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1 Introduction and summary of results

Symmetries provide a fundamental organizational tool in physics. One of the primary
lessons of quantum mechanics, culminating in Wigner’s Theorem, is that quantization of
a classical system with a physical symmetry group G furnishes a unitary representation of
the group [1]. Thus, the problem of quantizing gravity would benefit from the existence
of a large physical symmetry group associated with gravitational subsystems, whose rep-
resentation theory would control the quantum gravitational Hilbert space. Realizing this
idea is a central theme of the present work.

General relativity contains gauge redundancies encoded in the infinite-dimensional
group of diffeomorphisms of the spacetime manifold. Gauge symmetries are not physical
symmetries in the sense of Wigner; rather, they are redundancies of the physical descrip-
tion. These redundancies are represented trivially on the space of physical states, and
cannot serve as a useful organizational principle. The situation drastically changes when
boundaries are introduced (be they asymptotic or finite) to decompose spacetime into a
collection of subregions. The presence of boundaries on Cauchy slices, called corners, trans-
mutes gauge redundancies into physical symmetries [2–4]. The Noether charges associated
to these physical symmetries, which we call corner symmetries, are nonvanishing and can
be written as local integrals over the codimension-2 corner. Colloquially, one can under-
stand these corner charges as “handles” which can be used to couple to a gravitational
system from the outside [5, 6]. The idea that corner degrees of freedom play a central
role in the quantum mechanical description of black holes was recognised very early on
by [3, 4, 7–9]. The importance of corner symmetries for the quantization of gravity was
first formulated in [10, 11].

The mechanism by which physical symmetries arise from gauge is sometimes described
as a breaking of gauge symmetry by the boundaries, and is associated with the appearance
of new physical degrees of freedom. In [11], it was shown how to realize the new degrees
of freedom locally on the boundary using a corner version of the Stueckelberg mechanism.
This procedure maintains formal diffeomorphism invariance by introducing a new field,
representing the edge modes, which transforms nontrivially under diffeomorphisms. The
“broken gauge symmetries” are then recognized as a physical symmetry acting solely on
the edge modes. Following refs. [12–14] we refer to these as corner symmetries.1

1The term “surface symmetry” was used in ref. [11], but here we use the term “corner symmetry” to
emphasize that it acts at a codimension-2 surface.

– 1 –



J
H
E
P
0
9
(
2
0
2
1
)
0
0
8

For general relativity in metric variables, it was shown in [11] that the relevant corner
symmetry group of a finite region bounded by a codimension-2 corner S is given by

GSL(2,R)(S) = Diff(S) n SL(2,R)S . (1.1)

Here, Diff(S) is the group of diffeomorphisms of S, and SL(2,R)S is the space of SL(2,R)-
valued maps on S. The group SL(2,R)S acts via linear transformations on the two-
dimensional plane normal to S. It is a generalization of a loop group in which the underlying
space is a sphere, rather than a circle, and we refer to it as a sphere group, following [15–18].
The group GSL(2,R)(S) is the automorphism group of the normal bundle of a codimension-2
sphere embedded in spacetime (see appendix A for details on the fiber bundle description
of this group). The Lie algebra of the corner symmetry group GSL(2,R)(S), which we denote
by gsl(2,R)(S), is

gsl(2,R)(S) = diff(S)⊕L sl(2,R)S . (1.2)
The diff(S) generators are realized as vector fields on the sphere, and the sl(2,R)S genera-
tors are realized as sl(2,R)-valued functions on the sphere; the subscript L on the semidi-
rect sum indicates that the infinitesimal diffeomorphisms of S act on the local sl(2,R)S
generators in a natural way by the Lie derivative of scalar functions.

We note that different formulations of gravity, in particular tetrad gravity, have addi-
tional gauge symmetries which can lead to an enlarged surface symmetry group [12–14, 19].
For more general diffeomorphism-invariant theories, including higher curvature theories and
couplings to non-metric fields, it was shown in ref. [20] that the group of symmetries can
be reduced to (1.1), and a generalized expression for the associated charges was derived
using the Iyer-Wald formalism [21]. In this work, we will focus on metric general relativity
and the group (1.1). In fact, we will make two further assumptions. First, we only consider
four-dimensional spacetimes, and as such, the corner S is a two-dimensional surface. In
this case, one of the nice features of (1.1) is that the edge modes live in two dimensions
and the relevant subgroups of Diff(S) are well understood. Second, we specialize to the
case that S is a 2-sphere which further simplifies the analysis. We expect that relaxing
these assumptions to work with higher genus surfaces and higher spacetime dimensions to
be straightforward, and we outline these generalizations in section 7.1.

At the classical level, the symmetry (1.2) is implemented by the Poisson bracket on
the phase space of the gravitational theory [11]. In the quantum theory, we expect the
Hilbert space to carry a unitary representation of this symmetry. A powerful method to
study representations of G at the semiclassical level is Kirillov’s orbit method [22–25]. In
this formalism, one first studies the coadjoint orbits of G. Each coadjoint orbit of G is
a symplectic manifold and can be quantized using the available tools from the geometric
quantization, i.e. one can associate an irreducible unitary representation to each coadjoint
orbit of G that satisfies an integrality condition. Coadjoint orbits of semidirect product
groups such as (1.1) can be constructed by the method of symplectic induction, starting
from coadjoint orbits of certain subgroups of G. This can be viewed as a classical analog of
Mackey’s machinery of induced representations [26–28]. In particular, irreducible unitary
representations obtained using these two methods should agree, though there are various
subtleties involved [29].

– 2 –



J
H
E
P
0
9
(
2
0
2
1
)
0
0
8

The present work is the first in a series of papers in which we study various aspects
of corner symmetry-group (1.1), and is dedicated to the study of the coadjoint orbits
of GSL(2,R)(S) as a prequel to quantization. The coadjoint orbits of a number of other
symmetry groups relevant to special and general relativity have been studied previously,
including Poincaré [30, 31], Virasoro [32, 33], BMS3 [34–36], and loop groups [37]. In
each example involving a semidirect product of groups, the normal subgroup is abelian; by
contrast, the corner symmetry group (1.1) has a nonabelian normal factor, and hence the
analysis of its orbits is more involved.

The general classification of coadjoint orbits of semidirect product groups G = H nN

with an abelian normal subgroup N has been studied in refs. [38, 39]. Our normal subgroup
is the nonabelian sphere group sl(2,R)S , so to study it we first reduce it to a semidirect
product with an abelian normal subgroup by diagonalizing the local sl(2,R) generator.
This reduces the problem to classification of orbits of the hydrodynamical group

GR(S) := Diff(S) nRS . (1.3)

This group appears in compressible hydrodynamics, where the generators of Diff(S) and
RS are the momentum density and mass density respectively [40–44]. It is also closely
related to the so-called generalized BMS group of asymptotic symmetries of flat space,2
introduced by Campiglia and Laddha [45] and further developed in the canonical setting
by Compère et al. [46, 47] (see also [48]). It also appears in the recent investigations of the
near-horizon symmetry group [49, 50]. Importantly, it enters in the study of soft theorems
as Ward identities for the S-matrix [51, 52]. Penna was the first one to emphasize the
analogy between the gravitational and hydrodynamical symmetry groups [53]. Finally,
let us mention that the canonical duality between the local area and boost symmetry
parameter was noticed early on by Hayward, Carlip, and Teitelboim [54, 55].

The hydrodynamical group (1.3) has an abelian normal subgroup and so can be studied
using the general framework developed in [38, 39]. For a semidirect product of the form
H nN one fixes a generator of N and studies the little group which is the subgroup of H
that fixes it. In the hydrodynamical group, the normal subgroup generator is a positive
density |ñ| and the little group is the group of area-preserving diffeomorphisms:

SDiff(S)|ñ| := {g ∈ Diff(S)| g∗(|ñ|) = |ñ|}, (1.4)

where diffeomorphisms act by pullback. The coadjoint orbits of the hydrodynamical group
are then classified by

1. The total mass of the fluid,
M =

∫
S
d2σ |ñ|, (1.5)

2. A coadjoint orbit of the group of area-preserving diffeomorphisms.
2Note that in the extended BMS group, the factor RS represents densities of weight 1/2, while in

hydrodynamics it represents densities of weight 0. The density weight affects the action of Diff(S) on the
abelian factor.
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These invariants are analogous to the mass and spin in the classification of orbits of the
Poincaré group.

Coadjoint orbits of the subgroup of area-preserving diffeomorphisms can be expressed
in terms of the vorticity

w = dp, (1.6)

where p is the fluid momentum one-form. In two dimensions the vorticity 2-form can be
expressed entirely in terms of the scalar vorticity w such that w = w |ñ|d2σ, and the
coadjoint orbits of SDiff are in one-to-one correspondence with orbits of w under area-
preserving diffeomorphisms [56]. The complete classification involves the measured Reeb
graph which will be described in section 3.2, but one can construct an infinite sequence of
invariants

Ck :=
∫
S

d2σ |ñ|wk, k = 2, 3, · · · , (1.7)

known as generalized enstrophies.
The classification of coadjoint orbits of the surface symmetry group GSL(2,R)(S) then

follows from the classification of coadjoint orbits of the hydrodynamical group. The gen-
erator of local sl(2,R) transformations n = naτa transforms in the adjoint representation
and breaks the sl(2,R)S symmetry to an RS subgroup. The new feature is that to describe
invariants we have to construct a vorticity function which is invariant under local sl(2,R)
transformations. Given a momentum 1-form p and sl(2,R) generator na, we define the
dressed vorticity

w̄ := dp− 1
2εabcn

adnb ∧ dnc. (1.8)

The construction of the dressed vorticity closely parallels the construction of the electro-
magnetic field strength in the SU(2) Georgi-Glashow model: in that context the adjoint
Higgs breaks SU(2) down to U(1) leading to an expression similar to (1.8) for the electro-
magnetic field strength [57, 58]. Equipped with the dressed scalar vorticity w̄ such that
w̄ = w̄ |ñ|d2σ, the invariants are constructed just as for the hydrodynamical group and
consist of the total mass M and the measured Reeb graph associated to w̄. In particu-
lar, the Casimirs can be constructed by simply replacing the vorticity w with its dressed
version:

C̄k =
∫
S
d2σ|ñ|w̄k, k = 2, 3, . . . . (1.9)

This provides the complete classification of coadjoint orbits of GSL(2,R)(S) which possesses
a continuous and strictly positive area element.

Having completed the classification of coadjoint orbits of the surface symmetry group,
we turn to the realization of this symmetry on the gravitational phase space. The surface
symmetry group acts via diffeomorphisms in a neighbourhood of S embedded in spacetime,
and its generators are related to the normal geometry of S. In particular, the sl(2,R)
generators are constructed from the normal metric, and the hydrodynamical group (1.3)
corresponds to the subgroup which preserves the normal metric. The generator of this sub-
group is the area form on the surface, so the Casimir corresponding to the fluid mass (1.5)
is the total area of the surface.

– 4 –
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To complete the geometric description of the coadjoint orbits, we have to study the
little group, which consists of diffeomorphisms which fix the area form on the surface. The
generators of these area-preserving diffeomorphism generators are related to a geometric
invariant of the surface known as the outer curvature [59, 60]. The spacetime covariant
derivative defines a connection on the normal bundle of S, given by DA := ∂A+MA, whose
curvature is known as the outer curvature tensor:

W i
jAB = ∂AM

i
B j − ∂BM i

A j + [MA,MB]ij . (1.10)

Upon lowering an index with the normal metric, WijAB is antisymmetric in both its tangent
indices AB and normal indices ij, so it can be captured by a single scalar function W . It
is shown in section 6.3 smeared functions of the outer curvature W [φ] satisfy an algebra of
area-preserving diffeomorphisms of S.

Under the moment map sending the gravitational phase space to the space of coadjoint
orbits, we find that W maps precisely to the dressed vorticity w̄. This correspondence
therefore elucidates the geometric origin of the dressed vorticity as an orbit invariant, since
it arises from a curvature invariant of the embedded surface S. Conversely, using the
abstract classification of the invariants of the corner symmetry coadjoint orbits and the
universality of the moment map [25], we find that the complete set of invariants of the
gravitational corner phase space is given by the total surface area, together with the outer
curvature scalar, up to diffeomorphism. This classification theorem is a major achievement
of the present work.

The paper is organized as follows. In section 2, we describe the general features of
coadjoint orbits, including the canonical symplectic form they possess. As an illustration
of the general method, we give a brief overview of the coadjoint orbits of the 4-dimensional
Poincaré group in section 2.3. Following this, in section 3 we explore the coadjoint orbits of
the hydrodynamical group as a preliminary step toward analyzing the full corner symmetry
group. We review the reduction of the orbits to the little group of area-preserving diffeo-
morphisms and then provide a classification of its orbit invariants, which lift to invariants
on the full hydrodynamical group. In section 4, we then show how this classification can be
extended to coadjoint orbits of the corner symmetry group. Sections 5 and 6 are dedicated
to the realization of the corner symmetry group on the phase space of general relativity in a
finite region. Section 5 relates the generators of the corner symmetry group to the normal
geometry of the surface S, and we explain how the generators are sent to corresponding
objects in the coadjoint orbit via the moment map. Finally, we show how the natural
symplectic structure on the coadjoint orbits is realized in terms of Poisson brackets on the
gravitational phase space in section 6. Section 7 gives an extended discussion of the impli-
cations of the present work for classical and quantum gravity and describes several avenues
for future work. Appendices A and B provide additional interpretational details that sup-
plement the discussions in the main text. In particular, the description of the symmetry
group as the automorphism group of a principle fiber bundle is described in appendix A,
which in addition describes how the coadjoint orbits can be naturally constructed in terms
of objects defined directly on the bundle. Appendix B gives an alternative description of
the normal bundle geometry in terms of frame fields, which allows additional objects such
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as the dressed momentum p̄ defined in section 4.2 to be interpreted on the gravitational
phase space. The derivations of some key identities are presented in appendix C.

1.1 Conventions

Here we summarize the conventions used throughout the paper.

− Small Greek letters µ, ν, . . . are used for spacetime indices.

− Small letters i, j, k, . . . are indices for directions normal to S.

− Capital letters A,B,C, . . ., are indices for directions tangential to S.

− Small letters a, b, c, . . . = 1, 2, 3 are sl(2,R) Lie algebra indices.

− We use a notation that distinguishes 2-form, its density and the corresponding scalar
function that depends on a choice of measure on the sphere. Given a 2-form w

on S with components wAB, we denote the corresponding density by w̃ and the
corresponding scalar by w. This gives the following correspondence for an arbitrary
2-form w ∈ Ω2(S)

w = 1
2wAB dσA ∧ dσB = w̃ d2σ = w ν. (1.11)

where
ν := √qd2σ = ñd2σ, (1.12)

It is important to keep in mind that the scalar w depends on a choice of measure, but
does not require a metric on S. In the following, and with a slight abuse of notation,
we will often use the density notation to denote the integral over S:∫

S
w̃ :=

∫
S
w. (1.13)

− We use the following definition of the commutator of Lie-algebra-valued forms on
S [61, Ch. IV, section A.6]

[α,β] = αa ∧ βb [τa, τb]cτc, (1.14)

where α = αaτa and β = βbτb, and τa are a basis for the Lie algebra. This bracket
satisfies

[α,β] = (−1)pq+1[β,α]. (1.15)

2 Generalities of coadjoint orbits

We begin with a review of some relevant aspects of the method of coadjoint orbits, fo-
cusing particularly on properties of orbits for semidirect products. After describing the
general theory, we discuss a key example: the Poincaré group. This example allows us
to develop concepts and tools that exist for arbitrary semidirect products, including the
infinite-dimensional ones we will consider in what follows. The analogy between coad-
joint orbits of the Poincaré group is presented in table 1, and will be expanded upon in
subsequent sections.

– 6 –
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Poincaré group Hydrodynamical group Corner symmetry
group

Physical system Relativistic particle Compressible fluid Spacetime region

Group SO(1, 3) nR1,3 Diff(S) nRS Diff(S) n SL(2,R)S

Normal subgroup R1,3 RS SL(2,R)S

Quotient group SO(1, 3) Diff(S) Diff(S)

Normal character momentum Pµ mass density ñ area form √q
Quotient group

generator
angular momentum

Jµν

momentum density
p̃A

twist density
P̃A

Homogeneous
orbit label

mass
m2 = −P 2

total mass
M =

∫
S ñ

total area
A =

∫
S

√
q

Little group SO(3) SDiff(S) SDiff(S)

Little group
generator

Pauli-Lubanski
pseudovector

Wµ = 1
2ε
µνρσPνJρσ

vorticity
w = dp

outer curvature
W := dP − 1

2εabcN
adN b ∧ dN c

Little group
invariant

total spin
WµWµ = m2s(s+ 1)

generalized
enstrophies
Ck =

∫
S ñw

k

outer curvature
moments

C̄k =
∫
S

√
qW k

Table 1. The analogy between classification of coadjoint orbits for the Poincaré group (section 2.3),
the symmetry group Diff(S) n RS of compressible hydrodynamics (section 3) and our corner sym-
metry group (sections 4 and 5). In each case we have a physical system which naturally realizes the
symmetry, and functions on the coadjoint orbit are identified with physical quantities. In the case
of the corner symmetry group, we have used the notation associated with the gravitational phase
space, which are related to the coadjoint orbit by the moment map described in section 5.3. Flesh-
ing out this analogy is a major result of this work and will occupy a large portion of sections 2–5.

2.1 Coadjoint actions and coadjoint orbits

Given a group H, we denote its Lie algebra h, with elements ξ ∈ h, its dual Lie algebra by
h∗, with element p ∈ h∗. The adjoint action of H on h is defined by Adh(X) = hXh−1, for
h ∈ H and X ∈ h. The coadjoint action of H on h∗ is defined by the pairing3

〈Ad∗h(p), X〉 = 〈p,Adh−1(X)〉, p ∈ h∗, X ∈ h, h ∈ H. (2.1)

A central aspect of quantum representation theory is the fact that it is possible to draw
a correspondence between a subset of coadjoint orbits for a group and the set of irreducible
unitary representation of the same group. The subset is selected by imposition of some
integrality conditions on the coadjoint orbit. This powerful correspondence has been estab-
lished rigorously in a large number of cases, including for nilpotent groups [22], compact
and noncompact semisimple groups [62], and even some infinite dimensional groups [37].
In our work we are interested in using this correspondence to study the set of coadjoint
orbits associated to the corner symmetry group.

3The convention is chosen so that Ad∗h defines a left action, Ad∗hAd∗h′ = Ad∗hh′ .

– 7 –
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Given an element p0 ∈ h∗ its coadjoint orbit OHp0 is given by

OHp0 = {p0 = Ad∗h (p0) ∈ h∗, ∀h ∈ H} . (2.2)

The coadjoint orbit is isomorphic to H/Hp0 where Hp0 is the isotropy group

Hp0 := {k ∈ H|Ad∗k (p0) = p} . (2.3)

2.2 The canonical symplectic form on coadjoint orbits

A central result of Kirillov, Kostant, and Souriau is that coadjoint orbits are symplectic
manifolds [25, 63–68]. The symplectic structure on OHp0 is given by

ωp0 = 1
2〈p0,

[
h−1
p dhp, h−1

p dhp
]
〉, with Adhp (p0) = p, (2.4)

which can be written equivalently as

ωp = 1
2〈p,

[
dhph−1

p , dhph−1
p

]
〉, with Adhp(p0) = p. (2.5)

The right-hand side of (2.4) is invariant under the transformation h→ hk with k ∈ Hp and
therefore depends only on the orbit element p and not on the choice of orbit representative
hp. This means that ωp0 ∈ Ω2(OHp0). The fact that this form is closed follows by a direct use
of Jacobi identity. The fact that it is invertible is also direct to establish: given X,Y ∈ h

we have
ωp0(X,Y ) := 〈p0, [X,Y ]〉 = −〈ad∗X(p0), Y 〉. (2.6)

Demanding that this vanish for all Y means that X ∈ hp0 , hence [X] vanishes as a tangent
vector to OHp0 .

2.3 Coadjoint orbits of the Poincaré group

The Poincaré group is a semidirect product G = H n N with homogeneous subgroup
H = SO(1, 3) the Lorentz group and normal subgroupN = R1,3, the translation group. The
main classification theorem states that the nondegenerate coadjoint orbits of the Poincaré
group are labelled by the mass and spin, (m, s). The coadjoint orbit itself represents the
phase space of a relativistic spinning particle. The mass represents the choice of a Lorentz
orbit inside R1,3, the mass-shell orbit, while the spin represents the choice of rotation
subgroup orbit. The rotation group SO(3) appears naturally as the little group, i.e., the
subgroup of the Lorentz group that fixes a given element of the mass-shell orbit.

Let us now delve further into the details of the construction. The Lie algebra dual
elements are given by a pair of momentum and angular momentum (Jµν , Pν). The angular
momentum labels an element of the Lorentz dual, J ∈ h∗, while the momentum labels an
element in the dual of the translation algebra. The coadjoint action of (h, x) ∈ SO(1, 3) n
R1,3 on a given element (J0, P0) is explicitly given by

Jµν = hµ
ρhν

σJ0ρσ + P[µxν], Pµ = hµ
ρP0ρ. (2.7)

– 8 –
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The first step in the classification of the coadjoint orbit is to identify the possible homoge-
neous orbits, OSO(1,3)

P0
:= {P = h ·P0}, i.e., the orbits of P0 under the Lorentz group. These

are the different mass shells. There are 4 different classes of orbits depending on the value
of the mass m2 = −P 2: the massive orbits m2 > 0, the tachyonic orbits with m2 < 0, the
massless orbits m2 = 0, and the trivial orbit P0 = 0.

We are interested in the description of the massive orbit. In this case, we can write
P = mn, where n is an element of the unit hyperboloid. Any element in the hyperboloid
can be obtained from the Lorentz action on a fixed representative vector n0. We take
n0 = (1, 0, 0, 0), which allows us to represent the unit hyperboloid as the orbit OSO(1,3)

n0 .
Given an element n in the hyperboloid, we define its little group, denoted SO(3)n, to be
the subgroup of Lorentz transformations fixing n. The different little groups associated to
different points on the orbits are conjugate to each other SO(3)h·n0 = hSO(3)n0h

−1, and
we denote the subgroup fixing n0 simply by SO(3). This means that the massive orbit is
a homogeneous space,

OSO(1,3)
n0 = SO(1, 3)/SO(3). (2.8)

Given a point n on the unit mass shell, we can consider its isotropy subgroup in
Poincaré. This is the subgroup

Gn = SO(3)n nR1,3, (2.9)

which contains both the little group and the translation group. The goal is now to con-
struct the invariant associated with the action of this subgroup on the angular momentum.
First, we deal with the action of translations, which are controlled by the orbital angular
momentum

[LP (x)]µν := P[µxν]. (2.10)

In order to construct an orbit invariant, one needs to construct from J an operator which is
invariant under translation. This map, denoted SP , is the celebrated Pauli-Lubanski spin
observable. It is given by4

Wµ(P, J) = [SP (J)]µ = 1
2ε

µνρσPνJρσ. (2.11)

The Pauli-Lubanski spin map possesses two essential properties that guarantee the success
of the construction. First, it is a translation invariant, as follows from the fact that

Ker(SP ) = Im(LP ), (2.12)

which can be directly checked. This means that the orbital angular momentum does not
contribute to the spin. Moreover, the Pauli-Lubanski spin map is covariant under the action
of the little group: SP (kJk−1) = h·SP (J) for k ∈ SO(3)n, and the Pauli-Lubanski spinWµ

transforms as a pseudovector under Lorentz transformations: h·W (P, J) = W (h·P, hJh−1)
for h ∈ SO(1, 3).

4The notation distinguishes the spin map SP : so(3, 1)∗ → so(3)∗n from the Pauli-Lubanski spin itself
W : (so(3, 1) n R1,3)∗ → so(3)∗n.
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These two properties mean that the component of J which is translationally and rota-
tionally invariant — that is, invariant under the isotropy subgroup Gn — is given by the
spin s, where ms = |W |. More formally, the spin s really labels a little group orbit OSO(3)

W0
,

where we denote the little group representative by W0 := SP0(J0). The little group orbit
is a homogeneous space

OSO(3)
W0

= SO(3)/SO(2). (2.13)

This is a sphere of radius s, which represents the classical phase space associated with the
spin.

Returning to the description of the orbit, we can use the action of translation to chose
a representative where Jµν0 n0ν = 0 and the action of rotation to choose a representative
W0 which points in a fixed direction. Overall, this means that the massive spinning orbit
representative can be taken to be

J0µν = sδ1
[µδ

2
ν], P0µ = mδ0

µ, Wµ
0 = msδµ3 . (2.14)

The isotropy group of the Poincaré orbit is the subgroup that fixes P0 and J0. It is the
group

G(J0,P0) = SO(2)× R, (2.15)

where SO(2) is the subgroup of rotation that fixes W0 and R is the subgroup of translation
that fixes the reference orbital momenta LP0 . This is the set of translations along P0 or
time translation. This shows that the Poincaré orbit is the homogeneous space G/G(J0,P0).

The last element of the construction is the description of the symplectic structure for
the spinning relativistic particle. This symplectic structure is the sum of two terms

ω(m,s) = m dxµ ∧ dnµ + s

2
[
h−1dh, h−1dh

]
12
, (2.16)

with n = h · n0 and [·, ·]12 denotes the commutator’s matrix element along J0. The first
factor is the canonical structure on T ∗OSO(1,3)

n0 , which descends from the canonical structure
on the cotangent bundle T ∗R1,3. The second factor reduces, when h ∈ SO(3), to the
canonical symplectic structure on the unit sphere multiplied by the spin. (2.16) shows
that the relativistic particle phase space structure can be obtained by symplectic induction
from the symplectic structure of the little group orbit (the sphere). This structure is
a semiclassical analog of the construction of irreducible representations of a semidirect
product by induction [28, 69].

3 Coadjoint orbits of the hydrodynamical group

In the next section we will show that the coadjoint orbits of corner symmetry group can
be reduced to those of the so-called hydrodynamical group by a symmetry breaking. As
such, we first discuss the coadjoint orbits of hydrodynamical group in this section, before
turning to the orbits for the full corner symmetry in the following section.
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3.1 Hydrodynamical group

The hydrodynamical group is defined to be the semidirect product

GR(S) = Diff(S) nRS , (3.1)

where RS = C∞(S) ≡ C(S) denotes the space of real functions on the sphere, and the
diffeomorphism action on it is by pullback g∗φ = φ ◦ g for g ∈ Diff(S) and φ ∈ C(S). This
group arises naturally as a subgroup of the corner symmetry group, but it is simpler because
its normal subgroup is abelian. It therefore constitutes an essential example for us. Such a
group has also appeared as a symmetry group for gravity in the study of null surfaces [49].
A similar group (where the abelian factor represents half densities) appears as the extended
BMS group, which is the symmetry group of asymptotically flat gravity [45, 46, 53].

The group (3.1) has an important physical application: it is the symmetry group of an
ideal barotropic5 fluid [40, 70–72]. In the fluid dynamical context, the generator of Diff(S)
is the fluid momentum, while the generator of RS is the fluid density. This symmetry group
belongs to a larger class of symmetry group called Euler-Poincaré hydrodynamical groups,
which are symmetry groups of compressible perfect fluids [42–44, 73].

The coadjoint orbit of GR(S) is the phase space for a barotropic fluid in much the same
way as a coadjoint orbit of the Poincaré group is the phase space of a relativistic particle.
We find that the coadjoint orbits of the hydrodynamical groups are labelled by the total
mass of the fluid and by the fluid vorticity w. The set of homogeneous orbits ODiff(S)

ν ,
where ν is a volume form on S, are labelled by the total mass of the fluid; these orbits
are the analogs of the mass shells. The little group preserving each volume form ν is the
group of area-preserving diffeomorphisms (this group also arises naturally in incompressible
hydrodynamics as the symmetry group of the Euler equations [71, 73]).

Let us now delve into the detailed construction. The group law of GR(S) is given by6

(h, x)
(
h′, x′

)
=
(
hh′, x+ h∗x′

)
, (3.2)

with h, h′ ∈ Diff(S) and x, x′ ∈ C(S). In the following we will refer to C(S) as the subgroup
of translations. The Lie algebra gR(S) consists of pairs (ξ, α) where ξ = ξA(σ)∂A is a vector
field on S and α ∈ C(S) is a function on S. The commutator is given by

[(ξ, α), (η, β)] = ([ξ, η]Lie,Lξβ − Lηα) . (3.3)

where [ξ, η]BLie = LξηB = ξA∂Aη
B − ηA∂AξB denotes the Lie bracket of vector fields, and

the Lie derivative acts on the scalar functions α and β as Lξβ = ξA∂Aβ.
The coadjoint representation consists of pairs (p̃, ñ) where p̃ = p̃A(σ)dσA is a covector

density7 on S which represents the fluid momentum, and ñ is a scalar density on S which
5A barotropic fluid is a compressible fluid whose pressure is a function of the density only, while for a

general compressible fluid the pressure also depends on the entropy.
6To be consistent with the action on functions via pullbacks, the diffeomorphism group multiplication

must be defined by hh′ = (h′ ◦ h), which is opposite to the usual definition. This ensures that the Lie
algebra is given by the Lie bracket of vector fields as in (3.3). The standard group composition law for the
diffeomorphism group leads to a Lie bracket which is minus the vector field bracket [74].

7The tilde is here to emphasize the density weight.
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represents the mass density. The adjoint and coadjoint representations have a natural
pairing 〈

(p̃, ñ) , (ξ, α)
〉

=
∫
S

(
p̃Aξ

A + ñα
)
. (3.4)

This pairing allows us to define the action of the coadjoint representation. The action of
the generator (ξ, α) on (p̃, ñ) is denoted (ξ, α) B (p̃, ñ) and is defined by the relation〈

(ξ, α) B (p̃, ñ), (η, β)
〉

= −
〈
(p̃, ñ), [(ξ, α), (η, β)]

〉
(3.5)

for all adjoint vectors (η, β). Using the definitions (3.3) and (3.4) and integrating by parts,
we obtain

(ξ, α) B (p̃, ñ) = (Lξp̃+ ñdα,Lξñ). (3.6)

In coordinates, the quantities appearing in (3.6) are as follows: Lξp̃B = ξA∂Ap̃B+(∂BξA)p̃A
+(∂AξA)p̃B is the Lie derivative of a covector density, (ñdα)A = ñ∂Aα is the product of
the one-form dα with the density ñ, Lξñ = ξA∂Añ + (∂AξA)ñ is the Lie derivative of the
density ñ.

The infinitesimal action (3.6) can be exponentiated to obtain the coadjoint action of
the group Diff(S) nRS :

(h, x) . (p̃, ñ) = (h∗p̃+ ñdx, h∗ñ) (3.7)

where h ∈ Diff(S) and x ∈ C(S). This is the analog of the finite coadjoint action (2.7) for
the Poincaré group; the additional term ñdx is analogous to the orbital angular momentum
term in the Poincaré group. Choosing an orbit representative (p̃0, ñ0) any element (p̃, ñ)
of the orbit can be obtained by the group action as (p̃, ñ) = (h, x) . (p̃0, ñ0).

The first step in the classification of the coadjoint orbits is to identify the possible
homogeneous orbits ODiff(S)

ñ0
= {ñ = h∗ñ0|h ∈ Diff(S)}, which in this case are the possible

orbits of a density under diffeomorphisms. If ñ is a generic density, not necessarily positive,
we can split S into three sectors as S = S+ ∪ S0 ∪ S− where S+ denotes the set of points
where ñ is strictly positive, S− where ñ is strictly negative and S0 the set where ñ vanishes.
In this general case, orbit invariants will include topological invariants of the sets S±, S0
and the total density in each connected component of S±.

We will focus our discussion on the analog of the massive orbits, which are those in
which ñ > 0, corresponding to an everywhere-positive fluid density. This is not only the
physically relevant case for fluid dynamics, but will also be the case of interest for us when
comparing to the corner symmetry group in section 4. In this case, we can appeal to
Moser’s theorem [75], which states that two scalar densities ñ and ñ0 with the same total
mass M =

∫
S ñ =

∫
S ñ0 can be transformed into one another by a diffeomorphism. Thus,

just as in the Poincaré group, the homogeneous orbits are labelled by the total mass of the
fluid. We choose the representative ñ0 to be the constant density on the round sphere of
total mass M . In other words, we pick

ñ0d2σ = M

4π sin(θ)dθdφ. (3.8)

In the following, we denote by SDiff(S)ñ the subgroup of diffeomorphisms preserving ñ,
and by sdiff(S)ñ its Lie algebra.
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Having chosen the element of the orbit in which ñ = ñ0, we consider its isotropy
subgroup SDiff(S)ñ n RS . The coadjoint orbit is then determined by the orbit of p̃ under
this isotropy subgroup, with the coadjoint action given by

(ξ, α) B p̃ = Lξp̃+ ñdα, Lξñ = 0. (3.9)

We will see shortly that this orbit corresponds precisely to a coadjoint orbit of SDiff(S)ñ.
The next step in classifying coadjoint orbits of GR(S) is therefore to classify coadjoint
orbits of SDiff(S)ñ, which is the subject of the next section.

3.2 Area-preserving diffeomorphisms

The group of area-preserving diffeomorphisms of the sphere has been extensively considered
in fluid dynamics. This group arises naturally in incompressible hydrodynamics as the
symmetry group of the Euler equations [71, 73].

The algebra sdiff(S) is given by divergenceless vector fields ξ equipped with the vector-
field Lie bracket. The dual Lie algebra consists of covector densities, with the pairing given
by

〈p̃, ξ〉 =
∫
S
p̃Aξ

A. (3.10)

The action on p̃ is via the Lie derivative, ξ B p̃ = Lξp̃. This pairing is, however, degenerate:
since the divergence of ξ vanishes, we have for any scalar function α

〈ñdα, ξ〉 = 0. (3.11)

The dual space is therefore given by equivalence classes [p̃] of densitized one-forms up to
the equivalence relation p̃ ∼ p̃+ ñdα. This shows that the coadjoint orbits of sdiff(S) are
precisely the orbits of the action (3.9).

To classify the coadjoint orbits of sdiff, it will be useful to give an equivalent description
of the Lie algebra in terms of scalar fields. Any divergence-free vector field can be written
in terms of a scalar field φ, called its stream function, as

ξBφ = νAB∂Aφ (3.12)

where νAB = εAB

ñ
is an antisymmetric tensor defined in terms of the antisymmetric Levi-

Civita symbol εAB with ε01 = 1. The stream function is defined up to a shift by a
constant zero mode φ → φ + c, which can be fixed by demanding that

∫
S ñφ = 0. In this

representation, the algebra is defined via the Poisson bracket {·, ·}ñ between functions

{φ, ψ}ñ := νAB∂Aφ∂Bψ, (3.13)

which reproduces the vector field Lie bracket due to the identity [ξφ, ξψ] = ξ{φ,ψ}
ñ
.

Having expressed the sdiff generators in terms of the scalar stream functions, the
coadjoint representation can similarly be defined using these scalars. The pairing between
the adjoint and coadjoint vectors is then given by

〈p̃, ξφ〉 = −
∫
ñ
(
νAB∂ApB

)
φ = −

∫
w φ = −

∫
ñ w φ. (3.14)
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Here we have introduced the vorticity 2-form w = dp, where p = p̃
ñ is the de-densitized

momentum, and the vorticity scalar w = 1
2ν

ABwAB. Thus the coadjoint representation
can be conveniently parametrized by the scalar vorticity w with the pairing given by (3.14).
The coadjoint action of φ on w is given by the Poisson bracket

φ B w = {φ,w}ñ. (3.15)

We have now reduced the problem of classifying coadjoint orbits of sdiffñ to the problem
of classifying orbits of a scalar function w under the action (3.15). From the scalar vorticity,
we can immediately write down an infinite set of invariants, the Casimirs

Ck =
∫
S
ñ wk, k = 2, 3, . . . . (3.16)

These are known as the generalized enstrophies. Note that C1 =
∫
S ñw vanishes because w

arises as the dual of an exact 2-form, and hence must integrate to zero. The generalized
enstrophies are not quite a complete set of invariants, so to give a complete classification of
coadjoint orbits, a more refined invariant is required. The problem of classifying coadjoint
orbits of sdiff was solved for a certain class of generic orbits in ref. [56]. A complete
invariant of the function w under area-preserving diffeomorphisms is the measured Reeb
graph associated to w, whose construction we now describe.

Suppose that w is a simple Morse function, i.e., that the critical points of w are isolated
and all have distinct values.8 Let∼w denote the equivalence relation on S defined by x ∼w y
if x and y lie on the same connected component of a level set of w. The Reeb graph Γw is
defined as the quotient S/ ∼w with the quotient topology, and we let π : S → Γw denote
the quotient map. As a topological space, Γw is a graph, with each point on an edge or
vertex corresponding to a connected component of a level set of w. The topology of the
graph reflects the way in which the level sets of w split and merge as the value of the
function is varied.

Vertices of the graph coincide with level sets that pass through critical points of w.
When w has a local maximum or minimum, the graph has a univalent vertex v whose
preimage under the projection π is a single point. When w has a saddle point, Γw has
a trivalent vertex corresponding to the splitting or merging of the level sets of w. The
preimage of such a trivalent vertex takes the form of a figure-eight. An illustrative example
is shown in figure 1, which will be explained further in an example below.

Since the construction of Γw only refers to the structure of S as a topological space,
it is invariant under all diffeomorphisms of S. When S is a sphere, the Reeb graph of w
is a tree.9 This illustrates why the generalized enstrophies are not sufficient to classify the
coadjoint orbits. By the Hausdorff moment problem [76], the generalized enstrophies allow
for the reconstruction of the measure on the range of w, which is the sum of the measures

8Although the simple Morse functions are dense in the space of functions (in a sense defined in ref. [56]),
there can be certain degenerate cases not captured by this classification. For example, the gradient of w
could vanish on a set of nonzero measure, or on a line.

9More generally, the number of vertices v and number of edges e of the Reeb graph are related to the
genus of the surface S by v − e = 1− g.
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associated to all edge of the Reeb graph. As shown in ref. [77], whenever there are two
edges corresponding to the same range of values of w, the function w can be modified so
that the measures on the individual edges of the Reeb graph are changed but their sum
remains the same. This leads to the construction of a family of functions with different
measured Reeb graphs, but the same generalized enstrophies.

The area form ñ on S defines a measure on S, which we can use to define a measure
on the Reeb graph. Given a subset B of the Reeb graph, we define µ(B) =

∫
π−1(B) ñ by

integrating over the preimage π−1(B) ⊆ S of the set B; this defines the pushforward of
the measure ñd2σ under the map π. This measure satisfies some additional properties:
it is smooth along the edges of Γf but has specified logarithmic singularities at trivalent
vertices.10 A graph Γf together with a measure satisfying these conditions is invariant
under sdiff(S) and is called a measured Reeb graph. The central result of ref. [56] is that
the measured Reeb graph is a complete invariant of the coadjoint orbits of sdiff(S). As
an alternative to the measure on the Reeb graph, one could equivalently specify the edge
enstrophies

Ck(e) =
∫
π−1(e)

ñ wk, (3.17)

where e denotes a single edge of Γw. These carry exactly the same information as the
measure on the Reeb graph, thanks to the Hausdorff moment problem.

An example of a Reeb graph. To see how the Reeb graph encodes invariant informa-
tion of a function f , it is useful to introduce the Lambert azimuthal equal-area projection.
The coordinates u, v are related to the embedding coordinates (x, y, z) ∈ R3 as:

x =
√

1− 1
4 (u2 + v2) u, y =

√
1− 1

4 (u2 + v2) v, z = 1− 1
2

(
u2 + v2

)
. (3.18)

The u, v coordinates cover the disk u2 + v2 < 4, with the circle u2 + v2 = 4 mapping to
the “south pole” x = 0, y = 0, z = −1. This coordinate system has the feature that the
natural volume form on the unit sphere is given by dudv.

An illustrative example is the function11

f = x2 − y2 − (1− z)2 = u2 − v2 − 1
2u

2
(
u2 + v2

)
. (3.19)

This function has maxima at u = 0, v ± 1 where f = −1
2 , a minimum at the south pole

where f = −4, and a saddle point at u = 0, v = 0 where f = 0. While this function
does not quite meet the criteria for a generic Morse function (the values of the function at
the two maxima coincide) this poses no difficulties and can be resolved by adding a small
perturbation f → f + εy at the expense of complicating the algebra. The associated Reeb
graph takes the shape of a letter “Y”, with a single trivalent vertex corresponding to the
figure-eight orbit passing through the saddle point. The function f , its Reeb graph, and
the measure on the Reeb graph are depicted in figure 1.

10This feature is easily seen by noting that if we view w as a Hamiltonian generating a flow via the
Poisson bracket on the sphere, the points of Γw are its orbits, and the measure on the Reeb graph is Tdw,
where T is the period of the orbit. The logarithmic singularity in the measure corresponds to the way in
which the flow slows down as the critical point is approached.

11The curve w = 0 belongs to a family of curves called lemniscates or hippopedes.
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(a) Contour plot
of f(u, v). (b) 3D plot of f(u, v).
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(c) The Reeb graph Γf .
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(d) The density dµ/df of the measure on the Reeb graph: on the left is the measure on edge e3, and on
the right are the measures on e1 and e2 (which are equal by symmetry).

Figure 1. An example function f (3.19), its Reeb graph, and the measure on the Reeb graph.
Figure (a) shows the contours of f in the Lambert azimuthal equal-area coordinates. When plotted
as a height function (b) we clearly see the saddle point and two maxima. The corresponding Reeb
graph (c) shows the splitting of the orbits as the height is varied, going from a single orbit below the
critical orbit to a pair of orbits above. The measure on the Reeb graph, whose density is displayed
in (d), displays clearly the logarithmic singularities at f = 0 associated with the saddle point.
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3.3 Construction of invariants

Having classified the coadjoint orbits of the little group SDiff(S), we now show how this
extends to a classification of coadjoint orbits of the hydrodynamical group GR(S) in an
invariant way, i.e. without resorting to fixing the density ñ.

The action of the translation subgroup C(S) on p̃ is controlled by the moment map

`ñ(x) := ñdx. (3.20)

This is the analog of the orbital angular momentum in the Poincaré group. The orbital
angular momentum can be viewed as a map which, given an element x of the translation
group and an element P of its Lie algebra, produces a Lorentz generator P[µxν] as in (2.7).
Similarly, (3.20) can be viewed as a moment map ` : T ∗C(S)→ (diff(S))∗, (ñ, x) 7→ `ñ(x),
for the action of Diff(S) on the canonical phase space T ∗C(S): given an element x of the
translation subgroup and a generator ñ, it produces a generator ñdx in diff(S)∗, as appears
in (3.7).

The moment map (3.20) measures the transformation of the diff(S)∗ element un-
der translations. To construct further invariants of the orbit, we need to identify the
translation-invariant part of the diff generator. This is analogous to the Pauli-Lubanski
vector, which gives a translation-invariant part of the angular momentum and allows us to
construct the spin. To do this, we introduce the spin map:12

sñ : (diff(S))∗ → Ω2(S), w := sñ(p̃) = d
(
p̃

ñ

)
. (3.21)

In a fluid of density ñ, the momentum density p̃ is related to the velocity p by p̃ = ñp.
This means that w = sñ(p̃) is the fluid vorticity

w = dp. (3.22)

Since the sphere is simply connected, the moment map and the spin map satisfy the key
property

Ker
(
sñ
)

= Im
(
`ñ
)
. (3.23)

We can now give an invariant description of the coadjoint orbit associated with a
coadjoint vector (p̃, ñ). The first invariant we can construct is the total mass M =

∫
S ñ.

The vorticity w = dp is covariant under diffeomorphisms, and transforms homogeneously
under the coadjoint action as

(g, x) .w = g∗w. (3.24)

From this we can construct the scalar vorticity w = 1
2ν

ABwAB. The pushforward of the
measure ñ to the Reeb graph of w then defines a complete invariant of the orbit. In
particular, the measured Reeb graph encodes the Casimirs

Ck =
∫
S
ñ wk, k = 2, 3, · · · , (3.25)

12In general the spin map is the dual of the little group inclusion map. Therefore its image is the dual of
the little group [38, 39, 78].
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which can be interpreted as the generalized enstrophies in the fluid picture, and again C1
vanishes since w is the dual of an exact top form on S. These data completely characterize
the generic positive-mass coadjoint orbits of the group GR(S).

4 Coadjoint orbits of corner symmetry group

In the previous section, we studied the coadjoint orbits of the hydrodynamical group GR(S).
This was a precursor for studying the coadjoint orbits of the corner symmetry group

GSL(2,R)(S) = Diff(S) n SL(2,R)S , (4.1)

where SL(2,R)S denotes the space of smooth functions S → SL(2,R) [11]. This is a
semidirect product in which the normal subgroup SL(2,R)S is nonabelian. As discussed in
appendix A, this group appears naturally as the automorphism group of a trivial SL(2,R)
bundle over S, and, in the case of general relativity, arises as the symmetry group of the
normal bundle of the 2-surface S embedded in spacetime. It turns out that the classification
problem for coadjoint orbits of GSL(2,R)(S) can be reduced to the one of the hydrodynam-
ical group. Once this reduction is done, one needs to deal with the nonabelian nature of
SL(2,R)S . However, the final result is similar to the one for the hydrodynamical group: the
coadjoint orbits of GSL(2,R)(S) are labelled by the total area, which plays the role analogous
of mass for the Poincaré group, and invariants constructed from a modified vorticity, which
takes into account the additional noncommutativity of the normal subgroup. The correc-
tion to the vorticity associated with the SL(2,R)S factor can be interpreted physically as
an internal component that adds to the fluid vorticity.

The adjoint representation of the corner symmetry algebra consists of pairs (ξ, α) where
ξ = ξA(σ)∂A is a vector field on S and α = αa(σ)τa is an sl(2,R)S-valued function on S.
τa denotes a basis of the Lie algebra sl(2,R). For concreteness, we work with the explicit
basis given by

τ0 = 1
2

[
0 −1

+1 0

]
, τ1 = 1

2

[
+1 0
0 −1

]
, τ2 = 1

2

[
0 +1

+1 0

]
. (4.2)

These generators satisfy the defining relation

τaτb = 1
4ηab1 + 1

2εab
cτc, (4.3)

where ηab = diag(−1, 1, 1) is a Lorentzian metric and εabc is the totally skew-symmetric
tensor with ε012 = 1. sl(2,R) indices a, b, c, . . . are raised and lowered with ηab. The
commutator is given by

[(ξ, α) , (ζ, β)] = ([ζ, η]Lie ,Lξβ − Lζα+ [α, β]) . (4.4)

Note that [ξ, ζ]BLie = LξζB = ξA∂Aζ
B − ζA∂AξB denotes the Lie bracket of vector fields on

S, while [α, β] = εab
cαaβbτc denotes the pointwise Lie bracket of the sl(2,R) algebra. The

Lie derivative acts on the scalar functions α and β as Lζα = ζA∂Aα and Lξβ = ξA∂Aβ.
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The coadjoint representation consists of pairs (p̃, ñ) where p̃ = p̃A(σ)dσA is a covector
density on S, and ñ = ña(σ)τa is a density on S valued in the coadjoint representation of
sl(2,R)S . These have a natural pairing

〈
(p̃, ñ), (ξ, α)

〉
=
∫
S

(
p̃Aξ

A + ñaα
a
)
. (4.5)

In expressing ñ as a matrix, we have adopted a pairing which is twice the trace: ñaαa ≡
ñ ·α = 2 Tr(ñα). This pairing allows us to define the action of the corner symmetry group
in the coadjoint representation. The action of the generator (ξ, α) on (p̃, ñ) is denoted
(ξ, α) B (p̃, ñ) and is defined by the relation

〈
(ξ, α) B (p̃, ñ), (η, β)

〉
= −

〈
(p̃, ñ), [(ξ, α), (η, β)]

〉
, (4.6)

for all adjoint vectors (η, β). Using the definitions (4.4) and (4.5) and integration by parts,
we obtain the coadjoint action

(ξ, α) B (p̃, ñ) = (Lξp̃+ dα · ñ,Lξñ+ [α, ñ]). (4.7)

In coordinates, the quantities appearing in (4.7) are as follows: Lξp̃B = ξA∂Ap̃B+(∂BξA)p̃A
+(∂AξA)p̃B is the Lie derivative of a covector density, (dα ·ñ)A = ∂Aα

aña is the contraction
of the sl(2,R)S-valued one-form dα with the sl(2,R)S-valued density ñ, Lξña = ξA∂Aña +
(∂AξA)ña is the Lie derivative of a scalar density, and the last term [α, ñ]a = εab

cαbñc is the
pointwise coadjoint action of the sl(2,R)S Lie algebra. Note that p̃ transforms nontrivially
under a local sl(2,R)S transformation; this is analogous to the fact that in the Poincaré
group the angular momentum transforms nontrivially under translations. In this case p̃
transforms like a component of a densitized connection; the geometric interpretation of
this transformation rule will be expanded upon in section 5.3.

For a complementary description of the corner symmetry group, coadjoint represen-
tation, and pairing from the perspective of the SL(2,R) bundle on which it acts, see ap-
pendix A.

4.1 Orbit reduction

In this section, we show by a symmetry breaking argument that the classification of orbits
for the corner symmetry group reduces to the classification of orbits for the hydrodynamical
group, and then further to the classification of orbits for its little group, the group of area-
preserving diffeomorphisms. This shows that, similar to the hydrodynamical group, we can
label the corner symmetry orbits by the total area A and a vorticity form. The vorticity
form is related to the area-preserving diffeomorphism group.

The first step of the procedure is to restrict our analysis to representations in which
the Casimir of sl(2,R)S algebra is positive:

ηabñ
añb > 0. (4.8)
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These are analogous to the physical orbits of the hydrodynamical group in which the
density is everywhere positive.13 Geometrically, as shown in [11], (4.8) corresponds to the
condition that the measure on the sphere S is the measure associated with a nondegenerate
Riemannian metric. In that context, |ñ| =

√
ηabñañb is the area form of S, so we refer to the

representations satisfying (4.8) as positive-area representations. For such representations,
we can use the SL(2,R)S symmetry to fix the generator ña at each point to be in a given
direction. In particular we can fix ña so that

ña = (0, |ñ|, 0) . (4.9)

The subgroup of transformations that preserves this condition is then simply the hydro-
dynmical group (3.1), where the RS factor is the diagonal subgroup of SL(2,R)S which
preserves the condition (4.9). The classification of the corner symmetry group therefore
reduces to the classification of the hydrodynamical group done in section 3.1: the orbits are
classified by the total area A =

∫
S |ñ| and an orbit of the little group SDiff(S). However,

there is one additional subtlety coming from the fact that the normal subgroup SL(2,R)S
is nonabelian. While the vorticity (3.22) is invariant under the hydrodynamical group, we
have to define a “dressed” vorticity to produce an invariant under the full SL(2,R)S group.

4.2 Lifting invariants from the little group

We have seen that the classification of coadjoint orbits for GSL(2,R)(S) reduces to the
classification of orbits of its little group, the group of area preserving diffeomorphisms. We
now have to show how to construct invariants of the full group from little group invariants.
Since the little group can be defined by a gauge fixing of the full symmetry group, we will
solve this problem by constructing an invariant extension of the vorticity by unfixing the
gauge.

Before proceeding, we need to find the coadjoint action of the group, which is obtained
by exponentiating the infinitesimal action (4.7). The diffeomorphism action can be trivially
exponentiated; given diffeomorphism F : S → S, we define

F B (p̃, ñ) = (F ∗p̃, F ∗ñ), (4.10)

where F ∗ is the pull-back action. The sl(2,R) coadjoint action can also be exponentiated:
let x ∈ SL(2,R)S denote a normal group element. Then, its action is given by

x B (p̃, ñ) =
(
p̃+ x−1dx · ñ, xñx−1

)
. (4.11)

Here, x−1dx := θ is the sl(2,R)S-valued, left-invariant, Maurer-Cartan 1-form. The fact
that these transformations compose correctly is the specified by the cocycle identity

x1 B x2 B (p̃, ñ) = (x1x2) B (p̃, ñ), (4.12)
13This assumption excludes singular or degenerate measures. While the continuity condition is absolutely

natural at the classical level, it is possible that representations associated with a singular measures appear
at the quantum level, as, for example, in loop quantum gravity, where surface areas are concentrated on a
discrete set of punctures. As discussed in [14], the area quantization corresponds to a choice of representation
associated with discrete measures. See also the discussion in section 7.7.
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The cocycle identity follows from

x−1
2 dx2 · ñ+ x−1

1 dx1 ·
(
x2ñx

−1
2

)
= (x1x2)−1 d (x1x2) · ñ, (4.13)

which means that β(x) = x−1dx ·n is a one-cocycle. For convenience, we can use the scalar
density |ñ| to define de-densitized versions of the generators

p̃ = |ñ|p, ña = |ñ|na, a = 0, 1, 2 (4.14)

in terms of a one-form p and sl(2,R)-valued scalar n satisfying nana = −n2
0 + n2

1 + n2
2 = 1.

Geometrically, sl(2,R) with the Killing metric ηab is isometric to Minkowski spacetime
R1,2. The sl(2,R) elements satisfying nana = 1 form a 2-dimensional hyperboloid H inside
R1,2 of Lorentzian signature isometric to two-dimensional de Sitter space dS2. Under an
infinitesimal sl(2,R)S transformation with parameter α, the generators transform as

δαp = dα · n, δαn = [α, n]. (4.15)

These can be seen easily from (4.11) by writing x = exp(α) ' 1 + α = 1 + αa(σ)τa. We
can now choose a “standard boost”, which is a choice of group element n→ xn such that

xnnx
−1
n = τ1 = 1

2

[
+1 0
0 −1

]
. (4.16)

One natural choice of standard boost is given by

xn = 1√
2(1 + n1)

[
1 + n1 −n0 + n2
−n0 − n2 1 + n1

]
. (4.17)

This choice is not unique: given a standard boost xn which solves (4.16), we can construct
another one by x′n = ef(σ)τ1xn where f(σ) is any real function on S. In the process of
lifting the little group invariants to the full orbit, we must demonstrate that the end result
does not depend on the choice of standard boost.

Under an infinitesimal sl(2,R)S transformation with parameter α, the standard boost
transforms as:

x−1
n δαxn = −α+ Lα(n)n. (4.18)

The variation of xn is determined by demanding that the condition (4.16) is preserved
under variation, which implies that [x−1

n δαxn + α, n] = 0. Lα(n) is a function of α and n
depending on the choice of standard boost n→ xn. Taking a second variation of Lα(n) we
see that is satisfies the cocycle condition:

L[α,β] = δβLα − δαLβ . (4.19)

A derivation of this identity is given in appendix C.1. A change of standard boost xn →
x′n = ef(σ)τ1xn implies a transformation14

Lα(n)→ L′α(n) = Lα(n) + δαf. (4.20)

The additional term is a trivial cocycle transformation which also solves (4.19).
14This can be seen easily by first using (4.18) for ef(σ)τ1xn and then using (4.16) to replace τ1xn with xnn.

– 21 –



J
H
E
P
0
9
(
2
0
2
1
)
0
0
8

Given a choice of standard boost, we can use it to relate the momentum p in an
arbitrary sl(2,R)S frame to the momentum p̄ in the frame (4.9) in which na is fixed. We
call the momentum in this frame the dressed momentum and denote it with a bar. From
the transformation law for the momentum under a finite sl(2,R)S transformation (4.11),
we find the dressed momentum is given by:

p̄ = p+ x−1
n dxn · n (4.21)

This depends on na as well as the choice of standard boost xn. Under an infinitesimal
sl(2,R)S transformation, p̄ transforms as:

δαp̄ = δαp+ δα
(
x−1
n dxn

)
· n+ x−1

n dxn · δαn,

= dα · n+ d
(
δαxnx

−1
n

)
·
(
xnnx

−1
n

)
+
(
x−1
n dxn

)
· [α, n] ,

= dα · n− d
(
xnαx

−1
n

)
·
(
xnnx

−1
n

)
+
[
x−1
n dxn, α

]
· n+ dLα (n) ,

= dLα (n) . (4.22)

We can now define the dressed vorticity15

w̄ = dp̄ = dp+ 1
2
[
x−1
n dxn, x−1

n dxn
]
· n. (4.23)

which by (4.22) is invariant under local sl(2,R)S transformations. Since p̄ represents the
momenta associated with the hydrodynamical group GR(S), the dressed vorticity is simply
the associated fluid’s vorticity.

While the construction ofw involves a choice of standard boost, it is in fact independent
of such a choice. Under a change of standard boost xn → x′n = ef(σ)τ1xn, we have x′−1

n dx′n =
x−1
n dxn+(df)n, under which (4.23) is invariant. While the expression (4.23) is valid for an

arbitrary group equipped with an invariant pairing, in the case of sl(2,R)S , we can write w̄
directly in terms of n making its independence of the standard boost manifest. As shown
in appendix C.2, the dressed vorticity can be expressed as

w̄ = dp− 1
2εabcn

adnb ∧ dnc, (4.24)

When na is fixed to a constant as in (4.9), w̄ reduces to the vorticity in the hydrodynamical
subgroup. Moreover, w̄ transforms as a 2-form under diffeomorphisms. This means we can
define a complete invariant of the orbit by defining the scalar dressed vorticity

w̄ = 1
2ν

ABw̄AB. (4.25)

The measured Reeb graph associated with the function w̄, together with the total area A,
defines a complete invariant of the coadjoint orbit of the group GSL(2,R)(S). In particular
the generalized enstrophies:

C̄k =
∫
S
|ñ| w̄k, k = 2, 3, · · · , (4.26)

are Casimirs of GSL(2,R)(S).
15We use that dn = [n, x−1

n dxn] and d(x−1
n dxn) = − 1

2 [x−1
n dxn, x−1

n dxn]. More details are given in
appendix C.2.
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Just as in the case of the hydrodynamical group, the first generalized enstrophy C̄1
vanishes for the corner symmetry group orbits, since w̄ is realized as the dual of an exact
form dp̄ according to equation (3.22). Note, however, the expression for the dressed vor-
ticity given by (4.24) is not obviously exact, and it is only through the expression (4.16)
of n in terms of a standard boost from a constant configuration that we can determine
that the second term in (4.24) is also exact. The existence of such a constant configuration
for n depends crucially on the fact that the corner symmetry group (4.1) is a semidirect
product, as opposed to a nontrivial group extension of Diff(S). From the fiber bundle per-
spective developed in appendix A, such a constant configuration for n defines a section of
the principal SL(2,R) bundle associated with the symmetry group, and hence implies that
the bundle is trivial. If we had instead allowed for nontrivial bundles, the surface symmetry
group would be modified to a nontrivial extension, and C̄1 would no longer vanish; rather,
it would describe a topological invariant of the bundle.

5 Corner symmetries in general relativity

Having studied the coadjoint orbits of the corner symmetry group, we turn now to a
concrete realization of a phase space P possessing this symmetry. This phase space appears
when partitioning a Cauchy slice in general relativity into spatial subregions, and the
surface symmetries act on the edge modes that appear due to broken diffeomorphism
invariance in the presence of a boundary. We explicitly describe the generators of the
corner symmetry group on this phase space. Furthermore, we construct the moment map
µ : P → g∗, which is simply the map that sends the phase space P to the space of coadjoint
orbits [25], and hence provides the link between our corner symmetry phase space and the
orbits constructed in section 4. We further relate the Casimirs to geometric characteristics
of the surface, such as its area and moments of the outer curvature of the normal bundle.
The relation between this outer curvature and area-preserving diffeomorphisms is later
discussed in section 6.3.

5.1 Description of phase space

The basic idea of [11] is to construct a gauge-invariant presymplectic form for gravity in
metric variables.16 Here, gauge invariance means the invariance under all diffeomorphisms,
including those which act at the boundary. This basic idea forces us to introduce new
degrees of freedom on the codimension-2 corner S bounding a Cauchy surface Σ for the
subregion. These new degrees of freedom are invariant under a new group GS of physical,
as opposed to gauge, symmetries. They arise from the would-be gauge degrees of freedom,
and necessarily appear once a boundary is introduced, which partially breaks the gauge
symmetry. To characterize them locally, we introduce new fields Xµ, µ = 0, . . . , 3, which
can be thought of as coordinates describing the location of S and its local neighborhood in

16Different choices of variables, such as vielbeins, can lead to different surface symmetry algebras. Note
also that the choice of corner terms and boundary conditions can also affect the surface symmetries, see
e.g. [12]. In this work, we employ the covariant Iyer-Wald symplectic form [21].
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the spacetime manifoldM .17 Abstractly, the fields Xµ together define a map X : R4 →M .
We let s denote a fixed 2-dimensional surface in R4, defining the location of S by S = X(s).
It was shown in [11] that the symplectic form for gravity can be modified in a canonical
way by a boundary term that restores invariance under all diffeomorphisms. It then takes
the following form:

Ω = ΩΣ + ΩS , (5.1)

where ΩΣ is the covariant symplectic form for general relativity [79, 80], depending on vari-
ations of the metric δgαβ , and ΩS is the boundary modification, which contains variations
both of the metric and of the fields Xµ.

Diffeomorphisms act on both the metric and Xµ fields, and, because they are pure
gauge, have identically vanishing Hamiltonians. The surface symmetries arise from trans-
formations acting only on Xµ. They can be parameterized by a spacetime vector field ξµ,
and their action is given by

δξgαβ = 0, δξX
µ = ξµ. (5.2)

Only vectors ξµ that are nonzero in a neighborhood of S have nonvanishing Hamiltonians,
as is clear from (5.1), since the bulk term ΩΣ only involves δgαβ . More precisely, we can
decompose ξµ into its transverse and parallel components near S via

ξ = ξi>∂i + ξA‖ ∂A, (5.3)

where xi denote transverse coordinates and σA parallel coordinates (see equation (5.8)).
The canonical analysis shows that vector fields for which ξA‖

S= ξi>
S= ∂iξ

j
>

S= 0 are pure
gauge and do not correspond to physical symmetries. It also shows that dilatations of the
normal bundle, for which

∂iξ
j
>

S= f(σ)δji , (5.4)

for a function f(σ), are also pure gauge.18 The group of physical symmetries we are left
with consists of19

• Surface Boosts: they are generated by vector fields with the following properties

ξA‖
S= 0, ξi>

S= 0, ∂iξ
j
>

S= αi
j ≡ αc (τc) ji , (5.5)

where αij is a traceless matrix, which can be expanded in the τc basis defined in (4.2)
using the coefficients αc. They correspond to position-dependent transformations of
the normal plane of S that leave the unit binormal invariant.

17The construction of ref. [11] works for arbitrary spacetime dimension, but here we specialized to D = 4.
18Such a ξ characterizes the trace part of gl(2,R)S , which denotes the set of all maps S → gl(2,R).
19There is another class of transformations

ξA‖
S= 0, ξi>

S= vi, ∂iξ
j
>

S= 0.

These transformations move S itself and as such are called surface deformations (called surface translations
in ref. [11]). For these transformations to be integrable, one generically needs to impose boundary conditions
on the field variations [11, 20], or work with nonintegrable, quasilocal charges using the Wald-Zoupas
construction [80, 81]. Their treatment is more subtle and will not be pursued in the present work, but they
are nevertheless quite interesting due to the generic appearance of central extensions in their symmetry
algebra [20, 81].
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• Surface Diffeomorphisms: they correspond to vector fields tangent to S

ξA‖
S= ξA 6= 0, ξi>

S= 0, ∂iξ
i
>

S= 0. (5.6)

They define diffeomorphisms mapping S to itself.

These transformations preserve S and are hence corner-preserving transformations. Their
algebra can be computed from the Lie brackets of the vector fields, and coincides with the
algebra

diff(S)⊕L sl(2,R)S , (5.7)

whose generators (ξA, αc) are the quantities appearing in (5.5) and (5.6). The Lie algebra
generated by these vector fields is given explicitly in (4.4).

We now have a symplectic manifold with a group action, and we would like to under-
stand how the phase space is divided into representations of this group. To do this, we
first map the phase space into the coadjoint representation of the group via the moment
map: this simply amounts to identifying the generators of the Lie algebra in terms of the
quantities in the phase space. To do this we first have to define some geometric structures
associated with the surface S and its normal bundle.

5.2 Normal bundle geometry

The generators and Casimirs of the corner symmetry algebra are closely tied to the ge-
ometry of the normal bundle of S, so we begin with a description of this geometry. The
discussion largely follows ref. [60]. Near the surface S, we can perform a 2 + 2 decompo-
sition of the metric, in which we foliate the region near S by 2-dimensional surfaces. We
introduce coordinates adapted to the foliation (xi, σA), where i = 0, 1, A = 2, 3, in which
the leaves of the foliation coincide with surfaces of constant xi, and σA serve as intrinsic
coordinates on these surfaces. In these coordinates, we can parameterize the metric as

ds2 = hijdxidxj + qAB
(
dσA − V A

i dxi
) (

dσB − V B
j dxj

)
. (5.8)

Here, qAB is the induced metric on the leaves, hij is the normal metric, which acts as a
generalized lapse, and V A

i is a generalized shift, which measures the failure of the coordinate
vectors ∂i to be orthogonal to the constant xi surfaces. The unit binormal to the leaves is
a 2-form given by

N = −1
2

√
|h| dx0 ∧ dx1, (5.9)

where the prefactor of 1
2 is nonstandard, and is employed to simplify some later expressions.

The mixed-index binormal obtained by raising one of the indices of N is used to construct
the generators of the normal boosts, so we write out its components,

N j
i = −1

2

√
|h|εikhkj (5.10)

where hjk is the inverse of hij , and εik is the antisymmetric symbol with ε01 = 1.
The normal bundle of S consists of all vectors of the form Y = Y i(∂i + V A

i ∂A) that
are orthogonal to the surface. The spacetime covariant derivative ∇µ defines a canonical
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connection on the normal bundle, obtained by projecting ∇µY α tangentially on the µ index
and normally on the α index. This results in a derivative operator DA on normal vectors
which acts as

DAY
i = ∂AY

i +MA
i
jY

j . (5.11)

The connection coefficients M i
A j have a direct interpretation in terms of the geometry of

the foliation [60].20 By lowering an index using hij , it can be decomposed into its symmetric
and antisymmetric parts on the normal components,

MAij = AAij − PANij . (5.12)

The symmetric part AAij is called the acceleration tensor, since it measures the accelera-
tions of the vectors normal to the foliation. In particular, if yα is everywhere normal to
the leaves of the foliation, the tangential component of its acceleration is

qαβY
µ∇µY β = −AαijY iY j . (5.13)

The coordinate expression for this tensor in terms of the decomposition (5.8) is derived in
appendix B.3 of [60], and is given simply by the gradient of the normal metric

AAij = 1
2∂Ahij , (5.14)

and we can also express the mixed index form appearing in M i
A j in terms of the gradient

of N j
i using that hij = 4N k

i Nkj and Nij = −1
2
√
|h|εij ,

A j
A i = 2∂A(N k

i )N j
k + 2N k

i h
jl∂ANkl

= 2∂A(N k
i )N j

k + 1
2∂A log

√
|h|δji . (5.15)

It is often convenient to work in a gauge where
√
|h| = 1, since this condition is invariant

under SL(2,R) transformations in the normal plane. Doing so reduces A j
A i to the first

term in (5.15), and makes it a traceless tensor on the i, j indices.
The antisymmetric part in (5.12) must be proportional to the binormal Nij , where the

coefficient PA is the twist one-form. It measures the failure of the normal directions of the
foliation to be integrable, since if Xi and Y j are normal vectors, it can be shown that [60]

qAB[X,Y ]B = −2PANijX
iY j . (5.16)

Its coordinate expression is given in terms of the shift via

PA = 1√
|h|
qAB

(
∂0V

B
1 − ∂1V

B
0 + V C

0 ∂CV
B

1 − V C
1 ∂CV

B
0

)
. (5.17)

20In [60], the normal connection was called the normal extrinsic curvature tensor, and was denoted L i
Aj .

The convention we employ in the present work is such that M i
A j = L i

Aj , which affects some of the signs
in the expression for MAij .
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As a connection, M j
A i is not itself an invariant tensor defined on S, since it shifts

under a change in foliation away from the surface. On the other hand, its curvature is
tensorial, and is given by

W i
jAB = ∂AM

i
B j − ∂BM i

A j +M i
A kM

k
B j −M i

B kM
k

A j . (5.18)

Lowering a normal index with hij , the tensor WijAB is antisymmetric in each pair of lower
indices, and, as such, it can be written in terms of a 2-form WAB on the surface via
WijAB = NijWAB. As shown in section 5.3 of [60] and also appendix C.3 of the present
work, this 2-form can be expressed in terms of PA and AAij as

WAB = 2∂[APB] + 4N i
j A

k
Ai A

j
Bk (5.19)

= 2∂[APB] + 2∂A
(
N j
i

)
N k
j ∂B

(
N i
k

)
(5.20)

where the second line follows from (5.15) using the gauge
√
|h| = 1, which can be imposed

because W i
jAB is independent of the trace CA ≡ A i

Ai = ∂A log
√
|h|, as is apparent from

the definition (5.18). Note that the second term in (5.20) is antisymmetric in A and B.
The fact thatWAB is an invariant tensor independent of the choice of foliation makes it

useful in constructing invariant quantities for the corner symmetry algebra, and we will see
it is directly analogous to the vorticity (3.22) used to construct invariants for the coadjoint
orbits. One way to see the independence of the foliation extension is by noting that it is
related to the spacetime Riemann tensor Rαβγδ and the extrinsic curvature tensor Ki

AB

of the surface via the Ricci equation,

WAB = −2N ijRijAB − 4N ijK C
iA KjCB . (5.21)

Since neither the Riemann tensor nor the extrinsic curvature depends on the choice of
foliation away from S, it is clear thatWAB also has no such dependence. It is also interesting
to note that the tensorWAB is Weyl invariant, as has been emphasized by Carter [59]. This
follows from the fact that (5.21) only depends on the curvature through the Weyl tensor,
and on the traceless part of KiAC .

5.3 Moment map

With the normal bundle geometry in hand, we can proceed to the construction of the
moment map. This is done by identifying the geometric objects comprising the corner
phase space with objects defined in the coadjoint orbit. The easiest way to identify this
map is to construct the Hamiltonians generating the symmetry. It was shown in ref. [11]
that the Hamiltonian is constructed from the generators according to

Hξ = 1
16πG

∫
S

d2σ
√
q
(
2N i

j ∂iξ
j
> + PAξ

A
‖

)
. (5.22)

We find that the Hamiltonian is constructed as a linear pairing between the vector fields
and the geometric fields on the surface. The densitized twist P̃A = √qPA pairs with the
diff(S) generator ξA‖ , and the densitized binormal Ñ i

j = √qN i
j pairs with the sl(2,R)
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generator ∂iξj> = α j
i = αa(τa) ji . This can be put in an even more suggestive form by

expanding Ñ in the Lie algebra basis as21

Ña = 2Ñ i
j τ

j
ai . (5.23)

Comparing with the pairing (4.5) for the coadjoint orbit, we immediately find the corre-
spondence

Ña

16πG → ña,
P̃A

16πG → p̃A, (5.24)

which gives the images of P̃A and Ñ j
i under the moment map. This also implies that Ñ j

i

maps to
Ñ j
i

16πG → ña(τa) ji . (5.25)

Going forward, we will set 16πG = 1.
From the moment map (5.24) we can continue to map the remaining quantities as-

sociated with the normal bundle geometry to the coadjoint orbits. The first quantity to
extract is the quadratic Casimir for the SL(2,R) group. This is none other than the local
area form on the surface, which can be defined in terms of Ñ i

j by

√
q =

√
2Ñ j

i Ñ
i
j =

√
−4 det Ñ j

i , (5.26)

which, using (5.25) and Tr τaτb = 1
2ηab, maps to

√
q →

√
ηabñañb = |ñ|. (5.27)

This is a restatement of the result of [11] that the area density √q coincides with the local
SL(2,R) Casimir.

We can further identify the quantities associated with the undensitized generators N i
j

and PA by dividing ña and p̃A by the local density |ñ|, as was done in equation (4.14) to
give

N i
j → na (τa) i

j , PA → pA. (5.28)

Since the dilatation (5.4) is pure gauge, we can act with dilatations to set the normal
metric determinant to unity,

√
|h| = 1, and this condition is SL(2,R)-invariant. Using

equation (5.15), we then can identify the image of the acceleration tensor A j
A i under the

moment map with
A j
A i → ∂A(na)nb εabc(τ c)

j
i (5.29)

using (4.3) and the fact that ηab∂A(na)nb = 0 since na is normalized. The moment map
therefore sends the entire connection on the normal bundle M j

A i to

M j
A i → mc

A(τc)ij , mc
A := ∂A(na)nb εabc + pAn

c. (5.30)
21In components, this relation reads

Ñ0 = Ñ 1
0 − Ñ 0

1 , Ñ1 = Ñ 0
0 − Ñ 1

1 , Ñ2 = Ñ 1
0 − Ñ 0

1 .
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M c
A is an sl(2,R)-valued one-form on the sphere, and hence can be viewed as an sl(2,R)

connection naturally constructed from the orbit data. This also gives a geometric interpre-
tation for the transformation law for pA in (4.7), where it was remarked that pA transforms
like the component of a connection. Equation (5.30) gives the full connection of which pA
is a component, which is seen to simply be the image under the moment map of the normal
bundle connectionM j

A i . In fact such a connection is similar to the connection that appears
in the Georgi-Glashow model of symmetry breaking with an adjoint Higgs field [57, 58].
Here, the analog of the Higgs field is the dual-Lie-algebra element na, which arises from
the mixed-index binormal of S. The Higgs mechanism is at play because the metricity of
the connection implies that the normal connection M preserves N j

i :

DAN
j
i = 0. (5.31)

This is equivalent to preserving a metric on the normal bundle, and so we see that he
symmetry breaking pattern is the reduction SL(2,R)→ SO(1, 1), and the “Higgs field” na
is valued into the de Sitter hyperboloid SL(2,R)/SO(1, 1). This also implies, as we have
seen, that the SL(2,R) curvature has to commute with N j

i and is therefore given byWN j
i .

The curvature of M j
A i is an important object for constructing geometric invariants,

and using equation (5.20), we can determine the image of WAB under the moment map

WAB → 2∂[ApB] − εabcna∂Anb∂Bnc = w̄AB. (5.32)

We see that it is proportional to the vorticity constructed for the orbit in equation (4.24).
This relation is one of the main results of this work, providing a geometric interpretation
of the SL(2,R) invariant constructed for the coadjoint orbits in section 4.2.

6 Poisson algebra

In this section, we consider the Poisson brackets, the algebra of area-preserving diffeomor-
phisms, and the Casimirs of gsl(2,R)(S). Furthermore, we show that the smeared version of
the outer curvature discussed in the previous section satisfies the algebra of area-preserving
diffeomorphisms and commutes with sl(2,R)S algebra.

As established in [11], the Poisson brackets of the momentum generators P̃A(σ) and
sl(2,R)S generators Ña(σ) are given by{

Ña(σ), Ñb(σ′)
}

= κε c
ab Ñc(σ)δ(2)(σ − σ′), (6.1){

P̃A(σ), P̃B(σ′)
}

= κ
(
P̃A(σ′)∂B − P̃B(σ)∂′A

)
δ(2)(σ − σ′), (6.2){

P̃A(σ), Ña(σ′)
}

= −κÑa(σ)∂′Aδ(2)(σ − σ′), (6.3)

where κ := 16πG is the gravitational coupling constant. One can recognize (6.1)–(6.3) as
the Kirillov-Kostant bracket associated with the dual of the corner symmetry algebra. To
do so, we introduce the smeared generators of diff(S) and sl(2,R)S

P [ξ] :=
∫
S
ξAP̃A, N [α] :=

∫
S
αaÑa. (6.4)
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The smearing parameters for diff(S) generators are smooth vector fields ξ := ξA∂A on
S while the smearing parameters for sl(2,R)S generators are defined using the smooth
sl(2,R)-valued function α := αa(σ)τa. This smearing reflects that (P̃A, Ña) can be viewed
as elements of gsl(2,R)(S)∗, the dual Lie algebra of gsl(2,R)(S). The Poisson algebra can be
conveniently written in terms of the smeared generators as follows

{N [α1], N [α2]} = κN [[α1, α2]] ,
{P [ξ1], P [ξ2]} = κP [[ξ1, ξ2]Lie] ,
{P [ξ], N [α]} = κN [Lξα] ,

(6.5)

where we have used the sl(2,R) commutator [α1, α2]a = εabcα
b
1α

c
2. In the following, we

take the normalization κ = 1.

6.1 Casimir and the area element

As we have seen in section 5.3, the area element can be expressed in terms of Casimir
invariant of sl(2,R)S . √

C[sl(2,R)S ] =
√
ηabÑaÑb = √q, (6.6)

where η := diag(−1,+1,+1) is the metric on sl(2,R). From this relationship, we get
the nondegeneracy condition C[sl(2,R)S ] > 0. This property provides us an hint for
quantization as this implies that the sl(2,R)S algebra should be quantized in terms of its
continuous series [82].

This also means that the area element √q is invariant under sl(2,R)S . From the
bracket (6.3) we can establish that it transforms as a scalar density under diffeomorphisms.
This means that we have

{P [ξ],√q(σ′)} = −∂′A(ξA(σ′)√q(σ′)), {N [α],√q(σ)} = 0. (6.7)

Given this element, we can construct the total area

A :=
∫
S

√
q. (6.8)

After integrating the first equation of (6.7) over S, it is clear that the total area is a Casimir
of gsl(2,R)(S) since it commutes with both generators P [ξ] and N [α] of gsl(2,R)(S).

It is also useful for the analysis to consider the Poisson brackets of the de-densitized
momentum PA(σ) = P̃A(σ)/√q(σ), which are given by√

q(σ)
{
PA(σ), PB(σ′)

}
= −νABJ(σ) δ(2)(σ − σ′) (6.9)√

q(σ)
{
PA(σ), Na(σ′)

}
= −(∂ANa)(σ) δ(2)(σ − σ′) (6.10)√

q(σ)
{
Na(σ), Nb(σ′)

}
= ε c

ab Nc(σ)δ(2)(σ − σ′) (6.11)

as verified in appendix C.4. In the fluid analogy, P̃A is the fluid momentum density, and PA
is the fluid velocity. The fluid vorticity J = νAB∂APB encodes the local angular momentum
of the fluid. Hence, we refer to J as the angular momentum observable,

J̃ := εAB∂APB, J = J̃
√
q
. (6.12)

– 30 –



J
H
E
P
0
9
(
2
0
2
1
)
0
0
8

The derivation of these commutators is given in appendix C.4. Equation (6.9) has an
interesting interpretation: it shows that the angular momenta can be understood as a
curvature tensor controlling the noncommutativity of the de-densitized momenta.

The analysis performed in section 4 has established that the generalized enstro-
phies (4.26) are coadjoint orbit invariants. The analysis performed in section 5.3 has
established that the generalised fluid vorticity is represented by the outer curvature on the
gravitational phase space (see equation (5.32)). This means that we expect two results:
first the smeared vorticity (or smeared outer curvature)

W [φ] :=
∫
S

(
dP − 1

2[dN, dN ] ·N
)
φ, (6.13)

commutes with sl(2,R)S . It also generates the subalgebra sdiff(S) of area-preserving dif-
feomorphisms. From this, we conclude that the Casimirs of gsl(2,R)(S) can be constructed
as gravitational enstrophies

C̄k :=
∫
S

√
qW k, k = 2, 3 · · · . (6.14)

The first generalized enstrophy C̄1, or total vorticity, vanishes when working with a trivial
normal bundle, as we have assumed throughout this work. In section 7, we comment
on a generalization that allows C̄1 to be nonzero, and its relation to NUT charges. The
remaining sections provides proofs of the above expectations.

6.2 Area-preserving diffeomorphisms revisited

In this section, and for the readers convenience we describe the area-preserving diffeomor-
phism subalgebra sdiff(S) repeating some of the formulas discussed earlier. This prepares
the ground for the proof of the previous statement in the following sections.

As has been explained in section 3.2, this is the subalgebra of diff(S) that preserves a
given area element. Let us recall that νAB := √qεAB defines22 the volume form on S

ν := 1
2νABdσA ∧ dσB = √qd2σ. (6.15)

We denote the inverse volume form23 by νAB. It is given by

νAB = εAB
√
q
. (6.16)

νAB defines a natural Poisson structure on the sphere as follows: given φ, ψ ∈ C∞(S),
where C∞(S) denotes the space of smooth function on S, we define their Poisson bracket
to be

{φ, ψ}ν := νAB∂Aφ∂Bψ. (6.17)
22εAB = εAB denotes the Levi-Civita symbol which is a skew symmetric tensor density and normalized

by ε12 = ε12 = 1.
23νAB is such that νACνBC = δAB .
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The fact that dν = 0 implies that {·, ·}ν satisfies the Jacobi identity. This bracket enters
the commutators of area-preserving vector fields. These vector fields are the ones which
preserve the volume form ν and are characterized by

Lξν = 0, ⇐⇒ dıξν = 0, (6.18)

where we have used The Cartan Formula Lξ = dıξ + ıξd, ıξ denotes the interior product
along ξ, and we have used that the volume form is closed, dν = 0. Since S is simply
connected, this means that ıξdν is exact. Such vector fields form an algebra which we
denote by diffν(S).

An area-preserving vector field is entirely determined by a function on sphere called
the stream function. There is a map C∞(S)→ X(S) from differentiable functions to vector
fields, φ→ ξφ, given by

ιξφν = −dφ, or ξBφ = νAB∂Aφ. (6.19)

This map is such that

ν(ξφ, ξψ) = {φ, ψ}ν , and [ξφ, ξψ]Lie = ξ{φ,ψ}ν , (6.20)

which shows that sdiffν(S) forms a subalgebra of diff(S).

6.3 Vorticity decomposition and centralizer algebra

We are now in a position to show that the smeared outer curvature W (φ), defined in (6.13),
satisfies the algebra of area-preserving diffeomorphisms and commutes with the sl(2,R)
generators:

{W [φ],W [ψ]} = −W [{φ, ψ}ν ], {W [φ], N [α]} = 0. (6.21)

To see this, we use (6.13) to express the area-preserving diffeomorphism generator

J [φ] :=
∫
S
φ J̃ =

∫
S
φ dP, (6.22)

as a sum of the smeared outer curvature and a term S[φ]

J [φ] = W [φ] + S[φ]. (6.23)

The second component in the decomposition (6.23) is an element of the enveloping algebra
U(sl(2,R)S) given by

S[φ] := 1
2

∫
S
φ(σ) [dN, dN ] ·N = 1

2

∫
S

d2σ φ(σ) εAB∂AN b∂BN
cNaεabc, (6.24)

Remarkably, both J [φ] and S[φ] form a representation of sdiffν(S)

{J [φ], J [ψ]} = −J [{φ, ψ}ν ], {S[φ], S[ψ]} = −S[{φ, ψ}ν ], (6.25)

while J [φ] acts on S[φ] by the adjoint action

{J [φ], S[ψ]} = −S[{φ, ψ}ν ]. (6.26)
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Writing W = J − S, it then follows that W forms its own sdiffν algebra and commutes
with S:

{W [φ],W [ψ]} = −W [{φ, ψ}ν ], {W [φ], S[ψ]} = 0, (6.27)

which establishes the first part of (6.21). Moreover, we see that W [φ] and S[φ] generate
the algebra sdiffν(S) ⊕ sdiffν(S). Note that this result resembles a consequence of the
first Whitehead lemma [83], which implies that the semidirect product of a semisimple Lie
algebra with itself via the adjoint action is in fact a direct product.

To evaluate the Poisson bracket between the outer curvature W and the sl(2,R) gen-
erator N , we note that both J and S act covariantly on the sl(2,R)S generator

{J [φ], N [α]} = −N [{φ, α}ν ], {S[φ], N [α]} = −N [{φ, α}ν ]. (6.28)

From this, we see that

{W [φ], N [α]} = {J [φ], N [α]} − {S[φ], N [α]} = 0, (6.29)

which establishes the second part of (6.21) and reflects the sl(2,R) invariance of the gen-
erator W . The derivation of these commutators is given in section 6.4.

Using these results, we see that J [φ] together with the Lie algebra generators N [λ]
form a Poisson-Lie subalgebra csl(2,R)(S) ⊂ gsl(2,R)(S)

{N [λ1], N [λ2]} = N [[λ1, λ2]] ,
{J [φ], N [λ]} = −N [{φ, λ}ν ],
{J [φ], J [ψ]} = −J [{φ, ψ}ν ]. (6.30)

This subalgebra is the semidirect product of area-preserving diffeomorphisms with sl(2,R)S ,
where sdiffν(S) acts on sl(2,R)S by the Lie derivative

csl(2,R)(S) = sdiff(S)⊕L sl(2,R)S . (6.31)

It can be characterised as the centraliser algebra, i.e., the algebra that commutes with the
area form √q:

{J [φ],√q(σ)} = 0, {N [λ],√q(σ)} = 0. (6.32)

The proof of the first equality is given in appendix C.4. The second equality follows from
the fact that the area element √q is the Casimir of sl(2,R)S according to equation (6.6).

6.4 Main proofs

The fact that the generators J [φ] for various smooth functions φ form a diffν(S) subalgebra
follows directly from the identity

P [ξφ] =
∫
S
νAB∂AφP̃B =

∫
S
εAB∂AφPB

= −
∫
S
φ εAB∂APB = −

∫
S
φJ̃ = −J [φ].

(6.33)
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This suggests the following proof of the commutator (6.25)

{J [φ], J [ψ]} = {P [ξφ], P [ξψ]} ∗= P [[ξφ, ξψ]Lie] = P [ξ{φ,ψ}ν ] = −J [{φ, ψ}ν ]. (6.34)

This is, however, not valid as such. The equality indicated ∗= assumes that the vec-
tor ξφ is field-independent and therefore commutes with the momentum. Since ξφ de-
pends on the measure, one cannot make this assumption. The commutator {J [φ]), J [ψ]}
therefore involves in addition the following sum of commutators

∫
S({P [ξφ], ξAψ (σ)} −

{P [ξψ], ξAφ (σ)})PA(σ). While it is not obvious, it turns out that this sum vanishes. A
more direct way to prove (6.25) is to remember that √qξφ is field-independent and use the
de-densitized commutator (6.9). This gives

{J [φ], J [ψ]} =
∫
S

∫
S′

(√
qξAφ

)
(σ)

(√
qξBψ

) (
σ′
) {
PA (σ) , PB

(
σ′
)}

= −
∫
S
ν (ξφ, ξψ) J̃ = −J [{φ, ψ}ν ] . (6.35)

The first commutator in (6.28) of J [φ] with N [λ] can be evaluated more directly. Although
ξφ is field-dependent, it commutes with the sl(2,R)S generators: {ξφ(σ), N [α]} = 0. This
means that

{J [φ] , N [α]} = −{P [ξφ] , N [α]} = −N
[
Lξφα

]
= −N [{φ, α}ν ] . (6.36)

One then establishes (6.26) by using the fact that S[φ] is the integral of a density that
transforms covariantly under diffeomorphisms:

{P [ξ] , S [φ]} = S [Lξφ] . (6.37)

The identity J [φ] = P [ξφ] then implies (6.26) by an argument similar to (6.36).
We focus next on the second identity of (6.28). We first recall that

{Na(σ), N [α]} = [α(σ), N(σ)]a. (6.38)

Using the Leibniz identity we end up with

{S[φ], N [α]} =
∫
S
φ[[dα,N ], dN ] ·N +

∫
S
φ[[α, dN ], dN ] ·N + 1

2

∫
S
φ[dN, dN ] · [α,N ]

=
∫
S
φ[[dα,N ], dN ] ·N,

(6.39)

where we have used the pairing’s invariance [dN, dN ] · [α,N ] = [[dN, dN ], α] · N and the
Jacobi identity for the second equality. To continue this evaluation, one uses that

N2(σ) = 1, [N, [A,N ]] = (A ·N)N −A. (6.40)
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when N and A are elements of the sl(2,R)S algebra. We then get that

{S(φ), N [α]} =
∫
S
φ[[dα,N ], dN ] ·N =

∫
S
φ dα · [N, [dN,N ]]

=
∫
S
φ dα · ((N · dN)N − dN) = −

∫
S
φ (dα · dN)

= −
∫
S

dφ ∧ dα ·N = −
∫
S
{φ, α}ν · Ñ = −N [{φ, α}ν ]. (6.41)

where in the second line we have used 2N ·dN = d(N ·N) = d(1) = 0. This establishes the
second equality in (6.28). To complete the proof, we have to establish the second equality
of (6.25). We start with the identity just established,

{S[φ], Na(σ)} = {φ,Na}ν(σ), {S[φ], ∂ANa(σ)} = ∂A{φ,Na}ν(σ). (6.42)

This means that

{S(φ),S(ψ)}= 1
2

∫
S
ψ{S(φ), [dN,dN ]·N}

= 1
2

∫
S
ψ ([d{φ,N}ν ,dN ]·N+[dN,d{φ,N}ν ]·N+[dN,dN ]·{φ,N}ν)

= 1
2ε

abc

∫
S

√
qψ ({{φ,Na}ν ,Nb}νNc+{Na,{φ,Nb}ν}νNc+{Na,Nb}ν{φ,Nc}ν) .

where we used the definition of the bracket∫
S
φ(da ∧ db) =

∫
S

√
qφ{a, b}ν . (6.43)

Using the Jacobi identity for the sphere bracket and integrating by parts, we get

{S[φ], S[ψ]} = 1
2ε

abc

∫
S

√
qψ ({φ, {Na, Nb}ν}νNc + {Na, Nb}ν{φ,Nc}ν)

= 1
2ε

abc

∫
S

√
qψ {φ, {Na, Nb}νNc}ν

= −1
2ε

abc

∫
S

√
q{φ, ψ}ν ({Na, Nb}νNc) = −S[{φ, ψ}ν ]. (6.44)

This establishes (6.25).

7 Discussion and future directions

In this work, we have studied the coadjoint orbits of the corner symmetry group GSL(2,R).
Starting from GSL(2,R), and a symmetry breaking explained in section 4.1, we have seen
that the problem of classification of coadjoint orbits of GSL(2,R) reduces to the problem of
classification of coadjoint orbits of GR, the hydrodynamical group. Since this is a semidirect
product group with infinite-dimensional abelian normal factor RS , the space of functions
on S, there is a general formalism to study its coadjoint orbits [38, 39]. As explained
in sections 3.1 and 3.2, the coadjoint orbits of GR are classified by the total mass of the
fluid and a coadjoint orbit of the subgroup SDiff|ñ| of area-preserving diffeomorphisms. The
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measured Reeb graph associated to the scalar vorticity function w = 1
2ν

ABwAB, where wAB
are the components of the 2-form vorticity w defined in (3.22), encodes the invariants Ck
of the coadjoint orbits of GR. However, since the normal factor of GSL(2,R), i.e. SL(2,R)S ,
is nonabelian and the vorticity w is not invariant under this normal factor, we need to
replace w by its dressed version w̄, defined in (4.23), which is invariant under SL(2,R)S .
Similar to GR, the invariants of the coadjoint orbits are given by the total area A and
the measured Reeb graph associated to the function w̄. Furthermore, we have realized
the generators of corner symmetries on a phase space P and described the moment map
which sends the quantities on phase space to the corresponding quantities on the coadjoint
orbits. In particular, we have shown that WAB, the outer curvature of the normal bundle
of S, is mapped to the dressed vorticity w̄AB. We also have seen that this construction
involves a noncompact analog of the Higgs mechanism which reduces SL(2,R) to SO(1, 1).
The generator na of sl(2,R) plays the role of the Georgi-Glashow Higgs field. Finally, we
considered the smeared version of the outer curvature and we concluded that it satisfies
the algebra of area-preserving diffeomorphisms.

The overarching motivation for studying the group GSL(2,R) is its role as a fundamen-
tal symmetry group of general relativity restricted to a subregion. Associated to these
symmetries is a collection of charges that comprise an algebra of observables for the subre-
gion. Understanding this algebra therefore is relevant both for characterizing observables
in the classical theory, and for making progress toward quantizing gravity. In the following
subsections, we will discuss a number of avenues for generalizing the results of this pa-
per. We also opine on various applications of this work, including the connections between
gravity and hydrodynamics, the role of NUT charges in the construction, the question of
dynamics for the Casimir invariants identified in this work, the implications for defining
entanglement entropy in a gravitational theory, the construction of unitary representations
of this algebra via geometric quantization of the coadjoint orbits, and the implications for
quantum gravity coming from a nonperturbative quantization of this algebra.

7.1 Immediate generalizations

This work focused on the case where the surface S is a sphere, but the generalization to
higher-genus surfaces is straightforward. The reduction to the little group proceeds in the
same way as in section 4, and one can still construct the measured Reeb graph associated
with the vorticity function w. However, this is not a complete invariant in the higher
genus case, because the vorticity w determines the momentum p only up to the addition
of a closed form. To fully specify the orbit for a surface of genus g, we have to specify
the flux of the momentum around the 2g nontrivial cycles. The algebra of area-preserving
diffeomorphisms of surfaces of genus g admits 2g central charges [84], and it would be
interesting to understand the implications of these central extensions for representations of
the full corner symmetry group. While at the classical level we can restrict to a sector in
which the topology of the surface S is fixed, we can expect the quantum theory to include
all possible topologies for the surface S.

The generalization to higher dimensions introduces additional considerations when
carrying out a complete classification. Specifically, the complete classification of invariants
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for the area-preserving diffeomorphisms of surfaces of dimension ≥ 3 is expected to be more
involved than the case d = 2. Nevertheless, we can still construct invariants analogous to
the Casimirs Ck. In D spacetime dimensions, these invariants must be constructed from
the vorticity 2-form w and the density √q. When D is even, we can construct a (D − 2)-
form w ∧ w ∧ · · · ∧ w, which can be turned into a scalar by dividing by the density √q.
The moments of the resulting scalar are invariants, analogous to the Casimirs Ck. When
D is odd, we can construct the Chern-Simons invariant

∫
w ∧w ∧ · · · ∧w ∧ p (where recall

that w = dp). In three dimensions the Chern-Simons form is called the helicity and its
integral is the only known integral invariant [72]. Unlike in even dimensions, there does not
appear to be an infinite family of invariants that can be constructed from this. It remains
an interesting open question to classify coadjoint orbits of area-preserving diffeomorphism
groups in higher dimensions and to construct a complete list of invariants.

Another generalization would be to consider other diffeomorphism-invariant theories,
including higher curvature theories and dilaton gravity. The symmetries and charges for
these theories were worked out quite generally in ref. [20], where it was shown that the
symmetry algebra remains the same for any diffeomorphism-invariant theory (subject to
some conditions on how the Jacobson-Kang-Myers ambiguities [85] are resolved for the
subregion phase space), while the expressions for the charges are theory-dependent. The
present paper gave an abstract classification of the coadjoint orbits of the corner symmetry
group GSL(2,R)(S) and the associated Casimirs in section 4, which is applicable to any phase
space on which this symmetry group act via canonical transformations. These Casimirs
will continue to classify the phase spaces associated with other diffeomorphism-invariant
theories, the only difference being in the form of the moment map, which describes how
these phase spaces map into the coadjoint orbits. This moment map is fully determined
by the expressions for the charges in these phase spaces, but it would be an interesting
exercise to work out a detailed description of the Casimirs in terms of higher curvature
generalizations of the area and generalized enstrophies. It is not too difficult to show that
the area Casimir is generalized to the Wald entropy functional at the surface [21, 86], but
it would be interesting to also evaluate the higher curvature analog of the outer curvature
tensor discussed in section 5.2.

Note that for generic subregions, we expect that the entropy functional receives correc-
tions constructed from the extrinsic curvature of the surface, such as those that appear in
the Dong entropy functional [87, 88]. These terms can be interpreted as a specific resolution
of the covariant phase space ambiguities [89], and hence would also affect the expressions
for the charges and the moment map. We should therefore expect that the way in which
the ambiguities are resolved ultimately affects the quantization of the corner symmetry
algebra, and in principle these ambiguities can even lead to different classical symmetry
algebras [20]. It would be interesting to understand why functionals such as the Dong en-
tropy offer a preferred resolution of the ambiguity. It is noteworthy that the Dong entropy
is the unique choice that satisfies a linearized second law on a black hole horizon [89], and
hence a natural resolution may arise upon considering extended symmetry algebras that
involve surface deformations that evolve the corner along a horizon.
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7.2 Nontrivial bundles and NUT charges

In the classification of the orbit invariants in terms of generalized enstrophies, we found in
sections 3.3 and 4.2 that the first generalized enstrophy C1 =

∫
S w vanishes both for the

hydrodynamical group and the corner symmetry group. The vanishing of this invariant is
directly tied to working with symmetry groups that are semidirect products. As explained
in appendix A, these groups arise as automorphism groups of trivial principal bundles over
S. Nontrivial bundles are associated with nontrivial extensions of Diff(S) by the group
of gauge transformations, and the corresponding 2-cocycle characterizing the extension is
constructed from the curvature of a connection on the bundle. This curvature can be used
to construct a topological invariant of the associated vector bundle: the Chern class of the
bundle. And this invariant coincides with the first generalized enstrophy C1. Hence, we can
view C1 as a charge measuring the nontriviality of the group extension, and is associated
with working with a symmetry group of a nontrivial bundle.

In the case of the hydrodynamical group discussed in section 3, C1 always vanishes,
because there are no nontrivial principal R bundles over S [61, ch. Vbis., section B.1].
The vanishing of C1 is also apparent from the fact that it is the integral of an exact form
w = dp, and the form pA is well-defined, independent of a choice of section of the bundle
(see appendix A). By contrast, there exist nontrivial SL(2,R) bundles over S, and for these,
C1 is nonvanishing. Equation (4.24) still gives a valid equation for the dressed vorticity
w̄, but the second term in this expression involves na, which, according to appendix A,
depends on a choice of section of the bundle. Only when the bundle admits a global section
is this second term exact, and hence for nontrivial bundles the integral of the second term
will produce a nonzero result for C1.

On the gravitational phase space, the generalized vorticity w̄ was shown in section 5.3
to coincide with the outer curvature tensor of the normal bundle of S under the moment
map. The outer curvature can be viewed as a representative of the Euler class of the
normal bundle, and its integral over S therefore determines a topological invariant [59]. In
standard setups, this integral must vanish since the null normals provide a trivialization
of the normal bundle. However, notable exceptions are given by configurations possessing
nontrivial NUT charges, where C1 is seen to be proportional to the NUT charge (see, for
example, the analysis near null infinity in Bondi coordinates of [90]). In order for the surface
S to be a regular embedded spacelike surface when the NUT charge is nonvanishing, there
must be a physical Misner string penetrating the surface, which provides a compensating
contribution to the outer curvature, to enforce that the normal bundle remains globally
trivial [91–94]. The NUT charge is then the contribution to the integral excluding the
Misner string singularity. It may be interesting to investigate how to appropriately handle
such defects in the corner symmetry algebra of general relativity, and understand their
relations to nontrivial extensions in the corner symmetry algebra.

An alternative possibility is to consider spacetimes in which the Misner string merely
represents a coordinate singularity, as occurs in the Taub-NUT solution and its generaliza-
tions [95–98]. These spacetimes can be interpreted as gravitational magnetic monopoles,
and it is natural to conjecture that they would be associated with corner symmetry groups
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involving nontrivial extensions of Diff(S) by the SL(2,R) gauge group. The interpretation
in this case is less straightforward, since regularity of the spacetime requires closed timelike
curves. Furthermore, it is generally not possible to find regular embeddings of spacelike
2-spheres in such spacetimes [97], necessitating a re-examination of the construction of
charges and corner symmetries in such cases, which are generally defined on spacelike
codimension-2 surfaces.24 Some ideas in this direction have already been explored in the
context of QED in [101]. Although classically these properties pose interpretational issues,
the inclusion of nontrivial spacetime topologies may have important consequences in the
quantum theory. In gauge theories, the inclusion of monopole configurations in the sum
over bundle topologies leads to quantization conditions on the charges [58], and we would
expect similar quantization conditions to appear for gravitational charges when summing
over nontrivial corner symmetry bundles [102, 103]. Additionally, sums over nontrivial Eu-
clidean topologies in gravity have recently been argued to be important for understanding
the black hole information problem [104–108], and it would be interesting to investigate the
consequences of including sums over NUT charge sectors in the gravitational path integral.

7.3 Hydrodynamics

The hydrodynamical group appeared in our analysis as a reduction of the full corner sym-
metry group to the boost subgroup that preserves the normal metric. Although presented
here as a warmup to the analysis of the full corner symmetry group, the connection between
gravity and hydrodynamics is intriguing in its own right. Such a relationship has been noted
before in the context of the membrane paradigm [109, 110]. The equations governing the
evolution of a black hole’s stretched horizon are recast as hydrodynamical equations for a
2+1 dimensional membrane stretching outside a black-hole horizons. One cornerstone of
this connection is the interpretation of the Raychaudhuri and Damour equation as ther-
modynamical fluid conservation laws for the fluid’s energy and momenta. More recently,
this correspondence has been upgraded by the realization that the near-horizon limit is
ultra-relativistic. This new understanding implies that one can describe the horizon’s fluid
as an ultra-relativistic fluid subject to Carrollian symmetry [50, 111].

The work of Arnold, Marsden, and followers [42, 44, 73] showed that perfect fluid can
be understood as a generalised Euler-Poincaré top for a hydrodynamical symmetry group.
Our analysis therefore suggests that one could extend further the membrane paradigm
connection into the canonical framework. It is natural to wonder, in particular, whether
the Euler top equation for the corner symmetry group can be derived from the Einstein’s
equation of motion.

The membrane paradigm connection also features prominently in the fluid/gravity
correspondence [112], which uses the power of AdS/CFT to relate long wavelength hydro-

24A simpler setup would be to examine the corner symmetry algebra for Einstein-Yang-Mills theory
(generalizing the analysis of [99]), where monopoles for the gauge field would also be associated with
nontrivial extensions of Diff(S) by the Yang-Mills gauge group in the full corner symmetry algebra. In this
case, one can examine subtleties in constructing the covariant phase space on bundles that do not admit
sections, using the fiber bundle formalism developed in [100], without worrying about causality issues that
occur in Taub-NUT spacetimes.
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dynamics of a dual conformal field theory to gravitational dynamics in black hole back-
grounds [113]. In the present analysis, we found that the Casimirs of the corner symmetry
group were constructed using the outer curvature tensor, which, in the fluid picture, was
interpreted as the vorticity. If we choose the surface S to be a cut near infinity of AdS, the
analogy becomes precise, with the outer curvature mapping to the vorticity of the CFT
dual. Rotating fluids have recently been investigated in the context of the fluid/gravity cor-
respondence [92, 114], particularly with emphasis on fluids with total net vorticity. These
fluids were related to spacetimes with nonvanishing NUT charge, which, by the discussion
of section 7.2, would relate to corner symmetry algebras in which the first generalized
enstrophy C1 is nonvanishing. It would be interesting to further explore the connection
between the corner symmetries of the present work and the connection to hydrodynamics
and holography.

7.4 The role of Casimirs

The Casimirs Ck associated with the corner symmetry algebra play a central role in our
analysis, and they will play an important role in the quantization of this algebra. It is there-
fore natural to wonder what role they play in gravitational dynamics. While the Casimirs
are invariant under motions that preserve the surface S, one would like to understand how
they evolve when the corner S is translated in spacetime.

We have focused so far on the algebra of corner symmetries, which consist of trans-
formations that fix the surface S. A necessary step for understanding the dynamics of the
Casimirs would be to extend the algebraic picture described here to include transforma-
tions that move the surface. Several works [20, 115, 116] have proposed a larger symmetry
group for codimension-2 surfaces in general relativity which includes surface translations.
The particular algebra they found is diff(S) ⊕ sl(2,R)S ⊕ (R2)S where the ⊕ denotes a
semidirect sum in which diffeomorphisms act on sl(2,R)S ⊕ (R2)S by Lie derivative, and
sl(2,R)S acts on (R2)S pointwise in the two-dimensional representation. It would be inter-
esting to extend the analysis of coadjoint orbits presented in this work to this larger group.
In general, the larger group will have a different set of Casimirs: there will be new Casimirs
which depend on the new generators, and some Casimirs of the subgroup will no longer be
invariant under the enlarged symmetry algebra. This simply reflects the fact that when the
surface moves, its area and other geometric invariants can change. Although an enlarged
symmetry group will have a different classification of coadjoint orbits, the coadjoint orbit
classification of its subgroups still provides a useful set of quantities for studying the en-
larged group. This is a classical analog of the fact that one can decompose an irreducible
representation of a group into irreducible representations of a subgroup.

A further complication of incorporating surface translations is that such transforma-
tions are not Hamiltonian: they involve nontrivial fluxes, since the system under con-
sideration is no longer closed [117, 118]. An intriguing feature of these transformations
involving so-called nonintegrable charges is that it is still possible to introduce a nontrivial
bracket [119] and an associated notion of boundary symmetry algebra [81, 120]. Moreover
it is interesting to notice that fluxes not only imply that corner charges are not conserved
but also can lead to the nonconservation of the Casimirs. In the fluid picture, the non-
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conservation of the generalized enstrophies is associated with dissipative effects. Finally,
in the asymptotic gravitational phase space, the loss of BMS charges and BMS Casimirs is
associated with radiation. This suggests that we could take the definition of radiation at
a finite distance and on an arbitrary background to be the presence of a nontrivial flux of
charges that leads to Casimirs non-conservation. This would amount to a nonperturbative
definition of radiation which may survive quantization.

7.5 Geometric quantization

Our main motivation for classifying the coadjoint orbits of GSL(2,R)(S) is that it provides us
with an organizing principle that can be used to understand the quantum Hilbert space that
general relativity associates to a region bounded by S. Specifically, it allows us to foliate
the phase space of a finite region by coadjoint orbits whose quantization is well-studied.
As we pointed out in section 2.2, the coadjoint orbits carry a natural symplectic structure
defined by the so-called Kirillov-Kostant-Souriau (KKS) symplectic form ωKKS [23, 63,
64]. Choosing a specific coadjoint orbit (OGSL(2,R) , ωKKS) of GSL(2,R)(S), the quantization
problem thus reduces to the quantization of (OGSL(2,R) , ωKKS) as a symplectic manifold.
One often uses geometric quantization for that purpose25 [63, 65, 67, 68, 123–125].

Geometric quantization can be used to construct all irreducible unitary representations
of compact or solvable Lie groups. We are, however, dealing with infinite-dimensional
coadjoint orbits of GSL(2,R)(S) and there may be complications such as the existence of
a well-defined measure on the orbit, the existence of polarization, and also the question
of whether this method can produce all irreducible representations. It has nevertheless
been used to construct the representations of BMS3 [36]. One could hope that the same
should be true for GSL(2,R)(S). A priori, this procedure should give us the same Hilbert
space as the one obtained by inducing representations of GSL(2,R) from its subgroups, just
like the case of BMS3 [36]. However, this relation is a tricky correspondence with various
delicate aspects [29]. For example, in the situation that the semidirect product group has
an abelian normal factor, its coadjoint orbits can be constructed from the coadjoint orbtis
of its little group by symplectic induction [126]. One can expect that the same result holds
in our case where the normal factor is nonabelian. In that situation, the representations of
GSL(2,R)(S) can be constructed by inducing the representations from its little group, and
this would coincide with the representations obtained via the geometric quantization of
the little group and full group orbits. For more details on geometric quantization and the
relation to induced representations, we refer to [127, Ch. 5].

Eventually, one should be able to compute the characters associated with the repre-
sentation of GSL(2,R)(S) and understand the decomposition of the partition function in
terms of these characters. Finally, one need to understand the fusion and intertwining
property of representations of the corner symmetry group. It was argued in [128, 129],

25There are other methods for quantizing a symplectic manifolds such as Fedosov deformation quantiza-
tion [121] and A-model quantization [122]. Deformation quantization is a perturbative quantization that
does not produce a Hilbert space. In contrast, the A-model quantization provides a Hilbert space as the
state space of open strings stretched between two types of specified branes, which could be supported on
Lagrangian or coisotropic submanifolds of the symplectic manifold in question.
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that the intertwining property of the corner symmetry representations encodes the gluing
of subregions. This fact could provide us with a new way to understand, at the quantum
level, important aspects of the quantum gravitational dynamics.

7.6 Entanglement

If the quantization of the coadjoint orbits of the corner symmetry group can be carried out,
this will have profound implications for entanglement between gravitational subsystems.
For a classical system with surface symmetry group G(S), we expect each region of space
in the quantum theory with boundary S to be associated with a Hilbert space containing a
representation of G(S). When combining two regions A and B along a common boundary
S, we then have a Hilbert spaceHA⊗HB with a representation of G(S)×G(S). To construct
the phase space for the region A ∪B, we have to quotient by the diagonal action of G(S),
an operation called the entangling product in ref. [11], which we denote as HA⊗SHB. This
quotient amounts to a matching condition on the generators of the Lie algebra across the
surface S.

It can be shown that each state of HA ⊗ HB results in a reduced density matrix
of system A which is invariant under the corner symmetry group G(S). When G(S) is
compact, we can decompose any reduced density matrix ρA into irreducible representations
as ρ = ⊕

R pRρR, and the entanglement entropy takes the form [130, 131]

S (ρ) = −Tr (ρ log ρ) =
∑
R

[pR log dimR− pR log pR − pR Tr(ρR log ρR)] . (7.1)

The similarity between (7.1) and the generalized entropy formula

S = 〈A〉4G + Sout (7.2)

has been noted before [11, 132, 133]. The first term in (7.1) resembles (7.2) in that both
are expectation values of operators localized on S. Moreover, when the support of the dis-
tribution p(R) is concentrated on high-dimensional representations, this first term of (7.1)
may dominate over the others. This can occur, for example, for 2D Yang-Mills theory with
surface symmetry group SU(N) in the large N limit [134].

Further evidence for the identification between the log dimR term of the entanglement
entropy and the Bekenstein-Hawking entropy comes from holography, and particularly the
study of fixed-area states. Refs. [135, 136] studied holographic entanglement entropy be-
tween regions for which the area of the bulk extremal surface was held fixed, and found
that the entanglement spectrum within a sector of fixed area is flat — i.e. that to leading
order in the semiclassical limit, the density matrix of a gravitational region bounded by
a surface fixed area A consists of ∼ exp(A/4G) equally probable degenerate microstates.
Such a large degeneracy of states suggests an explanation in terms of a large symmetry
group which would play a role similar to the SU(N) in large-N Yang-Mills theory. More-
over, it suggests that the area should act as the invariant which controls the dimension
of the irreducible representations of this group. It is an intriguing possibility that the
corner symmetry group controls the universal leading part of the entanglement entropy in
general relativity.
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It remains to establish a result analogous to (7.1) for the corner symmetry group
GSL(2,R)(S) of general relativity. In this case, the entangling product involves matching the
twist and mixed-index binormal across the surface S, which further implies matching of the
area element√q and the outer curvature scalar. This will require a generalization of (7.1) to
infinite-dimensional noncompact groups. Carrying out this calculation will require a more
detailed study of the representation theory of GSL(2,R)(S) and will be the subject of future
work. Without doing this calculation, we can already see that log dimR is an invariant in
the group and so can depend only on the area and invariants constructed from the outer
curvature such as the Casimirs C̄k. Because the moment map (5.24) contains a factor of
G, these invariants naturally appear in Planck units. In the semiclassical regime, the area
is large in Planck units, while for a smooth surface, the outer curvature invariants are
small. So in this regime, we expect the entropy to be a function of A/G, with subleading
corrections coming from the outer curvature. While more work is needed to establish
the functional form of the entropy, it is intriguing possibility that a universal density of
entanglement entropy could arise as a consequence of hydrodynamical symmetries.

7.7 Nonperturbative quantization

In this work, we have studied the classification of coadjoint orbits of the corner symmetry
group — this can be viewed as a semiclassical version of the representation theory of the
corner symmetry group and is a natural prelude to quantization. We expect to explore the
non-perturbative quantization of this algebra in a future publication. The quantization
of sphere groups Gh(S) first relies on the choice of a measure ν on the sphere. Here
we have studied the case where the measure ν is absolutely continuous with respect to
the Lebesgue measure and strictly positive. This choice was justified by the semiclassical
demand of non-degeneracy of the induced metric, but at the quantum level such conditions
could be relaxed.

It is also possible that discrete measures play a role at the quantum level: the work [13,
14] showed that this happens for gravity in the first-order formalism and in the presence
of the Immirzi parameter γ. In this case, the measure ν/γ appears as the Casimir of an
internal SU(2)S group. Accordingly, this means that the spectrum of ν is quantized. The
discrete representations are labelled by an integer N that characterizes the number of points
on S in the support of the measure, and a collection of spins ji attached to each sphere
point. We expect the quantum measure entering the label of corner sphere representation
to be given by

ν = γ

(
N∑
i=1

√
ji(ji + 1)δ(2)(σ − σi)

)
d2σ, (7.3)

where σi ∈ S labels the support of the discrete measure. Only the diffeomorphism class of
this measure is relevant, and therefore the precise location of the points does not matter.
Such a quantum measure corresponds to a quantization where the area admits a discrete
spectrum. The second-order metric formalism is recovered in the limit where γ → 0 and
the spacing of the discrete spectrum tends to 0.
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Even if one the measure on the sphere is taken to be continuous, one still has to
quantize the area-preserving diffeomorphisms, which form the little group preserving the
measure. There too, we have the option of continuous or discrete representations — the
discrete representations correspond to the quantization of vortices in quantum hydrody-
namics. Such quantization arises in the study of superfluids [137], Bose condensates [138]
and quantum Hall fluids [139]. We clearly could learn a lot from the study of quantum hy-
drodynamics [140–142]. This discussion implies that there is the possibility to have discrete
spectra at the quantum level, not only for the area element but also for the vortices. That
is, there is the possibility to propose a fully discrete representation theory for quantum
gravity. The fact that this possibility arises from the study of continuous sphere algebra is
quite exciting and deserves a more in-depth analysis.

Let us finally mention that since the group of area-preserving diffeomorphisms plays
a central role in our construction, it leads to an exciting prospect: we know that area-
preserving diffeomorphism can be deformed at the quantum level into the group SU(N),
with N large [143], which is the symmetry group of matrix models. Understanding how
such deformation can arise from the study of the corner symmetry algebra and whether
it is related to the area and vortex quantization just discussed is a fascinating quest we
expect to come back to soon.
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A Fiber bundle description of the corner symmetry group

The corner symmetry group Diff(S) n SL(2,R)S arises as an automorphism group of the
normal bundle of the surface S embedded in spacetime. It can equivalently be described
as the automorphism group Aut(P ) of the associated principal SL(2,R) bundle, which we
call P . The description of this group in terms of diffeomorphisms of P helps clarify some
of the properties of this symmetry group, and in this appendix we develop this principal
bundle description. For a review of principal bundles and connections defined on them,
see, e.g. [61].

We recall that a principal bundle P is a manifold equipped with a global right action
by a group G that acts freely, i.e. without fixed points, and properly, which ensures that
the quotient space P/G is a smooth manifold. This quotient is called the base space, which
we will denote S, and there is a canonical projection π : P → S from the total space P
to the base. The fibers for this projection are the orbits of the G action, and they are all
diffeomorphic to G.
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The automorphism group Aut(P ) is simply the collection of diffeomorphisms of P
that commute with the global right G-action [144–146]. This group contains a normal
subgroup of gauge transformations, which consist of automorphisms that map the fibers
into themselves. The gauge group is isomorphic to the space GS of smooth maps from
the base S into G. The quotient group Aut(P )/GS is a subgroup of Diff(S), the group of
diffeomorphisms of the base. Hence, there is an exact sequence of groups

1→ GS → Aut(P )→ Diff(S). (A.1)

For nontrivial bundles, the final map is not generally surjective, since large diffeomorphisms
of S can fail to be automorphisms of P . In such a situation, the large diffeomorphisms
produce inequivalent bundles under pullbacks [145]. However, the connected components
of the identity of each of these groups do form a short exact sequence,

1→ GS0 → Aut0(P )→ Diff0(S)→ 1. (A.2)

In the case we are considering, G = SL(2,R), and the base is a 2-sphere, S = S2.
Furthermore, we are assuming that the normal bundle for S is trivial, which means that
the associated principal bundle is also trivial, implying that P admits a section s : S → P ,
a smooth map from the base into P . This section allows the bundle to be realized as a
direct product, P = S×SL(2,R). Diffeomorphisms of this section can be extended to fiber-
preserving automorphisms of the bundle, which then shows that Diff(S) is in fact a subgroup
of Aut(P ). This means that the sequence (A.2) splits, and hence the automorphism group
is simply a semidirect product, Aut(P ) = Diff(S) n SL(2,R)S . If we were instead dealing
with a nontrivial principal bundle which did not admit global sections, the sequence (A.2)
would not split, and Aut(P ) would be a nontrivial extension of (a subgroup of) Diff(S)
by SL(2,R)S .

The Lie algebra of Aut(P ) also has a simple description in terms of the bundle: it is
given by the set of vector fields on P that are invariant under the right action. The Lie
algebra for the gauge group GS consists of all right-invariant vertical vectors, i.e. vectors
that are tangent to the fibers. To identify the remaining generators corresponding to
Diff(S), we must choose a connection on the bundle. One way to specify a connection is
simply to make a right-invariant choice of horizontal subspaces on the bundle [61, ch. Vbis.,
section A.1]. Each choice of section is canonically associated with a connection, with the
horizontal directions simply being the directions tangent to the section. More generally, the
horizontal spaces can be defined by a Lie-algebra-valued one-form, ωaα, with the horizontal
vectors ξαH coinciding with those annihilate it, ξαHωaα = 0.26 Connections arising from a
choice of section have vanishing curvature, and flatness is the property that ensures that
the algebra of horizontal vectors closes on itself. This is because the Lie bracket of two
horizontal vectors when contracted into ωaα satisfies

[ξH , ζH ]αωaα = LξH (ζαHωaα)−ζαHLξHωaα = −ζαH∂α(ξβHω
a
β)−ζαHξ

β
H(dωa)αβ = ξαHζ

β
HΩa

αβ (A.3)
26Additionally, on vertical vectors generating the gauge group, ωaα is required to implement the

canonical isomorphism between the vertical tangent space of the fibers and the Lie algebra of
G [61, ch. Vbis., section A.1].

– 45 –



J
H
E
P
0
9
(
2
0
2
1
)
0
0
8

where Ωa
αβ is the curvature of the connection ωaα. We recall that the curvature is given by

the covariant exterior derivative of ωaα, which is defined by Dωa(ξ, ζ) = dωa(ξH , ζH), where
ξαH , ζ

α
H are the horizontal projections of the vectors [61, ch. Vbis., section A.3]. This shows

that [ξH , ζH ]α is itself horizontal for all choices of ξαH , ζ
β
H only when the curvature vanishes.

Such a globally flat connection exists for the trivial SL(2,R) bundles considered in
this work, although there is no canonical choice of such a connection. This is simply the
statement that in the semidirect product Diff(S) n SL(2,R)S , there are many different
choices for the Diff(S) subgroup, each coinciding with a different choice of flat connection
on the bundle, or, equivalently, a different choice of section.

The connection ωaα allows us to relate the bundle description to the presentation of the
Lie algebra of Diff(S)nSL(2,R)S in section 4. Given an arbitrary vector ξα on P generating
a bundle automorphism, its pushforward under the projection (π∗ξ)A ≡ ξA defines a vector
on S that can be viewed as a generator of Diff(S), and this vector is independent of the
choice of connection and section. The contraction of ξµ with the connection produces
an sl(2,R)-valued function on P , and pulling this function back to S using the section
produces an sl(2,R)-valued function on S, αa = s∗(ξµωaµ). The pair (ξA, αa) then coincide
with the description of the Lie algebra given in section 4. Hence, we see that αa depends
on choices of connection and section, while ξA depends on neither.

The dual Lie algebra is parameterized on the bundle by the space of one-form-valued
horizontal top forms uα⊗ ν that are invariant under the global right action. By horizontal
top form, we mean that ν annihilates all vertical vectors, and its degree is equal to the
dimension of the base. The pairing between the Lie algebra and its dual is given by first
forming the contraction ξαuαν, which is a horizontal top form invariant under the right
action, and as such, it descends to a well-defined top form π∗(ξαuαν) on S. Integrating
π∗(ξαuαν) over S then defines the pairing. Note that this pairing is manifestly independent
of the choice of connection or section, and hence is valid even for nontrivial bundles which
do not admit sections.

To connect to the description of section 4, we first note that uα can be pulled back to
the fibers, in which case it defines a form acting on vertical vectors. Using the canonical
isomorphism between vertical vectors and sl(2,R) Lie algebra elements, this allows us to
extract an element ûa of sl(2,R)∗ by requiring that ûaξ̂a = uµξ

µ
V , where ξ̂a is the Lie-algebra

element corresponding to the vertical vector ξµV . We can then get a function on S using
a choice of section to pull back the function ûa, producing na = s∗ûa. Here, we see that
na depends on the choice of section, but not on the choice of connection. Finally, we can
extract the horizontal piece of uα using the connection by the equation uHα = uα − ûaωaα.
This form is horizontal and invariant under the right action, and hence descends to a well-
defined form pA = (π∗uH) on the base, independent of a choice of section. In this case,
we find that pA depends on the choice of connection, but not on the choice of section. In
this argument, we have dropped the density factor ν, but it similarly descends to a density
on the base, which can be used to densitize na and pA. The resulting pair (p̃A, ña) then
coincides with the data for the coadjoint representation presented in section 4.
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As a final note, we comment on how the Lie algebra is parameterized in the case of a
nontrivial bundle. One again uses a connection to identify a class of horizontal vectors. This
vector space is equivalent to the space of vectors on the base, but because the connection
must necessarily not be flat, the Lie bracket of these vectors does not close on itself.
Instead, the curvature Ωa

αβ defines a nontrivial 2-cocycle representing the obstruction to
the splitting of the sequence (A.2). We can continue to use the variables (ξA, αa) on the
base to parameterize the Lie algebra,27 and the Lie bracket is a modification of (4.4),
given by

[(ξ, α), (ζ, β)] = ([ξ, ζ]Lie,Lξβ − Lζα+ [α, β] + Ω(ξ, ζ)). (A.4)

It would be interesting to further carry out the analysis of the orbits for these automorphism
groups of nontrivial bundles. We note that the classification of the orbit invariants will
parallel the discussion of section 4.2, the only difference being that the first generalized
enstrophy C1 =

∫
S w̄, also known as the total vorticity, will not vanish.

B Frame fields for the normal bundle

The normal bundle geometry in section 5.2 was described in terms of a coordinate basis
adapted to the local foliation by codimension-2 surfaces. Another description is obtained
by working with a null basis for the normal bundle, which has the advantage of producing
a relatively simpler expression for the outer curvature. In this appendix, we describe
the normal bundle geometry in terms of then null basis, and explain the relation to the
coordinate basis description of section 5.2.

We choose null basis vectors (`i, ¯̀i) for the normal bundle, normalized by `·` = ¯̀· ¯̀= 0,
` · ¯̀= 1. These conditions determine the null basis up to an overall rescaling by a positive
function, (

`, ¯̀
)
→
(
eφ`, e−φ ¯̀

)
, (B.1)

which reflects the local boost redundancy in the frame field description. A useful char-
acterization of the covectors (`i, ¯̀

i) is that they are the eigenvectors of the mixed-index
binormal 2N j

i , with eigenvalues (+1,−1). This allows 2N j
i to be expressed as

2N j
i = `i ¯̀j − ¯̀

i`
j (B.2)

An object η that transforms under the rescaling (B.1) as η → ewφη is said to have boost
weight w. For example, if we express a normal vector U i in terms of its components in the
null basis U i = Ū`i + U ¯̀i, we see that Ū has boost weight −1 and U has boost weight 1.
We can then define the covariant derivative of a scalar object of definite boost weight by

DAη = ∂Aη − wΞAη, (B.3)
27There are subtleties at this point associated with the nonexistence of global sections, causing the

connection one-form to not be well-defined on the basis. This can lead to subtleties in interpreting the
function αa, and one must either work in patches and relate αa in different patches using transition functions,
or give a description with specified singularities associated with Dirac strings.
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where the connection ΞA is known as the Hájíček one-form [147, 148], and is canonically
determined from the spacetime covariant derivative via

ΞA = qBA
¯̀i∇B`i. (B.4)

Since this connection only involves derivatives tangential to S, it is manifestly independent
of the choice of foliation away from S; however, under local boosts of the normal frame, it
transforms by a shift, ΞA → ΞA + ∂Aφ. As an abelian connection, its curvature is simply
given by the tangential exterior derivative dΞ, which is boost and foliation independent,
and hence should be related to the outer curvature tensor (5.20).

The precise relation can be derived by expressing ΞA in terms of the tensors charac-
terizing the foliation. Using the relation (5.16), we find that

PA = qAB
[
`, ¯̀
]B
, (B.5)

from which we can then derive

ΞA = −1
2
(
PA +BA − B̄A

)
, (B.6)

where
BA = qBA

¯̀i(d`)iB, B̄A = qBA`
i(d¯̀)iB. (B.7)

and d`, d¯̀are the exterior derivatives of the null covectors `α, ¯̀
α, defined in a neighborhood

of S using the local foliation. It is also useful to write the decomposition of the acceleration
tensor in the null basis. We have

AAij = −AA ¯̀
i
¯̀
j − ĀA`i`j −

1
2(BA + B̄A)hij (B.8)

where AA = qAB`
i∇i`A is the tangential acceleration of `i, and similarly for ĀA.

The quantities BA, B̄A depend on the boost frame, and hence do not correspond to any
invariant tensors associated with the foliation, although (B.8) shows that their sum is boost-
invariant and coincides with the trace A i

Ai = −(BA + B̄A). Additional relations can be
derived by working out the consequences of integrability of the foliation in a neighborhood
of S. The Frobenius integrability conditions imply that the null covectors `, ¯̀ satisfy

d` = ¯̀∧A+ ` ∧B − κ ` ∧ ¯̀ (B.9)
d¯̀= ` ∧ Ā+ ¯̀∧ B̄ + κ̄ ` ∧ ¯̀ (B.10)

where κ, κ̄ are the inaffinities of `, ¯̀. The relation we need comes from computing d(d`∧ ¯̀)
in two different ways. First we have

d
(
d` ∧ ¯̀

)
= −d

(
B ∧ ` ∧ ¯̀

)
= −dB ∧ ` ∧ ¯̀−B ∧ B̄ ∧ ` ∧ ¯̀, (B.11)

while on the other hand,

d
(
d` ∧ ¯̀

)
= d` ∧ d¯̀= A ∧ Ā ∧ ` ∧ ¯̀−B ∧ B̄ ∧ ` ∧ ¯̀. (B.12)
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This gives the relation
dB‖ = −A ∧ Ā, (B.13)

where the subscript ‖ denotes the parallel projection of dB. We can derive in a similar
manner

dB̄‖ = A ∧ Ā (B.14)

Now by taking an exterior derivative of (B.6) pulled back to S and applying (B.13),
we derive the relation

− dΞ = 1
2dP −A ∧ Ā (B.15)

Comparing to equation (5.19), we see that it agrees with (B.15), upon substituting in the
decomposition (B.8) for A j

Ai .
Finally, we can work out the coadjoint orbit quantity to which Ξ corresponds under

the moment map. According to (5.28), N j
i simply maps to the sl(2,R) coadjoint element

n j
i , and (`i, ¯̀

j) will map to eigenvectors of n j
i , which we will denote by the same letters

as the spacetime covectors. The boost parameters (B.7) then map to

BA → bA = −¯̀i∂A`i, B̄A → b̄A = −`i∂A ¯̀
i (B.16)

From here, we express the eigenvectors in terms of the standard boosts introduced in
section 4.2. Examining equation (4.16), we see that the eigenvectors can be expressed in

terms of the constant basis vectors `0 =
[
1
0

]
, ¯̀0 =

[
0
1

]
and the standard boost xn via

` = x−1
n `0, ¯̀= x−1

n
¯̀0. (B.17)

The boost parameter can then be computed to be

bA = −¯̀i∂A
((
x−1
n

) j
i
`0j

)
= ¯̀i

(
x−1
n

) j
i
∂A (xn) k

j

(
x−1
n

) l

k
`0l =

(
x−1
n ∂Axn

) j
i
`k ¯̀i, (B.18)

and similarly

b̄A =
(
x−1
n ∂Axn

) j
i

¯̀
j`
i. (B.19)

Recalling that 2n j
i = `i ¯̀j − ¯̀

i`
j , we see that

b− b̄ = 2 Tr
(
x−1
n dxnn

)
= x−1

n dxn · n. (B.20)

With this expression, along with (B.6), we find that the Hájíček one-form is related to the
dressed momentum p̄ defined in (4.21) under the moment map according to

Ξ→ −1
2
(
p+ x−1

n dxn · n
)

= −1
2 p̄. (B.21)
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C Additional calculations

C.1 The cocycle identity

In this appendix, we give the derivation of the cocycle identity (4.19). To find the vari-
ation of Lα we have to vary the identity (4.18), which requires second-order variations.
Using (4.15),

δαn = [α, n], (C.1)

the second variation of n is given by

(δαδβ − δβδα)n = [α, [β, n]]− [β, [α, n]] = [[α, β], n] = δ[α,β]n. (C.2)

Since xn is a function of n, this implies

(δαδβ − δβδα)xn = δ[α,β]xn. (C.3)

The variation of (4.18) gives

δα
(
x−1
n δβxn

)
− δβ

(
x−1
n δαxn

)
= δαLβ (n)n+ Lβ (n) δαn− δβLα (n)n− Lα (n) δβn

= δαLβ (n)n− δβLα (n)n+ Lβ (n) [α, n]− Lα (n) [β, n] .
(C.4)

On the other hand, using (C.2), we have

δα
(
x−1
n δβxn

)
− δβ

(
x−1
n δαxn

)
= −

[
x−1
n δαxn, x

−1
n δβxn

]
+ x−1

n δ[α,β]xn (C.5)

Using (4.18) and the fact that Lα(n) is a real-valued function, we get[
x−1
n δαxn, x

−1
n δβxn

]
= [−α+ Lα (n)n,−β + Lβ (n)n]

= [α, β]− [α,Lβ (n)n]− [Lα (n)n, β] + [Lα (n)n,Lβ (n)n]
= [α, β]− Lβ (n) [α, n] + Lα (n) [β, n] . (C.6)

We thus have

−
[
x−1
n δαxn, x

−1
n δβxn

]
+ x−1

n δ[α,β]xn = Lβ (n) [α, n]− Lα (n) [β, n] + L[α,β](n)n. (C.7)

Taking into account (C.5) and equating (C.4) and (C.7) yields

L[α,β] = δβLα − δαLβ , (C.8)

which is the cocyle identity (4.19) that we sought to prove.

C.2 Computing the vorticity

In this appendix, we establish the validity of (4.23) and the correspondence between (4.23)
and (4.24). First, we need two preliminary results which involve the sl(2,R)-valued 1-form

θ := x−1
n dxn, (C.9)
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which is the pullback of the Maurer-Cartan form under the map xn : S → SL(2,R). Using
the relation n = x−1

n τ1xn (4.16) and the definition of θ, we have

dn = dx−1
n τ1xn + x−1τ1dxn = −x−1

n dxnx−1
n τ1xn + x−1

n τ1xnx
−1
n dxn = [n, θ] .

dθ = d
(
x−1
n

)
dxn = −x−1

n dxnx−1
n dxn = −1

2[θ, θ]. (C.10)

Also we need the cross product identity

[n, [A,n]] = (A · n)n− n2A. (C.11)

valid for any element n,A ∈ sl(2,R). This identity is equivalent in coordinates to

εabcεfg
c = σ (ηafηbg − ηagηbf ) , (C.12)

for the 3-dimensional Levi-Civita symbol, where σ denotes the product of the eigenvalues
of metric η, which is σ = −1 in our case. Using (C.10) we evaluate

d(θ · n) = −1
2[θ, θ] · n− θ · dn

= −1
2[θ, θ] · n− θ · [n, θ] = +1

2[θ, θ] · n. (C.13)

We have used the ad-invariance of the pairing [A,B] · C = A · [B,C] in the last equality.
This establishes (4.23). A more direct way to establish (4.23) is to use that

θ · n = x−1
n dxn ·

(
x−1
n τ1xn

)
= dxnx−1

n · τ1. (C.14)

So we have

d (θ · n) = d
(
x−1
n dxn · n

)
= d

(
dxnx−1

n · τ1
)

= −dxn ∧ dx−1
n · τ1 = 1

2
[
dxnx−1

n , dxnx−1
n

]
· τ1

= 1
2
[
x−1
n dxn, x−1

n dxn
]
·
(
x−1
n τ1xn

)
= 1

2[θ, θ] · n.
(C.15)

For the equivalence between (4.23) and (4.24), one establishes that

[dn, dn] = [[n, θ], [n, θ]] = [n, [[θ, [n, θ]]]− [θ, [n, [n, θ]]]

= −[θ, θ] + (θ · n)[n, θ]− 1
2[n, [[θ, θ], n]], (C.16)

where we used Jacobi identity in the first equality and (C.11) in the second. The last two
terms vanish when contracted with n. This gives

n · [dn, dn] = −n · [θ, θ], (C.17)

which is the desired result. Finally, we provide a slightly simpler derivation of this result
using index notation:

n · [dn, dn] = 2εabcna
(
εde

bndθe
)
∧
(
εfg

cnfθg
)

= 2 (ηafηbg − ηagηbf ) εdebnandnfθe ∧ θg

= 2εdegndθe ∧ θg

= − [θ, θ] · n. (C.18)
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Here we used nana = 1 and the property (C.12) of the 3-dimensional Levi-Civita symbol
with σ = −1.

C.3 Outer curvature identity

Here we directly compute the contraction of the outer curvature with the binormal to
produce the expression for WAB in (5.20). For a more elegant derivation following from
the integrability conditions of the foliation, see [60]. We work in the gauge where

√
|h| = 1,

so that
A j
Ai = 2∂A(N k

i )N j
k , (C.19)

in which case CA = A i
Ai = 0; there is no loss of generality in making this choice since the

outer curvature is independent of CA. Beginning with (5.18), we have

−2N j
i W

i
jAB = 2N j

i ∂AM
i

B j + 2N j
i M

i
A kM

k
B j − (B ↔ A)

= 2∂A
(
N j
i M

i
B j

)
− 2∂AN j

i M
i

B j

+ 2
(
A i
Ak + PAN

i
k

)
N j
i

(
A k
Bj + PBN

k
j

)
− (B ↔ A)

= ∂APB − 4A j
Ai N

k
j M

i
B k + 2A i

Ak N
j
i A

k
Bj − (B ↔ A)

= ∂APB − 4A j
Ai N

k
j A

i
Bk + 2A j

Ai N
k
j A

i
Bk − (B ↔ A)

= 2∂[APB] + 4N j
k A

i
Aj A

k
Bi (C.20)

Note that the second term is antisymmetric in A and B, due to the antisymmetry of Nij

and the symmetry of AAij on i and j.

C.4 Commutators

In this section, we give the proofs of the Poisson brackets used in section 6.

The first identity of (6.7): this can be established using that q = ñañ
a and N = ñ/

√
q.

We have {
P̃A (σ) ,√q

(
σ′
)}

= Na
(
σ′
) {
P̃A (σ) , Ña (σ′)}

= −Na
(
σ′
)
Ña (σ) ∂′Aδ(2) (σ − σ′)

= −Na
(
σ′
)
∂′A

(
Ña (σ′) δ(2) (σ − σ′))

= −∂′A
(√

q
(
σ′
)
δ(2) (σ − σ′))

= −√q (σ) ∂′A
(
δ(2)(σ − σ′)

)
. (C.21)

From this, the first bracket of (6.7) follows easily.

The identity (6.9): we now evaluate (6.9) using that

{P̃A(σ), P̃B(σ′)} =
(
P̃A(σ′)∂B − P̃B(σ)∂′A

)
δ(2)(σ − σ′), (C.22)
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we get√
q (σ) q (σ′)

{
P̃A (σ) , PB

(
σ′
)}

=
{
P̃A (σ) , P̃B

(
σ′
)}
−
{
P̃A (σ) ,

√
q (σ′)

}
PB

(
σ′
)
− P̃A (σ)

{√
q (σ), P̃B

(
σ′
)}

=
(
P̃A
(
σ′
)
∂B − P̃B (σ) ∂′A

)
δ(2) (σ − σ′)+ ∂′A

(√
q
(
σ′
)
δ(2) (σ − σ′))PB (σ′)

− ∂B
(√

q (σ) δ(2) (σ − σ′))PA (σ)

= ∂B
[
P̃A (σ) δ(2) (σ − σ′)]− ∂′A [P̃B (σ′) δ(2) (σ − σ′)]

+ ∂′A

[√
q
(
σ′
)
δ(2) (σ − σ′)]PB (σ′)− ∂B [√q (σ) δ(2) (σ − σ′)]PA (σ) . (C.23)

In the last equality we have used that P̃A(σ′)∂B
[
δ(2)(σ − σ′)

]
= ∂B

[
P̃A(σ′)δ(2)(σ − σ′)

]
=

∂B
[
P̃A(σ)δ(2)(σ − σ′)

]
. One can now use that P̃A = √qPA to simplify the expression

√
q (σ) q (σ′)

{
PA (σ) , PB

(
σ′
)}

=
√
q (σ)

[
∂BPA

(
σ′
)
− ∂′APB

(
σ′
)]
δ(2) (σ − σ′)

= −
√
q (σ)εABJ̃ (σ) δ(2) (σ − σ′) . (C.24)

where we used the definition of J̃ = εAB∂APB. Dividing out by q(σ), one finally gets that

{
PA(σ), PB(σ′)

}
= −εABJ̃(σ)δ

(2)(σ − σ′)
√
q(σ) = −εABJ(σ)δ(2)(σ − σ′). (C.25)

where we use the undensitized expression J = J̃/
√
q.

The identity (6.10): this can be established in a similar manner√
q (σ)q (σ′)

{
PA (σ) ,Na

(
σ′
)}

=
{
P̃A (σ) , Ña

(
σ′
)}
−
{
P̃A (σ) ,

√
q (σ′)

}
Na
(
σ′
)

=−Ña (σ)∂′Aδ(2) (σ−σ′)+Na
(
σ′
)
∂′A

(√
q
(
σ′
)
δ(2) (σ−σ′))

=−∂′A
[
Ña (σ)δ(2) (σ−σ′)]+Na

(
σ′
)
∂′A

(√
q
(
σ′
)
δ(2) (σ−σ′))

=−
√
q (σ)

(
∂′ANa

(
σ′
))
δ(2) (σ−σ′) . (C.26)

The first equality of (6.32): using J [φ] =
∫
ξAφ P̃A and (C.21), we have{

J [φ] ,
√
q (σ′)

}
= −

∫
S
d2σ ξBφ (σ)

√
q (σ)∂′B

(
δ(2) (σ − σ′))

= −
∫
S

d2σεAB∂Aφ (σ) ∂′B
(
δ(2) (σ − σ′))

= −
∫
S

d2σεABφ (σ) ∂A∂B
(
δ(2) (σ − σ′)) = 0. (C.27)

The last equality follows from integration by parts and the fact that ∂′B(δ(2)(σ − σ′)) =
−∂B(δ(2)(σ − σ′))
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the first identity of (6.37): using (6.10) one gets that{
P̃A (σ) , S̃

(
σ′
)}

=
√
q (σ)

{
PA (σ) , S̃

(
σ′
)}

= −∂′A
(
S̃
(
σ′
))
δ(2) (σ − σ′) , (C.28)

where
S̃(σ′) = (εAB∂AN b∂BN

cNaεabc) (C.29)

Therefore we have that{
P [ξ] , S̃

(
σ′
)}

= −ξA∂AS̃
(
σ′
)
, {P [ξ] , S [ψ]} = S [Lξψ] . (C.30)

Also since {ξAφ , S̃(σ′)} = 0, we have

{P [ξφ] , S [ψ]} = S
[
Lξφψ

]
= S [{φ, ψ}ν ] . (C.31)
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