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1 Introduction and summary

Recent years have witnessed great progress in our understanding of the nonperturbative
dynamics of supersymmetric field theories. A key factor has been the development of new
computational techniques that lead to a large class of new exact results. Despite this
progress, it has been proven hard to extend these techniques to compute correlators of
local operators inserted at arbitrary points for theories in more than two dimensions. In
the context of supersymmetric localization, for instance, this is typically not possible, as
one is restricted to the cohomology induced by the localizing supercharge.

The situation is quite different in the case of superconformal theories, where, in addi-
tion to supersymmetry, one can make use of the constraining power of conformal invari-
ance. An important result in this direction was presented in [1], where, in the context of
N = 2 SCFTs in four dimensions, a chiral-algebra structure, proper of two-dimensional
models, was identified in the correlation functions of certain protected operators. These
are so-called Schur operators, i.e. Higgs-branch operators belonging to the cohomology of
a pair of suitable nilpotent supercharges mixing the R-symmetry. Similar constructions
have unveiled vertex operator algebras hidden in six-dimensional ' = (2,0) theories [2],
and one-dimensional topological sectors of A" = 4 SCFTs in three dimensions associated,
respectively, with the Higgs and the Coulomb branch [3, 4].

This analysis, carried out at the level of the superconformal algebra, was later ap-
proached from a path-integral point of view. In the case of three dimensions, the authors
of [5] were able, by means of supersymmetric localization, to obtain a Lagrangian de-
scription of the one-dimensional Higgs-branch sector for theories on S2. Interestingly, the
construction still holds when one introduces a certain mass deformation, thus breaking
away from the realm of conformal theories. The same approach was later extended to the
Coulomb-branch sector through mirror symmetry [6, 7], and to five dimensions [8]. For
other recent developments, see also [9-11].

Further results have been obtained in four dimensions. A duality between N = 2
theories on S* and a symplectic boson system on S? was identified in [12]. More recently, a
correspondence between a -7 system on the two-torus and N = 2 theories on S% x S* was
also established [13, 14]. The link between three and four dimensions was explored in [15—
17]. Notably, for four-dimensional theories it has not yet been possible to deviate from the
conformal point since the dualities explored in [12-14] make explicit use of features exclusive
to superconformal field theories, such as non-trivial U(1), R-symmetry background fields.

What these constructions have in common is the idea that protected sectors of the
theories under consideration could be described by lower dimensional models with sup-
port on special submanifolds singled out by the cohomology induced by suitable nilpotent
supercharges. This suggests the possibility to address this problem by means of a geo-
metric approach that could span diverse backgrounds. Indeed, this is one of the goals of
the present paper. We apply this idea to N/ = 4 matter theories in three dimensions and
derive a formula that generates the actions of the dual one-dimensional models. With this
formula we study a geometric background that has not been previously considered in the
literature, namely S? x S'. Partition functions of supersymmetric theories on S4~1 x S1



are referred to as d-dimensional supersymmetric indices. In particular, if the theory on
S4=1 x S1 is conformal, the partition function provides its superconformal index. The
fact that d-dimensional supersymmetric indices are encoded by (d — 2)-dimensional models
was first observed for d = 4 by conveniently rewriting the corresponding matrix inte-
grals [18]. First-principles derivations based on cohomological arguments appeared later
on by studying suitable limits of the superconformal index [1, 13]. A similar derivation for
three-dimensional supersymmetric indices had not yet appeared in the literature: we fill
such a gap in this paper by finding the quantum mechanics underlying a three-dimensional
hypermultiplet index. Moreover, it was found [3-5] that N/ = 4 SCFTs in three dimensions
enjoy a one-dimensional OPE algebra with an associated noncomutative star product (see
also [19] for a more mathematically-oriented perspective). Indeed, we are able to identify
such a structure in our quantum mechanics even in the presence of a mass deformation.

Summary of results. In the present work we consider a theory of N' = 4 hypermultiplets
conformally coupled to some three-manifold .#. The theory has generic R-symmetry
twisting and weak gauging of the flavor current. If the algebra generated by a supercharge
Q contains a real isometry £, we show that, when the action of the theory is restricted to
Q-closed field configurations, it localizes on S14, a one-dimensional action with support on
My, the fixed-point locus of v in .#. Through the Atiyah-Bott-Berline-Vergne formula we
are able to derive the general expression

2q%(€4¢Dyy + Pacyu)aC
= da* 1.1
Sua= [ FHESEN (11)

where q and g are suitable contractions of Killing spinors on .# with hypermultiplet scalars,
D, is a covariant derivative, ®: are scalar fields of a background vector multiplet, and
ey(N.#,) is the v-equivariant Euler class of the normal bundle N.#,. Along the lines
of [5, 20], we interpret the above as the action functional of a one-dimensional quantum
theory that produces correlation functions of BPS operators inserted on ..

The formula (1.1) can be directly applied to various geometries. We first consider
the case of .# ~ S3 and show that, by choosing some v generating a circle action, we
obtain a theory on .#, ~ S' that matches [5]. Thus, we turn our attention to the case of
M ~ S%x S, which is new. By selecting v to be the azimuthal rotation on the two-sphere,
we localize on a one-dimensional theory with support on two disjoint circles located at the
north and south poles of S2. Its action reads

2m 2m
%—m%quwmf@awwéq@@—mqwm (1.2)

where the integration is over the two copies of S', the fields are protected Higgs-branch
operators and ( = a—ifo is some combination of fields in the background vector multiplet.

We study the path integral of such quantum mechanics by addressing the problem of
identifying the correct integration cycle and by showing that its partition function pre-
cisely matches its three-dimensional counterpart. Indeed, the quantum mechanics with
action (1.2) computes Zpyper, which is the supersymmetric index of a N' = 4 hypermul-
tiplet with a real mass deformation o and a flavor fugacity a. The hypermultiplet index



given by Zyyper is divergent whenever o = 0 and a € Z. This is not inconsistent as super-
symmetric indices are not supposed to be analytic functions of the fugacities, but rather
meromorphic ones [21]. More precisely, in four dimensions the residues of the index at poles
in flavor fugacities were linked to indices of dual theories coupled to surface defects [22].

We then use the theory to compute BPS correlators of Higgs-branch operators. Sim-
ilarly to [4, 5], we find that these are essentially topological in nature and define a star
product that induces a noncommutative algebra of operators. Such a product acts on
one-dimensional su(N) flavor symmetry currents J%; with

. . ) . . 1 .
Tl JE = T8 TR 8 TR - 8k T — (5’3515 - Naya’n) : (1.3)

Finally, we introduce N = (2,2) defects with support on S? and couple them to the bulk
theory through twisted superpotentials. Because Q is compatible with the standard choice
of localizing supercharge on the two-sphere, we are able to localize the resulting theory
and write its partition function as that of a coupled system of zero- and one-dimensional
quantum theories.

Outlook. It would be interesting to extend the formalism developed in this paper to
gauge theories with dynamical vector multiplets. Especially, we would like to understand
how BRST symmetry modifies (1.1) and which one-dimensional models capture the degrees
of freedom of three-dimensional vector multiplets. Incorporating gauge theories in our
language would also allow to investigate the way mirror symmetry manifests itself at the
level of one-dimensional actions.

Moreover, supersymmetric localization was successfully applied to theories defined
on non-compact manifolds [23-26] and on manifolds with boundaries [27-30]. Generaliz-
ing (1.1) to such instances would be a natural direction to explore. In that case, it should
be possible to make contact with [31-33], where the interplay between boundary conditions
and cohomology classes of BPS operators was studied.

Furthermore, we expect that our construction has a direct uplift to higher dimensions.
We wish to report on these points in future publications.

Outline on the paper. In section 2 we review three-dimensional N/ = 4 multiplets
conformally coupled to curved backgrounds, their actions and the associated superalgebras.

In section 3 we provide a detailed explanation of the cohomological approach we adopt
to localize three-dimensional models down to one-dimensional ones. As an example, we
apply our general formula to hypermultiplets on the three-sphere. The outcome is a one-
dimensional theory on a great circle of S, in agreement with [5].

In section 4 we use our general formula upon a novel instance, namely hypermulti-
plets on S2 x S with isometry superalgebra su(2|2). We explicitly find the corresponding
Killing spinors as well as the background vector multiplet yielding a real mass deformation
and a non-trivial flavor holonomy along S'. In this case, the result of the cohomological
localization is a one-dimensional theory on two circles sitting at antipodal points of the
two-sphere.



In section 5 we use the one-dimensional action found in section 4 to compute correlation
functions of BPS operators built out of hypermultiplet scalars. Furthermore, we compute
the partition function of the one-dimensional model and check that it matches the partition
function of the original three-dimensional theory. Finally, we employ Morse theory, as an
alternative to the BPS ansatz, to find an integration cycle for the path integral of the theory.

In section 6 we discuss the connection between the BPS correlators of the localized
theory and those of an associated topological model. We introduce a noncommutative star
product between operators and apply it in particular to the flavor Noether currents of the
one-dimensional theory.

In section 7 we couple the three-dimensional theory on S? x S! to two-dimensional
defects supported on S2. Specifically, we find the subalgebra of su(2|2) preserved by the
defects and the corresponding two-dimensional Killing spinors. Then, we couple the bulk
mulitplets to the defect multiplets through twisted superpotentials and proceed to localize
the resulting theory.

2 N = 4 supersymmetry in three dimensions

We consider a three-dimensional theory with N dynamical N/ = 4 hypermultiplets. These
have components

(Qa,(jaawdyid) . (2.1)

For all fields, we keep explicit the indices associated with the R-symmetry algebra repre-
sentation that acts on them. In particular, the scalars qq, g, and the spinors 14, 1); belong,
respectively, to the (2,1) and (1,2) representation of su(2)g @ su(2)c. Although flavor
indices are kept implicit, one should keep in mind that the components of the N hyper-
multiplets transform under the fundamental representation of the flavor group USp(2N).
We will also refer to the flavor subgroup U(N), which is embedded in the fundamental
representation of USp(2N) as N @ N.

The multiplets are coupled to various background fields. The R-symmetry currents
are coupled to background flat connections Ay and Ac. The theory is then conformally
coupled to the rigid geometry of a closed three-dimensional manifold .# with metric g.
Finally, the current associated with a subgroup G of the U(NN) flavor subgroup is coupled
to a background vector multiplet whose top component is the G-connection A. We denote
with g the Lie algebra of G and with R : g — u(/V) its representation. All these background
connections enter in the definition of the covariant derivative

D=V —idyg —iAc —iA. (2.2)

Superconformal transformations are generated by spinors £%¢ that are solutions of the
conformal Killing equation

Dugad = %ﬁ?ad ) (2.3)



for some spinor 7%%. Both £2¢ and 7%¢ belong to the (2, 2) representation of the R-symmetry
algebra. These define the supersymmetry transformations

8¢ = "a
8G" = &y (2.4)

and

0t = 17"€aaDuq” + Naad” — i€ac®aq",
5wd = i’YMgadD,uqm + iqanad + igac’qa@dé ) (2'5)
which close on shell on the superconformal algebra osp(4|4) or a subalgebra thereof, ac-

cording to . .
The theory has action

Son:/ *Lon (2.6)
M
where

Lon = D"§"Dyuga — 1" Dyt + R/8G*qa — §*(1Dac + 1/2 €ac®**®ae)q° + itha ®*e .
(2.7)
The scalar fields D,. and ®4e are, together with the connection A, the bosonic degrees of
freedom of the background vector multiplet. These take value in the Lie algebra g of G
and belong, respectively, to the (3,1), (1,3) and (1, 1) representations of the R-symmetry
algebra. The mass term for the scalars, proportional to the Ricci curvature R, comes from
the conformal coupling with the geometry.
The action above is invariant under (2.4) and (2.5), provided that a BPS condition is
imposed on the background fields. In fact, the variation of the action, according to the

transformations above, reads
8Son = ///1 *(1q*0Xaath® — 0% 0Aaaq®) (2.8)
where
Shai = —1/2 Y p€aaFuy — DaCos — "€ D i + 21®anae +1/2€ 5[@.5, 0,9, (2.9)

is the expression of the supersymmetric variation of the gaugini for a dynamical vector
multiplet. The action is therefore supersymmetric for any choice of background fields
that satisfy

0ge = 0. (2.10)
Furthermore, we impose the following reality conditions on the background fields
By\x __ B
(Ap, ) - +Ap, ’
(q)ch)* — _@(1637
(D) = —D", (2.11)



where we have indicated with B the Lie-algebra index associated with a given basis
{tp} for g.

The supersymmetry algebra generated by the transformations (2.4) and (2.5) closes
on shell. The reader can find a detailed account of this in appendix B. No known finite
set of auxiliary fields can bring off shell the entire representation of the superconformal
algebra acting on the multiplet. However, it is possible to bring off shell subsets of the
algebra, and this will be a crucial step in our localization procedure. This can be realized
by considering a modified Lagrangian,

L = Lon + GG, (2.12)

where two auxiliary fields, G, and G, have been introduced. These belong to the same
representations of the scalars ¢, and ¢,, respectively. Supersymmetry acts on them with
6G* = v (W'D by — Pact))
0G* = v (YD yutha +  Pac) (2.13)
and to accommodate for their introduction, we also need to modify the variation of the
fermions as
s = 17"€aaDua” + Naad” — i€ac®i’q” — aa G,
Sa = 1"€aaDud” + 10" Naa + i€aeq" o’ — ivaa G (2.14)

The above are written in terms of the auxiliary spinors v**, which should be intended as
functions of £€%¢. To ensure off-shell closure, the auxiliary spinors should satisfy

gaﬂyb'll = 07
(V%) (Vcé>ﬁ = (§%)a (&cd)ﬁ )
Via" V' Dutipya = —21/3 € 7Dy - (2.15)

To quantize the theory, we specify reality conditions for the bosonic degrees of freedom
in the path integral,

G = (G.)*. (2.16)

The conditions above guarantee that the bosonic part of the action is positive semidefinite.

3 Cohomological approach

As explained in appendix B, a given supercharge Q associated with a conformal Killing
spinor £%¢ squares to a combination of various bosonic symmetries. Among these, there is
a conformal isometry generated by the conformal Killing vector v

P = 1M E (3.1)



In our analysis, we will focus on a certain subset of supercharges. In particular, we choose
a €% such that the associated v is real and has vanishing divergence,

0 = div v = 616y, . (3.2)
Such a v obeys the Killing equation
Ly,g=0 (3.3)

and generates proper real isometries on .7 .
We also introduce two scalars, defined with

Xac - fadgcd y Xae - éadfaé 5 (34)
which respectively belong to the (3,1) and the (1,3) representation of su(2)y & su(2)c.
These obey the identities

4X 0, X1 = 5,60]?, 4X 40 X% = 55%|0)? . (3.5)

Let us then consider the set of points where v vanishes, i.e. the set of fixed points of
the circle-group action generated by v. This is a submanifold .#, that can be decomposed
as the union

My =\ 5, (3.6)
in terms of disjoint .#; ~ S' [34]. Our goal is to show that, when we impose the BPS
condition

wil = 07 (Wa = Oa
e =0, 0ha =0, (3.7)
the action
S — / <& (3.8)
M

localizes on an action for a one-dimensional scalar theory with support on .#,. This can be
shown in the context of (abelian) equivariant cohomology. We introduce the v-equivariant
differential

dy =d — 1y (3.9)
and
Q=+ZL~+ a1, (3.10)
the sum of the 3-form Lagrangian *.Z and the one-form «y defined as

a1 = Xac((jach - anqc) +q"qaw + 24" Nacq” (3'11)



where

wM = £Ud7unuu ’
(Aachu = (SaaVubee) @™ . (3.12)

One can show that, on the solutions of the BPS equations (2.10), the polyform € is equiv-
ariantly closed, i.e.

d,Q=0. (3.13)

This is described in more detail in appendix C.

This crucial observation implies that, on those solutions, the action (3.8) receives
contributions only from the fixed-point submanifold .#,. Moreover, one can explicitly
compute the action on the BPS solutions by means of the Atiyah-Bott-Berline-Vergne
formula [35-37] as an integral over .,

SBPS:/ %. (3.14)

Here i: #, — .# is the immersion of the fixed points locus in .# and e,(N.#) is the
v-equivariant Euler class of the normal bundle N.#Z,.

Interestingly, the BPS action can be rewritten in a suggestive form by introducing
fields

da = &aaq”,
Ga = &aaq" - (3.15)

In terms of the above, the one-form Lagrangian (3.11) reads
a1 = 24"Deq” — d(G%qa) (3.16)
where
(Dae)y = €aeDy + Pacvu (3.17)

and the exact term can be dropped when integrating over .#,, which is compact.

With the identity (3.14) established, it is tempting to interpret the integral in (3.14)
as the action of a quantum one-dimensional theory that captures the correlators of BPS
operators in the original theory in three dimensions. A similar approach has been taken
in [5, 8, 12, 13, 20, 38].

In the conventional approach to supersymmetric localization, one starts with a Q-exact
deformation

S(t) = Sy +tQV (3.18)

of the original action Sy, chosen in such a way that its bosonic part, when the appropriate
reality conditions are taken into account, has positive semidefinite real part. This con-
dition is necessary to guarantee the convergence of the path integral, which can be then



represented as an integral restricted over the sole space of BPS solutions. In this integral,
the original action evaluated on the BPS locus appears together with a term that captures
the fluctuations of the dynamical fields around the BPS solutions, at the first order in the
t~1 expansion. While the action term depends only on the choice of the supercharge Q,"
the one-loop determinant is related to the particular deformation term V' considered.

In the context of this localization scheme, however, the computation of the latter turns
out to be a nontrivial task. At the same time, by direct comparison with known results,
the one-loop determinant has been shown in previous cases [5, 8, 12, 13] to bring a trivial
contribution to the overall computation.

Our approach here is close in spirit to the one of [20]. We argue that the result in (3.14)
is more general, since it does not rely on the choice of a localizing action QV. In fact, it
does not even rely on the particular choice of reality conditions imposed on the fields.? We
refrain from giving a general prescription on how to determine the one-loop contribution
to the partition function.

3.1 An example: hypermultiplets on S3

To better illustrate the localization prescription, we start by considering a known case
originally studied in [5]. We will show how known results can be recovered through the
formalism introduced above.

We consider the case where .# ~ S3. The metric

g="6pe @, (3.19)
is determined by the choice of dreibein
e’ =rsin(f)dy,
e? =rcos(f)dr,
e3=rdf, (3.20)

and coordinates § € [0,7/2], 7 € [-m,7), ¢ € [—m, 7). Both background R-symmetry
connections Ay and Ac are taken to be vanishing. Following [5], we consider the gauge
background

®i5 = 7‘710',
DH = D22 = —i?"_20' . (321)

The localizing supercharge that we are going to adopt is generated by a family of
Killing spinors £%¢, parametrized by /3, with components

fli — e*é(977+§0) <_1 + iei(e_+<p)>

iel? — eiv

. . 0 s ip
15 _ B _iiriy) [ € tie
§T=ge <_i_eiw+w> !

"While the field configurations that minimize V can vary with the deformation term itself, these must

form an improper subset of those configurations that are Q-closed. In this sense, formula (3.14) is universal.
2The identities in (2.16) and (2.11) will be used throughout the rest of the paper, but do not enter the
proof in appendix C.



€2l = o—h0-r+e) (—i T ei(9+<f’))

—elf 4 jel®

. . ;10 ip
% _ B i) [ 167 Fe
¢ ce (1 o) | - (3.22)

These have auxiliary spinors v defined with
Vi =%, (3.23)
The associated isometry is generated by the vector field
v=2r"180,, (3.24)
and its square modulus
lv|? = 4% cos®0 (3.25)

vanishes on the circle .#, ~ S' that sits at § = /2.
Furthermore, we have

—1 + sin 8 cos sin 0 sin
Xac = ,8 ( ? 7 ) ;

sinfsinpy  —1—sinfcosy

192 —ir
Xae =icosf (8606 0 ) ; (3.26)

_8617'
and

w = Bsin’f dep,

Aac:_ﬂasin0<sm9—‘coscp . —singp )dgp—ﬁ00059<_smw C?S(p) a0
—sing  sinf 4+ cosp cosp sinp
(3.27)

As we will explain at the end of the next section, we construct the BPS operators from the
null eigenvectors of X,., when evaluated on .#,. These give

Q = cos(¢/2) q1 +sin(p/2) g2,

Q = cos(p/2) g1 + sin(p/2) Gz . (3.28)
The one-dimensional action is obtained from the embedding
oy = —28 [Q(at +0)Q — (8 — 0)QQ] dp. (3.29)

The geometric factor coming from e, (N.#,) brings a constant term. It is then immediate
to show that the action, restricted to the BPS solutions, reads

Slgps = —drr / dp O, +0)Q. (3.30)

which is the result found in [5].

~10 -



Figure 1. The choice of coordinates on .Z .

4 The case of S? x St

4.1 Supersymmetric background

We now consider the case of .# ~ S? x S!, where the metric
g=0p e @b (4.1)

is expressed in terms of the dreibein

1

et =rsinfdy,
e’ =rdb,
e3=rpdt. (4.2)

We have adopted coordinates 6 € [0, 7], ¢ € [0,27) and ¢ € [0,27), as in figure 1.
The background R-symmetry connections are given by
(An)% = —5(0%)%dt, (4.3)
(Ac)t = 0. (4.4)
In appendix D.1, we derive a generic expression for the field components of the background

vector multiplet satisfying the BPS condition (2.10). Here, we summarize the results by
mentioning the nonvanishing components,

A=adt,
®i5 = 7“710',
DH = D22 = —iT_QO', (45)

written in terms of constants a and o valued in g. These combine into the complex com-
bination

(=a—ifo (4.6)

that will play an important role in the following.

- 11 -



The reader might be more familiar with a different set of BPS configurations that
include, in addition to flat connections a, monopole solutions on the two-sphere labelled
by monopole charges m. These are the configurations that one finds when performing
Coulomb-branch localization [39], where the formula for the superconformal index is given
in terms of an integral over a and a sum over m. The discrepancy between this locus and
the one in (4.5) is a simple consequence of the fact that different localizing supercharges are
employed in the localization procedure. From the point of view of the weakly-gauged theory,
this means that the hypermultiplet partiton function we consider will carry a dependence
on the mass deformation o, rather than on the monopole charges m. Conversely, one
should find monopole backgrounds when considering theories with twisted multiplets. With
the idea of extending our construction to theories with dynamical vector multiplets, the
solutions in (4.5) seem to hint at a novel representation of the full supersymmetric index,
where the end result is given in terms of an integral over ¢ and (*. We leave this analysis
for future work.

We consider the following set of Killing spinors

. i 1 i 3 .
1 = 4y%ex? T2 g5,
. 7 1 _7 3 .
£ = —ea® e g5, (4.7)

spanned by constant spinors £¢. These are particular solutions of the Killing spinor
equation (3.1) that satisfy

nad = —i(AH’H)va/“ﬁca. (4.8)

4.2 Superalgebra

The Killing spinors solutions in (4.7), parametrized be the 8 constants (£§%),, generate

a special subalgebra of the superconformal algebra osp(4|4). This can be seen from the
identity (4.8); which, in the language of appendix B, implies

dive =0,
p=0,
R% —it,(Ag)% = 0. (4.9)

This means that the resulting superalgebra, su(2]2), does not contain generators of confor-
mal or su(2)y transformations. Its maximal bosonic subalgebra, su(2) ® u(1) @ su(2)c is
the sum of the isometry algebra su(2) @ u(1), generated by Killing vectors

j+ = —eiiw(iﬁg +icot 6 c%) s

j3 = _iacpa
z=—if710;, (4.10)
with
[j3,j+] = £j+,
[+,7-1 = 2j3,
[2,4s] = 0, (4.11)

- 12 —



and the su(2)c R-symmetry algebra
[Rip Redl = €adRep = €iRad - (4.12)

Let us consider the action of supersymmetry on gauge-invariant operators. We adopt
the following conventions for the supercharges. First, we define supercharges Q. from the
variations generated by the solutions in (4.7) as

60 = i€34Qu,0. (4.13)

Then, we define

/')
S}

Il
\®)
\E_./
+
w

Il

o= (Q2a)—,
2= (01a)_ . (4.14)

un
I

Qo = (Q24)+

These assignments ensure that Q; and Q. anticommute to positive roots of the isometry
algebra, while S; and S; anticommute to negative roots. Specifically,

{Qa, Qe} = —rteas Jo

{S4,S¢} = —rLeae

{Qd, SC} = —T_leac'[iJg + Z] — i?“_lRac' ,

{Qa,Se} = —rteaelids — Z) — ir 'R, (4.15)
where we have defined

Jo=—L,,, Z=-L., (4.16)

and where R_; act on su(2)c indices as (R i))éd, with

a

1, :.2 1, :.2 3
—0" +10 40" +10 o
72 y = Ri? = R?i = —. (4.17)

Rii =
4.3 Geometric localization

For the purpose of localizing the theory, we focus on a su(1]1) subalgebra of the su(2|2)
algebra considered above. This is generated by the supercharges

Q=Q; +Qj,
S=S;+S,, (4.18)
where
{Q,S} =2ir '(J; — Rj3). (4.19)

Indeed, the BPS operators we will consider are closed with respect to both Q and S.
Furthermore, the supercharge we employ for localization is

Q= %(Q -9), (4.20)
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squaring to (a multiple of) the twisted rotation J3 —Rjs. The particular linear combination
adopted in (4.20) has been chosen for later convenience, however, since Q and S are both
nilpotent, any other linear combination between them would be equivalent. Since Higgs-
branch operators are singlets under su(2)c, their BPS locus is then located at the fixed
points of the isometry J3, namely the north and south pole of S2.

As the next step, we need to bring the localizing supercharge off shell. As mentioned
in section 2 this can be done by identifying an appropriate set of auxiliary spinors ¢
that satisfies the constraints (2.15). For any supercharge in (4.18), these constraints are
solved by

v = —(03)8, £%. (4.21)
The choice of Q as localizing supercharge fixes the form of the Killing vector
v=—1r"10,, (4.22)

which generates the isometry that, in turn, determines the localizing submanifold .#,,, as
in section 3. We find that v vanishes at the north and south poles of S2, and as such,
M, is given by two copies of S!, that we will denote with SI{I and Sé. These are located,
respectively, at § = 0 and 8 = 7. The choice of localizing supercharge also determines the
form of the scalars

1 1 cosf . sinf [ —ie”% 0
X = X:n = . 4.23
“ 2 (cos@ 1 ) ’ e 2 ( 0 ie“") ’ (4.23)

and the one-forms

w = é cosfdt,
2
o [ Bcosfdt+sinhdl Bdt
ANoe = —= . , 4.24
2 ( Bdt Bcosfdt — sdeG) ( )

that enter in the definition of the one-form Lagrangian aq, as in (3.11).
On the two copies of S!, at the north and the south poles of S?, we find

inar =1/2(¢"2q¢" — 2q*q"),

iSon =1/2(T 29 — 94 q7), (4.25)
where
T =q"*¢, =7+, (4.26)
and
D = (8 —i¢ )dt,
7 = (0, —i¢*)dt. (4.27)
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!

Figure 2. A graphical representation of the quotient ., = (82 x S1)/U(1), where the U(1) acts as
the azimuthal rotation generated by d,. In the picture, every point on the sphere has an asssociated
S! fiber. The fixed point locus .#, is the disjoint union of the two S fibers located at the poles of
the two-sphere.

Since

1

we can simply integrate by parts the two expressions in (4.25) and find

Sld = 271'7"%
S

On A4, = SI{I U Sé, where v vanishes, one can find local BPS operators, since the action

Gt 2q¢T — 2mr f{ i 9q (4.29)

1 1
N SS

of L, is trivial. One can set to zero the variation of a generic linear combination of scalars,

0 = 6(baq®) = ba&q
0= 6(baG") = bal™*¥a, (4.30)

and look for nontrivial solutions for the coefficients by, b,. If such solutions exist, these
must be null eigenvectors of X%¢, which in fact has vanishing determinant on .#,,, as noted
in (3.5). In the present case, a quick computation shows that the BPS operators on SI{I and
Sé are precisely the ¢, ¢© and ¢—, ¢, respectively, that appear in the one-dimensional
action (4.29). The R-symmetry structure of these operators is determined by the choice of
Q and S in (4.18). A different choice would lead to a different set of BPS operators.

We conclude this section with a comment on the localization argument. Given our
discussion of section 3, one might be tempted to consider a localizing supercharge that
would close on a different isometry, namely the isometry Z that generates translations along
the S' coordinate t. However, one is faced immediately with an apparent contradiction.
In fact, such an isometry has vanishing fixed point locus. This, because of (3.14), seems
to imply that the action vanishes on the associated BPS solutions, thus leaving us with
a trivial localizing theory. The problem with this choice if isometry is that it leads to a
one-form w that is not well defined on the entire manifold .#, as one can explicitly check
by direct computation. With a1 not globally defined of .#, the localization theorem that
leads to (3.14) does not hold.
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5 Omne-dimensional theory

The one-dimensional action Siq defined in (4.29) determines a quantum mechanics with
path integral

Zia= [ [4a]idag] (05 ) dgg) e 5. (5.1)
BPS

This one-dimensional theory captures the correlators of Higgs branch operators built out
of (jf\?, qf\lr, g » 4s - By this we mean that such correlators are directly given by the Green’s
function descending from (4.29), which in Fourier space read

~ 1
~— 5.2
g"l_vk k +C ( )
for (jﬁ,qf\? and
~ 1
L~ 5.3
G~ (53)

for ¢4, qg . In this section we shall check this statement explicitly via different methods.

The functional weight of the quantum mechanics path integral in (4.29) is the ex-
ponential of a simple Gaussian action, but it requires some care. For instance, it is not
obviously positive definite because only first-order derivatives appear in it. The BPS solu-
tions compatible with the reality conditions (2.11) select a middle-dimensional integration
cycle whose parametrization can be found in appendix D.2, where the BPS configurations
are obtained explicitly. These are given in terms of two independent set of complex Fourier
coeflicients.

For simplicity of notation, we will mainly work with the case of a single hypermultiplet
(N =1) and G ~ U(1). The extensions to more general cases is straightforward and will
be discussed later in this section and in section 6. Moreover, from now on we will drop the
subscript N/S, as the superscript + is sufficient to resolve the ambiguity.

By plugging the solutions (D.10) in the one-dimensional action (4.29), one finds®

S1q = 4n’r Z |k + (] [(|uk|2 + |vg,|?) sinh(2wy) — i(uyvp + u,’;vk)} , (5.4)
keZ

whose real part is manifestly positive semidefinite. The partition function is obtained as a
product of complex Gaussian integrals over each Fourier mode,

Z14(¢,¢7) = H XCQ duy, duj, dvy, dvy, COShZ(ka) e*ZLMkzk
keZ

1
| — (5.5)
P Am2r2|k + C|?

3We have dropped the subscript +, so the coefficients ux and vi that appear in the expression for Sig
are simply w4 5 and v4 ; of appendix D.2.
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where

Z — <Uk> s Mk = 47’1’27"]{ + C’ (Sinhfzwk) 5 ) . (56)

i sinh(2wy,)

The Jacobian cosh?(2wy,) cancels an analogous term coming from the determinant of Mj,.
From the inverse of M}, we read off the correlators
sinh(2wy,)
O 75 3 ;
4m2r|k + (| cosh®(2wy,)

(ug up) = (o o) =

1

U* V) = ¥ ) = 1) ’ . 5.7
According to the solutions (D.10), the above combine into
i ..
5 (1) ot (1 _ 1 2 : ik(ta—t1)
kEZ
- - i L ik(ta—t)
ta) g (1)) = — 2t) :

) =g Y e 655)

These correlators coincide with the Green functions obtained from (4.29) by naive Fourier
expansion in ¢t. This fact is no coincidence and will be explored in section 5.1. When
performing the sum, one finds that

(T (t2) (1)) = Ga(ta — 1), (5.9)
where
_ sign(t) —icot(nC) i
ng(t) - ' 47”,, € ¢ )
g (1) = +81gn(t) ;;;ot(ﬂ'g ) — (5.10)

To be more precise, the expressions above are only valid in the range allowed for the
coordinates t1,ty € [0,27), i.e. for =27 < t < 27, with ¢ = to — ¢;. For values of ¢ outside
of this domain, G, and G_ should be defined by simply enforcing the periodicity condition

Gu(t) = Gu(t+2m), (5.11)

which is manifest in (5.8).
Let us now see how this generalizes to N > 1. The partition function in (5.5) becomes

1
VA ") = — 5, 5.12
ld(CaC ) Iggz 47T2|k3+,0(C)|2 ( )

where we have set » = 1 and the product over p is taken over the weights of the repre-
sentation R. We can give meaning to the product over the Fourier modes by means of
zeta-function regularization. Specifically, since for any a > 0 and b € C this prescribes

I lak + > = 4] sin(xb/a)?, (5.13)
keZ
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then,

Z1a(¢, ¢ = 1] ! (5.14)

L sl
This is indeed the result that we find in appendix E, where we perform a direct computation
of the partition function of a three-dimensional hypermultiplet.

When ¢ = 0, we find that (5.14) coincides with ZC, which is the so-called C-twist limit
of the three-dimensional N' = 4 superconformal index Z computed e.g. in [40]. A limit
of a supersymmetric index specifically counting Higgs branch local operators was explored
also in [41, 42]. Explicitly, for a massless hypermultiplet coupled to a U(1) background
connection a, we have

1
C/ — _I\FsE—Ry Jf —
T7(%, 2) = trys2(—=1)" T Sl I =201y (5.15)

where z = ¢27mi@

is the flavor fugacity for a, Jy is the generator of the U(1) flavor symmetry
and the trace is over the Hilbert space H[S?] of states on S?. By setting m = 0 we
are neglecting monopole configurations that do not appear in our analysis as discussed
in section 4.1. Here, we observe that the Higgs branch local operators with topological
correlation functions represent the only contribution to Z®(&,z). This is analogous to
what happens in four dimensions, where the Higgs branch local operators with holomorphic

correlators are the main contribution to the Schur limit of the superconformal index [1, 13].

5.1 Morse theory approach

So far, we have shown how the one-dimensional action (4.29) gives rise to a Gaussian
quantum mechanics that effectively reproduces the partition function and the correlators
of a hypermultiplet on S? x S!. However, the path integral (5.1) is well defined only once
a middle-dimensional integration cycle is specified. A generic cycle would not even lead
to a convergent integration. The correct cycle is not obtained by simply specifying the
reality conditions in (2.16). In fact, from the point of view of the three-dimensional theory,
the fields over which the functional integration in (5.1) is performed are four independent
complex degrees of freedom. The additional constraints imposed in (5.5) come from the
explicit form of the solutions of the BPS equations (3.7) and determine a nontrivial integra-
tion cycle for the path integral. Consequently, one would be led to conclude that, although
the localization formula (3.14) is valid on any generic background, one would still have to
solve the BPS equations for the case at hand in order to give meaning to the resulting
one-dimensional theory. However, as already noticed in [5], it is possible to make sense of
the functional integral in (4.29) by directly addressing the problem of its convergence. We
adopt the approach described in [43] and we refer the reader to that reference for a full
exposition of the procedure.

We start by considering the space of complex fields in the path integral (5.1), i.e. the
space of maps S' — C*. First, we split the fields in terms of their real and imaginary
parts with

¢t =2t + iyt Gt =zt +igt. (5.16)
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Then, we define a Morse function h as the real part of the one-dimensional action (4.29)
(up to an overall negative real constant),

h = hx + hs, (5.17)
where
hy = — 7{ dt [0t — jrow T +a(@tyt +gtat) + oGyt —3tat)),
hg = —%dt G 0y —2 0" —a(@y +§ 2 )+o(§y - a ). (5.18)

We start by identifying the critical points of A, i.e. the solutions of §h = 0. For a
generic value of ¢, h has a single critical point where all fields are identically vanishing.
The idea is to define the integration cycle by considering the gradient flow lines originating
from the critical point. If the Morse index* of h at the critical point is half the dimension of
the target space, the cycle is indeed middle-dimensional. The convergence of the functional
integration is guaranteed by the fact that h decreases along the flow.

If we collectively denote the fields in (5.16) with Y4, we can write the flow equations as

oy 4 4 Oh

where s € (—o00,0] is the flow parameter. The gradient flow depends on the choice of
a target-space metric g4p. By choosing the canonical metric on C* we obtain the set

of equations

Ot = -0t +agt — ozt Osx™ =+~ —ay” —ox ",
OsyT =405 +ait + oy+ Oy~ = —0j —ai” +oy
053t = +0x T +ayt —oxt, 05~ = =0~ —ay” —ox™,
05yt = —oyt +axt + 0y+ 05~ = +0y~ —ax” + oy, (5.20)

which, when recasted in terms of the original fields and their complex conjugates, read
—05q" = (0 —iC)(+q")", —0sq~ = (0 —1()(=q )",
—05G" = (0 +1¢")(—a")", —0s¢" = (O +1¢)(+q7)". (5.21)

As mentioned, we look for solutions that originate from the critical point, i.e. solutions
vanishing for s — —oo. These are

— Z bk efikterks 7 S t = 4 Z P * +1kt+wks 7
keZ keZ |
. k+ c
— dk 6—1kt+wks’ ~— * +1kt+wks (522)
= Lt

4The Morse index is defined as the number of negative eigenvalues of the Hessian matrix.
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It is convenient to pick the solutions “at the end of the flow”, where s = 0, although any
other choice will do, as it amounts to a simple rescaling of the coefficients by and dj.
In terms of these solutions, the one-dimensional action reads

SMorse = 4W2TZ(’bk|2 + |dk’2)’k + <| ) (523)
keZ

and the partition function, in analogy with what we have done in the previous section, can
be computed with

Za(¢. ¢ =] /C  dby, dbj, dd, dd; e Mz, (5.24)
kEZ

bk 2 1 O
= Ny = 4n°rlk : 5.25
2 (dk) o= a4+ (| (0 1) (525)

This integration cycle has the additional benefit of diagonalizing the action, thus mak-

where

ing manifest the factorization of the theory into two noninteracting “north” and “south”
contributions. Notice how (5.24) gives the same result of (5.5). Likewise, one finds that
the correlators
Ok’
biby) = (dydy) = ————
(by, dr) = (dy, byr) = 0, (5.26)

give rise to correlators (GF(t2) ¢*(¢1)) that are identical to the ones computed in (5.8).

6 Topological correlators and flavor symmetry enhancement

6.1 Noncommutative star product

We will now look at correlation functions of composite BPS operators. We will consider
the case where N is generic. In doing so, we explicit the flavor indices carried by the fields
appearing in the one-dimensional theory, i.e. we write 75, g7, G %, ¢~ 7, where raised and
lowered indices i, j,k,l = 1,..., N are, respectively, fundamental and anti-fundamental
U(N) indices.

The presence of a background G-connection, also referred to as “weak gauging”, breaks
the flavor subgroup U(N) down to the normalizer of G in U(V). In this section and in the
following, we will take G ~ U(1), thus obtaining a residual SU(N) flavor group. In terms
of flavor indices, the correlators

(G 5(t2) g (1)) = G'5(ta — 1), (6.1)

are diagonal and can be obtained directly from the correlators in (5.10) computed for
N = 1. We write them as
; §tisign(t) 4\
G'5(t) = (-j o T+ )e ot

G_i(t) = <+51jSign(t) + gl@) e it (6.2)

4rr
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where we have defined

50 Licot(w()

g+]—+5]74ﬂr ,

50 i icot(m(*)

Gy =8 (6.3)

The correlators (G ;(t2) gt (1)) are discontinuous at coincident insertion points. When
t; = to one finds®

G+5(0) = G4y e, G-15(0) =G-"je, (6.4)

which amount to simply enforcing sign(0) = 0 in (6.2).
We now consider correlators of local operators O(t) defined as polynomials in ¢*; and
qt7. Without loss of generality we will consider only t-ordered correlators, i.e. correlators

(On(ty) ... Os(t2) O1(t1)) (6.5)

where t; < to < ...t,. An interesting property of these correlators is that their dependence
on the coordinates t,, is trivial. In fact, when performing Wick contraction one finds that
all terms share a common exponential prefactor that encapsulates the overall t-dependence
of the correlator. A similar factorization was also considered in [5]. We can extract this
term with

(On(tn) ... Og(t2) O1(t1)) =  Zm ROt (O 050, (6.6)

where O,, belongs to the R,, representation of G and ((...)) is a topological correlator.
The latter is defined from the original correlator by setting t,,4+1 = t,, + € and then taking
the limit for e — 0.

We can therefore think of the quantum mechanics in (5.1) as defining two noninter-
acting disconnected topological theories, on 51{1 and Sé. These topological theories have
an associated operator algebra which is naturally defined through a noncommutative star
product . See also [4] for an analogous construction in the case of superconformal field
theories. We will now explain how this comes about. Let us consider a topological corre-
lator (O, ... O20q)). One can obtain an equivalent correlator by using the star product
to fuse any two distinct adjacent operators O,,11 and Oy, into a single local insertion

o =0 0, 6.7
m m+1 m

which preserves its topological order with respect to all other insertions O,,,. This is
illustrated in figure 3.

One can recursively apply the star product to reduce any topological correlator to the
one-point function of a certain polynomial in ¢*; and ¢*7. This one-point function can be

®This comes from regularizing the Fourier sum in (5.8) with

M 1
N}inoo kZ:M e = mcot(m() .
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Figure 3. In a topological correlator, two adjacent insertions can be replaced by a single one
corresponding to their star product.

computed by performing Wick contractions with the correlators QAi"j as defined in (6.3).
The product between any two operators can be generated starting from the fundamental
identities

i
+ o di_ ok ki 0

q j*q q ;4 q:47T7”’

+i + + 43 5ij

Ys«gTt,i =T, + —— 6.8
TG =054 . (6.8)

which descend directly from (6.2).

6.2 OPE algebra for one-dimensional flavor currents

The associative algebra introduced above has an important feature that can be deduced
from the identities (6.8): the star product of any two operators has the structure

O1x09=0109 + ... (6.9)

where the dots correspond to terms which are suppressed in inverse powers of 47r. In the
r — oo limit, the star product reduces to the usual commutative product.

As in [4], one can interpret * as a deformation quantization of the chiral ring of the
theory. For a detailed account on this the reader can refer to [4, 19].

We now turn our attention to certain quadratic polynomials, J* ij, which are SU(N)
Noether currents from the viewpoint of the one-dimensional theory, and show how these
close a subalgebra on their own. In the context of superconformal gauge theories, the oper-
ators J* ij are coupled to vector multiplet auxiliary fields and are referred to as “moment
map” operators.

The one-dimensional action (4.29) is invariant under the SU(N) flavor transformations

5q:|:i — —iﬁiA (tA)ij q:l:j ’
5(j:ti = —HﬂiA Cjij (tA)jZ' . (6.10)

ﬁiA

Here, are constants and (t4)’; are N? — 1 generators of SU(N). In our conventions,

the generators t4 are normalized with

1
tr(tAtB) = 55,43, (6.11)
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and satisfy the completeness relations
‘ . 1 .
2(5AB(tA)lj(tB)kl =Y 5kj — Ndlj (5kl . (6.12)
The structure constants fa BC are defined with

[tA,tB] = ifABC to, (6.13)

while the Cartan-Killing form of SU(N) is defined with

gap = fac” fep©
= 2N tr(tatp)
— Néag. (6.14)

The Noether currents corresponding to this residual SU(N) flavor symmetry read
JEA =T8N G (ta)'j ¢ . (6.15)

The normalization has been chosen for later convenience. If we convert the adjoint index
A to fundamental and anti-fundamental indices i, j, we find

Jiij _ gABJiA (tB)Z]

= Fdnr (qij i WJ i qik> . (6.16)
All the components of these currents have vanishing one-point functions (J*%;)) = 0.

These obey the star product identities

; ) ) 1 ..
J:tzj % q:l:k — J:I:zj q:l:k +5kj q:I:z _ N(Szj q:l:k,

) ) . 1 ..
qik*J:tzj:Jiquikféquiz+ﬁéquik,

. 5 . o 1 ..
J:I:zj * q:l:k — J:I:zj q:I:k . 5Zk q:I:j + N 51]’ qik;
N . o . 1 ..
qik*JiZj ZJiquik +5quij—ﬁéquik. (6.17)

These show how ¢*7 and §*; indeed transform, respectively, in the fundamental and anti-
fundamental representation of SU(N). From the above identities one obtains

, , , ‘ 1
JE x JER = g gER L gh pEE gk g (5’“3'5@1 — N(slj(skl) ) (6.18)

The inverse powers of 47 in the results above have been absorbed by carefully chosing the
normalization in the definition (6.16). Such powers can be reinstated by a simple rescaling
of the currents and by counting the power of J* in each term.

~ 93 -



7 Surface defects

In this section we introduce supersymmetric surface defects on S? x S'. In particular,
we will consider N = (2, 2) multiplets with support on S2. Twisted chiral and anti-chiral
multiplets, as well as vector multiplets, can be directly coupled to the bulk hypermultiplets
through twisted superpotentials, thus producing an interacting theory of two- and three-
dimensional quantum fields. Crucially, the localizing supercharge (4.20) agrees with the
standard choice of localizing supercharge for N' = (2, 2) theories in two dimensions [44, 45].
This allows us to perform exact computations on the mixed-dimensional theory under
consideration: the three-dimensional degrees of freedom can be localized as illustrated in
previous sections, while the contributions coming from two-dimensional degrees of freedom
can be addressed by using the approach originally presented in [46].

7.1 Defect subalgebra

The su(1|1) superalgebra discussed in section 4.3 can be seen as a subalgebra of the
N = (2,2) superalgebra on S%, namely su(2|1). This fact can be used to insert into
the path integral BPS surface defects wrapping S2. Specifically, the full su(2[2) isome-
try superalgebra of S? x S! reduces to the su(2|1) subalgebra by considering the linear

combinations
Q=Q;—Qs, S=5;-5; (7.1)
Their non-trivial anticommutation relations are
{QQ}=2r""Jy
{Q7 S} = 217’71(‘]3 - RiQ) )
{S,S} =2r"1)_,
{Q,S} =2ir 1(J; +Rys), (7.2)

which are the anticommutation relations of the su(2|1) superalgebra. The latter has four
supercharges and its bosonic part is su(2) @ u(1), where su(2) is the isometry algebra of
S? spanned by (Ji,J3) and u(1) is the vector-like R-symmetry algebra spanned by Rj,.
In particular, the u(1) R-symmetry of the defect theory on S? coincides with the Cartan
subalgebra of the su(2)c R-symmetry algebra of the three-dimensional theory on S? x S*.

The eight-parameter family (4.7) of Killing spinors &% on S? x S! reduces to the
four-parameter family of Killing spinors €, € via the map

gli =€, £21 = +73€7
€2 _ ¢ €12 = 3¢ (7.3)
where €, € satisfy the Killing spinor equations on S2,
1 3 ~ 1 3~
Ve = 5, Y€ V€= —5, V€. (7.4)
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Here, the underlined index p runs over the coordinates 6, ¢ of the 52 defect manifold. In
terms of the parameters 56“" , the map (7.3) yields the identifications

& =", & =67 (7.5)

The Killing spinor ¢ depends on 582 and the variation d. encodes the action of the super-
charges Q and S. Correspondingly, the Killing spinor € depends on &}! and the variation
0z encodes the action of the supercharges Q and S. Indeed,

5:0 = 5:0 + 6.0. (7.6)

7.2 Defect multiplets

We will now find the defect multiplets descending from the reduction in (7.3). These are
twisted chiral (and anti-chiral) multiplets on S?. The supersymmetry variations of a two-
dimensional twisted chiral multiplet formally mix objects transforming in conjugate repre-
sentations. This makes sense if the twisted chiral multiplet has a flavor® group admitting
a pseudoreal representation. This occurrence suits a twisted chiral multiplet descending
from a higher dimensional hypermultiplet.

In the case under consideration, already discussed in section 6, where the residual
flavor group is SU(N), we use the embedding of the N @& N representation of SU(N) into
the pseudoreal fundamental representation of the original flavor group USp(2N). This
allows us to collect the components (Qa,%,?ﬁaﬂ/;a, Ga,éa) into the USp(2N) multiplets
(Qa, V4, Gy) with

QaI = (Qai7 q~ai) ;
o' = (Yo', Yai) s
Ga' = (Ga',Gai) (7.7)

where I =1,...,2N are USp(2N) indices. The reality conditions (2.16) translate to

QN =1 Qd”,
(G =Q15G,7, (7.8)

with

Qg = (_(LV 18V ) (7.9)

being a USp(2N)-invariant form. The supersymmetry transformations of the new fields
can be readily derived from (2.4) and (2.14) and read

5Qa — gaaqjd ’
6V, = iv"€0aD Q" + 100aQ® — i€ae®: Q" — ivaaG”,
6G" = V¥t D, Wy + 14D, T, (7.10)

5The flavor symmetry might, or might not, be gauged.
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Let us now consider the reduction to two dimensions of a three-dimensional hypermul-
tiplet. For the moment, we omit the coupling with a background vector multiplet. We
make the following identifications:

Y =(Q'+Q%/2,

Y =(Q"'-Q%/2,

x =Y,

xX="Ys,
F=(G'-G%/2+0(Q" - Q%)/2,

F=(G'"+6%/2-05(Q" + Q%/2. (7.11)
These can be interpreted as the components of a pair of two-dimensional twisted chiral

and anti-chiral multiplets (Y, P_x, Pyx, F') and (}N’, Pix,P_x, F) With P+ we denote the
chiral projectors

3
P, = H;V . (7.12)

If the twisted multiplets have Weyl weight A, their field components transform under

supersymmetry with
0Y =€eP_x+€Pix,
8Y = éP,x —€P_¥,
Ox = 21[y£P,eD,Y +£P_eD,Y — P_e(F + AY/r) — Pe(F + AY /)],
0% = 2A[Y“P_éD,Y — “P.ED,Y — PL&(F + AY/r) + P_&(F + AY /r)],
OF = —&y“D,P_x — eyED Py x — AEP_x/r — AeP X/7,
OF = —eyED,Pox + eyED, P_x — AP x/r + AeP_x /7. (7.13)

In fact, by using the identifications (7.3), the variations above hold for A = 0.
For a hypermultiplet coupled to a background vector multiplet, one finds

F— F — i(A3 + iq)i?)Y,
F s F4i(A3 —i0;5)Y . (7.14)
At the same time, one needs to modify the supersymmetric variations with
Ox > OX + 2i(P_E Dy Y — PLEDsY),
OX = 0% — 21(P1e®;;Y + P_e®;;Y),
OF = 0F + @55 €P L x — @45 €P_x,
OF 5 OF 4 @55 EP_ X + @y ePox . (7.15)
However, since on our background vector multiplet ®;; = ®;; = 0 all these modifications
do not affect the form of (7.13). This agrees with the fact that twisted chiral multiplets
cannot be minimally coupled to vector multiplets [46]. With (7.13) we can couple the

twisted chiral multiplet reduced from three dimensions, which has A = 0, to general
twisted chiral multiplets of arbitrary Weyl weight A;.
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7.3 Coupled system and localization

We can now couple the defect multiplets to the three-dimensional theory via twisted super-
potentials W = W (Y?) that depend holomorphically on a set of complex scalars Y. The
superscript ¢ labels the ¢-th multiplet and can be regarded as a multi-index also encoding
flavor indices. The twisted superpotential term

r

' YN 1 o
Sw = *g2 <1W - i(FZ + YZ>8ZW — 5(9,8]W X;X{) (7.16)
92 T
and its twisted anti-holomorphic counterpart
L (mi D\ L T
Sy = *g2 ;W +il F* + TY W — §8i8jW XX (7.17)
SZ

are both supersymmetric.

Twisted chiral multiplets coupled to twisted superpotentials were localized in [46].
The outcome is that the only non-trivial contributions are due to W (Y?)/r and W (Y?)/r
evaluated at the poles of S2. These appear as local insertions in the path integral of the full
theory. Specifically, the BPS locus for the two-dimensional degrees of freedom is [12, 46]

YD) =y FCY = A1y @D
7o _ yed FeD = Aty 2D (7.18)
where YO(Qd) and }70(201) are constant values on S?. On the other hand, by direct computation

we find that the BPS locus for the twisted chiral multiplet descending from the three-
dimensional hypermultiplet fulfills

9, YD =0, FOU — r=Teot(0/2) gy BV |
9,y =0, FOY — r=Vtan(6/2) 9y BV | (7.19)
As a result, when evaluated on the BPS solutions, the holomorphic and the anti-holo-
morphic twisted superpotential actions give
Swsps = dmir W (YD, v 3y,
Sy lpps = dmir W (Y2, vy (7.20)
These contributions are localized at the two points of intersection between .#, and the S?
where the defect multiplets have their support, namely § = 0, ¢t = 0 and § = 7, t = 0.
When evaluated on such points, Y39 and Y34 can be written, respectively, in terms
of the BPS operators ¢*(0), ¢"(0) and ¢~ (0), ¢~ (0) that appear in the one-dimensional
action (4.29). Plugged into the path integral, the contributions of twisted superpotentials

correspond to insertions of exponential operators V and V at the north and south pole of
S? respectively. Specifically,

A (2d) 4+ ~
4mirW (Y, s 0), 0
Y = o AT, g+ (0,3 0)

D = e dmir WY g (0),67(0) (7.21)
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The action of a two-dimensional N' = (2,2) vector multiplet (A4, \, :\,Jl,ag,D) can
effectively be regarded as that of an adjoint twisted chiral multiplet, known also as “field-
strenght multiplet”, with components

(o9 +io1, A, D — o9 /r +1if12) . (7.22)

This means that the superpotential interaction discussed above can also be used to couple
bulk hypermultiplets to vector multiplets on S2. The BPS locus for a vector multiplet is

m
01:—27” 02 =020,
m
f]_2 - +ﬁ’ D - 0, (723)

where o2 is constant and m is the monopole charge associated with the field strength fi2.

More generally, since, as mentioned earlier, the localizing supercharge (4.20) employed
in section 4.3 is compatible with the standard choice of localizing supercharge adopted
in [44-46], we are free to introduce also A/ = (2, 2) chiral and anti-chiral multiplets on S2,
minimally coupled to the two-dimensional vector multiplet. Schematically, we can write
the full partition function in the presence of the defect as

Zagjpa =Y / dY Zi100p(m, V) / [dgt][dgT)[dg )[dg™] e~ S1@a) py (7.24)

where with m and ) we collectively denote the discrete and continuous part of the two-
dimensional BPS locus, while Z1_j,,, denotes the one-loop determinant associated with the
two-dimensional multiplets. Notice how the only action terms that appear in the above
are S1q and the superpotential terms V and V. This is due to the fact that all the action
terms for an N = (2, 2) theory are Q-exact, with the exception of (7.16) and (7.17) [44, 46].
Supersymmetric localization has turned the path integral associated with a theory of three-
and two-dimensional degrees of freedom into the path integral of coupled zero- and one-
dimensional quantum systems.

Finally, one can compute correlators by adding insertions of BPS operators coming
either from the N’ = (2,2) multiplets (e.g. [47, 48]) or from the bulk theory. The latter
have been extensively discussed in section 6, whether the former appear in the quantum
mechanics as insertions of local operators at the intersection point, namely ¢ = 0.
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A Conventions and notation

We denote spacetime indices with Greek letters p, v, ...and SO(3) frame indices with a
sans serif font a, b, .... Spinor indices are denoted with Greek letters a, 5, .... These are
raised and lowered from the left with the SU(2) invariant tensor ¢! = —e19 = 1. The same

applies for SU(2)y and SU(2)¢ indices, which are labelled by undotted a, b, ...and dotted
a, i), ... Latin letters.
Let &, and 7 be either commuting or anti-commuting spinors. The spinor contraction

is defined as
b = €, (A1)
and the following Fierz identity holds:

Ea(¥n) + (E)1a + Eaban” = 0. (A.2)

The “flat” gamma matrices are defined as the Pauli matrices v = ¢® and the “curved”
ones are given by contraction with the dreibein as v# = e4~2. These satisfy

7#7V = g,u,y -+ if,ﬂ/pfyp 5 (A?))
(7)o ()" = 262°6,7 — 6a78,° . (A.4)

Let us consider a three-dimensional Riemannian manifold .# with metric g. We define
the musical isomorphism b as the map from a vector v to a one-form v such that, for any

vector w,
L’ = g(v, w). (A.5)
The Lie derivative along a vector field v acting on an r-form w is defined as
Low = (diy + tpd)w. (A.6)

When acting on a spinor ¢, the Lie derivative reads
i
Lyp =0V 0 + 56“””V#vl/yp¢. (A.7)

With %, we denote the Hodge dual, a linear map from an r-form to a (3 — r)-form such
that, for any two r-forms «, 3,

aA*f = gla,p)et Ne? Aed. (A.8)

In our conventions, the Lichnerowicz-Weitzenbock formula reads

7= (v 5 o (A9

This fixes the form of the auxiliary equation for a conformal Killing spinor £*¢,

(D2 + ?)ga@ =0. (A.10)
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B Superalgebra closure

By imposing the Killing spinor equation (2.3) one finds that the supersymmetry varia-
tions (2.4) and (2.5) close on the N/ = 4 superalgebra associated with .#. Let us consider
variations generated by Killing spinors £¢4 and £3¢. Their action on fields is given by

{517 52}qa = qua + (Rac - iLv(AH)ac)qc + 1/2 an + iEqa ;
{61,02}1¢" = Loq" + (R — itw(An)“e)q" +1/2 pg"* —iq"E, (B.1)

and

{61, 02 08 = Lothe — (Ra e + ity (Ac)a)ba + piha + 1204 + Ea
{61,023 = Lotha — (Ra e + ito(Ac)a)ha + ptha — 1paZ + Es . (B.2)

On the r.h.s. of the above, we find the generators of various bosonic symmetries. These are

e conformal isometries generated by the conformal Killing vector
vt = 16 (B-3)

o s5u(2)p®su(2)c R-symmetry transformations that act on undotted and dotted indices
with

Rae = 1(&1,a" M2,y + 0,00 M 0)t)
Rae = (61" (@ue) + E2" (@M ue)) » (B.4)

and through the background connections (Ag)% and (Ac)q;
e dilatations, acting on fields with Ap, where
p =& Ny s + €5 i) (B.5)
is the dilatation parameter and A is the Weyl weight of the field;

e background gauge transformations with gauge parameter

—_
—
—

glu(dgluc‘)@dé - LU12A . (BG)

The algebra closes on shell on the fermionic components of the hypermultiplet. In
fact, in (B.2), two additional terms appear, &; and &,, that vanish on the solutions of the
equations of motion for v, and 4. These terms can be eliminated for a certain choice of
Killing spinors £%¢, by the introduction of auxiliary fields G* and G* and by an appropriate
modification of the supersymmetry variations, as described in section 2.
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C Details of the cohomological approach

In this appendix we outline the computation that leads to the cohomological construction
illustrated in section 3.

On the solutions of (3.7) and through the identities in (2.15), one can rewrite the
auxiliary term in the off-shell Lagrangian £ as

GG, = 4lv| 2 X% T, Y., (C.1)
where

Yo = 7€aaDpq® + Naaq® — Eac®aq”
Yo = v£aaDpd® + @ Nai + Eacd" @a” . (C.2)

After some manipulation, one finds
GGy =—% +divyj, (C.3)

up to terms that cancel on the solutions of (2.10) and when setting 1), = 1;@ = 0. Here we
have introduced the vector field

= ‘v’—Q (dwpvaac(quch —D,q%q") — 1/4 DM”UFQQ% + 4Xdé§(aa'7u£c)éq~a¢)ééqc> .

(C4)
Now, j is singular on .#,, but we assume it to be well defined on .Z \ #,,.
Then, we consider
Lo(xZ) = 1pd(x5°) = (Ly — diy)(x5”) (C.5)
and notice that if
Lo(xj") =0 (C.6)
one can immediately conclude that
dp(xZ + 1,%5°) =0, (C.7)
where a; = 1,%j” is now globally defined on .#. The identity (C.6) can be proven by
enforcing
1 F = —D(Xy @),
Lo D ®ae = —4i&, (10" Py + 1 X0 [Peys, 7, (C.8)
and

Ly Dqg* = —2i§“dnch — iXdC@dé e
Ly DG = —2i6%.4G¢ + 1X56G° P (C.9)

which come from (2.10) and (3.7).
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D BPS loci

In this appendix we look at the problem of finding the explicit solutions of the BPS equation
for both the background vector multiplet and the hypermultiplet.

D.1 Background vector multiplet

We start by considering the BPS equations (2.10) for the vector multiplet. We assume that
all solutions are in the Cartan subalgebra of g.
Combining (C.8) with the reality conditions (2.11) gives

Ojj = e YD i(0,1), (D.1)
Py = 045(0,1), (D.2)
Dy = €+i@¢’0722(0, t), (D.3)
and
Fo=0, Do(sin (P i — Py 53)) =0,
Fpr =0, alt(q)o,ii - ‘1)0,22) =0. (D.4)

If we impose regularity at the poles, we find that
Py ii = Lo (D.5)

We can now plug these ansatze in (4.5) and find, still taking into account the reality
conditions on the fields,

Ft@ = 07
D12 = 07
Dy = DQQ, (D6)

together with
815@0’11 + 18 89@12 =0,
—isin 0 0, @5 + BOy(sin b @y 3) = 0. (D.7)

The configuration where @ j; vanishes and ®;; is a real constant is the only solution of
the above that is regular everywhere.

D.2 Hypermultiplet

From (C.9), with the solutions (2.10), we find that the BPS configurations of the scalars
are such that

0,q" =0,
p,q° =0. (D.8)
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With this ansatz for ¢%, one can then write down the full BPS equations §v¢,; = 51;;1 =0
and adopt, for the background gauge multiplet, the BPS locus (4.5). By imposing the
reality conditions (2.16) one can eliminate the dependency from the auxiliary fields and find

(0 —1¢)q" + BescBBpg™ =0,
(0 —i¢")g~ — Bescfdpg™ =0,
(8t+1§‘)q++ﬁcs0989q =0,
(0 +iC*)g — BescH Oyt =0, (D.9)

where ( is the g-valued constant defined in (4.6). Without loss of generality, we can take
R(¢) to be diagonal.

The equations above have solutions”

gt (0,t) = Z ekt [+u g, cosh(wy, cos ) + ivy j, sinh(wy, cos 6)]

kEZ
q (0,t) = Z eIkt [+u_ j, cosh(wy, cos §) — iv_ j, sinh(wy, cos )] ,
keZ
= Z etikt [+u* . cosh(wy, cos ) + iv* ; sinh(wy, cos 0)]
keZ
g (0,t) = Z etikt [—u?, 1, cosh(wy, cos ) + iv} , sinh(wy, cos 0)] (D.10)
keZ
for
wp = Bk + (| (D.11)
and constants u’s and v’s, such that
U_f = LN v
_7k,’ ‘k + C’ -‘r,k’?
k+¢

k=T . D.12
YR T (D12

E Hypermultiplet partition function

As a check of the localization argument that leads to the one-dimensional theory (5.1),
we perform a direct computation of the partition function for the action in (2.6). Our
goal is to show that (2.6) generates the same partition function Z14(¢,¢*) as in (5.5), in
agreement with our claim that the contribution of the fluctuations around the localization
locus amounts to an overall constant.

We start by rewriting the on-shell lagrangian (2.12) as

Zon = (" Bacd® + VO Fuct)®, (E.1)

"To keep a clean notation, we avoid introducing additional indices. The fact that R(¢) is diagonal makes
the interpretation of (D.10) particularly simple: for each component of gt and (ji (and consequently of
their Fourier coefficients u+ x and u+,i) one should select the appropriate diagonal element of R(().
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in terms of the differential operators

B L, 2 o 3yu O
Bac = _eacﬁ g2 + 762 — 0 + Eau(')/ ) Cr25 - 6acr2 , (E2)
i 30 3vi 10
ac = —€ac— 2 i e E.
Fie = =iy (Bsn 415 ) + ) (5.3)

which depend on the background vector multiplet components (4.5). We have introduced
the shorthand

=0, —ia, (E.4)

while with Age and g2 we denote, respectively, the Laplace and the Dirac operator on
the unit 2-sphere.

To determine the spectrum of (E.2) and (E.3), one can decompose scalar and spinor
fields in terms of orthogonal bases formed by Fourier modes along the S!' and (spin-
weighted) spherical harmonics on S2. On such a base, the action of 9, Ag: and Pge
is trivial. In particular, we remind the reader that a spherical harmonic of spin s,

i) = ([ O

l—s
>3 (z j ) (j o m) (C1)0Ttdme ot T2y, (E.5)

: J

=

is defined for s, £, m half-integers, with s — ¢ and s — m integers, and with the constraints
¢ > |s| and |m| > £. Both Ag: and g2 can be written in terms of raising and lowering
operators d and 3. These act on a function f(*) of definite spin s with

9 i 9
) — _(sino)te (2 9\ 1(sin )¢ £05)
0f®) = —(sin@) ™ (30+sin98gp)[(8m6) 1,
, o i 9
W@=—@m®ﬂ(%—&gwm>wm®“ﬂﬂ- (E.6)

In particular,

3Y,(0,0) = +V/(( =)0 +s+1) V20,0,
0Y, 00 (0.0) =/ ((+5)(0—s+1) Y5 (0,9). (E.7)

The partition function for the hypermultiplet can be expressed as
Znyper = Zq Zy (E.8)

in terms of the partition functions Z; and Z,, associated, respectively, with the bosonic and
the fermionic degrees of freedom in the (on-shell) multiplet. These come from taking the
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functional determinant of the differential operators (E.2) and (E.3). By taking the product
of the eigenvalues of (E.2) and (E.3), counted with their multiplicity in m, we find

e TLLIT[(S2200 ) (g 27 i) >

pER kEZ (EN

and

k:+2p2 )? (€+2%)2 L Plo)?
r2f T

zo=11 11 11

pER  kEZ LeN+1

(E.10)

r2

] 2(20+1)

In the above, we set » = 1 to render the partition functions adimensional.
When combining the two, we obtain

Zhyper - H H ‘ +p (Ell)

pER ke

The product over k can be regularized as in (5.13). The result,

1
Zhyper = _ E.12
wer = 11 artemice (542)

agrees with the partition function (5.14) obtained from the one-dimensional theory.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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