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ABSTRACT: We put forward a two-dimensional nonlinear sigma model that couples (bo-
sonic) matter fields to topological Horava gravity on a nonrelativistic worldsheet. In the
target space, this sigma model describes classical strings propagating in a curved spacetime
background, whose geometry is described by two distinct metric fields. We evaluate the
renormalization group flows of this sigma model on a flat worldsheet and derive a set
of beta-functionals for the bimetric fields. Imposing worldsheet Weyl invariance at the
quantum level, we uncover a set of gravitational field equations that dictate the dynamics
of the bimetric fields in the target space, where a unique massless spin-two excitation
emerges. When the bimetric fields become identical, the sigma model gains an emergent
Lorentz symmetry. In this single metric limit, the beta-functionals of the bimetric fields
reduce to the Ricci flow equation that arises in bosonic string theory, and the bimetric
gravitational field equations give rise to Einstein’s gravity.
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1 Introduction

String theory has been serving as a powerful paradigm for addressing fundamental questions

in theoretical physics. As a quantum-mechanically consistent framework that admits a

massless spin-two excitation, string theory provides a natural arena for testing outstanding

ideas about quantum gravity. It has been long known that different superstring theories

are corners of a single eleven-dimensional theory of supermembranes dubbed M-theory.

However, unlike string theory, which can be defined perturbatively with respect to the

genera of Riemann surfaces, there is no simple way of justifying a perturbative expansion

in membranes. Another difficulty of defining a quantum theory of membranes comes from

the lack of quantization techniques [1]. It is widely believed that the hypothetical M-theory



is inevitably strongly coupled and should be probed by exploring nonperturbative regimes
of string theory.

In [2], a rather different approach towards a quantum theory of membranes is pio-
neered, which is designed such that its ground-state wavefunction reproduces the partition
function of bosonic string theory. This construction introduces a space and time anisotropy
in the worldvolume, and the membranes are described by a three-dimensional nonlinear
sigma model (NLSM) at a z = 2 Lifshitz point, where z denotes the critical dynamical
exponent, implying that the worldvolume degrees of freedom enjoy a quadratic dispersion
relation and are fundamentally nonrelativistic. The NLSM is coupled to three-dimensional
Horava gravity on the nonrelativistic worldvolume. The worldvolume anisotropy induces
a preferred foliation structure by leaves of constant time, which allows one to consistently
restrict the sum over three-manifolds in the membrane theory to be a set of more tractable
foliated manifolds, bypassing some of the major difficulties in the construction of quantum
membranes.

The membrane theory introduced in [2], referred to as membranes at quantum critical-
ity, opens up the study of a new spectrum of power-counting renormalizable sigma models
coupled to worldvolume Horava gravity of different dimensions. In the flat worldvolume
limit, the worldvolume admits isometries generated by time and space translations, sup-
plemented with the spatial rotations, but there are no boost symmetries. This spacetime
is nonrelativistic and known as Aristotelian spacetime [3, 4]. At renormalization group
(RG) fixed points, the sigma models develop various anisotropic scaling invariances, i.e.
Lifshitz scaling symmetries, and become of the Lifshitz-type. One important step forward
is to understand the appropriate target spacetime geometries to which the branes (strings)
described by such Lifshitz-type sigma models should be coupled. This requires a thorough
analysis of the RG flow structure of these nonrelativistic sigma models, which still remains
under-explored.

In this paper, we focus on the simplest example of the infinite hierarchy of Lifshitz-type
sigma models: a two-dimensional sigma model at a z = 1 Lifshitz point that describes clas-
sical strings propagating in spacetime. This is a stringy analogue of the three-dimensional
sigma model for membranes at quantum criticality. At the z = 1 Lifshitz point, the space
and time have the same scaling dimension. However, the NLSM is generically nonrela-
tivistic because no boost symmetry is imposed a priori. On a flat worldsheet, our sigma
model is

1
_ b v I
= o e {07 0X" G (X) = 0:X7 0,X7 Hu (X)) (1.1)

where X* = X*(t,z), p = 0,1,--- ,d — 1 are worldsheet fields that map the worldsheet
Y to a d-dimensional target space. Without any (neither Lorentzian nor Galilean) boost
symmetry on the worldsheet, the background fields G, and H,,,, are independent symmet-
ric two-tensors. Assuming that these two-tensors are non-degenerate, the geometry of the
target space described by G, and H,, has a bimetric feature.! Although the worldsheet
is not boost invariant, the target space is Lorentzian (see section 2.3). The action (1.1)

!Lifshitz-type sigma models that describe supermembranes propagating in a bimetric spacetime have
been discussed in [5], which we will review later in section 4.



defines a unitary and renormalizable quantum field theory. At the RG fixed point where
Guv = Hy, , the action (1.1) develops an emergent Lorentz symmetry on the worldsheet
and underlies standard bosonic string theory, with the target space geometry encoded in a
single metric.

For the sigma model (1.1) to describe nonrelativistic strings moving in a bimetric
spacetime, we will couple the matter fields X* to appropriate worldsheet gravity that lacks
any local boost symmetry, i.e. Horava gravity in two-dimensions, which is topological and
has the notion of a preferred time direction. We will discuss how to couple the sigma
model to dilaton fields on a curved worldsheet, at least at the classical level. This forms an
essential ingredient towards understanding whether our NLSM is ultimately qualified as a
consistent quantum theory of strings that generalize the standard string theory. If there
indeed exists a notion of perturbative string theory for the Lifshitz-type NLSM (1.1), we
will have a simple example that goes beyond the framework of relativistic (bosonic) string
theory.? This hypothetical “bimetric string theory” would define us a bimetric quantum
gravity. Alternatively, if there arise any obstacles for defining such bimetric string theory
with two distinct spacetime metrics at the quantum level, we would have a rather strong
no-go theorem that reinforces the uniqueness of relativistic string theory.

Regardless whether our sigma model can ultimately be promoted to be a full-fledged
quantum theory of strings, the renormalization of the Lifshitz-type sigma model (1.1)
already presents a well-defined and challenging problem. In this paper, we will mostly focus
on the beta-functionals of the background metric fields G, and H,, in (1.1).3 Imposing
worldsheet Weyl invariance at the quantum level leads to vanishing beta-functionals, which
give rise to a set of field equations that define a novel bimetric gravity. This is analogous
to how Einstein’s gravity arises in two-dimensional relativistic sigma model on a curved
spacetime background. We will analyze the linearized bimetric gravity and reveal that, in
the free theory perturbing around flat spacetime, there is one massless spin-two gauge field,
together with other tensorial degrees of freedom that satisfy the Klein-Gordon equation.
This RG calculation not only provides us with an opportunity for probing exotic bimetric
geometries, but also constitutes essential first steps towards a vast landscape of generically
nonrelativistic theories of strings and membranes,* where relativistic string theory only
emerges at a corner with Lorentz symmetry.

The paper is organized as follows. In section 2, we define our sigma model coupled
to two-dimensional Horava gravity on the worldsheet, and show that this sigma model
describes strings moving in a bimetric spacetime when a time-reversal symmetry is imposed.
In section 3, we use the heat kernel method to compute the one-loop beta-functions of the

*Different notions of nonrelativistic strings already exist in the literature. See, e.g., [6-12]. These
theories of nonrelativistic strings arise as different corners embedded in relativistic string theory, with
various Galilean-type boost symmetries. Along other lines, certain classes of multi-gravity have been shown
to arise in relativistic string theory [13]. In contrast, the Lifshitz-type sigma models are beyond relativistic
string theory.

3The beta-functionals will be expressed as a Taylor expansion with respect to G — H that we take to be
sufficiently small. See section 3.3.3.

4In the particle case, however, the sigma model is defined on a worldline and identical to the relativistic
case, with a unique metric encoding the target space geometry.



bimetric sigma model on a flat worldsheet, in terms of a Taylor expansion with respect to
the difference between the metric fields. This result is summarized in (3.89). In section 4,
we discuss generalizations of the string sigma model to classical theories of membranes at
quantum criticality. We conclude the paper in section 5. In appendix A, we present the
full result of the heat kernel coefficient that is relevant to the beta-function calculation.

2 Classical strings in a bimetric geometry

In this section, we construct a NLSM that maps a two-dimensional nonrelativistic world-
sheet 3 to a d-dimensional spacetime manifold M equipped with two metric fields. We
first define the desired nonrelativistic symmetries of the worldsheet, generically excluding
any (Lorentzian nor Galilean) boost transformations. The dynamics of the worldsheet ge-
ometry is described by two-dimensional Hotava gravity at a z = 1 Lifshitz point, which is
topological. We will couple scalar fields to this two-dimensional nonrelativistic gravity and
build up a sigma model that describes classical strings moving in a bimetric geometry.

2.1 Elements on Horava gravity

We start with a brief review of Hofava gravity following [2, 14], which we will use later to
describe the worldsheet geometry. Horava gravity lives on a (D + 1)-dimension spacetime
manifold ¥ equipped with a foliation by leaves of codimension one, which are slices of
constant time. We will use the coordinates (¢,x = (2%,i = 1,---, D)) that are adapted
to the foliation structure. The dynamics of this foliated geometry is described by the
ADM formalism variables, originally introduced in the Hamiltonian formulation of general
relativity, where the relativistic spacetime metric is decomposed into the lapse function NV,
the shift vector N;, and the spatial metric ~;; [15]. In Hofava gravity, the ADM variables
are used to define the time length element ds3 = N?dt?, and the space length element
ds? = v;; (N'dt + dz*) (NIdt + da7), which are a priori unrelated [16]. The time (space)
length is measured in the time (space) unit 7' (L), with

dim(dsy) = dim(t) =T, dim(ds;,) = dim(x) = L. (2.1)
It follows that the classical dimensions of the ADM variables are
dim(N) =1, dim(N;) = L/T, dim(y;;) = 1. (2.2)

At RG fixed points, the classical theory develops anisotropic scale invariance with the
dynamical critical exponent z, such that T ~ L? which leads to the scaling dimensions
for the spacetime coordinates,

H=-1, [=-2", (2.3)
and for the ADM variables,
[N]=0, [N]=1-2"", [y]=0. (2.4)

In this convention, energy is of scaling dimension one.



The gauge symmetries in Horava gravity are diffeomorphisms that preserve the foliation
structure. These foliation-preserving diffeomorphisms act on the spacetime coordinates as

t—t'(t), x = x'(t,x). (2.5)

Infinitesimally, we write 5t = ((t) and d2* = £'(¢,x) . The ADM variables transform under
the infinitesimal foliation-preserving diffeomorphisms as

SN =0,((N) + £ 9N, (2.6a)
ONi = 8,(¢ Ni) + & DjN; + N; D; &0 + ;5 0, €, (2.6b)
0vij = COyyij + Di& + Dy i (2.6¢)

Quantities that transform covariantly with respect to the foliation-preserving diffeomor-
phims include the extrinsic curvature,

1
Kij = 577 (Orvij — DiNj — DiNi) (2.7)

the spatial Riemann curvature tensor RF ¢ij , the acceleration a; = —N ~1D; N, the covariant
time derivative d,, , and the spatial covariant derivative D;. Here, d,, is defined to be the
Lie derivative with respect to the vector field

n= % (0= N'a:), (2.8)

and projected onto the spatial slice. The covariant derivative D; is defined with respect to
the spatial metric v;; , satisfying the compatible condition Dy, = 0. We will also impose
the following time-reversal symmetry:

t— —t, N — N, N; = —N;, Yij = Vij s (2.9)

which forbids terms that are odd in time derivatives. In addition, we impose the anisotropic
Weyl invariance [2],

N eeWEXIN Ny 2WEX N, yij — E2WEX) (2.10)

We will soon construct the NLSM that couples scalar fields to two-dimensional Horava
gravity. Requiring that the anisotropic Weyl invariance (2.10) hold classically as well as at
quantum level will give rise to a set of consistency equations that dictate the dynamics of
the target space geometry.

In flat limit, we have the ground state solution N =1, N; = 0, and v;; = d;; . This
ground state solution possesses the isometries

St=2¢_, ort =€ Wl ¢l (2.11)

where ¢ and ¢¢ parametrize translations in temporal and spatial directions, respectively, and
wij parametrizes spatial rotations. Such spacetime without any (Lorentzian or Galilean)
boost symmetry is Aristotelian spacetime [3, 4]. In the special case when z = 1, however,
the isometry group of the ground state solution is enlarged to the Poincaré group that
incorporates the Lorentzian boosts.



2.2 Dynamics of worldsheet geometry

We define the worldsheet to be a two-dimensional manifold 3, equipped with a codimen-
sion-one foliation structure. The coordinates on the worldsheet are (¢, = z!'). We also
require the foliation-preserving diffeomorphisms (2.5) on the worldsheet,

t—t(t), r—2'(t,x). (2.12)

Infinitesimally, we write

at = ((t), ox =¢(t,x). (2.13)

Note that we have suppressed a raised “z” index in £&. Under the infinitesimal foliation-
preserving diffeomorphisms, from (2.6) we find that the ADM variables transform as

SN = 8,(C N) + £, N, (2.14a)
ox = 0(Cx) +0:(Ex) + D€, (2.14b)
0y = (v +2/7 0 (V7€) . (2.14c)

We defined the shift function ¥ = N, and the spatial metric v = 7,,. The dynamics
of the worldsheet geometry is then described by two-dimensional Horava gravity that we
have briefed in section 2.1 with D = z = 1, such that the theory is at its lower critical
dimension.

Imposing the time-reversal symmetry

t— —t, N — N, X = =X, y =, (2.15)

we classify independent terms that transform as scalars under the foliation-preserving dif-
feomorphisms in (2.14) and are of scaling dimension two:

1
K2, 4K, 'a®, A 'Dya— ﬁax (\%) , (2.16)

where

_ 1 _ 7X a

K= [&g\f’y 8z<ﬁ>], (2.17a)
X

(at - ax) K, (2.17b)

a=ay; =——0,N. (2.17¢)
The anisotropic Weyl transformation (2.10) reduces to
N — VEX N, x — e2WEx)y v — W) (2.18)

There are two independent linear combinations among the ingredients in (2.16) that are
invariant under the Weyl transformation (2.18), namely [17],

K24 d, K, ~° (a2 - D, a) . (2.19)



The two-dimensional Weyl-invariant Horfava gravity is described by the following action:

Sy, = % /E dtde N7 [(K? +dK) — a7t (= Dya)| (2.20)

with two independent coupling constants x« and «. For simplicity, we have taken ¥ to
be compact and boundaryless, and thus (2.20) does not include any boundary curvature
terms. This theory is purely topological, which is manifested by rewriting Sg;. as

12 /Edtdx {8t (71/2 K) — O [7_1/2 (xK — ozNa)]} , (2.21)

Ser. = —
g =
where the integrand only contains total derivative terms.

In the special case when oo = 1, we find

1

S = 52

/Edt drvV—hRI[h] , (2.22)

where R[h] is the Ricci scalar defined with respect to a worldsheet metric hqg, with

AT2 1.2
ha5:< NTrrx X) (2.23)
X o

and h = det hog . This is simply the two-dimensional Einstein-Hilbert action, which is con-
formally invariant. At this relativistic fixed point, the foliation-preserving diffeomorphisms
are extended to the full relativistic diffeomorphisms.

2.3 Sigma models in a bimetric spacetime

We are ready to couple scalar fields to the worldsheet geometry presented in section 2.2,
and construct the sigma model that describes classical strings propagating in a bimetric
geometry.

Define the worldsheet scalar fields X*(¢t,z), p = 0,1,---,d — 1 that map the two-
dimensional worldsheet X to a d-dimensional target space M. We require that X* trans-
form trivially under the worldsheet foliation-preserving diffeomorphisms, time-reversal
symmetry, and Weyl transformation. Coupling X* to the worldsheet gravity introduced
in section 2.2 gives rise to the following sigma model action:

1
= — 14 v _ —1 17 v
Sx = 1 /Z 0t dr N7 {4, X" 4y XY G (X) =71 0,XF 0, XY Hyu(X)}, (224)

where [X#] = 0 and G, (X) and H,,(X) are arbitrary functionals of X#. All the terms
in (2.24) are marginal. The background fields G, and H,, are a priori unrelated due to
the lack of any boost symmetries that transform the worldsheet coordinates ¢t and z into
each other. The action (2.24) is invariant under the target space reparametrizations:

o0XP 0X° 0X?P 0X°
G (X') = X DX po (X)), H,,(X') = axiE gxw oo

(X), (2.25)

i.e. both G, and H,, transform as a symmetric two-tensor field. Under the condition
that these two-tensor fields are non-degenerate, they are both qualified as metric fields.



Therefore, the sigma model defined in (2.24) that consists of Lifshitz scalars at a z = 1
Lifshitz point describes strings moving in a target space whose geometry is encoded in two
metric fields. We will refer to this type of geometries as a bimetric geometry. Intriguingly,
even though the worldsheet lacks any boost symmetry, the target space geometry has the
full Lorentzian boost symmetry. As we will see in later discussions, the bimetric theory that
arises in our sigma model deviates drastically from the conventional bimetric formalism of
massive gravity [18] (see section 3.6). Also note that the sigma model we consider here does
not accommodate any Kalb-Ramond field, which breaks the time-reversal symmetry (2.15).
In a variant of our sigma model that we will soon introduce in section 2.4, the time-reversal
symmetry is explicitly broken, and the same Kalb-Ramond term considered in relativistic
string theory can be included.

Although it is natural to write down the sigma model (2.24) that describes classical
strings in a curved bimetric background, it would be instructive to have a more stringy ex-
planation for how the curved spacetime arises. In string theory, a curved spacetime emerges
as a coherent state of strings, essentially by exponentiating the closed string vertex oper-
ators associated with the graviton and other massless states [19, 20]. Similarly, in (2.24),
one may also consider a bimetric spacetime that perturbs around the flat metric, with

Gu =N+ 3Fw + fw),  Huw =nw+ 5(Fw — fuw) , (2.26)

where both F},, and f,,, are small. Focusing on states with a fixed spacetime momentum
k. , we require that

F, o etk X S Juw ek X S (2.27)

are plane waves. Then, the action (2.24) can be obtained by inserting an exponentiation
of the following composite operators in the path integral:

Vi=2 / dtde N7 (dXF dp XY 77" 0, X1 0,X7) X 5, (2.282)
b

V= %f / dtde Ny (dn X" dp XY 47710, X7 0,X7) €% s, (2.28b)
)

Such operators must respect the local worldsheet Weyl invariance, requiring which at the
quantum level gives rise to consistency conditions on S, and s,,. One way to obtain
these conditions is by demanding that the beta-functions of the sigma model vanish, such
that the worldsheet theory is scale invariant at the quantum level. This RG analysis can
be done on a flat worldsheet, and we will explore it in section 3 and argue in section 3.6
that [}, gives rise to a massless spin-two excitation. Nevertheless, it would be appealing
to have a more direct derivation of such consistency conditions by requiring that the vertex
operators (2.28) be free of Weyl anomalies. For this purpose, we need to understand how
to renormalize the vertex operators on a curved worldsheet, which is beyond the current
scope. Moreover, since our worldsheet theory (2.24) is generally not conformal, it is not
necessarily true that every physical state corresponds to a vertex operator.

The Nambu-Goto formalism of (2.24) can be obtained readily by integrating out the
worldsheet gravitational fields N, v, and x in the path integral. Since there is no prop-
agating degrees of freedom in our worldsheet gravity, we can eliminate N, v, and x by



taking their equations of motion to be on-shell. There are two independent equations of
motion from varying these worldsheet gravitational fields,

X . Gm N2 _ det Gag G _ Gtt Gm
“ Gazt Gmc

(2.29)

where G5 = 0, X* 03 X" G}, . To write down (2.29), we already assumed that both G,
and H, are nonzero. Plugging (2.29) into (2.24), we find the analogue of the Nambu-Goto
formalism of bosonic string theory,®

1 H,,
Sng = W/dtdx,/Gm,/—detGa , (2.30)

where Hyy = 0, X* 0, X" H,,, . In the special case when G, = Hy,, (2.30) reduces to the
Nambu-Goto action that descrlbes relativistic string theory.

The full worldsheet theory that couples the Lifshitz scalar X* to the topological Horava
gravity (2.20) is given by

g L / dt dz N /7 {dn X9 dy X Gy (X) =71 0,X7 0,X" Hyy (X))

dma! Jx (2.31)
1 2 -1 2 '
—W/Edtda:]\fﬁ {(K? +d,K) &1 (X) =77 (a2 = Dpa) (X))},

where &1 (X) and ®1,(X) are dilaton fields associated with the temporal and spatial deriva-
tive terms, respectively. Both the dilaton fields transform as target space scalars. In the
special case when G, = H,,, and ® = &1 = @y, , the worldsheet action (2.31) becomes

Seel. /dtdm V=hhP X" 05 X" G )+41/ dt dz~/—h R[h) ®(X),
T J3
(2.32)

which gains accidental local Lorentzian symmetry and describes relativistic string theory.

Using the space diffeomorphism dz = £(¢,x) in (2.13), we fix the shift function y to
zero by choosing an appropriate value of £ in (2.14b). However, the time diffeomorphism
0t = ((t) is not sufficient to fix N and « up to a conformal factor as in relativistic string
theory. Plugging x = 0 into (2.31), we obtain the gauge-fixed action,

S =

4o/

+ 217T/Edtdx {at (%\ﬁ) By (X) — 0, (%g) @L(X)} .

°If Gow = 0 and H,r # 0, and assuming that v, x, and N are ﬁnlte but nonzero, then integrating
out  in (2.24) requires Gi; = 0, and (2.30) becomes Sng = (27a’) fdt dx/—Gys Hyyp . Similarly, if
Ger # 0 and Her = 0, we are left with a constraint det Gog = 0. The Nambu-Goto formalism (2.30) is
also nonsingular if Hyy/Gze is held to be finite in the limit Hyy , Gzo — 0. For example, in the relativistic

/ dt de { VY 9, XH 9,X" G (X) — \% 0, X" 0, X" H,, (X)}
(2.33)

limit, we have Hyz — Gz ; no matter whether Hy, and Ga. are zero or not, (2.30) always reduces to the
relativistic Nambu-Goto action with Sxa — (2ra’) ™" [ dtdz/— det Gag .



The flat target space limit is given by G, = nu, Hyw = c? N > and @7, = <I>(T07)L,

(0)
T

where ¢ is the worldsheet speed of light and ®j are constants. In this limit, (2.33)

becomes

1 2 —1
Stot = 7 /E dt da(c 0, X" 9,X,, — ¢ 0, X" 0,X,)

(2.34)
1 OV 6O _ g (OxN 50

where e = /7 / N. The flat-spacetime action is invariant under the global Poincaré trans-
formations,

SXM =0+ AF, XV, (2.35)

which are isometries in the target space. The equation of motion from varying X* in Sqay is
O (eOX") — 20, (71 0, XM) = 0. (2.36)
Varying the geometrical data e in Sg,t gives rise to part of the stress energy tensor,
1 2 —1
7= (e X" X"+ e 0,X0,X,,) = 0. (2.37)
o

The other component of the stress energy tensor comes from varying y in the action (2.24),
followed by setting x to zero, which gives

2
Ty = Ef O X" 0, X, = 0. (2.38)

The curvature terms in (2.33) are total derivatives and do not make contribution to the
stress energy tensor components (2.37) and (2.38). The equations (2.37) and (2.38) are
analogues of the Virasoro constraints in bosonic string theory. However, unlike the rela-
tivistic worldsheet theory, we do not have enough diffeomorphism to fix e to one. Instead,
the Virasoro-type constraint (2.37) also involves e(t, x) .

If we further take the worldsheet to be flat and rescale (¢, z) such that ¢ = 1, then (2.34)
becomes in form the same as the free relativistic worldsheet action

1
Stot = /E dt dz (9, X" 8, X, — 0, X" 0,X,.) (2.39)

that underlies bosonic string theory. The distinction here is that, instead of fixing the full
relativistic diffeomorphisms, we fixed part of the foliation-preserving diffeomorphisms fol-
lowed by the special choice N = /7 = 1 to obtain (2.39). This implies that we have a rather
different BRST symmetry and ghost action, which requires further studies. Therefore, the
resemblance between (2.39) and the relativistic string action is only at the classical level.

2.4 Time-reversal breaking and trimetricity

We mentioned earlier that the sigma model defined in (2.24) does not accommodate any
Kalb-Ramond term, which explicitly breaks the time-reversal symmetry (2.15) that forbids

~10 -



any terms containing both space and time derivatives. However, the time-reversal symme-
try is not an essential ingredient in our formalism. Explicitly breaking the time-reversal
symmetry not only enriches the worldsheet topologies, but also introduces a plethora of
extra Lagrangian terms that include the Kalb-Ramond term. Each of these extra terms is
an infinite sum of a series of marginal operators, invariant under the foliation-preserving
diffeomorphisms and the Weyl invariance,

m. 1 14
Y =1 /E dt dz N dp X" 9, X7 {Quu(X) + B (X))} (2.40)

where @), is a symmetric two-tensor, and B, is an antisymmetric two-tensor that plays
the role of a Kalb-Ramond field. The novel @-term arises due to the lack of local boost
symmetry on the worldsheet.

Without the time-reversal symmetry, there are three extra gravitational terms that
contain both temporal and spatial derivatives and transform as scalars under the foliation-
preserving diffeomorphisms (2.14),

1 1 1
—0,K, —Ka, —dpa, (2.41)

vl vl el

Here, d,, acts on a = a, as

a, (2.42)

where n is the operator defined in (2.8). From (2.41), we form two independent Weyl
invariant combinations [17],

: 1
gmix = — / dt de N [(0,K — K a) + & da
heJs (2.43)

s w0 (v )]

whose integrand is a total derivative. At the fixed point a = 1, S;;X can be written in
terms of the relativistic Zweibein field e,*, a = 0,1 [17],

mix 1 c a ab
Sm o — /E dt dz det(es®) cay Vwa™, (2.44)

where €4, is the two-dimensional Levi-Civita symbol and w,® is the spin connection. The
integrand of (2.44) takes the form of the Weyl partner of the Lorentz anomaly [21], which,
for example, is generated in conformal field theories that contain np, holomorphic and
ngr anti-holomorphic fermions with a mismatch ny, # ng [22]. Coupling the topological
gravity (2.43) to the worldsheet scalar X*, we uncover the following dilaton term:

smix — % /Z dtdx N {(0,K — K a) ®1(X) + dpa @2(X) }. (2.45)
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Finally, adding (2.40) and (2.45) to the time-reversal invariant action S in (2.31), we
find the extended sigma model that include all marginal terms,

Sextended =S5+ nglix + Sglix

1
_ o v _ 1 “w v
- /Z dt de Ny {dp X" dn X" Gy (X) =471 0, X" 0, X" Hy (X) |
1
_ o v
— /E dt dz N d X" 0, X" {Qpuy (X) + By (X)}

+217r/2dtdeﬁ{(K2+dnK> b (X) = 77! (> = Dya) 0 (X))}

+1/ dtde N {(0,K — K a) &1 (X) + dpa®s (X)}
21 Jx
(2.46)

which describes sigma model in a curved background described by three symmetric two-
tensor fields, G\, , Hyy , and @, , one antisymmetric two-tensor, By, , and four dilaton
fields, &1, ®1,, &1, and P5. We will not consider the quantum mechanics of this more
general sigma model that includes terms breaking the time-reversal symmetry. Instead, we
will focus on the simpler time-reversal invariant case (2.31) in the rest of this paper.

3 Renormalization of bimetric sigma models

We are now ready to compute the beta-functionals for the background fields in the sigma
model (2.33), with the time-reversal symmetry imposed. We will not consider the beta-
functionals of the dilaton fields in this paper, which require a more thorough understanding
of the foliated worldsheet geometry and further examinations of the Weyl anomalies on a
curved worldsheet. From now on, we simply take the flat worldsheet limit by setting
e = 1, which does not affect the beta-functionals of the metric fields G, and H,, . We
will therefore focus on the following renormalizable NLSM:

1
o v I v
— /Z drdz {0, X" 0, X" G (X) + 0, X" 0, X" Hy (X)) (3.1)
We have performed a Wick rotation ¢ = —i7 in (2.33) (together with S = —iSg). Note
that one is free to introduce a constant rescaling factor between the bimetric fields such

that G\, — Gy and Hy,, — 2 H uv > by rescaling the worldsheet fields and coordinates.
Later in this section, we will also include the contributions from the dilaton fields to the

Sp =

beta-functionals of the metric fields. At the lowest order in o’ that we are interested in,
these contributions from dilatons are purely classical as in relativistic string theory. Since
we are focusing on the RG flows, which only capture local properties of the system, we can
drop any total derivative terms through the calculation.

It is important to note that the action (3.1) is invariant under the following mapping:

T— T, G +— Hy . (3.2)

This self-dual property has to be preserved in the resulting beta-functionals. We will use
this duality frequently to guide our quantum calculations as well as a sanity check.
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3.1 Bimetric geometry in the target space

As a preparation for quantum calculations, we investigate some essential ingredients of
the target-space bimetric geometry here. Some of these ingredients have been introduced
in [23, 24].

With respect to the metric fields G, and H,, , we introduce two Levi-Civita con-
nections, V and A, satisfying the compatibility conditions V,G,, = 0 and A,H,, = 0,
respectively. Define the Christoffel coefficients I'*,,, (©7,,) associated with the connection
Vi (8,

1

Fp,uu = 5 G (8uGua + aVG/w' - aO'G}Ll/) ) (33&)
1 v
er,, = 3 H"(8,Hys + 0yHyo — 0oH,y) - (3.3b)

Here, G* (H") is the inverse of G, (H.,). The difference S”,, between these two
Christoffel symbols transforms as a (1,2)-tensor, with

1 loa
Sy =Ty = 0% = 5 G (8,Guo + Ay Cg — 8o Gu)
. (3.4)
= 5 H” (VuHuo + VoHuo ~ VoHu) .

We also define the Riemann curvature tensor R, (¥°4,,) with respect to I',,, (67,,),
Rpauu - aurpya - &/FPMU + Pp‘u)\ F)\VO' - sz/A P)\ua ) (353‘)
S oy = 040y — 0,07 s + OF 1, OY 5 — OF,, O, . (3.5b)
The difference between the Riemann curvatures can be written in terms of the tensor
5P, as
Rpa;w - chr,uu = vuspua - vusp;w' - Sp/u\ S)\I/O' + Spl//\ S)\,ua
= NS re — NS s + SPn S e — SPun SN o
With the above elements of bimetric geometry in hand, we are ready to use the co-
variant background field method to expand the worldsheet action (3.1), as a preparation
for evaluating the one-loop effective action on the worldsheet. We first choose G, to be
the reference metric, with respect to which the standard background field method can be
applied. Consider a sufficiently small neighborhood O of a point X} in the target space
M. For an arbitrary point X* in O, and with respect to the reference metric field G, ,
there exists a unique geodesic interpolating between X} and X*, parametrized by Y*(s),
with an affine parameter s € [0,1]. The geodesic equation is
d2Y'H(s) dYP(s) dY?(s)
ds? ds ds
We require that Y# satisfy the initial conditions Y#(0) = X' and Y*#(1) = X*. Define the
tangent vector along the geodesic at s =0,
_dYH(s)
a ds s=0

+TH [V (s)] ~0. (3.6)

" : (3.7)

~13 -



which constitutes a covariant quantum fluctuation. Note that d/ds commutes with the
worldsheet derivative 05, @ = 7,2 . It is also useful to introduce a covariant derivative
Vs with respect to the affine parameter s such that, for a covariant vector u* and a
contravariant vector v, ,

du# ay’ dv ay?
Vsu“ == E + Fupg Up ds 5 VSUM == T: - Fpuo- ’Up K . (38)
Together with (3.6), we have [25]
dy* dy*
Vs 0o YH = Vy——, Vs—— =0, 3.9
ds ds (3:9)
ay+ dyr dy°
Vs, V] 7 0o YR )5 [Y] 5 ds (3.9b)
Furthermore, in parallel with (3.8), we define the covariant derivative Ag via
dv# dy° dv dy°
AS’U,M = E + @'upg— uP ds ASUM = T: — @puo' Vp K . (310)
The analogues of the relations in (3.9) are
dy+ ay+ dyr dy°
A0 YH = Ay——, As = =St o[Y] — ) A1
0 ds ds 5 polY] ds ds (3.11a)
dy* dyr dy?
As , Ag|—— =0 YV 3XH o [Y] — . 3.11b
[ ] ds p [ ] ds ds ( )

Alternatively, we can choose H,,, instead of G, to be the reference metric, which
must be equivalent when any physical observable is concerned. There also exists a unique
geodesic interpolating between X/ and X* and parametrized by Z*(r), defined with re-
spect to H,, and an affine parameter r € [0,1], such that

2 r r (r
L

The initial conditions are Z#(0) = X}' and Z¥(1) = X*. The tangent vector along the
geodesic at r =0 is

= 0. (3.12)

dZ*(r)
¢ = . (3.13)
dr r=0
Up to second order in 7, the solution of Z(r) to the geodesic equation (3.12) is
AL — T H L o H P 40 3
(r) = 2"(0) +r¢" = 51O 00”7 + O (¢°) . (3.14)
Setting r = 1, we find
H H H 1 H p A0 3
Xt =XN+q —59 po 4” q —l—O(q). (3.15)
Similarly, from (3.6) we obtain
W H iz 1 H P 0 3
Xt = XK +p —§F po PP +O(p>. (3.16)



Using (3.15) and (3.16), we find the following relation between the vectors p* and ¢* that
are tangent at X to the geodesics defined respectively with respect to the connections T’
and ©:
H H L 7 P T 3
¢ =p —iSpapp +O(p). (3.17)
In the following, we will use the definitions and relations above to perform a covariant
expansion of (3.1) around X} .

3.2 Bimetric covariant expansions

Now, we return to the action (3.1) and expand it around X/, with respect to the reference
metric G, and the quantum fluctuation p* defined in (3.7). To facilitate this calculation,
we define the interpolating Lagrangian,

1

Vv de%

L(s) {0:Y7(5) 0:Y7(5) G Y ()] + Y H(5) 0V () Huw[Y ()]} . (3.18)

For conveniency, we set o/ = 1/(27). It follows that,

d 1 1
LG Ly 0 vra v o)+ LA (O 0,V Hy)
dS s=0 2 2 s=0
= 0. X Vip" G + 0, X8 App” Hy (3.19a)
d’C (s) dy” dy"
= s 87_Y’u T G v AS aIY'u Am H 174
ds® |,_, V( v ds “)+ ( ds N)s:o
= Gpo Ve Vo + (G R pors 0- X4 0. X8 ) 1" p°
+ Hpo Axp” Dgp? + (H,u)\ EAPUV 5xX5L ang) p’p°
— dpX axXg Aa: (S/\papppg) . (319b)
Therefore,
dcl (s) 1d%C (s) 9 3
= — . 2
L(s)=L(0)+ s 5:05 + 5 a2 8:08 +0 (S ) (3.20)

Setting s = 1, we find that the covariant expansion of the action (3.1) with respect to the
quantum fluctuation p* is given by

Sp =50+ 50+ 5@ 1 0(p*), (3.21)

where
5O =2 [ 7 s (G 0. X4 0. XE + Hyu 0. X5 0.X5) | (3.22a)
S =~ [ drdo (GupV,00XE + Hyp 8a0,X0) 17 (3.22b)

1
s =2 / dr dz p” {‘ Gpo V7 + Gux R po 0: XE 0- X

— Hpp A2+ H,0\ (22 00 00 XY 0. X8 + S 00 D00 X8 [p7. (3.22¢)
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Note that we have performed a series of integrations by parts to get (3.21). The couplings
are understood to be functionals of the background field Xy, satisfing the equation of
motion

S
opP

Note that the covariant expansion (3.21) defined with respect to the reference metric G,

=0 = GuV:0- X[+ H, N0, X)) =0. (3.23)

can be transformed to be the one defined with respect to the reference metric H,, by
applying the self-dual mapping (3.2), supplemented with the following derived rules:

Ve — Dy, R — S0, SH, — =S, pt— gt (3.24)

Recall that ¢* is the quantum fluctuation defined in (3.13) with respect to the geodesic
associated with the metric H,, . This does not suffice our need for a manifestly self-dual
formula: since the supplementary duality transformations in (3.24) also act nontrivially on
the quantum fluctuations p* and ¢*, choosing to integrate out either p* or ¢* will lead to
beta-functionals that do not manifest the self-dual transformations. This drawback can be
circumvented by taking the change of variables,

pr= LS 00 4O (8) (3.25)
Together with (3.17), we find
0=t =18+ 0 (V) ="+ 18" "7+ 0 () (3.26)

and it is evident that £ is invariant under the transformation (3.24). Integrating ¢* out will
then lead to a self-dual one-loop effective action as desired. Comparing (3.25) with (3.15)
and the definition of p* in (3.7), we find that ¢# is the tangent vector at u = 0 along the
geodesic parametrized by an affine parameter u , satisfying the geodesic equation,

d2UH (u) 1 dU? (u) dU? (u)

o + 5 (T oo [U (u)] + O 50 [U (u)]) o T 0, (3.27)

with UF(0) = X{' and U#(1) = X*. The solution to the geodesic equation (3.27) is

UM (1) = XE + u bt — izﬂ (D5 + OF ) 907 4+ 0 () . (3.28)
Setting u = 1 in (3.28), we find
1
Xt = Xl 40— L (T +O0) (747 4 0 GF (3.29)

Comparing with (3.16), we recover the defining relation (3.25).
In terms of the new variable ¢#, we find that (3.21) becomes

Sy = S(O) + g(l) + 5(2) + 0 (g?’) , (3.30)
with
SW = — / dr dx (G V-0, XY + Hyp D0, X 07 (3.31a)
~ 1
5@ =2 / dr da 0 O 17, (3.31D)
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We have defined
Opo = —Gpo V2 — Hyy A2+ V,,, (3.32)
and

Vor = Gy (RA(,M)U 0. Xl 0, Xy — SAMVT&X{)‘) o
+ Hyn (32 oy 0o XE 0 XE + 3 8% D00, X1)

Note that the operator O, depends on the coordinates (7, z) and the covariant derivatives
V; and A, . Moreover, O,, = O,, and V,,, = V,,,. In the following, we will derive the
one-loop effective action by integrating out the fluctuation #* in the path integral.

3.3 Heat kernel method for bimetric sigma models

We are now ready to use the heat kernel method to compute the one-loop effective action
associated with the sigma model (3.1). We start with defining the effective action. Then,
we will review some essential ingredients in the standard heat kernel method [26—28] and
discuss in detail how it is applied to our sigma model in a bimetric spacetime.

3.3.1 Heat kernel representation of the effective action

We start with a quick review of the heat kernel method and derive the general form of
the effective action, following [26-30] but with adaptions to the bimetric sigma models.
First, we define the associated path integral for the covariantly expanded action (3.30),
with respect to a reference metric G, [Xo],

2= [am/-G1x] exp(—SE(X)—i— [dras Jm>. (3.34)

Even though we chose to define the measure in the path integral with respect to the
reference metric G, [ Xo] with G = det(G..) , it does not give G, any privileges in physical
results as long as we integrate out all configurations of the quantum fluctuation. Later on,
we will see explicitly that this choice preserves the self-dual property (3.2) in the final
beta-functionals. Choosing the background value Xg such that J, = 55 JO* | in the
semi-classical limit, the path integral is approximated by

Z[J] o /=G [Xo] (det Op)? e 5 ocexp (=S = hl1sooy + O (R?)), (3.35)

where the one-loop effective action is

1
I\1-loop = 5 tr IOg (Oup GPV/MQ)

3.36)
~1d m%ﬁ o0 s—1 4 1 (
=35 T(s) /dex/O doo® ' Ku* ({1, 2}, {7, 2}]o) .

Here, G* is the inverse of G, and myy is an infrared (IR) cutoff. Note that O, and G*”
depend on the background value X instead of X . We have defined the “off-diagonal” heat
kernel

K. (1,257, 20|0) = (1, 2| exp(—0 Oy, G*) |70, 20) , (3.37)
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which is a solution to the heat kernel equation,
(65 9o + Oup GP) Ko (1,370, 20|0) = 0. (3.38)

It is useful to introduce the resolvent, (O G=t — A\ 1)~!, using which we further rewrite
the heat kernel (3.37) as

1dA

K.Y (t,2570,20l0) = o e oA G." (1,570, 0| N), (3.39)
c 2w

where C is a contour that bounds the spectrum of the operator O in the complex plane

and is traversed in the counter-clockwise direction, and

G (r,25 70, 00| A) = (7, 2] (Opp G = X8) |70, o)
(3.40)

dwdk .
= / (27‘()2 elw(T—To)—i-m(z—mO) UMV (7’, T; {To ,SU()} , {w, /QH)\) .

v

We have introduced o,” as the symbol of the resolvent, which essentially represents the

Fourier modes of the resolvent.® By definition,
[Opp (7,23 Vi, Ay) G (1, 2) — )\5,‘1} Go" (1,210, 20|A) = 6(7 — 70) 0(x — 20) 0,7 . (3.41)

Note that the derivatives only act on the first index of G,” . Plugging (3.41) back into (3.40),
we find
[Oup(T, 23V +iw, Ag +ik) — AGpp(T,2)] o™ (1,2 {70, 20}, {w, K} )

(3.42)
=LY (1,270, 0) .

We have defined 0" = G*? ¢,” . Also note that only the covariant derivatives in O that act
directly on o are shifted by iw or ix in (3.42). Moreoever, the bi-function I,,” (7, z ; 7 , %)
is required to satisfy the following conditions in the coincidence limit 7 — 7, and z — x:

1 (10,3037, ) = 9, (3.43)
and
VEAL LY (1,257, 30))| =0, k+¢>1. (3.44)

T=Ty , T=T
Consequently, quantities such as A;V,I,” typically have a nonzero coincidence limit.
The traced heat kernel that only depends on 7, and z, has the following asymptotic
expansion around o — 07 [26]:
m_

o0
Kt (10,205 10, 20]0) = Z En(10,20)02 . (3.45)

m=0

50n a curved worldsheet, there exists a covariant generalization of the phase function ¢* (7 ~70)+ix(z=20)

adapted to the foliation, defined using the symbolic calculus of pseudodifferential operators [28, 30, 31]. We
will not need this covariant generalization of the phase function in this paper, but it will play an important
role when it comes to the beta-functionals of the dilaton fields.
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To compute the heat kernel coefficients E,, , we expand the symbol ¢*” as

o= Z Om s (3.46)

where, in the coincidence limit, o,, is a homogeneous function of A, 7, and =, with
Om (7’075170;{70,560} {bw, bk} | b? >\> =b"""2 0, (10,70 {70, 0} , {w,k} |A) . (3.47)

This motivates us to consider the following formal rescalings in (3.42):

W Ew, K—ek, AN=EN, om—e ™ 2o,. (3.48)
It follows that
Z [Oup (r,2;Vr+ibw, Ay +ibk) —bz)\Gup(T,CC)}
m=0 (3.49)

X bR al (roa s {mo, w0} {w, kY [N) = LY (7,25 70 , w0)

from which the coefficients o,, can be determined recusively by matching terms of different
orders in b. Taking the coincidence limit 7 — 75 and * — z in (3.39), together with the
rescalings,

1/2

A= ot w—o Tw, K=o Y%k, (3.50)

we find

’Cuy (To » L0 5 meo‘o)

L[ idA _ [dwdk . . B
= 0 2/C§6 )\/(27[_)20'M (T[),.TO’{To,xo} 7{0 1/2(/.),0 1/2H}|0 1)\) . (351)

Plugging (3.45) and (3.47) into (3.51), and matching terms of different orders in o, we find

Epn(r,2) = /m/ci;?ek Gu(r,z) ol (r,x; {r,z} , {w,K}N). (3.52)

On the other hand, plugging (3.45) into the effective action (3.36), regularized as

1d m%ﬁ 1A% s—1 I
T1ooop = 57 ) /dT dx/o doo® " K, M ({r, z}, {r,z}|o), (3.53)
we find
1 A2
Fl-loop = 5 / dT dx {EO A2 —|— 2 E1 A + E2 10g<7TLI2R> + ﬁnlte} . (354)

Clearly, the heat kernel coefficient E5 contributes the log divergence in the one-loop effec-
tive action (3.54). This log divergence is associated with the beta-functionals of various
couplings in the sigma model. The power-law divergences can be set to zero by choosing
appropriate counterterms.
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3.3.2 Solving the recursion relations

Now, we compute the coincidence limit of the symbol o4, from which we will be able to
read off the beta-functionals by using (3.52). Using the explicit expression for O in (3.32),
we find

O (1,23 Vi +ibw, Ay +ibk) — B*AG
= G (Ve +1bw)* — Hyy (Ay +ibK)> + Vi — 0*AG (3.55)
= b A, — 20b (W G Vs + £ Hyy 80) = (G V2 + Hyy A2 = Vi )

where we defined
A = (w2 — A) G + /{QHW. (3.56)
Plugging (3.55) into (3.49), we find the following recursion relations:
A, ol’ =17, (3.57a)
Aup 0 = 2i (WG Vs + K HypyAy)ol” =0, (3.57b)
App 08 = 20 (@ GV + 1 Hyp Ag) o — (Gpp V2 + Hup A2 = Vo) 0 = 0. (3.57c)
There is also an infinite hierarchy of recursion relations that involve oy, , m > 2, which we

will not need in this paper. We denote the coincidence limit of an object Q(7,z; 7y, x,) by
Q] = Q(1y,xy: Ty, %) - Using (3.43), we find from (3.57) that

l06"] = D, (3.58a)
[04"] = 2i D* (w Gpo [Vr00"] + Kk Hyy [Az0og"]) s (3.58Db)
[04"] = D" |24 (w Gy [Vr07"] + 1 Hyp [8007"]) + Go |VE20GY| + Hpo |A205] |

— DD Vo . (3.58¢)

Here, D" is the inverse of A, , satisfying D’ A,, = 0/ . Recall that we are interested
in the heat kernel coefficient Ey defined in (3.52), which is determined by o4” and gives
rise to the log divergence in the one-loop effective action (3.54). Further note that Ej
involves integrations over the frequency w and momentum k, and only receives nonzero
contributions from terms in [04"] that are even in both w and k. According to (3.58¢),
this implies that we only need to keep terms in [V,c/”] that are odd in w but even in
K, and terms in [Ayo{"] that are odd in k and even in w. This observation brings some
simplification in the calculation, which we will come back to momentarily.

From the recursion relations in (3.57), we compute the coincidence limits for expres-
sions that involve of” . We first introduce the simplifying notation,

0 =w? -\, (H,)", =D"V,H,,, (H;)", =D"V2H,, B (3.59)
(Go)'y =D AGyy,  (Gor)l'y = D'ALG,, . (3.59b)

We also denote
Gt,=D"@G,,, H',=D'H,,. (3.60)
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In terms of the above definitions, it follows from (3.57) that

[Vy00] = —k? H. D, (3.61a)
[Azo0] = —Q*G. D, (3.61Db)
[V209| = (24" H2 — ¥* Ho.) D, (3.61c)
[AZoo| = (20'G2 - 0?Gua) D, (3.61d)

1] = =20 (wr?GH, + K HG,) D, (3.61e)
Veon] ~ 2w (k' He G He + 264 G H? = 62 G Hy ) D, (3.61f)
[Agoi] ~ 2k (G HG, + 20" HGE — O H G, ) D. (3.61g)

Note that o, and D here carry raised indices, i.e. oy, = (6/) and D = (D*”). We have
omitted terms in the expressions of [V,.o;] that are even in w and odd in x; we also have
omitted the terms in the expressions of [A;o1] that are even in x and odd in w. These
omitted terms do not make any contribution to the heat kernel coefficient E5. We did not
record the expressions [A,V;o¢] and [V;A,0¢], since they only contribute terms that we
omit in [V;o1] and [A,oq]. Finally, plugging (3.61) into (3.58c¢), we find

03] = 2i (w G [Veon] + £ H [Ayon]) + G [V20y| + H [A2og| — DVD
~ 2 ~ ~
~ [—4w2 kA (G HT> —8uw?K*G? Hg +4w?k*G* H,,
_ 9 _ _ (3.62)
—4r20f (HG,) =8k QVH? G2+ 4k Q2 H Gy
+2r'GH? - K GHy + 20 HG? - O HGyy DV] D.
Plugging the result of [04”] back into (3.52) and performing the integrals over w and & , the
heat kernel coefficient Fo can be derived. The exact result after performing these integrals
is difficult to compute; however, as we will show in the following, when the difference

between G, and H,, is sufficiently small, the heat kernel coefficient can be computed
order by order perturbatively.

3.3.3 Perturbative expansion of the heat kernel coefficient

We now perform the frequency-momentum integrals in the expression for the heat kernel
coefficient s in (3.52). From now on, we focus on the case where the difference between
G, and H,,, is controlled by a sufficiently small parameter €, such that

Gy — Hyy = € fon . (3.63)
In terms of f, the quantity A, defined in (3.56) can be written as

A = (W + K = A) Gy = €K fuu- (3.64)
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Its inverse D*¥ can be expressed as a Taylor expansion with respect to €, given by

oo en HZn
v o__ n v
D=2 e oyt WG (365
n=

where we defined the matrix g = (¢*,) with
gy = G" fo. (3.66)
The terms in (3.62) that are of the zeroth order in € are
GHPV,y GV
TR N

Note that we chose not to expand V,,,, defined in (3.33) with respect to €. The contribution

04" = (3.67)

from [04”]() to Ey can be computed by using (3.52), yielding

(0) .y dwdk/ TdA e 1 y
By =—-G* Vl,/i —_———=——G"V,,. 3.68
2 ] (2m)2 Je 2 w2+ K2 — A A7 . (3.68)
Similarly, we find, up to the fourth order in f,
W __ 1w A w2 _aa2
By = = G g Vo + o O (Vi fw = 3 A% ) (3.692)
3
E@ _ _ 2 qvo e ,
2 327T G g Pg O'V,LL
1
+ 64771' GH G"? [Qf/u/ (vq?fpa + Aifpo) "‘vffuuvrfpa + 5Aa:f/w Aacfpa} ’ (3'69b)
(3) _ _i uX p O v 1 po WV 2 2
E2 - 647TG gocgd \g pv,uu+ 1287TG 909 o <5V7-f,uu+Axfuy)
5
+ 1052 G G g\ (Ve £upVr foo — Dafup Dufoo) (3.69¢)
4) _ . 35 VK 1 A p. o
EQ - 51271_G 9vg pg g anU
IS S P TR (7ov2f L 6A2F )
15367 ATy Tlpo wl po

+ GV)\ G" g”A gpn (28 VTf,uvafucf —12 Azfup Azfua)
+ GP7 G g\ g% (TTV fup Vi foo — 3D fup Dufuo) | - (3.69d)

This calculation can be straightforwardly extended to any higher orders in e¢. The heat
kernel coefficient is then

B, =E" +eEM + 2EP + SEP + A EWY 4+ 0(&). (3.70)

Plugging (3.70) into (3.54), and rewriting all the terms that contain two spatial derivatives
in terms of the reference metric H,, instead of G, , we find the following log-divergent
contribution to the one-loop effective action (up to boundary terms):

lo. 1 M G v H v
TS, = 0 1og<mIR /Z dr dzx (PW 0, XY 0-X§ + Pp, 0. XY c%Xo) : (3.711)
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Here, we have included the counterterms to cancel the dependence on the regulator A and

introduced the renormalization scale M . To transcribe the expressions for PMG,, and P/{{”

we define in parallel with g, in (3.66),
ht, = H" f,, . (3.72)

Recall that H*" is the inverse of H,, . Then,

o 1 o
P;?y =U’ RAPJ(M GV))\ + 5 G)\(MVV) (Up S)\pg)
2 3

€ - Se o
+ 16 Vi 9"V g p T Ev) 9o Vg% vugkp

+ 776 (
128
g 1 g
[10pt] Py, = U7 52 o Hypp = 5 Hagu By (U 550

4
39°5 97205 +29°x9%) Vg x Vig’p + O <e5) : (3.73a)

€2 53

15 Du e Dby = o 1P AuhT AR,
764 o K K A 0 5
+ 195 BNeh7305 + 215 h%) Auh RAyh,mLO(e), (3.73b)

which contribute the beta-functionals of G, and H,,,, . We already substituted V,,, with its
definition in (3.33). Note that the covariant derivatives of the metric fields can be expressed
in terms of S”,,,, , which is defined in (3.4) as the difference between the Christoffel symbols,

V/L gpa = Hp)\ (Gm\ Snau + Gna Sﬁ)\u) 5 Ap, hpo = _Gp)\ (Hm\ Snou + HFiU Sﬁ)\,u) .
(3.74)
We have used the following relation to write Pﬁ in (3.73b) in terms of the reference metric
H,, instead of G\, :

G =@ +en) H—l]’“‘”
3.75
(et (1) () r el ()] mr 0 ().

In contrast, PS,, in (3.73a) is still written in terms of the reference metric G, . We defined

U = [6g+%eg“p+262 <gz)up+1%€3 (g3> “,;4—%64 (g4>“p+0(e5)} GPY .
[t bttt 22 (1) 5= 5 (1) + B (1) ny w0 ()]

where the summands coincide with the lowest-order terms in the Taylor expansion with
respect to € of the matrix (1 — 69)71/2 G~1. We show that U = (1 — eg)fl/2 G~ is valid
to all orders in € by following the steps detailed below. First, note that the U-dependent
terms in (3.73) are all from the last term in (3.62), i.e.,

Il = —D" V,, D7 C [o"] (3.77)
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which contributes the following term in Fs :

dwdk [ id\
Tv= | —— | —Ze G, I'" C Ey. .
v /(27T)2/c o e G# v C L2 (3 78)

Using the expression for D*” in (3.65), we find

1
= v v .
Iy i urv, (3.79)

where

v =[1-eq)? ¢ = (VETGGT)". (3.80)

Further note that

_ 1 -1 _ 1 -1 _ 1 —1
U=VvH'GG —mG =VvG-'HH (3.81)
which demonstrates that U remains unchanged if G and H are swapped. The remaining
perturbative expansion in (3.73) can be extended to all orders in € as well, leading to the
exact heat kernel coefficient. Since this exact expression does not take any illuminating
form, we refer the interested readers to appendix A for details.

Further note that the effective action (3.71) is self-dual under the mapping (3.2),” which
is a symmetry of the sigma model (3.1) that we started with. This is highly nontrivial since
all the intermediate steps that eventually lead to the effective action are taken with respect
to a reference metric G, . These intermediate steps (e.g., (3.69)) do not manifest the
self-duality transformation (3.2). The fact that the final effective action (3.71) is self-dual
therefore acts as a strong sanity check of our calculation.

3.4 Dilaton contributions

Up to now, we have been focusing on the flat worldsheet, where the contributions from the
dilaton terms to the effective action are invisible. In this subsection, we revisit the dilaton
terms on a curved worldsheet and evaluate the contributions from the dilatons to the RG
flows of G, and H,,,, .

Recall that the sigma model on a curved worldsheet is given by (2.31). In the flat
worldsheet limit, the dilaton term vanishes; however, the dilaton term in (2.31) still makes
nontrivial contributions to the trace anomaly,

Ty = O2®1 + 928y, = 0. X" 0, XV V,V,®7 + 0, X" 9, X" AL A, P,

(3.82)
+ V0, X* V;@T + A0, XH A#CI)L .

On the other hand, the trace of the stress energy tensor is related to the beta-functionals
of ﬁfy and Bﬁ, as

1 v oG v oH

"Under the duality transformation (3.2), we have f <— —f, which induces g +— —h.
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For Ty in (3.82) to be absorbed into the beta-functionals in (3.83), we need to remove
in (3.82) the last two terms that depend on V0, X" and A,0,X*. This can be achieved
by first using the equation of motion (3.23) satisfied by the background field X},

GupVr0: X+ H,p N0, X =0, (3.84)
which allows us to rewrite (3.82) as
Ty = 0 X" 0, X"V, V, &1 + 0, X" 0, X" A, A, Pp,
+ V0. X" (V, @1 — G, H A, ®1,) . (3.85)
Setting the extra V.0 X* term to zero requires that the background fields satisfy
GV, ¢ = H" A, 9y, . (3.86)
This condition is fullfilled, for example, when the dilaton fields are constant. As a result,
Te = 0 XM 0, X"V, V, &1 + 0, X" 0. X" A,A, Py, (3.87)

Comparing with (3.83), we find that the classical trace anomaly in (3.82) can be absorbed
into the beta-functionals ﬁfy and ﬂg, by adding the following terms:

BG, D 2d V,V,®r, 520 AN (3.88)

We emphsize that the extra condition (3.86) has to be imposed, otherwise we would have
the extra term V;0X* in (3.85) that cannot be absorbed into any local counterterms.

3.5 Beta-functionals and coupled Ricci flows

In (3.71) and (3.88), we derived the Weyl anomalies in the effective action that are generated
by quantum corrections, which lead to the following beta-functionals:

85, = o/ PG, +2d/ VY, 87 + O ()

1
= {UPURAW(N Gy + 3 GV (Up" SAW) +2V,V, &7

62 p o 563 p o A

+T6vug Vv g p+3729 o Vud' AV g’y
7et

+ 105 B9 09205 +9°29%0) Vug s Vi g’y + O (65>} +0 (), (3.89)

Bl =d Phl +2d MNP+ O (0/2)

1
HV))\ - = H)\(M Au) (Upa SAPU) + QAHAZ,(I)L

— Upaz)\
a{ .

po(p

€2 56 A
+ T6 A'u hPU Al/ hgp - 372 hPO_ Auhg)\ Ayh p

7 4
+ 1—268 (3hP, h7\ 05 + WP\ hg) Ayh> e Ak, + O (65)} +0 (). (3.80D)
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These beta-functionals need to be supplemented with the condition G V, &1 = H* A, $y,
in (3.86). We have recovered the dependence on o here, which we set to 1/(27) through
the calculation. As a summary, we also collect below the definitions of various quantities
that appear in (3.89):

fw =G —Hu, g =G"f,, R =H"f,, (3.90a)
U=VH1GG'=VvG-'HH™, (3.90b)

1 1
SP L = 3 G (ALGre + ALG e — AGLy) = 5 G (Apfve + Aufue — Do fur)  (3.90c)

1 1
=3 H (VyH,e +V,H,o —VoH,) = 3 H? (Vyfve + Vo fuo — Vo fu) - (3.90d)

Recall that R” 0 (X u0) and V,, (A,) are respectively the Riemann tensor and covariant
derivative defined with respect to the metric G, (H,y). Under the duality map G, —
H,, , the beta-functional ﬁﬁy is transformed into fy To map out the full RG flow
structure of the sigma model, however, we will also need to compute the beta-functionals
for the dilaton fields @ 1, at the lowest order in o/, which are, for example, important for
determining the critical dimension (if such notion still exists) of the target space. However,
the analysis of the dilaton beta-functionals requires a more thorough understanding of
the worldsheet geometry and higher-loop calculation [32], for which other techniques are
needed. For example, evaluating the Weyl anomalies on a curved worldsheet with a foliation

structure requires the method developed in [30], which we leave for future studies.

The set of beta-functionals in (3.89) gives rise to a notion of coupled Ricci flows. In
the limit H,, — G, , the condition (3.86) gives V, &1 = V,®1, = V,®. Moreover, the
two equations in (3.89) reduce to the following beta-functional in relativistic string theory:

Gy

G _
B = dt

= o (R +2V,V,@) + 0 (%), (3.91)

where « = In M , with M the renormalization scale. Here, R, = R’,,, is the Ricci tensor
defined with respect to the unique metric G, = H,, . Note that (3.91) is Perelman’s
Ricci flow equation for the metric field [33]. The equations in (3.89) can be viewed as
a generalization of the Ricci flow equation that governs the evolution of two different
geometries in a coupled way.

3.6 Bimetric dynamics and linearized gravity

Requiring Weyl invariance at the quantum level sets the beta-functionals in (3.89) to zero.
This gives rise to the equations of motion that dictate the dynamics of the target space
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geometry,

1
0= U R G + 5 Cru Vi) (U 500 ) +2V,V, 1
2 563 N
Jrﬁvugpavug p+3729pavug AVLg')
764 p 0. SK oK A 0
+ 198 397097205 +9°29%) Vug Vi gyt (3.92a)

1
0=U" S 0(u Hyps — 5 T (Up" SA,,(,) + 20,0, 81

2 563

+ %6 Aulfa Dy 17y = S W AN A,

7€t
+ 1og (BH1o hTX G5 + WPy 1) A AR, 4 (3.92b)
together with the condition G* V, &1 = H* A, ®r, in (3.86). Here, “---” denotes higher-
order terms in o and €. Of course, we also need the equations of motion from setting the
beta-functionals of the dilaton fields to zero to determine the full dynamics of the target
space geometry, which we leave for future studies.

In the single metric limit G, = H,,,, , the spacetime equations of motion (3.92) reduce to
Ru +2V,V,®=0. (3.93)

In the case of a constant ®, this gives the Ricci flat condition that describes Einstein’s
gravity in absence of matter fields. In this sense, the equations of motion in (3.92) extend
Einstein’s gravity to a bimetric gravity.

To further understand the dynamics of the bimetric geometry, we set the background
dilaton fields to be constant and focus on the linearized part of the spacetime equations
of motion in (3.92). It is instructive to first linearize the beta-functionals in (3.89) and
then impose the Weyl invariance to get the linearized spacetime equations of motion. We
expand the metrics G, and H,,, around the Minkowskian metric 7,, as in (2.26), with

Guuznuu+%(Fuu+qu) ’ Huuznuu+%(Fuu_fuy) . (394)

The infinitesimal gauge transformations of F},, and f,, are induced by (2.25), which at the
linearized order read

0F =2 (0,8 +0,E) 4+,  O0fu=0+---, (3.95)

where “- - -7 denotes nonlinear terms. For simplicity, we require the dilatons to be constant.
Linearizing the beta-functionals BEV and ﬁﬁ, in F,, and f,, , we find from (3.89) that

o

BEV = 5 TIP (ijpo'y + % Eapaafpy> +y (396&)
o

= S (Lipow = $ €000 fu) -+ (3.96D)
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where

LY = 30,05 Fu — 0p0yFruo + 0,0y Fpy — 0,05 F) (3.97a)

ppov

coincides with the linearized part of the Riemann tensor associated with the metric field
G+ Hy,, . 1t follows from (3.96) that

1
o npaLipUV o, ﬂ;jjy = 3 o npaapaafuy 4+ (3_98)

Imposing that the theory is free of Weyl anomalies sets both beta-functionals to zero and

Fo_
w

gives the linearized spacetime equations of motion

77/30[,5 =0, npaapaafﬂy =0. (3_99)

pov

These expressions are invariant under the linearized infinitesimal gauge trans-
formation (3.95). Therefore, at the linearized order, from G, and H,, we form a massless
spin-two gauge field F),, and a matrix f,, that satisfies the Klein-Gordon equation. The
first linearized equation in (3.99) implies that the vertex operator Vg in (2.28a) is associ-
ated with a spin-two excitation. It is of immediate interest to verify the existence of such
a spin-two excitation in the string spectrum by analyzing appropriate closed string vertex
operators in flat spacetime. This will be an essential step for us to interpret the bimetric
spacetime as emerging from a coherent state of strings, similar to how Einstein’s gravity
arises in relativistic string theory. This analysis requires future studies of the worldsheet
dynamics.

We emphasize that the bimetric gravity that arises from our Lifshitz-type sigma model
is in nature different from the usual bimetric formalism of massive gravity [18], already at
the linearized order: in fact, none of the modes in (3.99) is massive!® Nevertheless, the
linearized equations of motion (3.99) imply that our bimetric gravity is not necessarily
against the usual no-go theorem that multiplets of interacting massless spin-two fields do
not exist [35]: even though the target-space geometry is described by two metric fields G,
and H,,, , there is only one massless spin-two excitation formed by these two metric fields.
In the single metric limit H,,, — G, i.e. f,,, — 0, the extra modes are set to zero and we
are left with Einstein’s gravity. Our analysis here is only for the free theory, and it requires
further analysis to determine whether the interacting theory is free of ghosts, which we
leave for future work.”

4 Outlooks: membranes at quantum criticality

Since we have given up the worldsheet boost symmetry, strings no longer have any privileged
position, and a broader spectrum of theories that are beyond string theory present. So far,

8See e.g. section 5.4 of [34] for the mass eigenstates in the bimetric formulation of massive gravity.

9A preliminary analysis of the Lagrangian formalism for the linearized equations of motion in (3.99)
shows that there are kinetic terms with a wrong sign, which could be problematic when interactions are
included. Nevertheless, it is possible that the related ghost-like modes are removed by nonlinear Hamiltonian
constraints in the full interacting theory. This endeavour requires first constructing an action principle and
then performing a Hamiltonian analysis. On the other hand, as long as the worldsheet quantum field theory
that underlies this bimetric gravity is well-defined, the worldsheet perspective will keep providing us with
a solid foundation for future studies of this exotic gravity theory.
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we have been focusing on two-dimensional sigma models that describe strings propagating
in a bimetric spacetime. In the following, we discuss natural generalizations to Lifshitz-type
NLSMs that describe membranes at quantum criticality, following [2, 5, 36].

We consider worldvolume theories described by sigma models at a Lifshitz point, in
which case it is possible to construct quantum theories of membranes that are potentially
perturbatively defined. A quantum theory of membranes of this type is introduced in [2]
and has been preluded in section 1, where the worldvolume theory of the sigma model is
described by a three-dimensional quantum field theory at a z = 2 Lifshitz point, coupled
to worldvolume Horava gravity. Due to the foliation structure induced by the foliation-
preserving diffeomorphism on the worldvolume, the summation over the three-manifold
can be consistently restricted to be over a specific class of foliated manifolds, whose spatial
leaves are Riemann surfaces. The spatial topology in the foliated manifold changes when
the membranes interact with each other. When the three-dimensional sigma model satisfies
the so-call “detailed balance condition,” i.e., the time-evolution of the worldsheet gravita-
tional and matter fields is governed by a gradient flow generated by some Euclidean action
principle, an intriguing connection to string theory can be established: as shown in [2],
the quantum theory of membranes that satisfies the detailed balance condition, and with
compact spatial topology Y5, , has the property that its ground-state wavefunction repro-
duces the partition function of bosonic string theory on the worldsheet >, . Moreover, the
three-dimensional sigma model that describes membranes at quantum criticality inherits
the RG properties of the two-dimensional relativistic sigma model that underlies bosonic
string theory. As a result, the appropriate spacetime geometry coupled to the membranes
is the same as in string theory, and the dynamics of the spacetime geometry is described
by Einstein’s gravity.

It is, however, intriguing to consider sigma models that generalize the theory of mem-
branes at quantum criticality in [2] by relaxing the detailed balance condition. This will
allow us to probe more exotic spacetime geometries. We will discuss different general-
izations below. An especially interesting example has been introduced in [5, 36], where
a three-dimensional NLSMs with Aristotelian supersymmetry is formulated, presenting a
nonrelativistic ultra-violet (UV) completion of three-dimensional relativistic N' = 1 super-
symmetric sigma models. This Lifshitz-type NLSM provides a manageable candidate for a
quantum membrane theory in a bimetric spacetime.

4.1 Bosonic membranes and O(NN) nonlinear sigma model

For simplicity, we will impose the worldvolume time-reversal symmetry throughout this
section. In the bosonic case, the generalization to theories of membranes leads to a pro-
liferation of terms. To construct such membrane theories, we introduce the coordinates
(t,z), i = 1,2 on the worldvolume. The engineering scaling dimensions at a z = 2 Lifshitz

point are
[t] =—1, [x] =—=. (4.1)

We parametrize the target space by X*, u = 0,1,--- ,d — 1, whose scaling dimension
is zero. We classify all the marginal terms in the most general bosonic NLSM on a flat
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worldvolume:

T . ~ .
Shrane = ?2 / dt d*x <8tX“ RXY Guu(X) — N XF NI XY Quu(X)
(4.2)
— 0 X" 0 XY 0;XP 0, X7 Tyupo(X )) ;

where the covariant derivative A; (4A;) is the pullback of A, (A,) that is compatible with
a metric field H,,(X) (ﬁu,,(X)). Here, G, Hyw FIW, and @, are symmetric and
transform as two-tensors and 7},,,, transforms as a four-tensor with respect to spacetime
diffeomorphisms. The action Sprane is invariant under reparametrizations of the target
space coordinates X#. At the detailed balance, we have G, = H,, = NW = Qv and
Tyuvpe = 0, and the beta-functional of G, is the usual Ricci flow equation as in (3.91)
(with the dilaton field set to zero). However, without the detailed balance condition, the
spacetime geometry in (4.2) is quite intricate and described by multiple tensorial fields.
The sigma model (4.2) can also be consistently coupled to the worldvolume Weyl-invariant
Horava gravity, which does not possess any propagating gravitational degree of freedom [2].

In the simple case when the target space is an (d — 1)-sphere S9! the sigma model
in (4.2) still deviates from its relativistic counter-partner in an interesting way. The
marginal Lagrangian terms invariant under the target space O(d) symmetry are [37-39]'°

T ) )
Ssphere = ?2 / dt d®x [atxf 0X'Gry— Vo, X'V, X7 Gy,

(4.3)
2
—an (0,X10X7Gry) = 0 (0.X10,X7G1y) (0:XF anLGKL)} :
where I =1, --- , d and Gy is the round metric on SN=1,
Xt x/
Gry(X) =015+ (4.4)

1— XKXK®

The RG flows of the NLSM in (4.3) have been evaluated in [38, 39]. Intriguingly, projected
in the a1-ao plane, the RG flows possess multiple fixed points, depending on the value of d.
In particular, there is one RG fixed point that is independent of d at a; = ap = 0. At this
common fixed point in the a;-a9 plane, the theory exhibits the detailed balance properties.
The beta-function calculation of the O(d) NLSM (4.3) is already rather involved, due to
the presence of the terms that are quartic in spatial derivatives. When it comes to the
NLSM (4.2) in general target spaces, the proliferation of tensorial structures in spacetime
poses more challenges, which might require new techniques to tackle with.

4.2 Supermembranes in a bimetric spacetime

Just like the case of the O(N) NLSM, imposing the detailed balance condition on Sprane
in (4.2) significantly simplifies the quartic derivative terms. At the meantime, the detailed
balance condition also forces G, = H,, . Nevertheless, it is indeed possible to simplify

10 Also see [40] for studies of spontaneous symmetry breaking in Lifshitz-type NLSMs.

— 30 —



the quartic derivative terms but still allow a bimetric structure in the target space. This
is achieved in [5, 36] by introducing Aristotelian supersymmetry in three dimensions, gen-
erated by two real supercharges ()1 and ()2 that form a multiplet Q,, a =1,2.

We follow closely [5] below and review the basic ingredients in the construction of the
theory of supermembranes in a bimetric spacetime. The same superspace formalism for
Lifshitz-type O(N) sigma models can be found in [41]. We start with some conventions.
Define the two-dimensional Dirac gamma matrices,

p= (_01 é) . P = (2 (1)> s pr= (é _01>- (4.5)

For any given Grassmannian variable x, , we define its conjugate ¥ = ¢ xTp. Consider the
superalgebra in which @, satisfies the anti-commutative relation

{Qu.Qs} =2ipus P, (4.6)

where P, is the energy generator. The relation in (4.6) can be deformed by a relevant term
such that

{@.Q} =2i(p Py +cp,P), (4.7)

where ¢ is a dimensionful coupling (that plays the role of speed of light) from the perspective
of the UV Aristotelian observer and P; is the spatial momentum generator. Together with
temporal and spatial translations and spatial rotational transformations (but without any
boost transformation), we form the algebra of Aristotelian supersymmetry [5, 36] (also
see [16] for related discussions). Since we are zooming in around the UV z = 2 Lifshitz
point here, we will tune the coupling ¢ to zero in the following discussion.

Next, we introduce worldvolume fermions ¥ = (U}, WH)T together with an auxiliary
field B*. The fermionic symmetry transformations generated by @), and parametrized by
the Grassmannian number € = (€1, €2)T are

5. XM =Tk, (4.8a)
5. UM = (=8, X"p + BM)e, (4.8b)
5. B" = €p Ut . (4.8¢)

In the superspace formalism, in addition to the coordinates (¢, '), we introduce two real
Grassmannian coordinates 6,. Expanding with respect to €, the superfield Y* of the
superspace coordinates (¢, %, 0,) takes the following form:

V (t L ea) — X~ (t, xz) L ouH (t, ml) + 109 B (t, x’) . (4.9)
The fermionic transformations in (4.8) can be written compactly as
0
YH=[EQ. Y], Qu=x — (p0)ad. (4.10)
In this operator representation, Py = —i J; . Define the supercovariant derivative
0
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such that {Q, D} = 0. The action that contains the most general marginal terms invariant
under the transformation (4.10) is [5, 36!

_ T _
Sprame = ?2 / dt d?x d20 (DaY“ D.Y" GY] = 20;Y"0,Y" Hy, [Y]) . (4.12)

Here, the superfield Y is dimensionless and the theory is at its lower critical dimensions.
This sigma model is power-counting renormalizable. Coupling the sigma model (4.12) to
worldvolume gravity requires supersymmetrizing (2+1)-dimensional Weyl-invariant Horava
gravity, for which techniques developed in [16, 45, 46] can be borrowed.

In the case when the deformation parametrized by the speed of light ¢ in the anti-
commutation relation (4.7) is turned on, an associated deformation in (4.11) is also
generated,

0 .
D, = 5° + (p0)a O+ c(p'0)a 0; . (4.13)

Substituting (4.13) in (4.12) gives rise to the NLSM that flows towards three-dimensional
relativistic N' = 1 supersymmetric NLSM in the IR.

Integrating out 0 and the auxiliary field B* in (4.12), we find that the bosonic part of
the action is

brane

I TQ v i o 1 v
SBoane = 5 / dt & (9, X" Gy X" — NOXY H,p G Hyy NO;XY). (4.14)

This significantly simplifies the bosonic action (4.2) while retaining the bimetric natural of
the target space. It is manifest that the matter fields have a quadratic dispersion relation.

The supersymmetric NLSM describes classical membranes propagating in a bimetric
spacetime. However, unlike the two-dimensional sigma model (3.1) in a bimetric spacetime,
which is self-dual under the transformation (3.2), now, in (4.12), the metric fields G, and
H,, are not on the same footing anymore. Therefore, we expect genuinely distinct beta-
functionals for G, and H,,, in the membrane action (4.12). Power-counting renormalizable
NLSMs of this type can also be constructed in higher dimensions. These NLSMs exhibit
different Lifshitz scaling symmetries and in principle lead to an infinite hierarchy of multi-
tensorial target-space geometries.

5 Conclusions

In this paper, we considered a novel type of two-dimensional NLSMs, defined on a nonrel-
ativistic worldsheet that lacks any local (Lorentzian nor Galilean) boost symmetries. The
worldsheet dynamics is described by topological Horava gravity. Imposing the worldsheet
time-reversal symmetry, the sigma model is coupled to a pair of metric fields and describes
classical strings propagating in a bimetric spacetime. We analyzed the RG flows in the
bimetric sigma model, and derived the beta-functionals of the bimetric fields in (3.89), up

1We use the convention fd20§9 = 1. At the RG fixed point G, = H,. , the theory is closely related
to the effective action in the context of stochastic quantization with the Parisi-Sourlas supersymmetry (see,
e.g., [42]). At equilibrium, the action (4.12) in the single metric limit reduces to a two-dimensional Euclidean
theory, which coincides with the action of the harmonic topological sigma model on a flat worldsheet [43, 44].
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to the fourth-order in the Taylor expansion with respect to a small deviation away from
equal metric. This set of beta-functionals form a pair of coupled Ricci flow equations. In
the limit where the two metric fields are identical to each other, the coupled Ricci flow
equations reduce to a single Ricci flow equation that arises as the beta-functional in rel-
ativistic string theory. Imposing Weyl invariance at the quantum level, we discover the
equations of motion that govern the dynamics of the background geometry in the bimetric
sigma model. In the linearized bimetric gravity, there emerges a massless gravitational ex-
citation, which is accompanied by other degrees of freedom that satisfy the Klein-Gordon
equation in (3.99).

Our study of Lifshitz-type sigma models hints at new bimetric gravity theories. Dif-
ferent versions of bimetric and multimetric gravity theories have been studied extensively
in the literature. A general formulation of bimetric gravities is introduced in [47] (see
also [23, 24]), using which a special version of bimetric gravity is put forward and shown
to be free of singularities while preserving the general covariance principles [48]. Along
other lines, in the context of massive gravity, a modern version of bimetric gravity (see,
e.g., [18, 49] and references therein) has been constructed, which has the attractive feature
of being free of the Boulware-Deser ghosts [50] and also bears applications to cosmology,
the electroweak hierarchy problem [51], the fractional quantum Hall effect in condensed
matter theory [52], et cetera. Furthermore, it has been shown in [13] that related multi-
metric description of massive gravity also arises in the context of non-local multi-string
theory [53]. Nevertheless, the bimetric gravity considered in our work does not seem to fit
into any of the previously existing models. To further the understanding of the bimetric
gravity that arises in our work, and to identify its relation to existing bimetric theories, one
imminent future task is to construct a gravitational action principle that gives rise to the
spacetime equations of motion found in this paper and analyze the Hamiltonian constraints
to determine the actual degrees of freedom. The fact that our bimetric gravity arises from
a string-theoretical setup makes it promising that the full interacting theory might be free
of ghosts.

The main focus of this paper has been the beta-functionals of the spacetime bimetric
fields. However, to map out the complete RG structure of the two-dimensional Lifshitz-
type sigma model, one also needs to determine the beta-functionals for the dilaton fields,
for which detailed RG properties of the worldsheet Horava gravity is required (some useful
techniques have been developed in the literature, see, e.g., [30, 54-58]). This piece of
calculation will be essential for understanding the notion of critical dimensions in Lifshitz-
type sigma models. Further investigations of the foliated worldsheet topology will be
important for revealing whether there exists a well-defined perturbative expansion with
respect to a unique effective string coupling, formed by the two dilaton fields in (2.31). It
will be fascinating to find out whether our nonrelativistic sigma model can ultimately be
promoted to describe a self-consistent quantum theory of strings that generalizes relativistic
string theory.

The concepts and techniques developed in this paper are applicable to a large class
of Lifshitz-type sigma models that map p-branes to novel spacetime geometries described
by multi-tensorial fields. We have discussed two natural generalizations in the paper.
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The first variant that we introduced in section 2.4 is by explicitly breaking the time-
reversal symmetry in our sigma model, which leads to a two-dimensional sigma model in
a trimetric spacetime geometry, coupled to a B-field and multiple dilaton fields. Later in
section 4, we studied a second variant that is a three-dimensional supersymmetric sigma
model describing membranes at quantum criticality, following [5, 36]. Understanding these
new ingredients will boost the exploration of the mostly uncharted territory of Lifshitz-type
NLSMs, providing an arena for probing new geometries and alternative constructions of
quantum membranes.
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A Exact heat kernel coefficient

In (3.62), we presented the terms in oy that contribute nontrivially the heat kernel co-
efficient F». We then performed a perturbative expansion with respect to € introduced
in (3.63) and kept terms in Fy up to the fourth order in €. In this appendix, we take a
step forward and compute F» exactly to all orders in €. We will set € = 1 in the following
discussion and the Taylor expansions will be taken with respect to f directly. We start with
transcribing the result for o4 in (3.62) (where only terms that make nonzero contributions
to Ey are kept):

[04"] ~ f: " 4 Iy, (A1)
a=1
where

I = —44? 5 DM D D DE DY G, Y, Hy e Goe Vi Hep (A.2a)
I = —8w? K DM D7 D DE D™ G, G Ve Hoe Vi Hep (A.2b)
I = 4w? K2 DM DADN D Gy Gy V2 He (A.2c)
e 12 4 Pl PIX PR DEC P Hyo Hpe AyGiax AyGey (A.2d)
1" = —8 k2 Q4 DHP DA DH DE DY H , Hyo ApGoe AyGly (A.2e)
I = 452 Q> DM DA DN D H, Hy o A2 G (A.2f)
I = 2 5* D DA DR D G,y Y, Hy Vr Hoe (A-2g)
I = — 2D DAD G V2 H, (A.2h)
I =20t DADN DY AL Gy ArGle (A.21)
I = —Q2 DI DN D [, A2Gy, (A-2))
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and Iy has been defined in (3.77). The heat kernel coefficient Fs is then given by

10
Ey=> TI,+1Iy, (A.3)

a=1

where Zy has been computed in (3.79) and
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For comparison, we expanded Z, up to the fourth order in f after giving their exact
expressions, written as infinite sums. Plugging the above expressions into (A.3) and keeping
up to the fourth order in f reproduces (3.70).
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