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1 Introduction

Long-range spin models provide a simple generalization of the usual Ising spin chain with
the nearest neighbor interactions. However, they are known to display a much richer phase
structure. The long-range Ising (LRI) model was introduced by Dyson more than fifty years
ago to describe spontaneous symmetry breaking and long-range order in a 1d ferromagnetic
spin chain [1]. It features a spin-spin interaction that decays as a power law, controlled
by a positive-valued exponent s. In a general dimension d, the Hamiltonian for the LRI
model is given by
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where J > 0 governs the strength of interaction and s; = £1 are the Ising spins. This
model has been subjected to numerous tests, both analytical and numerical, and was
found to exhibit a second-order phase transition in low-dimensional spin chains [2—4]. The
corresponding long-range critical regime was found in the window d/2 < s < s, for the
parameter s. For the range s < d/2, the model is described by a Gaussian mean-field
theory (MFT), whereas for s > s,, the model transitions to its short-range counterpart,
given by the usual Ising CFT.

It is easy to identify these phases in the parameter space of s in the continuum de-
scription of (1.1), obtained using the Landau-Ginzburg technique,

d a, $@)Py)
Using (1.2), the scaling dimension of the field ¢ is found to be Ay = (d — s)/2. It follows
that we need s < 2, in order for the long-range model to be unitary. One can subsequently
deform the above action by adding to it a usual local quartic interaction term [2],

S x —/ ddaj/ ddyé(f);j(dﬁ)s +g / ddz p(x)t. (1.3)

When s < d/2, the quartic interaction is irrelevant, and the model is described by the
Gaussian MFT. When s > d/2, the quartic interaction becomes relevant, and triggers
an RG flow, taking the theory away from the Gaussian fixed point. One can perform a
systematic perturbative expansion near s = d/2 to identify a non-trivial interacting IR
fixed point of this flow. This fixed point has been studied extensively in the literature
(see [5-9] for a rigorous renormalization group derivation of this fixed point), and much is
known about the corresponding critical exponents. The scaling dimension of the operator ¢
at this long-range fixed point is exact, being protected by the bi-local kinetic term in (1.3)
from receiving anomalous contributions. This fixed point is also characterized by the lack
of a local stress-energy tensor. The latter fact makes it rather difficult to ascertain whether
the long-range fixed point in fact enjoys the full conformal symmetry. Strong support in
favor of existence of conformal symmetry at the long-range fixed point has recently been
provided in [10-13].

As we reviewed above, the long-range critical regime is found at the end of an RG flow
in (1.3) for the exponent parameter s taking values in the range d/2 < s < s,. The model
crosses over to the short-range CFT regime when s > s,.! While the dimension of ¢ in
the long range CFT is (d — s)/2, its corresponding dimension in the short-range CFT is
d/2—1+~ 3 with 3 being the anomalous dimension of the short-range field qAS (in this paper
we will typically put a hat on top of the letter standing for the short-range field, whenever
the same letter without a hat is used to denote the long-range field). Continuity at s,
then implies that s, = 2 — 2~ 3 [14, 15]. Notice that since =y 3>0in the usual short-range
CFT, then s, < 2, implying that interactions tighten the upper bound on s. In fact, it
follows that all CF'T data, not just the conformal dimension of ¢, are continuous across the

The short-range CFT at s > s, is the critical short-range Ising model plus a decoupled sector consisting
of a generalized free field [12, 13], as we review below.



crossover point s, [14, 15]. In this paper we will illustrate such continuity by carrying out
explicit calculations of CFT data in the O(N) generalization of the model (1.3), working
at the next-to-leading order in 1/N expansion.

We begin by considering an O(N) version of the non-local MFT, and perturb it by a
quartic interaction. To access the strongly-interacting IR regime of this model away from
the weakly-coupled behavior near s = d/2, we study it in the 1/N expansion. By employing
the Hubbard-Stratonovich formalism we can write down the corresponding action of the

S o — /dd /dd ‘sz_y(d% /dd ( —o® 4 \/lﬁmz)?), (1.4)

where o is the Hubbard-Stratonovich field. The model (1.4) has been studied previously in
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the literature, where critical exponents such as the scaling dimensions of ¢ and ¢ have been
calculated [16-18]. However, no other CFT data in the 1/N expansion is available for the
long-range fixed point. One of the goals of this paper is to fill this gap, by calculating some
large N CFT data, including anomalous dimensions of composite operators, and various
OPE coefficients. We perform most of our calculations at the next-to-leading order in the
1/N expansion. Our results lend a strong support to the statement that the long-range
fixed point enjoys the full conformal symmetry, even for the values of s that are beyond
the scope of a perturbative regime in the vicinity of s = d/2.

Following our calculations of CFT data in the long-range critical O(N) vector model,
we proceed to establish explicitly that the obtained anomalous dimensions and OPE coef-
ficients are continuous at s = s,. In fact, at s = s, the long-range critical vector model
crosses over to the short-range critical vector model plus a generalized free field x [11, 12].
The role of the decoupled field xy becomes important when one matches the complete spec-
trum across the crossover point s,. As it was pointed out in [11, 12], some operators in
the long-range model, such as @3, exhibit an apparently discontinuous behavior at s, hav-
ing no counterpart in the spectrum of the short-range critical vector model. Introducing
the generalized free field x allows one to construct such operators when s > s,, thereby
allowing for the complete match of the spectrum. Note that there has been some debate
regarding the smooth transition of CFT data across this long-range—short-range crossover
point [19, 20]. However, our calculation provides complementary support to the numer-
ous theoretical calculations and Monte-Carlo simulations which predicted such a smooth
transition at the long-range-short-range crossover point [21-23].2

While the long-range CFT exists in the perturbative regime near the lower bound
s = d/2 of the long-range window d/2 < s < s,, making it amenable to the Wilson-Fisher
kind of e-expansion for s = (d+€)/2, its behavior near the upper bound s = s, is strongly-
interacting. It was proposed in [15] that the long-range CFT near s = s, can be accessed
by perturbing the short-range CFT with a bi-local kinetic term for the field <;A5 Such a
kinetic term crosses over from being irrelevant when s > s, to being relevant when s < s,.

2In this paper, whenever we refer to the long-range-short-range crossover point s,, we mean the point
of crossover between the long-range critical vector model, and the short-range critical vector model with
the decoupled generalized free field.



Consequently, as s is lowered past s, an RG flow brings the model to a long-range regime
in the IR. While such a bi-local kinetic term appears to manifest a perturbative behavior
in the vicinity of sy, it is unclear how to carry out this perturbative expansion. This is
primarily due to a lack of proper understanding of how to perform conformal perturbation
theory involving non-local perturbations.

Recently a new weakly-coupled description near the long-range—short-range crossover
point s, was proposed in [11, 12]. In this description the non-local perturbation of [15] has
been traded for a local one, at the cost of introducing a generalized free field y with scaling
dimension A, = (d + s)/2 into the model. The corresponding action is given by [11, 12]

S=Scrr + A [ dizgx+ [ dt /dd ”UX’S/) (1.5)

where QAS is the spin field and Scpr is the action of the original short-range CFT model,
and y is a generalized free field coupled to it. The interacting term ngSX with the coupling
A has the leading order scaling dimension d — §, where § = (s, — s)/2. This perturbation
is therefore slightly relevant for small positive 8, that is, for s slightly below the long-
range—short-range crossover point s,. The flow triggered by this perturbation ends at a
long-range fixed point in the IR, near s = s,. Although two different UV descriptions (1.3)
and (1.5) flow to the long-range fixed points in two non-overlapping perturbative regimes,
near s = d/2 and s = s, respectively, it has been argued in [11, 12] that these are in fact
the same long-range fixed points for all d/2 < s < s,. This furnishes a non-trivial example
of an IR duality. As part of matching the spectra of these two models, the new d.o.f. x on
the deformed short-range side of the duality has been suggested to be dual to the operator
#> in the long-range CFT [11, 12].

One can further take advantage of the perturbative behavior of the coupling A near
5 = s, to find the anomalous dimension of the stress-energy tensor 7, within conformal
perturbation theory. Importantly, a non-trivial anomalous dimension of T}, supplies fur-
ther evidence that the fixed point at the end of an RG flow triggered by the coupling A
is indeed a long-range CFT. Additional evidence for the proposed IR duality is given by
matching the ratios of the three-point function amplitudes (OPE coefficients) (¢pO103),
(¢30105) in the long-range model, and (pO10), (xO10,) in the deformed short-range
model, for arbitrary operators Oy o [11, 12].

Inspired by the construction of [11, 12], we propose that the long-range O(N) critical
vector model for d/2 < s < s, admits a dual description in terms of a deformed short-range
CFT with the action

s=a [tz [y ”‘x(_) i /ddx2<1>2+/dd iy, (1.6)

where ®¢, i = 1,...,N is the spin field, ¥ is the Hubbard-Stratonovich field, and x?,
i=1,...,N is a generalized free vector field.> We will argue that the models (1.6) and (1.4)

3The coefficient a reflects a particular choice of conventions regarding normalization of x*, and will be
fixed below.



are equivalent, up to an identification of the d.o.f.
O+ o, Yo (1.7)

These two models, therefore, provide dual descriptions of the same long-range IR, critical
regime, for all values of d/2 < s < s,.

It then follows that the composite operator o¢ is dual to the field x on the other side
of the duality. While this can be seen as a direct consequence of the relations (1.7) and
the e.o.m., one can additionally carry out a consistency check of the proposed duality, by
matching the amplitudes of the three-point functions involving the operators ¢, o¢ in the
long-range model, and @, [11, 12]. As we move to s > s,, beyond the scope of the long-
range critical regime, the field y decouples into a separate generalized free field sector. Its
existence however guarantees continuity of spectrum across the crossover point s, [11, 12].

Following [11, 12], we further use our newly proposed dual IR long-range CFT de-
scription to calculate the anomalous dimension and trace of the stress-energy tensor. This
calculation additionally reveals that near s = s, our dual long-range CFT is perturbatively
in 1/N close to the short-range model in the UV, by relating anomalous dimension of the
stress-energy tensor to the anomalous dimension of the spin field ¢.

This paper is organized as follows. In section 2, we define the action for the long-range
critical O(IN) vector model at large N, and set up our conventions that will subsequently be
used throughout the rest of the paper. In section 3, we compute the anomalous dimensions
and amplitude corrections of the lowest scalar primaries ¢ and o, up to the next-to-leading
order in 1/N expansion. In section 4, we begin by calculating the anomalous dimensions
of composite scalar primaries ¢™, at the next-to-leading order in 1/N, followed by the
calculation of the cross-correlator (o02). We establish that such a cross-correlator in fact
vanishes, unlike its short-range counterpart. In particular, this calculation provides ad-
ditional evidence that the long-range fixed point enjoys the full conformal symmetry. In
section 5, we calculate the OPE coefficients Cy¢, and Cyss, and the corresponding con-
formal triangles, working at the next-to-leading order in 1/N. In section 6, we explicitly
demonstrate the continuity of all the calculated long-range CFT data at the long-range—
short-range crossover point s,. In section 7, we study a short-range critical O(N) vector
model coupled to a generalized free field x?, which we propose to be dual to the long-range
critical vector model in the IR. We discuss our results and outline some future research
directions in section 8.

2 Set-up

In this section we review the basic setup of the long-range critical O(N) vector model that
we will be studying in this paper. This model describes dynamics of a multiplet of N scalar
fields ¢;, ¢ = 1,..., N in the fundamental representation of the O(N) symmetry group,
featuring a self-interaction with the quartic coupling constant g. We will be interested in
the interacting critical regime of this model. In the free regime, g = 0, the model sits at
its Gaussian fixed point, where it is described by the MFT, with the bi-local kinetic action



term analogous to (1.2),

/dd /dd yd+2 (2.1)

This class of models is parametrized by the exponent s, characterizing the power-law
long-range kinetic term in the action (2.1). The model (2.1) is defined for s < 2, which
ensures that the bi-local term is more relevant than the local kinetic term %8@8@. The
latter dominates for s > 2, when the theory crosses over to the local model (free short-range
O(N) vector model). In fact, when s = 2, the model (2.1) is equivalent to the short-range
O(N) vector model, as it is easiest to see in momentum space. For s = 1, the action (2.1)
reduces, interestingly, to a boundary CFT (bCFT) with a free scalar field in the bulk,
see [18] for some recent developments.

We will use the conventional choice of the factor C(s) such that the propagator of ¢; in
momentum space is normalized to unity (from now on we skip keeping track of the O(N)
indices and the associated Kronecker symbol whenever it does not cause an ambiguity),

(6(p)d(@)) = (2m)* 6D (p + q) o (2:2)
Using the Fourier transform relation
dik 1 22A-d 1 1
/ et = % (2.3)
(2m) (k)22 gz A(A) [z
where we defined
PR it
(A) = Wa (2.4)
we obtain?
21T (452)
C(s) = <. (2.5)
72 T (=3)
The field ¢ has the dimension
Ay = d o) 2 (2.6)
and its propagator in coordinate space has the form
Co
where we defined
d—s
1 (%
Cy = M . (2.8)

" T
2812 2
Perturbing the free theory (2.1) by a quartic self-interaction we obtain an interacting
field theory with the action

s=Cs) [ dta /dd (@) |d+s 2 [ dta oty (2.9)

Setting g = 0, we recover the free action (2.1). The quartic coupling constant g is relevant
when s > d/2, and it triggers a flow to a fixed point in the IR. This can be established

4Notice that naively setting s = 2 renders a singularity in C (s). This artifact is lifted in momentum space.



perturbatively by a Wilson-Fisher kind of e-expansion for s = d/2 4 €. Together with the
non-locality constraint s < 2, this restricts us to consider d < 4. When s < d/2, the quartic
coupling ¢ is irrelevant, and the theory flows to a fixed point in the UV limit, albeit the
resulting model suffers from instabilities. This situation is analogous to the Wilson-Fisher
fixed point of the short-range O(N) vector model in 2 < d < 4 and 4 < d < 6 dimen-
sions, respectively. When s = 1, a UV-completion of the theory can be constructed [18],
analogously to the higher-dimensional short-range O(N) vector model [24].

It has been argued that the IR fixed point for s > d/2 is reached in the entire range
1 < d < 4, not merely in the perturbative regime around d = 2s — 2¢. Importantly, one is
interested in the physically relevant integer dimension d = 3 (where the spectrum of the
theory is expected to be unitary), and general allowed values for the exponent s. Some
preliminary evidence in favor of this conclusion is devised in the large-N limit using the
Hubbard-Stratonovich transformation, analogously to the argument given in [25] for the
short-range O(N) vector models. Specifically, at the Gaussian f.p. the composite singlet
field ¢? is a primary operator of dimension Ay = 204 = d — 5. As we will review
momentarily, employing the Hubbard-Stratonovich transformation one can demonstrate
that the quartic interaction brings the theory to a new regime where ¢? exhibits a scaling
behavior with the (leading order in 1/N) exponent Ay = A, = s, where ¢ is the Hubbard-
Stratonovich field.

Using the Hubbard-Stratonovich transformation, the action (2.9) is equivalently re-
written as

S =C(s) /ddac /ddym +/ dlz (—41902 + \/1Na¢2> (2.10)

The path integral over ¢ is now Gaussian, and integrating it out results in the effective
action for o

N C(s) 1 1
S:—/dd /dd”ﬁl ( + 5@ (5 — )—/dd 2. (211
 Jate [atyrios (CE 4 ot ) - [ dteo?. @)

Using the inverse propagator relation

1
[ = @AM = ) 6(a), 212

and expanding the logarithm we obtain

1 1
5=} [ /dd”(m)”(y)—/dd 2 o() 213
o T T ype T g [T T O\TR 219
where we also used the definition (2.8).
For s > d/2, and in the long-distance IR limit, the first term in the r.h.s. of (2.13)
dominates over the second term.®> The second term then drops out, and the (o) propagator
can be found from the first term using (2.12). As a result we obtain

(ola)o0)) = (2.14)

5 Analogously, when s < d/2 the first term dominates over the second term in the UV limit.



where the scaling dimension of the Hubbard-Stratonovich field ¢ at the strongly-coupled
regime in the IR is,
A, =s, (2.15)

and the propagator amplitude is found to be

_ 22T (d—s)T(s)T (3)” | (2.16)

r(4-s)r(s—4)r (%)

As a consistency check, notice that for the scaling dimension (2.15) the second term in the

g

r.hs. of (2.13) is irrelevant.

In the effective action (2.13) we also omitted higher-order vertices for o, which are
suppressed in 1/N. We will encounter these vertices in our calculation of CFT data in this
paper, where they will be explicitly represented diagrammatically via polygon graphs with
internal ¢ propagator lines. These are constructed using the Feynman rules:

2A¢ o C¢
0 T |x*Pe
_ _ 2
VN
_ 20, O,
0 Tx |x]?Pe

A propagator line with a generic exponent will be assumed to have a unit amplitude

In appendix A we collect some well-known identifies for conformal graphs in position space,
that have been used for calculations in this paper.

3 Two-point functions

In this section we will calculate the (¢¢) and (oo) two-point functions of the fundamental
field ¢ and the Hubbard-Stratonovich scalar field o. Conformal invariance ensures that
these two-point functions have the form

_ Co(l+ Ag)u—2

R .)
—270
(o(yo(0)) = S E LM (3.2

where 4 is an arbitrary mass scale, and Ay, are leading order dimensions at the long-
range critical point, defined in section 2. In this section we will calculate the two-point
functions (3.1), (3.2) at the next-to-leading order in 1/N expansion. In particular, we will
reproduce the known expression for the anomalous dimensions 7,, and obtain new results
for the relative corrections A4, to the amplitudes of these two-point functions.



We will also demonstrate that the anomalous dimension 74 vanishes at the next-to-
leading order in 1/N. As discussed in section 2, in fact we expect the engineering dimensions
Ay of the field ¢ to be exact to all orders in 1/N, being fixed by the non-local kinetic term.
However, our calculation of the two-point function (¢¢) is still useful, because we extract
from it the relative amplitude correction Ag. While the propagator amplitude corrections
are not observables, together with its counterpart A, it will play an important part in our
calculation in section 5 of the observable CFT data, such as the amplitudes of the (¢p¢o)
and (ocoo) three-point functions and the related ¢¢ and oo OPE coefficients.

3.1 (o)

It is easy to see that the only diagram contributing to the (¢¢) two-point function at the
next-to-leading order in 1/N is given by

20, +0

B
= ke (5 + 40+ 00)

||

Here we have introduced an auxiliary regulator § to the internal o line. Evaluating the

diagram gives®

c3c, _ e a—
4 Cg (d s d+s+0 _5)U(d+5 d—s s 6) 1 (3.3)

0 — U — .
Expanding this expression around ¢ = 0 shows that it is in fact finite and v4 = 0,7 while

1 2975(25 — d)0(s)sin ($7(d — 25)) T ($(d — 5+ 1)) 1
e = N Vsl (%) sin (%) © <N2)

(3.4)

3.2 (oo)

There are three diagrams that contribute to the (oo) correlation function at the next-
to-leading order in 1/N, which we will label as Cg?,), a = 1,2,3. Just as in the case of
(¢p¢) two-point function, these diagrams are analogous to their counterparts in the short-
range critical O(N) vector model, and therefore calculation sequences in these two models
parallel each other. We refer the reader to [26] for a recent detailed description of such
a calculation in the O(N) vector model, while here we provide only a brief outline and a
summary of results.

5In this paper we utilize the supset sign D to denote some of the terms which contribute to the expression
on the Lh.s. of this sign.

"A simple explanation of the vanishing anomalous dimension, ¥4 = 0, is that only local divergences can
appear from the loops, which in turn are to be cancelled by local counter-terms. However, since the fields
¢; have a bi-local action, no local counter-terms can be obtained by the wave function renormalization of
the ¢;. Correspondingly, no divergences can appear in the loops of this renormalizable theory. In other
words, the loops cannot induce wave-function renormalization of ¢;.



The total values of the anomalous dimension and the propagator amplitude correction
at the next-to-leading order in 1/N are obtained by summing the individual contributions
from each of the three diagrams,

(3.5)

Here an auxiliary regulator n = O(6) does not affect the value of C,g},) in the 6 — 0

limit [17, 27, 28]. Choosing n = §/2 makes the diagram integrable via the uniqueness

relation, rendering

cics
(o(x)o(0)) D 8 Zeo U <A¢, 0 Ay — 0 Ay + 5) U (d—i—é, L—M, —6)

N‘$12‘2A" 4’ 4, 2 2 2
b 0 d+9d6 d—9 1
X U (A0—72A¢ + 5, —2> U (A0'7 ?, T - AO’) W . (36)

Expanding around § = 0 one obtains the corresponding contributions of the diagram C'((,?
to the 7, and A,,%

m_ L AT (3)°T'(d — s)
Nr(g)r(5) T (s-4)

A = (40 () =009 (-3) 60 (5)) . 69

Next, we consider contribution of the following diagram to (oo},
l x
204 — 1

8In this paper we denote nth derivative of the digamma function as w(")(a:).

(3.7)

20, +0/2
204 —

20, + /2

~10 -



Here we again introduced an auxiliary regulator n = O(6/2) without affecting the value of
this diagram in the § — 0 limit. We choose 7 = §/2, which renders some of the vertices
unique and therefore integrable. Integrating over those vertices will result in a graph of
the same topology to C'((,},), which will require introducing yet again an auxiliary regulator
n' = O(9), in such a manner that the final answer in the § — 0 limit will remain unaffected,

while the uniqueness of the diagram becomes restored [17, 27, 28]. At the end, we obtain

(7(2)a(0)) > ;

d+0 d+0 ) 5 d+0 d—o 1
<0 (G50 -0 ) U (2804580 -5 ) U (80 55 500 ) s

32 C3C; 5 5\ 30, 0 A, & 5
NWU <A¢—4,A¢,Ao—+> U(d_2—472_47A0—+2) (39)

The contributions to anomalous dimension and the propagator amplitude are then given by
1 10T (5 —s)T(@— 9T (¥ —4) (3.10)
a N S —S 3 27 ’
r(§)rer(a-%)r(4)r(s-19)
(2)
(2) _ 7 (3,0 d—s) (0) (33_d> (0) ( _33> 90 (d_ )
Ay 1 (3w ( 5 + 5 3 + d 5 2 58 (3.11)
— 20O (d—s)—2 (w@ (s—;l) +¢<0>(s)> +3y© (;)) .

Finally, the third diagram contributing to (oo at the next-to-leading order in 1/N is

7P

obtained by incorporating 1/N correction to the (¢¢) sub-diagram of the leading-order ¢
bubble:

QA(;‘)

() .

oo 0

Such a correction to the ¢ propagator sub-diagram has been discussed in section 3.1, where
it was established to be finite. Specifically, we obtain

16 C4C3 5 6 d+6 d—6
(o(x)o(0)) D LA g <A¢, Ay + Ay + 3 —> U <A¢, i, _—— A¢)

N |z|2A0 2 2 2
0 ) d+6 d—9§6 1
expanding which around § = 0 gives
W =0, (3.13)
24=5+1(d — 2s) csc (Z2) I'(s) sin (i7(d — 2s) ) T (3(d — s+ 1)
A = L (%) (5 )r (s ) (3.14)
N Vst (42

- 11 -



Combining (3.5), (3.7), (3.8), (3.10), (3.11), (3.13), (3.14) we obtain the final answer
for 75, Ay. Our result for v,

5)2D(d—s s -5
A _Jifr (4) r(s)rzzzi%)i(cé;)gr (s_g)2 <F(S)F (d_?;) t <d2) g (S_;l)

— 9T (;) T (;l - s> T(d— s)T (328 - g)) : (3.15)

agrees with [17, 18], while the expressions we obtained for the relative corrections Ay, to

the propagators of the ¢ and o are, to the best of our knowledge, new. While these are
not observables, in combination with the 1/N corrections to the effective cubic interaction
vertices (conformal triangles) such as ¢¢po and oo, they give amplitudes of the three-point
functions (e.g., (¢ppo) and (ocoo)), which determine the OPE coefficients, and are a part of
CFT data.

4 Conformal invariance and composite operators

In this section, we will discuss conformal invariance of the long-range fixed point at the
level of two-point correlation functions of composite operators such as ¢”, n > 1, and o¢.
Recall that in the short-range critical O(N) vector model composite operators of the kind

a.n

, n > 1,° are usually scaling operators [29, 30].!1° These operators, therefore, have a
fixed scaling dimension, and further acquire an anomalous dimension at the fixed point.
However, such operators are usually not conformal primaries in the theory. In fact, since
6 has a fixed scaling dimension, As = 2 for any 2 < d < 4, it mixes with other descendent
operators of the same dimension, created by replacing some of the & fields with derivatives.
The resulting operators furnish true conformal primaries in the theory [29, 30].

The spectrum of long-range CFTs is slightly different. The Hubbard-Stratonovich field
o in such a theory has a leading scaling dimension A, = s, which is generally a non-integer
number. It implies immediately that one cannot create local descendent operators with
leading-order scaling dimensions equal to that of ¢”, by simply replacing some of the o
fields with derivatives. Such composite operators, therefore, do not mix with any other
operators, and are expected to be conformal primaries by themselves.!! Below, we will
test these statements at the level of two-point correlators of some composite operators. If
the composite operators are indeed conformal primaries in the long-range CFT, we will
find that the two point function of any composite operator with itself exhibits a power-law
scaling behavior, while its correlators with other operators of different scaling dimensions
are exactly zero.

4.1 (o%0?)

We begin by calculating the two-point correlation function of the composite operator o2.

Starting from the assumption that o2 is a scaling operator, as we will explicitly establish

9We use & to denote the Hubbard-Stratonovich field in the short-range critical O(NN) vector model, while
its counterpart in the long-range model is denoted as o.

19Gee [31] for an extensive earlier work on the formalism of scaling operators.

HThe case of s = 1 needs a separate discussion.
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below at the next-to-leading order in 1/N expansion, its two-point function is expected to
have the form

(o)t 0) = T (1)

where we separated the amplitude into the leading part C,2 and its relative 1/N corrections
A,2. At the same time, A 2 stands for the leading order scaling dimension, while 2 is
the anomalous dimension contribution. In the large-N limit the (020?) propagator is
determined by the diagram

2A,
2,2 _ Co
0(0)2. a.(ac)2 :0(0)2 g(gg)z— |3U|2A"2
2A,
from which one easily finds
Cpze =202,  A,2=2A,=2s. (4.2)

There are four diagrams that contribute to the (0?0'2) propagator at the next-to-leading
order in 1/N. The first contribution is simply due to the 1/N corrections to the propagators
of o in the leading order diagram. We calculated these corrections in section 3.2, and will
denote their total contribution with a gray blob:

a(0)? o(x)?

This diagram includes the leading-order (o20?) propagator, as well as some contributions

to 7,2 and Az,

2
(6*(0)0? ) > L (1~ g oglel) (43)

Here, and in what follows, we are going to ignore the finite terms such as 24, in (4.3), and
focus only on the singular terms, that contribute to the anomalous dimension 7,2. This
will greatly simplify the calculation, since we can avoid introducing the regulator J, and
therefore easily take all of the unique integrals. The last logarithmically divergent integral
is simply replaced with (QW%/F(d/Q)) log(u), where p is IR mass scale [32, 33].

The second contribution to (¢20%) at the next-to-leading order in 1/N is due to inser-

tions of two cubic o vertices into the leading order diagram:!'?

o(0)2 o(x)?

1276 lighten up the notation, we skip labeling exponents on diagrams in the rest of this subsection.
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Evaluating this diagram gives

128 CSC3 d—s d—s\? s 3s
2 2 140 Moo @—s i _9s
(c°(x)o%(0)) D 2?52 < T T3 ) U <2,S,d 2> (4.4)

d/2

d—s 3s d 47
x U <2,d ?,28 — 2> U(S,S,d* 28) Wlog(kﬂﬂ) .

The third and fourth diagrams are obtained due to insertion of a single quartic vertex into

the propagator. The corresponding planar diagram is given by

and contributes
d/2

cict Cs des\2 4/
N oanU (5555 50 U (5 5 das) s los(lelu) . (45)

<02(x)02(0)>3ﬁWT02 N 22 ) T (a2

while the non-planar diagram

a(0)? o(x)?
contributes
16 C4Cy d—s d—s\? 4 /2
2 2 VMoo _ -
@) 0) > 7 aa U (255 G U sid-20) g (i) (40

Combining (4.3), (4.4), (4.5) and (4.6) we obtain the anomalous dimension of o2 at
the next-to-leading order in 1/N,

1
Tt T TN Y T(s)20 (22)T(d — 29T (d— 2)T (42)"T (s — 2)°

(3)
<(r@yra-or (- gr (- r(e-3)
(RO s arer (e a)r(5)
+or (f)r(d-%)(r(s)?r (a-%) r(dgs)Qr( —%)2
=20 (3) T (4= )1 (5 -5) 0 (F°) 1 =90 (5 - 5) 1 (s - 5)
o (%)2F(g—s)2f(d—s)2f (35—‘21)2> (4.7)
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A quick consistency check of this expression is given by y,2|s—q 12 =0, since at s = d/2
the long-range CFT becomes free. Another check is given by continuity at the long-range—
short-range crossover point s = s,, which demands 7,2|s=s, = 52, where 7,2 is anomalous
dimension of the composite operator 62 in short-range O(N) vector model CFT. This
crossover will be discussed in more detail in section 6.

4.2 (o"o™)

The (0"c™) propagator of the composite field 0™ (where n € N) at the next-to-leading
order in 1/N is determined by the diagrams

Here we used gray blobs to denote dressed (oo) and (0?0?) propagators. The anomalous
dimension 7,» is therefore determined only by 7, and ~,2. Further corrections contribute
only at higher orders in 1/N. The value of ,» is then found to be,

n(n—1)

5 V2 (4.8)

Yor =n(2 = 1)V, +

The combinatorics involved is simple: we first account for the anomalous dimension corre-
sponding to n propagators of o, the second term then computes the propagator corrections
for 02 (there are n(n — 1)/2 such corrections). To avoid over-counting, we subtract 2,
from each o2 correction, which ultimately gives the first term.

4.3 The (0%0) correlator and conformal invariance

At the short-range IR fixed point of the O(N) vector model in 2 < d < 4 dimensions the

2

composite operator 6 is in general not a conformal primary [29, 30]. For instance, in

general d the correlator (626) is non-vanishing, while the scaling dimensions of & and 62
are manifestly different. However, the leading order scaling dimensions of the operators 62
and 926 are the same, and therefore due to the non-vanishing (626) these operators can
mix. In fact they do, and result in a primary operator of the form 62 4+ a 9?6 for a certain
a=0(1/VN) [29, 30].13

However, in the long-range CFT, due to the non-integer scaling dimension of o2, we
do not expect it to mix with any other descendent operator. In fact, we expect it to be
a conformal primary in the theory with 1 < d < 4, and for any allowed value of s in the
long-range CF'T region. One immediate manifestation of this fact should be borne out in
the correlator (o20), which is expected to vanish. In this section, we perform this check

explicitly, working at the leading order in 1/N.

13Note, however, that the mixing coefficient « vanishes for the integer-valued d = 2, 3, 4.
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To the leading order, the (620) correlator is determined by the kite diagram with a ¢
loop in the middle:

One way to compute it is to replace the o%00, and ooo vertices with their respective
conformal triangles:

25+ 29, +0/2

d—2s =752+

25+ 29, +0/2

Integrating over the internal vertices, while introducing auxiliary regulators wherever nec-
essary (such as choosing 7 = §/2 in the diagram above), we arrive at the final result
given by

1
2 _ 2 (_a70) \(_or(0) 3 _7 e
(o%(x)o(0)) 2( 675.,)( 2Z0200)C’(72C'0U< 5 s 4,S—i—'yg+4, 5

xU(d_S d_8—5,3+5)U<d—38 3s+§ —5)U<8,d+8+6,d_38_5>

d—’ygz 1) 1) d—}—’ygz )
Y —Yo

2 7 2 4 4 272 "2 23 2 2
3s+4d s—90 d—s+d d—3s—9¢ p°
, U | 2s, , .

2 2 2 2 |2 [35+0

(4.9)

xU(d—Zs,

Here the large-N amplitudes of the 0?00 and ooo conformal triangles are given by'®

(0) 3
Z(g) _ _1 Cg-20'o' - _ 1 ’ Zé-oo-)o- — ﬁ , (410)
o?c0 2 002 Cgug()?)aa 002 u((f%)ga 3

where we have used the leading-order amplitude of the (¢0?cc) three-point function

o)

0'20'0'

_ 902, (4.11)
(0)

o200
grating over the vertices of the conformal triangle for o200, and then keeping only the

as well as the propagator amplitude (4.2). The expression for u is obtained by inte-

141t should be noted that we introduce the conformal triangles to regulate the diagram even though it is
finite. However, the diagram is superficially divergent, and in order to calculate it, we choose to re-write it
in an equivalent form that possesses internal o lines. The diagram is then regularized by a small shift § of
the exponents of internal o propagators, even though the 6 — 0 limit of such a diagram is finite.

15See section 5 for detailed discussion of conformal triangles in the long-range critical vector model.
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leading large N terms,'®

. 3 7r3d/2r‘d<‘21 —25)T (25— 9) | w2
Yo =%t T (4)T(28)0(d - 29)

The factor of 27, — 7,2 is cancelled precisely by a leading large N expansion of the only
factor in (4.9) whose dependence on the anomalous dimensions we retain for the sake of
regularizing the corresponding U function, namely

_ od/2
U(d Jo? 0 0 4% %o u FONY).  (4.13)

d
2 ! v (2% = 70)T (4)
Combining everything together and taking the limit § — 0, we obtain

(@ (@) (0) =0+ 0 ( (4.14)

)
N3/2 )
The vanishing of the leading order correlator between o and o2 provides further evidence
that o2 is indeed a primary at the long-range fixed point, and that the fixed point in fact
enjoys the full conformal symmetry. As an additional check, one can compute the first
sub-leading order correction in the 1/N expansion, and show that it also vanishes for any
1 < d < 4, and the corresponding allowed values of s for the long-range CFT region.

4.4 (ocpop)

In this section we will discuss the operator o¢, which will play an important role in sec-
tion 7, where we will develop the O(N) generalization of the short-range—long-range duality
proposal of [11]. This composite operator has two constituents, one of which, o, possesses
an anomalous dimension. However, interestingly enough, the composite operator o¢ it-
self does not acquire anomalous dimension to all orders in 1/N. This exact result follows
immediately from the ¢ e.o.m. due to the action (2.10), relating dimension of o¢ to the
dimension of ¢:

o= —VNC(s) /ddy ’(My) (4.15)

T — y’d—i-s ’

Using the (¢¢) two-point function (3.1), while taking into account v4 = 0, we obtain

(0¢(2)a(0)) = N C(5)*Cy (1 + Ay) 77 A (d ; 5> 4 (d+ s) 1

4.16
2 |x‘d+s ’ ( )

where we also took advantage of the identity (2.12). We will be ignoring the 1/N corrections
to the propagator amplitude, while noticing that the scaling dimension of the composite

operator o¢ is given by
d+s
Aoy = 5 (4.17)

16See [34] for analogous calculation in the short-range O(N) vector model, where the corresponding s%ss
conformal triangle is calculated at the next-to-leading order in 1/N expansion.
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exactly to all orders in 1/N, despite the fact that the constituent o has a non-trivial
anomalous dimension.

As a consistency check, the relation (4.17) can be quickly verified at the next-to-leading
order in 1/N expansion. The first contribution is obtained by dressing of the internal o
and ¢ lines of the leading-order diagram:

Q(AU + 70)

20,

Its contribution to the anomalous dimension is then given by

7 = 7. (4.18)

Next, we have the contribution due to the effective coo vertex inserted into the leading-
order diagram:

284 6

This diagram is divergent. Since we are only interested in anomalous dimensions, we can
regularize it by simply extracting the logarithmically divergent term of the last integral.'”
As a result we obtain contribution to the anomalous dimension given by

4 2
@2 _ 16 4 o 27 <d—s d—s ) ( s _35>
Yoo = NC¢CF U 5 g 8 U 5,2,d 5 ) - (4.20)

Finally, we have contribution from the following diagram:

20,

2A,

Regularizing it using (4.19) we obtain

@ 8 o, 27 d—s d—s
70’¢> - _Nc(bco'r (d) U ( 2 ' 9 S ) - (421)
2
" This can be done by using the relation
1 o 1
d’ D2 1 . 4.19
[ @ = > @) ) o (4.19)
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Combining (4.18), (4.20), (4.21), while taking into account ~, given by (3.15),'® we arrive at

1
Yoo = fy((yl(g + ’}/gg + ’}/((7?;3 =0+0 (1\[2) ) (4.22)

in agreement with the general argument given above.

5 OPE coefficients

We now proceed to calculating various OPE coefficients in the long-range O(N) critical
vector model. In section 5.1 we calculate the (¢p¢po) three-point function, and determine
its amplitude at the next-to-leading order in 1/N expansion. Such a calculation requires
knowing the next-to-leading order corrections to the ¢¢o interaction vertex. We calculate
this non-local effective vertex using the background field method [32]. In section 5.2 we
calculate the (coo) three-point function at the leading order in 1/N expansion.

5.1 (p¢o)

In this section we will calculate the (¢p¢po) correlation function at the next-to-leading order
in 1/N expansion. Due to conformal symmetry, this three-point function has the form

0 _
O (14 6C 90 )17
(lz13][mas])Aotre |z [PRe = Re =0

(p(x1)¢(22)0(23)) = : (5.1)

where p is an arbitrary mass scale. The amplitude of the three-point function (5.1) was
separated into the leading order factor of Cé?;a and the relative 1/N corrections to it,
0C4ps = O(1/N). We also took into account that the anomalous dimension of ¢ vanishes,
and therefore its total dimension is given by Ag.

Carrying out the calculation of (5.1) in this section, we will reproduce the anomalous
dimension -, and derive the leading order amplitude Cé(;))a and the next-to-leading order
contribution to 0Cy¢,. In the process, we will introduce and calculate the ¢¢o conformal
triangle, at the next-to-leading order in 1/N, representing the corresponding non-local
vertex in the effective action.

It is customary to use conventions in which position-space propagators of the fields in
the considered correlation function are normalized to unity. This can be achieved by the
corresponding rescaling of the fields,

6=\ JCs(1+A) b, 0 /Cr(l+Ay)0. (5.2)

In particular, such a normalization provides a renormalization scheme choice related to the
freedom of redefining the scale u by a constant factor. We will denote the amplitudes of
the correlation functions with so-normalized fields with a bar, e.g., C';?;b)a and 5C¢¢U for the

three-point function (5.1) in which all of the fields have been normalized according to (5.2).

18 Alternatively, this calculation can be viewed as a consistency check for the value of 7, .
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The leading order amplitude C(E)((;)s can be easily found from the tree-level diagram

o(xs)

= — A C3C,U (Mg, Mg, Ay) I

A —
VN (lz1s||z2s) Ae |w12]*29

P(x1) P(z2)

For the fields normalized according to (5.2) we obtain the leading-order amplitude

~0) _ 2
Copo = i

T3 (4-s) \/(d — 25)(s) sin (4m(d — 25)) T(d - s)
VN V/7al(s)T (%)2 .

To determine correction 0Cyg4, to the amplitude of the (¢¢po) three-point function,

1
C¢C‘72 U (A¢7 A¢a Acr) (53)

we begin by calculating the corresponding ¢¢po conformal triangle (see [35] for the original
discussion of conformal triangles in CFTs). In terms of the effective action, such a conformal
triangle gives a diagrammatic representation of the non-local interaction term

Zopo vy [ d ¢(z1)p(w2)o(23)
\/N /.L’Y /d 12,3 (’1’13"1'23‘)2&’@12’25 ) (54)

Seff D)

where we denoted p
— S8~ Yo Yo
_ — 1o 5.5
a= 5 , B=s+ 5 (5.5)

The amplitude of the conformal triangle admits the 1/N expansion, Zys, = Z(;%)U(l +
0Z4¢o). Here the leading order amplitude Zé?b)a = O(1) is constrained by the requirement
that the classical interaction term T%QSQJ is reproduced in the large- N limit. Incorporating
the next-to-leading order correction, and taking into account the vertex counter-term con-
tribution, we obtain the following diagrammatic equation for the ¢¢o conformal triangle:

g o (o
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The first term in the r.h.s. of (5.6) represents the tree-level contribution of the leading-order
¢%0 interaction vertex, while the second term stands for the counter-term contribution due
to the wave-function renormalization of the field o. The last two terms in the r.h.s. of (5.6)
originate due to loop corrections to the ¢?c vertex at the next-to-leading order in 1/N. In
the latter diagrams, we have adjusted the scaling dimension of the corresponding graphs by
a small shift by regularizing the internal o lines. At the end of the calculation we will take
the limit § — 0. We will also observe explicitly that the total 1/ pole of the second and
third diagrams is cancelled out precisely by the second (counter-term) diagram. Inversely,
imposing a cancellation of divergencies reproduces the correct value for the anomalous
dimension v, given by (3.15).

The ¢ppo conformal triangle can be used directly to calculate correlation functions and
extract CF'T data. For instance, in the previous paragraph, we outlined how the anomalous
dimension 7, can be found from such a calculation. Importantly, OPE coefficients can be
calculated as well. To this end, one needs to attach to the conformal triangle the full
(dressed) propagators, and integrate over the internal unique vertices: such a procedure
is a direct generalization of using the Feynman rule for a tree-level vertex and integrating
over an insertion of the vertex. In particular, to calculate the (¢¢pco) three-point function
we proceed as follows:

o(z3)

2Zph0
%u 17 (Cy(14+A44))?Co(1+ A0 WUpgpo

o 2A,—Ag—
(lz1s][z23]) Ao +7o 2120770777 (5.7)

P(z1) P(x2)

where we denoted the factor obtained from integration over three unique vertices of the
conformal triangle as

B d—s—7% d—s—7, d—s d—v s+
UQSQSO'_U( 2 ) 2 7S+’YU)U< 9 9 ) 2 )

d—s d—s—", Yo
><U<2, : ,5—1—2). (5.8)

Expanding (5.7) in 1/N to the next-to-leading order, and comparing the result with (5.1)
we obtain

(0)

_ 27 1
0) _ oo 3 7,(0)
_ A,
(50(;220 = 5Z¢¢g + 5u¢>¢>0 + A¢ + 5 (5.10)
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where we denoted the 1/N expansion of (5.8) as
Usgo =UY) (1+ U
g0 = Uppe (14 0Usgs) ,
2
275D (3)'T (4 - 5)
1 ;
T ()06 (%52) v
_ 2o (90 d—3>_ (0) (d_> (0) (d) (0) (3>_ (0) _>
Usor = 7 (20 (557) =300 (G=5) 401 (5) 426 (5 ) ~3609)= ) .

Using (5.3), (5.9) we can solve for the leading-order amplitude of the conformal triangle

o) _
Uppo =

(5.11)

Z(O) — U(A¢’A¢7AU) _ r (%) F(S)F (%)2 Yo (5 12)
LT e ©

At the same time, (5.10) gives a prescription to calculate the 1/N correction to the OPE co-
efficient. To finish that calculation we need to determine first the next-to-leading correction
0Zypo to the ¢ppo conformal triangle.

In [32] it was proposed to use the background field method to calculate conformal
triangles. Such a method can be applied for the purpose of determining the values of Zéfgg,
0Z 4o in our case as well. Following [32], we set the field o to a non-dynamical background
value o0 = 7, and attach the full ¢ propagators to each term on both sides of (5.6). The
resulting diagrammatic equation for the propagator (¢¢)|s in the & background is given by

o o
Yo
+ -5 X
2A 204 204
o (5.13)
‘Hfax 20, +6/2 20, +6/2

20,

Every diagram in (5.13) can be readily calculated simply by applying the propagator merg-
ing relation, while taking the integrals starting from the topmost vertex. In particular, the
Lh.s. of (5.13) gives

2 5‘#’70
Lhs. of (5.13) = — ——= Zywe (Cu(1 4+ Ap))* Uspr ———s— , 5.14
(5.13) T Zovo (Coll+49))" Usy P ET (5.14)
while we denote the four terms contributing on the r.h.s. of (5.13) as
rhs.  of (5.13) = vy + vet. +v1 + V2. (5.15)
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Here the tree level diagram and the vertex counter-term contribute

g

2 9 d—s d—s Y
= = (Co(1+ Ag)PU (S5 550 s) (5.16)

2 d—s d—s Yo oure
et = ——— (Cy(1 4+ Ay))? U S| .
Ve.t. /7N ( ¢( ¢)) ( 9 9 ) 5 ‘x12‘d—2s—wg

(5.17)

At the same time, for the vertex correction diagrams in the second line of (5.13) we obtain

2 \% ., 9, (d—s d—s d—s d+6d s—9§
Ul_(_\/ﬁ> C¢Co—(1+A¢) U( B ,2,S)U< B y B s B )

d—s d—s+96 0 o ure
) P - 1
X U( 2 7 2 ’ ) ’x12’d—25+6 ’ (5 8)
3s 6 s 0 0 d—s 6 d—s—9
= 4 2 o d_‘ RN - - . 1
Vg CyC. U( 2,s+4,2 4)U<S+4, 5 +4, 5 ) V1 (5.19)

Comparing (5.14), (5.15) we first of all cancel the common factor of —% (Cu(1+ Ay))? 5.

Matching the leading order terms, we reproduce Zg?z))a given by (5.12). Expanding the
sub-leading contributions (5.18), (5.19) around 6 = 0 we observe that the 1/ poles are
exactly cancelled out by the counter-term (5.17) for ~, given by (3.15). At the same time,
the anomalous dimension log |z12] term in (5.18), (5.19) matches its counterpart on the
Lh.s. (5.14) of the conformal triangle equation. Finally, matching the finite terms on both
sides of this equation, we obtain the next-to-leading order correction to the conformal
triangle amplitude

8 Zpg0 = Ar (5)° P (5.20)

e T
(v (-3)r(5°)r (+=5) o (5) r (5 v (5-3))
(00 (57) 10 (5] 00 (5) o) o ()

With all the ingredients in place, we can calculate the 1/N correction to the amplitude

of the (¢¢o) three-point function (5.10). Our result for §Cye, satisfies several consis-
tency checks. When s = d the long-range fixed point becomes free, and consequently
0Cpgo|s=d/2 = 0, as can be estabhshed by substituting o ~ ¢ and performing Wick con-
tractions. This agrees with the s — d/2 limit of (5.10).

When s = 1, and 2 < d < 4, the UV fixed point of the long-range O(N) vector
model was argued in [18] to be critically equivalent to the IR fixed point of an interacting
‘mixed o¢ theory’ with local kinetic terms for ¢ and o, cubic interaction ¢?¢ and quartic
interaction o*. The critical coupling in the latter model, calculated at the leading order in
the e-expansion performed around d = 4 dimensions, gives [18]

2e

B TRAUG 3/2y (5.21)

g1 =87
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This implies that in the ‘mixed o¢’ theory,
A 16 3/2 2
5C¢¢a|s:1,d:4—e = ﬁ + 0(6 R 1/N ) , (5.22)
which agrees with (5.10) for s = 1 expanded in d = 4 — ¢ dimensions.

5.2 (ooo)

In this section we will calculate the (coo) three-point function at the leading order in the
1/N expansion. Expanding the trace log in the large-N effective action for o (2.11) to
O(1/N3/?) we obtain the following cubic term

Set D —— (—) C¢/dd olr))o(ra)o(rs) (5.23)

3! |$12|!Jf13!|$23)d_8

Such a non-local cubic interaction vertex can be represented diagrammatically using the

ooo conformal-triangle. The corresponding Feynman rule is then given by

o(x3)

_ _ 6Zygo _o(z1)o(z2)0(23)
VN (Jz12][z13]|z23)4—°

o(x1) o(w2)

Here the leading order amplitude of the conformal triangle is given by

4C3
S —— (5.24)

ooo 3

Attaching o propagators to the conformal triangle and integrating over three unique vertices
we obtain the three-point function for normalized o,

~(0)

[exeden

(0(z1)0(22)0(23)) (5.25)

o (lzelmis]|was))®
normalized

where we denoted the normalized amplitude as

<s, %,d - 2) (5.26)

_ 2d 28(d 23)8111( (d 23))F(%—3 ZF(%(d—S-f—l))F(%S %)C(O)

NCONCEEY 000

c

[eexel 2

d—s d—s 2
(0) _ L=-°
C \/NC¢C U( 5 ,s>

3
2

A simple consistency check of this result is C’gw| s=1,d=4—c = 0+ O(e2), in agreement with

the behavior of its counterpart in the dual model [18].
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6 Continuity of CFT data across long-range—short-range crossover

In previous sections we derived various CFT data for the long-range conformal fixed point
for a general exponent s and space-time dimension d. At the same time, we know that when
s = 2 the long-range CF'T is classically equivalent to the short-range CFT; this statement
is evident by matching the actions of these two models (for instance, in momentum space).
Therefore one might wonder if taking the limit s — 2 in the expressions for the long-range
CFT data obtained above, one would recover the known CFT data of the short-range O(N)
vector model. As reviewed in Introduction, it is well known that such a naive check would
not fulfill that expectation; and the crossover between short-range and long-range CFTs
in fact happens at the value s = s, < 2 [14, 15]. Here s, = 2 — 273, where V5 s the
anomalous dimension of ¢3 in the short-range model. The value of s, is defined by requiring
a continuity of CFT data across the long-range to the short-range transition.'” In this
subsection, we provide explicit evidence for the existence of a continuous transition of all

CFT data obtained above using the 1/N expansion,?”

namely the scaling dimensions of o,
02, 0¢, and the OPE coefficients Cypy, and Cppo, at the crossover point s = s,. This is a
non-trivial consistency check of our long-range CF'T data computed near a strongly-coupled

point s = s, in general d, and at the next-to-leading order in 1/N.

6.1 Continuity of dimensions of o, o2, and o¢

Before proceeding onto the calculations in this section, we make the following simple ob-
servations regarding the leading order behaviour of the scaling dimensions and amplitudes
of ¢ and o,

A¢|s—>2:A¢;=g—1, Aglsmo = As =2,

d_ ap (d=1) gip (=d (6.1)
C¢|s—>2 =C, = F(jgl)y Ca‘s—)? :C& = ’ F(3F2<)dSln()2) ’

™ 7T 3 —

To illustrate the continuity of scaling dimension of the Hubbard-Stratonovich field o
across the crossover point s, we will utilize the derivation of the anomalous dimension
v reviewed in section 3.2. The total scaling dimension of ¢ is given by A, + 7,, where
A, = s. Notice that at the crossover point s, = 2 — 2y Py A, gets split into the sum of two
parts, Az = 2, that equals to the leading order contribution to scaling dimension of &, and
the sub-leading term —2v b For future purposes, let us write down this rearrangement of
total scaling dimension of ¢ in the long-range CFT at s, as

(AO' + ’Ya)|s—>s* = Aé’ + (’YO”S—)S* - 2’7(5) . (62)

Notice that terms in brackets in r.h.s. of (6.2) are sub-leading in 1/N, and therefore taking
the limit s — s, = 2+ O(1/N) in those terms (more precisely, in v, since %% does not

9Note that the definition of the crossover point is independent of the value of N (while the value of s,
is dependent on N), and can be easily generalized to the O(/N) model.

20 Analogous calculation in the perturbative e-expansion, for e = 2s — d, was first carried out in [14] to
order €.
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depend on s) needs to be replaced with taking the limit s — 2. In order for the scaling
dimension of the o field to be continuous at the crossover point sy,

(A +70)|s—s, = Do + 75, (6.3)

it is then required that
Volss2 =6 + 274 - (6.4)

To verify that the above expression is true, we notice that among the three diagrams
contributing to (oo) at the next-to-leading order in 1/N (discussed in section 3.2), two
of them, namely Cé};”, reproduce the corresponding diagrams in the short-range critical

vector model when s — 2, i.e. C’((T}T’Q)ls_g = CS;ZQ). However, the third diagram, CC(,:?, does

not reduce to its short-range counterpart C’g?;) in that limit. Its contribution to ~, is in fact

absent, unlike the contribution of C((jf) to v5. To find the latter, we consider ) diagram

66

explicitly:2!

As pointed out above, this diagram is divergent in the short-range model, but its counter-
part in the long-range model is finite. Importantly, the divergent behavior of this graph
can be traced back to its sub-diagram, representing the 1/N correction to the propagator of
the field <Z§ However, as shown in section 3.1, the one-loop correction to the propagator of
¢ is finite in the long-range CFT, consistently with the expectation that scaling dimension
of the field ¢ does not receive anomalous contributions.

We regularize C'f;) by adding a small shift § to the exponent of the internal line of the
Hubbard-Stratonovich field &, obtaining

5 Dy - _
8) _ Col ™ oo (28 4. ( _ 5_5) <d+5d5_> 1
) = |x|4+54c¢00< 5 +A¢>U 2,d=2+5, 5 | U (2., 2 T

= i‘ﬂ (475 log(ulz) + .. ) , (6.:5)

>~

C

q

where in the last line we took the limit 6 — 0 and omitted everything except for the

contribution to the anomalous dimension. Consequently C((jf)

contributes —2y 310 % This
contribution is precisely offset by the second term in the r.h.s. of (6.4), consistent with the
fact that in the long-range CFT the counterpart diagram ngc’,) is finite, and therefore does
not provide any contributions to 7,.

Remarkably, our argument for continuity of scaling dimension of ¢ does not use the

specific value of ~ e More importantly, this calculation pin-points how the continuity of the

21See [26] for a recent detailed calculation of anomalous dimension of the Hubbard-Stratonovich field.
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scaling dimension of ¢ is inherited from continuity of the scaling dimension of ¢. Such an
inheritance makes sense, since continuity of ¢ is intrinsically connected with the irrelevance
of the bi-local kinetic term for ¢ above the crossover point.

Having established continuity of ~,, it is straightforward to generalize our argument
to demonstrate the continuity of ~,2. We derived the latter in section 4.1. The total
dimension of ¢? is given by 2s + 7,2, which at the crossover point s, = 2 — 27(2) can be
rewritten as 4+ (Y,2|s—2 — 4y qS)' Continuity at s, requires this value to be equal to 4+ ~;2,
the scaling dimension of 42 in the short-range vector model. In other words,

Vo2ls—2 =752 + 475 (6.6)

One can see that almost all of the diagrams contributing to 7,2 have a smooth limit s — 2,
under which they reduce to their short-range counterparts. The only non-trivial diagram
in this limit is the one with two (0c) sub-diagrams, where each of these receive 1/N
corrections in the s — 2 limit. Then (6.6) immediately follows from (6.4). It should be
noted that since the anomalous dimensions of all operators ¢™ with n > 2, come from the
corrections to the o and o2 sub-diagrams, the continuity of their scaling dimensions across
the crossover point follows from the continuity of the scaling dimensions of ¢ and o?2.

To close this subsection, we will discuss continuity of scaling dimension of the composite
operator o¢. Scaling dimension of this composite operator was discussed in section 4.4,
where we provided a quick argument due to e.o.m. for the exact value of the anomalous
dimension 7,4 = 0 to all orders in 1/N, as well as an explicit perturbative calculation
at the next-to-leading order in 1/N expansion. Analogous calculation in the short-range
vector model proceeds along the similar steps, with setting s — 2 in all the sub-leading
diagrams. The only adjustment which one needs to make to the long-range derivation is

that the short-range (;AS acquires anomalous dimension ~y 3 (the second and the third diagram
in section 4.4 contributing 7{%’3) have a continuous behavior at s = 2). Therefore the short-

range counterpart of the first diagram in section 4.4 scales as

2(As +75) +2(85 +75) = 2(As]sm2 +Volsm2 — 295) + 2(Aglsm2 +75)
= [2(A¢ +70) + 2A¢] [ss. (6.7)

where we used (6.4), consistently with the continuity at s = s, =2 — 275

6.2 Continuity of (¢¢o) and (coo)

We now proceed to demonstrate continuity of normalized three-point functions (¢¢o),
(ocoo) at the crossover point s,. Particularly, we are going to demonstrate the continuity
of the three-point function amplitude (OPE coefficient) é¢¢a at the next-to-leading order
in 1/N expansion, as well as the amplitude Cyy, at the leading order in 1/N expansion.

Recall that we split the amplitude into the leading large- N factor and the relative 1/N
corrections as follows:

Cosr = C0,(1+6C45) (6.8)
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Here the leading order amplitude ég?;s)a originates from the tree-level digram, while the
relative sub-leading terms 6C_’¢¢U are due to next-to-leading order corrections to the ¢ppo
vertex. The continuity requirement is then

0 _ A0
Coi0 = Cooo

s=2
Ja (6.9)

SO0 sa.. =[O sE., 9~ 90
C$$&5C¢¢&—(C¢¢U(SC¢¢U 2’7¢ Js )

s=2

Expressions for C_'gg&, 5C 346 are well-known [36] and therefore the continuity (6.9) can be
readily checked. Using our result (5.3), (5.10) we confirm that (6.9) is indeed satisfied.

Notice that while the first relation in (6.9) is a simple consequence of (6.1), the mean-
ing behind the second line in (6.9) is more opaque. However it does provide an interesting
relation between the leading and next-to-leading contributions to the three-point func-
tion (pgpo).

To close this section, we notice that at the leading order in 1/N, continuity of (coo)
immediately follows from (6.9) and smooth behavior of the triangle diagram.

7 A dual description for the long-range CFT at large IN

As we reviewed above, the long-range critical O(IV) vector model is defined for the exponent
s taking values in the range d/2 < s < s,. It crosses over to the MFT regime for s < d/2,
and to the short-range regime for s > s, (given by critical vector model plus a decoupled
generalized free field [11, 12]). The model can be studied near the MFT transition point
by setting s = d/2+ e. This makes the quartic interaction slightly relevant, and allows one
to study the model perturbatively in e expansion. No such weakly coupled description of
the short-range crossover point near s = s, was available?? until a completely new model
was suggested in [11] for the N =1 case (Ising model).

The proposal was to start with the action Sc;i; for the short-range critical Ising model
(N =1 vector model), and couple it to a generalized free field x;,

S = Serit +/dd$/ddyX(x)XEly) +)\/ ddxqu. (7.1)

|z —yl¥®
The scaling dimension of x is therefore fixed to be A, = %, while the field qg (which
is the lowest scalar primary of the critical Ising CFT) has dimension % — 14+~ 3= d‘%,

when A = 0. The dimension of y was tuned such that the perturbation qu is irrelevant for
s > Sy, and relevant for s < s,. In the latter case, the coupling A triggers an RG flow that
can be studied perturbatively in the vicinity of s4. Interestingly, the IR fixed point of this
flow is described by a long-range CFT. Moreover, it has been suggested in [11] that the
resulting long-range CFT is, for all d/2 < s < s,, the same as the long-range critical vector
model, obtained at the end of the RG flow of the Gaussian MFT deformed by a quartic

22With [14] providing an earlier attempt of the construction perturbative near s., as well as near d = 4.
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operator. Therefore, these two UV descriptions are dual in the IR, and have complementary
perturbative regimes on the opposite ends of the range d/2 < s < s,. However, evidence
for the duality for all intermediate values of s has so far been obtained only for certain
three-point function coefficient ratios, valid for all orders in the e-expansion [11].

In this section, we aim to provide a complete non-perturbative description of the duality
for all values of s, by reformulating the duality suggested in [11] at large N. We begin
with re-writing the action for the short-range critical O(N) vector model at large N in the
Hubbard-Stratonovich formalism,

Scrit = / ddx (;(aﬂg)) Z + \/IN 92)2) + (72)

where ellipsis stands for 1/N corrections, and we also skip explicitly writing the countert-

erms. Following [11], we introduce a new field x*, i = 1,..., N with a bi-local kinetic term,
and scaling dimension
d
A, =208 (7.3)
2
and couple it to the field ¢ as follows:
S = Smt+a/dd /dd >|<x(>y+>\/dd Fixt (7.4)

Here, the scaling dimension of ¢/ is (d — s4)/2. The kinetic term normalization coefficient
a can be arbitrary, and reflects conventions regarding the definition of y. A convenient
choice to fix it will be explained momentarily. To obtain a large N description of the IR
CFT, we first perform the following redefinition of the fields and couplings,

D' =\, Y=130, g=\aG. (7.5)

This allows us to re-write the action as??

d a, X( d T2 =
Sy = a [ d's /d y|d 8+/d (w CLOLR +<1>X+fzq>> )

where we have again omitted higher-order corrections to vertices and propagators.

We will now argue that when both G and A are tuned to criticality, and s assumes
values in the range d/2 < s < sy, the model (7.6) is equivalent to the long-range CFT (2.10).
The argument can be constructed by going from the latter towards the former.

Starting from the long-range CFT model (2.10), we can add to it its action a local
kinetic term ﬁ (0¢)?, where ) is a dimensionful constant that we choose to be equal to
the IR critical value of the coupling constant in the model (7.6). This can be done without
affecting dynamics of the field ¢ in the range d/2 < s < s,, where such a term is suppressed
compared to the bi-local kinetic term for the field ¢.

Z3We skip keeping track of the O(N) indices.

~ 99 —



We then insert an identity into the partition function Zpr of the model (2.10), repre-
sented as a Gaussian integral over a field y,**

1 ddx x/
Zir — ZLRf /[Dx] exp (a % (X+a/ddx’1 %)
1

|12

X <x+a/dd mQ)’dJrS)) , (7.7)

accompanied by the corresponding normalization prefactor 1/z. Choosing

1
4C(s)m1A(Ag)A(d — Ag)’

1
= Yl A(Ag)A[d—Bg) — 201): (7.9)

a = —

(7.8)

we obtain that the action (2.10) transforms into

d 4 X(@)x(y) / d ( 1 2 1 9 1 2)
= AT — — oty — . (7.1
SLRr a/d x/d Yy [ — y[ds d%z 2 (09) 490 165% \/Naqzﬁ (7.10)
Under the identification
D+ 0, Yoo, g~ G (7.11)

the models (7.6), (7.10) are indeed equivalent.

Notice that when s > s, the coupling A in (7.4) becomes irrelevant, and its critical
value is a trivial A = 0, making the field redefinition (7.5) ill-defined. In fact, the field
x decouples into an independent d.o.f. with a bi-local kinetic term. Therefore while the
IR duality between the long-range vector model and the deformed short-range critical
vector model, defined for d/2 < s < s, is quite straightfoward to establish, a more subtle
prediction is that when s > s, (outside the scope of the long-range model, and therefore
beyond the regime where one can talk about such a duality) the system retains a decoupled
generalized free field d.o.f [11, 12].2°

Having argued for the duality between the long-range and the deformed short-range
critical vector models in the range d/2 < s < s, we would like to explore the meaning of
the dual of the generalized free field x on the long-range side, with an aim to make the
duality more precise. Motivated by this goal, for the rest of this section we are going to
return to the picture with the original field x. The resulting action of the critical regime
of the O(N) vector model coupled to x is given by

STSTES) dA(AZ)A(d Ao) J v /dd )\“+/dd (q)ﬁx/lﬁmz()? |
12

240ur notation for this field is deliberately the same as for the x field in the action (7.6), as we intend to
identify these d.o.f. on both sides of the argued IR duality.

ZThe dual description of the critical long-range model is also useful near s = s,, where it gives a
perturbative handle on the calculations [11, 12].
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It follows from the action (7.12) that the propagator of the field x is

Cy(1+4y)
SN

(x(@)x(0)) = Cy = —2C(s), (7.13)

|z
where we took into account that the dimension A, is exact, and the only possible 1/N
corrections to the x propagator can go into the amplitude correction A,. At the same
time, the x e.o.m. following from (7.12) is,

- 1 X(v)
= G AT 8e) ] Y g (7.14)

which, in turn, gives

1+ A 1
(@(z)2(0)) = _27rdC(s)A(Aq>)j§1(d —Ag) [zAe”

(7.15)

Important manifestation of a duality between two CFTs is given by matching con-
formal correlation functions on both sides of the duality. When matching amplitudes of
the correlation functions of operators in different models, one needs to ensure consistent
normalization of these operators. A convenient choice is given by normalization of the
two-point functions of the considered operators to unity.?® Particularly, one finds it useful
that rescaling the fields y, ® as

1 2790 (5)A(Ag)A(d — Ag)
Xﬁ\/—QC(s)(l—FAX)X’ (IH\/ 1+ Ay

obtaining unit-normalized propagators (xx), (®®). The three-point functions involving

D, (7.16)

the fields x, ® will be calculated for such fields normalized according to (7.16). Similar
normalization conventions can be used for their counterparts in the long-range model.

In particular, one can establish that the ratios of coefficients of three-point functions
(XO0203), (20203), and (0¢0203), (pO203) where O3 are some conformal operators,
match exactly to all orders in 1/N and for all d/2 < s < s,, analogously to [11, 12]. This
implies the following matching of d.o.f. on both sides of the duality:

X < 0. (7.17)

Simply put, the relation (7.17) between x and o¢ follows from the relation (7.11) ® < ¢,
accompanied by the observation that the pairs of fields ¢, ¢ and y, ® satisfy analogous
equations of motion (4.15), (7.14).

An infra-red duality between the critical long-range model and the short-range model
deformed by a coupling to the generalized free field y, requires one to match the spectrum
of the two CF'Ts, as well as all of the CFT data. An immediate observation one can make
is that in the N = 1 case the long-range model possesses an operator ¢ with exact scaling
dimension (d + s)/2, while the short-range model has no analogous counterpart [11]. The
corresponding operator in the critical long-range O(N') model in the Hubbard-Stratonovich

#6See [26, 34, 37] for a recent discussion.
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language is 0¢, whose dimension A4 given by (4.17), as we derived in section 4.4, is fixed
exactly by the e.o.m. relating it to the dimension of ¢. Together with the other operator
¢ of a fixed scaling dimension (2.6), the ‘shadow relation’ is satisfied, analogously to the
N =1 case of [10]

Ap+Ayp =d. (7.18)

Notice that absence of the anomalous dimension contribution to the composite operator
o¢ in the long-range critical model is to be contrasted with its counterpart ¢ in the short-
range vector model. This being said, the full scaling dimension of o¢ is continuous across
Sx, as we demonstrated in section 6.1.

We close this subsection by pointing out that using e.o.m. (4.15) we can also calculate
the following cross-correlator

(06(2)6(0)) = —f;”v) Cyrila (Cl;) A (d;) 5@ (1) (7.19)

which vanishes for non-coincident points. The counterpart of this correlator in the deformed

short-range model is given by (x(x)$(0)) ~ 6(¥ (). Notice that the result (7.19) is exact to
all orders in 1/N, but can be seen explicitly at the leading order in 1/N from the diagram

2A,

204
2,

7.1 Anomalous dimension of the stress-energy tensor

In this section, we continue studying the ¢y perturbation (7.4) of the short-range O(N)
vector model (7.2) that brings it to a long-range critical regime in the IR. Our focus will
be on the fate of the stress-energy tensor operator 7,
~ N 1 N2 1 ~2 1 ~ 12

To = 0,006 — Sy (2 00— 624 54 ) (7.20)
of the original short-range vector model (7.2) under such a deformation. In (7.20) we have
substituted the critical value of the coupling g,. One anticipates that conservation of the
composite operator (7.20) is broken at the long-range fixed point of the model (7.4) [11, 12],
where it no longer has the status of a conserved stress-energy tensor. In agreement with
such an expectation, working at the first order in 1/N expansion, we will derive anomalous
dimension and trace of the operator (7.20).

Unlike calculation of the previous section (that was carried out in the entire range
d/2 < d < s4), in this section we will stay perturbatively close to the cross-over point sy,
working at the linear order in § = (s, — s)/2. Since our starting point is the short-range
critical vector model, we find it convenient for the purposes of this section to work in terms
of the original conventions qAS, & for the degrees of freedom of this model.

~32 -



While in the original theory, A = 0, the stress-energy tensor (7.20) is conserved on
shell, conservation law of that operator is broken at the new fixed point, where it no longer
plays the role of stress-energy tensor. This can manifest in the anomalous dimension ~p

and trace ¢, in the ansatz for the correlation function?’
0 0 I,ul/,/\p(x12) 1
0, TH (1)O\T? = C GO N 7.21
( H (71)0x (72)) 833;{ 83)%‘ ( T|x12|2d+27T +e |3312|2d ) ( )

where 7 is the anomalous dimension, Cr is the central change of the short-range theory,

d 1 27
Cr=N <(d_1)S§ + 0 <N>> , Sy = - (%) , (7.22)

We also defined tensor structures

[NJIsH

T,y
x?

L () = Gy — 2 (7.23)

IHV,AP(:C) = % (I“A(a:)fl,p(a:) + IMP(.CC)I,,)\(J,’) — Z5MV5)\P) , (7,24)

and the ¢ term in (7.21) accounts for a possible non-vanishing trace.?® Simplifying (7.21),
while linearizing in §, we obtain

CT(d — 1)(d + 2)'}’T U 1 R v ¥ xP 1
= d I p |$‘2d+2 —l—2dC <I p—2d|$‘2) W
(7.25)

We are going to compare the general ansatz (7.25) with what we obtain specifically in

(0, T (x)O\T*(0))

the model (7.4). Working at the second order in conformal perturbation theory in A\, we

derive

(0,TH (2)0 T (0)) = /\23 /ddxm (OuT™ (@)ONT(0)p(a1 )X (1) P(w2) X (22)) + O(AD)

Az A A b
=5 /ddwm (x(@1)x(2)) (GuTH (@) NTY (0) (1) (w2)) + O(AT)
= A2 (x(2)x(0)) (9 $(2)07$(0)) + O(AD) , (7.26)
where in the last line we used Ward identity for the divergence of the stress-energy tensor

in the original short-range sector of the model. From (7.26) we then obtain

1

» . ¥ xP
QMW(@@TMm»:NﬁM—&M%GHﬂMH(I”—w—&)MP), (7.27)

where we substituted s = s, at the short-range fixed point.
Comparing (7.27), (7.25) while demanding that tensor structures match, we arrive at

(d = 5)2C;Cy
O, (7.28)

o (d+s)(d— s*)Cq;CX
* 2C07(d—1)(d+2)

&= N)2

v =N +0(\3). (7.29)

2"Here we skipped 2yr in the exponent in the second term in the r.h.s., anticipating linearization in §,
while taking into account that both yr and ¢é vanish when § = 0.
Z8We thank M. Smolkin for discussion of this point.
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In the perturbative regime, near the short-range fixed point, we have [11]
2 = a(d)s + O0(8?), (7.30)

where § = (s, — s)/2. Furthermore, plugging s, =2 — 27, in (7.28), (7.29) and expanding
in v (which in the large N language means expanding in 1/N), we obtain

2
(d-2)T (d+1
¢=Nad d37(rd ) 'y(zg—&-(?(éz,’yz), (7.31)

206
Yr = e+ O, 735 (7.32)

r(9)

While the anomalous dimension and trace (7.31), (7.32) have been derived perturba-

tively close to the short-range fixed point, the operator 0,7"" can be studied in the entire
range d/2 < s < s,. We can decompose this operator in terms of the primary [11, 38]

V= oy - DX, (7.33)
o)

and the descendant 9”(¢x). Notice that the latter has a vanishing (leading order) cross-
correlator with (7.33). To find coefficients of such a decomposition, we will be working in
the conformal perturbation theory at linear order in A,:

O @) (G)(0) = A [ dlar (9,17 (@) 07(dx)(0) dx(a)

= M(0"d x(2) 0°(x)(0)) , (7.34)

where in the last line we used Ward identity. Similarly, we obtain

(0, T (2)VP(0)) = \e(0” x(2) V?(0)) . (7.35)
Therefore
9T () = M dx + O(N]), (7.36)
which we can rewrite as
d—s d—s
nwo_ v 14
o,T A 5 \%4 54 A 07 (DX) . (7.37)

A short-cut to the calculation of v, providing a faster alternative derivation of the
result (7.29), is afforded by the decomposition (7.37). One can easily see that focusing
only on the V¥ contribution to the divergence of the stress-energy tensor (7.37), while
simultaneously ignoring that trace contribution ¢ in the general ansatz (7.25), reproduces
the final expression (7.29) for the anomalous dimension 7 [11, 12].2° Indeed, following
such a strategy we obtain from (7.37)

(d—s)?
Ad?

*9In particular, one can see that the coefficient in front of the V¥ term in r.h.s. of (7.37) matches with
its counterpart b(g.) = b1 g + O(g?) introduced in [11, 12].

(0, T (2)9\T(0)) = A2 (V¥ (@)VP(0)) + ... . (7.38)
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Substituting here

24C;C\(d+5) 1

d—s ‘$‘2d+2

(V¥(2)VP(0)) = N e, (7.39)

and comparing the result with the 7 term in (7.25) we recover (7.29).

8 Discussion

The main focus of this paper was to study the long-range critical O(NN) vector model
in the large-NV limit. This model appears in the IR regime of the Gaussian MFT for a
generalized free field, deformed by a local quartic interaction. Working within the Hubbard-
Stratonovich formalism, we calculated several new scaling dimensions and OPE coefficients
of various primary operators in this model, performing most of our calculations at the
next-to-leading order in the 1/N expansion. The CFT data we obtained furnishes a non-
trivial consistency check for the existence of the full conformal symmetry at the long-range
fixed point.

In particular, we determined the leading order contribution to the anomalous dimension
of the composite operator 0™, n > 2, and calculated the three-point functions (¢¢o), (coo).

We also established that the cross-correlator (o2

o) vanishes, at least at the leading order
in 1/N, unlike its short-range counterpart discussed in [29, 30]. The vanishing of this
correlator simultaneously indicates that the long-range fixed point is indeed a CFT, and
that o is in fact a primary operator in this CFT.

2 can mix with

While in the short-range CFT certain composite operators, such as &
the descendants, such as 0%, such a mixing is impossible in the long-range CFT for the
Hubbard-Stratonovich field with a leading-order scaling dimension s, taking a general value
in the range d/2 < s < s, (see [13] for a bootstrap analysis of the long-range Ising model).
The case of s = 1 requires a special attention, since it allows for the possibility of operator
mixing, at least in principle, such as a mixing between ¢ and 9%?0%. Notice that s = 1 in
fact has the physical interpretation of a boundary CFT (BCFT), i.e., a free field theory in
the d+ 1-dimensional bulk perturbed by a quartic interaction localized on its d-dimensional
boundary (or defect).?® We therefore expect the spectrum of conformal primaries to shrink
in the BCF'T, as contrasted to a generic long-range CFT. It would be interesting to explore
this direction further.

We have also investigated the interplay between long-range and short-range critical
vector models. While the former is expected to occupy the region d/2 < s < s, of the
exponent parameter s, the latter exists in the region s > s,. We have performed an
explicit consistency check of our results for the calculated CFT data, by demonstrating its
continuity at the long-range—short-range crossover point s,. Furthermore, generalizing the
construction of [11, 12] to the large-N case, we have argued for the existence of an exact IR
duality between the long-range vector model, and the short-range model deformed by the

3%For the quartic operator to be relevant in the IR one needs to consider d < 2. When d > 2 the theory
arrives at the critical regime in the UV, however it suffers from usual instabilities typically found in such
cases [18].

— 35 —



coupling to a generalized free field. Performing a simultaneous perturbative expansion to
the linear order in s, —s and to the next-to-leading order in 1/N we also obtained expression
for the anomalous dimension and trace of the stress-energy tensor of the short-range vector
model, which it acquires at the long-range fixed point.

To close this discussion, we would like to notice that long-range critical vector models
has recently received attention from the perspective of persistent symmetry breaking at all
temperatures [39], adding extra motivation for expanding our understanding of CFT data
of these models.
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A Some useful identities

In this appendix we collect some useful expressions and identities.
Loop diagram in the position space are simply additive:

2a

2b

The propagator merging relation is given by

1 1
d? =U(a,b,d—a—b) ———— Al
/ x2 22|20 |21 — mo|20 (a,0, a ) |2q |20H20—d (A.1)
where we introduced
Ula,b,c) = 7% A(a) A(b)A(c) . (A.2)

This relation can be diagrammatically represented as

2(a+0b) —d
° 2 O 2 o = :a o xU(a,b,dfafb)

Uniqueness relation for a; 4+ ag + a3 = d is written as [40, 41]

1 Ula1, a2, a3)
d? = —= A3
/ g |z1 — 2|20 |2y — x]2%2|z3 — x|233  |x19]d203|x 3]0 202 geg]d 200 (A.3)
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and is graphically represented as

Here we defined a = d — 2a3, 8 =d — 2a2, v =d — 2a;.
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