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ABSTRACT: The determination of the CKM element Vi, from inclusive semileptonic b — /v
decays has reached a high precision thanks to a combination of theoretical and experimental
efforts. Aiming towards even higher precision, we discuss two processes that contaminate
the inclusive V, determination; the b — u background and the contribution of the tauonic
mode: b — ¢(7 — pwvv)v. Both of these contributions are dealt with at the experimental
side, using Monte-Carlo methods and momentum cuts. However, these contributions can
be calculated with high precision within the Heavy-Quark Expansion. In this note, we
calculate the theoretical predictions for these two processes. We compare our b — u results
qualitatively with generator-level Monte-Carlo data used at Belle and Belle II. Finally, we
suggest to change the strategy for the extraction of V,;, by comparing the data on B — X/
directly with the theoretical expressions, to which our paper facilitates.
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1 Introduction

The determination of V,; from inclusive b — c¢fv decays relies on the heavy quark expansion
(HQE) and is in a very mature state (see e.g. [1-4]). The current inclusive determination
of Vo = (42.2140.78)-1073 [5, 6] has an impressive 2% uncertainty. The analysis includes
perturbative corrections up to a? terms [7-11] and power corrections up to 1/mj. Higher-
order terms up to 1/mj have been classified [12] and studied using a lowest-lying state
approximation [13]. These higher-order terms are currently studied in more detail [14] using

a new method to determine inclusive V from g?-moments [15] using reparametrization

3

3 corrections [17] and ay corrections to 1/mj terms [4]

invariance [16]. Recently, also «
were studied. In combination with the expected data from Belle II, we therefore foresee a
very precise determination of V.

The current tension between the value of V., obtained from the inclusive determination
and the one obtained from the exclusive channels B — D{r and B — D*{v indicates that
there may still be systematic effects which need to be understood better (see e.g. [18-21]).
While the exclusive determination requires the input of form factors which are taken from
lattice simulations (and/or using QCD sum rules), the inclusive determination is assumed
to be theoretically cleaner, as the required hadronic matrix elements can be obtained from
data, at least up to the order 1 /mg’ and possibly even to 1 /mg. Therefore, the inclusive
V. determination may be pushed towards even higher precision. At the moment, the Vg
determination is believed to be dominated by the theoretical uncertainties associated to
missing higher-order corrections (both in the perturbative scale as and 1/mg).

In this quest even tiny effects and backgrounds need to be carefully studied before a
precision at the level of one percent (or even less) can be claimed. The current method
for extracting V,; relies on taking lepton energy and hadronic invariant mass moments of



the B — X ¢v decay where ¢ = u,e. However, the data taken at the B factories are based
on the inclusive B — X/ rate, from which the B — X /v is extracted using Monte-Carlo
simulations. While the B — X ¢V is certainly the dominant part, aiming towards a sub-
percent precision requires a modified approach. Overall, we identify two processes that
contaminate the B — X, signal and that could be constrained using the HQE:

e The contribution of b — wlv: although this contribution is suppressed by a fac-
tor (Vup/ Vcb)2 and thus is not expected to make a significant contribution, extreme
precision will require to have a good control of it.

o The contribution of b — ¢(t — fvv)v: this contribution is suppressed only by the
smaller phases space and by the branching fraction of 7 — fvv. It may be reduced
by appropriate cuts, but still needs to be described with the corresponding precision.

In the current note, we address these two contributions. Within the HQE, total rates as
well as various moments of kinematic distributions can be reliably calculated and compared
to the data. This may also include QED corrections, since in B — X /¢ the X may not only
include neutrinos but also photons. Obviously the HQE result for B — X /¢ will depend
not only on my, m. and V, and the HQE parameters, but also on V,;;, and m... Using HQE
calculations, we may check the quality of the extraction of B — X v from B — X/ by
comparing our HQE results with the Monte-Carlo simulations of the b — wfv. In this note
we study this comparison. For the b — ¢(7 — fvv)v, this comparison is more cumbersome
due to different experimental cuts and Monte-Carlo data is at the moment not available.
For this five-body decay, we therefore only provide the theoretical predictions. To our
knowledge, no theoretical study of these effects in inclusive decays has been performed.

For the upcoming Belle II analyses we suggest to change the strategy for the extrac-
tion of V,, by comparing the data on B — X/ directly to the corresponding theoretical
expressions, circumventing the problem of constructing first the data for B — X v by
Monte-Carlo procedures. The aim of this note is to facilitate this strategy by supplying
the necessary theoretical expressions. In section 2 we discuss the lepton energy, hadronic
invariant mass and ¢>-moments for the three-body decay b — ufv. We compare our result
with the Monte-Carlo results. Moreover, we discuss the aforementioned moments for the
five-body decay b — ¢(7 — fvv)v in section 3. We compare our results with the moments
of three-body b — ¢fv decay. Finally, we conclude in section 4.

2 Background from the B — X, £, decay

The ete™ B factories Belle (II) and BaBar have a very clean environment, such that a
fully inclusive measurement of B — X/ can be performed, which is the basis of the current
inclusive V, determination. In the current analyses the contribution of the b — cfv
transition is extracted from B — X/{ using Monte Carlo simulations of the backgrounds.
After the subtraction of the backgrounds the resulting data is compared to the theoretical
predictions for B — X.fi. This procedure induces uncertainties related to the Monte Carlo
simulations. At the moment, these induced uncertainties may not be relevant as the Vg,



extraction seems limited by theoretical uncertainties related to missing higher-orders (see
e.g. [6, 13, 22]). As the extraction of V; is based on lepton and hadronic mass moments
of different experiments, at different energy cuts, it is challenging and clearly beyond the
scope of this theoretical paper to exactly estimate the effect of the MC simulations. The
aim of our paper is two-fold. First, we point out that the fully inclusive B — X/ can
be predicted theoretically at the same level of precision as B — X ¢, so the process of
background subtraction can be avoided completely, or at least to a large extend. It is
then of interest to compare this local HQE computation with the Monte Carlo data used
by Belle and Belle II qualitatively, to see how far the used methods differ from the local
HQE. In this way, we can access whether the currently used MC methods underestimate
or overestimate the uncertainty related to the B — X, contribution. To our knowledge
this comparison was never made before.
To this end, we compute the inclusive rate for B — X /¢ by adding the contributions

dI'(B — X{) = dI'(B — X Av) + dI'(B — X v) + dI'(B — X (7 — (vv)v) (2.1)

For fully inclusive observables such as (cut) moments each term on the right-hand side can
be computed individually in terms of the standard HQE based on the local OPE.

In the following we will use the known results of the HQE for dI'(B — X,/v) in
the local OPE to compare to generator-level Monte Carlo results, which are used for

the background subtraction. In the next section, we compute the five-body contribution
dI'(B — X (1 — twv)v).

2.1 Set-up for inclusive decays

The semileptonic b — ufv decay is described by

. GF Vub

Hw NG

JiJua + hec., (2.2)
where J& = {y*(1 — v5)v and Jg o = @ (1 — 75)b are the leptonic and hadronic currents,
respectively. Equivalent as for the B — X ¢y, we obtain the triple differential decay rate:

dr G| Vi|?
dE,d¢?dE,  16m3

L, WH, (2.3)

where Ey,) is the lepton (neutrino) energy and ¢? is the dilepton invariant mass. Here L,
is the leptonic tensor and WH*¥ is the hadronic tensor:

1 1 — =
W = 23 e em)* (B X)) (Xl T 1B) 0D —q—px,), (24)
X, “™MB

where px, is the total partonic momentum. Decomposing (2.4) into Lorentz scalars gives

WH = —gl" W + v'v" Wo — ie""P70,qe W3 + ¢ q" Wy + (¢"v” + vFq") W. (2.5)



leading to

Al GZ|Vy?
dE,dq2dE, ~ 2r3

2
[qQWH— <2EEEV—‘12> Wo+q*(Ey—E,)Ws (2.6)
1 1
57”? (—2W1+W2—Q(EV+EZ)W3+Q2W4+4EVW5> —2m2}W4] ;

where we have omitted explicit f-functions. When considering ¢ = e, i, we set my — 0,
such that Wy 5 do not contribute. The Wi 23 are now obtained using the HQE.

The HQE has become an well-established tool in the study of inclusive B meson de-
cays, allowing the expression of observables in a double expansion of o and 1/my. It is set
up by redefining the heavy-quark field by splitting the momentum pq of the heavy quark
as pg = mqu + k, where v is a time-like vector and k the residual momentum. We can
expand the residual momentum k ~ O(Aqcp) which yields the standard operator-product
expansion (OPE), which separates the short-distance physics from non-perturbative for-
ward matrix elements which contain chains of covariant derivatives (see e.g. [1]). This
introduces the hadronic matrix elements, 2 and p2 at 1/m? and p3, and p%s at 1/ mg
which are defined as

2mpp? = — (B(v)|by(iD)?b, |B(v)) | (2.7)
2mpp = (B)|by(iD,)(iD,)(~ic™ )b, |B(v)) (2.8)
2mppl = (B)|by(iDy)(iv - D)(iD")b, |B(w)), (2.9)
2mppls = (B(0)| b, (iD,.)(iv - D)(iD,)(~ic" )b, | B)). (2.10)

(and a proliferation of matrix elements at higher orders [12, 15, 16]).
In the following, we use this local OPE to compute different moments of the b — ufv
spectrum. The procedure follows closely the standard derivation of the moments in b — cfv.

2.2 Definition of the moments

In order to obtain the b — w local contribution, we calculate different moments of the
spectrum. We define normalized moments for a given observable denoted as O:

n dI’
fE4>EEUt dO O @

dr
Jg>pe 4O o

<On>E5>Egut - 5 (211)

where E§" is the energy cut of the lepton ¢ = (e, u) and n denotes the n-th order of
moment. In addition, we define central moments:

(O—(ONm) =3 <7Z> ((0)) (=", . (2.12)
=0

Specifically, we discuss the lepton energy moments (E£}'), hadronic mass moments (M})
and ¢ (¢®> = (p¢ + pv)?) moments ((¢?)"). The moments can be obtained using eq. (2.11)



myin (4.546 + 0.021) GeV
m(3GeV) | (0.987 4+ 0.013) GeV
(H2(1))y, | (0.432 £ 0.068) GeV?
(L& (1), | (0.360 £ 0.060) GeV?
(PH (1), | (0.145 £ 0.061) GeV?
(P s(11)) g, | (-0.169 £ 0.097) GeV?
as(mp) 0.223

Table 1. Numerical inputs taken from [13]. For the charm mass, we use the MS scheme at 3 GeV.
All other hadronic parameters are in the kinetic scheme at u = 1GeV.

and the triple differential rate in eq. (2.6). For the hadronic invariant mass, this requires
its relation to the partonic quantities:

(M) = (0%,) + Amy (2) + A? (2.13)
where z = 2(v - px, )/mp and
_ 2 _ 2
A:mB—mb—i'u’ﬂ- MG—I—..., (2.14)
me

where the ellipses denote terms of higher orders in the 1/m; expansion. In our HQE
calculation, we include power-corrections up to order O(1/mj) and radiative-corrections of
order O(ay) to the partonic expression (see also [23]). We note that in the massless limit,
the coefficient of p?b has a dependence on X, = 81n mg / uiq, where (144 is a renormalization
scale. This scale dependence is compensated by the corresponding scale dependence of
the matrix element of four-quark operators (weak annihilation contributions). This has
been investigated in detail in [23] (see also [24, 25]). For our numerical results, we use
the expressions given in appendix A of [23] assuming 16 < X, < 40 as was done in that
reference. This variation is added as an uncertainty to our local HQE predictions. The
numerical input parameters for the computation of the moments are taken from [13] and
given in table 1. In order to avoid renormalon ambiguities related to the pole mass, we
work in the short-distance kinetic mass scheme (used in [13] to extract V). We can relate
the pole scheme to the kinetic scheme through a perturbative series, see appendix A.

2.3 Comparison between theory and Monte-Carlo

In order to discuss the reliability of the background-subtraction procedure based on MC
simulations we perform a direct comparison of the MC data with the theoretical prediction
for the moments. To this end, we compare the moments extracted from MC simulations
for the b — wu transition only with the theoretically predicted moments, including again
only the b — u transitions.

In figures 1, 2 and 3, we show respectively the Ey, the M, and ¢*>-moments. For these
observables, we show the first moment ((Ey)), the second moment ((E?)) and the central



moments: (((Ey; — (E;))?)) and ({((E; — (E,))?)) (and equivalently for M, and ¢> moments).
For our OPE results we show leading-order (LO), next-to-leading-order (NLO) and NLO
plus 1/m? and 1/mj power-corrections individually. The NLO +1/m? + 1/mj is our final
results, for which the blue band indicates the uncertainty obtained by varying the input
parameters in table 1. To account for missing «; corrections, we vary the scale of a,(p) in
the range my/2 < p < 2my. In addition, we take into account the correlation between the
HQE parameters. As these are not given in [13], we take those obtained in [5] assuming
the correlations are the same. We do not attribute an additional uncertainty for missing
higher-order terms. These theoretical predictions are then compared to generator-level
Monte-Carlo (MC) results used at Belle and Belle II.!

The crosses indicate the MC data points from several methods. These data points
were obtained by L. Cao by producing the events at the generator level, which were then
converted to moments at different cuts using the appropriate weight function. No uncer-
tainties from the Monte Carlo simulations were included. The MC data point labelled
BLNP uses the BLNP [27] description of the B — X, /v spectrum where for the input pa-
rameters of the shape function b = 3.95 and A = 0.72 are used. Besides, we show 5 points
labelled DEN which is based on [28]. This DFN model contains a corrections convoluted
with the non-perturbative shape function in an ad-hoc exponential model [29]. The two
parameters of this shape function in the Kagan-Neubert scheme are taken from a fit to
B — X lv and B — X,y data [30] (see also [31]). In the figures, the points labelled DFN
present the central values of the DFN, while (/\f, )\;, A1, A5 ) are obtained by varying A
and p2 within 1o regions obtained in [30]. These variations can be used to estimate the
error of the DFN model. This method, using the variation of the DFN models as an error,
is used at Belle (see also the recent Belle analysis of the B — X,/ [31]). For both the
DFN and the BLNP models, resonant contributions are included using a “hybrid Monte
Carlo”. This method is based on the partonic calculation described above convoluted with
a hadronization simulation based on PYTHIA, combined with B — nfv and B — plv at
small invariant partonic invariant masses (see [32, 33]).

Comparing our results with the MC-generated results, we observe:

o for energy moments (figure 1): MC-results are in good agreement with the HQE
results. However, we observe a slight deviation from the central values for the second
and third central moments. It is known, that central moments are sensitive to non-
perturbative effects, and thus we conclude that this small deviation indicates that
the MC does not properly incorporate the non-perturbative effects.

o for hadronic mass moments (figure 2): we observe that the MC results exhibit a large
spread which is significantly larger than the uncertainty of the HQE prediction, in
particular for small lepton energy cuts. Especially the higher central moments are
sensitive to non-perturbative effects, which indicates that the models implemented
in the MC do not properly describe the non-perturbative aspects.

"We thank F. Bernlochner and L. Cao for providing us these generator-level MC results which were
obtained using [26].
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Figure 1. HQE results for lepton-energy moments with different energy cuts, showing leading
order (LO), next-to-leading-order (NLO) and consecutively added to that 1/m? and 1/m3 terms.
In addition, the crosses indicate the MC-results in the BLNP and DFN model as described in
the text.

e for ¢> moments (figure 3): the DEN models agrees well with the HQE result within
the estimated uncertainty. However, the BLNP model agrees well with the HQE up to
O(a). Similarly to the central moments of the hadronic invariant mass, the central
moments of ¢? are deviating from the OPE result. Especially for the third central
moment the BNLP model and DFN models are spreading quite far away showing
again that the non-perturbative effects are not properly included.

A few extra comments concerning the Monte Carlo models should be made. The
DFN model mainly relies on perturbation theory (up to a smearing corresponding to a
shape function, mimicking some non-perturbative effects), and thus it is not surprising
that these models have difficulties to capture the non-perturbative contributions that are
properly described in the HQE. However, the BLNP approach can in principle properly
describe the results of the HQE, provided that its parameters are adjusted to the local
HQE (which we use here). This requires including also the higher moments of the shape-
function model as well including subleading shape functions, again with properly adjusted
moments. The visible deviation of BLNP from the HQE predictions indicates that the
version of BLNP employed in the MC should be updated. In summary, for the energy
moment, the MC is in agreement with the HQE predictions, however, especially for the
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Figure 2. HQE results for hadronic-mass moments at different energy cuts compared with MC-
results. See text and figure 1 for explanation.

hadronic mass moments in figure 2, we see that the HQE uncertainty is much smaller
than the spread in the MC models. Therefore, we expect our suggested procedure to be
more precise for these moments. Studying the full impact of abandoning the MC when
dealing with the B — X, background requires a full experimental analysis, which should
be performed by the experimental collaborations. Such an analysis is clearly beyond the
scope of this theoretical paper.

3 Background from the B — X (T — £iv, )i, decay

Next we consider the background contribution of b — ¢7(— ¢Dyv;)v,. Similar to the b — u
background, this five-body contribution can be calculated exactly within the HQE. Its
contribution is expected to be small, due to phase space suppression and the small branch-
ing fraction of 7 — fvv. Experimentally this five-body contribution can be further reduced
by for example cutting on the lepton momentum in the B restframe and by constraining
the invariant mass of the B-meson. Due to these extra cuts, it is not as straightforward
to compare our exact HQE results with the experimentally used Monte-Carlo data as for
the b — u contamination. In the following, we present our theoretical calculations of this
five-body contribution, which may be used to improve the description of this background.

For our HQE calculation, we proceed by following [34] where the 7-contribution to
exclusive B — D/{v decay was studied (see also [35]). To our knowledge, the 7 contribution
to inclusive decays was never studied. Semitauonic B decays were studied in [36].
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Figure 3. HQE results for ¢> moments with different energy cuts compared with MC-results. See
text and figure 1 for explanation.

In order to obtain lepton energy, hadronic mass and ¢?> moments, we construct the
differential decay rate of the B(pp) — Xc(pxc)(r(qm) — ,u(q[#])yu (q[,;u})VT(q[,,T]))ﬁT(q[,;T]):

d°r B
dg2dq?  dp?% d?QdOQxd2Q=
e “PXe
3GH| Ve PV A(q* — m2)(m? — a5, B(T = pv)

_ Dl W LM (3.1)

with q[%/TDM] = (g, + q[VT])Q, d?Q = dcos Or1de, d¥" = dcost], d2Q** = dcos GE‘;M}dgb**

and A = A(m?,m2,¢?) is the Kéllén-function. For the different angles we follow the con-
ventions in [34]. The lepton tensor is now given by

LW = 3" LFL™*, (3.2)

spins
with

L

1 _
T @ —m2+im, T, a1 = 35) (a5,

X [ﬂ(Q[W])v“(l = %)y +me )" (1 - 75)v(qm)] : (3.3)



For the 7, we use the narrow-width approximation I'; < m.:

1 2 T

— 5(g2, —m?2), 3.4
() —mZ +im )| v m T, ) 34
where I'; is the total width of the 7 lepton. We want to obtain moments of the differential
spectrum with cuts on the lepton energy as before. The lepton energy of the muon E; can
be related to ¢2, - ; in the following way:

[vr D]

1 . N
E,= Tmbﬁua (ﬁ\/ 1—25;sin6[;sin 0[#] cosp—v/Acos 017
x (1= B7) cosbf+ 6 ) + (mi—pk, +42) (Brcosbf, —B+1))  (3.5)
with

2 2
L 2 _ 2
. ] and B, = 4 —Mr (3.6)

61/1_/ - 2q2

2m?2

The five-body phase-space is similar to the exclusive decay, but the contraction of
the hadronic tensor W,, with the leptonic tensor L, differs from the exclusive decay.
We discuss the leptonic tensor and definitions of the four-vectors in more detail in our
upcoming work [37]. The hadronic tensor W, can be constructed following the procedure
given in [12] (see eq. (2.6), where now also Wy 5 are relevant). Finally, we obtain the eight-
fold differential decay rate. We explicitly verified that our differential rate reduces to the
total decay rate of b — c7v, i.e.:

Ftot(b — CT(-) gﬁy)ﬂ) = Ftot(b — CTD)B(T — EDV) . (37)

We note that the branching ratios of 7 — pvr and 7 — evv are almost identical. Now we
can compute the moments similarly to section 2 by integrating the eight differential rate
over the appropriate kinematical variables. We do not include radiative corrections for this
process.

As we mentioned before, the decay b — ¢7(— lvpv;)v, is small compared to b — clv.
Hence, the total decay rate is given as:

Ftot(b — CT(-) gﬁgVT)I;T)
Ftot(b — Cflj)

~ 4.0% (3.8)

In figure 4, we show for both the five and three-body decay, the total rate with a muon
energy cut E§"* normalized by the corresponding decay rate without cut, i.e. for the five-

body decay:

Ftot(b — CT(-) KDZVT)DT)’E2>EE‘”

Ftot(b — CT(-) 61751/7)57—) (39)

We find that the five-body decay decreases more rapidly when increasing the lepton energy
cut, which is expected as such a lepton-energy cut further reduces the already suppressed
phase space.

~10 -
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Figure 5. E, moments as a function of Ef"* at LO (dotted) and including 1/m? corrections (solid)
for b — ¢(t — ¢ov)v (blue) and b — v (red) and their uncertainty.

Finally, we obtain the lepton energy moments (figure 5), the hadronic mass moments
(figure 6) and the ¢?> moments (figure 7). We note that we have normalized these moments
to the corresponding five-body b — ¢(7 — fvv)v) rate. We show both the leading-order
(LO, dotted line) and leading-order plus power-corrections of order O(1/m?) (solid line).
In addition, we also plot the lepton energy moments of the inclusive decay b — cfv for
comparison (red). The band presents an estimate of the uncertainty obtained by varying
each input parameter individually and adding them in quadrature. To compensate for
missed higher-order radiative and power-corrections, we added an additional 30% uncer-
tainty. We present these five-body moments in this way, such that they can be compared
to Monte-Carlo simulations when this becomes available.

Note that for the five-body decay ¢*> = (p- + pv)? = (pB — px,)? which obviously is
equivalent to the ¢? defined in the three-body b — ¢ decay. However, in figure 7 we plot
the ¢?>-moments including a lepton-energy cut which makes the two curves representing the
three and five-body decay distinguishable.

In figures 5-7, we observe again that the power-correction only give small corrections
in the case of lepton energy moments. However, the power-correction are sizable in case of
the hadronic invariant mass (figure 6).
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Figure 6. M? moments as a function of E{" at LO (dotted) and including 1/m} corrections
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Figure 7. The ¢ moments as a function of Ef** at LO (dotted) and including 1/mj corrections
(solid) for b — ¢(r — fvv)v (blue) and b — cfv (red) and their uncertainty.

4 Conclusion

The determination of inclusive Vi, uses the B — X fv rate, which is obtained from the
experimentally measured B — X/ rate by subtracting (among others) the background
signals B — X and B — X.(7 — fvv)i. The goal of this note is to stress that
these contributions can be exactly obtained within the local OPE/HQE and thus could be
included in an analysis of B — X/ without the need to subtract these contributions (which
induced uncertainties).

To facilitate this new strategy, we computed different moments for b — ufv at next-
to-leading order including power-corrections up to O(1/m3). We compared our result with
generator-level Monte-Carlo data used in Belle and Belle II [26]. Especially, for hadronic
invariant mass moments we note sizable difference between Monte-Carlo and HQE, which
could be avoided when using the advocated strategy.

In addition, we computed for the first time the contributions of b — c¢(7 — fvv)v,
which contributes at the 4% level. In this case we do not have MC results to compare to,
but we present our results in such a way that this comparison could be made in the future.

In preparation of the Belle II experimental analysis of inclusive V., which will reach
an unprecedented precision, we advocate using the full B — X/ rate without subtracting
the b — u and b — ¢(7 — fvv)v contributions. This strategy has the potential to reduce
the experimental uncertainties on V., even further.
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A Kinetic mass schemes

The relation between the pole mass scheme m;(u = 0) and the kinetic scheme mi® (y)
is [38, 39]
ole in A [,Ufgr(/i)] er
my(0) = mP** = mit () + [Aw)] o+ S (A1)

pert  2mim(y)

where p is the cut-off energy employed in the kinetic mass scheme, which we set y = 1 GeV
(see table 1) and the ellipses represent higher-order terms in the 1/m; expansion. The
HQET parameters are now defined as:

pr(0) = (2(m),, — ()] (A.2)
ue(0) = (), — o] - (A.3)
pts(0) = (phs(),, — ks - (A4)
pb(0) = (b)), — [Pbw)] .- (A.5)
The quantity [A(u)]pert describes the binding energy of the heavy meson and [ui(u)}pert
the residual kinetic energy. Their expression are given as:
X A4 a(mw) as (mw) Bo my 8
{A(M)]pert N 3CF r M {1 + 21 <log (2,u)> + 3} ’ (4.6)
] = ) a [y sl (1, () 10
[M”(M)]pert = Cr r M [1 + 27 log 2u + 6
)y (71|
- Ca ( G 12) +0 <mg , (A7)
2, as(mp) as(ma) Bo ( my
= 2.
{pD (/’L ]pert 3CF s + 2T o8 2M +
as(mp) 2 13 ut
T2 Ll A.
A(G m) +O<m§’ (A-8)
3
2 H
(1 A.
i) =0 (mb> : (A.9)
4
3 M
= — . Al
phs)] =0 (mg) (A.10)

Here Cy =3 and [y =11 — %nf with ny = 3, i.e. three active massless quarks.
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