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ABSTRACT: We introduce a first order description of linearized non-minimal (n = —1)
supergravity in superspace, using the unconstrained prepotential superfield instead of the
conventionally constrained super one forms. In this description, after integrating out the
connection-like auxiliary superfield of first-order formalism, the superspace action is ex-
pressed in terms of a single superfield which combines the prepotential and compensator
superfields. We use this description to construct the supersymmetric cubic interaction
vertex 3/2 — 3/2 — 1/2 which describes the electromagnetic interaction between two non-
minimal supergravity multiplets (superspin Y = 3/2 which contains a spin 2 and a spin 3/2
particles) and a vector multiplet (superspin Y = 1/2 contains a spin 1 and a spin 1/2 parti-
cles). Exploring the trivial symmetries emerging between the two Y = 3/2 supermultiplets,
we show that this cubic vertex must depend on the vector multiplet superfield strength.
This result generalize previous results for non-supersymmetric electromagnetic interactions
of spin 2 particles. The constructed cubic interaction generates non-trivial deformations of
the gauge transformations.
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1 Introduction

It has been understood that in the high energy regime (o/ — o0) of string theory, the
role of higher spin modes is crucial. The unifying framework of the theory, all string
excitations must be treated equally, strongly suggests that we should seriously consider
higher spin fields and their interactions (preferably with supersymmetry) and overcome the
discouragement of early no-go theorems. The investigation of consistent cubic interactions
among higher spin fields is a very important first step in this direction. The classification
of all non-supersymmetric cubic vertices of massive and massless integer and half-integer
higher spin fields was obtained by Metsaev in [1-3] for d > 4 using light-cone formalism
and in [4, 5] for d = 3. More recently a general classification of supersymmetric higher spin
multiplets was also found in [6, 7].

The covariant construction of such cubic interactions is a highly non-trivial task and
most of the successful constructions involve massless fields. In these cases, the gauge
redundancy of the higher spin fields is used as a guiding principle which severely constraints
the structure of the interaction vertex. A variety of methods have been used to construct
such vertices (Noether’s procedure [8-14], BRST [15-24], frame-like formulation [25-41])
but all of them are organized in two categories. There is the metric-like description, which
uses symmetric, higher rank tensors resembling the metric formulation of gravity and there
is the frame-like description which is a generalization of the vielbein description of gravity,
where the higher spin fields are described by higher spin algebra valued soldering one forms.



The metric-like formulation, originates from early works [42—49], offers a more geomet-
ric viewpoint which together with the notion of higher spin connections [50] tries to extend
our spin 2 intuition to higher spins. This description is very economic in the number of
fields it requires. On the other hand the frame formulation, developed by Vasiliev [25, 51],
offers a more algebraic approach by extending the notion of Cartan connection in gravity
to higher spins and thus resembling the structure of non-abelian Yang-Mills theory for an
appropriate underlying higher spin symmetry group. This approach provides an economy
of ideas which dictate the dynamics of higher spins and so far it has been more successful
in constructing consistent interactions.

For manifestly N = 1 supersymmetric theories in 4D, the superspace description of free
massless higher spins was discovered in [52-55] (see also later discussions in [56-58]) whereas
the description of massive higher spin multiplets was only recently discovered in [59] for ar-
bitrary half-integer superspins (Y=s+1/2). These formulations use higher rank superfields
with both types of spinorial indices symmetrized. They can be understood as the super-
space analogs to the geometrical, metric-like approach (see the discussion in [60]) and have
been used successfully to construct interactions of higher spin supermultiplets. In [61-68]
various non-trivial cubic interactions between higher spin multiplets and matter multiplets
have been constructed. Cubic interactions Y; — Y2 — Y3 among higher spin multiplets with
superspins Y1, Yo, Y3 were first constructed in [69, 70] for the two cases of Y1 = s1 + 1/2,
Yo = Y3 (integer or half-integer) and Y; = s1, Yo = Y3 (integer or half-integer). These
interactions are of the abelian type because the superspace cubic interaction Lagrangian is
of the form £, ~ ®; Wy W3, where ®; is the set of superfields that describe the higher spin
supermultiplet with superspin Y; and Wy, W3 are the gauge invariant superfield strengths
for higher spin multiplets with superspins Yo, Y3 respectively. Because of their structure
these interactions do not generate corrections to the free gauge transformations.

To make progress in the program of constructing manifestly supersymmetric cubic
interactions of higher spins, we would like to investigate interactions of the type £; ~
®; &3 W3. Such cubic interactions have been recently been constructed for higher spin
theories with on-shell supersymmetry [71]. In general, this type of interactions generate
non-trivial deformations of the gauge transformations that may also deform the gauge
algebra. An important subclass of such interactions are the electromagnetic interactions
of higher spin multiplets, Y-Y-1/2. By turning on the electric charge of a superspin Y we
can couple it with the vector multiplet (Y = 1/2). For electromagnetic interactions one
must consider a doublet of (super)fields in order for the U(1) group (isomorphic to SO(2))
which controls the interaction to be able to be realized.! Such interactions have been
explicitly constructed for non-supersymmetric theories in [72-75] and motivate us to find
the corresponding manifestly supersymmetric structures.

In this paper we focus on the first member of this class of interactions, the electro-
magnetic interactions of linearized supergravity (Y = 3/2): 3/2 — 3/2 — 1/2.2 Specifically,

!One can also understand the emergence of the doublet as a consequence of charge conservation on the
cubic vertex, meaning that if we turn on the electric charge for one higher spin multiplet we must also have
another one with opposite charge.

%Not to be confused with the (super)gravitational interaction of the vector multiplet: 3/2 — 1/2 — 1/2.



we consider a doublet of linearized non-minimal (n = —1) supergravity supermultiplets
described by superfields H’ 4, X%, i = 1,2 and a vector multiplet described by superfield
V. By exploiting the set of trivial symmetries of free theory, we show that the cubic in-
teraction must depend purely on the superfield strength of the vector multiplet W, and
does not include bare V terms, thus making it trivially invariant under the vector gauge
transformation. On the other hand, the linearized supergravity superfields will participate
bare and via Noether’s procedure a deformation of the free gauge transformations will be
required. We are using non-minimal supergravity because, unlike the minimal formula-
tions, it is a geometrical theory® and it is the lowest member of a tower of non-minimal
higher spin supermultiplets, as observed in [53]. Therefore any intuition we gain by study-
ing non-minimal supergravity will benefit us towards constructing cubic interactions of
supersymmetric higher spin multiplets.

In order to construct this interaction (and being motivated by the success of the frame-
like formulation) we develop a superspace, first order formulation of linearized supergravity
by introducing a not fully symmetric superfield Zg,4 which is invariant under a relaxed
set of gauge transformations and combines superfields H,s and xo. We show that the
linearized non-minimal supergravity action can be written only in terms of Zg,4 and is the
appropriate superfield variable to construct the cubic interaction with the vector multiplet.

The paper is organized as follows. In section 2, we introduce the first order formulation
of linearized non-minimal supergravity in terms of the superfield Zg,4 and a pair of aux-
iliary connection-like superfields. In section 3, we review the notion of trivial symmetries
and give examples of their application in supersymmetric theories. In this case the doublet
of superfields gives rise to such trivial symmetries which in turn constraint the cubic inter-
action to depend on the superfield strength W, of the vector multiplet instead of having
bare superfield V terms. Finally, in section 4 using Noether’s procedure we construct the
superspace cubic interaction Lagrangian and find the coupling constant corrections to the
free gauge transformations.

2 First order formulation

2.1 Review of first order formulation of free higher spin fields

The power of first order formalism has been demonstrated repeatedly in the case of gravity,
supergravity and higher spins. Some of its characteristic features are (i) the independence
between the vielbein and the spin connection, (ii) the algebraic equation of motion for the
spin connection, which can be solved in terms of the vielbein field (and matter or gauge
fields when present) and its derivative (iii) the (algebraic) local Lorentz symmetry of the
vielbein that reduces its degrees of freedom to match that of the metric.

For higher spin fields a frame-like formalism has been developed by Vasiliev [25, 51].

The key observation is that starting from the metric-like formulation using fully symmet-
S

ric tensors hyyym,..m. ( TTTT1] ) with appropriate gauge transformations 6hm,msy..m, =

3In the sense that its equations of motion can be written purely in terms of de Wit-Freedman-like
superconnections as found in [60].



m18ms...m,) one can relax the symmetry for one of the indices and define a not fully
s—1

symmetric tensor field e, m. , (0@ CLITIT]) with gauge transformation depnm, m, , =
Oném,..m._,- The relaxed gauge transformation allows the construction of a first order,
gauge invariant quantity

Iklml---msﬂ ~ epnklapenmy--msq (2.1)

which can be used to write a trivially invariant action S[I]. However, in order to maintain
the same number of degrees of freedom one must introduce an additional algebraic local
Symmetry 0€pm, m.1 = Gnmy...me_1s WHET€ Gpm, m. . 1S an (s — 1,1) tableau (BE)
Checking the invariance of S[I] with respect to this local symmetry becomes more involved.
This process is simplified by realizing that I*,, .., satisfies the following identity

O (2.2)

which can be promoted to a Bianchi identity that enforces the a-transformation. This is
-1
/—S/H
achieved by introducing an auxiliary field, the connection, wynm,..m. , (O® Hjjj) with
a transformation law 0wrpm,..m. 1 = Or@nm,..m._,- 10 this description the action takes

symbolically the form
S[w,[]w/ w? 4wl . (2.3)

This action provides a first order formulation of the usual Fronsdal description [48, 49] and
by integrating out the connection® one recovers the action S[I].

2.2 Superspace first order formulation of vector supermultiplet

It would be useful to have a similar first order description in superspace where supersym-
metry is manifest. Of course, there is the example of supergravity in superspace which
utilizes supervielbeins and superconnections [76-78] (for details see [79-81]). However such
objects carry many more degrees of freedom and do not describe irreducible representa-
tions of the super-Poincare group. Various sets of constraints have to be imposed which
are solved in terms of prepotential superfields. The linearization of this description for the
case of non-minimal supergravity will give (2.20). By doing all that (solving the constraints
and linearizing the theory), the notion of a first order formulation, as described above, has
faded and we effectively converted back to a metric-like description. Therefore, our aspi-
ration to acquire a first order formulation of linearized supergravity and other higher spin
supermultiplets that can be used to construct cubic interactions is a well motivated one.
In order to find one, we follow the spirit of the discussion of section 2.1 but we use the
unconstrained prepotential superfields instead of the conventional superframes.

4For s > 2 the action has an additional symmetry OWrnmy...my_1 = Ornmi...ms_;, Where Ornmy..my_,
s—1
—
parameter is a (s-1,2) tableau (BEFD) This algebraic symmetry can be used to introduce a tower of ‘extra’
fields [51] which decouple at the free theory limit in order to get second order equations of motion and can
be understood as a realization of the de Wit-Freedman connections.



It will be instructive to start our consideration with a simpler supersymmetric multi-
plet, the vector multiplet (Y = 1/2). The superspace description of the vector multiplet is
given by a real, scalar superfield V. Its dynamics are determined by the following super-
space action

Sove1jp[V] = / &z VD'D’D.V (2.4)
which is invariant under the gauge transformation
§V =D2L + D°L. (2.5)

As discussed in 2.1 we have to relax a property of the superfield V' which in turn
will simplify the gauge transformation and help us define a lower order invariant quantity.
In the case of spin 2 that property was the symmetrization of the two spacetime indices.
In this case, the superfield V' does not carry any indices, so there is no symmetrization
to relax. The only property that V carries that can be modified is it’s reality (V = 1_/).
Therefore, we drop the reality condition of V' and instead we introduce a complex scalar
superfield V with the gauge transformation

6,V =D?L. (2.6)

Due to the algebra of the supersymmetric covariant derivatives, one can immediately write
a trivially gauge invariant quantity

Zo =DoV, 6.T, =0. (2.7)

By complexifying V' we introduced extra degrees of freedom which must be removed.
Following the philosophy of first order formulation, we introduce an additional algebraic
local symmetry

oV =in, n=mn (2.8)

which removes the imaginary part of V and thus restoring the degrees of freedom. Under
this additional n-transformation Z,, changes as follows:

0nZo = iDqan. (2.9)

The action will be constructed in terms of Z,, making it trivially invariant under L- trans-
formations. For the n-invariance we introduce an auxiliary superfield (2, playing the role of
the connection and we select {2,’s n-transformations such that the action is also n-invariant.
Because of it’s auxiliary nature, {2, must appear in the action algebraically, hence one is
tempted to write an action similar to (2.3). However, due to the engineering dimensions
of the superspace integration measure this is impossible. The solution is that one is forced
to introduce two connection-like superfields W,, and f2,. This is a familiar characteristic
feature of supersymmetric theories were the fermionic auxiliary (super)fields must appear
in pairs [82] because they carry half odd-integer engineering dimensions and the superspace



Lagrangian has dimension 2 in four dimensions. Now, with all that in mind, we can write
the most general ansatz for the action:

SIW, 2,7] = / a8z lc Warza+wa1a+m{ AD T+ foDaD T4 + fgf)dDOjd}—l—c.c.

(2.10)
where coefficients fi, fa, f3 are to be determined.” The variation of this action can be

organized as follows:
5SSV, 2,T] = / a8z [wvaza T ma{ £ID*T, + foDuD Ty + fgl_)dDaid} tee  (2.11)
+ Wa{c 082, + 5Ia} +c.c.

n m{c Wa + fiD 0Ty + foDaD 6T, + ngdDadfd} tee

Both n and L-transformations of {2, and W, are chosen such that the last two lines in (2.11)

vanish
592 = —% 6T,  Wa=—- {le 6Tn + foDaD 0T + f3D"DudZs } (2.12a)
510 =0, 5y 0 = —z Da., (2.12b)
S Wa =0, o Wa = — (f1 + f3) D’Dany + - (2f2 — f3) D,D. (2.12¢)

Substituting (2.12a) back in (2.11) gives
0= 6,S]W,2,1] = /d8zn {(f1+ 13) DD’ + (f5 — 2/2) D'DZ, } + e (2.13)

and fixes the coeflicients

fi==2f2, f3=2f2 (2.14)

With this choice, the action becomes:

SW, 2,7] = / a8z [c W20+ WTo + fo 2°{ = 2D°To + DaD Zs + 2D DT} + .|

(2.15)
The equations of motion of W, and (2, are algebraic

¢ Qo+ Tu=0, cWa+ fo{ = 2D°To + DaD T4 +2D°DuZs} =0 (2.16)
and thus we can integrate them out. The result is the following action

2
Sv—1/2)[Za) = — f2/d8 T9DaD T4 + 2 T°D DoZs —(I"‘DI +cc)} (2.17)

®Notice that the term D?Z, is not present inside the curly bracket. This term is zero due to (2.7).



Using the definition of Z,, one can see that this action is equal to Sy—1/2)[V]. The equation
of motion for superfield V in this language takes the form

£V) = DD, + D*D?Z,; = D'D’D,(V + V) = DW, (2.18)

where W, = DQDQV is the gauge invariant superfield strength for the vector multiplet and
V =V + V. This equation of motion satisfies the following Bianchi identity

EV) =g (2.19)
which is responsible for the n-invariance of Sy—;/2)[Za]-

2.3 Superspace first order formulation of linearized non-minimal supergravity

The superspace description of the non-minimal superspin Y = 3/2 supermultiplet is given
in terms of an unconstrained, real, gauge superfield H,s and an unconstrained fermionic
compensator superfield x, (we follow [57, 83]). The action is

Stv—s/2)[Ha» Xa] = / a8z {H“’j‘DVDQDWHad +2 x*DaD Y4 (2.20)
— 2H*DyD?*x0 — 2 X*D?*x0 + c.c.}
and is invariant under the following transformations
0Has = DaLa — DaLa, 6Xa = D Lo + D Aus, Aup = Mgy - (2.21)
The gauge invariant superfield strength is
Wagy ~ D°D (o057 Hsys . (2.22)

Similar to the discussion in 2.2, superfield H,4 has no symmetrization between indices,
hence the only possible modification that one can do is to relax its reality condition.
Therefore, we introduce a complex superfield H,s with the same index structure as the
original H-superfield, equipped with the gauge transformation

61 Haa = DaLa (2.23)

and an additional algebraic local symmetry that will fix the increase in the degrees of
freedom

5777-[‘164 = i"?ad s Nace = ﬁad . (224)
Next, we use the L-transformation (2.23) to find an invariant quantity that can be used to
make the action manifestly invariant. If we try something similar to (2.7) we get Zgag =
DgHaa, but it is obvious that this is no longer an L-invariant because 0Zgns = —CgaszLd,
where Cg, is the antisymmetric spinorial metric. This can be fixed by introducing a
compensating superfield with an appropriate L-transformation. We introduce a fermionic
compensator X, with the transformation

51Xy =D’Ly, 6,X0 =0. (2.25)

SWe use Superspace [79] conventions.



The introduction of X, allows us to combine it with H,s and define the following L-
invariant quantity

Iﬁad == D,B/Had + Cﬂayo'z 5 6LIBO¢(5¢ =0. (226)

The difference between (2.7) and (2.26) is qualitative and can be traced back to the dif-
ferent number of supersymmetric covariant derivatives participate in their corresponding
L-transformations (2.6) and (2.23). The n-transformation of Zg,¢ can be easily found to be

pT g0 = D pNad - (2.27)

The action will be written in terms of Zg,4 and it’s derivatives, making it manifestly
L-invariant. For the n-symmetry we rely on the critical role of the auxiliary connection-
like superfields we have to introduce. As discussed in 2.2, because these superfields are
fermionic in nature, must come in pairs (Wgaa, {280a). The general ansatz for this action
(up to redefinitions) takes the form

SW, 2,1] = / a8z {Wﬁadrzgm +WPS Tg 6+ Qﬁmjﬁad} +cc. (2.28)

where

—9 _ A _ _ A _
Tsoc = f1 D*Zaas + f2 D Zgas + f3 DBDﬁ Toge + Ja DBDﬂ Lo pe (2.29)
72 —_ - —_ —
+ g1 Cga D" Zs + g2 DgDgs Za + g3 DaDg Zs
+d; Cga D’yf)d :Z-V + do Cga ]f)(jé]:)’y j;/

and Z, = CB« T3aa- The variation of this action will generate six terms that can be
organized in the following way

5SW, 2,1 = / a8z {mﬂfad Tpaa + 002°%¢ Tg0s + c.c. (2.30)
+ WE S D506 + 0Zsaa ) + c.c.

+ Qﬂad{éwlgad + 5JBad} + C.C.} .

This is suggestive of the transformation laws that we should assign to Wsag and 2544:

6950@ = _51604(54 s 5Wﬂad = _6\760@ ) (231)
6L\Qﬁad = 07 57796ad = _iDﬁnaéz 5 (232)
0t Wgaa =0, 6nWaa = —i (fa+ fa) DzDBnac‘x +i (2f3— fa—g2) DBDQ%a (2.33)

. =2 . =2
+1 01 Cﬁa D Dynvd—l dy C,Boz DD Mé
+1 g3 DQDBD’Ynaﬁ%—Z’ do Cﬁa DdD’YDW’I}W.



Substituting the above transformations to (2.30) we find that the n-variation of the action is
. ad =2 =2
(5775[)/\}, 971] = /d8Z 1 T]aa{Q(fg + f4) D'BD I,Bozdc - (4f3 - 2f4 — gg) D Dﬂ Iﬂad
= = 3 =2
—g3 DaD?D” I, 5+ (291 — g3) DD’ T (2.34)
—l—(—le + 290 — gg) I—)2Da Lo + 2ds DdDaDB Iﬁ} + c.c.

Because the terms inside the bracket are independent (not related algebraically), the n-
invariance of the action is achieved by choosing

fo=—f1, g2 =4f3—2f1, g3=0, 1 =0, d1 = g2, d2 = 0. (2.35)

Unlike the vector multiplet case, this procedure did not fix all the parameters and
there is still plenty of freedom left parametrized by coefficients f1, f3, fi. This is a signal
that there is some further structure to be explored. Interestingly, one can check that Zg.q
satisfies the following two identities:

D(7 IBa)c‘x = 0, (2.36&)
DD Day Za — 2 DD DY Ziyjya + 3D?D L (says = 0. (2.36D)

Interpreting these two identities as hints for additional symmetries, we promote them
to Bianchi identities which are responsible for the invariance of the action under these
symmetries. For example, (2.36a) suggests that in the W52 T, term of the action (2.28)
we can shift Wgaa — Waaa +D7A,gas for some A, 504 which is symmetric in the undotted
indices. To explore this possibility we introduce a new transformation

SAM =0, 6aXs =D"Aro, Aap =Ago = 0aTgac = — Cha D' Asg . (2.37)

Using rule (2.31) we find the appropriate A-transformations for the two connection-like
superfields

5A2806 = Coa D' Ais, 6AWsaa = fi Coa DD Asy + (fs — 2g2) DgDgDAe  (2.38)
+ (293 — f1) DaD*Agy — 2d1 Co D'DDPA,,

and the A-variation of the action (using (2.30) and (2.36b)) becomes
SASWV, 2,T] = /dSz Am{ — 21 D,D* T, — 2(fs — 292 + 4dy) D,D’DP Tpo  (2.39)
+ (2f1 — 295 + 12d; — 3g2) D2D” IW} + c.c.
The A-invariance of the action fixes the remaining free parameters such that

3
fi=0, f3=2g2 —4dy, f4=93—6d1+§gz (2.40)



which together with (2.35) fix all coefficients:
4 2 2
fl :Ov f? = _f4a f3 = §f47 g1 :Ov g2 = _§f47 g3 :Ov dl = _§f47 d2 =0. (241)
For these coeflicients the A-transformation of Wg,4 takes the form
IAWBaa = 330 D DO'ZD(V Aga) + 3 D"DaAga + 3 DsD* Agq (2.42)

and the superspace action of the linearized 4D, N = 1 non-minimal supergravity super-
multiplet in this first order formulation is

SW, 2,1) = / a8z {Wﬁadnm + WP Tg 6 (2.43)

e 4 4 _g -
—c Ped D2 Iﬁ‘j‘ N § DrBD/B IaBo'z - DBDﬁ IaBd

} + c.c.

One can do one more step and integrate out the auxiliary connection-like superfields. The

2 o2 _
+ DsDa Lo+ 5 Csa D'Ds I,

equations of motion for Ws,q and (23,4 are:

2806 +Lgac =0, (2.44a)
1 _ 9 4 — 3 = — 3 - 2 — 2 A7
_E Wﬂad+D Iﬁd_@ DﬁD IaBa_D Dﬂ IaBd+§ D/BDO'[ Ia+§ Cﬂa D"Dg 1'7 =0.
(2.44D)
Substituting them in (2.43) we find the following action
01— 8 Bad 1732 . 2 Bac N. 7
S(y:3/2) [I,Baa} =c [ d°zT D I]gaa + 9 7 DlgDa Io “+ec.c (2.45)

8 ; S5 = v A 7 4 N7
-5 174 DgD" T4, —2 I7** DDy Topat g I D*Da Ia}.
It is straightforward to show that this action is equal to S(y—_3/2)[Hae, Xo) With the iden-

tification Hog = Hag + Haa and Xa = Xa. The equations of motion for H,s and X, as
derived from the above action are

EM — DD Ty + DD T, (2.46a)
g —D 7+ % DDy T + % DD’ T, + DD T, (2.46b)
These equations of motion satisfy the following Bianchi identities
D« ES;) = D? E((;() [L - invariance} (2.47a)
ES;) = Eg’;ﬁ) [77 — invariance} (2.47Db)
]_3( 3 ?g)() =0 [A - invariance} (2.47¢c)

A practical advantage of action (2.45) is that it packages both H,4 and &, superfields into
one object Zg,g. This is a very attractive feature if we want to construct interactions.

~10 -



It is useful to compare the structures that appear in the first order formulation as de-
scribed above, with the corresponding structures in the conventional superspace description
of supergravity. In both cases we have unconstrained prepotential superfields, connections
and an enhanced set of symmetries. However, in the first order description some of these
features are motivated for different reasons.

In conventional supergravity formulation, one starts with the algebra of covariant
derivatives constructed out of supervielbeins and superconnections. Then various con-
straints are imposed on supertorsion in order to minimize the number of independent su-
perfields. These constraints are solved by a set of unconstrained (prepotential) superfields,
which determine the superconnection and supervielbein. Moreover, the prepotentials carry
additional symmetries that preserve the constraints. Besides the general super-coordinates
transformation and the local super-Lorentz rotations an additional symmetry appears (A
symmetry). The algebraic terms of these symmetries can be used to remove unnecessary
prepotentials, for example the real part of the complex vector prepotential.

From the viewpoint of the linearized theory (2.20), the same prepotentials emerge as
the appropriate variables for the Lagrangian description of the corresponding irreducible
representation, as determined by the diagonalization of the Casimir operators of supersym-
metry algebra. In this configuration there is no longer an algebraic local symmetry and
the rest of the surviving symmetries are linearized and take the form of gauge transforma-
tions (2.21).

In the first order formulation (2.43) the notion of an algebraic local symme-
try is restored by complexifying the vector prepotential and introduce the local
n-transformation (2.24) in order to preserve the degrees of freedom of the theory. In
this case, the complexification is motivated by the ‘first order’ philosophy which probes
for invariant quantities with less derivatives than the equations of motion. Moreover, the
connection-like superfields are introduced at the level of the action as auxiliary superfields
that help us achieve n-invariance and are determined by their algebraic equations of mo-
tion. Interestingly, this formulation can be extended to higher spin supermultiplets, in
contrast to the covariant derivative approach of supergravity in which this extension is not
obvious. We will not explore this direction in this work, but it will be investigated in a
follow up paper.

3 Trivial symmetries and Noether’s procedure

3.1 Review of trivial symmetries with examples in supersymmetric theories

Let us consider a theory that includes multiple copies of the same kind of fields. Then, we
can streamline the notation and combine all these fields into one object ¢! by introducing

an index I = 1,2, ... that counts them. For simplicity we suppress all other types of indices
that these fields may carry.” Now let us consider the following transformation
48
o' =1l = 3.1

"Index I as introduced here may appear to be an internal index. However all arguments can be restated
even if I is replaced by spinorial or spacetime indices. They also count the number of components of
the fields.
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where ) is the parameter that controls the transformation, C!/ is an appropriate collec-
S

567
action of this theory S[¢’] under the above A-transformation (with appropriate boundary

tion of coeflicients and is the equation of motion for field ¢’. The variation of the

conditions) is
5SS 68
HS=[rcll = .
» / 507 Sat

By choosing appropriately the symmetry property of C!7 this variation vanishes. For exam-

(3.2)

ple, if ' are commuting [anticommuting] fields then by choosing C!” to be antisymmetric
(C1Y = —C71) [symmetric (CT7 = C71)] we get 6,5 = 0. Hence the A-transformation is a
symmetry of the theory.

These transformations are called trivial symmetries and form an infinite class of obvious
invariants that every theory has. Trivial symmetries do not reduce the number of physical
degrees of freedom, for this reason one is usually not interested in such transformations
and they are not even included in the set of symmetries. However, it can be fruitful to
be aware of these trivial symmetries when constructing interactions. In some cases, the
parameter A can be proportional to the coupling constant of the interaction and hence
the combination of the trivial symmetries with Noether’s procedure can reveal properties
about the structure of the interaction vertex. A successful application of this approach can
be found in [73].

Furthermore, because the commutator of infinitesimal symmetries is also an infinites-
imal symmetry of the action, trivial symmetries may appear in the right hand side of the
commutators of generators of symmetries. Famously, this is the case in some formulations
of supersymmetric theories where one can find deformations of the usual supersymmetry
algebra by terms proportional to the equations of motion. This phenomenon is sometimes
called as ‘on-shell SUSY closure’. In all such cases, these deformation terms are precisely
trivial symmetries that emerge in the right hand side of the commutator. The identifying
characteristic is not only that they are proportional to the equations of motion but also
crucially the proportionality coefficients have the correct symmetry property to make them
trivial symmetries.® In fact, from the view point of supersymmetric theories formulated
in a non manifestly manner (such as the component formulation) one way to justify the
existence of auxiliary fields is the removal of these trivial symmetry deformations of the
algebra such that we get honest representations of supersymmetry algebra.

A less known application of trivial symmetries in supersymmetric theories has to do
with a special class of theories with auxiliary fermions in their off-shell spectrum. Non-
minimal supergravity is such a theory, as well as its higher spin cousins. As mentioned
previously, the auxiliary fermions come in pairs (3, p) with different engineering dimensions
and the action includes a term S%p,. In that case, there is a trivial symmetry between the
auxiliary fermions (3, p and the dynamical fermions ¢ with the transformation parameter
being dimensionless.” For these theories, the trivial symmetries can be used to simplify

8For example the commutator of two supersymmetry transformations of the chiral multiplet fermion after
integrating out the auxiliary fields takes the form {ea Qo anb}wc ~ (YD) O+ (v ) (n)°? (siTsd'
—— Y~
A Ccecd—=Cdc
9The simplest example is the complex linear supermultiplet. The transformation 68 = ¢ Y™,

01 = —c p, dp = 0 is a trivial symmetry of the theory. Notice that the equation of motion of the auxiliary
fermion f is £®) = p.
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the supersymmetry transformation of the dynamical fermion dgv (by removing all terms
proportional to dgp).

3.2 Application to electromagnetic interactions

A characteristic feature of electromagnetic interactions of various fields is that because of
the underlying U(1) (locally isomorphic to SO(2)) symmetry, these fields come in doublets.
Therefore trivial symmetries like (3.1) emerge. In this case, we have a doublet of Y = 3/2
supermultiplets labeled by an internal index ¢ which takes two values. Hence, following the
discussion above there are trivial symmetries that preserve the sum of the two free actions.
An example of such a trivial symmetry is

A A

where Egg{) is the equation of motion of H i 10" M is an appropriate mass scale required by

Qo
engineering dimensions, \ is a dimensionless, arbitrary, real superfield and € is the unique
(up to an overall factor) two dimensional, rank 2, antisymmetric tensor. Although we know
that this transformation is nothing more than a trivial symmetry, because it introduces a
dimensionful parameter and is linear in superfield H,q4 it can be interpreted as a trivial,'!
first order (in the coupling constant) correction to the free gauge transformations. In this
case, the coupling constant is 1/M? which we know from Metsaev’s classification [1] is the
correct coupling constant for the cubic interaction between two spin 2 gauge fields and a
spin 1 gauge field involving three spacetime derivatives. This is also consistent with the
non-supersymmetric 2-2-1 vertex [72, 73] which will be included in the supersymmetric
3/2 —3/2 —1/2 vertex that we are constructing.

In this interpretation of (3.3), the dimensionless real scalar superfield A is a function of
the free gauge transformation parameters. For the vector multiplet the gauge parameter is
an arbitrary dimensionless chiral superfield ® (6V =& + &, ® = f)QL) hence we can write

D) 114 c =\ i o(H
SV = (@ ®) ¢ g (3.4)

] ot
Using Noether’s procedure of constructing consistent interactions perturbatively we must
satisfy the following gauge consistency condition for cubic vertices

598 +65,=0 (3.5)

where 5(()5) , 0 55)

are the zeroth and first order variations with respect to transformations
controlled by parameter £. Sy, St are the free and first order correction actions respectively.
Applying this for £ = ® and using the fact that (3.4) is a trivial symmetry ((5?)50 =0)
we conclude that the cubic interaction must be trivially invariant under the free gauge

transformation of the vector multiplet
55 =0. (3.6)

The only way this can be true is if the interaction vertex depends on the gauge invariant
superfield strength W, = BZDQV instead of the bare vector superfield V.

10WWe can also write this trivial symmetry in terms of the complexified superfield Haqa introduced in 2.3.
HTyivial because it does not correspond to a non-trivial interaction vertex.
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4 Electromagnetic interaction of non-minimal linearized supergravity

4.1 Preparations

Our aim is to find a consistent cubic interaction between the vector multiplet and a dou-
blet of linearized non-minimal supergravity multiplets. For the description of the vector
multiplet and the two supergravity multiplets we will use the formulations developed in
2.2 and 2.3. Our starting action is the sum of free actions (2.45) and (2.17)

2
So = Siv=3/2)[Thaa) + ¢ Sv=1/2)[Za] (4.1)

=1

where c is a fixed relative coefficient between the two free actions which ensures that (up to
an overall sign) both actions have positive kinetic energy. We search for Si, the first order
correction to Sy in the coupling constant expansion. We know that it will be quadratic in
the supergravity superfields, linear in the vector multiplet, the coupling constant is 1/M?
and it depends on the superfield strength W, = D°D,V (S1 =5 [Iéad,Wa]). Also, a
quick dimensional analysis argument shows that it must involve 3 supersymmetric covari-
ant derivatives distributed among Iéaa and W,. Finally, it must satisfy the consistency

conditions

58 + 65751 =0, 68VSy + 6N =0 (4.2)
where 5(()77), 6(()A) are the variations according to transformations (2.27) and (2.37) respec-
tively and 5%77), 5£A) are appropriate first order corrections to the corresponding free trans-

formations. Equations (4.2) must be solved simultaneously for Si, 6577), 5§A).

A conventional approach to solve these equations is to make an ansatz for S; and
calculate it’s variation under free gauge transformations with the assumption that the on-
shell equations of motion for the free theory hold. On-shell, Noether’s constraints simplify
to 50S1|5So=0
found a non-trivial S7 then the calculation can be repeated off-shell in order to find ;. In

= 0 which can be solved by fixing the coefficients in our ansatz. Having

our case, just writing a non-trivial ansatz with all possible index contractions and various
derivative distributions generates a very large number of terms that can not be controlled
easily. For this reason, we will start in the opposite end and consider various ansatz for the
first order corrections of the transformation laws. There are not many terms that one can
write for §; and even if we do not include everything, just a few terms are enough to get
us started and generate everything else in the process. This procedure will give us clues
regarding 7.

For the corrections to the 7 transformation of superfield H! ,, we can write

5577)7'[3@ =1 d

ij 0B

where the dots correspond to additional terms that we can write. Let us consider the
effect of this deformation in the transformation law by varying only H¢ . in Sp. After some
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lengthy calculations we find

«

5\ Sy = —]\27652 / a8z eij{Dﬂng’Bd we %) —nl & DUD'DPT, , £V) (4.4)

+D,mls® WP [D*D'DT

- Daﬁzzwa)a} } Tee
The first two terms are proportional to the equations of motion of superfields H!,, and V,
hence they can be compensated by adding appropriate corrections in their corresponding
transformation laws. The rest of the terms are non-trivial because they can only be canceled
by 6(()77) S1. This is a suggestion to consider the following ansatz for Sy

)

1 o o .
S\ = e / &z € T ,* WP (DD DT, — D“DQI‘%M) +cc. (4.5)

Using (2.27), one can show that the zeroth order variation of the terms inside the paren-
thesis vanishes, hence 5(()77)5’?) matches precisely the terms in the second line of (4.4).
Therefore an appropriate choice of parameter d will solve the n-Noether consistency con-
dition in (4.2).

For the A-Noether condition, we calculate (56‘5’@. Again after some algebra we find
A) ola 1 i B 1 pa i (" = i pd =i (X)
s gl — e /dsz e]{DpAJ oW gL 42 Dy (DA 74 WP E (4.6)

2 DA WO 2 DXDT, + DD Tl

Wl

+IIP0% W, DQDdDaAgﬁ} +c.c.

Observe that both terms in the fist line are proportional to the equation of motion of H¢
and X! superfields, hence these terms can be eliminated by appropriate deformations in
there A-transformations. However, the rest of the terms are not of this kind, hence S§a)
is not enough to solve (4.2), we have to consider additional contributions. Equation (4.6)

provides a hint for such an additional contribution

s = 8 [ @z 61 7 W D2 (2 DT, + D'Ths,) + o (4.7)
It is straightforward to check that under transformations (2.37), 5((]A) S{b) matches precisely

the last two lines of (4.6) up to an overall constant which can be adjusted appropriately
and thus solving the A-Noether constraint.
(0)

However, by adding S;” we have ruined the 7-invariance, thus one must repeat the
above calculations for the updated S7 ansatz

Sy =5 4+ 5 (4.8)
In general, we may have to keep adding terms Sfc), S%d), ... in order to counteract the effect
of previous term. However in this case, terms S£a) and S£b) are enough to satisfy (4.2) and

to determine the deformations of the gauge transformations.
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4.2 Cubic interaction 3/2 — 3/2 — 1/2

Consider the ansatz

1 8, ij)7i & pre pe (D InsT N27i B
Sl—w/dze {Ip(ﬁ We D*(D DT, — DT 2,4) (4.9)

+g Il]) va W/) D2 (2 Daj,zy + DVfY’YOc)} 4+ c.c.

where an overall constant can be absorbed in the definition of the coupling constant. We
calculate it’s A and n-variations using (2.37) and (2.27) respectively:

58y = # / 8z e"f{z D, (DA% W) £, (4.10)

+ DR e g

e’

+ (39— 1) T P* WP D*DsD?A,
1 = _jO'Oé p o =i « _’Y‘Z

~(9-3) Dal*é W Dp(2 D*D,T., + DD Ia,-yd) +ee.
ma _ ¢ 8 ij i & (Tar Y G e
518y = W/d 2 eﬂ{[ngﬁ (D D'D’T,.; — DD Ilﬁa)d) (4.11)

+ g 4 D2 (2 Do’ii i Dﬁfﬁma)} e

_ NO(.J « a i (H)
D (77(5 w >5a)d }+c.c.
Similarly, the variation of Sy under the first order transformations

5150 = /dSz { o s D Lo 5 xia gl () _ge g5y g0 } + e

Therefore, (4.2) are solved by choosing g = % and

eYes i ij & 117 A) g iac 1 i TV, ANjoG 1irQ
5y =537 DO (i W), oV = 517 €9 DoV W, (4.12a)
51 AN)—=5ic Eij = T igd
s =0, sMWE=— Ve D, (DA% We), (4.12b)

Dy, 1€ T ama(RinsT 2 5 1 iana(on 7  ni (My,
5y = o [U(BaDa<D D°Z 46D T a)d)‘i'gnﬂo‘D (2DaIV+D decﬂ’ 0, V=0
(4.12¢)

Observe that 5@ H!,, has a symmetrization between 8 and « indices. If we ex-
pand the symmetrization and write explicitly the two terms we see that one of them

(Da[2 Lrelinif, WBD is just a free gauge transformation (2.23) for some specific value

of the gauge parameter Ly ~ ﬁe“ P4 Wpg. Such terms of course correspond to just a
redefinition of the gauge parameter and we will not include them in the set of non-trivial
corrections to the gauge transformations.
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)

giving two terms. One of these terms is ﬁeij Dd]\f,d EW) where £V) = DPW,. Of course,

Moreover, notice that (5§A ?a can be expanded by distributing the covariant derivative

this is nothing more than a trivial symmetry that our theory has. It is easy to check that
the following transformations preserve Sy:

_ d
~ cM?

, d . s s
6% = 0 € DTN, €0, oV ¢ DIALS E D) (4.13)
Therefore, this part of the transformation does not correspond to non-trivial deformations
of the free gauge transformations and will also be ignored.

To conclude, the cubic interaction between a doublet of linearized non-minimal super-
gravity multiplets (Y = 3/2) and the vector multiplet (Y = 1/2) has the form

1 8, _ij | & a(RYITBTE ~2i8
S1=1m /d z eﬂ{zg(ﬁ W* D*(D'D Ty — DT704) (4.14)
L 7i 26 e p2(2 DT 4+ DT
+5 T (2 DaT, +D'Toss) { +cec,

This interaction is by construction manifestly invariant under transformations (2.6)
and (2.23), however invariance under the 7 and A-transformations require the following

deformations:
S HL g = —# €1 D (nhy, Wa) —ﬁ ¢l DTN, W, (4.15a)
512 = —# ¢ DPD7AL, W, (4.15b)
5V = 220]6\;2 15D (DD T4~ DT 24 ) +%W°’*D2 (2DaZ, 4D T4 )| (4150)

5 Conclusions

Motivated by the success of the frame-like formulation in constructing consistent and non-
trivial interactions between various higher spin gauge fields, we develop a superspace first
order formulation for the linearized supergravity and vector supermultiplets. This is done
by relaxing the reality property of the corresponding superfields in order to simplify the
gauge transformation laws (L-transformation) and help us define simple invariants that
are used to write manifestly invariant actions. Of course, by doing that we introduce new,
unwanted, degrees of freedom which we eliminate by introducing a new local symmetry
(n-transformation). Making the action invariant under this local symmetry leads to the
introduction of connection-like auxiliary superfields. In this case due to their fermionic
nature we have a pair of such ‘connections’” Wgns and §23,4. After integrating them
out, we find a Lagrangian description for the Y = 3/2 multiplet in terms of a single
superfield Zg,4 which packages together the complexified prepotential and its compensator
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Igad = DﬁHad + Cﬁa?éz (and Ty = Cﬁal.gad)
. 2 . _
Siv=3/2)[Lsaa] =c / d®z {Iﬁm D’ Tooaty 7°°% DDy Ly +-c.c.

—g 7724 DD 7, 5,2 I°°* DDy ifaw% 7% DDy ia}.
By construction this action is manifestly invariant under the L-transformation and also
invariant under the n-transformation. Moreover, Zg,4 satisfies two Bianchi identities which
give rise to an additional emerging symmetry (A-transformations) which matches what is
expected from the prepotential description viewpoint.

We emphasize that the frame formulation in superspace has a long history. The full,
non-linear theory of supergravity was developed in superspace using supervielbein and
superconnection superfields. These superfields carry many additional degrees of freedom
and one is forced to impose several (conventional) constraints on them. After solving these
constraints in terms of prepotentials and linearizing the theory, all features of the first
order formulation have been dissolved. Our approach brings back some of these notions
and not only allows us to construct cubic interactions but also creates a path to bring the
power of first order formulation to various higher spin supermultiplets. This task will be
completed in a following paper.

In this paper we apply this alternative description to construct cubic electromagnetic
interaction of supergravity. As always, fields that interact electromagnetically come in
doublets and for this reason various trivial symmetries emerge. These are symmetries that
every field theory which involves many fields has, but because they do not reduce the
number of degrees of freedom they are not discussed often. In this case, trivial symmetries
can be used to show that the 3/2 — 3/2 — 1/2 cubic vertex between two non-minimal
superspin Y = 3/2 multiplets (linearized non-minimal supergravity) and one superspin
Y = 1/2 multiplet (vector multiplet) must depend on the gauge invariant superfield strength
of the vector multiplet W,. This feature generalizes previously known results for the non-
supersymmetric cubic vertex interactions of two spin 2 particles with a spin 1 particle.

Using Noether’s procedure we find the first order correction to the action which de-
scribes the above cubic interaction to be

1 N _ , _y .
$1=1m / a8z e“{z;(ﬁa Wo DY(D'D Ty ~ DT7,04)
1 . . _ . .
+5 I WP D? (2 DT, + D”de)} +ec.
This cubic interaction requires non-trivial deformations of the n and A gauge transforma-

tions as follows:
1

61%30-[ = 7M2 Ei‘j D'B (néa Wa) — 2M2 Eij DO']\é—d Wa,
, 1 e
51?; = —W EZ‘] DPDUA.;d Wp,
’LE” .. 5 i =2 3 1 .. 9 — —
bV =oom [ngBaDa (D DT, ; — DT’ a)d) + 377D (2Dd17 +D Im)} .
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These deformations can be mapped to the conventional superfield description according to
the rule

H.=H o +Hos, Xo =X, V=V+V, n\y==(Dall +DsL:). (5.1)

i
2
This interaction is of the type £ ~ ®1$5W3 as discussed in the introduction and can be
used as the starting point for higher spin generalizations of it. These interactions are known
to exist and have been constructed for non-supersymmetric theories and theories with on-
shell supersymmetry. This work hopefully provides the right set of tools needed in order to
construct these interactions in superspace with manifest supersymmetry. Furthermore, it
would be interesting to investigate whether the first order description of supergravity given
in 2.3 can be pushed beyond the linearized limit and make contact with the full non-linear
theory. Also its applications to minimal formulations of supergravity and higher spin mul-
tiplets should be studied. It is known that one can exchange formulations of supergravity
— go from non-minimal supergravity (n = —1) to old-minimal supergravity (n = —1/3)
and vice versa — by exploiting the duality between chiral and complex linear superfields.
An example of employing this duality can be found in [64] where consistent interactions
between matter and higher spin supermultiplets are constructed. Using similar arguments
one may find how to extend the above results to a minimal formulation of supergravity.
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