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1 Introduction

Two-dimensional quantum gravity differs from higher dimensional theories of gravity. In
two dimensions the Einstein-Hilbert action is topological. The theory is over-constrained
and has no locally propagating degrees of freedom. In fact the Einstein-Hilbert action is
proportional to the Euler characteristic of the two-dimensional manifold it is integrated
over. The path integral first sums over all geometries of a fixed genus and is then summing
over all genera. In two dimensions we can furthermore exploit the two diffeomorphisms
to write the metric in terms of a fixed fiducial part g̃ij and a single degree of freedom
appearing in the form of the Weyl factor ϕ(x). It has been postulated that in the Weyl
gauge a theory of two-dimensional quantum gravity is given by a path integral over the
Weyl factor weighted by the Liouville action [1–3]

SL[ϕ] = 1
4π

∫
d2x

√
g̃
(
g̃ij∂iϕ∂jϕ+QR̃ϕ+ 4πΛ e2bϕ

)
. (1.1)

Here R̃ is the Ricci scalar of the fixed fiducial metric, Λ ≥ 0 is the cosmological constant.
Liouville theory is a two-dimensional CFT [9–13] and the parameters b and Q are related
to the Liouville central charge through

cL = 1 + 6Q2 , Q = b+ b−1 . (1.2)
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In addition to a theory of pure two-dimensional quantum gravity one can also consider
the addition of matter fields. Here we focus on a specific matter theory given by the
seriesM2,2m−1 of minimal models [7, 8], forming themselves a conformal field theory with
known central charge cm and operator content. In particular to avoid the appearance of a
conformal anomaly we obtain the constraint

cL + cm + cgh = 0 , (1.3)

where cgh = −26 is the central charge of the bc-ghost theory, introduced upon restricting
to Weyl gauge.

In general two-dimensional quantum gravity constitutes a highly fluctuating object.
For genus zero we can tame these fluctuations in two different ways:

A) For cm → −∞ and fixed area we find a round sphere saddle [4]

B) For cm →∞ the theory itself admits a round sphere saddle [15, 20]

In either of these cases we obtain a round two-sphere saddle. In other words, we started
with a priori highly fluctuating metric of a genus zero surface and collapse it on a round
two-sphere geometry. The fluctuations in either case are suppressed at order O(|cm|−1).
In this paper we focus on case A), whereas case B) was discussed in [15].1

The main motivation to study case A stems from the conjectured duality between two-
dimensional quantum gravity coupled to the non-unitary minimal model M2,2m−1 with
cm < 0 and a specific class of matrix integrals, known as multicritical matrix integrals [16,
17]. Multicritical matrix integrals might provide a microscopic picture of the gravitational
path integral. Furthermore the two-sphere is the Euclidean realisation of two-dimensional
de Sitter space [6]. Very little is known about de Sitter space at the quantum level. In
particular, because of the accelerated expansion and observer in a de Sitter spacetime is
surrouded by a cosmological horizon. Conjecturally a finite entropy — whose microscopic
origin is not understood — is assigned to this horizon [23, 24], defined via the Euclidean
path integral on compact surfaces.

This paper is part of a series of papers [5, 18, 19] trying to relate techniques of matrix
integrals and two-dimensional quantum gravity to study the Euclidean path integral of
spacetimes with positive cosmological constant.

The paper is structured as follows. In the first section 2 we introduce the theory of
two-dimensional quantum gravity and discuss the gauge fixing. In particular we explain
how to gauge fix the residual symmetry group on the sphere, left also upon fixing the
Weyl gauge. In section three 3 we introduce and discuss the genus zero fixed area path
integral semiclassically, i.e. in the limit of large negative matter central charge. We provide
a semiclassical expansion up to two-loop contributions. This in particular involves the
computations of Feynman diagrams on the two-sphere with an additional constraint —
the fixed area. In the last section 4 we compare to the DOZZ formula. Furthermore we
compare the two-sphere partition functions obtained in case A) and case B). We end with
some remarks relating the results obtained in this paper to multicritical matrix integrals.

1It is also worth considering the limit cm → −∞ on manifolds with boundaries [36–38].
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2 Two-dimensional quantum gravity

The theory we will focus on consists of a two-dimensional matter CFT of central charge
cm coupled to two-dimensional quantum gravity. Additionally we will fix the physical area∫

Σh dx2√g = 4πυ, where υ is a real parameter and Σh denotes a compact genus h surface.
The Euclidean path-integral of interest is given by [4, 9]

Zgrav[υ] =
∞∑
h=0

eϑχh
∫

[Dgij ] e
−Λ
∫

Σh
d2x
√
g × Z(h)

CFT[gij ]× δ
(∫

Σh
dx2√g − 4πυ

)
, (2.1)

where we take Λ > 0, χh is the Euler character of Σh, and Z
(h)
CFT[gij ] is the matter CFT

partition function. The positivity of Λ suppresses large area configurations. Although
the pure gravity theory has no classical solutions in two-dimensions due to the topological
nature of the Einstein term, upon fixing the area and coupling to a matter theory with
cm → −∞ the effective gravitational action including the contribution from Z

(h)
CFT[gij ]

does [4].
On a genus zero surface in complex coordinates the two-dimensional metric in the Weyl

gauge can be expressed as

ds2 = e2bϕ(z,z̄)g̃zz̄ dz dz̄ , z ∈ C . (2.2)

We have included the parameter b for future convenience. Our choice of fiducial metric
takes the Fubini-Study form

ds̃2 = 4υdzdz̄
(1 + zz̄)2 . (2.3)

It will also be convenient to work with spherical coordinates

z = eiφ tan θ2 , z̄ = e−iφ tan θ2 , (2.4)

such that the fiducial metric is given by

ds̃2 = υ
(
dθ2 + sin2 θdφ2

)
, (2.5)

with θ ∈ (0, π) and φ ∼ φ + 2π, capturing the two-sphere with area 4πυ. In order to
properly fix the Weyl gauge (2.2) we must introduce Fadeev-Popov bc-ghost fields. Upon
integrating out the matter and bc-ghost fields, our resulting gravitational path integral on
a genus zero surface is given by

Z(0)
grav[υ] = e2ϑ× A

volPSL(2,C)
×υ(cm−26)/6×υ−1

∫
[Dϕ] e−SL[ϕ]×δ

(∫
S2

dΩ e2bϕ − 4π
)
, (2.6)

where A captures contributions from the matter and CFT partition function at a sphere
with reference area normalised to one. According to the hypothesis of Distler-Kawai [1]
and David [2], this action is given by the Liouville action [3]

SL[ϕ] = 1
4π

∫
d2x

√
g̃
(
g̃ij∂iϕ∂jϕ+QR̃ϕ+ 4πΛe2bϕ

)
, (2.7)
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with [Dϕ] being the standard flat measure on the space of fields ϕ. Moreover, Q = b+ 1/b
and cL = 1 + 6Q2. Consistency of the theory, viewed as a theory of gravity coupled to
conformal matter, requires cL − 26 + cm = 0. In terms of the matter central charge,

Q =
√

25− cm
6 , b =

√
25− cm −

√
1− cm

2
√

6
, (2.8)

where the positive root for Q is a choice we can make given the redundancy Q → −Q ,
b→ −b, and ϕ→ −ϕ.

2.1 Residual gauge symmetries & further gauge fixing.

On a genus zero surface (2.2) does not fully fix the gauge. For instance, the transformation

2bϕ(z, z̄)→ 2bϕ(z, z̄)− σ(z, z̄) , g̃ij(z, z̄)→ eσ(z,z̄)g̃ij(z, z̄) , (2.9)

is a redundancy of the parametrisation. As such, the resulting theory must be invari-
ant under the above redundancy. Locally, conformal Killing vectors of g̃ij are given by
holomorphic maps

z → f(z) , z̄ → f(z) . (2.10)

The above maps do not affect the form of the Weyl gauge (2.2) since they can be reabsorbed
in a shift of ϕ(z, z̄). Of the space of holomorphic maps, we must select the subset of (2.10)
which are normalisable under the norm on the space of diffeomorphisms ωi(z, z̄) [3, 4]

ds2
ω =

∫
dzdz̄√ggijωiωj . (2.11)

This leaves a PSL(2,C) subgroup of normalisable residual diffeomorphisms. It is relatively
straightforward to check that in the semiclassical limit the transformation

ϕ(z, z̄)→ ϕ(f(z), f(z)) + Q

2 log f ′(z) + Q

2 log f ′(z) +Q
(
Ω(f(z), f(z))− Ω(z, z̄)

)
, (2.12)

leaves SL invariant.2 Given the invariance of SL, and assuming it persists at the quantum
level, the path-integral over the Liouville field ϕ will produce a term proportional to the
volume of PSL(2,C). Thus, volPSL(2,C) appears in both the numerator and denominator of
the gravitational path integral (2.6) in the Weyl gauge.

To fix this we must resort to further gauge-fixing. We can expand the Liouville field
in a complete basis of real spherical harmonics

ϕ(Ω) =
∑
l,m

ϕlmYlm(Ω) , (2.13)

with Ω a point on the round metric on S2 with area 4π, i.e. (2.5) with υ = 1; ϕlm and
Ylm(Ω) are real valued. They obey the orthogonality relation∫

dΩYlm(Ω)Yl′m′(Ω) = δll′δmm′ . (2.14)

2Beyond this limit the classical Liouville action is no longer invariant, rather it is the quantum theory
that must be invariant under (2.12).
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Our conventions for spherical harmonics are given in appendix A. Under an isometric map
Ω → Ω′(Ω) the Ylm(Ω) map to linear combinations of Ylm(Ω) with the same l. This is
because for each l, Ylm(Ω) with m ∈ [−l, l] furnish irreducible representations of SO(3).
As a gauge-fixing condition we follow [1] and impose that ϕ1m = 0 with m = {−1, 0, 1}.
SO(3) invariance fixes the form of the above to be independent of the ϕ1m and ensures
that ∆FP takes the following structure

∆FP = a0Q
3 + a1Q

2∑
m=−2

ϕ2
2m

+ a2

(
ϕ3

2,0 + 3
2ϕ2,0(ϕ2

2,1 + ϕ2
2,−1) + 3

2
√

3ϕ2,2(ϕ2
2,1 − ϕ2

2,−1)

+ 3
√

3ϕ2,1ϕ2,−1ϕ2,−2 − 3ϕ2,0(ϕ2
2,−2 + ϕ2

2,2)
)
. (2.15)

where
a0 ≡ −

16
3
√

3
π3/2 , a1 ≡

12
5
√

3π , a2 ≡
12
5

√
3
5 . (2.16)

For further details we refer to [15]. At this stage, all but the SO(3) isometry group of the
original two-dimensional diffeomorphisms has been gauge fixed. Since this is a compact
group, we can just divide out its volume explicitly.

3 Semiclassical saddle & small fluctuations

Imposing the area constraint the Liouville path integral on a genus zero surface is

ZL[υ] = 1
volPSL(2,C)

× υ−1e−4πΛυ
∫

[Dϕ] e−SL[ϕ,Λ=0] ×
∫
R

dα
2π e

iα (
∫
S2 dΩe2bϕ−4π) , (3.1)

where we introduced a Lagrange multiplier to fix the area. The equations of motion of ϕ
and α are

2∇̃2ϕ = 2
υ
Q− 8

υ
πibα e2bϕ ,

∫
S2

dΩ e2bϕ = 4π , (3.2)

where ∇̃2 is the Laplacian on the fiducial metric g̃ij . The equations of motion (3.2) allow
for the saddle

ϕ∗ = 0 , α∗ = −i Q4πb , (3.3)

leading to a round two-sphere saddle for the physical metric (2.2). Due to the PSL(2,C)
invariance of the Liouville action, in addition to the above solution there is a continuous
family of solutions related to (3.3) by PSL(2,C) transformations [4]. Upon fixing the gauge
of the residual gauge symmetries as discussed in section 2.1, we collapse the continuous
solution space down to the constant saddle. The saddle point then leads to

Zsaddle[υ] = 1
volSO(3)

× υ−1e−4πΛυ . (3.4)

We now recall that the semiclassical limit corresponds to b→ 0.

– 5 –



J
H
E
P
0
9
(
2
0
2
1
)
1
8
9

3.1 One-loop contribution

Expanding the Liouville field and the Lagrange multiplier around the semiclassical saddles
ϕ = ϕ∗ + δϕ, α = α∗ + δα (3.3) we find

Z(2)
pert[b] =

∫
[Dδϕ]×∆FP ×

∏
m={−1,0,1}

δ(δϕ1m)×
∫
R

dδα
2π e−S

(2)
pert[δϕ,δα] , (3.5)

where

S
(2)
pert[δϕ, δα] ≡ 1

4π

∫
dx2√g̃ (g̃ij∂iδϕ∂jδϕ− 2

υ
(1 + b2)δϕ2 − 4π × 2

υ
ibδαδϕ

)
. (3.6)

Notice that the small correction in the mass is of the same order as the coefficient of the
quartic interaction. In particular the mass term is a negative integer to leading order [33].
We now rescale δα→ δα/b such that all quadratic pieces are of order one and expand δϕ
in a complete and orthonormal basis of real spherical harmonics, as in (2.13). In terms of
these, the measure of path integration is taken to be

[Dδϕ] =
∏
l,m

(
υΛuv
π

) 1
2
dδϕlm , (3.7)

such that
1 =

∫
[Dδϕ]e−Λuv

∫
d2x
√
g̃ δϕ(x)2

. (3.8)

To render the measure local with respect to g̃ij we need to introduce an ultraviolet scale
Λuv with units of inverse area. The eigenvalues and degeneracies of the spherical Laplacian
−∇̃2 on (2.5) are

λl = 1
υ
l(l + 1) , dl = 2l + 1 , l = 0, 1, . . . . (3.9)

At the Gaussian order, including the leading contribution stemming from the Fadeev-Popov
determinant as well as the 1/b from the rescaling of δα we finally obtain

Z(2)
pert[b] = a0Q

3

bυ

(
υΛuv
16π2

) 1
2
(
υΛuv
π

) 3
2
(

4πυΛuv

6− 2bQ− 4π
Q2

a1
a0

) 5
2 ∏
l≥3

( 4πυΛuv
l(l + 1)− 2bQ

)l+ 1
2
,

(3.10)
where a1/a0 = −27/20π (2.16). In the above expression we strip out the l = 0, 1 and l = 2
modes. The l = 1 modes are removed by our gauge fixing choice, whereas the l = 2 modes
are affected by the Fadeev-Popov determinant. From (3.6) we infer that the l = 0 modes
couple to the Lagrange multiplier δα. We have∫

R

dδα
2π e2iδα

∫
dΩϕ(Ω) =

∫
R

dδα
2π e4

√
πiδα δϕ00 = 1

4
√
π
× δ (δϕ00) . (3.11)

This explains the second term in (3.10). The only subtle term is the infinite product which
we regularise using a heat kernel analysis. We obtain (see e.g. [22])

− 1
2

∞∑
l=3

(2l + 1) log
(
l(l + 1)− 2bQ

4πΛuvυ

)

= − 107 + 12ν2

12 log
(

2e−γE
ε

)
+ 2
ε2 + ν2 + 3

2 log b2

– 6 –
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+ 5
2 log(2− b2) + 1

2 log(1 + b2) + 9
2 log 2 +

(1
2 −∆+

)
ζ ′(0,∆+)

+
(1

2 −∆−
)
ζ ′(0,∆−) + ζ ′(−1,∆+) + ζ ′(−1,∆−) , (3.12)

where

∆± ≡
1
2 ± iν , ν ≡ i

√
1
4 + 2bQ , (3.13)

and ζ(a, z) denotes the Hurwitz-ζ function. The heat kernel regularization amounts to

− 1
2 log λ̃

4πυΛuv
=
∫ ∞

0

dτ
2τ e

− ε
2

4τ−λ̃τ = K0
(√

λ̃ε
)
≈ −1

2 log ε
2 e2γE λ̃

4 , (3.14)

where ε is a small parameter given by ε = e−γE/
√
πυΛuv, and γE denotes the Euler-

Mascheroni constant. The 1/ε2 divergence is local with respect to g̃ij and can be absorbed
into an appropriate local counterterm built from g̃ij . The parameter λ̃ = υλ ∈ R+ denotes
an eigenvalue. Applying to (3.12) the relations [25]3

ζ ′(0, z) = logΓ(z)− 1
2 log(2π) , ζ ′(−1, z) = ζ ′(−1)− logG(z + 1) + z logΓ(z) , (3.15)

with G(z) the Barnes G function, ζ ′(−1) = 1/12 − logA with A denoting Glaisher’s con-
stant, and logΓ(z) the logGamma function we obtain the small b expansion of the Hurwitz-ζ
functions in (3.12)

−1
2

∞∑
l=3

(2l + 1) log
(
l(l + 1)− 2bQ

4πΛuvυ

)
≈ −25

12 + 20
3 γE + 1

2 log 6 + log 96− 2 logA

−20
3 log 2

ε
+ b2

(
2 log 2

ε
− 37

12

)
+O(b4) . (3.16)

Combining (3.4) with (3.10) and using (3.12) we obtain the small b expansion of the fixed-
area Liouville sphere partition function

ZL[υ] = const× υ
1
6 +b2 Λ

7
6 +b2
uv e−4πΛυ

( 1
b4

+
(7

6 + 5a1
2a0

π + 2γE + log(4π)
) 1
b2

+ . . .

)
,

(3.17)
where the constant is given by

const ≡ a0
volSO(3)

3
√

3
8× 21/6A2π10/3 e

−25/12 . (3.18)

In particular we highlight the υ dependency of (3.17). Whereas Liouville theory is a two-
dimensional CFT, which would force the sphere partition function to scale as υcL/6 [3, 21],
where cL = 6/b2 + 13 + 6b2 (2.8), the area constraint (2.6) destroys conformality, leading
to a different υ dependency of the fixed area Liouville sphere partition function.

3These identities are to be understood as yielding a real valued analytic expression at small b.
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3.2 Two-loop contributions

Upon expanding in spherical harmonics it becomes clear that in the perturbative ac-
tion (3.6) the l = 0 mode couples to the fluctuation δα. We diagonalise the action to
avoid this coupling at the Gaussian level

δϕ00 → δϕ00 − 4π3/2 iδα . (3.19)

We thus obtain∫
[D′δϕ]

∫
R

dδα
2πb e

−Ŝ(2)
pert[δϕ] e+ 1

2π δϕ
2
00 e+8π2δα2

×
(
e

1
4π

∫
dΩ ( 4

3 bδϕ
3+ 2

3 b
2δϕ4...) × eiδα

∫
dΩ(2bδϕ2+...)) , (3.20)

where Ŝ(2)
pert[δϕ] follows from (3.6) upon splitting off the l = 0 and δα modes, which we

treat separately; the l = 1 modes we removed through the gauge-fixing. Furthermore
for the term in brackets we need not forget to shift the l = 0 modes using (3.19). The
primed measure indicates that we removed the three l = 1 modes. At the order at hand
we have Qb = 1.

Whereas the l = 1 modes which lead to an almost zero modes in (3.6) we removed
through our gauge fixing procedure, this action still contains one subtlety. Both the l = 0
as well as the δα fluctuation lead to Gaussian unsuppressed terms in (3.5). A priori it
seems that we have four choices

1) δϕ00 → ±iδϕ00 , δα→ ∓iδα ,
2) δϕ00 → ±iδϕ00 , δα→ ±iδα . (3.21)

In case 1) the resulting Jacobians cancel each other, whereas in case 2) we obtain an overall
minus sign. In performing the Gaussian integrals, however we observe that only the two
choices with δα → −iδα lead to cancellations of the UV divergences, which as we show
in appendix B4 by proposing an ansatz which does not make use of Wick rotations, is the
correct result. In terms of Wick rotations we are thus left with

a) δϕ00 → iδϕ00 , δα→ −iδα ,
b) δϕ00 → −iδϕ00 , δα→ −iδα . (3.22)

In particular we observe that it does not lead to any sign ambiguity. This seems to suggest
that even though both options (3.22) lead to the cancellations of the ultraviolet diver-
gences, only opposite Wick rotations, i.e. case a) where the mutual determinants cancel, is
consistent. We will discuss further evidence that in the next section 4 when we compare
to the DOZZ formula.

Propagators. Since we have to distinguish the l = 0, 1 and l = 2 modes from the
l ≥ 3 modes we will work in momentum space. Using the expansion (2.13) and the
orthonormality (2.14) we have

1∫
[D′δϕ]e−Ŝ

(2)
pert[δϕ] e−

1
2π δϕ

2
00

×
∫

[D′δϕ]e−Ŝ
(2)
pert[δϕ] e−

1
2π δϕ

2
00δϕl,mδϕl′,m′ = 2π

Al
δl,l′δm,m′ ,

(3.23)
4I would like to thank Dio Anninos for pointing this approach out to me.
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δαδα δϕ0,0 δϕ0,0

δϕ2,m δϕ2,m δϕ`,m δϕ`,m

Figure 1. Propagators of the small fluctuations.

where we defined for l 6= 1, Al ≡ (l(l+ 1)− 2− 2b2). Next we have the propagator for δα.
After Wick rotating we obtain in the semiclassical limit

1∫
dδα e−8π2δα2 ×

∫
dδα e−8π2δα2

δα2 = 1
16π2 . (3.24)

We are led to four distinct types of propagators as shown in figure 1. As a final remark,
before delving into calculating the Gaussian integrals we note that upon performing the
shift (3.19) as well as the Wick rotation (3.22) all Gaussian integrals involving powers of
the l = 0 mode vanish∫

dδϕ00dδα e−
1

2π δϕ
2
00 e−8π2δα2 (±iδϕ00 − 4π3/2δα

)n
= 0 , n > 0 . (3.25)

Similarly we find∫
dδϕ00dδα e−

1
2π δϕ

2
00 e−8π2δα2 (±iδϕ00 − 4π3/2δα

)n
(δα)m

= (−1)n2n!
( 1

4π3/2

)n+1
δm,n , n,m > 0 . (3.26)

Now we turn to performing the Gaussian integrals in (3.20) after expanding to order O(b2).

Gaussian integrals. We are left with the two possibilities (3.22). We explain one of
these two cases, namely

δϕ00 → iδϕ00 , δα→ −iδα . (3.27)

as the intermediate steps, in particular the cancellation of UV divergences we will en-
counter, is unaffected by our choice. We will re-instore the sign ambiguity at the end.
Combining (3.20) with (3.27) we have in the leading small b expansion

Zpert[b] =
∫

[D′δϕ]
∫
R

dδα
2πb e

−Ŝ(2)
pert[δϕ] e−

1
2π δϕ

2
00 e−8π2δα2

×
(
e

1
4π

∫
dΩ ( 4

3 bδϕ(Ω)3+ 2
3 b

2δϕ(Ω)4...) × eδα
∫

dΩ(2bδϕ(Ω)2+...)) , (3.28)

where for the term in brackets we need not forget to shift δϕ00 → iδϕ00 − 4π3/2 δα. Ex-
panding the exponential we get up to order O(b2)

Zpert[b] =
∫

[D′δϕ]
∫
R

dδα
2πb e

−Ŝ(2)
pert[δϕ] e−

1
2π δϕ

2
00 e−8π2δα2

×
(

1 + 1
6πb

2
∫

dΩδϕ(Ω)4 + 1
18π2 b

2
∫

dΩdΩ′δϕ(Ω)3δϕ(Ω′)3 + . . .

)
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×
(

1 + 4
3b

2δα

∫
dΩδϕ(Ω)3 + 2b2δα2

∫
dΩdΩ′δϕ(Ω)2δϕ(Ω′)2 + . . .

)
×
(

1 + 2
3πb

2δα

∫
dΩdΩ′δϕ(Ω)3δϕ(Ω′)2

)
. (3.29)

From the above we see that at order O(b2) we encounter cubic and quartic vertices. Further-
more the fluctuation of the Lagrange multiplier α introduced to fix the area can interact
with the l = 0 mode of the field fluctuation δϕ. We now treat the five terms in (3.29)
independently. We start with the three terms mixing the δα and δϕ fluctuations.

Bobbles. To obtain a non-vanishing Gaussian integral the fields need to appear in even
powers. The only non-vanishing possibility to combine δα with a cubic δϕ fluctuation
therefore implies that one of the spherical harmonics is a zero-mode. Using (3.25)–(3.26) as
well as the shift (3.19) combined with (3.27) we find the following logarithmically divergent
contribution

©1 ≡
4
3b

2
〈
δα

∫
dΩδϕ(Ω)3

〉
= 4

3b
2 × 3× 1

2
√
π
× (−4π3/2)× 1

16π2 × 2π ×
∑
l≥2

(2l + 1)
Al

= −b2
∑
l≥2

(2l + 1)
Al

. (3.30)

We now explain all of these factors. The 4b2/3 stems from expanding the exponential, the
3 is a symmetry factor, the 1/(2

√
π) is the l = 0 spherical harmonic we need in order to

obtain an even power in δα. For the l = 0 mode we then use the shift (3.19) combined
with (3.27) leading to (−4π3/2). Finally we use the propagators (3.24) and (3.23), leading to
the factors 1/(16π2) and 2π. All the other terms in (3.30) cancel upon using (3.25)–(3.26).

Cacti and bobbles. Following this logic we obtain

©©1 +©©+©2 = 2b2
〈
δα2

∫
dΩdΩ′δϕ(Ω)2δϕ(Ω′)2

〉
= b2

2
∑
l 6=l′≥2

(2l + 1)(2l′ + 1)
AlAl′

+ b2

2
∑
l≥2

(2l + 1)(2l + 3)
A2
l

+b2
∑
l≥2

(2l + 1)
Al

.

(3.31)

Of these the first one is double-logarithmically divergent, whereas the last one diverges
logarithmically. We also obtain a finite contribution.

Cacti. Finally we have

©©2 +©© = 2
3πb

2
〈
δα

∫
dΩdΩ′δϕ(Ω)3δϕ(Ω′)2

〉
= −b2

∑
l 6=l′≥2

(2l + 1)(2l′ + 1)
AlAl′

− b2
∑
l≥2

(2l + 1)(2l + 3)
A2
l

. (3.32)

Of these, the first one is double-logarithmically divergent, whereas the second term yields
a finite contribution. In particular it very important that the divergences hear appear with
a minus sign. This rules out two cases in (3.21).
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We now turn to the δα independent terms. We have two distinct types of iteractions
at order O(b2):

©©3 +	+©−© = 1
6πb

2
〈 ∫

dΩδϕ(Ω)4
〉

+ 1
18π2 b

2
〈 ∫

dΩdΩ′δϕ(Ω)3δϕ(Ω′)3
〉
. (3.33)

We now discuss these three contributions.

Cacti. Performing Gaussian integrals for the quartic term in (3.33) we obtain what we
will denote as cactus diagrams

©©3 ≡
1
2b

2 ∑
l,l′≥2

(2l + 1)(2l′ + 1)
AlAl′

. (3.34)

This contribution diverges like the square of the logarithm.

Melons. The sextic term in (3.33) a priori has two contributions. Melons and double-
tadpoles. However using (3.25) it is straight forward to see that double-tadpoles vanish.
The melonic contribution yields

	 ≡ 1
18π2 c1 (2π)3b2

∑
l≥2,m

Wl,mWl,m
Al1Al2Al3

. (3.35)

where l = (l1, l2, l3), m = (m1,m2,m3), and

Wl,m ≡
∫

dΩYl1m1(Ω)Yl2m2(Ω)Yl3m3(Ω) , (3.36)

is a type of Wigner 3-j symbol for real spherical harmonics; c1 = 6 is a combinatorial
factor. To evaluate (3.36) we replace real spherical harmonics by their complex counterpart
using (A.2). If we expand in terms of complex spherical harmonics, we find

	 = 1
3π2 × (2π)3b2

∑
l≥2,m

Wl,mW∗l,m
Al1Al2Al3

, (3.37)

where l = (l1, l2, l3), m = (m1,m2,m3), and

Wl,m ≡
∫

dΩYl1m1(Ω)Yl2m2(Ω)Yl3m3(Ω) (3.38)

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)(
l1 l2 l3
m1 m2 m3

)
, (3.39)

where in the second line we have written it in terms of Wigner 3-j symbols. W∗l,m is the
complex conjugate. Combining the orthogonality relation of the 3j symbol with the fact
that each of the m′is itself run over 2li + 1 integers we obtain

	 = 2
3b

2∑
l≥2

(2l1 + 1)(2l2 + 1)(2l3 + 1)
Al1Al2Al3

(
l1 l2 l3
0 0 0

)2

. (3.40)

– 11 –



J
H
E
P
0
9
(
2
0
2
1
)
1
8
9

Now we combine all the diagrams. In particular we realise that all UV divergences
cancel out, i.e.

©©1 +©©2 +©©3 = 0 , ©1 +©2 = 0 . (3.41)

We are left with the finite result

1
Z(2)

pert[b]
×Zpert[b] = 1 + 2

3b
2∑

l≥2

(2l1 + 1)(2l2 + 1)(2l3 + 1)
Al1Al2Al3

(
l1 l2 l3
0 0 0

)2

− 1
2b

2∑
l≥2

(2l + 1)(2l + 3)
A2
l

+ 1
6b

2∑
l≥2

(2l + 1)2

A2
l

= 1 +
(	+©©

)
b2 + . . . . (3.42)

We can evaluate the two cactus sums explicitly yielding at leading order for Al = (l(l+1)−2)

©© = −1
2
∑
l≥2

(2l + 1)(2l + 3)
A2
l

+ 1
6
∑
l≥2

(2l + 1)2

A2
l

= −11
27 −

π2

9 . (3.43)

3.3 Final two-loop result

Collecting all the results, in particular combining the saddle (3.4), the one-loop contribu-
tion (3.17) and the two-loop contribution (3.42) we obtain

Z(0)
grav[υ] = ± e2ϑ ×A× const× υ−

1
b2
−2 Λ

− 1
b2
−1

uv e−4πΛυ

×
( 1
b4

+
(7

6 + 5a1
2a0

π + 2γE + log(4π) +	+©©
) 1
b2

+ . . .

)
, (3.44)

where the constant we defined in (3.18) and A we defined below (2.6). Before comparing the
above semiclassical expansion of the sphere partition function of two-dimensional quantum
gravity at fixed area obtained from a path integral with the sphere partition function
obtained from the three point function of three area operators Ob ≡ e2bϕ we discuss the
individual pieces of (3.44).

• The power of υ contains the one-loop contribution; the l = 0, 1 and 2 modes which
we treated separately and the υ dependency of the functional determinant. The
area constraint contributes an inverse power of υ. Finally, both the ghost and mat-
ter sphere partition functions, constituting two-dimensional conformal field theories
contribute (υΛuv)(cm−26)/6.

• Up to two-loop the Feynman diagrams do not contribute any divergences. We expect
this to hold true also for higher order Feynman diagrams.

4 Sphere partition function from DOZZ

In this section we compare our result (3.44) with the sphere partition function obtained
from the three-point function of three area operators Ob = e2bϕ

〈Ob(z1)Ob(z2)Ob(z3)〉 = 1
volPSL(2,C)

× C(b, b, b)
|z1 − z2|2|z1 − z3|2|z2 − z3|2

, (4.1)
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where [11–14]

C(b, b, b) = −ΛQ/b−3(πγ(b2))Q/b (1− b2)2

π3b5γ(b2)γ(b−2)e
−Q2+Q2 log 4 . (4.2)

In this expression γ(z) ≡ Γ(z)/Γ(1 − z) is a meromorphic function with poles when z is
a non-positive integer and zeros when z is a non-vanishing positive integer. The sphere
partition function follows upon integrating the DOZZ coefficient three-times with respect
to the cosmological constant and setting the integration constants to zero5

− ∂3
ΛZDOZZ[Λ] = 2× C(b, b, b) , (4.3)

where we have used that [11]

∫
C3

d2z1d2z2d2z3
|z1 − z2|2|z1 − z3|2|z2 − z3|2

= 2 volPSL(2,C) . (4.4)

We obtain

ZDOZZ[Λ] = 2×
(
πΛγ(b2)

)Q/b (1− b2)
π3Qγ(b2)γ(b−2)e

−Q2+Q2 log 4 . (4.5)

This expression is similar to the expressions encountered e.g. in [11, 12]; the difference
being the factor e−Q2+Q2 log 4 which appears when transforming the Liouville action from
the sphere to the disk using [30]

ϕ→ ϕ−Q log 2
1 + zz̄

. (4.6)

On the disk of radius κ� 1 we obtain

S
(Disk)
L [ϕ] = 1

4π

∫
D

drdθ
√
g̃D
(
g̃abD ∂aϕ∂bϕ+ 4πΛ e2bϕ

)
+ Q

π

∮
∂D

dθϕ+ 2Q2 log κ+Q2 −Q2 log 4 , (4.7)

where ds̃2
D = dr2 + r2dθ2 is the flat metric on the disk D.

To compare (4.5) with the path integral result (3.44) we restore units. Since Liouville
theory itself without fixing the area is a two-dimensional CFT the dependency of the
partition function on the area υ0 of the sphere is fixed to equal υcL/60 . By dimensional
analysis we obtain

ZDOZZ[Λ] = 2υ
cL
6

0 Λ
7
6 +b2
uv

(
πΛγ(b2)

)Q/b (1− b2)
π3Qγ(b2)γ(b−2)e

−Q2+Q2 log 4 . (4.8)

5The integration constants are analytic expressions in Λ. One way to understand this ambiguity would be
through comparison with the matrix integral sphere partition function. Apart from the critical exponents,
the matrix free-energy contains ambiguous analytic pieces.
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4.1 Fixed area & comparison

To compare with (3.44), stemming from (2.6) we complexify the cosmological constant
Λ→ Λ− iα, and calculate [35]

ZDOZZ, fix[υ] =
∫
R

dα
2π e

−4πiυαZDOZZ[Λ− iα]

= 2υ
cL
6

0 Λ
7
6 +b2
uv e−4πΛυ

(
γ(b2)

4

)Q/b Γ(2− b2)
4π4b3Γ(b2)Γ(b−2)e

−Q2+Q2 log 4 υ−1−Q/b . (4.9)

In the semiclassical b→ 0 limit we obtain

ZDOZZ, fix[υ] ≈
√

2
π9/2 e

−2−2γ υ
cL
6

0 Λ
7
6 +b2
uv e−4πΛυ υ−

1
b2
−2
( 1
b4

+
(
−25

12 + 2 log 2
) 1
b2

+ . . .

)
.

(4.10)
We can now compare the fixed area transformed DOZZ sphere partition function (4.5) with
the path integral expression (3.44). Since in particular in the DOZZ formula the UV length
scale has been set to one and we only re-instored it in (4.8) through dimensional analysis,
to compare with the path integral picture we should allow for a scheme dependent length
scale. We will assume Λuv = sΛ̃uv, leading to

ZDOZZ, fix[υ] ≈
√

2
π9/2 s

7
6 e−2−2γ υ

cL
6

0 Λ̃
7
6 +b2
uv e−4πΛυ υ−

1
b2
−2

×
( 1
b4

+
(
−25

12 + 2 log 2 + log s
) 1
b2

+ . . .

)
Z(0)

grav[υ] ≈ ±e2ϑ ×A× const× υ−
1
b2
−2 e−4πΛυΛ

− 1
b2
−1

uv

×
( 1
b4

+
(7

6 + 5a1
2a0

π + 2γE + log(4π) +	+©©
) 1
b2

+ . . .

)
. (4.11)

Consequently the two expressions agree upon setting

s = 1
π
e

13
4 + 5a1

2a0
π+2γE+	+©©

. (4.12)

We now compare the two expressions (4.11)

• From (4.11) we infer that the Fadeev-Popov determinant has an important effect
on the semiclassical expansion of the sphere partition function. One might there-
fore wonder whether our gauge choice is permissible. Following the ideas of [1] we
believe that since we perform a semiclassical analysis one can avoid the Gribov am-
biguities [29]. In particular since in a semiclassical expansion the Fadeev-Popov
determinant (2.15) would only change sign if the Gaussian fluctuations compete at
order O(Q), our semiclassical expansion Q→∞ seems provides a loophole. It would
be interesting to explore whether our gauge choice breaks down at lower orders in
the semiclassical expansion.

• Furthermore we note that we do not encounter any sign ambiguity in the semiclas-
sical expansion of the DOZZ formula. This combined with the explicit calculation
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performed in B suggests that out of the two possible Wick rotations (3.22) only case
a) which Wick rotates the two unsuppressed Gaussian modes (3.28) oppositely is
consistent. It would be interesting to see if we can find further evidence of this at
higher order in the loop expansion.

• We fix (4.12) at two-loop order. It would be interesting to include higher order
contributions to test (4.12).

Consequently, including also the contribution of the ghost and matter CFT, we conjecture
the two-sphere partition function for two-dimensional quantum gravity at fixed area

Z(0)
grav[υ] = e2ϑ × 2A× υ−

1
b2
−2Λ

− 1
b2
−1

uv e−4πΛυ
(
γ(b2)

4

)Q
b Γ(2− b2)

4π4b3Γ(b2)Γ(b−2)e
−Q2+Q2 log 4 .

(4.13)

4.2 Comparison case A) & case B)

We finish this section by comparing the two-sphere partition functions in the two possible
cases mentioned in the introduction (section 1). Whereas two-dimensional quantum gravity
is a priori a heavily fluctuating set-up it allows for two possibilities to tame the fluctuations.
Case A) we studied in this paper leading to (4.13), case B) was studied in [15]. We now
compare the two results6

Z(0)
grav,A[υ] = e2ϑ × 2A× υ−

1
b2
−2Λ

− 1
b2
−1

uv e−4πΛυ
(
γ(b2)

4

)Q
b Γ(2− b2)

4π4b3Γ(b2)Γ(b−2)e
−Q2+Q2 log 4 ,

Z(0)
grav,B[Λ] =∓e2ϑ ×A× Λ

1
β2−1
uv

(
πΛγ(−β2)

)− 1
β2 +1 (1 + β2)

qγ(−β2)γ(−β−2) e
q2−q2 log 4 , (4.14)

where (b,Q) are related to (β, q) by (b,Q) → (±iβ,∓iq). Even before expanding in the
semiclassical limit we note the sign ambiguity in (4.14). Whereas for the fixed area case
A) we find two unsuppressed Gaussians (3.28) whose Jacobians cancel each, in the timelike
case only the l = 0 mode leads to an unsuppressed Gaussian. The possibility to Wick
rotate this by ±π/2 up or down is encoded in the sign in Z(0)

grav,B[Λ]. The semiclassical
(small b and small β respectively) expansion reveals further differences; we have

Z(0)
grav,A[υ] ≈ e2ϑ ×A× υ−

1
b2
−2Λ

− 1
b2
−1

uv e−4πΛυ
( 1
b4

+ . . .

)
, (4.15)

Z(0)
grav,B[Λ] ≈ ±ie2ϑ ×A× Λ

1
β2−1
uv Λ−

1
β2 +1

(
1− e

2iπ
β2
)
× e−

1
β2−

1
β2 log(4πβ2)

( 1
β

+ . . .

)
.

In both cases the Fadeev-Popov determinant contributes a cubic inverse power of b or β
respectively. In case A) the rescaling of δα (3.6) contributes another power, yielding the
final O(1/b4). In case B) on the other side the saddle point itself contributes a quadratic
power in β, yielding the expansion O(1/β). The details are explained in [15]. Furthermore

6We note that the factor of 2 is a normalisation convention. Additionally we introduce the UV length-
scale in case B) to highlight the fact that it is a dimensionless quantity.
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from (4.15) we infer that in case B) two saddles contribute to the partition function —
one of them heavily oscillating and in particular leading to a vanishing sphere partition
function for positive integer values of 1/β2. In the spacelike case on the other side, only
one real saddle (3.3) contributes to the fixed area two-sphere partition function Z(0)

grav,A[υ].

5 Outlook & matrix integrals

We summarise some open question and speculative remarks.

The sphere partition function. The main objective of this paper was to calculate the
sphere partition function (3.44) of two-dimensional quantum gravity at fixed area in the
semiclassical limit to two-loop order. We match the result to the semiclassical expansion
of the sphere partition function obtained from the DOZZ coefficient (4.10). Contrarily to
the semiclassical expansion of the latter our expansion (3.44) shows and explains where
the individual pieces are stemming from. Furthermore it explicitly keeps track of the UV-
cutoff, absent in the DOZZ formula. Since we could only match the results up to a variable
s (4.11) proportional to the UV-cutoff it would be interesting to test this conjecture at
three-loop.

Spacelike versus timelike Liouville. In section 4.2 we compare the two different possi-
bilities to obtain a finite two-sphere partition function in two-dimensional quantum gravity.
This is case A) and case B) mentioned in the introduction. In two-dimensional quantum
gravity they provide the only setups to test the conjecture of Gibbons-Hawking [23, 24]
which relates the entropy of a de Sitter Universe to the Euclidean path integral over compact
manifolds. Contrarily to the timelike case, the spacelike case presented in this paper has
a crucial advantage. It has been conjectured that there exists a dual description in terms
of a matrix integral and consequently we could explore the Gibbons-Hawking conjecture
at a microscopic level. To do so, we believe it is important to have a clear understanding
of the individual pieces in the semiclassical expansion of the sphere partition function as
presented to two-loop in (3.44).

Hints for an entropic picture. Our expression (3.44) provides the genus zero semi-
classical expansion of the two-sphere partition function of two-dimensional gravity at fixed
area. Following the hypothesis of Distler-Kawai [1] and David [2] for arbitrary genus h
we obtain

logZ(h)
grav[υ] = χhϑ−

χh
24

(√
(cm − 25)(cm − 1)− cm + 25

)
log υ + f (h)(cm) , (5.1)

where we absorbed υ−1e−4πυΛ in the measure. For large and negative cm we obtain

logZ(h)
grav[υ] ≈ χhϑ+ χh

2

(
cm
6 −

19
6 + . . .

)
log υ + f (h)(cm) , (5.2)

In particular, even though by adding the fixed area constraint we broke conformality on a
genus zero surface the gravitational two-sphere partition function scales as υcm/6 [18, 19],
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reminiscent of the entanglement entropy of a two-dimensional CFT [26–28]. The subleading
terms could then be viewed as the effects of coupled the CFT to gravity. Furthermore using

cm = − 6
b2

+ 13− 6b2 , (5.3)

we reproduce the semiclassical expansion (3.44).

Multicritical matrix integrals. As mentioned in the introduction two-dimensional
quantum gravity coupled to the series of minimal models M2,2m−1 is conjectured to be
dual to multicritical matrix integrals [16, 17]. A multicritical matrix integral consists of
a Hermitian N × N matrix ordered in an even order 2m potential with (m − 1) real val-
ued couplings

Vm(M) = 1
2M

2 + 1
4α2M

4 + . . .+ 1
2mαmM

2m . (5.4)

One then studies the large N limit of the matrix integral∫
RN2

[DM ] e−N2TrN×NVm(M) . (5.5)

We highlight that the multicritical matrix integral has (m−1) real couplings, which is equal
to the number of primaries ofM2,2m−1. The main object of observation in this paper was
f (0)(cm) (5.1). If the conjectured duality between matrix integrals and two-dimensional
quantum gravity coupled toM2,2m−1 holds true it should be possible to also match these
expressions with the matrix integral. Clearly in that case restricting to a single genus is
not enough as one will encounter ambiguities in the normalisation. However upon taking
ratios of different genera, ambiguities can be avoided [39].
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A Spherical harmonics

We use real valued spherical harmonics throughout the paper. We denote by Ylm(θ, φ) the
complex spherical harmonics defined by

Ylm(θ, φ) =
√

(2l + 1)
4π

(l −m)!
(l +m)! Pl,m(cos θ) eimφ , (A.1)
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where Pl,m is the associated Legendre function, and m ∈ [−l, l] with l ∈ N. Real spherical
harmonics Ylm(θ, φ) can be obtained using the linear combinations

Ylm(θ, φ) =



i√
2

(Ylm(θ, φ)− (−1)mYl,−m(θ, φ)) , if m < 0

Yl0(θ, φ)

1√
2

(Yl,−m(θ, φ) + (−1)mYlm(θ, φ)) , if m > 0 .

(A.2)

The Wigner 3-j symbol is given by the Clebsch-Gordan coefficients and gives the integral
of the product of three complex spherical harmonics∫

dφdθ sin θYl1,m1(θ, φ)Yl2,m2(θ, φ)Yl3,m3(θ, φ)

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)(
l1 l2 l3
m1 m2 m3

)
. (A.3)

3-j symbol relations. The Clebsch-Gordan coefficients satisfy various properties. In
particular they obey the orthogonality relation

∑
α,β

(
a b c

α β γ

)(
a b c′

α β γ′

)
= 1

2c+ 1δcc
′δγγ′ . (A.4)

Furthermore(
a b c

0 0 0

)
6= 0 iff a+ b+ c ∈ 2Z &

(
a b 0
α β 0

)
= (−1)a−α√

2a+ 1
δabδα−β . (A.5)

B Unsuppressed Gaussians

Instead of performing Wick rotations we evaluate (3.5) keeping the unsuppressed l = 0.
We have

Z(2)
pert[b] =

∫
[D′δϕ] e−Ŝ

(2)
pert[δϕ]

× e
1

2π δϕ
2
00

∫
R

dδα
2π e4ib

√
πδαδϕ00 × e

1
4π

∫
dΩ ( 4

3 bδϕ(Ω)3+ 2
3 b

2δϕ(Ω)4...)

×
∞∑
n=0

(iδα)n
(∫

dΩ(e2bδϕ(Ω) − 2bδϕ(Ω))− 4π
)n

n! , (B.1)

where S(2)
pert[δϕ] is the Gaussian action containing all but the l = 0 and l = 1 modes,

additionally keeping track of the contribution of the Fadeev-Popov determinant to the
l = 2 modes. We can now shift δα

δα→ 4b
√
πδα . (B.2)

Applying ∫
R

dx eixy(ix)n = (∂y)nδ(y) (B.3)

– 18 –
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to (B.1) and integrating n times by parts (dropping the boundary terms) we obtain

Z(2)
pert[b] = 1

8π3/2b

∫
[D′δϕ] e−S

(2)
pert[δϕ] ×

∞∑
n=0

(−1)n
n!

( 1
4b
√
π

)n
× ∂nδϕ00

[(∫
dΩ(2b2δϕ(Ω)2 + 4

3b
3δϕ(Ω)3 + . . .)

)n
× e

1
4π

∫
dΩ ( 4

3 bδϕ(Ω)3+ 2
3 b

2δϕ(Ω)4...) × e
1

2π δϕ
2
00

]
δϕ00=0

. (B.4)

Evaluating the above for n = 0, 1 and n = 2 we reproduce (3.42).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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