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1 Introduction

In this paper, we consider the on-shell couplings gy g+, and gyu,~, for B(D); — B(D)yYy
and By, — By where ¢ = u,d, s, from light-cone sum rules (LCSR) [1, 2].} Our own
interest in these couplings is two-fold. Firstly they describe the decay H*(Hi) — H~;
secondly they appear as residues of the m%{* ( Hl)-pole for the H — ~ form factor e.g. [3].
The latter is of phenomenological importance for invisible particle searches, e.g. flavoured
axion and dark photon in By — ¢¢ at the LHCb [4] and is indirectly related to QED-
corrections to H — £ as the pole is not far from the kinematic endpoint.

The results derive from the same correlation functions as the form factors but involve
a double, rather than a single, dispersion relation. The additional dispersion variable is the
momentum transfer of the form factor ¢> where the H*, Hi-meson is the lowest lying state.
This is a technically involved matter at next-to-leading order (NLO), and our computation
provides the first complete NLO computation at twist-1 and -2 level, utilising the master
integrals from [3, 5]. A notable aspect is that the kinetic mass scheme [6], gives more stable
results than the MS- and the pole-scheme.

The residues and the couplings differ, apart from ratios of known hadron masses, by
decay constants (cf. section 2). We determine five distinct decay constants from local QCD
sum rules (SRs) [7, 8] to ensure consistency of our results; the well-known pseudoscalar fr
and both the vector fg-(fp,) and tensor fF.(f},) of the 17(17) state. To the best of our
knowledge {fZ., fgl} have not previously been determined from QCD SRs. A relevant
feature is that some D* couplings are known from experiment. This is not the case for the
B* as the unknown total width means that the coupling values cannot be inferred.

The gp+m~ couplings have been considered in LCSR to LO in [9] and at NLO at twist-
2 level [10]. Lattice determinations of gp«p, (with large uncertainty) [11] and gp:p,
(with small uncertainty) [12] are available. Heavy-light meson decay constants have been
evaluated to NLO (and partially beyond) in [13-15] in SR. Lattice results are numerous
and include [16, 17].

The paper is organised as follows. In section 2 we define the couplings and give their
relations to the residues of the form factors. Section 3 is concerned with the main SR
aspects of the couplings e.g. the computation, the double dispersion relation and the Borel
transform (with more detail in Appendices C and D). The main results for the residues
and the couplings are given in tables 6 and 7 respectively. The decay constants, as bona
fide predictions, are presented in section 4, with analytic results in appendix B. Numerical
values of decay constants and ratios thereof are collected in tables 8 and 10 respectively.
We conclude in section 5. Conventions, definitions and inputs are grouped into appendix A.

2 The couplings gy u=(#,)y and their relation to H — ~ form factors

The purpose of this section is to discuss relevant method-independent aspects of the com-
putation. For concreteness we shall write H = B, throughout this section, which stands

! For the 1T state H; we only consider the Bj-state since the D;-state is already overshadowed by the
Drr 3-particle state (mp, — mp — 2m, &~ 270 MeV). This effect is less pronounced, as a result of m./my
suppression, for the B; since mp, — mp — 2m, ~ 160 MeV.



for either of the beauty B, 4s- or charmed D, 4,-mesons. The couplings of interest are
defined from the on-shell amplitudes?

7
Ap* By = o See P (pp)ang Fys 9B~

AB, By = —5:Fos(pB)*n° 98B, (2.1)

where D, = 0, +iesc A, (with s = £1 depending on convention), 7 is the vector meson’s
polarisation, Fg = ik[aez,] stands for the photon’s outgoing plane wave and the coupling’s
mass dimension is [gpp«y| = [9BB,y] = —1. We refer the reader to appendix A for more
details on conventions. For the decay rates, with a = e%/4r as the fine structure constant,
we obtain

2 3
. « m

2 B*
« m2 3
['(B1 — By) = 21 (1 - mQB> m?ialg?BBw, (2.2)
By

where the first expression agrees with [18] for example. These rates follow from an effective
Lagrangian of the form?

1 * . *
Lef = ScgBB*~ §€(B ,OBT, F) —iscgBB1~ BaagBTFo"g +h.c.. (2.3)
This Lagrangian can be used at small recoil and has to be supplemented by higher order
couplings away from it.
As mentioned earlier, another point of interest in the couplings arises from their relation
to pole-residues of the B — ~ form factors [3] (and cf. appendix A).* For clarity let us

consider the dispersion representation of the vector form factor

B
m{Vy @y

t—¢*—i0  1-¢*/mpb.

_ 1 oo 1
VEI(P) == [ dt .., (2.4)
] -

*More concretely the couplings parametrise the on-shell matrix elements (B(pp)v(k)|B*(q)) =
[—i(2m)* 6 (3 pi)] A+ By and (B(pp)y(k)|Bi(q)) = [=i(2m)*6“ (3 pi)] Apy - B+

3One might wonder whether the proximity of the B and B* mass leads to any enhanced terms in the soft
photon region in diagrams where the photon couples to an external B-meson and a lepton for instance (e.g.
diagram top left of figure 3 in [19] where the weak Hamiltonian corresponds to B* — K¢¢). The behaviour of
1 1

- 2 2 2 _
' SkppTAMD Koly k2 with AMg = mz« —mp = O(mpsAqcp),

the denominator in the soft region (i.e. k, — 0)
is softened by the derivative term F,s and avoids unsuppressed large logarithms of the form In(AMZ2 /m%).
This is another manifestation, with a different twist, of the finding in [19] (cf. section 3.4 therein) that
structure dependent terms do not generate large logarithms.

“We note that when translating between the B — v and B — ~ form factors only the axial, and not the
vector parts change sign, as can be inferred by applying a charge C-transformation with C|B) = |B). We

stress that our results are formally quoted for the B-meson.



where the dots represent higher terms in the spectrum. For the tensor form factor,

Tﬁﬁv(q%, the analogous form holds. The relation of the residues to the couplings are

mpfp
ri= mpe BB i (puv) = B (0uv) 98B |
mpfB
TIXI/ - mp : gBBl'V’ rﬁﬂ(iqu) = fgl (/’LUV)gBBl’ya (25)
1

with decay constants fg;)( g,y defined in (3.7). The following exact relations, with pyy-
dependence suppressed,

v
i _ mp fp= rl _ meBl (2 6)
7{ mB*fg* ’ Tf mp, fgl ’

are a consequence of the freedom to choose a particle’s interpolating operator in field
theory. This provides us with a non-trivial consistency check of our SR evaluation. Finally
a note on the ultraviolet (UV) scale dependence puyy. The couplings are of course scale-
independent since they correspond to on-shell matrix elements. Thus the vector residues
are scale-independent whereas the tensor ones scale like the tensor decay constant

d

_ T - T
= —m In fB*(Bl)(MUV) = —m lan(”)(MUV) , (2.7)

with
Ir = £330k +0(ad), (2.8)

and Cr = (N2 —1)/(2N,) = 4/3.

3 The gyp=«(#,)y couplings from light-cone sum rules

3.1 The computation

The couplings can be computed within the framework of QCD SRs on the light-cone.
Proceeding via standard techniques we define two correlation functions [3]

0, (pze) = 1 [ P2, OIT 5, (2)OL,(0)10) = se P T (. ) (3.1)

T

Hﬁu(pg,q) = z/

T

e~ P55y (k, ) [T, (2)OF, (0)[0) = se (~PITT (h,0%) + ... ).

with quantum numbers chosen such that HE and III' contain information on 9B+~ and
9BB,~, respectively and I' € {V, T'}. Above the shorthand [, = [ d*z has been adopted and
the dots represent structures [3] which are not important for this discussion. The B-meson
is interpolated by the operator Jp,

and the Lorentz structures P’j | are given by

P/j‘ = eﬂpgve*p(p]g)ﬁk” , P;U =i(pp-ke, —ppe k), (3.3)



with e the photon’s polarisation vector, pg = ¢ + k and on-shell momentum k? = 0. The
vector and tensor operators of the b — ¢ effective Hamiltonian are given by

1 _ 1_
oY, = — M5, ab, o1, = ngq”auuh
| Z— 1 = T _ L v
O, = gmqu'yM’yg)b, O, = _ai uwYsh (3.4)

For brevity, from this point onwards we drop the subscript denoting the quark flavour such
that mp, = mp, fp, = fB, et cetera. As previously mentioned, the computation of the
correlation function is the same as for the B — « form factor; we refer the reader to [3] for
details of the calculation and now turn to the double dispersion relation.

3.2 The dispersion relation

The hadronic representation of the correlation functions is obtained from the double dis-
continuity of the correlation function®

1 . .
pgad* (p%,¢%) = WdlscqzdmcszHE (r%,¢%), (3.5)
and reads
0|Jp|B)Ap- B*|0Y |0 I o(s,t
seHL:Z< | B|2> B;B”g | ;“| >+Pj/ ds dt—"had (s, )2
o (mp.—¢?)(mp —pp) s, (t=¢*)(s—pp)
OJBBAB B Bi|OL 10 r s, t
SeHﬁ‘u _ Z < ’ ’2 > 12—> 72< ’ 2||,u| > _ PIL!/ dsdt pha2d1( ) . + .. ., (36)
pol (m31 —¢*)(m% — pg) ) (t —a*)(s — pp)

where the sum runs over the vector meson’s polarisations. The integration domain 3
ranges from a lower cut shifted by two pion masses from the poles up to infinity. The dots
indicate single dispersion integrals which do not contribute to the final result, and can be
seen as the analogues of the subtraction terms of single dispersion integrals.

The matrix elements to the right are the decay constants

_ 1 _ 1
OIOY,)1B") = —cmpmp-fpn,  (O1OT,)1B") = ——mi. fhon.

_ 1 _ 1
(ol©o)B1) = ~MBME B (O1(Of,)1IB1) = ;mzélfgmm (3.7)

where 7 is the vector mesons’ polarisation vector e.g. eq. (A.2). The SR procedure in-

2
volves the Borel transformation in both variables, Hﬁ[ 1 (ME M2) = B‘]J\fjg BZ]\’/[B12 Hﬁ[ N 0%, ¢2),
to enhance convergence. In the case of a dispersion relation of the form (3.6) this is

straightforward due to the well-known formula

Bl (12) = (3.8)

m2 —q

We refer the reader to appendix D for the definition of the Borel transformation.

® As Schwartz’s reflection principle applies, one may use Disc — 2i Im cf. [20] for instance.



3.3 The light-cone operator product expansion

The correlation functions (3.1) are evaluated with perturbative QCD using the light-cone
operator product expansion (LC-OPE) ordered, in practice, by a converging expansion in
twist. The twist, known from deep inelastic scattering, is the dimension of the operator
minus its spin. We refer to [3] for specific details and to the technical [21] and applied [2]
reviews on the subject. It seems worthwhile to state that, contrary to intuition, the photon
is more involved than an ordinary vector meson as it has both perturbative (twist-1) and
non-perturbative nature (higher-twist). The latter is encoded in the photon distribution
amplitude (DA) which can be understood as p/w-y or ¢-y conversions. At LO in a, we
perform the computation up to twist-4 including 3-particle DAs, whilst at next-to-LO
(NLO) twist-1 and twist-2 contributions have been computed. See however section 3.5 for
remarks on the completeness of twist-4.

3.3.1 The “partonic” dispersion relation

One may also write a dispersion relation in perturbative QCD,

I
00 [e8) P L]<3at)
mr 272:/ ds [ de—-
i (PB:a°) 2 S = )5 — 1)

which is formally distinct by its slightly different analytic structure with the discontinuity

T (3.9)

starting at m§.6 The dots have the same meaning as for the “hadronic” dispersion relation.
Performing the double dispersion relation at NLO is complicated by pole singularities
in ¢* = p%. Taking a single discontinuity, say in p%, one is faced with

3 2,2
. pi(a°, pR)
disey L 02 ) = 2 2 e (310
n=

where the p; themselves contain non-trivial cuts.” These singularities, dubbed second type
singularities [20, 22], are solutions of the Landau equation for II' (p%, ¢?) but are not on
the physical sheet. However this changes once the discontinuity is taken in p% and they
need to be taken into account. We refer the reader to appendix C for technical details.®

3.3.2 Borel transformation of LO terms for generic distribution amplitudes

As previously stated, for a given dispersion representation (3.9) the Borel transformation
is straightforward due to (3.8). However, this demands committing to a specific DA. As

5The m.,q4,s masses are considered in the linear approximation for which we have derived new results
such as the mg-correction to the twist-2 photon DA [3].

"At LO this is not the case and this is what makes them considerably easier to handle in practice.

8 An alternative is to use Schwartz’s reflection principle, Disc — 2iIm, to obtain the discontinuity cf.
footnote 5. One can then deform the di-integration path into the complex plane, away from the poles, in
order to obtain a working dispersion representation. This approach, whilst being computationally inefficient,
provides numerically stable results as long as the upper integration boundaries in the dt and ds integrals are
sufficiently far apart. However, given the almost degenerate values of the masses mp and mp= a sufficient
separation of the upper boundaries can not be justified, rendering this approach sub-optimal.



these can improve over time, due to better determination of hadronic parameters, there is
some advantage in keeping them generic. Let us consider

(ph.q / du— f"( ) , £=0,1, n=123, (3.11)
- UPB — ugq )

where f,,(u) is some function proportional to the DA with suitable features in order to be
compatible with first principle analytic properties. How to perform the Borel transforma-
tion and the continuum subtraction is described in appendix D. These results extend those
currently seen in the literature and are presented in greater detail. In theory a double
Borel transform provides two Borel parameters. In practice however, we content ourselves
to setting them equal

M? = M2 =2M?* — 2M12, (3.12)

(and up = 1/2 cf. (D.12)), which is justified since mp ~ mp+(~ mp, ). The 3-particle DAs
can be handled with the same technique as they reduce to an effective 2-particle DA (cf.
appendix D in reference [3]).

3.4 The sum rule

The final step in completing the SR is to invoke semi-global quark-hadron duality. For a
double dispersion relation this is not straightforward. Before addressing this issue let us
(a)

assume an integration region (parametrised by a single parameter a and 557t specified in
the next subsection), implemented with step function on the spectral density

Phac ) (5:1) = Pl (5, )0 (s — 310 (mi)) Ot — 5 (s)) . (3.13)
Equating the“partonic” and “hadronic” parts one obtains the sum rule

—t

1 5g )(mb) 5§ )(5) mp—s "B [B*]
fBT\l\ﬂ[L] — — / dS/ dte2m? e 22 pﬁ[L}(S7t)’ (3.14)

BB, [B*] /™ m;

with the relation between the couplings and the residues rﬁ[ 1] given in (2.5)and I' =V, T.
The somewhat unconventional factor of two in the exponent is a consequence of our defi-
nition of the Borel mass (3.12). The LCSR determines the product fBrmJ_] and to obtain
the residues and the couplings one replaces the decay constants by a QCD SR to the same
accuracy in ag, e.g.

[fBr)Losr
r [I[L]
= ) 3.15
g Falon (3.15)
and

my frjyliese [forjlesr

gBB*y =

mp [fBlsr[fB+lsk  [fBIsrRIfE]sr

~mp, Usrjgliese e Juosr
BB = s Uslsnlfolsn . Uslsnl/Bsn (3.16)

As previously mentioned, the two determinations for each couplings serve as an additional
quality test of our SR.
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Figure 1. An overview of the duality interval. The left hand figure demonstrates how the pa-
rameterisation (3.17), keeping the quantity aéa) fixed, leads to a range of possible duality windows
depending on the value of the parameter a. The solid green, blue, yellow, and orange curves cor-
respond to the a = 1/2,1,2, 00, cases respectively. In the limit 39 — #o the curves intersect at a
single point, a(()a). The right hand plot provides a more detailed view of the case a = 1, which we
adopt for our evaluation of the couplings. We note that the choice of duality window has little
impact on the final result, cf. table 5. The dashed blue line indicates the lower boundary on the
duality window, enforced by the restriction that both ¢ and s can only take values above the cut
starting at mg. The dashed black line indicates a technical division of the duality region necessary

for application of the principal part prescription, cf. (C.8).

3.4.1 Duality region as a function of the duality parameter a

Finally we turn to the question of the duality region encoded in (3.13) and derive explicit
relations as a function of the parameter a. In defining the duality region,

SROE!

we follow earlier work [1, 23] but extend it in that we consider 3¢,y as a function of
the parameter a. The solutions to the boundary defined by (3.17), and which therefore
enter (3.13), are

5 (1) = 3 (1 - (é)a)w . 09 (s) =1 (1 - (;)a>1/a . (3.18)

A further quantity that arising from the parameterisation, and thus appearing in results
given in the appendix, is
(@) Soto

Its geometric meaning can be inferred from figure 1. It takes on the role of the single

(3.19)

dispersion effective threshold if p!" oc §(s — t) which is the case for a large part of the
contributions. Fortunately, variation of the duality parameter a does not lead to large



effects when the daughter sum rule is invoked to constrain the SR parameters, as will be
discussed in the next section.

We turn to the question of which choice of the parameter a is suitable. We find
that in the majority of cases the dependence of the couplings on the duality window is
rather limited, as evidenced by table 5. The exceptions are the Bjs- and the D}-meson
cases, showing more significant variation. It has been argued that for the Isgur-Wise
function [24] and the small velocity limit [25] that a = 1 is a necessary choice. Whether or
not this translates to other cases and in particular to the case at hand is an open question.
We adopt a = 1 as our default choice, and include variations under the duality window in
our estimate of the total uncertainty (cf. section 3.5.1).

3.5 Numerical analysis

Physical input parameters used for the numerical evaluation of the SRs can be found in
table 14 in the appendix.

As there are a number of different renormalisation scales involved we discuss them
in some detail. The UV scale, uyy, has already been mentioned below eq. (2.6) and is

pole

set to the pole mass my(m.) For the LCSR there remains the scale of the coupling

fa,, the mass p,, (or pyy cf. below) and the LC-OPE factorisation scale pup. We set

b = iy — (mi(1 GeV))(= mi%y — m?

(m.)) which is a standard albeit not a necessary
choice and equate p,, = pr. The choice of a mass scale is linked with a choice of mass
scheme. For the B — ~ form factors we have found [3] that the MS- and the pole-
scheme give rise to large effects in either higher twist or at O(«y) rendering both of them
suboptimal. For the gpp«(p,), couplings the evidence for adopting the kinetic- over the
MS-scheme is less compelling (smaller improvement in twist-convergence). However, in an
effort to remain consistent with our previous work [3], we choose to adopt the kinetic-scheme
for the evaluation of both the FF residues and the effective couplings. As the kinetic mass
scheme, originally devised for the inclusive decay operator product expansion (OPE) [6],
can be considered as a compromise between the MS- and the pole-scheme. Moreover, it
is indeed found that the kinetic scheme is stable under scale variation. The kinetic scale
is set to pyin =1 GeV, with further details in [3]. For the D-meson decays the situation is
different and the MS scheme gives more stable results than the kinetic scheme and we thus
employ the MS scheme with the standard choice g, =m.(m.). This might not come as a
surprise since m, itself is closer to pup as compared to the B-case.

As indicated in egs. (3.15) and (3.16), to obtain the physical quantities one needs to
divide by the decay constant(s) to the same order (cf. section 4 for their discussion). The
new inputs are the condensates, given in table 14, and the factorisation scale of the local
OPE, denoted by picond, which is set to peonqa = pF in order to facilitate cancellations in the
ratio. A summary of all renormalisation scales is given in table 1 (left). Another aspect
is that we drop twist-4 corrections, other than the pure quark condensates, as they are
incomplete (requiring the inclusion of 4-particle DAs [3]). The resulting uncertainty ought
to be captured, at least in part, by the variation of the Borel parameter.

The SR parameters {a(()a), M?} and {sécB, MJ%B} are determined by a number of con-
straints. As usual the Borel mass is determined subject to two competing factors, contami-



1h =13, = Weonal GV puv[GeV] [ GeV]  piin[ GeV] | o, [GeV]  picona[ GeV]
B Kin m3 — (mP'°)? 4.78(1.0) - 1.0(4) 4.18(1.5)  3.0(1.0)
B MS m2 — (mb°'°)? 4.78(1.0)  4.18717 — 4.18(1.5)  3.0(1.0)
D MS m2 — mg(me)? 1.67(30)  1.27+43 — 12759 2.0(1.0)

Table 1. Summary of the scales involved in the determination of the residues (table 6) and coupling
constants (table 7) to the left of the double separation line. To the right we have the scale changes
used for the best determination of the decay constants (table 8). The quantity m.(m.), above, is
the MS mass at the scale m.. The uncertainty in pr, for the B-meson (D-meson), is chosen to be
App = +1GeV (App =159 GeV).

nation from higher states is effectively suppressed by a small M2, whilst fast convergence of
the LC-OPE favours a large M? as higher terms in the expansion are accompanied by ever
increasing inverse powers of the Borel mass. The compromise of these two criteria, resulting
in an approximately flat curve, is known as the Borel-window. To constrain the effective
thresholds {30,%p} the, formally exact, daughter SR for the sum of meson masses (3.20)
is employed
. 50m3) 5 ) "
m% + m231[B*] = 2M4d]é2 In /m§ " ds /mg dt e 3ni? pﬁ[L}(s,t) , (3.20)

with the ratio of 3¢, %y matched to the ratio of meson masses in the respective channels
cf. caption of table 2. In addition we impose 5033/5501’" R~ mQBS/mQBdu and 853/853*[31] ~
mQB/mQB*[Bl] to be satisfied reasonably well. We turn to the depehdency on a specific
duality parameter a. It is found that in the B-meson cases a single set of SR parameters
is sufficient to satisfy (3.20) to within ~ 2% for the a = {1/2, 1,2} cases considered. For
the D-mesons this no longer holds and a small modification to the SR parameters is made
at each value of a.

We consider it worthwhile to comment on the specific numerical values of the thresholds
found. The expectation for a single dispersive threshold sg is (mp, + 2m,)? < so <
(mp, + mp)Q, and lying closer to the top boundary. Inspecting table 2, we note that this
is indeed the case for the single dispersion threshold sj” but not for the double dispersion
threshold a(()a) (3.19). Whereas a(()a) takes on a similar role to the single dispersive effective
threshold, one must remember that it contains additional information on the excited vector
meson channel, cf. (3.18) and might further be a result of the peculiar analytic structure
in (s,t) of the LC-OPE.”

Let us turn to the correlation imposed on parameters based on physical arguments.
Whilst the effective threshold for decay constant sy” can be independently determined
it would contradict the method if it were completely independent of the aéa)—threshold,
since they are both associated with the same state. A 50%-correlation is adopted between
the two. The vector versus tensor results are correlated since, by the (exact) equation of

9Tt is conceivable that if one were to adapt the daughter sum rule method to the extraction of gppsr
and gpp+~ in [23], one could even find better agreement with experiment and/or the lattice.



SR parameters [ GeV?]
By B B, Bgu Bs

)

(o8 mr2y Yol | 37.7,80 | 39.2,11.0 | 37.7,8.0 || {so, M2}z 34.3,5.6 | 35.5,6.4

(ol N2y'T | 43.5,12.0 | 45.5,13.5 | 43.5,12.0 || {so, M2}/p=/5+ | 34.5 5.7 | 35.9, 7.1
(a) ypoyri 2\ fBy - fE
{o8"), NI} 42.5,11.0 | 44.4,13.5 | 42.5, 11.0 || {so, M2}/"1 /51 | 38.9,6.0 | 40.6, 8.6

Dd Ds Du Dd,u Ds
(oM 82y | 59,31 | 66,34 | 59,31 | {so, M2}/r 57,19 | 6.3,22
(o8P 02yt | 59,26 | 66,29 | 59,26 | {so, M2}/oIb+ | 61,19 | 6.9,2.6
{8V, a2yt 60,29 | 67,32 | 6.0,29
{o§V, N2yt 60,24 | 67,27 | 6.0,2.4
{08 nr2yrt 57,29 | 65,34 | 57,29
{o8?, N2yt 57,24 | 65,27 | 57,24

Table 2. Summary of the SR parameters used in the determination of the residues for the triangular
duality window a =1 (cf. section 3.5.1 for comments). The additional threshold parameter is fixed
via the ratio of the scalar and vector mesons. For the B-mesons #o/3g = m%./m% ~ 1.02 and
to/30 = m%, /m% ~ 1.18 in the L and || directions respectively. In the D-meson channels fo/3o =

m%,. /m3, ~ 1.15. Note the difference between the values of croa) for the L- and ||-directions reflects
the fact that m%, /m%. ~ 1.16. We remind the reader that in the B-meson channels a single set of
SR parameters is sufficient to satisfy the daughter SR (3.20) to within ~ 2% for all three choices of
the duality parameter a. For the B-meson (D-meson) processes we associate a uniform uncertainty
to the threshold of +2.0 GeV? (£0.5 GeV?) and the Borel mass of 42.0 GeV? (0.5 GeV?).

motion, their difference is equal to a derivative operator which is numerically (and to some
extent parametrically) suppressed at low recoil. In order to remain consistent this implies
a correlation of the effective thresholds, as argued in [26] and more systematically exploited
in [27].1% The correlations

V. T
corr <a((]a) L,a(()a) l> =

1)

are imposed based on the contribution of the derivative operator to the equations of motion,
which is &~ 10% in the B 1- and ~ 20% in the D l-case. In the B||-case the contribution
is &~ 40-45%.

Another relevant aspect concerning the plethora of predictions is that not all

4 PNV 1 oV (T
5 corr<a(()) 70(()))1322, corr(a(()) ,U(()) >|D:

o @It

(3

channels are of equal quality. This is highlighted by the two separate determina-
tions of the residue, from the vector and tensor interpolating current. Let us de-
fine the ratio Ugu = ggB(%/ 91?3% which ideally is close to one. We find reassur-

"However, for the ||-direction the derivative term is not small and such a correlation does not make sense.
See section 4.2 in [3] for a more elaborate discussion in the context of the B — « form factors.
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ingly good values for the B*-case (Ug«o,Ups,Up«+) = (0.99,0.98,0.98), moderate devi-
ations (Up«+,Upx,Up«0) = (0.81,0.82,0.91) for the D*-case and significant deviations
(UB?, UB,., UB;,) = (1.35,1.26, 1.30) for the Bj-case as anticipated cf. footnote 1. For the
D*-case it is the accidental cancellation of the two charge contributions in perturbation
theory, to be discussed further below, and the sensitivity to higher twist which gives rise
to larger deviation from one. For the Bj-case the concept of a well isolated resonance is
not assured and for the Dj it simply does not hold cf. also footnote 1. Therefore we do
not quote any results for the D; whilst for the By the results are deemed just marginally
acceptable to present.

It is instructive to present a breakdown in terms of charges for comparison with other
work and illustrate the, presumably accidental, cancellations in the charged D- and Bj-case
which unfortunately implies that these results are less reliable. For definiteness we quote
the breakdown for the couplings obtained from the vector interpolating current

gp,Dzy ~ —(1.05Q4 + 0.51 Qc)[pr — 1.74 Qtwist-2 + ht ,
1.24 Qs + 0.51 Qc |PT —1.62 Qs‘twist—2 + ht ’

)

9D D3y X )
1.20 Q4 + 0.24 Qp)|pT — 1.20 Qq‘twist-Z + ht,

)

)

)

—(
9B,Byy ~ —(
9B,y = —(1.31Qs + 0.25Qp)|pr — 1.10 Qs twist-2 + ht
98,51y ~ +(0.12Qg +0.02Qy)|pr — 1.11 Qylewist-2 + bt
—(0.69Qs — 0.52Qp)|pT — 1.03 Qstwist-2 + ht (3.22)

where @); are the standard quark charges @y = Qg4 = Qs = —% and Q. = Q, = % and
“ht” stands for higher twist and ¢ = u, d. The size of the higher twist can be inferred from

~

ngBls'Y ~

table 3. The twist-3 contribution is up to 5% in some cases and, as previously argued, most
twist-4 contributions have to be dropped since they are incomplete without the inclusion
of 4-particle DAs (cf. section 3.5.1 for further relevant remarks in this direction).

We now proceed to discuss the numerical features of the B- and D-meson results in
turn. Beginning with the B-mesons, for the values given in table 2 we find that the daugh-
ter SRs (3.20) are, in all cases, satisfied to within < 2%. The continuum contributions
range from < 25% in the L-modes to < 35% in the ||-modes. In the L-modes the SR is
dominated by the perturbative and twist-2 contributions which are approximately equal
in size and are of the same sign. The remaining contributions make up =~ 10-20% of the
total. The story is repeated in the tensor ||-modes, however the situation in the vector
|l-modes is somewhat altered. Here unfortunate cancellations act to suppress the pertur-
bative contribution and the twist-2 sector is numerically dominant providing O(80)% of
the total value. A breakdown of contributions according to twist is given in table 3 for a
representative selection of residues. The O(ay) corrections are mass scheme dependent. In
the kinetic mass scheme (uyi, = 1 GeV) employed the NLO results are sizeable, providing
a correction of ~ 20-35% and ~ 20-25% at twist-1 and -2, respectively cf. table 3. The
benefit and necessity of an NLO computation is clearly visible in the scale variation plots
shown in figure 2 as residual effects are then of O(a?).

The SR parameters for the D-mesons are determined subject to the same tests as
outlined above. In all cases the continuum contribution remains below 30% and in the
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twist | pa | DA TK(BU> rl‘l/(Bd) r{(BS) rﬁ(Bd) rK(Du) rK(Dd) TI(Dd)
1 | — | PT:0(?) | —0.116 | —0.014 | 0.102 | 0.033 | —0.177 | 0.004 | 0.014

1 | — | PT:O(ay —0.033 | 0.003 | 0.027 | —0.005 | —0.047 | —0.002 | <1073
2 | 2| oyw)0%) | —0.136 | 0.075 | 0.063 | 0.064 | —0.220 | 0.110 | 0.078
2 | 2| ¢y(u)O(as) | —0.028 | 0.015 | 0.015| 0.015| —0.028 | 0.014 | 0.018
312 | Upy(u) 0.011 — | 0.016 | —0.001 | 0.021 | —0.010 | —0.010
3 |2 \Ilgg(u) — | <107®| 0.001 | <1073 - — | 0.005
3 |3 | Al - —| <1073 | <1073 - — | —0.001
3 13|V - — | —0.002 | —0.003 - — | —0.014
4 |2 | WP — | —0.003 | <1073 | —0.002 - — | —0.003
4 | 2 | Aw) 0.017 | —0.05 | —0.003 | —0.003 | 0.033 | —0.017 | —0.006
4 | 3 |S@+S@) | <1073 | <1073 | <1073 | <1073 | —0.003 | 0.001 | 0.002
4 |3 fl TM(@) | —0.001 | <1073 | <1073 | <103 | —0.007 | 0.003 | < 1073

=
4 | 3|8, —0.008 | <1073 | 0.003 | 0.003 | —0.033 | —0.033 | —0.026
4 | 3| T}/ 0.002 | <1073 | <1073 | <1073 | 0.007 | 0.007 | <1073
4 | — | Q{79 — | 0.002 - - - - -
4 | — | Qvlqq) 0.003 | —0.002 | 0.002 | 0.002 | —0.021 | —0.021 | —0.017
Total* —0.290 | 0.070 | 0.223 | 0.102 | —0.475 | 0.096 | 0.081
Table 3. A breakdown of contributions according to twist, “pa” = number of partons and the

specific DA. The definitions of the DAs can be found in [3]. The asterisk in total is a reminder that
it does not include twist-4 contributions not closing under the equations of motion cf. [3].

neutral modes the daughter SR (3.20) is satisfied to within 3%. In the charged mode
the daughter SR shows poor convergence. Again, this is due to the presumably artificial
smallness of the perturbative contribution due to cancellation in Q. and @, (cf. table 3
and (3.22)). In contrast to the B-mesons we note that whilst the dominant contribution
arises from the twist-1 or -2 sectors the twist-3 and -4 sectors are sizeable, in particular in
the charged case. The O(as) corrections to twist-2 range from ~ 12% of the LO result in
the vector modes to ~ 20% in the tensor modes. In the twist-1 sector the tensor modes
and the neutral vector mode have radiative corrections ranging between ~ 2-30%. In the
charged vector modes, however, the corrections are > 50%, due to the previously mentioned
large charge cancellation at LO.

The uncertainty due to the input parameters is estimated by varying each parameter,
within the given interval, in turn and adding each individual uncertainty in quadrature.
A breakdown of the individual uncertainties is given in table 4. To incorporate corre-
lations between the various thresholds, discussed previously, we generate 300 samples of
the thresholds according to a Gaussian distribution such that the mean corresponds to

- 12 —
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Figure 2. Representative plots highlighting how the NLO result (dashed red) sees a reduction in
the mass scheme scale fikin (pi375) as compared to LO (solid blue). We note that in the B-meson case
the residue generally shows greater stability than the coupling which, in the above cases, inherits
the (artificial) scale dependence of fp« which is less pronounced for fp« as the plots show.

the central value of each threshold and the standard deviation reproduces the associated
uncertainty. We then evaluate the desired quantity for each of these samples, taking the
standard deviation of the resulting points to be the uncertainty due to threshold variation.
Our predictions for the couplings are given as the mean value of the vector and tensor inter-
polating current determinations. We estimate the associated uncertainty as the standard
deviation of the two evaluations. Moreover, the uncertainty associated with varying the
duality window is taken to be the standard deviation of the a = {1/2,1,2} determinations
(cf. table 5). This provides a small contribution in the B-meson cases, but notably a more
significant contribution in the Ds mode. Adding in quadrature the uncertainty from all
sources, we obtain the total uncertainty as quoted in table 7.

The final values for the residues and the couplings are shown in tables 6 and 7 respec-
tively. The value of the coupling presented in the table is the average of the vector and
tensor determinations.
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r{(Bu) | v (Ba) | 71(Bs) | r[(Ba) | r{(Du) | rY(Da) | r1(Da)

Value | -0.300 | 0.076 0.224 0.104 -0.473 0.095 0.073

Error +0.034 +0.015 +0.023 +0.015 +0.054 +0.021 +0.020
—0.033 —0.016 —0.024 —0.015 —0.053 —0.021 —0.020

A3q +£0.021 | £0.007 | £0.017 | +0.007 | £0.033 | £0.004 | +0.004
ANP2 | +0.005 +0.001 4+0.000 | 40.000 +0.004 +0.001 +0.004

—0.000 —0.002 —0.002 —0.002 —0.001 —0.002 —0.001
AMQ +0.000 +0.001 +0.004 +0.001 +0.000 +0.001 +0.001
fs | —0.003 —0.000 —0.000 —0.000 —0.004 —0.000 —0.000

Amy, . | £0.002 | £0.004 | £0.002 | £0.002 | £0.003 | £0.003 | £0.003
AT £0.010 | £0.006 | £0.005 | £0.005 | £0.015 | £0.008 | £0.006
A(qq) | £0.003 | £0.001 | £0.001 | £0.001 | £0.005 | £0.004 | £0.003
Aas £0.020 | £0.011 | £0.009 | £0.010 | £0.033 | £0.016 | £0.012
A3 +0.006 | < 1073 | 40.004 | £0.003 | £0.011 | £0.006 | £0.011

Apyin | £0.003 | £0.003 | £0.002 | +0.004 — — —

A _ _ _ _ +0.008 +0.004 +0.004
Hm —0.001 —0.006 —0.007
A +0.010 +0.001 +0.001 +0.001 +0.002 < 10-3 | 0.002
Fheg —0.003 —0.004 —0.003 —0.001 —0.003 —0.001
A +0.002 +0.001 +0.002 +0.000 +0.005 +0.004 +0.000
HE ~0.000 —0.004 —0.007 —0.001 —0.002 —0.001 —0.001
Auyy — — +0.002 | £0.001 — — +0.001
N - — | +0002| - - - -

(ss)
AY £0.001 | £0.003 | £0.006 | £0.006 | £0.013 | £0.002 | £0.006

Table 4. Breakdown of the main contributions to the uncertainty for a representative selection of
residues. A3y includes the combined uncertainty, incorporating correlations, due varying all effective
thresholds, cf. discussion above (3.1). A;—3 contains the total uncertainty due to all twist-3 hadronic
parameters { f3, w‘;‘, wy }. The uncertainty due to the choice of duality region is encapsulated in the
quantity AX which represents the standard deviation of the a = {1/2,1, 2} evaluations. The total
uncertainty, which also includes smaller contributions such as the gluon condensate, is obtained by
added uncertainties in quadrature.

9B4By | 9BsBiy | YBuByy | 9BaBiay | 9BsBisy | 9BuBiuy | 9DaD}y | 9DsDiy | 9DuDiy

a=1/2 0.86 0.96 | —1.43 0.35 0.42 —0.70 0.38 0.69 —2.03
a=1 0.86 095 | —1.44 0.37 0.44 —-0.72 0.40 0.60 —2.11
a=2 0.86 094 | —1.43 0.40 0.48 —0.74 0.40 0.52 -2.03

Table 5. Values of the coupling for different values of the duality parameter a (cf. section 3.4.1
and (3.17)). The majority of couplings show little dependence on the duality parameter a. Notable
exceptions are the neutral Bi-couplings and the charged D*-couplings. This does not come as a
surprise as precisely those are plagued by, unfortunate, cancellations in the perturbative contribution
of the Q- and Qg -parts (cf. end of section 3.5.1 for comments).
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PV T ry v
By | 017970010 | 0.171F50% | 0.0761001 | 0.10470012

fkin =1.0GeV | By | 0.23570023 | 022470053 | 0.1147091S | 0.14670917
B, | —0.30070035 | —0.28475033 | —0.1591093 | —0.1991003%
Dy | 0.09570051 | 0.073%0:050 - -

f5ig = me(me) | Dy | 0172493933 | 0.14070:048 - -
Dy, | 047375552 | —0.412700% — —

Table 6. The residues (2.5), related to form factors, for the B- and D-mesons. The former are
determined in the kinetic scheme and the latter in the MS scheme.

3.5.1 Comparison with literature and experiment

It is of interest to compare to the existing literature and experiment. The values of the
couplings obtained in this work, which constitute the mean value of the tensor and vector
determinations, along with determinations from other computations as well as experiment
are collected in table 7. Unfortunately only two of the six couplings can be inferred from
experiment as the widths of the vector mesons are too often unknown.'' Moreover, in this
section we use (By, Bg, Dg, Dy) — (BT, B%, Dt DY) which is the notation often used in
experiment.

With regards to the two experimental values, we update the analysis in [11] and
make some further comments. We first turn to the D**, for which the width T'(D**) =
83.4(18) keV and branching fraction B(D** — D*v) = 0.016(4) are known [31], and
with (2.2) give |gp+pe+,| = 0.47(7) GeV~! instead of the previous 0.50(8) GeV ™' in [11].
For D*0 the width is unknown and one needs to rely on isospin to infer it [11]. First we
deduce g, related to the D** Dm-coupling, as g. = 0.57(7), which is down from 0.61(7)
in [11]. Considering all decay channels one then obtains I'(D*?) = 56.5(14.0) keV, down
from 68(17) keV in [11]. Using the branching fraction B(D*® — D%y) = 0.353(9) keV, down
from 0.381(29) keV we get [gpop-o,| = 1.77(16) GeV~!, down from 2.02(26) GeV ™" in [11].

Our result gpop-o, = 2.11+8:§Z GeV~! is compatible with experiment and so are the

results of the other method. Our value for gp+ p«+, = 0.40f8:%§ GeV ! is again compatible

with the new experimental value [gp+ p«+.| = 0.47(7) GeV L. Differences between this work
and the LCSR computation [10] are noticeable and can be at least partially accounted for
by computational differences. Firstly, we have computed twist-1 O(«;)-corrections whereas
they did not. Secondly, we include linear quark mass correction at LO and in the magnetic
vacuum susceptibility x, (cf. section 3.2.1 in [3]). Third and most importantly, we drop
For the B-
meson case the twist-4 corrections are not large and the impact is small and the differences

twist-4 corrections other than the Qp(Gq) condensate cf. previous section.

can be attributed to the first two cases. For the D-mesons higher twist corrections are

1 The situation is different to the gpp+» couplings as there the B* — B decay is kinematically forbidden
and thus it seems unfortunate that the B*(B1) — B~ transitions are not known because of unknown
total widths.
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units [GeV '] 9BOB*0y 9BsBivy 9B+ B*ty 9D+ D+~ 9Ds D3~ 9DOD*0y
This work 0.867512 | 0.957042 | -1.447027 | 0407012 | 0.607019 | -2.11%933
LCSR (NLL) [10] | -0.917912 | -0.747099 | 1447022 | _0.15%010 | -0.07970:058 | 1.48+02
HHYPT [18] -1.017052 | 0707098 | 1.45%541 | -0.2775:02 | 0.04170938 | 2.19704]

VMD +HQET [28]
CQM +HQET [29]
RQM [30]

Lattice [11]*, [12]}

05814

0.06
0821508

0.05
-0.9370 02

090%412

0.
1457015

0.11
1.6670 11

0.19
-0.2970 1%
0.05
-0.38%508
0.06
-0.4470:0¢

0.30%
-0.2019:30

0.19
-0.19% 5708

0.03
-0.19%505

0.02
0.1145 65"

0.35
1.6070 52

0.09
1917569

+0.11
215491

0.60+
2.00%5 6o

Experiment [31] - — - 0.479:07 _ 1.77+0.161
units [GeV_l] 9BOBO~ 9B, By gB+Bl+y
T work | 03775 | oaingi | o7

Table 7. TThe experimental value of gpo p+oy requires the use of isospin symmetry to deduce
the width of the D*Y cf. the main text in section 3.5.1. Here we take (B, B4, Dg,Dy) —
(B*,B°, DT, D% to conform to PDG. Note that the sign cannot be determined from experi-
ment and that for the theory results it is convention dependent cf. (A.3). We further note that

= I B p| ~ 1.18 GeV ™! with |u| = 1.13GeV ™" from [32], deduced from D*-decays and

ngB;’Y ~ f* mp,

subject to 1/m,. corrections, is rather close to our value given the difference in methods. Whereas
ref. [9] established that the D-couplings can be determined from LCSR we do not include the LO
results presented therein as the input is outdated and a numerical comparison seems of limited use.

more important per se, as they are less convergent. In addition, for the charged case
perturbation theory is presumably artificially suppressed which makes these results less
reliable in general. Another important aspect is that in the charged case the inclusion of
S, and T} is definitely incomplete as the photon can connect to the external states. A sign
of this is that in the neutral case the twist-4 contributions cancel, whereas in the charged
case they are additive cf. table 3.

The lattice determination gp, D§7|[12] = 0.11(2) is approximately three standard de-
viations lower than our value gp,p:y = 0.60(19). This is where the breakdown (3.22)
is useful. We find gp,p:y = —0.6Q. — 3.0Qs and from figure 3 in [12] one deduces
gDSD:,Y|[12] ~ —0.66Q. — 1.65Qs. Whilst it is noted that in both cases the charm and
strange quark contribution largely cancel each other, the effect is more pronounced for the
lattice result. The charm contribution is rather close and the deviation is in the strange
quark part with almost a factor 2 difference, which seems large but not as large as the initial
number would suggest. It is instructive to investigate the D** — D™~ case as by D-spin
symmetry,'? one would roughly expect a 20-30%-deviation. For our computation this is
indeed the case gp+ p«ty = —0.65 Q. —2.5Qq ~ 0.40(13), which does agree reasonably well
with experiment gp+ p«+., = 0.47(7) (cf. table 7). Concerning the question of D-spin break-
ing, some further guidance can be obtained from the lattice evaluation of the D; s — v

12The exchange of d <+ s, which is still a good approximate symmetry under QED.
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form factors [33]. The fits to a linear and an extended pole model are in agreement with
20-30% D-spin breaking close to the kinematic endpoint. If the same level of D-spin break-
ing were valid at the m%*—pole, which some past experience suggests, then gp+p++, and
9D, Dx~ should not deviate considerably more than 20-30% from each other. If the former is
true then this gives rise to a tension between the experimental gp+ p«+, = 0.47(7) and the
lattice determination of gp, px,| [12] = 0.11(2). In conclusion it remains somewhat unclear
what the resolution of this puzzle is. Whereas the sum rule results seems consistent, we
wish to emphasise that, in exactly these modes, the sum rules are not the best of their
kind for various reasons. It may well be that the level of cancellations between the strange
and the charm charge contributions are so severe that past experience is overthrown. It
would be helpful to have further lattice determinations of these couplings and in particular
a more precise one for gp+p+«..

4 The fu, fu+, fu,, fi- and fIEI decay constants from QCD sum rules

The main reason for computing the decay constants is that to the best of our knowl-
edge {f#«, fzh}, required for the relation between the couplings and the (form factor)
residues (2.5), have not been subjected to a QCD SR evaluation and are thus new. The
quantities fp and fp+ have previously been computed [13-15] to NLO with even partial
NNLO results. We recompute these SRs and find agreement with the analytic expressions
of the first two references.'® In the work [15] the O(a;){(gq) corrections were computed
independently and we do disagree with some the expression e.g. the incomplete Gamma
function. Compare equation (21) [15] versus (B.6) and equation (59) in [14].

4.1 The computation

The starting points for the computations are the “diagonal” correlation functions

DI2(p) = i [ P OIT{Tp(@)THO}0) = Tra ().

xT

L5 (0) = i [ PO {Ja@ JHO}0) = Vasl fye (%) + VasT 1. 0).

Fh

Faﬁfyd(p) = i/£eim<0|T{J§B(‘T>J—Z}(O)HO> - T[oz/o’}['y&]rfg* (pQ) + Taﬁwéffg* (pQ) s

where we have taken H = B for concreteness again. Above J, = ¢v4b, Jgﬁ = (oapb and
the previously encountered Jp is given in (3.2). The Lorentz structures are

_ PaPp &> _ P~Ps = _ aB . Ao
= 2 =908, Vap=paPg; Tapy = _ga'ypTa Topys = 5a5a 5757 T@B;ﬂ;-

Vs

The Lorentz invariant functions are related to the hadronic quantities as follows

4 r2 2 2 2 T \2
meB _ mB*fB* o mB*(fB*)
Ffs_isz_pz_’—’ FfB*_m2B*—p2+’ FfB*_isz*—p2 +, (41)

13 A direct comparison with [13, 14] can be made by taking the limit s — oo in the results in appendix B,
as we provide the correlation functions after taking the Borel transform with continuum subtraction.
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and the remaining structure T 5. (P?) is related to Ty, (p?) up to contact terms by the
equation of motion. The correlation functions for the {fz,, f£1} decay constants follow
with rules for the insertion of the -5 into the currents cf. (B.10) and B* — Bj in (4.1)
following the ideas in [34].

The generic SR is parametrised by

2

mf(i) ;
M By, s
B,. (®) YY)
o e /So Yis
fB(i) - WB; m? dsc PiB (s)+
2
_m2
22 Iy IB,. IB,;
fB,. B’L — Bl 2 mb B'L 1
e PO e g mu{de) + i) <G>+M]% caen(TC)| |, (42)
B

where fp, stands for any {fs, I [Ee, FB1s fgl}, wp = my/(my+mg)? and W, = m2B(i)
otherwise. The local OPE is performed up to dim < 5 including O(as) corrections to both
the perturbative and quark condensate contributions. Four quark condensates (d = 6) give
contributions at the sub per mille level and are omitted. We have checked that all the scale
dependences, due to NLO computations, are correct. This includes the cancellation of the
condensate scale, denoted by ficond, up to O(a?) as well as the anomalous scaling of the
scalar and transverse decay constants (2.7). Explicit results are given in appendix B.

The PDG value, for which the CKM matrix elements |Vcd(s)| are inputs, deviates close
to three standard deviations from the lattice result.

4.2 Numerical analysis

The numerical analysis is the same as for the residues/couplings except that the scales
are taken to be different as, in contrast, there is no motivation to cancel terms in ratios.
Concretely, the condensate and «y scale are changed as shown, to the right of the verti-
cal double separation, in table 1. This enforces a change in SR parameters {MJ%B,S(J;B}
according to the previous criteria, with thresholds fixed such that the daughter SR

—s

B, .
(i) P
d So Mf
2 4 By,
Y f S—— d @) 43
mB(i) fB(i) di\ijB n/7ﬂ§ se pr(i) <3> ’ ( )
(#)

reproduces the known value of the associated meson mass to ~ 0.5%. The continuum
contribution is kept below ~ 45%. The SR parameters are given alongside the main
results in table 8 (cf. table 12 for MS-evaluation of the B-meson decay constants) and a
representative breakdown of the uncertainty is given in table 9. Isospin breaking effects
impact at the sub per mille level e.g. [46] and are therefore not considered as they are
superseded by the actual uncertainties. If considered, it would seem sensible to include QED
effects as well, which would then necessitate the inclusion of the radiative mode in addition.

The uncertainties of the decay constants are around 10% and in agreement with lattice
results of O(1-4%)-uncertainty. Moreover, we quote other QCD SR determinations, [14]
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/B, \Bgi(MeV) | B(5280) B(5367) B*(5325)  BI(5415) | B1(5726)  Bys(5829)
lattice [17, 35 190.0(1.3)  230.3(1.3) | 186.4(7.1)  223.1(5.6) - ~
experiment [31] 188(17)(18) - — — - —

SR [14] 20747 242117 210179 251714 335118 [15] 348118 [15]
SR. [36] 193.4(16.6)  232.5(21.0) — — — —
this work 192129 S 20912 245124 24743 30512
SpT, 6(gg) 0.18,-0.03  0.20,-0.02 | 0.10,-0.08 0.13,-0.07 | 0.11,-0.09  0.14,-0.05
fB,,

503“>, MfBU 34.4, 5.7 35.6, 6.6 34.9,6.2  36.2,6.9 38.1, 5.7 40.9, 8.1
fg(i)\B(i)(MeV) B*(5325)T  Bx(5415)T | B1(5726)7  B14(5829)T
this work 200125 2367132 230129 285123
P, O(gg) 0.11,-0.08  0.14,-0.06 | 0.11,-0.09  0.14, -0.05
IBG;) 2

so " M3, 349,62 363,74 |381,57 409,86
o) \Doy(MeV) | D(1865) D,(1968) | D*(2007)  D*(2112) | D*(2007)T D%(2112)T

lattice [17, 35] 209.0(2.4)  248.0(1.6) | 223.5(8.7) 268.8(6.5) — -

experiment [31] 203.7(47)(6) 257.8(41)(1) - - — —

SR [14] 201112 238113 242429 293719 - —

SR. [36] 206.2(12.4)  245.3(20.2) — - - —

this work 190713 226117 227118 279719 202118 256119

5P, Oy 0.24,0.02  0.28,0.03 | 0.05,-0.15 0.11,-0.11 | 0.07,-0.14  0.14, -0.10
fB,.

50, Fo, 5.7,1.9 6.3, 2.2 5.9, 2.0 6.8, 2.7 5.8, 2.2 6.9, 3.0

Table 8. QCD SR results for the decay constants, in units of MeV, with the exception of the
Borel parameter and the threshold which are given in GeV2-units. The kinetic (tkin = 1 GeV)
and MS (i, = m.(m.)) schemes are employed for the B- and D-meson case respectively. Input
values are given in table 14. For the B(D)-meson SR a uniform uncertainty Asy = £1.5 GeV?
(Asg = £0.5GeV?), AM? = £1.5GeV? (AM? = +£0.5GeV?) is applied to the threshold and the
Borel parameter. The slightly smaller uncertainty assigned to the decay constant SR parameters
versus those of the residues reflects the fact that the daughter SR is satisfied to within ~ 0.5% in
the former but only to within & 2% in the latter. The relative size of the radiative corrections are
denoted by d.X such that fg,|xxio=[B |x10(1+dx), with X = {PT, (gq)}. For comparison we
include the most recent lattice determinations. The J¥ =0~ decay constants are taken from [35]
which averages over values in [37-40] and [41-45] for the B- and D-mesons, respectively. For the
JP =1~ states we quote the values obtained in [17]. The experimental values are from the PDG
review and the extraction of the decay constants involve the CKM matrix [V;p| and [Voq(s)| as inputs.
The PDG-error is from the experiment and the CKM input in the first and second parentheses
respectively. Note that the central values for fp, and fp,. from [15] deviate considerably from ours
which might be due to discrepancies in the O(as)(gg)-corrections (cf. remarks at the end of the
first paragraph in section 4).
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/B B, | [~ fE fo| fo.| fo| fh
Value 192.3 | 224.8 | 209.0 | 199.7 | 189.6 | 225.7 | 226.7 | 202.1

E +19.7 | +21.3 | +226 | +207 | +147 | +171 | +183 | +16.0
rror -186 | —-20.3 | —-21.2 | —-195 | —154 | —174 | —16.5 | —16.3
As/B +11.0 | +12.3 | +12.0 | +10.7 | +105 | +10.8 | +13.1 | +11.6
0 —9. -10.8 | —-10.4 | -9.2 -89 —9.2 ~11.1 | -9.9
AM2 +0.0 +0.0 +0.0 +0.0 +0.0 +0.0 +0.6 +0.8
= 1.8 —2.0 1.0 —0.5 —-1.7 1.6 —-0.2 —-0.0
+11.4 | +11.8 | +141 | +12.9 +2.0 +2.0
Amy, —11.7 | —-12.0 | —146 | —13.4 ~1.9 Tig | £6.1 | £4.4

Alqq) | £1.7 | £14 | +£1.7 | £1.8 | £2.7 | +2.2 | £3.0 | £2.8

+11.2 | 4+11.9 | +124 | +11.2

Aptxin —10.1 -10.8 | —105 | —9.5 - - - -
+4.5 +4.4 +9.1 +6.6
A - - - - —-10.2 | -11.8 —-8.1 -9.2
A +1.8 +2.6 +1.0 +0.9 +7.5 | +11.1 +0.7 +0.5
Hous —3.7 —5.2 —2.0 -1.8 —44 | -64 -1.2 —-0.9
+1.7 +3.2
Apuy - - - —2.0 - - - -3.8

A la9) _ +9.8 — — — +34 — -

Ang +1.0 | £0.5 | £3.1 | £3.7 | £3.8 | £3.2 | £54 | £5.8

Table 9. Breakdown of the main contributions to the uncertainty for a representative selection
of decay constants in units of MeV in the kinetic scheme. The uncertainty Apq covers higher
dimensional condensates omitted from the OPE which are estimated as the values of the d=4,5
condensates. This is conservative as the four quark condensates are known to be a sub per mille
effect. The total uncertainty also includes contributions not shown in the table, such as AmZ which
has a negligible impact.

and [36]. We differ from these results mainly in two aspects. First we do not include
partial NNLO effects but treat the mass scheme and the factorisation scale dependence
teond Separately and thus more carefully. Secondly, we use a significant update of the
strange quark condensate. We note that our values are also consistent with the classic
Jamin and Lange result [13], (fB, fB,) = (210(19),244(21)) MeV.

4.2.1 Ratios of decay constants

Some of the decay constants are related by heavy quark and/or SU(3)p symmetries, and
thus there is some tradition in investigating ratios and determining their deviation from
unity. A total of 24 ratios are shown in table 10 (cf. table 13 for the MS-evaluation of the
B-meson ratios).

SU(3) p-type ratios such as fp,/fp are typically above 1 as one would intuitively expect.
We quote our results, denoted by “PZ” for brevity instead of “this work”, against some
results from the literature

(1.17(7), 1.19(7) ) PZ SRs
I8 IDY _ ) (1900(5), 1.174(7) ) [35] lattice . (4.4)
B f
B D (— 1.265(36)) [31] experiment

Comparison with the lattice average and shows that there is good agreement albeit the
precision in lattice QCD, at the sub per mille level, is beyond reach for QCD SRs. The
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fo./fB | fB:e/foe | fBo,/fB0 | hel/SBe | fB. /0By | fpo/fD | for/fDe | fe/fDe
1.17(7) 1.17(7) 1.23(8) 1.18(6) 1.24(8) 1.19(7) 1.23(8) 1.27(8)
fe-/fs | fB)fB | fBi/ B+ | fBe/SB| fB./fB| fE /I | fo</fD | [b/ID
1.09(6) 1.29(9) 1.18(9) 1.04(6) 1.20(9) 1.15(9) | 1.20(11) 1.07(9)
fe:e/fo, | fBi,/fB, | oo/ fB | fhel TRy | [B /fB. | fB,./fEe | D2/ D | Fhe/ D,
1.09(6) 1.36(8) 1.24(8) 1.05(5) 1.27(8) 1.21(8) 1.23(9) 1.13(7)
Table 10. Ratios of various decay constants in the kinetic(MS) scheme for the B(D)-mesons.

Comparison with the literature can be found in section 4.2.1. Ratios in the MS scheme for the
B-mesons are given in table 13.

above lattice values are averaged over the works of [37, 39, 47, 48] and [42, 43, 45| for the B-
and D-ratio respectively. The PDG value, for which the CKM matrix elements [V ()| are
inputs, deviates close to three standard deviations from the lattice result. Further ratios
of interest stem from heavy quark symmetry which groups the B and the B* meson into
the same multiplet as in this (non-relativistic) limit the spin ceases to matter. Deviations
of the rations from one therefore highlight sensitivities to effects beyond that limit and
comparison with the literature

(1.09(6), 1.09(6), 1.20(11), 1.23(9) ) PZ SRs

(1.021963, 10419008, 1.207083, 1.24%0-32 ) [14] SRs

foe I5s oo Jor (0.944(11)(18), 0.947(23)(20), — - ) [49] SRS'
(fB et st>— (— - - 1.10(2) ) [12] lattice
(L.051(17),  — 1.208(27), — ) [50] lattice
(0.941(26),  0.953(23),  — - ) [51] lattice
(0.958(22),  0.974(10),  1.078(36), 1.087(20)) [17] lattice

does show some minor tension between the results. Note that the lattice result [50] is with
Ny =2 and [17, 51] are with Ny = 2+ 1 and thus more reliable. For further discussion of
the possible reasons for discrepancies cf. section IV in [51].

We now proceed to give some detail on of the individual uncertainties of the ratios
In both the B- and D-meson rations the effective thresholds
prove to be the largest source of uncertainty. Whilst correlations between the thresholds,

in the SR computation.

discussed previously, act to constrain the error the contribution to the total uncertainty is
still significant, sitting in the region of ~ 70-80%. The remaining uncertainty can be mostly
attributed to the associated quark mass and in the D-meson rations the coupling scale fiq,
provides a contribution to the total uncertainty of a similar order. For the SU(3)p-ratios
n (4.4), the quark condensate ratio (5s)/(Gq) provides a notable contribution to the total
uncertainty.
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(B —=B%) | I(B*—=Bsy) |T(B*—Bty)
0.1673% keV | 0.24738keV | 0.4570 1T keV
I'(BY—B%) | T(Bys—Bsy) | T(Bf —Bt)
26.22 71700 keV | 41.1472241 keV | 99.3073092 keV
[(D*—D%) | I(D:—Dyy) | D(D*t— DT~)
2783798 keV | 2367117 keV | 0.967035 keV

Table 11. Decay rates based on the g-couplings in table 7 and the decay rate formula (2.2).

5 Summary and discussion

In this work we have determined the couplings of photons to heavy-light quark mesons (2.3)
from light-cone sum rules at next-to-leading order in a; at the twist-1,-2 level, at leading
order in twist-3, and partial twist-4."* We have also investigated the effect of various
duality regions (cf. section 3.4.1 and table 5) and have found the impact to be small. Our
main results, with uncertainties of O(15%), are given in table 7 along other theoretical and
experimental results for comparison. The residues related to the B — ~ form factors, as
in (2.4) and (2.5), are given in table 6. As a by-product we have determined the heavy
decay constants fir, fu+, fu,, [ and f}}l (H = B, D) in QCD sum rules at next-to-leading
order.'®> To the best of our knowledge { fg*( D*) fgl} have not been evaluated with QCD
sum rules and we therefore close a gap in the literature. Agreement is found with existing
results, where comparison is possible, on the analytic and numerical level cf. table 8. Our
treatment differs, besides a significant update to the strange quark condensate, in that we
treat the mass-scheme and the factorisation scale dependence pconq separately and thus
more carefully, but do not include partial O(a?) corrections to perturbation theory. Ratios
of decay constant are given in table 10 and compared to the literature in section 4.2.1. We
now turn to phenomenological aspects. The coupling determinations lead to the radiative
decay predictions given in table 11, consistent with the experimentally known D% /D°-rates.
It’s unfortunate that the B-rates are not experimentally known as our predictions are more
reliable in that sector (e.g. independence of the interpolating current and convergence of
the twist expansion). Particularly for the DT /Ds-channels there is the additional issue of
large cancelation of the ().~ and @), /s-contributions which present a challenge for all theory
approaches (cf. the discussion in section 3.5.1). An important aspect is the interplay
with the real QED-corrections in leptonic decays H — fv(). This is the case since
the couplings describe the pole residue (2.4) and [52] which, bearing in mind previously
mentioned cancellations, should play a significant role in the soft-photon emission. In
view of the importance of QED-corrections at the precision frontier, these couplings will
hopefully attract further attention from the experimental and theory community.

1 We have argued (cf. section 3.3. in [3]) that most twist-4 parameters require the inclusion of 4-particle
distribution amplitudes which have not been classified to date. This can be seen from the equation of
motion for the form factors not closing or by writing down the 4-particle distribution amplitude of twist-4
and subjecting it to the equation of motion of distribution amplitudes.

15With the exception of the D; as it is not well isolated cf. footnote 1.
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A Convention, definitions and additional tables
In this appendix we collect conventions, definitions and input parameters.

A.1 Convention and definitions

We use the convention €123 = 1 for the Levi-Civita tensor and D, = 0, + scieQ A, +
S4igsA, for the covariant derivative (e > 0 and Q. = —1 for the electron as a w-spinor).
Below we will keep explicit factors s; in place, which are assumed s; = 1 throughout the
main text, in order to facilitate comparison with the literature. The By-meson (¢ = d,u, s)
decay constant is defined by

(01gv"v5b|By(pB)) = spivk fB, , (A1)
and for the By (17) and By, (1) states via
(0lg7* b B; (p)) = sp=mp: fBz1" (01775 b| B1g(p)) = mp,, 5B, fB,,1"
(0lgo™ b|B; (p)) = isp- fEnp, (010" 5 b| Big(p)) = —isp, f5, np.  (A.2)

The definition for the D—, D*- and Di-mesons are analogous. With these conventions the
couplings the effective Lagrangian (2.3) assumes the form

1
Lo = SeSBSB* 5933*7 E(B*, 8BT, F) — iSeSBSBlgBBlv BlaagBTFaB + h.c.. (A3)
For completeness we state the definition of the B — « form factors used in [3]

_ 2
(1(k,€)|O}|By(pB)) = spse(P; Vi(a®) - P (VW) +@Bq% +> :

(7(k,€)|0}|Bq(pB)) = spse(Py ToL(q”) — P;U Ti(¢%)) . (A.4)

where PMl and P,U are defined in the main text (3.3), @ B, 1 the B-meson charge and the

dots represents the Low-term (or contact term) which is not important for this paper (cf. [3]

for details). Note that, the point-like term, proportional to fp, is not be included for the

9B, B,y coupling as it is not associated with the Bi,-pole. The local operators in (A.4)
: VIT] _ AVIT] VT .

are given by O, =0, '+ O ", with

1 llee
| /— 1 ~ T _ 1 v
OJ—M = _gmqu’Yub7 OJ—M = ngq owb,
VvV o _ 1 ~ T _— 1_ v
O, = gmqu'yM’yg)b, O, = _aiq OuYsh . (A.5)
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H(MeV) B(5280) B,(5367) | B*(5325)  B*(5415) | B1(5726)  Bi.(5829)
/B 213132 248123 218123 260123 28812 341720
5Py Oy -0.03,-0.11  0.03, -0.06 | -0.18, -0.23 -0.12, -0.22 | -0.11, -0.19 -0.05, -0.13
B,

sOB“), M]%B(_) 33.6, 6.0 349,72 | 33.7,6.5 35.0, 6.8 39.0, 7.5 40.8, 9.4
H(MeV) B*(5325)7  B*(5415)T | B1(5726)7  Bi4(5829)7
Ik 208133 249129 267133 318718
5P, Oy -0.16, -0.24 -0.11, -0.24 | -0.09, -0.19 -0.04, -0.14
B,

50D A2 33.7, 6.5 35.0, 6.8 39.0, 6.2 40.8, 9.4

0 fB@

Table 12. B-meson decay constants, MeV-units, determined in the MS scheme (kinetic scheme
values in table 8)) with the Borel parameter and effective threshold given in GeV2-units.

f8./f8 | fB:/fo | fB1, /B0 | Fhe/ S | By /1B
L175507 | 1ASYO0S | 1187008 | 1.19%007 | 1187557

fe-/fe | fB/fB | fBi/SB= | [he/SB| [E/fB| [h/[E
1041383 1 1.3575:02 1 1.30759% | 0.98F58 | 1.2670:52 | 1.2870:%
fBe/fo, | fBi,/fB, | oo/ S | Fhe/fBe | fBy [ FBs | Ty ) FBe
1.055007 | 1375008 | 1.31400Y | 1.005507 | 1.287007 | 1.2740 8

Table 13. Ratios of decay constants in the MS scheme. The asymmetry of the uncertainty, most
pronounced in the pseudo-scalar vs. vector vs. tensor channels, arises from an asymmetric variation
of the MS scale, cf. table 1. The corresponding ratios in the kinetic scheme are given in table 10
which are compatible within uncertainties.

A.2 Additional tables

Here we provide some additional tables, namely the input parameters table 14, MS deter-
minations of the decay constants table 12 and their ratios table 13.

We note that when fixing the SR parameters via the daughter SR we observe that the
optimal value of the effective threshold for the B* decay constant sits below that of the
B. Clearly this does not make sense from a physical point of view and so we relax the
condition on the daughter SR (4.3) such that it reproduces the associated meson mass to
within 1.5%, which allows for the physical ordering of the thresholds to be imposed. We
do not observe this problem when evaluating in the kinetic scheme which is another reason
in its favour.

B Analytic results for the fy, fu~, fu,, fi. and fIEl decay constants

In this appendix we provide the analytic results for the decay constants {fg, fB+, fB,,
fhe f§1}’ with straightforward substitutions for the their D-meson counterparts. The
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Running coupling parameters

ay(mz) 31 | my [31]
0.1176(20) 91.19 GeV
JP =0~ Meson masses [31]
mpo mp+ mp, mpo mp+ mp,
5.280 GeV 5.280 GeV 5.367 GeV 1.865 GeV 1.870 GeV 1.968 GeV
JP =1~ Meson masses [31]
mpso Mmpe+ mp: mpe«o Mpet mps
5.325 GeV 5.325 GeV 5.415 GeV 2.007 GeV 2.010 GeV 2.112GeV
JP = 1% Meson masses [31]
M My ms,, g My mp;,
5.726 GeV 5.726 GeV 5.829 GeV 2.421 GeV 2.423 GeV 2.460 GeV
Quark masses [31]
My|2GeV mp(my) me(me) mpe mpele mEm (1 GeV)T
92.9(T)MeV | 4.18(4)GeV | 1.27(2) GeV | 4.78(6) GeV | 1.67(7) GeV | 4.53(6) GeV
Condensates
{79)126ev [53] (5s) [54] (G*) 17, 8] mg [55]
—(269(2) MeV)? | 1.08(16)(gq) | 0.012(4) GeV* | 0.8(2) GeV?

Table 14. Summary of input parameters. | Value obtained by using the O(a2) conversion between
the MS and the kinetic mass given in [38]. The uncertainty is obtained by adding in quadrature
the uncertainty due to the MS mass and the conversion formula. For the meson masses we have
not indicated an uncertainty as they are negligible. We refer to [3] for all the input concerning the
photon DA that enters the light-cone sum rule computation.

fg* , fgl results are new and comparison with the literature with regards to fg, fp=, fB, is
commented on at the beginning of section 4. We give the results in terms of the densities
fB,.
P, (s) and Wilson coefficients ch(” that enter (4.2). The densities are related to the
correlation functions as follows
1 Im,Iy,(s) 1 1

Prs(s) = ;m, Prge(8) = ;ImstB* (s), PyL. (s) = ;Imsrfg* (s). (B.I1)
The Wilson coefficients are presented after integration and can therefore depend on the
effective threshold. For comparison with the literature cf. footnote 13 in the main text.

The leading contribution to the local OPE is the perturbative one which we further

decompose into LO and NLO parts

p(s) = p(s) + %p(l)(s) +.... (B.2)
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At LO, including corrections due to the light quark mass to O(mg), we find

N, m;
5‘(1)3)( )= ﬁs (224—2%22—23,2),

2
(0) Ne ) 4,5 40,2
= 2 — 1
Prp.(8) = 51 s(z (z + )+6mbzz 3mgz(z + )),
2
© o Ne (2 mg Mg 3
pr*( s) = YRR <z (22+1)+6mbzz Gmgz ), (B.3)

whilst at NLO,

S};(s) — ]1[605 - [324—(2—3)(22—1)lnz+2(22—5+21nz)an+42L12(2)—(32—1)7“5] ,

N.Cp
1672

5 2 ) 1 1
s|l—Sz4-224 2284 = z(5z2—4z—5)lnz—§22(5z+4—2(z+2)1nz)1n2

(1)
pr*( )— 9 3 6 3

- %22(2%—2)1412(2) +2(2"— 1)7“31 ;

N.Cr

1) [y 7
Psi.(5)= 562"

3

32
+2,z—1522+§z3+2(8,z3—1122+2z—1)1nz+852(2z+1)L12(z)

—92%(82+1—2(224+1)Inz)Inz—222(2z+1)In <“UV> —1222zrg| (B.4)
m
with the O(my) corrections given by,
(1) NCrmy 2 2 > >
Omy Py (8) = R [32 —32°+2(2*—524+3)Inz+22(x—4+1nz)lnZ
i 1
+ 22zLis(2) — 52(32 — 2)7'3] ,
N.C 9 1
5mqp§c2* (s) = 867r2F :Z—:s [22 — 522 + 523 —2(2%4+42-3)Inz — 22(2+5—2Inz)InZ
+42zLis(z) — 2(22 — 1)7“51 ,
N.C
5mqp§c2* (5) = 4;;:2;5[32 —322—2(2’+2—1)Ilnz—22(z+2—-1nz)Inz
+ 2zzLis(z) + zz In 'UUV + 1z(l —32)rg (B.5)
4 mi 4 ’
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where 2 = m?/s. The pyy dependence is consistent with the anomalous scaling (2.7).

The Borel subtracted non-perturbative contributions are given by,

CfB

(Ga) —

1T Ty
2mb 2M2

aq) M2
asCp mg 3 ,u2 d 1 mz
_ _711_ _71 COI ___ 0
o { [VER R W= al A TR Vel el A6
cfg* —_|1 Mg MpMMy
() 2my  2M?2
asCr iy 3 MQ d 1 mg
—1-Ty—-1 ——1In | —&24 -———2 B.6
+ 2r { ( 2 o m + o M2) (] (B.6)
2
B _i fB* __i fis __i 2my
C(GQ) - 127 C<G2> — 12, C<G2> - 12 1 + M2 F_l 3

|~
VR
+
VAR
SE
RIS
~
w
-

o e e oMy E
(@Gq) — 9 oM?2 ) > aGa) T gpp2° TlaGa)
where the Borel parameter M? — MJ%B accordingly, and
(©)
™y s m?
i 0
T}, = en? (r (k:MZ) _r< Mb2>> , (B.8)
with T'(n,z) = [2°dtt""Le™" denoting the incomplete gamma function. The quantity

31n <§fg) +4  MS
b
rs =1 0 pole ) (B.9)
2
%/%: + 2%%“ kinetic

is a factor that depends on the mass scheme. Above we have also included the leading
light quark mass corrections to the LO quark condensate contribution. As mentioned in
section 4.1, we have verified that the NLO scale dependence, in pyyv and picond, is consistent
with the LO expression.
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The SRs for the J = 11 decay constants can be obtained from the J” = 1~ ones by
changing the sign of certain contributions according to their chirality,

. = Pz CffBTl) _ _cf(T)
S (@) (ag)
f(T) f(T) f(T) f(T)
Caty = Czyr Clacq) = " Claca) (B.10)

in spirit with the parity doubling proposal in [34].

C Double dispersion relation

In computing the densities we are faced with the following problem. We have an analytic
function F(p%,q?) for which it is straightforward to derive a single dispersion relation

F(p%,q / dss_ — (C.1)

where the density is formally given by mp(s, ¢*) = Im4F (s, ¢?). The density can be decom-
posed into poles in s = ¢ such that

pB? Z Fo( pB’ ) Fn(p2Baq2) = /OO ds 2pn(€f7q2> 2\n * (C.2)
>0 m2 (s —pp —i0)(s — ¢?)

The singularities in s = ¢? are of so-called second type, which are special solutions of the
Landau equations [20, 22]. It is our task to write the g?-dependence of (C.2) dispersively,
say in an integral over dt, and impose a continuum subtraction. The duality interval is
discussed in (3.17) in the main text.

C.1 Leading order

At LO in PT the p; themselves contain no non-trivial cuts. Consequently, the poles provide
the only contribution to the discontinuity in ¢2, allowing us to write

1 50md) a6 (s, e (¢ —
(. ) = 7/ : ds/ P (s,t)62 (t —s)
L(n) Jm m? (s = pE)(t = ¢*)

where the continuum subtraction has been implemented as in (3.17). Partially integrating

; (C.3)

and performing the integrals over the d-functions we obtain,

)t
Falpb?) =l [T asol Y utsig(e 0,
my

1 n—l 54 n—¢ n—f— —
- 1)~ 1(~ o~> yn—t=1) (a§ 1)[pn(87t)g(s,t)]|t_>6t(a)(s))
= 1

)
(@)
s—0o,

(C.4)

F(n 53418

with g(s,t) = 1/(s —p% —i0)(t — ¢* —i0). The double Borel transform can then be trivially
computed by taking g(s,t) — §(s,t) = e—s/Mi—t/M3
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C.2 Next-to-leading order
At NLO the situation is complicated by p,(s,q?) containing polylogarithmic terms that

contribute to the discontinuity in ¢? in addition to the poles. To lessen this complication
only provide a derivation of the double dispersion relation for n < 3, which is sufficient for
the case at hand where the density can be decomposed as

s, q> s, q> s, q?
plo,a") = polo ) + [();(— ;12)) (’f(— qq2))2 (’;‘3(— qq?))3

(C.5)

Without committing to a specific value for the parameter a, we obtain formally a double
dispersion relation, with continuum subtraction as in (3.17),

5 (m2) gt 5 ds 5 (m2) gt
FtO s 2 :/ / 0 S,t +P a _t7 27 27§07£0
(P5:4%) ” =) S_szp( )P P e p(t.pB.q )
/ ) ———p(s,¢*)+C(p%, 4% 50, 10) (C.6)
m

where F, gfg — F as 30,19 — co. The function p(t,p%, ¢%, 50, 7o) arises from partial integra-
tion in s in order to reduce the integrands to simple 1/(s — t)-poles. The natural order
of integration has been reversed in an attempt to remove complications at the lower in-
tegration boundary when integrating-by-parts. The order-1 poles, hidden in p(s,¢) and
p(t, sz, q?,30,1), are handled with the principle part prescription, with P, denoting the
principal value w.r.t. to 1/(x —t). In terms of p;, the above functions read

Imypo , 1 [ Imyps !
Im;p— s—p2 +-= ,
1= B) s—p% 2\ s—p%

i 1] 11 [Tmeps)

~ 2 2 = tP2 tP3

P tup ,q 7807t0):_7 +-

G e () H o

1 1
o(s,t)=— (1 —_
p(s,t) p ( mtpo+8_t

1 8t< Imy¢p3 )]
12691t \(t—a?)(0” () —p%)(1-05" (1)) )]

) Rep: (Rep2>l 1 (Rep3>”
2\ _ _ —
p(S7q )_ [ng t*q2 +2 t—qz Y

t—s

t=5{") (m2)

Im _
~ 7 1 1 tp3’5: (a)
C(p%,q°,30,t0) = —— 5 — § 7(@)63 (t) -
(t—g?) (65" () —p%) (67 (£) =) (1= 8¢5 (1)) | |,_,

b

N 58 Rep2|st—>a (a) +16 ( Reps )
~a Ta a Ut a
S+6 | (05 —p%) (0} “ —¢?) 2\ (0" —p2)(t—¢?)

/
1% Reps|,_500,
2850 \ (s—p3) (81" (5)— ¢?)

s,t%aéa)

: (C.7)
s—mé‘l)
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where the prime denotes a derivative w.r.t. the variable s and p; = p;(s,t). Above we have
utilised the fact that Imp;(m2,t) = (Imyp;(s,t)) |, —m2 = 0. Application of the principal
part to the double integral of (C.6) leads to a technical splitting of the integration region,
which can be most clearly seen in figure 1. Schematically, one has

5 (m

5 (m2) 52‘”( ol 5 1)
/ dt P, / s = / / ds + ds / ) o /
mg mg m t+e (a)

which corresponds to triangles B, A, and C of figure 1 respectively.

C.8)

D Subtracted Borel transformation of tree level DA terms

We’re faced with the problem of finding the double Borel transformation of the following
generic function (¢ =0, 1)

n( pB7 / du (Dl)

with S = m? — up% — 1ug? and fn(u) some DA multiplying u-dependent prefactors. We
explain the meaning of the silent label n further below. The formal solution is straightfor-

ward

FR7E(M127M22) = Bq bMQBS bMQFn ﬁ(pBa(IQ)
(5( )(S) _ st

where 5§“>(t) and Sga)(s) are defined in section 3.4.1 and (2mi)?pp, ,((s,t) = discsdisc,
F, ¢(s,t) is the density of the double dispersion representation of

ee pFnZ(S’t)
Fn’g(p2 %) = / ds dt : .
B m2  Jmz (s —pR)(t—¢?)

(D.3)

If one commits to a specific function f(u) the du-integral can be done and its double dis-
persion integral can be worked out in a relatively straightforward manner. In the literature
the case F! 1(0) has been worked out more generically [56] which we generalise to FT(LO’l). The
function f,, is expanded, anticipating a change of variable, as

u):Zc%ﬂE, k=k+(n—1), (D.4)

k>0

and

50w = () )

Il
3
|
=
ol
El
I
k‘

(D.5)

where ¢, = %c,;. Above we have assumed that f,(u) oc (u@r)" '(1 + O(u,u)) which
is a sufficient condition for the function F,, ,(p%,q?) (D.1) to be free from 1/(p% — ¢°)
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singularities.!® The first dispersion representation can be obtained by a change of variable

2 2
—q . s—my
= ——— prm— Do

YT Ig 0 YT g (D.6)

for which -

1 [ (s —mj)
Foo(0h:d°) = w5 Ck/ ds b . (D.7)
? Tin] kz>0 mi (s —p)(s —g?)ttH

At this level any further singularities are induced by 1/(s q2)1+]:7 and, as discussed in
the previous section, correspond to so-called second type singularities. These singularities
cannot appear for Fy, o(p%, ¢?) itself which is a fact that we have used in making the specific

ansatz (D.4). The double dispersion relation then reads

1 a(pk g (s —m)*o® (s — 1)
Fn,o(P237q2)—F[n}Z . /des dt( ;2)(t_q), (D.8)

k>0 : b mp

and its Borel subtracted form assumes the form

— E s(a) 2 s(a)
. L a(-DF ) e () '
Foo(M?, M3) = Z - / ds/ dte \Mi (s —m}) 5k (s —1t).
(D.9)
We further decompose
Fn,O = I[F]n,O + 5[F]n’0 s (DlO)
where I[...] and 4[...] correspond to the integral and boundary terms that arise from
integration by parts. The former are easily evaluated to
R (M2)2—ne—mb
I[F]mO:Tchuo 1-Q © (D.11)
k>0
- (N12)3-nem k(a2 -1
I[F]MZT’;)CWO (mb—kuo ) 1—Qk+1,géa) +(k+1) 1—Qk+27&éa> :
where
M? A M3IM?
Uy = —o—2—s 2= 21 (D.12)
M2 + M2 - M?+ M3
and "
L[k, 6y — M2
Q =—2 b D.1
e TH] : (D.13)

with O'(()a) defined in (3.17) and M} = le)/J\Z2 Above we have given the result for F},
in addition which does not pose any new technical challenges as one can simply replace
q®> = s — (s — ¢%) and treat the two terms separately.

18There are some cases where this condition is not met do to the presence of Inu and In @ terms, namely
{A, 7—1(1)} and the mass corrections to {U ), \Ifgi))}, for which an accurate polynomial fit can be made.
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The boundary terms evaluate to

5[ F (n) g
5[ = F(ln Z ( )= Xgal1]) (D.14)

Xi,lg(s)] is the functional

s=ol"
(D.15)
For further comparison with the literature we adopt the 3g,%9 — oo limit, for which
Qk,&éa) — 0, to find

A 30,t0—00 (M2)27ne—ﬁl§

Fn70 I‘[n] f(u(]) )
o, (PP T (o )4 (1) (o) (D.16)
n,1l F[TL] 0 b 0 0 ) .
where we used f(uo) = > >0 c,;aé and f'(ug) = — 2 k>0 Cé%ag_l

D.1 The special case a = 1 and 3¢9 = o, M12 = M22

For the case a = 1 and §y = {y, M12 = M22 = 2M? with M? — M? and ug — 1/2, which
is the one considered in the literature [56], there are miraculous simplifications. First the
exponential factor in (D.15) becomes s-independent and (D.14) assumes a more manageable
form,

- a=1,M?=M3 (MQ)Q_”e_mg

-
5[ Tk (50— 01 Qs s

[Fn0 T 1;)2’“( k41,80 —0n1 €013

o a=tm2=m2 (D23 e

Flp - : L 1) 507 n Q 507 9n Q 3
s M gt () @i —brofso =0 o)t

M2 (s 1,80 — 01 .50) — 28 (s 1,30 — On2 1 54 —5n192,§o)) , (D7)
where 8y = 39/2M?. Secondly, by adding (D.11) and (D.17) we arrive at a form where
. (MQ) —ne=my L (MQ) ( ) 2 3
Fpo=—"5"> = fn (7™ — dn1e™™),
['[n] 2 (n=1)!

T (1—0m D15) =
k>0 2

R (M2) -n —mb

Cy. ~ 2 ~
Foi= Tl ];) 2*12 (mb(1—5n191,§0) +(2—n—k)(1—0n201 3, —5n192,§0))
(MQ) A ( > —m? —30
- (n 1) bfTL ( b _5n1€ )

3)

(( wha(3) + 1 )(e m?—e—§°<6n2+am<1+§o—mz>)], (D.13)
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for which the k-dependence in the -terms cancels! It is remarkable that for this special

case the continuum subtraction vanishes for n > 1 (n > 2) in Fy, o (E,1) and accidentally

renders some results in the literature, where continuum subtractions have been neglected,

more accurate. Note that Fl,O has previously been computed in appendix B of [56] and

we agree with their result.
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