT string solutions and their RG flow interpretation is
to extract physical information about similar paths in the EFT field space M. That is, we
would like to map the EFT string solution (2.12) to a family of constant-field configurations
that describe a trajectory in field space

Yo ={t=ao+is(0)} C M,  3(0)=80+oe, a5 = const. (3.11)

now in the absence of any backreacting string and for a fixed EFT cut-off A. Here we use
barred quantities to denote constant-field configurations parametrised by o, as opposed to
e.g. the local value of the saxion s(r) along the string solution (2.13a).

A first question is if the physics of a constant-field configuration ¢ € 7 C M is captured
by a local space-time patch of the backreacted EFT string solution (2.12), around the point
z € C such that t(z) = ¢t. The difference between these two cases is that in the string
solution the fields are not constant. Because of the logarithmic profile, the derivatives
of the EFT string solution set a length scale of order 1/r = 1/|z|, after which we start
seeing the field variations. Accordingly, we expect that a local patch of the string solution
captures the physics of a constant-field configuration provided that we consider energies
above 1/r. Then, because our EFT only describes energies up to A, we are restricted
to the energy range 1/r < E < A. Notice that this is consistent with the fact that the
coarse-grained string solution stops at a distance r, ~ 1/A from the string core, so that at
shorter distances we have a constant profile.

Therefore, if we want to understand the physics of constant-field configuration at
energies near A, one may use the EFT string solutions to probe a region near t € M.
Notice that the paths covered by a solution at finite A are large but of finite distance, so
we never reach infinite distance points in this way. However, we may still use such finite
distance paths to see the asymptotic behaviour of the theory along large field distances in
M. This will be the philosophy underlying the following sections of the paper.

As emphasised above, of particular interest to us is to test the SDC along large distance
paths v C M. This involves considering the mass scale m, of a tower of states that lies
above A, and therefore that it has been integrated out in our EFT description, so it is
quite hard to guess the moduli dependence of m, purely from EFT data. Nevertheless,
for regions of field space M probed by EFT string solutions, it is natural to assume that
any microscopic completion of our EFT contains an energy threshold Ee > A, for any
fundamental axionic string charge e that exists in the theory. This can be argued by means
of the Completeness Conjecture [53], which would predict the existence of the corresponding
string state, and from associating Fe with the mass of the lightest string oscillation modes.
When the charge e corresponds to an EFT string that is %BPS in the UV, and we are in a
region of M where the corresponding axionic shift symmetry is a good approximation, this
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energy threshold should be simply given by E2(3) = Te(8) = M3 ¢'0;. That is, the probe
string tension T that is computed from dimensional reduction in string compactifications
to 4d, see section 6 for examples.

Both quantities Te and 7¢ have the same functional dependence on the dual sax-
ions (2.23), as dictated by supersymmetry and axionic shift symmetry. In fact, when we
evaluate To along its string solution as in section 3.1, what we are doing is to estimate
Te along the corresponding saxionic path (3.11) in field space. The connection of T, with
the RG flow interpretation of the string solution is however less obvious, because Te(A)
depends on the cut-off while T, does not; To(A) appears as a coupling of an EFT operator,
while Te1 /2 corresponds to the mass of a closed oscillating string of radius Te 1/ 2, and so it
is beyond the EFT resolution scale.

To clarify their relation let us consider a closed string on a loop of radius L > 1/A, that
we add ‘on top of’ a constant field configuration t € M. This closed string will backreact
as in (2.12) with and UV cut-off at A, and now also with an IR cutoff at approximately
1/L, coming from the fact that the string forms a closed loop. Indeed, beyond a distance L
from the string its backreaction will quickly die off, and we will just see an approximately
constant field configuration such that Imt ~ s, which we identify with a point in M.
Microscopically, we associate a total energy of order Te(8)L to this string loop. Then,
similarly to (2.33), we can split the total energy of the system as

To(8)L = To (A, 8) L + By (A, L, 8) | (3.12)

where the Lh.s. is independent of the EFT cut-off A. In the limiting case in which A ~
1/L there is no backreaction, and we recover the microscopic result 7e(1/L,8) = Te(8).
If we now increase A a backreaction will be developed, such that the fields ¢ will start
flowing towards the string core. More precisely we will have a coarse-grained version
of the flow (2.13), with ro = L and sp = s. As described above, this flow will probe
the physics of different constant-field configurations, until the region that corresponds to
sp = 8(rp = 1/A) = 8+ 5~ log(AL). By using the symmetries of the solution (2.12), or
directly from the similarities between (3.7) and (3.10) it follows that*

Te(Ae®™,3) = To(A, 5 + eo). (3.13)

From here we have that To(A, 8) = Te(1/L,8p) = Te(84). That is, the renormalised tension
Te(A, s) describes Te in the vicinity of the string core. Equivalently, one can see 7/ (A, s8)
as the smallest amount of energy needed to create a string of size Te Y2 i1 this whole
configuration.

To sum up, by changing the cut-off A in the above setting generates a saxionic profile
that interpolates between § and §5, = s(r). In this way, we probe the physics of constant-
field configurations that follow the same path in M, with T¢(A,s) measuring how Te

4One can illustrate this symmetry explicitly by considering a single-field model with a Kéhler potential
of the form K = —nlogs. Then the EFT string flow yields the expression

RN 2 (o r g A
T (As)=T (AO7SO)+neMF2, (s 80+27r10gA0)'
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changes along such paths. The larger AL is, the larger the path in M, although some
limitations will be in place. For instance, if Te(A, 8) < A2, we would be describing a region
where our assumption (2.1) does not hold, and so we would not expect to capture the
physics of a constant-field configurations in our 4d EFT. In fact, as we argue below, for
t € M such that Te(5) < A? the semiclassical description of our EFT should break down.

It follows that those flows that are useful to probe the physics of EFT constant-field
configurations must satisfy A2 < Te. In terms of EFT string solutions, this condition
translates into a restriction of the parameters (sg, o) that enter (2.13a) or, in the above
closed string configuration, of the parameters (8, L). By requiring that A% < Tg(1/r,3)
for any r € (rp, L), one in particular constrains the allowed values for s,, and therefore
sets a bound on the choice of constant-field configuration ¢ € M probed by EFT string
flows. This is consistent with the fact that an upper bound for A translates, via (3.13),
into a maximal field range along saxionic directions generated by EFT strings. In fact,
the correspondence (3.13) suggests that, just as the 4d EFT stops being valid at some
scale above A, the same should happen along large distances in M generated by EFT
string flows. This observation is at the origin of why along large field space trajectories
corresponding to EFT strings one recovers the physics predicted by the SDC, a link that
will be made more precise in section 5.

3.4 EFT breakdown

Our results regarding the effective string tensions 7Te indicate how the mass of the lightest
oscillation modes of the different EFT strings Tel/ 2(.§) vary as we move in the EFT field
space M along the paths (3.11). By assumption, such modes lie above the EFT cut-off
scale A, and so we must impose Tx(5) > A2 This is reminiscent of the first inequality
in (2.1), which follows from assuming that EFT strings are fundamental objects. On
general grounds, we expect that fundamental objects lie above the EFT cut-off scale, since
the EFT semiclassical description should break down whenever we are able to resolve one
of them.

What the results of this section show is that, as we move in field space M for fixed
cut-off A along the path (3.11), the corresponding threshold E, = Tel/ ? will decrease
monotonically towards zero, and so at some point Spreak We will have that Te(Spreak) = A2
Beyond such a point, the EFT string should trigger the breakdown of the EFT semiclassical
description. In this way any point of infinite distance that corresponds to an EFT string
flow endpoint will present at least one natural candidate for a tower of states that satisfy
the Swampland Distance Conjecture, as such string will become tensionless as we proceed
along the path, and therefore its oscillation modes massless. One may even argue that the
SDC will be satisfied whenever the said EFT string satisfies the WGC, deriving this way
the exponential behaviour of the cut-off, see section 5.2 for details.

Let us discuss in some detail why a string threshold Té/ ? below the cut-off implies
the breakdown of the EFT and whether this is really due to an infinite tower of states as
the SDC requires. First of all, we can argue for the existence of new degrees of freedom
signaling the EFT breakdown when 7T, < A? for weakly coupled strings. For this, consider
some classical fluctuating string solution, like the closed string loop in eq. (3.12). As in
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there, this classical state has center-of-mass energy E = ToL, where L can be identified
with either the oscillation time-scale or the length of the string. On the one hand, the local
low-energy EFT regime seems legitimate for L 2 7y = 1/A, so the classical estimate for the
mass of the lightest states will be E ~ Te/A. On the other hand, the self-consistency of our
semiclassical description of these string states requires the characteristic string length scale
L to be bigger than its Compton wavelength 1/E. Hence, the semiclassical description of
the lightest states with L ~ 7, is only justified if T, > A2. In other words, the semiclassical
description of this continuous family of states breaks down if T,, < A%. Rather, they should
be treated as quantum states to be included in the EFT spectrum. Taking into account
that the string is weakly coupled, we expect that the continuum spectrum of fluctuations
gets discretised and yields an infinite tower upon quantisation, as it happens for critical
strings. However, this will remain an assumption for us.

Even if an asymptotically tensionless EFT string indicates the eventual breakdown
of the EFT, it does not specify the nature of the breakdown. As said, the oscillation
modes of the string provide a natural candidate for a tower of states realising the SDC,
but there could be other towers of lighter states that force the EFT breakdown before
the string becomes tensionless. Indeed, this effect has already been observed in [15] (see
also [16]) where these lighter towers of states were interpreted as decompactification limits.
In fact, on general grounds we would expect that a tower of modes of mass m, like KK
modes becomes light along an EFT string flow at least as fast or even faster than the
string tension. Otherwise we would be able to decouple both scales and engineer 4d string
theories with an infinite number of oscillation modes in a space which is approximately
Minkowski. In section 5 we will propose a precise relation between the behaviour of the
scale my in terms of the string tension which, to the best of our knowledge, is satisfied in all
string theory compactifications, and which fits nicely with the Emergent String Conjecture
of [15].

We have seen that any EFT string backreaction drives the scalars along large field space
distances. In other words, EFT string flows dynamically explore different perturbative
vacuum sectors of the theory. In fact, as we will see in explicit examples, by taking
different string charges one can explore all the asymptotic limits of a given perturbative
regime via EFT string flows. Again, the vanishing asymptotic tension is guaranteed by a
Kaéhler potential of the form (3.8), found near weakly-coupled infinite distance points in
string theory compactifications. It is thus tempting to speculate that all points of this sort
should correspond to EFT strings, an idea upon which we will elaborate in section 5. Notice
that this proposal fits nicely with the results of [6, 8, 9] which classify infinite distance limits
in terms of monodromies of particle charges. In our N = 1 setup this monodromy is still
there, and it is physically realised by the discrete shift (2.11). As discussed in [32], in our
more general setup it does not act on BPS particles as in the N' = 2 setups of [6, 8, 9], but
instead on membranes.

Incidentally, this picture provides an interesting purely classical realisation of the
Emergence Proposal [6, 54-56]. For a fixed value of the EFT cut-off A, the EFT field
space consistent with our description, which we dub M, can only contain finite distances.
Indeed, as explained above, when proceeding along the saxionic paths (3.11) of infinite
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Figure 2. The moduli space M, accessible within an EFT characterised by a cutoff A.

distance in M generated by EFT strings, we will reach a set of points {tpreax} at which
Te(Sbreax) = A%. At these points the EFT will break down, defining a boundary for M.
Hence, at finite cut-off our EFT is associated with a finite scale-dependent field space M.
As we lower A and we integrate out 4d high energy modes, the paths v, will be allowed to
reach smaller values for e*¢;, which correspond to points at a larger field space distance and
smaller string tensions. So M will grow and, in the limit A — 0, it will asymptote to the
naive field space M, and points at infinite distance will emerge (see figure 2). Around these
points, the string couplings and the kinetic terms for the saxions coupling to the string
will be connected, via (3.13), with the string RG flow towards the UV, which dictates the
asymptotic behaviour of the system.

4 Strings, instantons and asymptotic limits

The definition of EFT string implies a powerful statement about non-perturbative correc-
tions in regions of the EFT field space M with approximate axionic shift symmetries. In
this section we analyse the interplay between instanton effects and string flows, specially
in those cases where several axionic symmetries coexist. The underlying N’ = 1 framework
reveals a conical structure for the set of asymptotic limits of infinite distance, together
with a discrete cone of EFT string charges generating them. This strengthens the corre-
spondence between infinite distance asymptotic limits in M and EFT string solutions, and
motivates some of the swampland criteria that will be proposed in the next section. The
reader not interested in the general structure of EF'T string charges may skip this material
and jump to section 5. Most of the definitions that emerge from the following analysis are
summarised by table 1 and appendix A.1.

4.1 Strings, instantons and cones

In a region of M with approximate axionic symmetries in the field space metric, we may
reach perturbative asymptotic regimes by taking limits in which linear combinations of
saxions s’ become very large. Indeed, notice that non-perturbative contributions coming
from %BPS instantons charged under the axionic symmetries are a sum of terms of the form

O(e2mimit'y e 7. (4.1)
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Therefore, along paths of infinite distance like (3.1) with o — oo, several of these effects
become negligible. Because these are typically the leading non-perturbative corrections,
we expect the strength of other non-perturbative effects to become negligible as well. In
particular, an approximate shift symmetry that corresponds to the discrete shift (2.11)
should become exact if all non-perturbative effects such that

(m, e) = mge' #0 (4.2)

asymptotically vanish in that limit. In other words, if ¢’ correspond to the charges of an
EFT string, all non-perturbative effects satisfying (4.2) should die off along the saxionic
string flow (2.13a) towards r — 0, as otherwise the axionic shift symmetry will be broken.

In general, we can consider the instanton charges m’ as components of an element m
of a lattice My, of rank n = #(s)axions, dual to the lattice Nz in which the string charges e
take values. Similarly, the chiral fields ¢' can be identified with a vector t € N¢c = Nz ® C,
subject to periodic identifications t ~ t + n with n € Nyz. One then expects to be able
to identify, for each perturbative regime associated with a chiral sector ¢, a set of chiral

= 2m{mt) which respect the axionic periodicities and are exponentially

operators O,
suppressed as we proceed along the EFT string flows. Such operators are natural chiral
observables on the asymptotic region and in concrete string theory models they typically
enter the EFT as %BPS instanton corrections. In this sense m represents the corresponding
‘instanton charges’.

From a purely EFT viewpoint, we can make the above ideas more precise by specifying
a perturbative regime in the following way. For each region with perturbative axionic
symmetries in the field space metric, we assume that the breaking of the said symmetry
is measured by a set of instanton charges C; C My, which specifies the following set of

asymptotic chiral observables:®
Om(z) = 2mimt@) m e (. (4.3)

The perturbative region is then identified by requiring that Op(z) is exponentially
suppressed for any m € Cy. Since |Op| = e~ 2m(m3) e get the identification

perturbative region: (m,s) > 1 Vm € (y, (4.4)

where s = Imt € Ny collectively denotes the saxions s*. This means that the asymptotic
region (4.4) can be identified as the deep interior of a saxionic cone A, which is defined
as follows:

A={seNp| (m,s) >0, Vm € C}. (4.5)

That is, we characterise A as the interior of the cone C.5 Tt is easy to see that A is convex:
if s belongs to A, then As also does for any A > 0, and if 51,89 € A then s1 + s3 € A.

®The operators (4.3) may transform under an additional duality group, which should be taken into
account in order to construct duality invariant observables. We will come back to this point in section 4.4.

5We recall that in general, given a vector space V and its dual V*, for any set S C V one can define the
(closed convex) cone SY = {n € V*|{n,v) >0,Vv € S} C V*.
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Another necessary property of this perturbative region is that any asymptotic limit
inside A such that (m,s) diverges to +o0o for some choices of m € Cj, while it remains
constant for the remaining ones, is an infinite distance limit. This condition clearly regards
the Kéhler structure of the field space, and not just the holomorphic one, and is necessary
to identify (4.4) with a proper physical perturbative region in which the axionic symmetries
are perturbatively preserved.

Reciprocally, in terms of A we can define Cj as the discretisation of the cone AY dual
to A:

Cr = AV N My . (46)

If m € Cj then, necessarily, —m ¢ C;. Hence, Cy has the structure of a discrete convex cone.
We will see that this characterisation of a given perturbative regime is quite general
and applies to all the string theory examples that will be analysed in section 6. In particu-
lar, the elements of C; are typically associated with %BPS instantonic brane configurations
appearing in the UV completion of the EFT. As a prototypical example, the reader can
keep in mind the heterotic Calabi-Yau compactifications that will be considered in subsec-
tions 4.2 and 6.1. In the large volume regime, the saxionic cone A contains the Kéhler
cone, whose corresponding set Cr can be identified with the Mori cone of effective curves,
wrapped by world-sheet instantons. As one approaches the boundary of the saxionic cone
one expects non-perturbative corrections to become relevant and then the perturbative
description to break down, as it clearly happens in the heterotic Kéahler cone example.

Notice, however, that the correspondence between points in C; and microscopic BPS
instantons is in general more subtle. For instance, there may be walls of marginal stability,
across which certain instantons cease to be BPS. In such cases, we will require that
microscopic instantons in C; should be at least asymptotically BPS, along any asymptotic
limit within A. Furthermore, the existence of at least one microscopic BPS instanton (or
multi-instanton) for each point in C; — the “BPS completeness” of the instanton sector —
is expected but in general not obvious. We will not find any explicit counterexample to this
expectation, but a more systematic study of this important question would be worthwhile.
Keeping these possible caveats in mind, we will refer to C; as the set of BPS instanton
charges relevant for A.

The next step is to compare A with the lattice of string charges Nz. In each per-
turbative regime associated with a saxionic cone A, for any charge e € Ny we may for-
mally write down a supersymmetric EFT contribution of the form (2.22), with tension
Te = M3|(e, £)| = MZE|eil;|, where £ € Mg is the vector of dual saxions ¢;, and which is
a good approximation of the string tension in the perturbative regime (4.4). In this de-
scription, two charges e and €' preserve the same % of supersymmetry if and only if (e, £)
and (€', £) have the same sign. In the following we will dub as %BPS strings those that
correspond to the choice (e, £) > 0, for which T = M3 (e, £), while the opposite choice will
be dubbed as anti-BPS strings.

Now, in our 4d EFT description, a string charge e is associated to a flow in the
saxionic variables. If the string solution is %BPS one expects that (e,£) > 0 all along an
EFT string flow, as this corresponds to a positive linear energy density (2.33) at different
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scales A = 1/r and with different flow parameters (sg, 7). Since by varying the latter one
can cover the saxionic cone A with each EFT string flow, one would expect that a set of
EFT string charges that are mutually BPS have a positive tension for each charge and at
each point of A.

This observation motivates the definition of a distinguished set Cg of string charges e
for which (e, £) is positive for any point of A. More precisely, one may express the saxionic
cone in terms of dual variables as

10K
2 Ost

’PE{EEMR‘&—

which is nothing but the image of A under a Legendre transform, and is well-defined for
a perturbative Kéhler potential K displaying the axionic shift symmetries associated with
A. Then Cg can be identified with the discretisation of the cone dual to P:

Cs=P'NNz. (4.8)

The charges in Cg correspond to potential BPS strings preserving the same % of supersym-
metry all over A or, dually, P. On the other hand, the charges in —Cg would correspond
to anti-BPS strings preserving the opposite % of supersymmetry.

Besides being BPS, our definition of EFT string requires that the string backreaction
remains within the perturbative region (4.4) as we approach the core of the string. In
general, this is not guaranteed for any e € Cg. To see this, let us first rewrite the saxionic

flow (2.13a) as

1
s:so—%elog)\zso—i—ae with )\:%56727”7. (4.9)

Consider a flow that starts in the perturbative region (4.4), that is (m, sg) > 1 for any
m € C;. The behaviour of chiral operators (4.3) along the flow (4.9) is

O] = e27(ms) — ¢=2n(mso) o \(me). (4.10)

If e € A = closure of A, then (m,e) > 0 for any m € Cy. If (m,e) > 0, then all instanton
effects in C; asymptotically die off as we take the limit A — 0, and if (m,e) = 0, they
remain constant but still arbitrarily small for (m, sg) large enough. In both cases the flow
remains in the region (4.4) for any A € (0, 1] and by assumption reaches the infinite distance
boundary at the string core A = 0. Such a charge e represents an EFT string, as defined
in (2.34).

If instead e € Cs — C§"™" then there must be an instanton charge m € Cy such that
(m,e) < 0. The associated non-perturbative effects grow along the string flow of charges
e, until they reach O(1) contributions at a finite radial distance

27 (m,sq)
Ay = = ¢ Tmell (4.11)

To

At this point we have that (m, s(r.)) = 0, which means that s(r.) necessarily belongs to
EFT

the finite field distance boundary of A. Hence, for charges e € Cs — Cs™', the weakly-
coupled EFT description breaks down along the string flow, due to some BPS instanton
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operator (4.3) that becomes relevant and signals a non-perturbative regime. In this sense,
we refer to strings corresponding to e € Cs — C§"" either as strongly coupled or non-EFT.

Therefore, we may identify the set of EF'T strings associated with a given perturbative
regime with the following lattice cone

CE"" = ANNg. (4.12)

Notice that to arrive at this definition we have not imposed that Te > 0 along the flow,
although as already mentioned in section 3 we expect this to be the case for any EFT
string. In other words, we are lead to conclude that for a healthy EFT we must also have

" cCs & AcCPY. (4.13)

As we will see, this condition is indeed satisfied for any string model considered in section 6.

Similarly to the case of instantons, these EFT definitions could be challenged by their
microscopic realisation. Indeed, in all string models that we will encounter the potential
%BPS string charges e € Cg admit a microscopic realisation in terms of wrapped branes.
The BPSness of such brane configurations can in fact depend on additional UV information
invisible to the EFT and experience the presence of walls of marginal stability, that could
be crossed along a string flow. Needless to say, these general issues are crucial for under-
standing the possible BPS completeness of Cg, and we will not attempt to exhaustively
address them in the present paper. However, all the examples that we will consider neatly
suggest that these UV issues are in fact absent for the subsector of EFT string charges C§"™".

One can see that if K takes the form (3.8) with P homogeneous in the saxions, then P
is itself a cone. This is what will happen in all the examples that we will consider. We will
also see that P can take different shapes, but by using (3.8) it is easy to see that the infinite
distance limit obtained by homogeneously rescaling all saxions always converge to the tip
of P. This means that all BPS string tensions vanish in this limit. More generically, EF'T
string flows converge to infinite distant points on the boundary P. In particular, we have
seen above that for a general Kihler potential of the form (3.8) the tension 7o = M3 (e, £)

vanishes asymptotically as

M2
To~—L, for o — o0, (4.14)
o

along the flow (4.9). Hence, it will end on the subset

Fe=PNHg, with He ={a € Mg | (a,e) =0}. (4.15)

In all the examples that we will consider, if e € C§"" then F. will be an infinite distance
boundary face of P. Fe can be codimension-one, but can also have higher codimension, up
to the maximal one, corresponding to Fe being just the tip of the cone P. The codimension
of Fe counts the number of linearly independent string charges € whose (probe) tensions
Te = MZ(e,£) vanish asymptotically along the flow. We will say that the string flow
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EFT data Cone

Saxionic cone A={se Nr| (m,s)>0, Vm € (i}

EFT strings CEFT = AN Ny
BPS instantons Cr =AY N Mg
.. _ _ _ 19K
Dual saxionic cone P = {E €EMr|li=—5 95" | sen }
EFT instantons CPFT =P N My
BPS strings Cs =PY NNy

Table 1. EFT conical structures induced by strings and instantons.

degeneracy is of order p if it ends on a codimension-p face Fo. We will also refer to order-
one flows as non-degenerate, while flows of higher degeneracy will be dubbed degenerate.”
Finally, we can also define the instantonic analogue of (4.12) as follows:

CIEFT EfﬂMZ c Cr, (416)

where the inclusion in Cp follows from (4.6). In appendix E it is shown how, analogously to
what happens for EFT strings, the backreaction of instantons of charges m € C;’"" generate
acceptable EFT flow solutions, while the BPS instantons of charges m € C; — Cf*" do not.
We will dub these two classes as EFT and non-EFT instantons, respectively. Interestingly,
only non-EFT BPS instantons can generate the finite distance strong coupling effects along
the flow of non-EFT strings discussed around (4.11). This follows immediately from (4.8)
and CF"* C P, which imply that Cs C (CF*)V. That is, if m € CF*™, then (m,e) > 0 for
any e € Cg.

We have summarised all the relevant definitions of the conical structures introduced
above in table 1.

Notice that, in terms of the natural paring between string and instanton charges, the
definition (4.12) of EFT string could be stated as

CgFT = {e S Nsz, e> >0 Vme CI} . (4.17)

Physically, given a string of charge e and instanton of charge m, the pairing (m,e) gives

the magnetic charge of the instanton under the two-form gauge field BS = e'By; elec-

"If the Kihler potential takes the form (3.8), we can also associate the degeneracy of the flow to the
properties of the homogeneous function P(s). Following [8], one can divide the perturbative region into
different growth sectors corresponding to a different ordering s1 > s2 > ... characterising what saxions
grow faster. Within each growth sector, the function P(s) will be approximated by a single monomial
dominating asymptotically, which can be parametrised as P(s) oc s3's5? ™™ ... 57" ™' 4+ ... If we send
for instance s; — 00, i = 1,2,... 7, then n; is the singularity type which is equivalent to sum over all the
exponents of the saxions taken to the large field limit. If P(s) is approximated by the same monomial
for all the growth sectors, the perturbative regime only contains non-degenerate flows. Otherwise, it will
contain degenerate flows. This latter case is associated to infinite distance limits in which the singularity
type does not increase in the enhancement chain, so n; — n;,—1 = 0 and some saxions are absent in some of
the monomials.
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trically sourced by the string. Indeed, as discussed in more detail in appendix E — see
equation (E.3) — this magnetic charge is measured by the flux

1 e 1

%/5 Hg = 5 /S Hsi = (m,e), (4.18)
with H$ = dB§ and S3 a three-sphere surrounding the instanton. One may then reformu-
late (4.17) as follows:

A BPS string belongs to C§"" whenever all instantons in Ci carry non-negative
magnetic charge under the two-form field BS that couples to the string.

Dually, we can also interpret the pairing (m,e) as the axionic charge of the string corre-
sponding to the axion that couples ‘electrically’ to the instanton: if a™ = m;a’ denotes
this axion, then a™ — a™ + (m, e) around the string. We can then analogously say that
a BPS instanton belongs to C;'*" if and only if all strings in Cg carry non-negative axionic
charge under the axion ™ that couples to the instanton.

4.2 A simple example

Let us consider heterotic strings compactified in a Calabi-Yau three-fold X and focus on
the large-volume, weak string coupling perturbative regime and the axionic symmetries
that arise in this region of moduli space. The relevant %BPS instantons arise from world-
sheet instantons wrapping holomorphic curves on X, and from NS5-branes wrapping X.
Reversing their orientation, one obtains the corresponding set of anti-instantons. The
cone of %BPS instanton charges Cy is thus generated by effective curve classes, together
with the NS5-brane charge. Similarly, mutually %BPS 4d strings arise from NSbH-branes
wrapped on effective divisors, together with fundamental strings which are point-like in
X. Their corresponding cohomology classes generate the discrete cone Cg.® C; and Cg are
subsets of the dual lattices Mz ~ Hy(X,Z) ® Hy(X,Z)/(torsion) and Nz ~ H®(X,Z) ®
H?(X,Z)/(torsion), respectively.

The saxionic cone A corresponding to this perturbative regime is parametrised by the
4d dilaton and the Kéhler moduli. More precisely, the saxions are given by s' = (5%, s%).
The Kéahler saxions s* arise from the decomposition of the (string frame) Kéhler form

J = 5%Dy], (4.19)

in an integral basis [D,] Poincaré dual to a set of divisors D,. J takes value in the Kéahler

cone K(X), while the universal saxion s° is given by
1
s¥ = 3 e 2 Kapes?sPs¢ = e 2PV (4.20)

where ¢ is the 10d dilaton, kg = Dq - Dy - D, are the triple intersection numbers of X in
this basis, and Vx is the volume of X in string units. So, the relevant saxionic cone is

A =Ruo®K(X), (4.21)

where R+ is parametrised by sV.

8To be precise, one should take into account F1 charges induced by world-volume flux and curvature
corrections on the NS5-brane, which may translate into slightly different generators for the charge lattices.
In the following we will ignore this effect, which plays no significant role in the discussion.
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The closure of the Kihler cone is the cone Nef!(X) generated by nef divisors — see
appendix A.2 for a summary of the relevant terminology. Applying our general defini-
tion (4.12) to the present example we then see that C§"" is generated by the nef divisor
classes and Ho(X,Z)4 ~ Z>o. So, to sum up, we have the following sets of BPS charges

Cs = {F1 4 NS5-branes on effective divisors} ~ Zs @ Eff'(X)z, (4.22a)
Cr = {NS5-branes on X + F1 on effective curves} ~ Z>¢ & Eff1(X)z, (4.22b)
CE'™ = {F1 + NS5-branes on nef divisors} ~ Zsq @ Nef! (X)z . (4.22¢)

The pairing (m,e) between C; and Cs just corresponds to the geometrical intersection
number. Notice that indeed, by definition of nef divisors, we can identify A as the cone
dual to the cone generated by C;. As will be discussed in the next section an EFT string
completeness hypothesis follows as a direct consequence of Conjecture 1. In this setup,
such a hypothesis implies that every nef divisor admits an effective representative. This
mathematical property has already been conjectured in [40], for similar underlying reasons.
See subsection 4.3 for the connection between our setup and the one in [40].

In our perturbative regime, the leading contribution to the Kéahler potential for the
above saxions reads

1
K = —logs" —log (3'/4,11)03“31)8‘3) + ..., (4.23)
which has indeed the form (3.8). So the dual saxions ¢; = (o, ¢,) are given by
1 e2? 1 b
_ 1 _ S 4.24
=50 Ty faT quyfaes (4.24)

It is not so simple to describe the structure of P and Cf*" in general terms, see (4.7)
and (4.16). So let us for now focus on a specific example, which will allow us to better
illustrate some features of these class of models. We will come back to the general discussion
in subsection 4.4.

Let us take the Calabi-Yau studied in [57]. This three-fold can be regarded as an elliptic
fibration over P2, and is such that by(X) = 2. The cone of effective divisors Eff*(X) is
generated by two divisors B and L: B is the image of the P? base under the global section
of the elliptic fibration, while L is the ‘vertical’ divisor obtained by pulling back the base
P! C P? by using the fibration projection. The nef cone Nef!(X) is instead generated by
L and the ‘horizontal’ divisor H = B + 3L. In the nef basis, the intersection numbers are
summarised by the formal polynomial

Ix =9H? +3H?L + HL?, (4.25)

where the coefficient of each monomial gives the value of the corresponding triple intersec-
tion. The dual Mori cone Eff; (X) is generated by the effective curves

h=1L*  |=BL=HL-3L*. (4.26)

The curve h can be identified with elliptic fibre, while [ can be identified with the push-
forward of a P! in the base through the global section of the elliptic fibration.
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PV — A

Figure 3. Saxionic cones and their duals A € PV and P C AV of the two-Kéhler-moduli heterotic

model. Here we are suppressing the R+ piece of the moduli space that corresponds to s°. The

darker shaded regions correspond to the perturbative regime (4.4).

The Kéhler cone is simplicial and is generated by the Poincaré dual classes [H] and
[L]. We can then expand the (string frame) Kéhler form as follows

J =s'H]+ s*[L] € H*(X,R), (4.27)

where the Kahler saxions s',s?> € Rsg measure the volumes of the curves h and [ re-

spectively and, together with (4.20), parametrise A. The Kéhler potential (4.23) takes
the form

K = —logs® —log [3(51)3 +3(s1)2s? + 81(52)2} +..., (4.28)
and the dual saxions are
1
EO - 2780 )
9(81)2 4 65182 + (82)2
b= 53 2.2 T(a2)2° (4.29)
6(s1)3 + 6(s!)2s% + 251 (s?)
3(sh)? +2sls?
by =

6(s1)3 + 6(s1)2s2 + 2s1(s2)2°
With these data, one can easily describe each of the continuous cones defined above:

A={(s" s 5% e R¥sY st 52 > 0}, (4.30a)
P = {(ly, b1,02) € R3|lg > 0,61 > 30y > 0}, (4.30b)

see figure 3, which also shows in darker colour the perturbative region (4.4) both in A and

in P. The corresponding discrete cones of charges are:

Cr = {(mo,m1,mg) € Z%|mg, my1, mo > 0} =~ (NS5, h,1), (4.31a)
Cs = {(%,et,e?) € Z%|e%, el > 0,3¢! +¢? > 0} ~ (F1,B, L), (4.31Db)
C5T = {(e,¢! ¢) € ZPel e e? 2 0} = (F1 H, L), (4:31¢)
CP'™ = {(mo, ma,ma) € Z%|mo > 0,my > 3my > 0} ~ (NS5, h, 1+ 3h),  (4.31d)
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Figure 4. BPS and EFT string and instanton lattice cones C§¥T C Cg and CP*" C C; of the
two-moduli heterotic model.

as illustrated in figure 4. Note that C¢"" is dual to Cy, as it happens in general, and that
also Cf'"™" is the dual of Cs. In particular, Cs contains NS5-instantons wrapping effective
divisors and, dually [58], C['*" contains F1-instantons wrapping ‘movable’ curves — see ap-
pendix A.2. The general differences between the EFT and non-EFT strings and instantons
have been discussed in general terms in subsection 4.1 and in appendix E, respectively. We
now illustrate them in this specific example, focusing on the string sector.

Consider first the EFT sector C§"", which is generated by the charges ep; = (1,0,0),
eg = (0,1,0) and e, = (0,0,1). The corresponding strings are elementary, in the sense
that they cannot be decomposed as superposition of other BPS strings. The flows (4.9)
corresponding to ep; describes a zero coupling limit, in which the string coupling goes to
zero, while the string frame internal metric remains constant. From the viewpoint of P,
these flows end on the codimension-one face of P defined by ¢y = 0, which is precisely
Fep, as defined in (4.15). On this face, precisely the strings with charges multiple of ep;
become tensionless and the flow is non-degenerate. Also the string flows associated with
er, are non-degenerate, as they end on the codimension-one face Fe, = PN {ly = 0}, at
which only the strings of charge proportional to ey, become tensionless. Instead, something
different happens for the EFT flows generated by a string of charge ey. Indeed, in this
case s' ~ ¢ — oo and then from (4.29) it is clear that both ¢; and /5 vanish asymptotically

along the flow. Hence, both elementary strings become tensionless at the same rate:

o3
T 20

1
7:911 MI%v 7;L = %Ml’%a (4'32)
as we approach Fg,, along the flow. In other words, these flows end on the codimension-2
face Fe,, and are degenerate of order-two.
Let us now consider the flow generated by the non-EFT charge eg = (0,1, —3). The
string flow (2.13a) reads

r

1
s :30——logi, 32:3%+%log (4.33)

2 70 70
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Figure 5. Examples of saxionic string flows (4.9). On the left, string flows in the saxionic cone
A (the 8% direction is suppressed) and, on the right, their maps in the dual saxionic cone P (the
£y direction is suppressed). The charges ey, ey, ep are elementary, while & = (0, 1,3) is not. The
picture also shows that the ep flow approaches the finite distance boundary s> = 0 of A and,
correspondingly, Fe,, lies in the strongly coupled light shaded region of P.

We then see that s?(r) flows towards strong coupling as r — 0 and reaches a strongly

coupled regime at r, = rgexp (—27;8%), at which s> =0 and s! = 3(1) + %3(2). Geometrically,
in this limit the base P? collapses to zero size while the elliptic fibre volume remains finite.
Even though 7./ryp can be made exponentially small by choosing large enough s2, this
behaviour is clearly opposite to the one of strings belonging to C§*". In the case of (4.33)
one must fine-tune the initial value s to be large enough, the corresponding RG flow does
not correspond to a marginally relevant operator, and it does not flow to weak coupling
as we approach the string. Furthermore, differently from strings with charges in Cg"™,
the field-space distance travelled by the flow from rg to 7, is classically finite, as one can
explicitly check by using (3.4) and (3.2), see also figure 5.

Finally, one can compute the behaviour of the eg-string tension around r ~ r,:

3M3 (s% -3 log”—o)2

(4.34)
27(s)® + 27(sp)?sg + 954 (s5)? + (s3)*

Tep = ME({1 — 3ls) ~

and conclude that it vanishes at » = r,. In other words, we see that also the non-EFT ep-
flow reaches a face Fe, of P defined as in (4.15). However, Fe,, is quite different from the
faces corresponding to EFT strings, for two main reasons. First, Fe, is at finite field space
distance. Second, according to the above arguments as we approach F¢,, we expect strong
non-perturbative corrections to modify (4.28) and break the axionic symmetry. In fact,
the BPS instanton of charges m; = (0,0,1) becomes unsuppressed along the flow, since
(my,ep) < 0. This matches with the fact that the ep-string is non-EFT and therefore
does not satisfy (4.17), showing a direct relation between non-EFT strings and non-EFT
instantons in C; — Cf"". Let us also notice that such non-perturbative effects should in
principle modify the flow (4.33) significantly, and also obstruct the possibility to use the
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dual linear multiplet description in terms of two-form potentials Bs;. As a consequence,
the ep-string flow cannot be straightforwardly described within our perturbative EFT
description. In particular, near r = r, the formula (4.34) is no longer reliable and the
string may actually remain tensionful. Figure 5 provides a pictorial illustrations of the
above flows, and also of a non-elementary EFT one.

4.3 Connection with the 5d viewpoint

Even though the physical properties of strings in four- and five-dimensional theories are
drastically different, the characterisation (4.17) of the EFT string charges provides a direct
link between our EFT strings and the supergravity strings of five-dimensional N = 1
theories given in [40] — see eq. (2.31) therein. The connection between the two settings can
be made more concrete by compactifying the 5d M-theory models of [40] to four dimensions
on a segment a la Hofava-Witten [59, 60]. In this way one gets a strongly coupled Eg x Eg
four-dimensional heterotic model, in which supersymmetry is broken by the FEg sectors
supported at the end-points of the Hofava-Witten segment. In this strong string coupling
limit, the heterotic NS5 strings uplift to M5-strings in M-theory. In particular, the 4d EFT
NS5 strings in (4.22¢) uplift to the supergravity strings of [40], which are indeed associated
with nef divisors. Correspondingly, the heterotic Fl-instantons in (4.22b) uplift to BPS
particles in the 5d M-theory models, which by definition must have non-negative pairing
with the supergravity strings, as in (4.17).

Notice that, on the other hand, the heterotic F1 strings in C§"" do not uplift to
M-theory strings. Rather, they uplift to M2-branes stretched along the Horava-Witten
segment, which then become membranes in 5d in the extreme decompactification limit.
Correspondingly, the heterotic NS5-instantons do not uplift to 5d particles, but rather
to Mb5-brane instantons. The correspondence between the 4d cones (C§*", Ci) and 5d
supergravity string and BPS particle charges is therefore not one-to-one, but their relation
in terms of a non-negative pairing remains in both pictures.

In [40] it is argued that supergravity strings are strings which cannot survive a rigid
limit. This is clear for the above heterotic/M-theory strings associated with nef effective
divisors, which are then ‘movable’ along the entire internal space — see appendix A.2.
Hence, these divisors are not shrinkable and they do not survive a decoupling of gravity,
that is, a decompactification of the internal space. Remarkably, we will see that this
property actually holds for all the EFT strings of the string/M-theory models that we
will discuss in section 6. For instance, also the F1 strings in (4.22¢) clearly satisfy this
property, since in a decompactification limit they can be moved away from any local 4d
physical sector surviving the decoupling of gravity.

4.4 Finiteness and conical structures

The heterotic model considered in subsection 4.2 exhibits some key features of the broad
class of models covered by subsection 4.1. However, some of its particular features are not
realised in general. Therefore we end up this section by discussing some general features
of the conical structures relevant for string flows.
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First of all, the saxionic cone of our heterotic example is not only rational polyhedral
(i.e. generated by a finite number of elements of N7z), but also simplicial, in the sense that
its integral generators form a basis of Ng. This property does not generically hold, since A
may be rational polyhedral but not simplicial, or it may even not be rational polyhedral at
all. For instance, let us consider the saxionic cone of a general heterotic compactification,
which is given by (4.21) and therefore it includes the Kéhler cone of a general Calabi-Yau.
On the one hand, this Kahler cone can have a quite complicated structure [61] and in
general does not satisfy these properties. On the other hand, the presence of an underlying
rational polyhedral structure would appear natural from a physical viewpoint, as it would
correspond to existence a finite number of appropriately quantised elementary EFT string
charges generating all the other ones. In general, we dub the corresponding EFT flows as
elementary flows.

In fact, this intuition can still be compatible with a non-rational polyhedral A, if there
exists a ‘perturbative’ duality group Gz acting linearly on Nz and preserving A, with a
rational polyhedral fundamental domain. This property is indeed expected to hold for
the nef cone of Calabi-Yau three-folds, as conjectured by Morrison in [62], see [63] for an
explicit example. Morrison and Kawamata later extended this cone conjecture to the cone
Mov!(X) of movable divisors, see [64, 65] for the precise statements and [66] for a recent
review.? These conjectures admit a natural generalisation to a sazionic cone conjecture for
our physical setting. Following [62, 64] we define A, as the convex hull of AN Ng, which
is basically the cone obtained by eliminating from A the irrational parts of its boundary.
The saxionic cone conjecture can then be stated as follows:

Saxionic Cone Conjecture. for any saxionic cone A associated with the asymptotic
region of an EFT compatible with quantum gravity, there exists a rational polyhedral cone
IT € A4 such that the union of all its images under the duality group Gz covers A.. The
polyhedral cone II can be chosen to be the closure of a fundamental saxionic domain.

A non-trivial duality group Gz implies that the asymptotic sector of the moduli space
should be identified with Mpet = D/Gz, where D = {t € Ng + iA} is the tube domain
parametrised by the chiral fields ¢*, and Gz = Gz, x Ny is the complete perturbative duality
group, combining Gy and the group of axionic integral shifts, which can be identified
with Nz. Correspondingly, the chiral observables should actually be given by Gz-invariant
combinations of (possibly infinitely many) operators of the form (4.3), hence corresponding
to multi-instanton effects. Adapting the arguments of [62, 64], the validity of the saxionic
cone conjecture would also allow one to partially compactify the infinite distance sector
of Mpery by applying the general scheme of semi-toric local compactifications described
in [68]. This would be the starting point to extend beyond the simplicial case the analysis
made in [32] for the structure of the flux superpotential generated by EFT membranes [42]
along the asymptotic limits associated with EFT strings.

In the heterotic example of section 4.2 the dual saxionic cone P is simplicial, and
then rational polyhedral, too. Again, this is not generically true, and actually P can

9Some implications of the Morrison-Kawamata conjecture to the SDC have been recently discussed
in [67], in the context of M-theory compactifications to five dimensions.
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be non-polyhedral also in cases in which A is polyhedral. For instance, this happens in
heterotic compactifications on Calabi-Yau spaces X in which at least a codimension-one
face of the Kéhler cone K(X) corresponds to a flopping contraction, according to the
classification of [61]. In flopping contractions only curves collapse, while divisors do not.
This implies that no NS5-strings become (classically) tensionless as we approach a flopping
boundary wall of K(X), and then there is no corresponding codimension-one face (4.15) in
the boundary of P.

5 4d strings and swampland criteria

In the previous sections we have discussed how, in a given perturbative regime, saxions
are driven towards infinite field distance trajectories along flows generated by EFT strings.
As a result, each EFT string can be associated with an asymptotic perturbative limit in
the moduli space, selected by the string charges. In this section, we will propose that the
reverse is also true, namely that all infinite field distance limits can be realised as an EF'T
string flow. Moreover, building on this conjecture we will propose a specific asymptotic
behaviour of the EFT maximal possible cut-off m,, associated with the appearance of
an infinite tower of new light states, along such infinite field distance trajectories. The
evidence for this second conjecture arises from a plethora of string theory examples, as will
be shown in section 6, and provides a very reduced set of possible values for the exponential
rate of the SDC.

5.1 The distant axionic string conjecture

Consider a 4d EFT compatible with a consistent theory of quantum gravity. We conjecture
that the following property is universally realised:

Conjecture 1 (Distant Axionic String Conjecture).
Every infinite field distance limit of a 4d EFT consistent with quantum gravity can be
realised as an RG flow UV endpoint of an EFT string.

This statement should be understood in terms of the triple correspondence between
EFT string RG flows, backreacted solutions and paths in field space M described in sec-
tion 3. By this correspondence, an EFT string of charge e generates paths in M of the
form (3.11) when the cut-off A of the EFT is varied. The infinite distance point is ap-
proached as A — oo, which must be seen as a formal limit, since necessarily at some scale
the 4d EFT description will stop being valid. Clearly, EFT string RG flows define specific
paths in field space. In this sense, the above conjecture claims that they are sufficient to
reach any infinite distance singularity.

Given the discussion carried in the previous sections, this proposal is quite natural in
a minimally supersymmetric setting. Indeed, recall that an EFT string is a fundamental
string magnetically charged under an axion satisfying (2.1) and exhibiting a perturbative
continuous shift symmetry near its core. Moreover, all non-perturbative corrections break-
ing the shift symmetry should be suppressed near its core as defined in (2.34), which in
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turns implies a non-trivial positivity constraint on the allowed set of string charges, cf.
eqs. (4.12) and (4.17). Therefore, an equivalent way to phrase Conjecture 1 is that all
possible infinite distance regimes are associated with fundamental axionic symmetries. In
such a case, by the Completeness Hypothesis'® we would expect that fundamental string
operators with the corresponding magnetic charges appear in that regime of our EFT, and
everything else follows from this.

The extension of the conjecture to non-supersymmetric setups is also quite natural if
supersymmetry is spontaneously broken and restored at some scale Agysy below the EFT
cut-off, following the observations at the end of section 3.2. If that is not the case, and if we
nevertheless have an infinite-distance trajectory along which the quantum-corrected scalar
potential is sufficiently flat, then Conjecture 1 becomes quite non-trivial. For instance, it
would require the existence of an axion-like scalar that pairs up with the field describing
the said trajectory, under which the string is magnetically charged. Notice that, in this
sense, our conjecture is a sort of 4d reciprocal of Conjecture 4 of [1], for which every axion
must come together with a radial mode (a saxion) to guarantee that the moduli space first
homotopy group vanishes.

The Swampland Distance Conjecture (SDC) [1] predicts that along any infinite distance
limit there appears an infinite tower of new light states whose lightest mass m, decreases
exponentially as e~ *?? with the geodesic field distance A¢, for some constant «. From a
purely EFT viewpoint, there is typically no way to identify neither such tower scale m,
nor the corresponding constant o« without knowing the UV completion of the EFT. On
the other hand, Conjecture 1 implies a distinctive physical way of classifying the infinite
distance limits as flows (4.9) generated by EFT strings. The corresponding tensions, whose
renormalisation is also dictated by the flow, then provide a natural cut-off scale which can
be computed within the EFT. In certain cases, the strings themselves will provide the
leading tower signaling the EFT breakdown, but in others, there will be additional towers
of states getting light faster than the string. It is then natural to wonder what is the
relation between 7 and the leading tower scale m,. The following proposal significantly
restricts the range of possible answers to this question.

Conjecture 2 (Cut-off asymptotics).
Along an asymptotic limit specified by the RG flow of an EFT string, its tension T goes to
zero. The mazimal EFT cut-off m, then scales like

w
m2 ~ MEA (;) for some positive integer w =1,2,. .. (5.1)
P

with a coefficient A depending on the non-flowing chiral fields.

We will refer to the integer w as the scaling weight of the EFT string flow. In terms
of the correspondence between RG flows and paths in field space M, Conjecture 2 should

100More precisely, we have assumed the string to be BPS in the UV, so we are actually assuming a BPS
version of the Completeness Hypothesis, as in [40]. It would be interesting to check if the BPS condition
can be dropped.
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be understood as follows. An EFT string of charge e generates paths v C M through the
EFT RG flow. As discussed in section 3.3, the variation of the effective tension 7o with A
in (3.9) describes how the probe string tension T, varies along ve. The relation (5.1) then
provides the asymptotic variation of the tower scale m, along this same path in field space.
While the conjecture could have been phrased in terms of the probe tension, and indeed in
section 6 we will check the relation between the probe tension and m, in different string
theory setups, let us recall that it is 7e the quantity that more directly enters the EFT,
and so it makes more sense to describe our swampland criteria in terms of it.

Notice that one can always compute, within the EFT, the relation between the flow
parameter o and the field space distance travelled by the saxionic flow (4.9). As discussed in
appendix C, in our scheme EFT string flows can be argued to be asymptotically geodesic.
Hence, knowing the scaling weight of the string flow would allow one to compute the
exponential rate a appearing in the SDC. Remarkably, in the string theory examples of
section 6 we find that A ~ O(1) for generic values of the non-flowing fields and only three
possible values for the scaling weight, w = 1,2,3. Furthermore in all those examples we
have observed the following intriguing convexity of the scaling weight

Wey+ey < We; + We, Ver, ey € CS" (5.2)

which could provide an interesting organising principle of the allowed scaling degrees.

5.2 Some implications

The above proposals have interesting implications for the landscape of 4d EFTs consistent
with quantum gravity.

Existence of EFT strings

The first obvious consequence of our Conjecture 1 is the existence of axionic strings in any
EFT with a moduli space containing infinite distance points. As emphasised in subsec-
tion 2.4, our conjectures are based on the behaviour of EFT string tensions evaluated at
the EFT cut-off A. As a result, they are insensitive to whether the asymptotic limits under
consideration correspond to actual flat directions of the theory or to directions subject to
some potential with scales below A. The only thing that matters is whether there is some
geodesic in field space that can be taken arbitrarily large while staying below a finite energy
scale. Since our conjecture characterises infinite field distances in terms of EFT strings,
it thus implies the universal presence of such strings in EFTs consistent with quantum
gravity describing large distances in field space.

Furthermore, we are not predicting a single EFT string but rather a complete spectrum
of EFT strings associated to each asymptotic regime. This can be formulated in terms of
the saxionic cone in (4.5) and the cone of EFT string charges in (4.12) as follows:

EFT string completeness: for any EFT consistent with quantum gravity in a given
asymptotic regime associated with a saxionic cone A, any string charge in C§"" is repre-

sented by an EFT string or by a superposition of them.
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Notice that this statement is conceptually different from the one that the standard
Completeness Hypothesis [53] would suggest. Indeed, in our context the latter would
imply the existence of a set of string operators in a particular EFT asymptotic regime.
However, the string EFT description not only involves the existence of an operator with
the appropriate charges, but also that the corresponding string flow is realised, along which
the said operator is well-defined. As we have discussed in section 4.1, this last ingredient
is quite restrictive, in particular when considering %BPS strings. What the EFT string
completeness hypothesis implies is that for any charge in C§"" there is both a string flow
and a well-defined operator along it. For other charges like e.g. those in Cg — C§"" the
existence of a flow would remain an open issue.

That these strings will be present for any 4d EFT depends on whether one can argue
that every EFT contains weak coupling/infinite distance limits or not. In [1], it was
indeed proposed that any moduli space should be non-compact, which seems a reasonable
criterium for EFTs when evaluated at a high enough energy cut-off. This statement has
no known counterexample for scale separated EFTs, i.e. that are truly four dimensional for
an IR observer. Combining this with our conjecture, we would be predicting the universal
presence of fundamental axionic strings in any 4d EFT consistent with quantum gravity!

Swampland Distance Conjecture

A key feature of EFT strings is that the string tension goes to zero monotonically along
the RG flow, so the string is getting lighter and lighter as we approach the infinite distance
limit in moduli space. When a probe string tension T, gets below A2, the EFT necessarily
breaks down, as discussed in section 3.4. As already pointed out in [32], this observation
can be used to provide a bottom-up derivation the SDC, which predicts the presence of an
infinite tower of states becoming exponentially light in the proper field distance at every
infinite distance limit in moduli space (see Conjecture 2 of [1]). In particular, one can show
that the exponential behaviour of the cut-off becomes just a consequence of having an EFT
string satisfying the WGC.

To see this, consider the saxionic path (3.11) in field space. The dependence of the
probe string tension T, with ¢ can be obtained from the saxionic flow si(0) = sf + o€
generated by the exact backreaction of an EFT string of charge e, as described in sec-
tion 3.1. More precisely we have that Te(0) = Te(0) = M3 '4;(o) satisfies (3.7). By this
correspondence, the field space distance is given by the integral of the string charge along
the flow — cf. (3.2). Using (3.7), this reads

1 [ 1 71 1 70
do=p [ Qedo = [* S-aTo< Stog e 5.3
Mp Jo 77 My To(o) Qe Y Og%(d) (5:3)

where we have imposed the WGC bound MpQe > 77e with constant v in the last step.
Therefore, the maximum EFT cut-off consistent with the existence of the string goes as

A12nax - 7;(0) < 7;pexp (_7 dU) : (54)

This is one of the main implications of our proposal. We get that the WGC implies the
exponential drop-off of the cut-off predicted by the SDC along paths generated by the EFT
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string flows. Using Conjecture 1 we can then argue for the universality of the result, as
any infinite field distance can then be associated to a string flow.

As follows from our experience in string theory examples and is captured by Conjec-
ture 2, in most of the cases the string modes will not correspond to the leading tower of
states becoming light, but there can be additional towers at a scale m, < /7. In those
cases the string tension still provides an upper bound on the cut-off and, therefore, the
extremality factor of the string represents a lower bound on the exponential rate of the
SDC. More precisely, according to (5.1), the exponential behaviour in (5.4) implies an
exponential behaviour for m.:

wry

my < mlexp(—ad,), a= - (5.5)

where recall that w € Z~o and 7 is the extremality factor of the string.

Notice that the exponential behaviour of the string tension could have also been derived
by using the asymptotic logarithmic form of the Kéhler potential in (3.8), as the dependence
of the string tension on the dual saxions is fixed by supersymmetry (3.9). However, the
power of the above result is that we have alternatively derived the exponential behaviour
of the tension without assuming any specific form of the Kahler potential, but rather
by imposing the EFT string to satisfy the WGC. It is, therefore, a bottom-up model
independent result, and no information about the asymptotic geometry of the internal
space is required beyond the existence of an approximate axionic shift symmetry. What a
Kéhler potential of the form (3.8) does give us, is an argument for the EFT string flows to
be asymptotically geodesic, see appendix C. This allows us to relate the exponential rate
a with the one of the tower of states of the SDC. Moreover, as shown in [32], for a Kédhler
potential of the form (3.8) the charge-to-mass ratio of an extremal string can be written in
terms of the exponents of the saxions in P(s). More precisely v = \/% , with n the so-called
singularity type in [6, 8, 69] (see footnote 7), which can be derived from the asymptotic
scaling of P(s) ~ o™ for ¢ — oo along the string flow (4.9). Therefore we not only derive
the SDC from the WGC for our EFT strings, but we also find a very constrained set of
specific values for the SDC exponential rate.

The overall picture also fits well with refinements of the SDC, like the Emergent String
Conjecture [15]. This conjecture distinguishes two classes of infinite distance limits: de-
compactification limits or emergent critical string limits. Applied to our 4d setup, one
would identify asymptotic limits with a scaling weight w > 1 with decompactification lim-
its, while those with scaling weight w = 1 should contain the limits in which the EFT string
is an emergent critical string. In fact, our scheme only demands that the 4d quantum field
theory description must be broken above v/7. So even in the case w = 1 the breakdown
could either be triggered by an infinite number of EFT string oscillations or a tower of a
different nature scaling at the same rate. Finally, notice that a determination of w purely
from the EFT description would allow us to estimate the EFT cut-off just using EFT data!
We leave this exciting possibility for future research and continue with some observations
regarding the value of w observed in string compactifications in the following.
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EFT membranes, the scaling weight and the species scale

Four-dimensional EFTs with potentials below some cut-off scale A are quite generic in string
compactifications with fluxes, where the potential is multi-branched, and each branch is
not invariant under the discrete shift symmetry associated to the EFT string. In that
case, the string is not a gauge invariant operator by itself, and a membrane needs to be
attached to it to restore gauge invariance. By consistency, it is then expected that the
string-membrane system remains as a localised operator along the string flow, just like
the string is in the absence of a potential. In practice, this amounts to require that the
membrane is a fundamental EFT object as long as the EFT string satisfies (2.1), i.e.

A3 < Toem < MEA. (5.6)

Such membranes were dubbed EFT membranes in [32, 42], and their relation with EFT
strings was analysed in [32, section 4]. There it was found that the tension of the lightest
EFT membrane behaves asymptotically along the EFT string flow as

n/2
Tme;“ ~ Lg , (5.7)
MP MP

up to some constant factor, while the scaling of heavier membranes can differ by additional
positive integral powers of Tg,/M3. Here n is the singularity type of the string flow
introduced above.

This asymptotic behaviour has an interesting interpretation in terms of Conjecture 2.
To see this, let us define the following EFT mass scale associated with the membrane:

_ Tmem

Emem = 72 5.8

which, as in [32, 42], sets the energy scale of gravitational effects induced by the membrane
as well as of the corresponding fluxes. Notice that the relation (5.7) can be written in
the form (5.1), if we simply replace (Empem,n) by (m.,w). We then see that Conjecture 2
can be extended also to Epen only if the total homogeneity degree of P(s) is an inte-
ger. This is indeed what we have observed in all the string/M-theory models analysed in
section 6. In this sense, the extension of (5.1) to Eyem may provide a physical interpreta-
tion of this observation and further support for the universal form (3.8) of the asymptotic
Kahler potential.

Now, because by definition along an EFT string flow we have that A < m, < 7;1{2,
the condition (5.6) requires that Fypem < my. Conjecture 2 and (5.7) therefore imply that

nrr;ezmrv(]\j[é) <1 = w<n. (5.9)

Additionally, requiring that m2 < Trem along the string flow leads to n < 3w. We therefore
infer that the asymptotic behaviour of the Kéhler potential restricts the scaling weight of
the flow via the following inequality

w<n<3w. (5.10)
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As we will see in the next section, all the string examples that we analyse satisfy this
inequality. In fact, in the examples analysed in section 6 we find very specific values for
the scaling weight, namely

1<w<3, (5.11)

even if (5.10) could in principle allow for larger values. As already mentioned, the lower
bound identifies m, with the mass scale of the EFT string modes, together with a tower
of (typically KK) states that becomes massless equally fast. The upper bound is however
a bit surprising, so let us try to rephrase it in more physical terms.

Let us assume that w > 1 and that m, corresponds to the scale of a tower of states,
as for instance the Emergent String Conjecture would predict. In terms of this tower one
can estimate the species scale [70-74] along the asymptotic limit as

M A A
Asp ~ = ) with N~ =2~ w splfw : (5'12)
vV N Ty TQ MP
We obtain that .
2 of T\?
Asp ~ MP <]\41%> ’ (513)
so the range (5.11) is equivalent to
2 2
m? < T < A% (5.14)

In other words, if w < 3 we would be able to see the string as a quantum object below
or around the species scale, so the semiclassical description of the string will break down
at most at Ag,. From our experience with perturbative string theory, it is very suggestive
that a quantum extended object appears before we reach the quantum gravity scale Agp,
since it is indeed a string-like spectrum the one that cures the UV divergences associated to
quantum field theory coupled to gravity. In addition, (5.14) suggests that the magnetic dual
axion is no longer fundamental above Ag,. Since we are associating infinite distance limits
with axionic shift symmetries, this would imply that the non-compactness of the moduli
space is only manifest below Ag,. This nicely fits with the Emergence proposal [4, 6, 56]
for which infinite field distance limits emerge in the IR from integrating out towers of light
states up to the species scale.

Moduli space curvature at infinity

In the original work [1], several conjectures were proposed in addition to the SDC. In
particular, Conjecture 3 of [1] proposes that the scalar curvature near points at infinity is
non-positive. This seems a natural consequence of the typical hyperbolic metric arising at
large field distances, e.g. from a K&hler potential of the form K = —logs. However, this
conjecture is false in general, and a counterexample was first pointed out in [75]. In a 4d
N =1 context, we will see that the failure of the conjecture is related to the presence of
degenerate string flows. Nevertheless, even if this conjecture is false, we will draw a weaker
condition along the same lines, namely that points at infinity have at least one negative
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holomorphic sectional curvature. This statement follows from our Conjecture 1 and it is
realised in all the string theory examples checked in this work.

To begin with, let us come back to our heterotic example in section 4.2, which already
presents a counterexample of the conjecture 3 in [1]. We can compute the scalar curvature
derived from the Kéhler potential in (4.28), obtaining

6(8158 4 1625759 4 1355753 — 455255 — 185155 — 258)

R =
53(3s1 + 82)3

(5.15)
One can check that this curvature is negative when ss — oo but positive when s; — co.
As discussed in section 4.2, there is a fundamental difference between both limits, as the
former corresponds to a non-degenerate string flow while the latter to a degenerate one.
In other words, there is more than one EFT string becoming tensionless in the latter one.
This suggests that it is precisely the existence of these degenerate flows what yields the
positive curvature at certain regions near the infinite distance points. In fact, one can show
that the curvature will always be negative along the non-degenerate flows and approach
the value for the corresponding hyperbolic plane. This can be understood from a more
geometric perspective as follows. A perturbative regime in which all elementary string
flows are non-degenerate corresponds to a factorisable Kéhler potential to leading order.
Hence, the field space factorises into different hyperbolic planes and the scalar curvature is
therefore negative everywhere. Contrary, degenerate flows occur when the Kéhler potential
cannot be factorised in the sense that each elementary string flow selects a different leading
term in the homogeneous function P = e¢~%. In the language of [8], the leading term of
the Kéhler potential is different in each growth sector, as explained in footnote 7.1

The above argument only shows that non-degenerate flows imply negative scalar cur-
vature, but it would be interesting to show also the reverse, as examples suggest. This
would require a more detailed study of the interplay between positive scalar curvature and
degenerate flows, which we leave for future work. Instead, in the following, we will use 4d
EFT string flows to prove a weaker condition than the conjecture in [1], namely that all
holomorphic sectional curvatures are negative.

Indeed, let us consider an EFT string flow solution of the form (2.12). On the one
hand, the solution (2.12) maps a disc centered at the origin of C and with radius ro = |2o|
to a holomorphic disc D in a perturbative region of the EFT field space M. The area of
this disc computed with the pulled-back metric from M corresponds to the linear energy
density (2.27), which is nothing but the string tension at the cut-off scale Ag ~ 1/rg. The
existence of the EFT string implies that such a tension is finite for some range of values for
ro, and so should be the corresponding disc area. On the other hand, the radial direction
of the disc in C, e.g. |z| € [0, rg], is mapped via (2.13) to an infinite distance trajectory on
M, as discussed in section 3. It follows that the holomorphic disc D C M has negative

" This happens when the singularity type does not increase in the enhancement chain. For example,
in (4.28) the singular divisor located at s* = oo, i.e. Dy1_. has singularity type n = 2 while the intersection
D1 s2_ o hasagain n = 2. Hence, Dg2_, is sort of behaving as a finite distance divisor with n = 0. It makes
sense then that the local geometry is not hyperbolic and even has positive curvature, which is something
characteristic of finite distance divisors.
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curvature. In particular, for a physical string charge with asymptotic behaviour Q¢ ~ ™"
along the trajectory (3.1), one obtains a Gaussian curvature for the disc D of the form

Kp ~ —no*172, (5.16)

up to a constant positive numerical factor. Hence, for the range n € (0,1] leading to an
infinite distance we obtain Kp < 0. Remarkably, for the choice = 1 that corresponds
to an asymptotically saturated WGC bound Mp Qe = 77e as realised by EFT strings, the
curvature is asymptotically constant, while otherwise it decreases along the flow. If M is
a Kahler manifold, this implies that near the point at infinity corresponding to the EFT
string RG flow UV endpoint there is at least one holomorphic sectional curvature which
is negative. Finally, using Conjecture 1 one may conclude that all points of M at infinite
distance have this property.

Since the scalar curvature of a Kéahler manifold is a sum of holomorphic bisectional
curvatures, the statement derived from Conjecture 1 is much weaker than Conjecture 3
of [1]. Nevertheless, the former seems to be compatible with all the explicit constructions
investigated up to date.

Global symmetries and generalisation to higher dimensions

The identification of infinite distance limits with RG flows of EFT strings also makes
manifest the relation between the SDC and the absence of global symmetries, which was
first proposed in [6]. The EFT breakdown is required to avoid a O-form continous axionic
shift symmetry and U(1) 1-form global symmetry from the dual Bs-field that would be
restored otherwise in the limit, which would go against the swampland criterion of no
global symmetries. This also fits with the proposal in [17] for which there should be a
gauge coupling of a p-form gauge field vanishing at every infinite field distance limit. This
allows one to merge the conjectures by having the same tower of states satisfying both
the WGC the SDC and, therefore, the SDC exponential rate gets bounded by the WGC
extremality factor [17, 76]. In our case, this gauge field is the Bs-field, and the string
modes satisfy both the WGC and the SDC, so indeed the exponential rate is given by the
extremality factor in (5.4).

It is also interesting to notice that, instead of using the Completeness Hypothesis,
we can also argue for the existence of the magnetically charged string from requiring the
absence of generalised global symmetries'? along the path in M, and not only at the infinite
distance point. The axion is dual to a 2-form gauge field, and the string is required to break
the associated 2-form global symmetry. From a topological perspective, this symmetry is
associated to a non-trivial cobordism class'® in the moduli space that gets trivialised once
we add the string defect, in a similar spirit than in [78, 79]. In the case at hand, this
triviality of the cobordism group reduces to the more familiar notion of triviality of the

2Indeed, the absence of generalised global symmetries is equivalent to completeness of spectrum for
compact connected gauge groups, see [77].

13More concretely, it corresponds to 21 (M) where M is the moduli space. The string flow provides the
bordism that allows one to deform smoothly the circle in the moduli space associated to the axion to a
point. We thank Miguel Montero and Jacob McNamara for this observation.
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first homotopy group, which was in fact conjectured in [1]. Geometrically, it implies that
the 1-cycle in the moduli space associated to the axion can be shrunk at infinite distance,
as realised by the string flow.

It is also interesting to discuss possible generalisations of our proposal to higher dimen-
sions. First, it is easy to convince onself that the interpretation of the string backreaction
as an RG flow outlined in [32] and section 3 is not exclusive of four-dimensional theories.
Indeed, in a generic d > 4-dimensional spacetime, a fundamental object of codimension 2,
namely satisfying

A2 < T < ME2, (5.17)

will exhibit a backreaction similar to strings in 4d. A well-known case corresponds to D7-
branes in the 10d EFT that is type IIB supergravity, see for instance [80]. Therefore, a
discussion analogous to the one carried in [32] and section 3 should apply for any codimen-
sion 2 BPS object in a supersymmetric EFT, independently of the dimension. On the other
hand, the connection between infinite distance limits and codimension-two BPS flows is not
expected to be generically valid beyond our 4d setting. For instance, in ten-dimensional
ITA supergravity there are no codimension-two BPS objects whose backreaction flow could
describe the infinite distance limit e® — 0. Hence, in general, one should at least drop one
the two requirements: the BPSness or the codimension-2.

Keeping the codimension-2 of the object but dropping the BPS condition would still
allow us to have an RG flow interpretation of the infinite distance limits, as only the codi-
mension matters to obtain the logarithmic behaviour originated from the brane couplings
being marginally relevant. However, we would loose computational control. Given the
relation with global symmetries outlined above, it is in fact natural to expect the existence
of codimension-2 objects whenever the singular loci are codimension-1 singularities of the
moduli space, as these objects would be required to break the corresponding (d — 2)-form
global symmetry. The story gets more complicated when the moduli space is not com-
plex, as happens in 10d ITA or in M-theory on a Calabi-Yau three-fold. In those cases, it
might very well be that there are still some extended objects required to break an emer-
gent p-form global symmetry at the infinite distance regimes, but that they have a larger
codimension. If that is the case, the connection with RG flows might not be present in
general. Hence, without further investigation, we cannot conclude anything about the fate
of our conjectures in higher dimensions.

6 String theory evidence

In this section, we check Conjectures 1 and 2 for several classes of 4d A/ = 1 string theory
compactifications. In particular, we provide evidence for the universal presence of an EFT
string at every infinite field distance limit as well as the correlation (5.1) between the string
tension and the tower scale m,. As usual in string compactifications 4d string tensions are
computed by dimensional reduction of different brane actions, and as such they describe
the probe, scale-independent tension that we denote by T in this paper. Nevertheless, in
terms of saxion values T has the same expression as the effective tension 7. For simplicity
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and in order to facilitate the comparison of our results with expression like (2.23) and (5.1),
we will denote both string tensions as 7 in this section.

6.1 Heterotic on Calabi-Yau three-folds

We start by considering again the heterotic string Calabi-Yau compactifications introduced
in section 4.2. In that section we have already discussed the saxionic sector describing the
dilaton and Kéhler moduli, as well as the corresponding string and instanton cones. We
now discuss in some generality the behaviour of the relevant mass scales along the EFT
string flows (4.9), with charges taking values in (4.22c), and consider also the complex
structure sector, which contributes to the Kéhler potential (4.23) with the additional term

K = —log <1/ QA Q) . (6.1)
X
For later convenience, let us write the ansatz of the 10d string frame metric
ds? = e*4ds? + 12ds% (6.2)
where

o4 _ BMEe*®  IZM
AnVy ArsV

(6.3)
is fixed by requiring that ds? is the 4d Einstein frame metric.

F1 flows

We first consider the flow generated by a string with ep; = 1, along which only s° changes as
%0) =83+ 0, (6.4)

and then diverges as ¢ — oo (the non-elementary case ep; > 1 is completely analogous).
Recalling that s° is defined as in (4.20), and since all other chiral fields are kept fixed, one
can see that this flow corresponds to sending e? — 0, while the string frame volume Vx
measured in string units remains constant, thus it is the well-known weak (string) coupling
limit. The corresponding EFT string tension, measured by the 4d Einstein frame metric,
is just given by

2me?d M3

M _ ey, (6.5)

Tr1 = 2 280

which reproduces (3.9) upon using (6.3) and (4.29) as expected. The string indeed becomes
tensionless in the asymptotic limit o — oo.

The KK scale measured by 4d Einstein frame metric vanishes as well. To see this,
notice that the 4d KK scale can be identified with m, = e4 /Ry, where R, is the largest
compactification length-scale measured in the string frame and e? is the Weyl-rescaling
given in (6.3). From here we obtain that

, e _TME  2m

b s o
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Table 2. Mass scalings along the flow generated by F1 strings.

with R, = 27 R, /ls. Since R, does not change along the flow, we conclude that indeed the
EFT string tension 7w scales to zero with the same rate as the KK scale. This confirms
Conjecture 2 in (5.1) with scaling weight w = 1. Even though (6.6) was derived in the
large volume regime, we expect that it gives a reasonable estimate also for generic string
size compactifications. In this case m, is not necessarily the KK-scale but can be identified
with the string scale measured by the 4d Einstein frame metric. Hence m2 ~ % ~ Tp1.

Furthermore, according to the general discussion around (5.7) the lightest membrane
EFT mass scale Epem = Tmem /MI% will also scale as m,, since the relevant contribution
to the Kéhler potential (4.23) is — log s°, which corresponds to the singularity type n = 1.
We summarise the scaling of the relevant quantities in table 2.

NS5 flows

As discussed in section 4.2, the set of EFT strings associated with large Kéhler moduli
limits correspond to NS5-branes wrapping effective nef divisors, see (4.22c). Suppose that
D ~ e*D, is such a divisor. Then the corresponding string flow is

s(c)=sp+eo. (6.7)
Here s = s*[D,] € K(X) and e = [D] = e*[D,] € Nef(X)z and the corresponding EFT
string tension, using (4.19) and (4.24), is given by

7['€2A

i3

3M3 k(e, s, s)
2k(s,s,s)

T. — / e 2T AT = M2 e, = (6.8)
D
where e.g. k(e, s,8) = Kgpee?s’s = e - s- 5. We clearly have Tg ~ 3M3 /20 for o — oo, as
expected. Notice that, in order to keep the saxion s” fixed along (6.7), we need to take the
strong coupling limit e? — oo as o — co. More precisely, since
k(s,s,s
2o Kls.5.5)

e?? must diverge as (s, s, s). This means that there may appear new light degrees of free-
dom due to strong coupling effects, which become light faster than the KK scale associated
to the Calabi-Yau threefold. Let us see how this works for the Eg x Fg heterotic string,
while we will consider the SO(32) model in section 6.2. Its strong coupling limit is provided
by the Hofava-Witten construction of M-theory compactified on X x S1/Zy [59, 60]. The
estimate of the new KK scale along the interval S!/Zs is the same as for ITA /M-theory, and
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then coincides with the mass of a DO-brane. Hence, taking into account that the Einstein
frame Weyl rescaling (6.3) remains constant along the flow, this gives a mass scale
o 2me?A72 3M3

= = . 6.10
M 12 k(s,s,8) (6.10)

Notice that, since s° and the complex structure moduli are constant along the flow, m.
scales as the membrane EFT mass scale (5.8):

MBees efes
B2~ MieH = —F = ms. 6.11
mem P $0 H(S,S,S) $0 * ( )

By comparing (6.8) and (6.10), we see that the relation between m? and T will depend
on the scaling of x(s,s,s) and k(e, s, s) in the asymptotic limit. Keeping in mind that
the triple intersection of three nef divisors is always non-negative, we can distinguish three
cases, each one realising (5.1) with a different scaling weight w:

1. k(e,e,e) > 0. In this case (5.1) is realised with scaling weight w = 3.

2. k(e,e,e) = 0, but k(e,e,e’) > 0 for some € € Nef(X)z. In this case e belongs to
the boundary of (X)) and (5.1) is realised with scaling weight w = 2.

3. k(e,e,e’) =0 for any € € Nef(X)z. Again e belongs to the boundary of (X) but
now (5.1) is realised with scaling weight w = 1.

Before discussing in detail the above classification, we anticipate that this matches the
three main types of infinite distance singular limits that can be realised in a Calabi-Yau
threefold [8, 9] and are associated with the different possible scalings of (s, s, s) ~ ¢™ and
k(e,s,8) ~ o™ for ¢ — oco. Indeed, from (6.8) and (6.10) it follows that the integer n
precisely coincides with the scaling weight w appearing in (5.1). The integer n was denoted
the singularity type, and the three cases are known as Type IV, III and II, corresponding
ton = 3,2,1 respectively. This integer corresponds to the effective nilpotency order of the
log-monodromy transformation in the mirror complex structure moduli space, and it was
matched with the above properties of the intersection numbers in [9]. Hence, the scaling
weight of the flow is directly linked to the singularity type of the asymptotic limit. As
expected, n = 3 corresponds to a total decompactification limit, while n = 1 is the limiting
case in which the string modes become light at the same rate of a KK scale.

So far we have only considered the KK scale (6.10) associated with the Horava-Witten
interval. In order to understand the possible role of the Calabi-Yau KK mass scales, we
need to better describe the geometries associated with the above classification. To this
end, we can borrow part of the results of [15], which provides a complementary viewpoint
on the above classification.

Our three cases display then the following features:

Case 1. 1In this case x(s,s,s) ~ k(e,e,e)o? and k(e, s,s) ~ k(e,e,e)o?, and then the
string-frame volume diverges as o2. Hence m?2 ~ Mlga_3 and Conjecture 2 is realised with

47 —



scaling weight w = 3. Note also that, since the Weyl rescaling (6.3) is constant, the Calabi-
Yau KK mass scale mgk = e?/ (ZSV;(/ 6) asymptotically scales like m¥; ~ ]\g—g’a—l, and then
is much heavier than m,. Furthermore, from (6.8) it is clear that 7o ~ MZo~! for any
string charge € € Nef(X)z. This means that, in the terminology introduced around (4.15),
these flows are maximally degenerate in the Kéhler sector. A concrete example of an EFT
string generating such a flow is provided by the H-string in the two-moduli example of
section 4.2.

Case 2. 1In this case, the self-intersection C' = e - e corresponds to a non-trivial Mori
curve, since its intersection with any other nef divisor is non-negative. This case is in
direct correspondence with the J-class A limit of [15]. As proved in [81, 82] and emphasised
in [15], a Calabi-Yau three-fold realising this possibility corresponds to a T? fibration over
a two-fold, where C' is a multiple of the T2 fiber. An example is provided by the L-divisor
in the two moduli model of section 4.2. Along (6.7) we asymptotically have (s, s,s) =~
3k(e, e, so)o? and ke, s, s) ~ 2k(e, e, so)o, where k(e, e, s0) = [, S0 = [, 8 > 0 measures
the constant volume of C. Hence, from (6.10) we get m? ~ M3c~? and Conjecture 2 is
realised with scaling weight w = 2. Since the volume of C is constant, the scaling ~ o2
of the internal volume corresponds to an expansion of the four-dimensional base of the
T? fibration. Hence, as in Case 1 we have m%q( ~ J\j—(}%a_l, which is asymptotically much
heavier than m?2. Furthermore from (6.8) it follows that the order of degeneracy of the flow
(defined below (4.15)) is given by the number of linearly independent charges €’ (including
e) for which (e, e,e) = 0.

Case 3. This is related to the J-class B limit of [15]. In this case e - e = 0 and then
k(s,s,8) ~ 3k(e, 8o, So)o, while k(e,s,s) = k(e, sp,80) > 0 gives the constant volume
of the nef divisor e. Then m? ~ M3c~! and Conjecture 2 is realised with scaling weight
w = 1. As discussed in [15], this case corresponds to a K3 or T* fibration over a P!, where a
multiple of the fibre can be identified with the divisor class e. The scaling o of the internal
volume corresponds to the expansion of the base P!. Hence, we again get m%K o~ Aj—oga_l
which, however, now scales like m? and could be taken as an alternative definition thereof.
In [15] it was proven that if e and € represent two non-proportional nef divisors, then
C' = e - € represents a non-trivial curve. Applied to the present setting, this implies
that for any EFT charge € non-proportional to e, we have that x(€’, s, s) ~ 2r(€, e, s0)0,
where (€, e,s0) = [ s > 0 is a constant measuring the volume of C’. Then from (6.8)
we see that the corresponding tension 7o is not asymptotically vanishing and the flow is
non-degenerate.

Note also that one can also check the index convexity (5.2). Since in this sector
1 < we < 3, the only case that needs to be checked corresponds to both e; and e of
scaling weight 1 (that is, case 3). That is e; - €1 = ey - e2 = 0. It follows that e = e + e
has certainly vanishing triple self-intersection, x(e,e,e) =0, and then we < 2.

The above results are summarised in table 3.

Notice that this table does not include the behaviour of any string tension beyond
the one of the EFT string generating the flow. In principle there could be non-EFT
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Table 3. Mass scalings along the flows generated by NS5-strings in heterotic models.

strings whose tension decreases faster than ¢—!. This happens for instance in the example
of section 4.2, where the non-EFT string tension e, decreases like 03 along the flow
generated by the EFT string charge ey. In this case we have that 7;1552 ~ My, and so
the presence of the light non-EFT string does not change the result for m, obtained from
our previous analysis. In the following we will assume that this is always the case, either
because the non-EFT string tensions are asymptotically at or above m2 or because they
do not generate an infinite tower of oscillation modes. It would be interesting to check this
expectation in other explicit examples.

Complex structure flows

When some complex structure (CS) modulus is taken to be large, we may approach an
infinite distance locus where an approximate axionic shift symmetry arises. We can then
choose a local parametrisation splitting the asymptotic complex structure moduli 7% =~
7% 4+ 1 into the axions and saxionic partners, as in the general description proposed in
the present paper. In particular, at the 4d EFT level, this perturbative regime admits a
description in terms of dual By potentials, charged strings and corresponding BPS flows,
as in section 2.

The classification of the possible infinite distance limits in the complex structure moduli
space of a Calabi-Yau 3-fold can be borrowed from [6, 8], leading to the three cases discussed
above for the Kéhler sector. Indeed, by mirror symmetry, any asymptotic region of the
CS moduli space is expected to be equivalent to a corresponding asymptotic region of the
Kahler structure moduli space of the mirror Calabi-Yau. Hence, the two mirror descriptions
should share the same saxionic cone structure and spectrum of strings (henceforth dubbed
CS strings), whose flows describe the possible infinite-distance limits. In particular, it is
clear that the CS EFT strings are mirror to the NS5 EFT strings discussed above. By
exploiting the SYZ description of mirror symmetry [83], one can also more concretely
identify the 4d CS strings with 10d KK-monopoles wrapping internal divisors.

The correspondence between CS strings and NS5 strings cannot be naively extended
to the estimate of the relevant mass scales along the corresponding flows. In particular, the
saxion s defined in (4.20) does not contain the flowing CS moduli and then not only the
Kahler moduli but also the dilaton remains constant along the flow. Correspondingly, the
strong coupling mass scale (6.10) does not become asymptotically light. Absent some scale
that plays the role of the M-theory scale in NS5-flows, this suggests that along CS flows
the tower scale m, is mirror to the Calabi-Yau KK-mass scales appearing in table 3. This
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identification would imply that Conjecture 2 is always realised with scaling weight w = 1.
This conclusion can be easily checked in simple toroidal orbifold models, see appendix F.1
for an explicit example. It would be interesting to perform a direct estimate of m, for
general Calabi-Yau geometries, to confirm whether our naive expectation for w is realised
or not.

6.2 Type I on Calabi-Yau three-folds

Type I models are related to heterotic models by S-duality. Hence, their Calabi-Yau
compactifications are very similar to the heterotic ones, described in subsections 4.2 and 6.1.
In particular, the complex structure moduli have Kéhler potential (6.1), and the remaining
moduli sector is still described by a Kéhler potential of the form (4.23). However, the
saxions s and s” are defined differently from the heterotic ones (4.19) and (4.20). Rather,
they are the image of (4.19) and (4.20) under S-duality

1
s=35 Dy =e?] , "=eVyx= gezd’m(s, s,s), (6.12)

where J denotes the string frame Kéhler form of the compactification space X. Hence, the

EFT saxionic, string and instanton sectors are the same as in the heterotic case while their

microscopic interpretations are different and related by S-duality. In particular, the 10d

dilaton and the internal string frame volume are given by the following saxionic functions
26 _ 650 6(s9)3

Vx = | ——— (6.13)

k(s,s,8)’ k(s,s,8)"

Note also that the Weyl-rescaling €24 appearing in the string-frame ansatz (6.2) now takes
the form
Q2A IEM3V6 '
47/s%k(s, s, 8)
Consider for instance the flow generated by a D1-string, which is identical to the F1
flow (6.4) of the heterotic model. In the type I case, from (6.12) it is clear that the
asymptotic limit s° — oo, with s¢ fixed, implies that e? — co. Hence, the flow cannot be

(6.14)

described microscopically within the perturbative type I model, but rather we need to use
the S-dual description of subsection 6.1.

Consider now D5-brane strings, which are S-dual to the NS5-strings considered in
subsection 6.1. We saw that the heterotic NS5-string flows make the 10d dilaton diverge
and in subsection 6.1 we used the M-theory uplift of the Fg x Fg model to study them.
The type I models now allow us to extend that discussion to the SO(32) model as well.
Indeed, the D5-brane strings flows are as in (6.7), while s remains constant. Hence
from (6.13) it follows that > vanishes as 1/x(s, s, s) along the flow and the 10d type I
model remains weakly coupled. On the other hand, from (6.13) it also follows that Vx — 0
as 1//k(s, 8, 8), and the classical definition of the saxions becomes questionable.

We can be more specific. The string-frame Kéhler form can be written as a function
of the saxions as follows

J=—s. (6.15)
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We can now adopt the same classification in terms of intersection numbers as in subsec-
tion 6.1. Consider first Case 2, the internal space can be regarded as a T?-fibration. In the
type I setting, the classical volume of the T?-fibre vanishes asymptotically as !, while the
base volume remains constant. Hence, we certainly cannot trust the classical description
and we should further go to some other dual picture. For instance, we can imagine to
perform a fibre-wise double T-duality and go to a D3-string of the kind described in the
following subsection 6.3. More directly, we could try to identify the relevant m? with the
winding scale associated with the vanishing T?-fiber:

2 AVol(T?) M3
* 02 50 52

for 0 — 0. (6.16)

This is consistent with Conjecture 2, with scaling weight w = 2 as in the Eg x Eg case,
although the two microscopic interpretations of m? are completely different.

In Case 1 the entire classical string frame volume goes to zero as o~3. We can make
an estimate of m? by restricting to a toroidal model which scales homogeneously and using

the winding mass formula (6.16). Since (s, s,s) ~ o3

, we now get m? ~ M3Zo~? as in
Case 2. This supports again Conjecture 2 with scaling weight w = 2. Note that this differs
from the scaling weight w = 3 found in the Fg x Fg model.

Case 3 is slightly different. The internal space can be regarded as a T*/K3-fibration
over P!, in which the string frame P! volume diverges as /o, while the fibre’s volume
tends to zero as 1/o. We can then try to estimate m? by identifying it with the base
KK-mass scale i ,

e M,
m? = VoI (P1) ~ ﬁ for 0 — 0. (6.17)
This confirms Conjecture 2 with scaling weight w = 1. Alternatively, we may use the
winding mass estimate (6.16) associated with a shrinking T*-fiber, getting the same scal-
ing weight.

Finally, one may perform a naive estimate of the relevant scales under the CS-string
flows, by applying a reasoning similar to the one in heterotic models. As in there, absent
some other scales that could play the role of m,, one would obtain that Conjecture 2 is
realised with scaling weight w = 1. See appendix F.1 for a check of this conclusion in an

explicit model.

6.3 Type IIB/F-theory compactifications

We now consider I1IB/F-theory compactifications to four-dimensions and its weak-coupling
limit, see for instance [80] for a review. In these models the compactification space X
is Kihler and the axio-dilaton 7 = Cy + ie~? is non-constant and undergoes non-trivial
monodromies around 7-branes. It is also useful to think of such compactification in terms
of a dual M-theory compactification over a Calabi-Yau four-fold Y that is elliptically fibred
over the base space X. From the IIB viewpoint, it is convenient to adopt the 10d Einstein-
frame description. We will then use an ansatz of the form (6.2) where, however, ds?
denotes the 10d Einstein frame metric, which will be used to measure 10d length scales in
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this subsection. Note that the Weyl-rescaling is now

2772
2A _ lsMP

= . 6.18
47V ( )

The four-dimensional ' = 1 EFT has been discussed in detail in [80, 84] in the constant
warping approximation. Warping effects [85] may also be incorporated as in [86-90], but
we will not consider them in the following.

Kahler saxions and EFT strings
We will first focus on the saxionic sector that parametrises the Kéhler sector. As usual,
the Kéhler moduli v, appear in the expansion of the (Einstein frame) Kéhler form

J = 0,[D%, (6.19)

where [D?] is the Poincaré dual of a basis of divisors D* € Hy(X,Z). Assume first for sim-
plicity that H3(Y') = 0. In this case, the Kihler sector is parametrised by the EFT saxions

S =

1 1
JANJ € HH(X,R) = s°= §== J/\Jzimabcvbvc. (6.20)
Da DLZ

N

In order to better determine the corresponding saxionic cone A, we have to specify the
relevant instanton charges. In the large volume regime these are naturally associated with
Euclidean D3-branes wrapping effective divisors. This leads to the identification

Cr = EfY(X)z, (6.21)

see appendix A.2 for the notation. Since h*°(X) = 0 for a three-fold X which is the base
of Calabi-Yau four-fold, the divisors generate H4(X,Z) and then we can identify the lattice
My, with the torsion-free homology group Hy(X,Z)¢ ..

The Kéhler potential for the chiral fields t* = a® 4 is® associated with the saxions s
is obtained by inverting (6.20) to express

Ky = —210g/ JNINJT ==2logk(v,v,v), (6.22)
X

b

where k(v,v,v) = K" Vavpve, as a function of s* = Imt®. From (2.17) one can then

compute the dual saxions
?)Ua - fca J
k(v,v,v) 2Vx '

where C, € Hy(X,Z) is a basis of two-cycles dual to D? (i.e. C, - D* = §2) and Vy =

36(v, v, v) is the (Einstein frame) volume of X.

by =

(6.23)

From our general definition (4.5), we can therefore identify A with the interior of the
dual of the cone of effective divisors Eff!(X). This coincides with the interior of the cone
in H%2(X,R) generated by the Poincaré dual of movable curves Movy(X) [91] — see also
appendix A.2 and [92] for a review:

A ~ Int[Mov; (X)] (via Poincaré duality) . (6.24)
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By applying (4.12), we then see that the EFT string charges can be identified with the set
of movable curves
CgFT = MOVl(X)Z . (625)

Physically, the corresponding EFT strings correspond to D3-branes wrapping movable
curves inside X. Roughly speaking, a curve is movable if it is part of a family of curves that
spans the entire X. More general BPS strings correspond instead to D3-branes wrapping
effective curves: Cs = Eff1(X)z.'* Here the relevant lattice is Nz = H(X,Z)i¢., and
the pairing with the dual lattice My generated by the instanton charges coincides with the
intersection number between four and two cycles. One can also check that a probe D3-brane
wrapping an effective curve C' = e®C,, gives an effective string of tension 7¢ = Ml;%(e, £), in
agreement the expected EFT value.

The correspondence between elements of the Kéhler cone K(X) and elements of the
saxionic cone (6.24) is defined through the map .J — s = 3.J A J (combined with Poincaré
duality). Note that this map is injective but not generically surjective [93]. Hence, in
general, the saxionic cone A parametrises a space which is larger than (X). In particular,
there will be EFT string charges in (6.25) that generate flows that take us away from the
Kahler cone. When this happens, we cross a boundary of I(X) and at this point a curve
C C X collapses. However, by construction no divisor collapses at any point of the EFT
string flow, and from the 4d perspective we remain in the perturbative region (4.4) where

all non-perturbative effects that break the axionic shift symmetries [, CRF

are suppressed.
Therefore, on physical grounds we expect that the actual saxionic space of the theory is
an extension of K(X) that accommodates all the asymptotic limits generated by (6.25).

This expectation is supported by the so-called ‘small modifications’ of the space X,
which have been observed in different instances. These are essentially transitions to another
space X' through the contraction of a curve C' C X and the blow-up of a curve C' C X',
with no divisor collapsing along them. In the upstairs elliptically fibered Calabi-Yau four-
fold Y they correspond to flops of the geometry. From the 4d viewpoint they correspond
to strings whose tension vanishes classically but may receive quantum corrections — see
e.g. [94, 95] for related discussions.

It is therefore natural to glue together the Kahler cones of the spaces related by these
transitions, to get an extended Kéhler cone K(X )ext. Based on our 4d physical intuition
of EFT strings, we would then expect that (X )ext can be alternatively parametrised by
the above saxionic cone, that is, that the map

JEK(X)ext = s==-JANJEA, (6.26)

N

is a bijection. We will not try to prove this expectation in full generality, but rather to
collect some evidence supporting it.

Part of the evidence comes from the fact that one can construct a huge class of F-
theory models (6.26) where the base three-fold X belongs to the class of Mori Dream

1Since Mov(X) is a subset of Eff; (X) but not of Eff;(X), a priori a movable curve is pseudo-effective
but not necessarily effective. The EFT string completeness proposed in section 5.2 suggests that in F-theory
models any movable curve admits an effective representative.
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spaces [96].15 This class includes toric and Fano spaces [97] as particular subclasses and,
basically by definition, enjoy the following decomposition of the cone of movable divisors
into Kéhler chambers connected by small modifications:

Mov!(X) = U Nef(X') = K(X)
X’ small mod. of X

(6.27)

So, if D € Mov' (X), through a sequence of small transitions one can reach a Kéhler cham-
ber in which D is nef. By combining this property together with some results of [92, 98],
one can conclude that (6.26) is indeed a bijection.

Further support is provided by the F-theory weak coupling limit, in which the IIB
compactification can be described in terms of a double cover Calabi-Yau three-fold X. It is
known that the different Kahler chambers subdividing Kext (X ) are related by flops and that
Kext(X) coincides with the cone of movable divisors [99], hence Koy (X) = Mov!(X). By
restricting this identity to classes which are invariant under the orientifold involution one
gets Kext(X)4 = Mov! (X)), where Kext (X)) can indeed be identified with the extended
Kéhler cone of the IIB compactification and Movl(f( )+ with the cone of movable divisors
over the corresponding F-theory base space X. In fact, our working assumption H3(Y) = 0
implies that H2(X)_ = 0 and than we expect the restriction to orientifold-even classes to
trivialise to an identity map.

Examples

We now consider two simple illustrative examples and discuss, without trying to be exhaus-
tive, the behaviour of the relevant mass scales under the flows generated by EFT string
charges (6.25). A more involved example of this sort is considered in appendix F.2.

Example 1: X =P3. Consider first the simplest possible compactification space: X = P3.
In this case My ~ Hy(X,7Z) ~ Z is generated by the hyperplane divisor L ~ P2, which also
generates the BPS instanton charges

Cr = Eff'(X)z = Mov! (X)z = Nef!(X)z = Z>oL. (6.28)

Dually, Nz ~ Hy(X,7Z) ~ 7Z is generated by the two-sphere C' ~ P! = L- L. This generates
also the possible string charges

CS = C}SEFT = Eﬁl (X>Z = MOVl(X)Z = ZZOC . (629)
The Kéhler form can be written as J = v[L] and since L3 = 1 the saxion is s = Sv?.
The Kéhler potential (6.22) then reduces to K = —3log s, up to irrelevant constants. The
possible EFT string flows (4.9) reduce to s(o) = sg + eo, with e € Z>o = C§"". Under
such a flow, asymptotically, the volume scales homogeneously like Vx ~ o5. This implies

-3 M2.,-% o .
that the KK-scale m?2 = e;QA Vi ? = 3E2Vy ? scales as MZo=2. This is in agreement with

Conjecture 2 with scaling weight w = 2.

15We thank Antonella Grassi for discussions on Mori Dream spaces and related aspects.
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The scaling of the lightest membranes can be easily inferred from scaling of the Kéhler
potential. Indeed, as follows from the general relation (5.7), the scale (5.8) set by the
lightest membranes falls off as EFyem ~ Mpdig, son = 3 # w. Notice also that the

. _3 . .
membrane tension scales as Tmem ~ M}?’)a 2 along the flow, and is then heavier than mi’ .

Example 2: X = {P! fibration over P?}. A more interesting example is provided by
choosing as internal space X the toric n-twisted P! fibration over P? defined by the gauged
linear sigma model

Up | U2 | U3 | U4 | Us FI
Ul |1 |11 |-n|0 |v>0
U(l)z 0 0 0 1 1 vo >0

where n = 1,2,.... A detailed discussion about this base can be found in [80]. If D; =
{ur = 0} denote the toric divisors, let us pick the following (non-independent) divisors

D'=Dy~Dy~Ds , D*=Ds~FE+nD' , E=Dy~D?>—nD". (6.30)

The relevant lattices are Mz = Hy(X,Z) ~ Z? and Nz = Ho(X,Z) ~ Z?. The cone of nef
divisors Nef! (X)z is generated by D! and D?, while the cone of effective divisors Eff' (X)z =
C1 C My is generated by D! and E. The intersection numbers are summarised by

7 = (DY)2D? + nDY(D?)? + n?(D?%)3, (6.31)

where the coefficient of each monomial gives the corresponding intersection number. We
can expand the Kéhler form in the nef basis, to describe the Kéhler cone

K(X) = {J = i [D'] +va[D? € H (X, R)[v1,v5 > 0}, (6.32)

where vq,vo are the two Kédhler moduli that measure the volumes of the dual effective
curves

Ci~D'-E~D'-(D*-nD') , Cy~D' D' (6.33)

which satisfy C, - D? = 62. Note also that E-D? = 0. We can identify Co with the P! fibre
and C; with the push-forward of P! in the base through the section defined by u4 = 0.
The saxions are given by the following expansion

1
s=—JNJ=s"[C1] +s*[Cy) € H(X,R)
2 . (6.34)
with  s' = vjvg + §nv§, s% = 3 (v1 + nwy)?

The actual saxionic cone is obtained by imposing (4.5) with C; generated by the effective
divisors D! and E:

A={sec H'(X,R)|[(D',s)=s" >0, (E,5) =5 —ns' >0} . (6.35)
From our definition (4.12) it is easy to see that the cone of EFT string charges:

CEFT ={e=¢e' C1 4+ €*Cy € Movy(X)z|e! >0, €2 —ne' >0} (6.36)
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is generated by the charges e; = C; + nCy = D' - D? and ey = Cs.
Note that in this case we have Mov!(X) = Nef!(X) and then (6.26) with k(X )exs =
K(X) should be one-to-one. This can be explicitly checked by inverting (6.34) into

v =1/2(s2 —nsl), v = % (\/@ —1/2(s% — nsl)) , (6.37)

which indeed cover the entire Kéhler cone as we vary s € A. Furthermore

Ve = L2 ()} - 2 s} (6:39

and then, up to an irrelevant constant, the explicit form of the Kédhler potential (6.22) is
Ky = —2log [(82)% —(s? — nsl)%} ) (6.39)
and the dual saxions are

0= 3731\/32 — nst _ [ 3( 532 Vs? — nslg) . (6.40)
2[(52)5 — (s — nsl)i} 2[(82)5 — (82— nsl)ﬁ}

Note that ¢; and ¢ can (classically) take any possible value and then we can identify the
dual saxionic cone P with K(X): P = {€ = (1[D]' + €5[D]?| ¢4, ¢ > 0}.

We are ready to discuss the mass scalings under the EFT string flows (4.9). We
first choose a charge e = e!Cy + ¢2Cy with e! > 0 (and e? > ne!). In other words, by
decomposing e in terms of the generators e; and eo, we are assuming that the contribution
of e; is non-vanishing (in particular, the most elementary choice is e = e;.) We can then
easily see that the internal volume scales as Vx ~ o2 for o — 0. Furthermore, vy ~ /o
and, if e? > ne!, also vy ~ \/o. In any case, the estimate of the KK mass scaling goes
as in the P3 example discussed above. In particular, Conjecture 2 is verified with scaling
weight w = 2. Note also that all these flows, including the elementary one with e = eq,
are degenerate of order 2 — see the definition below (4.15) — since both ¢; and ¢5 vanish
in the asymptotic limit. Moreover, along this flow, the membrane scale (5.8) can be easily
obtained from (5.7), with n = 3.

It remains to discuss the possibility e! = 0, for which it is sufficient to restrict to

the elementary charge e = es = (3. The corresponding flow (4.9) becomes s! = s} and
1
s? = s2 + 0. Asymptotically for ¢ — 0o, we have Vx ~ s}\/o, v1 ~ /o and vy ~ %

This implies that the KK-scale m2 = f;jl associated with the growing C; ~ P! scales
like 1/0 and then realises (2) with scaling weight w = 1. Note also that ¢ ~ 1/, while
¢1 remains asymptotically finite. Hence the flow is non-degenerate. Furthermore, the
membrane scale (5.8) falls off as Epem ~ Mpo—3 along such a flow, realising (5.7) with
n = 3. One may be skeptic about the reliability of these conclusions, since the volume of
the fibral curve Cs shrinks to zero size. However, this EFT flow is a particular realisation of
a J-class A limit of [20, 100], in which it is argued that there exists a dual weakly coupled
heterotic description in which the D3-brane wrapping Cs is dualised to a F1l-string. The
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D3-brane wrapping C precisely corresponds to our EFT string of charge e = es = (5 and
then its flow can be mapped to an F1 flow of section 6.1.

In fact, the above results should qualitatively hold for more general J-class A limits
with heterotic dual, in which X is a more general P'-fibration. The D3-brane wrapping the
Pl-fibre is an example of elementary EFT string that, borrowing the results of [20, 100],

satisfies 2 with scaling weight w = 1 and is non-degenerate.

Weak-coupling limit and odd moduli

Of course, one can also consider asymptotic limits along other moduli space directions.
Here we consider the weak-coupling limit, in which an F-theory compactification is well
described in terms of a compactification on a double cover Calabi-Yau three-fold X in
presence of O7-planes.

In the weak coupling limit Im7 — oo, where 7 = Cy + ie~? is the IIB axio-dilaton.
In this limit the associated exponentially suppressed non-perturbative corrections are gen-
erated by D(-1)-instantons and the strings carrying a corresponding axionic charges are
given by D7-branes wrapping the entire internal space.

It is interesting to observe that, as emphasised for instance in [101], in these back-
grounds there exists a “half” D(—1)-brane, whose path-integral contribution €™ to the 4d
EFT is invariant only under an even integral shifts of 7: 7 ~ 7 + 2 (while 7 # 7 + 1).1
Correspondingly, any consistent EFT string must generate an even monodromy of 7. In
microscopic terms, these means that these EFT correspond to stacks of an even number
ep7 of D7-branes wrapping the internal space. This conclusion is consistent with the fact
that such D7-branes should carry an Sp(ep7) gauge group, since they have four mutually
transversal directions with respect to the O7-planes.

Along the flow generated by such EFT strings, the dilaton changes as Im7 = Im7 +
oep7. If epy were the only string charges supported by the D7-brane, the saxions s* defined
in (6.26) would not run. Since these correspond to Einstein frame volumes, all string frame
volumes volg (D) = (Im7) ™! [ s would actually vanish as ¢ — 0, leading to a breakdown of
the 10d supergravity description. One should then go to some 10d dual frame, for instance
by picking a toroidal configuration and performing six T-dualities. In this way one would
get a IIB compactification with O5-planes, in which the EFT string is represented by a
D1 brane, obtaining a setting which is qualitatively analogous to the type I case discussed
above, hence confirming Conjecture 2 with scaling weight w = 1.

However, the D7-string can generically support some induced D3-brane charge due
to internal curvature corrections and world-volume fluxes. Such charges would activate
a flow of the s® saxions as well, so that the string frame volume of some divisors would
remain finite. The internal world-volume fluxes could also carry additional string charges
associated with a non-trivial odd cohomology group H? (X )— which has been so far assumed
to be trivial (since we assumed H3(Y) = 0 in the dual M-theory Calabi-Yau geometry).
In the case of non-trivial HQ(X), there appear additional ‘odd’ moduli % = ¢* — 7b“

16We stress that this 27 periodicity of 7 is a 4d effect, which should be interpreted as a spontaneous
breaking of the 10d Z periodicity, due to the presence of the O7-plane.
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obtained by expanding Cy — 7By in a basis [Da] € H?(X,Z)_, Poincaré dual to a set of
odd divisors D,. The fluxed D7-strings can then induce around them monodromies of the
axions Refg¢.

Note that from the integral periodicity of the IIB NS-NS B, potential it follows that
b ~ b* — n® with n® € Z. This induces the identification

B ~ Y 4+ n%T. (6.41)

This perturbative duality is an example of the duality group Gz appearing in the saxionic
cone conjecture of section 4.4. It also acts on the other moduli ¢¢, since if H?(X,7Z)_ is
non-trivial their definition is modified by b“-dependent terms [102]. More precisely, we have

1
14 ~ % — Rgﬂnaﬁﬂ - il%gﬁno‘nﬁ T (6.42)

where £7 5 is the intersection number between the even divisor D and the odd divisors
D, Dg. This duality implies that one may isolate a fundamental region for this saxionic
sector, for instance 0 < ImpB“® < Im7 corresponding to —1 < b* < 0. This conical
fundamental region is indeed rational polyhedral, in agreement with the saxionic cone
conjecture of section 4.4.

A detailed study of this extended moduli sector and of the corresponding EFT strings
originating from fluxed D7-branes would require a careful definition of the flux quantisation
conditions and of the corresponding string and instanton lattices. We leave this task,
together with a more accurate test of the validity of our general framework for these
classes of models, to the future.

Finally, one may address CS string flows. Following the same strategy as in the het-
erotic and type I models, one may perform a naive estimate of the relevant compactification
scales by looking at the NS5 string flows in a mirror manifold. If there is no relevant scale
below the mirror KK scales, this would again imply that Conjecture 2 is realised with
scaling weight w = 1. If however there is some lighter tower of states, this conclusion
could be modified. For instance, one could consider the would-be mirror duals of type ITA
DO-branes in the orientifold limit, which would be non-BPS D3-branes wrapping special
Lagrangian three-cycles. If these states generate a tower of states, they would likely behave
like M-theory scale in table 4, implying the same scaling weights w = 1,2, 3 as in there.
Again, it would be interesting to perform a more detailed analysis of these CS flows to
elucidate which of these two options, or even if a third one, is realised.

6.4 Type ITA Calabi-Yau orientifolds

Let us now consider Type ITA compactified on the projection of Calabi-Yau threefold X
under the O6 orientifold involution ¢ : X — X. We now summarise the relevant ingredients
to describe its EFT, focusing on the closed string moduli sector.

The Calabi-Yau moduli are encoded in the (string frame) Kéhler form J and the
(3,0)-form 2, whose normalisation is fixed by

i =~ 1
“QANQ==JANJNJ 6.43
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and an overall constant phase has been fixed by the requirement that the O6-planes are
calibrated by Re. J and  must satisfy the projection condition ¢*J = —J and /*Q = Q,
respectively.

There are two sets of chiral fields parametrising closed string moduli. As in the het-
erotic case, a first set of chiral fields is provided by the b2(X)_ complexified (string frame)
Kahler moduli t* = a® + is® parametrising B + iJ

By +iJ =t*[Df] = (a* +1is*)[D}], (6.44)

a

where now [D}] provide a basis for the odd cohomology classes H?(X;R)_.!" The remain-
ing moduli, which include the dilaton, complex structure moduli and axionic partners, are
encoded in a second set of b3(X ) chiral fields £* = a® +15%, identified through the expan-
sion

C3 +ie"?ReQ = 1* [2,] = (a® +i8%) [, (6.45)

als

where [¥,] forms a basis for the even three-form classes H3(X;R),. Notice that the
saxions §% parametrise the dilaton and the complex-structure moduli of X only through
a non-trivial field redefinition, which furthermore depends also on the Kahler structure
moduli because of the normalisation (6.43).

From the above description it follows that we can split the saxionic cone into

A=Ak xA, (6.46)

where Ay is generated by the Kéahler saxions s, while the remaining saxions §¢ take values
in A. We will also use the index-free notation

s=[J]=s"[Df] € HAX.R)_,
5 (6.47)
§=e?ReQ] =5%[2;] € H}(X,R), .
The string frame volume of X depends only on the Kéahler saxions s*:
1 1
VX(s):—/ TAJAT =~ k(s s,s), (6.48)
3 Jx 3!

with k(s, 8, 8) = Kapes*sPsC as in the heterotic models. On the other hand, by following [103]
one can express the odd class [e=?Im (] € H3(X,R)_ as a function of the 5% saxions only,
and define an associated Hitchin function

i — 1
H(s) = < /X eHANQ 5 b= /X 55 A [e~¢Im Q). (6.49)

Notice that 7(8) is homogeneous of degree two and that the 10d dilaton can be written as

020 — Vx(s)
HE) (6.50)

17[S] refers to the Poincaré dual of a p-cycle S, which in our conventions is defined by f gW = f < wAI[S]
for any closed p-form w. Since the O6-plane involution inverts the orientation, Poincaré duality connects
even/odd cycles with odd/even cohomology classes.
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In fact, this description of the moduli is accurate in a perturbative regime in which
the backreaction of fluxes and localised sources can be neglected and the warping can be
approximated to be constant. In such a case, the 10d string frame metric is as in (6.2)
with

12M3
2A s*P
= 51
27H(8) (6:51)
and the relevant terms contributing to the EF'T Kéhler potential are [102]

K = —logVx(s) —2logH(3). (6.52)

We also note also that in this perturbative regime the entire moduli space of the closed
string sector corresponds to axionic symmetries, in the sense that all chiral fields can be
split into axion + saxion. Hence, all of them can be dualised to linear multiples, as in (2.17).
In particular, the dual saxions are

+
10K 1 / J/\JEBK([DCL],S,S)
D 2k(s,s,s)

T 205t 4Vy
A 10K 1
A =—— ~ImQ.
“T 995 T o Joo O

)

(6.53)

We stress that, by using the results of [103], {4, are functions of 3 only.

The choice of basis {[D}]}a, {[Z1]}a and their interpretation in terms Poincaré dual
classes of cycles can be fixed by demanding that the axions a®, a* have periodicity one.
Similarly to the case of the axio-dilaton in type IIB compactifications with O7-planes, the
periodicity of type ITA axions is fixed by the set of instanton charges in the compactification,
which depends on the precise action of the orientifold involution on the relevant homology
classes. Consider a basis D; € Hy(X;Z) of by(X) divisors and associated basis C7 €
Ho(X,Z) of two-cycles, such that D; - C7 = 55 . By taking linear combinations of the
cycles C7 we can then construct a set of odd two-cycles C® that generate the orientifold-
odd lattice Hy(X,Z)_. We expect that there exists a set of dual even four-cycles D,
which satisfy D} - C® = 26° and can be identified with the Poincaré dual of the classes
(D] in (6.44). Note that in general D may only generate a sublattice of Hy(X;Z).
For instance, suppose that {C%}, can be chosen to be a subset of {C7};. In this case
the dual four-cycles would be of the form D} = D, + «(D,). The worldsheet instantons
wrapping C'* would correspond to crosscaps in the quotient geometry, as in [104], and so
Dirac quantisation would imply that a NS5-branes can only wrap four-cycles of the form
Dt =D+ (D).

Similarly, one can always consider a symplectic basis of three-cycles ¥, YWeH 3(X;7Z),
such that ¥, - YV o= 4y, Again, we can identify a set of even three-cycles f]‘}r generating
H3(X;7Z)+ and we expect that there exists a dual set of odd-three cycles ¥, such that
DI fﬁ = 255 Their Poincaré duals can then be used in the expansion (6.45). Suppose for
instance that {39 }5 C {3#},. Then the minimal 4d instantons charges of the compactifi-
cation will be given by Euclidean D2-branes wrapping each of the ¥¢, whose worldvolume
gauge group may be either O(1) or USp(2). Whenever a D2-brane wrapping f)ﬁ"r yields a
gauge group O(1), Dirac quantisation implies that the dual 4d strings are made up from
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O'_% ot 0'_% o_% (J'_%
1/ NS5
My M-th. KK — Case 1 | M-th. KK — Case 2 | M-th. KK — Case 3
CY mkx CY mkx
Erem D2 — Case 1 D2 — Case 2 D2 — Case 3
nllé?n D2 - Case 1 D2 - Case 2 | D2 — Case 3

Table 4. Mass scalings along the flows generated by NS5-strings in ITA orientifold models.

D4-branes wrapping the odd three-cycles ¥ = X, — «(X,). Alternatively, if the gauge
group is USp(2) then we may choose ¥, = ¥, whenever ((X,) = —X,, but then it is more
convenient to redefine ii — 25& to account for the double instanton charge. In both
cases we end up with an even intersection number > - ii = 262 in the covering space.
We can now discuss each sector from the viewpoint proposed in the present paper.

Kahler moduli and NS5 string flows

The properties of this sector are very similar to those discussed in the heterotic case, and so
we will be short. One minor technical difference is due to the orientifold projection. So, we
can identify Ak with the orientifold-odd projection (X )_ of the Calabi-Yau Kéhler cone
K(X). The corresponding BPS instantons are provided by orientifold-odd holomorphic
curves, while EFT strings correspond to NS5-branes wrapping even nef divisors (which are
assumed to be also effective, as in [40]):

CE§ = Nef(X);. (6.54)

Furthermore, if D ~ e* D} is a generic effective divisor, by using (6.51) one can easily check
that the corresponding BPS string tension 7e = % Ip e~2% J A J obtained by dimensional
reduction matches the EFT formula 7¢ = Mgeaﬁa.b

Note also the analogy between (6.50) and (6.9). Hence, the dilaton diverges along any
flow generated by these EFT strings as in the heterotic case, and the entire discussion on
scaling of the relevant UV masses presented for that case can be applied wverbatim also in
this case. So we refer the reader to the previous subsection for details and just emphasise
that Conjecture 2 is realised, with possible scaling weights w = 1,2, 3.

Let us however point out that the membrane spectrum of the heterotic and IIA models
is quite different. In particular, in ITA the lightest membranes correspond to D2-branes.
However, this fact does not affect the universality of the asymptotic behaviour of the
relevant mass scales. We can then summarise the relevant mass scalings with table 4.

Complex structure sector

The description of the saxionic cone factor A appearing in (6.46) is more subtle. Naively,
this should identify the possible values of § = e~®[Re2] € H?(X,R).. From this definition,
it is clear that if § € A, then also A\§ € A for any A > 0. Hence, at least classically, A is
indeed a cone. Furthermore, by extending the results of [103] to our orientifolded setting,
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the moduli spaces described by § can be locally identified with an open neighbourhood of
H3(X,R);. On the one hand, by combining this observation with the conical structure, we
can imagine to subdivide A into the union of open subcones of H3(X,R),. On the other
hand, a global definition of A as in (4.5) is not obvious. Part of the complication is due to
the fact that, at large volume, the BPS instanton sector Cr corresponds to Euclidean D2-
branes wrapping internal special Lagrangian cycles calibrated by e ?Re§). Differently from
previous examples, such instantonic branes can violate the BPS condition at some point of
the accessible saxionic domain, by crossing a stability wall. As in [105], one may adapt the
definition of [106, appendix B] to our setting and distinguish two kinds of stability walls:
i) threshold stability walls, where the three-cycle splits into mutually BPS three-cycles
and 77) marginal stability walls, where such constituents are not mutually BPS. Applying
the general scheme of section 4.1, we define the set of instanton charges Cr in terms of
the three-cycles that at most cross walls of threshold stability along the asymptotic limits
contained in A. The non-trivial part of this definition is that it should be compatible with
the initial choice of A through (4.5). In the following we will assume that such compatible
pair (éI, A) can be found, as one can check in some simple examples.

Regarding 4d strings, BPS charges & € Cg correspond to D4-branes wrapping SLag
three-cycles calibrated by —e~?Im(), with vanishing worldvolume flux. Their tension is
given by

7T€2A

e 2
ls

/ e~ Im Q) = ME e, . (6.55)
Y

Now, just like for BPS instantons, the SLag condition could be satisfied only at some
sublocus of the saxionic domain. However, a BPS string solution like that of section 2
requires that & remains BPS along its own flow, which in particular constrains the class
of three-cycles that can host an EFT string. In particular, crossing a marginal stability
wall along a string flow would signal an inconsistency, as the system would leave the BPS
locus. If the string is non-EFT, non-perturbative effects unaccounted for in the solution
of section 2 could in principle fix this apparent inconsistency, but for the case of EFT
strings this seems unlikely to happen. We therefore conclude that a necessary condition for
EFT strings made up of D4-branes wrapping SLag three-cycles is that they can only cross
threshold stability walls along their flow. This conclusion provides yet another constraint
on the choice of A, through the definition (4.12), or equivalently (4.17).

Unfortunately, our current general understanding of this saxionic sector, and of the
corresponding EFT string sector, is quite limited. Hence we will illustrate the above
observations and discuss the EFT string flows in a simple concrete toroidal model. There
we will indeed see that indeed any EFT string charge populating C§"" admits a SLag
representative at any point in A. We believe that this is not a lucky accident, but rather
a general property of the EFT string sector.

Toroidal orbifolds. Let us consider the case where X = (T2 x T? x T?)/T', with T' € SU(3)

some orbifold action, and an orientifold involution of the form ¢ : (21, 22, 23) — (Z1, 22, 23).
For simplicity, we will focus on the case where I' = Zg x Zf, with the choice of discrete
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torsion of [107], and a choice of complex structure of the form 7; = i R . Nevertheless,
our discussion can be easily generalised to other cases, see e.g. [108— 110] for reviews.
With these choices, the holomorphic (3, 0)-form reads

) = RiR3R5dz; Adzy Adzs

= (Ridy1 + iRody2) A (Radys + iR4dys) A (Rsdys + iRedys) - (659
A Dasis for even three-form classes [¥7] is given by
2] = 4dy; Adys A dys, [X7] = —4dy1 A dys A dys, (6.57)
[Y5] = —4dys Adys Adys,  [B3] = —4dys A dys Adys,
while one for odd three-form classes [ii] is
[?3] = —2dys A dys A dys, [?H = 2dyz A dyz A dys , (6.58)
(23] = 2dy1 Adya Adys, [Zi] = 2dy; A dys A dys .

Notice that their Poincaré duals satisfy > - i’i = 267, The relative factor of 2 in between
these two basis takes into account that D2-branes wrapping the even three-cycles f]ﬁ dual
to (6.58) yield O(1) instantons. By using this basis in the expansion (6.45), we can identify
4% = £ [ C3 A [24] and

30 = 1@‘¢R1R3R5, gl = 16_¢R1R4R67
4 4
! h (6.59)
2= 1€7¢R2R3R67 § = Z€7¢R2R4R5-

The saxions §* measure the internal volume of O(1) instantons wrapping calibrated three-
cycles, while 2% measure the volume of U(1) instantons. Similarly, 2a® would be the
axion with unit periodicity in the unorientifolded theory, while Ref® = a® is the actual
unit periodicity axion upon orientifolding. In terms of these fields we have that

i

HGE)=— | e 2?QAQ=28V350515253 (6.60)
32 Jre
and so the Kéhler potential reads
3
— > logImi® + ... (6.61)
a=0

where we have omitted the piece for the Kéahler moduli, which will play no role in the
following. The dual saxions are then given by
A 1
by = 550 -

(6.62)
From here it follows a very simple structure for the saxionic cones of this sector

A={(s28,8% 8% e R, 81,87, 5° > 0}, (6.63a)
75 { Eo,fl,gg,fg S R |€0,€1,€2,€3 > 0} (6.63b)
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and it is instructive to see how the cone structure for 4d instantons and strings discussed
in section 4.1 arises in this context. As discussed above both objects arise by wrapping D2-
and D4-branes, respectively, on calibrated three-cycles.!® As usual in these kinds of models
one may obtain a good idea of the spectrum of BPS objects by considering factorisable
three-cycles of the form

I1 = 2(n', mY)(n?, m?)(n3,m?), n',mt e Z (6.64)

19

where we follow the notation of [107] If this three-cycle is not invariant under the

orientifold projection one needs to add the orientifold image, which lies at
o(IT) = 2(n1, —ml)(n2, —m2)(n3, —m3) . (6.65)

Consider a Euclidean D2-brane wrapping the even three-cycle 3 = II + ¢(II). Both II
and ¢(II) will be simultaneously BPS if [;e ?ReQ > 0 and [;; e ®ImQ = 0. The second
condition is equivalent to

= m!m*m3ly — m'n*n30y — n'm?n3ly — n'n?m3is = 0. (6.66)

[ON

In the generic case
Iy = 11 (1) = 8n'n2n3mim?m? (6.67)

does not vanish and then (6.66) describes a marginal stability wall. This can for instance
be seen by adapting to the present context the Fayet-Iliopoulos analysis of [112], and
geometrically it boils down to applying the angle theorem [113, 114] to the present setup.
On the one hand, in the region of moduli space in which I7é < 0 an open string tachyonic
mode will develop between the D2-branes, and they will recombine into a single smooth
object representing . On the other hand for Ié > 0 the system will be non-BPS and ¥
will not have a BPS representative. Instantons of this sort will not belong to the instanton
cone C; defined above, as for any II with Iy = 0 there will be some asymptotic limit crossing
the marginal stability wall. The way to construct factorisable cycles that belong to Cr is
to set I = 0, while choosing wrapping numbers n’, m’ such that (6.66) has non-trivial
solutions. For instance one may fix m! = 0, and then n',n% n3,m? > 0, m3 < 0. The
resulting system has a wall of threshold stability at |m2n®|ls = [n2m?|ls, and at both sides
of the wall IT and ¢(IT) recombine into a single BPS three-cycle. Finally, one can construct
the simplest elements of Cy by choosing wrapping numbers such that all the coeflicients
in (6.66) vanish, while still imposing that [;; e ?ReQ > 0. It is easy to see that, if the most
general D2-brane instanton charge is of the form [%] = 72, [~%], then the cone of instanton
charges Cy reads

Cr = {1t = (g, 1, g, 1) € ZL4} (6.68)

80ne could also consider D4-branes and D6-branes wrapping coisotropic five-cycles, similarly to the
construction of [111]. Since a priori these objects do not result into new 4d charges, we will not consider
them in the following.

9More precisely, a three-cycle (n', m*)(n?, m?)(n®, m®) corresponds, in the covering space T°, to the class

II= (nlal + mlag) X (n2a3 + m2a4) X (n3a5 +m3a6) ,

where a; is the one-cycle class of T° along the coordinate ;.
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Again, these are not the most general charges for a %BPS instanton, but those charges that
do not belong to (6.68) will not be BPS everywhere on the perturbative asymptotic region
associated with saxionic cone A.

A similar story applies to 4d strings made up from D4-branes wrapping an odd three-
cycle of the form ¥ = IT—¢(II). Now the simultaneous BPS conditions for IT and —¢(II) will
amount to [;e ?ImQ < 0 and [;; e"?Ref = 0, the latter condition being equivalent to

e =n'n?n380 — nlm?m3st — m'n?m35% — mm?n383 =0. (6.69)
This again indicates the locus of a marginal stability wall for the generic case Iy # 0. The
total string charge of this system is given by

[X] = e*[2,] = m'm?m? 2] — m'n?nd[2]] — n'mnd ;] — nlnfm?[25], (6.70)

so that along the flow (4.9) generated by these charges the stability parameter ¢ varies as
1

e(r) =eo+ §IH o(r). (6.71)

Therefore, along the flow of a D4-brane with charges (6.70), the quantity Irje will increase
its value until the wall of marginal stability is crossed and the system becomes non-BPS.
Clearly, such a pathological behaviour is not admissible for an EFT string, and one should
look for a more specific set of charges. As for instantons, this is achieved by considering
factorisable three-cycles such that Iy = 0, and so the D4-branes cross walls of threshold
stability or no stability wall at all. If we characterise the 4d string charges of this sector
as é*[X,], this procedure selects the following cone

g ={e= (e &) ez}, (6.72)

which coincides with the definition (4.12). In fact, due to the simplicity of this setup, we
have that A = PV and so Cg'" = Cs.

Let us consider a few simple string flows in this setup, in order to check Conjecture 2.
For instance one may consider one of the generators of the cone (6.72), like for instance
é = (1,0,0,0). This corresponds to a D4-brane wrapping the three-cycle ¥ = II — ((II),
with IT = 2(0,1)(0,1)(0, 1). Together they generate the elementary flow §° = 33 + o, while
§',5% 83 and the Kihler moduli remain fixed. It is clear that T = MFQ,ZO ~ MP%O'_I,
as in (4.14). Furthermore, €2?,¢?4 ~ o~3 and the radii evolve as Ry, R3, Rs ~ o1 and
Ro, Ry, Rg ~ o~1. Since we are drawn to a weak coupling limit, the lightest tower of
modes correspond to KK states along the larger radii Ry, R3, R or winding modes along
the smaller radii Ry, Ry, Rs. In both cases we obtain m2 ~ Mga_l, realising Conjecture 2
with w = 1. The result is summarised in table 5. The same result applies to other
elementary flows.

Non-elementary flows may be constructed by considering bound states of the above
elementary charges, or also by wrapping D4-branes on X = IT—(IT) with IT factorisable. For
instance we can take I1 = 2(0,1)(n?, m?)(—n3, m?) with n?,n3,m?,m3 > 0. Together with
its orientifold image, this system corresponds to the string charges & = (m?m3,n2n3,0,0),
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/a2 | 1/51/8 | 5176 | 5172
Tal’ | D4
Ty KK
inem Dp NS5
e Dp | NS5

Table 5. Elementary flow 5 — oo.

and as discussed above it only crosses wall of threshold stability along A Tt generates
the flow

80 = 8 +m*mio, gt = &l +ninjo, (6.73)
while 32,33 and the Kihler moduli remain fixed. Again one can check that T scales as
in (4.14). Furthermore €2? ~ €24 ~ o=, the first two radii scale as Ry ~ a%, Ry~o2
while the other four radii remain constant. The lightest tower of the compactification again
corresponds to KK states or winding modes, now along the radii R; and Rs respectively.
In both cases m2 ~ J\J]E%a*2 realising Conjecture 2 with w = 2. Similar results are obtained
for non-elementary flows of this sort, and even bound states of them. Some possibilities
are collected in table 6.

Notice that in both of these examples one may consider BPS D2-brane instantons on
cycles £ = IT + ¢(IT) with II of the form (6.64), and such that (m,e) = $¥ - 3 is negative.
However, if that is the case, the marginal stability parameter Izé will grow along the
corresponding string flow, and the instanton will become non-BPS. Following the general
philosophy of section 4.1 we neglect their effect, which is encoded in the fact that they do
not belong to Cr. It would be interesting to confirm this expectation by taking into account
their precise effect on the EFT, possibly along the lines of [105].

Finally, we may consider 4d membranes made up of Dp-branes wrapping even cycles,
whose volume stays constant along each string flow. Their tension 7nem then evolves as
347213 and one can easily check that it scales in agreement with (5.7). For the case of

1/2

an elementary flow, this implies Fyem ~ myx ~ 0~ /<, i.e. n = w = 1, as shown in table 5.

6.5 M-theory on G5 spaces

We finally consider an M-theory compactification on a smooth Ga-holonomy space X — see
for instance [115, 116] for a summary on the relevant quantities defining the corresponding
EFT. The 11d space-time metric reads

ds? = e?ds? + 13,ds% | (6.74)

where ds% is the dimensionless G-holonomy metric, Iy is the M-theory Planck length
appearing in the 11d Einstein-Hilbert term IQT’T J R. The Weyl rescaling necessary to a get
M

4d Einstein frame metric is

2 2
€2A _ ZMMP

— 6.75
AnVx ' ( )
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String charge w = w= 2 w=3
(€',0,0,0,0,0,0) M-th. KK
(e',€2,0,0,0,0,0) M-th. KK
(€522 1050,0,0) M-th. KK
(0,0,0,8%,0,0,0) MKK, My
(0,0,0,é° é',0,0)

(0,0,0,8% &%, ¢2,0) KK, My
(0,0,0,é0, 8", ¢2, e%)
(e',0,0,¢%,0,0,0) MKK
(e',e2,0,¢°,0,0,0) mkk, M-th. KK
(el e? e3,8Y el 2, 83) mik, M-th. KK

Table 6. Behavior and identification of m, in comparison with the string tension for some choices
of string charges. We have collected (e, &) with the components e®, é* € Z~(. Strings with charge
e drive a flow within the Kéhler moduli sector; strings with charges é trigger a flow involving the
dilaton and the complex structure moduli. The scalings are invariant for permutations of NS5 string
charges e® or D4 string charges é*. It can be checked that other mixed linear combinations of e
and & do not deliver scaling weights w > 3.

where Vx is the internal volume in ly-units. The information contained in the G5 metric
is completely encoded in the corresponding associative 3-form &, normalised so that

1
7/ BAKD = Vy . (6.76)
T J)x

Here x® can be identified with the co-associative four-form and can be written as a
function of ®. The G3 holonomy condition is equivalent to imposing d® = 0 and d*® = 0.
In a smooth large volume regime, all chiral coordinates are of the (s)axionic type: the
chiral fields t* = a’ +is’ are identified by expanding the complex combination [A3 + i®] €
H3(X,C), where Az is the (flat) M-theory potential, into an integral cohomology basis

t=a+is=[A3+i®] =t'[%;] € H3(X,C), (6.77)

where [¥;] are Poincaré dual to a basis of four-cycles ¥; € Hy(X;Z)t ¢, with the subscript
“t.f” selecting the torsion free part. Up to irrelevant constants, the Kéhler potential is
given by

K= —310g/X<I> AxD. (6.78)

Here both ® and *® must be considered as functions of the saxions s'. The dual saxions
¢; defined in (2.17) are given by the expansion

L= = [+®] € HY(X,R), (6.79)

2Vx

where Y is a basis of three-cycles dual to the four-cycles ;, such that &; - 37 = 65 .
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Strings, instantons and cone structure

The effective four-dimensional BPS instantons and strings correspond to M2-branes wrap-
ping associative (i.e. ®-calibrated) three-cycles C' and M5-branes wrapping coassociative
(i.e. *®-calibrated) four-cycles S, see for instance [117] for a recent discussion. In order to
make explicit the link with our general discussion of section 4, we must make the identifi-
cations My, = H3(X,Z)s. and Ny = Hy(X,Z)ts. The BPS instanton and string charges
take then values in

m = [C] = m'[%] € H3(X,Z)x e=[S] = e[ € Hy(X,Z)s. . (6.80)

By direct dimensional reduction one can check that the action of a Euclidean M2-brane
wrapping C takes the form Sy = —27i(m,t) and then generates corrections of the
form (4.3), as in [118]. Similarly, wrapping an Mb5-brane on S one gets a string with
tension T = M§,<e,£>, in agreement with the expected 4d EFT formula.

However, in order to identify C; C H3(X,Z)i¢. and Cs C Hy(X,Z)s. one may en-
counter the M-theory counterpart of the walls of marginal stability discussed for the IIA
models. In order to address this issue one first needs to better specify the saxionic space.
Unfortunately, differently from the classical moduli of Calabi-Yau Kéhler structures, not
so much is known about the global structure of the moduli space of classical G2-holonomy
structures. It is known that this moduli space can be locally identified with an open subset
of H3(X,R) [119], parametrised by the saxions s = [®]. This local subset can always
be extended to a conical one, since an overall constant positive rescaling of the metric
preserves the G-holonomy and rescales ® (although as we approach the ‘tip’ of the cone
the classical approximation clearly breaks down). Regarding the global structure, it is
known that s = [®] must satisfy a list of positivity conditions, which have been enumer-
ated in [117] — see egs. (3.5)-(3.9) therein. In the same paper, motivated by the analogy
with the Kéhler case, it was suggested that these conditions could be actually sufficient to
completely characterise the Go-holonomy space. One of these conditions is

<m@:L¢>OWM,mEWL (6.81)

for any C' admitting an associative representative. From our perspective, this condition is
naturally related to our definition of saxionic cone (4.5). However, as already point out
in [117], the existence of an associative representative can in fact be ®-dependent. This
issue is just the M-theory counterpart of the walls of mariginal stability encountered in
the ITA models. According to our general prescription, we rather assume that we can pick
a saxionic cone A defined by (6.81) for any three-cycle C' asymptotically admitting an
associative representative along any infinite distance limit inside A. The maximal set of
BPS instanton charges Cr is then defined as in (4.6).

It would be clearly important to test and possibly make more precise this definition of
saxionic cone. Unfortunately, to our knowledge, the present understanding of the moduli
space of Go-holonomy spaces is still too poor to address these issues. For instance, even
the convexity of the domain of the possible values of saxions defined by s € [®] is not
obvious at all. Furthermore, the deep interior of A may include regimes in which the
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classical geometrical description of the compactification space breaks down, still preserving
the approximate axionic symmetry. A may in fact cover different Go-manifolds, related by
phase transitions which do not affect the approximate shift symmetry. We have already
encountered similar effects in the IIB/F-theory context in section 6.3.2

In the present setting, EFT strings should correspond to M5-branes wrapping coasso-
ciative 4-cycles S which have non-negative intersection number with all three-cycles cor-
responding to BPS instanton charges: C'-S = (m,e) > 0, for any m = [C] € (1. Notice
that (6.78) is again of the form (3.8), with P(s) homogeneous of degree 7. Hence, as in
all our previous examples, the string tension of such EFT strings tends to zero along the
corresponding RG flows, and it is interesting to compare it with other asymptotically van-
ishing energy scales. Indeed, we expect the appearance of light KK modes since the volume
of the associative three-cycles C' with strictly positive C' - S > 0 become infinite along the
string flow of charge e = [S]. We now illustrate these effects by focusing on Joyce’s models
— see also [18] for related results in TGS models.

Joyce’s model

We now analyse these effects in Joyce’s compact models [119, 123, 124], which are obtained
as the resolutions X of toroidal orbifolds T7/I". More precisely, I' should preserve the

associative three-form

D = n193 + M145 + N167 + M246 — N257 — N347 — 1356 - (6.82)

Here ngpe = Mg A mp A 1e where 1, = R,dy, (no sum over repeated indices) is the vielbein
of T parametrised by periodic coordinates 3, ~ yo + 1, a = 1,...,7. The radii R,
must be restricted in order to be compatible with the I' projection and parametrise the
‘untwisted’” moduli sector. The corresponding saxions measure the volume of associative
three-cycles C obtained as projection of I-invariant 7%’s inside 77, which contribute to
C1. Analogously, the projection of I'-invariant T*’s inside T7 contribute Cs. The moduli
space and the spectrum of BPS instantons and strings receives contributions also from the
‘twisted sector’ coming from the resolution of the orbifold singularities. In order to better
illustrate what can happen, let us focus on the concrete model in which I' = Zo X Zgo X Zso
whose generators («, 3,7) act on the toroidal coordinates in the following way

« (ylu “e 797) = (y17 Y2,Y3, —Y4, —Y5, — Y6, _y7) )

1
6 : (yla o 71/7) = (yla —Y2, —Y3,Y4, Y5, 5 — Y6, _y7) ) (683)

1 1
92 Ys, Yo, 9

v (yla e 73/7) = (_y17y27 —Y3, Y4, - y7) .

*0Take for instance the non-compact G2 spaces constructed in [120, 121] and studied in [116, 122],
which provide local descriptions of resolved codimension-seven singularities. The simplest examples include
resolutions of cones which can be described as R? fibrations over a coassociative base S = S$* or § = P2
The singular conical geometries are recovered by taking Vol(S) — 0. In this limit no non-trivial three-cycle
shrinks to zero-size (the associative three-cycles are rather given by the non-compact R3 fibres). Hence, we
are still deep inside the saxionic cone A and the axionic symmetries are perturbatively preserved.
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A detailed discussion of its properties can be found in [124], which we now summarise. First
of all, it is immediate to check that the 7 three-forms appearing in (6.82) are separately
invariant under (6.83). In fact, they generate H3(T7/T,Z). Correspondingly, we can
identify seven associative 3-cycles C% ~ T3, a =1,...,7. For instance, C' is parametrised
by (y1,v2,y3) (while the other coordinates are constant), C? is parametrised by (y1,y4,ys5),
and so forth. Analogously, one can construct seven coassociative 4-cycles S, calibrated by 7
four-forms appearing in *®. These associative 3- and 4-cycles survive after the singularities
have been repaired. Correspondingly, one can introduce seven ‘untwisted’ saxions

st = . (6.84)
Ca

The resolution of the singularities provides 36 additional 3-cycles C® (and 36 4-cycles).
The singular locus of T7 /T is the disjoint union of 12 7% — take for instance the 72 defined
by y* = y> = 4® = 47 = 0. Around each of these T® orbifolds singularities 7 /I" looks
like T2 x C?/Zy. One can then locally smooth-out each singularity by blowing-up a two-
sphere [ ~ S? at the origin of C?/Zs, getting a four-dimensional space S which has the
same topology of the hyperkédhler Eguchi-Hanson space. Around each resolved singularity
X looks like T2 x S and by taking all the possible combinations of the form S(l 4) X I
with S(lA) C T3 for A = 1,2,3, one generates 3 x 12 = 36 additional 3-cycles C®, and

correspondingly, 36 additional saxionic coordinates:

=1 . (6.85)
G

Analogously, one can construct 36 additional 4-cycles Sy, of the form T2 x I, with T2 c T3.
We will not try to fully explore the general structure of the saxionic cone, but
rather focus on the EFT string flows (4.9) associated with purely ‘untwisted’ charges
e = (e!,... e"). The twisted saxions 5 do not change along these flows and then are
asymptotically subleading, as in the resolved 7°/(Zy)? F-theory model discussed in ap-
pendix F.2. Note that, since ® is a calibration, |5¢| represents a lower bound for the
volume of C, which is saturated if the C® is calibrated. In this regime, one may then
use the approximate EFT worked out in [125, 126], but do not actually need it. Indeed,
in order to estimate the relevant light energy scales it is sufficient to focus on the leading

contribution to the Kahler potential, which is just given by

K= —log(s'...s") +.... (6.86)

so the dual saxions read )

by = 55a " (6.87)
This observation also holds for more general Joyce’s models, not just the one discussed
above.

As usual, the tension of an EFT-string scales according to the universal be-

haviour (4.14) along its own flow. Consider for instance a string originating an M5-brane
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wrapping a four-cycle S = e*S,, where S, is a basis of four-cycles dual to C® The string
tension is given by

2
Te= e /C @ = MBea (| (6.88)
M

where we have used (6.75) and (6.79).
In order to estimate the behavior of the other relevant energy scales is straightforward

and proceeds as in the previous examples. The natural candidates for m, are the lightest
among KK, whose masses are set by

(6.89)

where R, is the radius that grows faster along the string flow. However, the EFT breaking
may be caused also by the light M2 branes wrapped on internal two-cycles. In order to
estimate the corresponding mass scale, let us preliminary notice that, from (6.83), the
orbifold should not allow for any non-trivial bulk two-cycles. Thus, M2 particles may
only originate from the blown-up two-spheres, which combine with the torus S*’s to form
the 3-cycles C®. As already noticed, |5%| provides a lower bound for the volume of the
corresponding 3-cycle C®. It follows that, along the flows generated by untwisted charges,
for any blown-up two-cycle | we can write a lower bound Vol(l) > 7 for some constant c.
Since the mass of the corresponding wrapped M2-brane is given by map = 2meVol(1) /I,
this bound implies that

m§/12 2 ¢ My ‘

R2Vx

Comparing it to (6.89) we conclude that myre/mkk 2 ¢ and we can then identify m, with

(6.90)

the KK-mass mgx.

The explicit relation between the radii R, and the saxions s is given in appendix F.3.
Notice that the saxions can be written as products of three radii, since they parametrise
the volume of three-cycles. This implies that the radii are homogeneous functions of degree
1/3. Using that the volume Vx = %e‘K/ 3 is an homogenous function of degree 7/3 due
to (6.86), we conclude that R?Vx is an homogeneous function of degree three. This implies
that it scales asymptotically as

R*Vy ~o%, withw <3, (6.91)

along the string flow. As shown in appendix F.3, w is not only bounded by 3 but is
actually integral: w = 1,2,3. Combined with (6.89), this determines the scaling weight of
the flow as "

m2 = miy ~ Mp <A74—°5> , (6.92)

P

realising Conjecture 2. The specific result for w depends on the choice of e and is sum-
marised by table 7 for the different string flows. It is easy to see that an elementary flow
will have w = 1 as only one saxion is sent to infinity and therefore R2Vy ~ o (see table 8).
Analogously, the non-elementary string flow in which all saxions are sent to infinity will
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String charge | w = w=2|w=3

€q MKK

€ab

€upe ¢ Cs MKK

€abed € C4

€abe € CS

€abed ?é C4

€abcde KK

€abcdef

€abcdefg

Table 7. Behavior of m, in comparison with the string tension. Here we have introduced
€atas...ay = clea1 —1—02ea2 +...+cMe,,,, where ¢* € Z~ and e, denotes a basis of elementary string
charges: (eq)? = 0%. We have further introduced the sets C3 = {123, €145, €167, €246, €257, €347, €356 }

and Cy = {94567,623677623457 81367761346,91256,61247}-

a'_% a'_%
Tal’ | M5
My TMKK
Emem | M2, M5
7 M2, M5

Table 8. Mass scalings along the flow generated by an elementary string obtained from a wrapping
Mb5-brane.

have a scaling weight equal to the homogeneity degree of R?Vy, i.e. w = 3. The derivation
of the scaling weight for other types of flows can be found in appendix F.3.

Finally, we will also have membranes coming from either M2 branes spanning three
external spacetime directions or M) branes wrapped on three-cycles C such that Jo®
remains constant along the string flow. The membrane scale is given by

Emem ~ 6%[(]\413 ~ 7_e;n/2 (693)

where n is an integer that can take values up to the homogeneity degree of e, i.e. n < 7.
It is interesting to notice that in these M-theory examples, even if n can be up to seven,
we still find that the scaling weight w is not bigger than three!

7 Conclusions

In this work we have studied the physics emerging at large field distances of 4d N' = 1
EFTs by characterising the asymptotic limits in terms of fundamental axionic BPS strings,
dubbed EFT strings. Whenever such an EFT string is present in the theory, it induces a
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classical backreaction profile on the saxionic partner to the axion under which the string is
magnetically charged, that drives the saxion to infinite distance at the string core. Hence,
such a backreaction profile can be mapped to a particular infinite distance boundary of
the field space selected by the string charges. As in [38, 127] we can also interpret this
backreaction profile as an RG flow of the brane couplings, which tells us how the string
tension behaves as we change the cut-off of the theory. We arrive then to a further cor-
respondence between string RG flows and infinite distance limits in field space such that
going to the UV corresponds to probing large field distances. Whether the converse is
true, meaning whether every infinite distance limit can be mapped to a string RG flow, is
rather non-trivial and will depend on whether there is an axionic shift symmetry emerging
at every infinite distance limit. Based on string theory evidence, we propose that this is
indeed the case; a proposal that we encode in the following conjecture:

Distant Azionic String Conjecture (DASC): Every infinite field distance limit
of a 4d EFT consistent with quantum gravity can be realised as an RG flow
UV endpoint of an EFT string.

The RG flow triggered by an EFT string implies that the string tension goes to zero
monotonically at the UV/large field distance limit. Hence, our conjecture implies the
universal presence of a string becoming tensionless at every infinite distance limit. When
the string tension 7 becomes below the EFT cut-off-squared, the semiclassical description
of the string breaks down and the EFT gets sensitive to the string excitation modes.
Hence, 7/2 acts as the maximum value that the EFT cut-off could take, which occurs
at a smaller energy scale the larger the distance we travel in field space. Therefore, this
implies an upper bound on the field distance that can be described by an EFT with a fixed
energy cut-off. If the string satisfies the WGC, we have also shown, following [32], that
the tension behaves exponentially on the proper field distance. This is the key ingredient
behind the derivation of the SDC from our proposal. In fact, this allows us to give a lower
bound for the exponential rate of the SDC tower in 4d N/ = 1 EFTS in terms of the string
extremality factor. The same exponential behaviour arises if we use the typical asymptotic
log-structure (3.8) of the Kéhler potential arising in string compactifications instead of the
WGC, which suggests that this log-structure might indeed be a universal quantum gravity
feature at the asymptotic limits.

Our identification between string RG flows and infinite field distance limits also al-
low us to provide a peculiar realisation of the Emergence proposal [4-6, 56] as well as
understanding the presence of the string (and consequently, the SDC) as a quantum grav-
ity obstruction to restore a global symmetry at infinite distance in moduli space, as also
proposed in [6, 17]. In addition to the continuous axionic shift symmetry which becomes
exact at infinity, there would also be a U(1) 2-form global symmetry emerging as the gauge
coupling of the 2-form gauge field goes to zero. Furthermore, we also show that the Conjec-
ture 3 proposed in [1] about having negative scalar curvature is false in general, although
a weaker version survives; namely, the existence of the string flow implies that points at
infinity have at least one negative holomorphic sectional curvature.
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More generally, there could be other infinite tower of states becoming light at a faster
rate at the asymptotic limit, which would therefore signal the EFT breakdown before it
gets sensitive to the string modes. Interestingly, based again on the string theory evidence,
we propose that the leading tower of states always satisfies the following relation to the
string tension:

w

m?2 ~ MEA (;4;) for some positive integer w =1,2,... (7.1)
P

for some constant A. In other words, we propose that each EFT string is characterised

by an integral scaling weight w, which dictates the behaviour of m, in terms of the string

tension T along the corresponding asymptotic flow.

We provide evidence for our two conjectures by analysing large classes of examples in
4d N = 1 string theory compactifications. This includes compactifications of heterotic on
Calabi-Yau three-folds, Type IIA/B on orientifolds, F-theory on elliptically fibred Calabi-
Yau four-folds and M-theory on certain G2 manifolds. Surprisingly, we only find three
possible values for the scaling weight w in all these classes of examples, namely w = 1,2, 3.
It would be interesting to understand the physical meaning of such constrained set of
possibilities which, as we have pointed out, imply that T1/2 is at or below the species scale.
Given the link between the SDC and the existence of dualities, a tantalising possibility is
that the value of w is characterising the possible dualities that can get manifest at the
asymptotic limits, which would give us information about the nature of the dual tower.

It is also important to notice that not all BPS charges correspond to EFT strings.
For this to happen, non-perturbative corrections breaking the shift symmetry must get
suppressed along the RG flow, which imposes certain positivity constraints on the EFT
string charges. In particular, a BPS string is an EFT string whenever all BPS instantons
relevant for the asymptotic regime carry non-negative magnetic charge under the 2-form
gauge field that couples to the string. This leads us to characterise the asymptotic region
of an EFT in terms of a saxionic cone A hinting a possible semi-toric structure of the kind
discussed in [62]. Our physical framework then naturally suggests a saxionic generalisation
of the Morrison-Kawamata cone conjectures [62, 64, 65]. In physical terms, this saxionic
cone conjecture basically states that the full set of EFT string charges C§*" (and hence A)
is generated by a finite number of elementary duality-inequivalent charges. Furthermore,
our definition of EF'T strings shares many similarities with the definition of 5d supergravity
strings in [40]. In particular, all our examples clearly indicate that also our EFT strings
only exist in supergravity theories and do not survive any rigid/decompactification limit.

The DASC implies that any charge in C§"" should be physically realised by an EFT
string, or by a superposition of them. In specific models this physically motivated EF'T
completeness translates into some non-trivial mathematical conjectures. For instance, in
large volume heterotic compactifications we identified a sector of C§"" with NS5-branes
wrapping nef divisors. The EFT completeness would then imply that on Calabi-Yau three-
folds all nef divisors should admit an effective representative, as already conjectured by
similar arguments in [40]. As another example, in large volume F-theory models on ellip-
tically fibred Calabi-Yau four-folds a sector of C§"" is identified with D3-branes wrapping

74—



movable curves of the base X of the elliptic fibration. Hence, the EFT completeness
similarly implies that in such bases X any movable curve should admit an effective rep-
resentative. It would be interesting to better investigate these mathematical ‘byproduct’
conjectures, and extend them to other geometrical structures representing microscopically
the possible EFT strings. Our perspective on the F-theory models has also highlighted
a potential relevance of Mori Dream spaces [96] in this context, which deserves a more
thorough study.

It would also be interesting to understand better the physics associated to non-EFT
strings. In those cases, the string flow brings us to a finite boundary of the saxionic cone,
where we cannot trust anymore the EF'T description as some instanton corrections become
unsupressed. In certain cases, these strings even become tensionless at these finite distance
boundaries, at least at the classical level. Hence, they are similar to the tensionless strings
that characterise the conformal field theories engineered at finite field distance points in
higher dimensions. Furthermore, it would be important to better investigate the role of
possible walls of BPS stability. As we have illustrated in some concrete examples, they
may appear in the microscopic realisation of the 4d BPS instantons and strings and can
crucially affect the identifications of the corresponding cones of charges.

Our results are valid even in the presence of a scalar potential, as long as the potential
energy remains below the EFT cut-off along the infinite distance limit. Analogously, they
also apply to setups with SUSY spontaneously broken below the EFT cut-off. Hence, it
is justified to apply our bounds on the field range directly to phenomenological models,
including large field inflation, since we also give a precise concrete lower bound for the
exponential rate of the tower. The generalisation to higher dimensions is, however, unclear.
In principle, the same story holds in higher dimensions if we can replace the EFT string
by some BPS codimension-2 object. In general, however, BPS and codimension-2 are
conditions that are not always compatible, and one of the two must be dropped. As a first
goal, it would be interesting to formulate our conjecture in terms of (possibly non-BPS)
codimension-2 objects whenever the moduli space contains codimension-1 singularities,
as the presence of these objects can be argued from the absence of global symmetries.
It would also be interesting to investigate the possible connection between the RG-flow
interpretation of our EFT strings and the holographic perspective on the infinite distance
limits proposed in [19, 128].

Our work emphasises the relevance of extended objects to understand the quantum
gravity principles underlying the SDC, even if these extended objects do not give rise to the
leading tower of states becoming light. This motivates to revisit the physics at asymptotic
limits in higher dimensions to check whether some relation along the lines of (7.1) holds
for arbitrary dimension. Our work also heavily uses the map between large field distances
when moving in moduli space and large field distances induced by the presence of low
codimension objects in an EFT. This latter perspective might hopefully shed some light
into the search of a bottom-up rationale for the SDC, regardless of string theory.
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A Terminology

In this appendix we collect the basic definitions made and used throughout the main text.
In A.1 we gather the definitions that characterise the string flows introduced in section 2,
and whose casuistics was analysed in section 4.1. In A.2 we summarise the terminology
regarding cones in algebraic Kéhler geometry used in sections 4 and 6.

A.1 Glossary of strings and their flows

BPS string solution: holomorphic map t* : D — M from a disc D € C to the EFT field
space M that saturates the bound (2.10), assuming a vanishing or negligible superpotential
for the chiral fields ¢* = a’+is’. The string charges e’ are encoded in the monodromy (2.11)
around the string core.

Fundamental string: string solution with a singular core that cannot be resolved with
a 4d quantum field theory approach, so the string corresponds to a fundamental localised
object in the theory. Its tension satisfies (2.1) for any admissible choice of EFT cut-off A.

BPS axionic string: BPS string with a flow that, in the limit (2.14), displays a holomor-
phic profile of the form (2.12), and a metric warp factor (2.15) where the Kéhler potential
has a continuous shift symmetry a’ — a® 4 e’ xconst.

EFT string: BPS fundamental axionic string whose continuous shift symmetry is exact
at the perturbative level, and all non-perturbative corrections are suppressed for any value
in /(D). In a given asymptotic EFT regime with a saxionic cone (4.5) the cone of EFT
string charges C§*" can be characterised by (4.12), or equivalently by (4.17).

String RG flow: In an EFT with a cut-off A, the actual EFT string profile is a coarse-
grained approximation of (2.12), involving Fourier modes up to A. Within a disc of radius
ra ~ 1/A around the string core the profile is approximately constant, and all of its energy
is described by the couplings of the localised string operator (2.22). Changing A induces a
flow of such couplings, which can be measured by evaluating the solution (2.13a) at 7. In
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this sense, the saxionic profile (2.13a) towards r — 0 is understood as an EFT string RG
flow towards the UV.

Effective string tension 7 (A): Coupling that appears in the EFT piece of the ac-
tion (2.22) describing a string. This coupling is computed by evaluating (2.23) on the EFT
string solution (2.13a) at the distance ry ~ 1/A, where A is the EFT cut-off scale. As
such, it varies along the string RG flow. The asymptotic behaviour of 7T along formal
limit A — oo can be used to understand the behaviour of the probe string tension T, along
the saxionic direction (3.1) selected by its charges. 7 also depends on the flow parameters
(80,70) in (2.13a) which may be related to a point s in saxionic field space via some IR
regularisation mechanism.

Probe string tension T'(s): Tension that is associated to 4d string but it is computed
in a microscopic completion of the theory, e.g. by performing dimensional reduction in
string compactifications. For EFT strings in axionic regimes it also takes the form (2.23),
but it only depends on the expectation values for the saxions and it is independent of the
EFT cut-off scale A. T signals a breakdown of the semiclassical description of the 4d EFT
whenever T < AZ2.

Elementary string flow: A BPS string flow is dubbed elementary if it is generated by a
BPS string charge that cannot be decomposed into a positive linear combination of other
BPS string charges. Otherwise we call it non-elementary.

Flow degeneracy order: An EFT string flow describes a one-dimensional path in the
dual saxionic cone P defined in (4.7), and it necessarily ends in one of its boundary faces Fe,
see (4.15). We say that the string flow degeneracy is of order p if it ends on a codimension-
p face Fe. A string flow is called non-degenerate if p = 1, otherwise the flow is called
degenerate.

Singularity type: Given an Kéhler potential of the form (3.8) and a saxionic EFT string
flow (3.1), the corresponding singularity type n is identified by the asymptotic scaling
P(s) ~ o™ along the flow — see also footnote 7.

A.2 Algebraic geometry

Here we summarise our notations for some relevant cones in algebraic Kéhler geometry that
we use throughout this paper. We mostly follow the notation of [92, 98]. The following
cones are obtained as positive real spans of various types of curves and divisors, and possibly
closures thereof. They are subsets of R-spans N!(X)g and N;(X)gr of the Néron-Severoni
groups N1(X)z (of divisors modulo numerical equivalence) and N1(X)z (of curves modulo
numerical equivalence) — see for instance [129]. The cones we consider are:

Eff'(X) = {cone generated by effective divisors}, (A.la)
Eff; (X) = {cone generated by effective curves}, (A.1Db)
Nef!(X) = {cone generated by nef divisors} , (A.lc)
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Amp' (X) = {cone generated by ample divisors}, (A.1d)
Mov!(X) = {cone generated by movable divisors}, (A.le)
Mov; (X) = {cone generated by movable curves} . (A.1f)

We recall that an effective divisor is a positive linear combination holomorphic subvarieties
of complex codimension one. Similarly, and effective curve is a positive linear combination
of holomorphic subvarieties of complex dimension one. Furthermore the closure of Eff* (X),
Ef' (X), is known as cone of pseudo-effective R-divisors, while Eff; (X) is also know as Mori
cone of pseudo-effective R-curves, often denoted NE(X). The intersection defines a natural
pairing between N'(X)g and Ni(X)g. By using this pairing, we can define Nef!(X) as the
dual of the Mori cone or, equivalently, of Eff;(X):

Nef! (X) = Effy (X)V. (A.2)

Notice that, by definition, Nef! (X) is closed. By Kleiman criterion — see e.g. [129] — one
can then identify Amp!(X) (which is open) with the interior of Nef!(X):

Amp!(X) = Int[Nef' (X)]. (A.3)

and, viceversa, Nef!(X) can be identified with the closure of the cone of ample divisors:
Nef!(X) = Ampl(X ). Notice also that Amp!(X) is Poincaré dual to the Kéhler cone:

K(X) = {Kihler cone} ~ Amp'(X) (via Poincaré duality) . (A.4)
A detailed discussion on the cones of movable divisors and curves can be found in [92]. For
our purposes, it is sufficient to loosely define movables divisors and curves as those that
can be moved across the entire space X. Notice the sequence of inclusions
Amp'(X) c Nef'(X) ¢ Mov}(X) c Eff (X), (A.5)
while in general nef and movable R-divisors could be non-effective (but only pseudo-
effective). Analogously, we have Movy(X) C Effj(X). Furthermore, by [91] we can
identify Movy(X) with the cone dual to the cone of effective divisors:

Mov, (X) = Eff (X)". (A.6)

Finally, all the above cones are defined over the real numbers. The corresponding
integral cones are then obtained by intersection with N'(X)z and N;(X)z, for example

EffY(X)z = EfY(X) N NY(X)z, Movi(X)z =Movy(X)NNi(X)z, ... (A7)

In most of our examples N'(X)z = H?(X,Z)is. and N1(X)z = Ha(X,Z);., where the
subscript t.f. selects the torsion free part of the group.
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B Gravitational contributions to the energy density

Equation (2.33) has been obtained by using the energy-momentum tensor of the localised
string and of the backreacted (s)axionic fields. In this appendix we discuss the inclusion
of the gravitational contribution to £(r), showing that it does not affect (2.33). We will
follow and generalise [130], which focused on a simple dilatonic model equivalent to the
single axionic case with Kéahler potential K = —logImt.

As in [130], we start from the total stress-energy pseudo-tensor ©,,,, which includes
also the contribution of the gravitational stress-energy pseudo-tensor, computed with re-
spect to the Minkowski vacuum. This is defined as follows (see for instance [131]). One
writes the metric as gmn = Mmn + Pmn, Wwhere 1, is the Minwkoski metric, and then splits
the Einstein tensor into G,,, = G’S}L?’L + AGpp, where G%% = %,)1 - %nmnnquélq) is the
contribution linear in hy,,, with

mn

1
R — 3 (OmOphP p, + 0nOph? yy — OP Ophimpn — OmOnhtp) . (B.1)
Then, the Einstein equation G, = Mﬁszn can be written in the form G%L = Mgz@mn,
where O, = Trn — MlgAGmn is the total stress-energy pseudo-tensor. Notice that, on-
(1)
mn-

shell, one can use the Einstein equation to identify ©,,, with MlgG For our metric

ansatz (2.4), we then get the following non-vanishing contributions to ©,,,

0, = 2 M20.0:20 = Ly 1s3 2€7 (B.2)
uv pyipUzUz 277/”/ Payaaya ’

where we have split 2™ = (z#,y®), with 2# = (¢t,7) and y!' + iy? = 2. This form of ©,,, is

valid for any solution of the Einstein equations of the form (2.4), and we assume it to be

valid for an appropriate localised regularisation of our string solution (2.12). The overall

normalisation adopted in (2.15) ensures that the metric reduces to the canonical Minkowski

one at rg. We can then obtain the total linear energy density by integrating © over the

disk of radius rg. The result can be written as a boundary term
1 8262D
S = [ dyou=-sMp [ @
tot Do) YOu o P Do) y@y“‘&yo‘

1 o 2D o 2D
= MEf aest = e
2 r=ro Ologr dlogr

(B.3)

3
r=rQ

which is then independent of the localised regularisation of the solution. In the last step
of (B.3), we have assumed that the Kéhler potential is invariant under axionic shifts and
the string flow solution is axially symmetric, as in section 2.2. From (2.15) and (2.13a) we
then obtain

0eP 0K (5(r)) OK s .
= T dlogr - T = —e'; . B.4
dlogr lr=ro dlogr |r:m 0st dlogr | lr=ro 7 (r0) (B.4)
Hence, we arrive at
Erot(10) = M €'t;(ro) (B.5)
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which is the same as (2.33) at » = rg. Since r¢ is arbitrary, we conclude that (2.33) is
valid also if we take into account gravitational effects, as anticipated. In other words, the
gravitational field does not contribute to the effective tension of the string. This conclusion
is confirmed by the perturbative field theory calculation of appendix D.

Equation (B.5) generalises what was obtained in [130] for the simple dilatonic model.
As in [130], this result may be interpreted as a ‘non-renormalisation’ of the string tension,
in the following sense: (B.5) means that the string backreaction inside the disk of radius ro,
for fixed boundary conditions ¢;(rg) = £, does not ‘renormalise’ the ‘bare’ string tension
MZe'tY which one would get from a probe string on the unperturbed vacuum satisfying
the same boundary conditions. On the other hand, in the EFT viewpoint adopted in the
present paper and [32], we may identify ro with a floating cut-off length scale r and obtain
a scale dependent effective string tension.

C Geodesic paths in field space and string flows

In section 2 we computed the scalar flows induced by fundamental strings. The paths that
the chiral fields draw in field space are given by (2.12). In this section we address the
question of whether those paths are geodesic in field space.

As a preliminary remark, it is worth noticing that the solution (2.12) is independent
of the field space metric. Thus, generically, the trajectories are not geodesic. In order to
see this explicitly, let us focus on the radial saxionic trajectories described by (2.13a) and
keep the axions a’ fixed. The geodesic equations that can be obtain from the action (2.3),
assuming that the Kéhler potential depends solely on the saxions s’, read

D25t d2%st . ds/ ds* B

T ae TR ay
where ) is an affine parameter and I'? jk are the standard Christoffel symbols associated with
the saxionic metric G;; defined (2.18). Identifying A with the proper field distance (3.2) and
employing the explicit saxionic flow (2.13a), we obtain that the geodesic equation (C.1) is

(C.1)

generically violated in following way

Hence the deviation of the radial flow from a geodesic is encoded in the ‘force’ f?, which
satisfies the orthogonality condition G;je’ f/ = 0. Its norm is given by

L. ME[GY o eled
\UWE%fﬂ:M£<M?—%)&%@%. (C.3)
Thus, the radial flow is geodesic if and only if

I£ll =o. ()

For moduli spaces described by a single chiral field, only one saxion can flow. The phys-
ical charge of the string inducing such a flow is Q2 = Mggssez. Thus, (C.4) is trivially sat-
ified. For higher dimensional moduli spaces, separable Kihler potentials K = 3, K(¥)(s?)
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still deliver geodesic flows if they are elementary, namely only one string charge among e’
is non-vanishing, while more general flows may not be geodesic.

On the other hand we would now like to argue that if the Kéhler potential on the
saxionic cone A takes the form (3.8) then, under some additional reasonable assumption,
the EFT flows are asymptotically geodesic. Let us first consider an EFT charge e € C§*"
which sits within A (and not on its boundary). By writing the flow in the form (4.9) and
using the homogeneity of G;;(s) = 19;0,K(s) (with 9; = a(zi) and Q2(s) = M2G;;(s)e’el,
in the asymptotic limit o — co we have

03(s) = Q50+ 0e) = — [Q3(e) + MEO( )], (C.50)

(2:92)(s) = %Mgejek(aiajakf()(so +oe) = T;Mg [ejek(aiajakK)(e) + 0(071)}

2 ,
= - M (€7Gij(e) + MBO(e )] . (C.5b)
Notice that we can consider G;j(e) non-degenerate since € € A and we are assuming
that K = —log P is well defined over the entire A. Hence, also Q2(e) is well defined.

Furthermore, Q2(e) = 5, where n > 0 is the singularity type which in this case it is simply
the homogeneity degree of P. We can then similarly obtain

((0,02)(s) = = [Q2(e) + O],

C.6)
. AM? (
(672:020,Q2) () = =7 |Q2(e) + O(0 )] .
Together with (C.5a), these imply that
Uler;o | £11*(s0 + ce) = 0. (C.7)

This argument does not immediately work if e sits on the boundary of A, since G;;(e)
may not be well defined. However, in this case it is reasonable to assume that one can go
to some saxionic base in which part of the saxions do not participate at all in the flow.
Correspondingly, one can restrict A to a lower-dimensional cone A, which contains the cor-
responding restriction é of the original charge. The above reasoning can then be repeated,
reaching the same conclusion. In particular, if one can restrict to a one-dimensional A,
then the radial flow is exactly geodesic.

Let us check the validity of this argument in some concrete example. Consider first
the separable Kahler potential

K ==Y nilogs. (C.8)

It is not difficult to verify that elementary flows are exactly geodesic and any non-elementary
flow is asymptotically geodesic.

As another example, consider the Kahler potential (4.28) that was examined in sec-
tion 4.2. For the choice of charges e = (€%, e!,e?) = (1,0,0), it can be easily checked that
the flow is exactly geodesic. Instead, choosing e = (0, 1,0) we obtain

9(s1)2(s2)3[3(s1)2 + 35152 + (s2))2
[9(s1)3 + 9(s1)2s% + 3s1(s2)2 4 (s2)3]3 7

I£1? = Mp (C.9)
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Hence, the associated string flow is not generically geodesic. However, asymptotically we

1 2

have s! ~ o — oo while s°, s? are fixed, and then

M4
| FI1? ~ U—f —0. (C.10)

Thus, such an elementary flow can be regarded as asymptotically geodesic. Analogously,
for an elementary charge e = (0,0, 1) we get

9(s1)4[3(s1)? + 3sts? + (52)?)?
e i T,
s2(3s! + s2)[9(s1)3 4 9(s1)2s2 4 3s1(s2)% 4 (s2)3]
Asymptotically along the corresponding flow we have s> ~ ¢ — oo, while s°, s' are fixed,
so that
M4
£ ~ U—f —0. (C.12)

Therefore, also this elementary flow is asymptotically geodesic.
Finally, one can explicitly check that (C.7) holds for generic non-elementary charges
(%, el e?) € CEFT, with e’ € Zso.

D String RG flows in Field Theory

On field theoretical grounds, fundamental objects are localised operators that couple to the
bulk fields via their tensions and charges. As such, their couplings to the bulk fields are
generically subjected to renormalisation and, subsequently, to an RG flow. At the same
time, the inclusion of extended objects within effective descriptions modifies the background
geometry, reflecting on nontrivial solutions for the bulk fields. As an example, the BPS
solution (2.12) may be considered as the effect of the backreaction upon the dual saxions
¢; induced by a single fundamental string.

The link between these two seemingly unrelated descriptions were threaded in [38],
where it was shown that the RG flow induced by extended objects coincides with the effect
of their backreaction. In the following we will delve into this identification restricting to
the case of supersymmetric strings introduced in section 2. As we will shortly see, the
tension of BPS strings obeys a non-renormalisation condition, generalising [52, 130]. From
this viewpoint, we will show how the BPS solution (2.12) may be regarded as the RG flow
of the dual saxions.

In N = 1 locally supersymmetric theories, the coupling of a BPS-fundamental
string [42, 43] to the bulk supergravity is easily written in terms of linear multiplets.
The components of each linear multiplet L; comprise a real scalar ¢;, dubbed dual saxion
in section 2, a real gauge two-form Bs; and matter Weyl fermions v{*. The full action de-
scribing the coupling of a fundamental string to a bulk supergravity whose matter content
is solely encoded within linear multiplets is

S = Sbulk + Sstring P (D]-)
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with the bulk part
9 [1 1 ii 9 1
Shulk :MP/fR*l—f/gJ(f) Mpdfi/\*dfj—l-j?‘lgi/\*?‘lgj , (D.2)
2 2 Mg
and the localised string contribution
Sstring = _/ V—h Tstr + ei/ Bsi, with  Tser = Ml% / ’6162‘ : (D3)
S S S

From a field theoretical perspective, the string tension appearing in (D.3) plays the
role of a coupling parameter and, as such, is subjected to renormalisation. In order to
study its renormalisation, we employ the background field method and expand the bulk
fields g, ¢; and Ba; around some fized background values ggy, E? and BY i

G (u,v) = ggy + hy(u,v), Ci(u,v) = 69 + Zz(u, v), Boi(u,v) = BY, + lg’gi(u, v).
(D.4)
Here we have denoted with A, & and Bgi the variations of the fields around their back-
ground values and, employing the SO(1,1) x SO(2) symmetries of the system, these are
assumed to solely depends on the coordinates u = (u, v), which parametrise the directions

21 Close enough to the string, while still at distances r > A™!,

transverse to the string.
its backreaction on the field metric is negligible and the background metric may be just
considered Minkowski: glow = 1. We will further assume the string to be static, stretching
along the (¢, x)-spacetime directions at fixed (u,v)-position and that the only nontrivial
component of By, are By ; = B;, with the background expansion B;(u,v) = BZO + 5’21(% v).

Let us introduce the bare string action
i p—— /S dt dz Tare + € /S BY; (D.5)
which is (D.3) evaluated on the background and with the bare tension
Trare = Mp e 9 . (D.6)

Owing to the coupling of the string to the background perturbations h,, {; and B,
interactions of the string as in figure 6 are possible. These self-interactions are expected to
renormalise the string tension. In order to explicitly compute the renormalisation induced
by the Feynman diagrams in figure 6, we proceed as in [52].

We regard the strings as external sources for the bulk fields. Namely, we rewrite
the contribution (D.3) of the string to the bulk action by expanding it linearly in field
perturbations

Sitring = S\hng — / o (W T, + BT} + BiJL) + .. (D.7)

2'The coordinates (u,v) are the real counterpart of the complex coordinates (z, Z) introduced in (2.4).
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where we introduced the ‘currents’

1000
5 7091 o -100
JNV = _WSString = 9 0000 (5(8) s (D8a)
0000
4 S .
Ji = —gssmng = M3e's (S) (D.8b)
7 5 7
Je = T&Sstring =€ 5 (S) y (DSC)

which play the role of classical sources for the graviton, dual saxions and two-forms.
It is convenient to momentarily collect the field variations as ¢4 = (h’“’,gi, [‘A?f ) and
the sources as J4 = (J*, J}, J.). Then, the bulk action (D.2) is recast as

1
S = Shue + [ dtdsdu [ (oA Qus(usw)eE W) - Ta)iA@)) . (D9
Integrating out the 1", we arrive at
i
S = 50he + 5 / dt de d’u / Q20! T (W) A (s ') T () | (D.10)

with A48 = i(Q AB)*l the field propagators in two-dimensional Euclidean space. Explic-
itly, the propagators for the graviton h,,, dual saxions ¢; and two-forms B; propagators
are respectively given by

APPT (ws ') = (0" + 070 — 0P Alu; '), (D.11a)
Afj(w ') = Gy (()A(u '), (D.11b)
Af(w ') = —MpGi; () A(w;u') (D.11c)

where A(u;u’) is the two-dimensional scalar propagator
A(u;u’) = L log|u—u'| = Llogr. (D.12)
dr 4
The second term that appears in (D.10) can be rewritten as
: / dt dz Ja(u) A8 (w; ) Js(u) | (D.13)
S

and is responsible for the renormalisation of the string tension. However, as is clear from
the behaviour of the two-dimensional Euclidean propagator (D.12), the contribution (D.13)
entails a propagator evaluated at zero distance. Thus, (D.13) is divergent both in the
infrared and in the ultraviolet and has to be appropriately regularised. The simplest
regularisation is achieved by converting the propagator (D.12) to momentum space and
using a sharp momentum cutoff as follows:

d’p - i d?p i A
A™E(u; u :/ L Ap) = ——/ = _ log=. (D.14
() p<lpl<A (27)2 (?) M3 Ju<ipi<a (2m)%p? 2m M3 a7 (D-14)
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Ry + A + Bai

S S S

Figure 6. The self interactions of a string due to the graviton g,,, dual saxion £ and gauge two-
form Bs.

where i and A denote, respectively, an IR energy scale and the EFT cutoff. There-
fore, (D.13) would contribute to the string tension with

% / dt dz J 4(u) A (s u) Jg(u) = (Cy + Cp + Cp) log /: , (D.15)
S

where we have singled out the contribution from gravity Cy, the dual saxions Cy, and
the gauge two-forms Cp. Therefore, the renormalised string tension is the bare tension
to which one needs to add appropriate counterterms to cancel the divergences originating
from (D.15);

A
7;en = Rare + (Cg + CE + CB) lOg ﬁ . (D16)

However, the explicit computations of the contributions in (D.15) reveals that

1

Ce=-Cs=1n

M3Gij(bo)e'e? = Q2(¢y),  Cg=0. (D.17)
As a result, the string tension is de facto not renormalised; namely, given a background
specified by the value ¢9, the renormalised string tension coincides with its bare value,
computed upon the same background:

ﬁen(go) - %are(go) . (D18)

The (non-)renormalisation of the tension can be alternatively understood as the cu-
mulative effect of the backreaction due to bulk fields, which dresses the bare tension with
additional contributions. Loosely speaking, the tension of a string evaluated at a distance
ry > 0 receives contributions from the energy stored within the annulus 0 < r < r, com-
pared to the string tension evaluated at the cutoff length §.22 However, extended sources
such as strings do contribute to the stress-energy tensor also with localised contributions.

22Compare this case to the renormalisation of the electron mass. In presence of an electric field, the
electron mass evaluated at the length scale d2 gets renormalised, with respect to the mass at §1 < 2, as
m(d2) — m(d1) = Ee1, where & is the energy of the electric field stored within §; and d2 [132]. However,
this argument is not general and holds when the energy comes solely from gauge fields — see [52, 133] for
a more detailed discussion.
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As clarified in [52, 133], these also ought to be taken into account in the renormalisation
of the bare tension. Therefore, the renormalised tension is generically written as

7;en = Rare + gbulk(é) + gloc(é) . (Dlg)

The bulk contribution &E,yk(d) takes into account the energy of the bulk fields stored
between § and 7, > §. Singling out the different contributions, we write

Ebuik (6) = Ey(6) + Ebuc(6) + Epuic(6) - (D.20)
From (2.29) we recall that
Ehu(®) + EEul0) = M3 [ Tt = MBI () — (6) (D21
and, employing the BPS-condition (2.19), we further recognise that
Ebu(5) = EB(8) = S MR (r) — (). (D.22)
The localised contributions to the renormalisation come from gravity and the dual saxion:

Eloc(0) = &

loc

(0) + EL(9) . (D.23)
As noticed in [52], these are related to the bulk contributions appearing in (D.21) as follows:

EE(0) = €5 (6),  ELu(6) = —26Lu(6) = —eMR(r) — €5).  (D.24)
Clearly, inserting (D.20) and (D.23) in (D.19) the non-renormalisation for the tension is
recovered.

The non-renormalisation of the string tension has the following implication. If we wish
to evaluate the string tension at a reference radius r, then its value is simply given by the
bare tension (D.6), as it appears in the action (2.22), evaluated at r:

T(L(r)) = Mae'ty(r), (D.25)

without further corrections. In the language introduced above, ¢;(r) have to take the
background values £ at the distance 7 from the string. From the solitonic solution (2.13a)
we immediately get the ‘flow’ of the string tension

Mge% (7’0)

i (ro)
1— =

T(r)) = (D.26)

log% 7

where rq is a fixed distance from the string.
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E EFT instantons

For each instanton charge m € C; appearing in the possible non-perturbatively generated
chiral operators (4.3), one can write down BPS (singular) solutions, generalising the D(-
1) solution discussed in [134]. These can be described using the Wick-rotated Euclidean
version of the bulk terms in (2.21)

1 Iy 1
5 / gZ] <M1j2) d& A *dgj + W'H{“ AN *ng) . (El)
P

In Lorentzian signature, the dualisation of the 2-forms Bs; to the dual axions a’ is obtained
by relaxing the closure condition dH3; = 0 and introducing the Lagrange multiplier [ da’A
H3;. In the Wick-rotated action we then have to add instead —i [ da® A Hs;.

Suppose we want to add to this action a source term 2mim;t*(zq), corresponding to
a point-like instanton located at the point zf,. The relevant terms in the action are then

given by
1 ij 2 1 . i Y
5/9 Mg de; A +dl; + Wﬁgi ANxHzj | — 1/da A Hszi — 2mim;t' (xo) , (E.2)
P

so by integrating out a’ one gets the modified Bianchi identity
dHSi = 27Tmi54(560) s (E3)

which implies that [¢s H3; = 2mm; on any three-sphere S3 surrounding zo. By keeping
the boundary term, the action (E.2) reduces to

1 g 1 ) )
3 / gy (M}% dl; A xdl; + WHE” A *ng) + 2t mys'(xg) — 2mim;al, (E.4)
P

where a’_ are the expectation values of the axions at infinity. By some simple manipula-
tions, using (E.3) and recalling that ds’ = —G¥d/; and s' = %g—g, with F = K + 24,5
(following the conventions of [42]), we can write the relevant terms in the effective action
in BPS form

1
2M32

Sp = / G (7‘[31‘ + Mg * d&-) A ¥ (7‘[3 i+ M3 « dzj) — 2mimyt’, . (E.5)

It is then clear that configurations satisfying the BPS condition
*dl; = _#HSM (E.6)
p
extremise the action and do not provide any contribution to the energy-momentum ten-

sor. Hence, (E.6) on a Euclidean flat metric g,, = 0,, gives a complete solution of the
gravitational equations of motion. Combining (E.6) and (E.3) one gets

‘54(.%'0) s (E7)
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which given the boundary conditions has unique solution:

m;
bi(w) = £° :
ilw) =67+ 2n M3 |x — xo|?’

(E.8)

with |z|? = §,,2#2". The corresponding profile of Hs; is fixed by (E.6). Furthermore, on
these BPS solutions (E.5) reduces to Sg|pps = —27i(m, to). Hence these instantons will

e2mimit)| - as expected.

generate non-perturbative effects proportional to e “ElBPs —

Remember that in our picture the instanton charges m € C; generate the dual cone
AV and that the positivity of the EFT string tensions over the entire saxionic cone A is
equivalent to P C AV, where P is defined in (4.7). We will assume that P is a cone, as it
is automatically the case if we consider Kéhler potentials of the form (3.8). Furthermore,
we will assume that this cone is convex.?> Now, if P is a strict subcone of AV, then we
can distinguish two possible classes of flows: either m € P or m € AY — P. In the first
case the instanton backreaction (E.8) never exits P (if £oc € P). Note also that, even
though at a distance |z — x| ~ Mp' the saxions £'(x) become of order one and enter a
strongly coupled region, this happens at distances well below the EFT cutoff length scale
At > My ! Hence, the solution remains weakly coupled and trustable in the region in

which the EFT makes sense. This motivates us to indentify the instanton lattice subcone

T ={meC NP} C (. (E.9)

In the explicit heterotic example discussed in section 4.2, C;’*" is generated by an NS5-brane

wrapping X and world-sheet instantons wrapping the nef divisor intersections h and e.
Let us now look at the case where m € Cr — Cf"". Then the solution (E.8) exits
the domain P as we approach zg from infinity. In particular, the smaller we choose the
asymptotic values £;°, the larger is the radial distance |Az|, = |x—z0|. at which the solution
exits the perturbative domain P. The value of |Az|, is directly related to the tension of a
possible string whose charge e belongs to PV — A, or equivalently e € Cs — CEFT. Indeed,
for such a charge we would have (e, £>°) > 0 while (m, e) < 0 since m ¢ C{’"". This means
that at the distance
e,m e, m
_27§<é,ﬂ‘20> = |;7T’7;OZ| , for e ¢ C§"", (E.10)

the probe tension of the string of charge e vanishes, and the dual saxions ¢; attain the

Azl =

boundary of their domain P. Notice that such a string e ¢ C§"" would precisely correspond
to a non-EFT, whose RG flow is expected to receive strong non-perturbative corrections
generated by BPS instantons of charges m ¢ C"".

To sum up, instanton solutions corresponding to m € C; — C;*" break down along

their flow. Given the analogy with string solutions corresponding to e € Cg — C§"",

we
see a direct correlation between the existence of non-EFT strings and non-EFT instantons.
The latter are the ones relevant along the flows of the formers, and viceversa. This may
provide an EFT criterion to distinguish between the available non-perturbative corrections,

possibly refining the conjecture of [135].

Z3In string models we expect P to be conical at least in some approximate sense, ‘around the tip’ of P.
Instead the convexity of P, while easily realised in explicit models, is not automatic and one can in fact
find explicit counterexamples thereof.
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F EFT string flows in toroidal orbifolds

In this appendix we check conjectures 1 and 2 for compactifications related to toroidal
orbifolds, in which we have better control over the spectra of KK towers. In F.1 we consider
EFT string flows on the complex structure sector of heterotic and Type I compactifications,
in F.2 we analyse the F-theory model discussed in [136] and in F.3 we investigate in detail
the M-theory Joyce’s model introduced in section 6.5. For toroidal orbifold EFT string
flows in the context of type ITA see subsection 6.4.

F.1 Heterotic/type I complex structure flows in toroidal orbifolds

Let us examine the string flows on the complex structure sector in heterotic and Type I
four-dimensional compactifications. For definiteness, we first focus on the heterotic models,
considering the simple case of compactification over the toroidal orbifold X = T6/(Zy x
Z4). We denote the internal complex coordinates 2% = y?2~! 4+ 792@ (¢ = 1,2,3), with
y™ ~ y™ 41 and the complex structures 7%, which are identified under the orbifold action
as follows:

(21,22, 23) ~ (=2, =22, 23) ~ (2!, =22, =23). (F.1)

Below we shall focus on the ‘untwisted’ sector of moduli space only. However, it is worth
noticing that the orbifold allows for the presence of fixed points, which can be resolved
resulting in the introduction of a set of twisted blow-up moduli. However, the blow-up
moduli may be considered to lie in the bulk of the moduli space and thus are not expected
to significantly affect the asymptotic limits of the untwisted sector.

The internal string frame metric which appears in (6.2) is

dy? !+ Rer” dy*)? + (Im7)(dy™)?]  (F.2)

where we have introduced the Kéhler moduli s*. The six radii (Ry, ..., Rs) (measured in
string units) can be easily expressed in terms of the Kahler and complex structure moduli

1 | 2s® |T¢ | 2s
1= — = F.
Raa-1 27V Imre Faa 2 V ImTe (F.3)

The holomorphic three-form and the Kahler form are

(s*,Im7%) as

Q=dz' Ad2? Ad2?, J = s, (F.4)

where w, integrally quantised untwisted 2-forms are given by

i
2Im @

we = dy?* P A dy?® = dz* A dz* (F.5)

In comparison with the more general models examined in section 6.1, here the only non-
vanishing intersection number is k123 = 1.

Let us now pass to examine the four-dimensional A/ = 1 chiral spectrum. A first set
of chiral coordinates is given by the complex structure moduli 7%, with the identification
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7¢ ~ 7% + 1. The Kéhler moduli s* introduced in (F.4) combine with the Bs-axions
delivering another set of chiral fields t* = a® + is®. Finally, the ten-dimensional dilaton ¢
enters the definition of an additional 4D chiral field, the universal modulus t° = a® + is?,
with

0= e 2V = e 2sls%s3 (F.6)

The Kéhler potential is given by the sum of (4.23) and (6.1) and takes the form
3 3
K =—logs’ — Z log s* — Z logIm7¢. (F.7)
a=1 a=1

The dual saxions ¢; = (£g,%q, \a), corresponding to the saxions s = (s°, 5% Im7%)
respectively, can be straightforwardly computed from the definition (2.17):

1 1 1

T o0 0 4T 9ga @~ 9Imra

Let us then distinguish the corresponding string charges as e = (¢, ¢,€) = (é, €4, €4)-

b (F.8)

The flow of the saxion s” induced by an F1 string was already analyzed in section 6.1.
Instead, the flow which drives the saxions s* towards large values is induced by NS5 strings
and can be easily inferred from the general discussion of section 6.1. Indeed, being k123
the only non-vanishing intersection number, the toroidal orbifold case corresponds to the
Case 3 of table 3: the string tension scales in the same manner as both the M-theory KK
scale and the tension of the lightest membranes.

However, the toroidal case offers the opportunity to examine more explicitly the flow
of the complex structure moduli 7¢. The strings inducing such flows are identified with
10D KK monopoles wrapping some internal divisors and have charges e = (0, 0, €). The
corresponding flow (4.9) becomes

Im7* =Im7y + €0 (F.9)

and drives Im 7% to large values when ¢ — co. Thus, along these flows, the string tensions

scale as )

M,
Tatr = MBe®Ng ~ —2 = 0., (F.10)

o
First, let us consider an elementary flow, say generated by € = (1,0,0). (More general
flows with € of the form (e!,0,0), (0,¢2,0) and (0,0, €3) lead to identical conclusions.) In
1 — 00. Recalling (F.3) we see that Ry ~ (ImT)_%
and Rp ~ (ImT)%. Hence, the tower scale m, can be identified with either the lightest

this case only 7! flows, driving Im 7

KK mode along Ry or the lightest winding mode along R;. The resulting behaviour is
qualitatively the same. For instance, by using the KK scale we get:
2 2 (27T)2€2A %}%

F.11
R312 o ( )

where we have employed (6.3). The lightest membranes correspond to NS5-branes wrapping
the y'-direction and a two-cycle along (33, ...,%%). The corresponding scale (5.8) falls off as
E2.. ~ Mael ~ %f?’.

mem

(F.12)
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o

7}11/ * | KK monopole

(NI
q|
o=

Ty MKK
FErem NS5
s NS5

Table 9. Asymptotic mass scalings along CS flow Im7! ~ o — oc.

=1
7'F11/ 2 KK monopole
My MKK
Frem | NS5
e NS5

Table 10. Asymptotic mass scalings along CS flow Im7% ~ ¢ — o0, Va.

Thus, the tension of an elementary string scales in the same way as both m? and the

membrane scale F2 Then, (5.1) and (5.9) are realised with w = n = 1. These results

mem*
are collected in table 9.

It is also instructive to consider more general CS flows, along which more saxions Im7¢
are sent to large values. It is easy to realise that the asymptotic behaviour of m, is always
as in (F.11), and then the scaling weight is w = 1 for all these flows. Instead, the scaling
of the lightest relevant membrane scales changes. Consider for instance a flows generated
by €* > 0, Ya. The relevant scalings are summarised in table 10, and imply that (5.9) is
realised with n = 3.

One can similarly work out the case of flows associated with only two non-vanishing
charges €%, e.g. €= (1,1,0). They all realise (5.9) with n = 2.

These findings also hold for the complex structure sector of the Type I compactification
over the toroidal orbifold X = T/(Zq x Z}). In fact, as outlined in section 6.2, the complex
structure moduli of Type I EFTs are described by the same Kéhler potential as those of
heterotic EFTs. Therefore, the relations among the mass scales for complex structure flows
is the same between the two models.

F.2 F-theory Kihler flows on the resolved base T°/(Z3)3

Here we discuss the F-theory model discussed in [136]. Its base space X can be iden-
tified with one of the possible resolutions of T°/(Zy)3, which is the orientifold projec-
tion of a T%/(Zy x Zs) orbifold and can be identified with P! x P! x P!. The elliptic
fiber degenerates to a Ij Kodaira singularity along 12 planes, each representing one O7
plus 4 D7 branes. These intersect along 4 x 4 x 3 = 48 lines at which the Weierstrass
model become non-minimal, which in turn intersect at 64 points, representing O3-planes.
The singular lines can be resolved in different ways by blowing up 48 exceptional divisors
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FEra28, E28,3v, E34,1a, With a, 8,7 = 1,...,4. The different possible resolutions of the base
are related by flips. As described in detail in [136], these flips of X can be regarded as
orientifold projections of flops of the Calabi-Yau double cover X, connecting the different
possible resolutions of the orbifold T°/(Zq x Zs).

As in [136], one can choose as basis D%, a = 1,...,51, of Hy(X,Z) the effective divisors
(R1, R2, R3, E10.28, B2 3+, F3y10), where Ry, Ry, Ry correspond to 3 P! x P! movable divi-
sors of the base. Note that the divisors Ry, Ro, R3 are ‘non-elementary’ effective divisors.
For instance, we can decompose R in the following linearly equivalent way

Ry >~ Dy, + Z E1a72ﬁ + Z E3%1a YVa=1...,4, (Flg)
B vy

where D1, are 4 rigid effective divisors wrapped by 4 stacks of 7-branes, each supporting
a pure SO(8) SYM sector. By cyclically permuting the indices of (F.13) one gets similar
relations for Ry and R3, in terms of effective divisors Dyg and D3,. One can then take
Do and E;q, jp as generators of the (non-simplicial) cone Eff' (X). If in (6.20) we use the
above basis of divisors D® to identify the set of saxions s* = {s, s**7%}, the saxionic cone
is defined by

A { st®28 > 0 (for any o, 8) and (1,2,3) cyclic permutations,
] st - > slew2B _ >y s31% > (0 (for any o) and (1,2,3) cyclic permutations .
(F.14)
In order to identify the EFT strings, we pick the following dual basis of curves C, =

(Ci, Ciajp):
Ci=RyR3, Cla2s =—Fiq28R3 and (1,2, 3) cyclic permutations (F.15)

such that C,-D® = §%. Note that Cia,jp are not effective. Then, a BPS string corresponding
to the charges

e=¢" Ca = ei Cl + ela’zﬂcm,gg + 6’25’37025 + 637’1016'3%1& S Eﬁl (X)Z (F.lﬁ)
is an EFT string if e belongs to

oEFT _ { e'®28 >0 (for any o, 8) and (1,2,3) cyclic permutations,

ST el - 2.8 elo28 >y e31e >0 (for any @) and (1,2,3) cyclic permutations .
(F.17)
Note that these comments, and in particular C§*", are independent of the chosen resolution.
The simplest possible choice of EFT string is given by e’®/# = 0, so that ¢! > 0.
According to (6.25), these EFT strings correspond to D3-branes wrapping the movable
curve e = €'C;. In this case the corresponding flow s* = si + e'o, siif = séa’j P describes
a rescaling of the movabile divisors R;, while the volume of the exceptional divisors Fj, ;g

remains constant. The Kéhler form can be expanded in the following way (6.19):

J =) vlRi]+ > via28[Fra28] + > v233y[F28.37] + Y v3y,1a[E3y,10] » (F.18)
i a7ﬁ 6’7 7,
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but intersection numbers and volumes of the exceptional divisors depend on the Kéahler
cone chamber of IC(X)ex. For simplicity, we restrict to the chamber corresponding to
the ‘symmetric’ resolution [136] of all singularities, in which the intersection numbers are

given by
I=RiRoRs+ | =Y Ef,05Rs— ... |+ (2)_ El, o5+
s o (F.19)
+ —% > EBraps(E3g sy + B3 10) — .| + % > Ela28F283y 3,10
aBy afy
where ... are (1,2,3) cyclically permuted terms and the half-integral values is due to the

presence of 64 O3-planes. The Kéahler cone is defined by the following conditions [136]:
Vi + D0 Via,jp > 0, Via,28 — V28,37 — V34,10 > 0 and (1,2, 3) cyclic permutations, from which
we can also extract the generators of Eff;(X). Note that the these conditions imply that
Via,jg < 0, which is compatible with the fact that the curves Cj, ;3 are anti-effective. Given
the structure of the symmetric resolution, it is consistent to further restrict to the subcone
of K(X) in which v j3 = v;; and §i@if = g for any a,f = 1,...,4. The relation
between the saxions and the Ké&hler moduli then reduces to

st = vouz — 81}%73 ,

F.20
2 (F.20)

2 2 2
—V1v23 + V33 — Vig — V31 — 2v23(v12 +v31) + 2012031

and (1,2, 3) cyclic permutations.

We first consider a flow generated by a set of positive charges el,e?,e? > 0, say
e = [C1] + [C2] + [C3]. In this case all the saxions associated to the movable divisors R;
flow as s* = 86 + o with Vi, while the remaining saxions are kept fixed to constant values,
shi = sé’j . Asymptotically as ¢ — 0o, it can be seen that along the flow the volumes v; of

the curves Cj scale as v; ~ /o, while the volumes of the curves Cjq ;s fall off as |v; j| ~ %

Thus, the internal volume scales as Vx ~ ok Recalling (6.18), we now can estimate the

24 M2 . . . .
KK-scale as mz ~ £— ~ —LE. where R, denotes the Einstein frame radius which grows

1ZRZ 7 VxRZ

faster along the ﬂov;, namel; R? ~ v; ~ /o. Thus, m? ~ M3 0~2 and from (6.23) one can
explicitly check that the tension T¢ = Mge% of the string generating the flow scales as
Te ~ Mg o~1, as expected. Therefore, Conjecture 2 is realised with scaling weight w = 2.

Consider now the flow corresponding to one vanishing e! = 0, say e = [C1] + [Ca].
Only the saxions s' and s? flow as s = s} + o for i = 1,2, while the remaining ones are
fixed s* = s3, s = sé’j . Only the volume of the curve Cj is driven to large value, as
v3 ~ o, while the volume vy o falls off as vy o ~ a_l; the volumes of all the other curves are
not affected by the flow and we can assume them to be fixed at some finite values. Since
the full internal volume scales as Vx ~ ¢ and the radius with maximal growth scales as
R? ~ o, we can estimate m? ~ M3c~2 and thus, as above, Conjecture 2 holds with scaling
weight w = 2.

Finally, consider an elementary charge, say e = [C1]. In this case, solely the saxion s'

1

flows as s! = s} + o, with all the other saxions are fixed at constant values. Asymptotically
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along the flow, the volumes of the curves Co and C5 grow as v ~ v3 ~ /o, while the
volumes of C1, Ci 2, C31 shrink as v; ~ vio ~ v31 ~ % This implies that the volume
scales as Vx ~ /o and the maximal radius as R? ~ \/o. Hence m? ~ M2 o~! and we see
that Conjecture 2 is now satisfied with scaling weight w = 1.

In the case of some non-vanishing charges €*®78 > 0, the volumes of the corresponding
exceptional divisors E;q jz grow along the flow. However, from (F.17) it follows that also
e',e/ > 0 and then the volume of the moving divisors R;, R; should also increase along
the flow. Hence, we expect the above conclusions to be qualitatively valid in these cases
as well, but it would be interesting to explicitly test our expectations in all these cases as
well as in other models along the same lines.

Let us now investigate the mass scalings along the flows that involve the complex
structure moduli. The model exhibits only three complex structure moduli which are
packaged within three chiral fields 7%, i = 1,2, 3. The identification 7% ~ 7% 4 1 singles out
their real parts @' = Re7’ as the axions, while the imaginary parts § = Im7* are their
saxionic partners. These determines the size of the internal (Einstein frame) radii as

R¥ 1~ — R* ~ 3l (F.21)
\/(g } 9

up to irrelevant constant, for fixed Kéhler moduli and in the limit of negligible blown-up

modes.
The complex structure moduli space is then described by the Kéhler potential

K = —log5'5283. (F.22)

Therefore, the dual saxions (2.17) are

A

l; = 55 - (F.23)
The strings which drive the complex structure flows display the tension
Te = M2é'l; . (F.24)

Here we have collected the charges as & = (&!,¢é2,é3).
Consider a string with elementary charge & = (1,0,0) (the other elementary flow cases

€ =(0,1,0) and € = (0,0,1) can be treated analogously). The string induces a flow that

drives ' to the boundary of the moduli space as &'

saxions fixed 32 = 33, 33 = 3. The tower scale is set by the lightest KK modes. Such

~ 0 — 00, while keeping the remaining

a scale can be estimated by noticing that, along the flow, the radius, among (F.21), that
diverge more rapidly is R? as (R?)? = R? ~ 3' ~ o. Thus, employing (6.18), we get
m2 ~ A};[Q% ~ Mpo~!. Alternatively, the tower scale is equivalently set by the winding
modes, O;Ving to a shrinking internal radius (R;)? = R2 ~ S% ~ oL

Thus we recognise
that Conjecture 2 here holds with the scaling weight w = 1.

Flows induced by non-elementary string charges & = (&!,é2,83), with & > 0, also
realise Conjecture 2 with the scaling weight w = 1. As above, the tower of states can
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be identified with either the KK or winding modes. In fact, along any of these flow it is
possible to single out an internal radius among (F.21) which grows as R? ~ ¢ determining
the lightest KK modes, and another which shrinks as R? ~ o~!, which instead determines
the lightest winding modes. In both cases the tower scale falls off as m2 ~ M}%O'_l. Being
this the same behaviour as the string tension, Conjecture 2 is verified with w = 1.

F.3 M-theory flows on the toroidal orbifold T7/(Z3)3

In this section we delve into the details of the analysis of string flows in M-theory toroidal
orbifold models. We consider Joyce’s models [119, 123, 124], which are introduced in
section 6.5. Specifically, the compactification manifold with Ga-holonomy is a toroidal
orbifold T7/F, and we here choose the orbifold I' to be I' = Zy X Zgo X Zs. As in section 6.5,
we parametrise the toroidal coordinates with y,, a = 1,...,7, with the identification y, >~
Yo + 1, and we denote the radii of the torii with R,. The generators of the orbifold
Zs X Lo X Lo act on the coordinates y, as in (6.83).
The model is characterised by a set of seven saxions s?, defined by
st = D. (F.25)
Ca
Here @ is the associative three-form (6.82) that is invariant under the orbifold action (6.83)
and C® is a basis of three-cycles of H3(T"/T',Z). For example, the cycle C! can be chosen
to span the directions (y1, y2, y3) that are preserved under (6.83), C? spans (y1, ¥4, ys5), and
similarly with the remaining. Explicitly, plugging (6.82) in (F.25), we find the following
relation among the saxions s* and the radii R,:

81 = R1R2R3, 82 = R1R4R5, 83 = R1R6R7 84 = R2R4R6,

5 6 . (F.26)
s =RoRsR7, s°=R3R4R7, s'=R3Rs5Rs,
which can be inverted as
(313233)% (515455)§ (318637)§
Ri=——7——75, R=——"—""7, RB3=—""T"—""7,
(ss%s657)s (25350575 (s2s35%5%)%
2,4.6\% 25,75 34,75
Ry = (888)317 Rs = (888)317 Rg = (888)31’ (F27)
(sls3sPs7)s (sls3sts0)s (sls2s%56)s
(533536)%
(31523437)% .
Thus, the internal volume is expressed in terms of the saxions as follows:
Vi = RiRo... Ry = (s's2...57)5. (F.28)
The Kahler potential acquires the simple form
K = —log(s's*...5"), (F.29)
and the dual saxions (2.17) are
1
Ea == ﬁ . (F30)
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In 4D, strings originate from M5 branes which wrap cycles in Hy(T7 /T, Z). By choosing
a basis of four-cycles C, dual to C?, the tension of a string that stem from an M5 brane
wrapped over the cycle C' = e*C,, can be computed as follows

Te = l%TﬂeQA /é *® = Mpe, . (F.31)
M

In the last step we have employed (6.75) and then re-expressed the tension in terms of the

dual saxions (F.30). We will also collect e = (e,).

In the following, in order to investigate the validity of Conjecture 2 and compute the
scaling weight w for various string flows, we need to specify the scale m, at which the 4D
EFT breaks down and that has to be related to the string tension (F.31). The natural
candidates are the lightest among KK, whose masses are set by

2
2 o MP
MK = R2VX ’
*

(F.32)

up to irrelevant constants. Here R, generically denotes any of the radii R,. The EFT
breaking scale m, is then set by any of the scales (F.32) which displays the fastest fall off
along the given string flow.

For completeness, in the flows examined below we will also relate the mass scale (5.8)
set by the lightest membranes. In 4D, membranes can originate from either M2 branes
spanning three external spacetime directions or M5 branes wrapped on linear combinations
of three-cycles C“. In either case, the scale (5.8) is

Mp

52..

K
Ernem ~e2 Mp = (F33)

si .87

Let us now examine some relevant string flows and how Conjecture 2 is realised.

e=(1,0,0,0,0,0,0) Elementary flows are generated by strings with a single non-vanishing,
positive charge e®. Such a string can be obtained from an M5 brane wrapped over
any of the four-cycles C,. As an example, we may consider the flow generated by the
string with charge e! > 0, while e = 0 Va # 1. The flow generated by this string
drives only the saxion s' to infinite distance, that is s' ~ elo — oco. The string
generating the flow becomes tensionless with a fall off Tg, ~ Mlga_l. As can be easily
seen from (F.27), along such a flow Rj, Rg, Rg ~ 0%, while Ry, Rs, Rg, R7 ~ o7,
Thus, the lightest modes among those in (F.32) are the KK modes associated to
R, = R1, Ro, R3. Their masses scale as
2
m2 = miy ~ % (F.34)
Therefore, Conjecture 2 is realised with the scaling weight w = 1. It can be easily
checked that the scale (F.33) set by lightest membranes displays an analogous scaling
along this elementary flow. These findings are summarised in table 11.
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R
Tl | M5

™ MKK
B | M2, M5

s, M2, M5

Table 11. Mass scalings along the flow generated by an elementary string obtained from an M5
wrapped over the four-cycle C,.

ot 0_% 0_%
T M5
Iy MKK
Emem | M2, M5
a3 M2, M5

Table 12. Mass scalings along the flows generated by the string with charges (1,1,0,0,0,0,0).

_3 _1
o 2 o 2
Tal? M5
Ty MKK
Euem | M2, M5
7 M2, M5

Table 13. Mass scalings along the flows generated by the string with charges (1,1,1,0,0,0,0).

e=(1,1,0,0,0,0,0) A non-elementary string with only non-null charges e! = e? = 1

induces the flow s! ~ s> ~ ¢ — oo, while the other saxions remain fixed. The tower

scale m, is set by lightest KK modes, associated to R, = Ry in (F.32). These scale as

M2
m? =mgx ~ —, (F.35)
o
realising Conjecture 2 with scaling weight w = 2. These results are collected in
table 12.

e=(1,1,1,0,0,0,0) Consider a non-elementary string with only non-null charges e! =

e? = e3 = 1. This string induces a flow that drives s' ~ s ~ s3 — 0o. The tower
scale m,, is here identified with the KK modes associated to R, = R; and their masses
fall off as

2
2 2 MP

Thus, Conjecture 2 is realised with scaling weight w = 3. The relevant scales are
summarised in the table 13.
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0'_% ot a_%
Ten M5
Ty MKK
Ermem | M2, M5
T M2, M5

Table 14. Mass scalings along the flows generated by the string with charges (1,1,0,1,0,0,0).

_T _3 _T _1
o 2 o 2 o 6 o 2
Tal? M5
My MKK
B | M2
T M2

Table 15. Mass scalings along the flows generated by the string with charges (1,1,0,1,0,0,0).

e=(1,1,0,1,0,0,0) Consider non-elementary strings with only non-null charges e! = 2 =
e =1. Since sl ~ 2 ~ st ~ o — o0, the tower scale m, can be either fixed by the

KK scale (for R, = Rj, R, Ry). These scale as
m? = m¥y. (F.37)

Conjecture 2 is realised with scaling weight w = 2. The behavior of the relevant
scales along such a flow is summarised in the table 14.

e=(1,1,1,1,1,1,1) As last example, consider non-elementary strings with all non-null
charges. For example, choose e* = 1 Va, resulting in a flow that drives all the saxions
to infinite distance s* ~ 0 — 0o. The tower scale m, is fixed by the KK scale (for
R, given by any of the radii in (F.27)), which falls off as

2
2 2 My
*

o3’
Thus, as in the latter two cases above, Conjecture 2 is realised with scaling weight

w = 3. However, in this case, the membrane cutoff scale Tnlléf’n falls off faster than
. 1/2
the string scale Ty

M 1/2\ 3
Tald ~ =% ~ Mp (S“ ) : (F.39)

Indeed, from the Type ITA perspective, this flow corresponds to a large string coupling
limit g5 > 1 and one needs to employ the full M-theory description. The relevant
scales for such a flow are summarised in table 15.

The analysis above can be similarly carried for other non-elementary charges, leading
to the classification of flows as in table 7.
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