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ABSTRACT: The gravitational S-matrix defined with an infrared (IR) cutoff factorizes into
hard and soft factors. The soft factor is universal and contains all the IR and collinear
divergences. Here we show, in a momentum space basis, that the intricate expression for
the soft factor is fully reproduced by two boundary currents, which live on the celestial
sphere. The first of these is the supertranslation current, which generates spacetime super-
translations. The second is its symplectic partner, the Goldstone current for spontaneously
broken supertranslations. The current algebra has an off-diagonal level structure involv-
ing the gravitational cusp anomalous dimension and the logarithm of the IR cutoff. It is
further shown that the gravitational memory effect is contained as an IR safe observable
within the soft S-matrix.
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1 Introduction

The scattering amplitudes of four-dimensional asymptotically flat quantum gravity trans-
form covariantly under asymptotic symmetries, which include the infinite-dimensional sym-
metry group of a two-dimensional conformal field theory [1, 2]. In particular, SL(2,C)
Lorentz transformations act as the global conformal symmetry on the celestial sphere CS
at null infinity. This observation lends scattering amplitudes a natural reinterpretation as
correlation functions of a holographically dual “celestial conformal field theory” (CCFT)
on the celestial sphere [3, 4]:

(out|Slin) — (01 -~ Op)es. (1.1)

The asymptotic symmetries additionally include supertranslations, whose associated con-
servation laws are equivalent to Weinberg’s soft graviton theorem [5, 6]. In U(1) gauge
theory, the soft photon theorem is the conservation laws following from the asymptotic
large gauge symmetries [7-9].

These symmetries are realized as current algebras on the celestial sphere. This struc-
ture both governs the form of and explains the origin of infrared (IR) divergences: the
latter are needed in order to set to zero all conservation-law-violating exclusive ampli-
tudes [10-12].

Soft factorization is a closely related universal IR feature of scattering amplitudes. It
posits that scattering amplitudes (with an IR cutoff) can be factored into hard and soft



pieces, where the soft piece is given by a universal formula that contains all IR divergences
of the full amplitude. This factorization was shown in [13] for QED to be celestially realized
as the familiar factorization of 2D CF'T correlations functions into a universal “conformally
soft” current algebra factor and a theory-dependent “conformally hard” factor. The full
soft S-matrix was reproduced from a 2D current algebra on the celestial sphere.

The purpose of this paper is to extend the analysis of [13] to gravitational theories.
We determine, in a momentum space basis, the current algebra on the celestial sphere that
governs the leading IR behavior of gravitational scattering amplitudes. In addition to the
previously-studied supertranslation current [5, 6], we find that the celestial algebra includes
a second “Goldstone current” that is the gradient of the Goldstone mode associated to
spontaneously broken supertranslation symmetry. It has a non-vanishing level proportional
to the gravitational cusp anomalous dimension and the logarithm of the IR cutoff. The
soft part of gravitational scattering amplitudes is shown to be entirely reproduced by
current algebra correlation functions. In direct analogy with the gauge theory analysis, the
soft piece is a correlation function of Wilson line-inspired operators constructed from the
Goldstone boson and supertranslation currents. Gravitational Wilson line operators and
their relation to gravitational soft dressings were discussed in [12, 14, 15]. The gravitational
cusp anomalous dimension, which appears in the level of the Goldstone current, was related
to soft factorization in [16].

Generic scattering processes induce transitions between inequivalent vacua, which can
be measured through the gravitational memory effect [17]. This effect is encoded in the
soft S-matrix. Inequivalent vacua are related by supertranslations and the memory ef-
fect measures the transformation of the Goldstone boson under the symmetry. Mem-
ory is an IR safe observable and we show it is reproduced in the current algebra by the
IR finite operator product expansion (OPE) between the supertranslation current and
Goldstone boson.

The paper is organized as follows. Section 2 presents notation and conventions. In
section 3, we review the relation between supertranslation symmetry and IR behavior
of gravitational scattering matrix elements. In section 4, we recast the statements from
section 3 as current algebra identities on the celestial sphere. In subsection 4.1 we intro-
duce, for hard massless external particles, Wilson line-like operators constructed from the
Goldstone mode. In subsection 4.2, we review the soft graviton mode, which realizes the
supertranslation current on the celestial sphere, and derive the OPEs of the associated
algebra. In section 5, we turn to IR divergences in scattering amplitudes arising from in-
ternal soft graviton exchanges. We review the Feynman diagrammatic formula for the soft
S-matrix and demonstrate that it is reproduced by correlation functions of the Goldstone
mode. In subsection 6.1, we show that the soft S-matrix for an arbitrary number of soft
gravitons and hard particles is reproduced by correlators involving both supertranslation
currents and Goldstone bosons. In subsection 6.2, we relate the OPEs determined pre-
viously to the gravitational memory effect. In section 7, by modifying the Wilson line
operators, we generalize the analysis in section 5 to include external massive particles. An
extension of this analysis to a conformal primary basis will be included in [18].



2 Preliminaries

We consider four-dimensional perturbative gravity coupled to massless matter on a
Minkowski background. We parametrize null momenta as

Py = mwrd” (21, 2x) (2.1)

where wi > 0, n = £1 for outgoing and incoming particles respectively, and

§"(2,2) = (1 4+ 22,24+ 2, —i(2 — 2),1 — 22), " (2,%)qu(2, %) = —2|2z — zj|2 = —2|zij|2.
(2.2)
Polarization tensors for spinning massless particles are constructed from the polarization
vectors
i 1 i B " 1 " _
5k+ = ﬁaqu (Zk,Zk), 5k;_ = ﬁaqu (Z]C7Zk)' (23)
The polarization tensor for a positive helicity outgoing graviton is e}, = e} €}, .

We employ flat Bondi coordinates (u,r, 2z, Z), in which the standard Cartesian coordi-
nates are 1
o = 3 (un + 1 (z,2)), (2.4)
where
n* =(1,0,0,-1), nq,(z 2)=-2. (2.5)

The Minkowski line element becomes
ds? = nydatds” = —dudr + r’dzdz. (2.6)

In these coordinates, the celestial sphere CS is conformally mapped to a plane on which
(zk, Zx) labels the point where a massless particle with momentum py, crosses null infinity Z.

3 Supertranslations and Weinberg’s soft graviton theorem

In this section, we review the equivalence between Weinberg’s soft graviton theorem and
supertranslation symmetry of the S-matrix.
Introducing the soft graviton mode operators P} [5, 6], defined as

kP = — lim 0 (wa‘jrut(w, 2,2) 4+ wa ™ (w, z, 2)) ,

w—0 . . (31)
kP, = — lim 0z (walj_l(w, z,2) + waEn(w, z, Z)) ,

w—0
where k = v3271(G, Weinberg’s soft graviton theorem for a scattering process involving n
hard massless particles and one soft graviton of momentum ¢* = wg#(z, z) and polarization
e*” becomes

NN N S " w
t|PFS—SP |in) = — lim 9, T TRTE | (ut|S]in) = Rk (out|S|in). (3.2
{out| P; > |in) = — lim 0 [w; = | {out|Slin) ; _zk<ou\ in).  (3.2)

z



A Fourier mode decomposition of the graviton field in turn relates the soft graviton mode
P} on It and boundary components of the asymptotic metric

o0
4G‘Pz+ = / du agNZZ = 82C'ZZ|I¢ — agCZZ|Zi-, (33)
—00
where N, = 9,C,, is the radiative component of the gravitational field (see [4] and refer-
ences therein for definitions). Similar expressions hold for P; .

The statement of supertranslation invariance of the gravitational S-matrix is
QTS -SQ =0, (3.4)

which follows from taking the derivative of (3.2) with respect to z and then integrating the
result against an arbitrary function f(z, z):

d? -
/%ﬁu@@@mgw—sgmn:/fd@agywmmmfawmam )

= (out|Q S — SQ7|in).

The hard charges fo implement the action of the supertranslation symmetry on matter.

A single hard massless asymptotic state transforms as'

Sflpr) = iQilpr) = inkwif (21, 2k) 1) (3.6)

where Qfl acts on states with 1, = £1, respectively. For the full charge Q* = QE + Q?,
the left-hand side of (3.5) is identified as —(out|Q%S — SQg|in). The soft charges QF act
by adding soft gravitons, performing a non-trivial vacuum transformation.
Supertranslation symmetry is spontaneously broken in the standard Minkowski vac-
uum, giving rise to a Goldstone boson, denoted C. C' is canonically paired with the soft

graviton P} and related to a boundary component of the asymptotic metric [6]:

Cuzlgr = —02C. (3.7)

z

The Goldstone boson transforms under an infinitesimal supertranslation by an inhomoge-
neous shift:

6;C = f. (3.8)
4 Currents on the celestial sphere

In this section, we recast the supertranslation symmetry of S-matrix elements presented
in section 3 as the action of a current algebra on the celestial sphere.

!The operator equation for a classical symmetry ¢ — ¢ + ed¢ with charge Q is 60 =i [Q, O].



4.1 Gravitational Wilson lines

Weinberg’s soft graviton theorem, as reviewed in the previous section, implies that asymp-
totic states of hard massless particles transform non-trivially under supertranslations. Here,
we recast the action of supertranslations on celestial correlators as the transformation of
Wilson line-inspired operators constructed from gravitational boundary modes, which we
therefore also include in the supertranslation current algebra.

Massless particles in momentum eigenstates are associated to unique points on CS
and are represented by local operators Ok(pg), which transform under supertranslations
according to (3.6):

31 Or(pk) = inpwi f (21, 21) Or(pk)- (4.1)

To isolate the supertranslation transformation properties of Oy, we introduce operators of
the form?
Wi (pi) = eifikwkc(szk), (4.2)

and decompose
O = WOy (4.3)

The transformation of Wy, follows from (3.8),

S W2k, Zi) = inkwr f (21, Z6) Wi (2, Z1) (4.4)

and accounts for the full transformation of O (p;) in (4.1), implying that Oy is invariant
under supertranslations. Note that neither W, nor Oy, alone create physical scattering
states. Physical states are dual to the composite operator Oj.

4.2 Summary of current algebra

On the celestial sphere, Weinberg’s soft graviton theorem can be recast as the insertion of
a current
P, =P/ -P;. (4.5)

Using (1.1), the soft theorem (3.2) becomes
Wk
P.Oy---Op) =) ——(01---0y), 4.6
(010 =32 2L (01 0) (4.6)

which is immediately recognized as the Ward identity of a Kac-Moody symmetry generated
by P..
The decomposition (4.3) implies that P, and W} have the OPE

NkWk
Z— 2k

P, ~ Whe. (4.7)

Using the expression (4.2) for W in terms of the Goldstone operator C' then gives

—1

P.C(w,w) ~

(4.8)

zZ— W

*Note that the argument of the exponent is dimensionless because [C] = [1g..] = [mass] .



This OPE is of the general form allowed by SL(2,C) conformal symmetry, under which C
has conformal weight (—%, —%) The weight of C' follows from that fact that the argument
of the exponential in (4.2) must have net zero conformal weight and that energies wy

transform with conformal weight (1,1). As shown in [19], P. is a spin-one operator of

conformal dimension (%, %), and its action raises the conformal dimension of operators Oy
11

by (3.3)-

To deduce the OPE of two supertranslation currents, note that soft gravitons have
vanishing energy and do not couple at leading order in a low-energy expansion [20], implying
that

P.P, ~ 0. (4.9)

In analogy with the supertranslation current, we define a Goldstone current
P, = id.C, (4.10)

and from (4.8), we immediately find the OPE

~ 1

PP, ~ (4.11)

(z —w)*’
The dimension of C implies that P, has dimension (%, —%), so we expect an OPE of the form

(z — )

PP, ~k 4.12
where k is a constant that we will determine in the following section (see equation (5.8)

therein).

5 Infrared divergences from virtual gravitons

In addition to singularities arising from the emission and absorption of soft gravitons, which
are captured by the soft graviton theorem, scattering amplitudes in four-dimensional theo-
ries of gravity contain IR divergences arising from virtual soft gravitons exchanged between
external legs. As Weinberg first explained [20], virtual graviton exchange contributes a uni-
versal soft factor to the S-matrix. This section reproduces the virtual soft exchange factor
in the CS current algebra.

We begin by recalling the general formula for IR divergences derived in e.g. [21]. The
S-matrix for scattering n hard massless particles factorizes as

. 16 < 2p; - pj — =

(out|Slin) = exp ~5- 'lei -pjln < ;2 L) | (out|S[in) (5.1)
L)=

in d = 4 — 2¢ dimensional regularization® with x an arbitrary mass scale and <01?|S\|in>

IR finite.

3When the IR regulator is a cutoff Arr, the exponent becomes proportional to log(Arr) rather than et



Working with the momentum parametrization (2.1), we find

Di Dj —4 wiwilz
zpzpjm( ) zpzpjm( il w‘) S peplnlzls (52)

3,j7=1 i,j=1 M i#£j

where the last equality follows from expanding the logarithm into a sum of terms, using

p? = 0, and invoking total momentum conservation to obtain identities such as

Z pi - pj In(njw;) Zln (njw;)ply (ZPz’p) = 0. (5.3)
i=1

3,j=1

With these simplifications, (5.1) becomes

. 1G ¢ —
(out|Slin) =exp | ——— E ninjwiw;|zij|* In |22 | (out|Slin). (5.4)
€T —
7]
To recast this result on the CS, note that the decomposition (4.3) of operators accord-
ing to their supertranslation symmetry transformation properties implies factorization of

correlation functions:

(O1--0,) = W1 W01 ---Oy). (5.5)

The W, and Oy correlators are the soft (IR divergent) and hard (IR finite) factors,
respectively.

It follows that the general form of the IR divergent piece in (5.4), involving a sum
over pairs i, j, can be reproduced by a correlation function of exponential operators Wy
for which the two-point function is the only non-vanishing connected n-point correlation
function of the exponentiated field C. Thus expressing the correlation function of Wy
operators in terms of correlation functions of C, we find

I _ _
<W1 e Wn> = exp 3 Z nmjwiwj<0(zi, Zi)C(Zj, Zj)> . (5.6)
i#]
Comparing with (5.4), we immediately deduce
_ _ 12G
(O 3O 5) =+ o 2y i (5.7

from which, using the definition (4.10) of P,, we fix the level of the Goldstone current
algebra k in (4.12) to be

k= i (5.8)

While the level of the Goldstone current is IR divergent, we will show in the next section
that it does not affect IR safe observables such as gravitational memory.

6 Current algebra correlators and the soft S-matrix

Having fixed the leading singularities in the OPEs of the soft photon currents P, and
Goldstone operators C, we now show how these results can be used to calculate the soft
part of the S-matrix in gravity, including the emission of soft gravitons and the gravitational
memory effect.



6.1 Gravity

A scattering process involving m soft gravitons and n hard massless particles is represented
by a celestial correlation function, which factors according to the decomposition (4.3):

(P, P, O1---0,) = (P, ---P, W- “Wn>(@1 ) ..()n>_ (6.1)

Now, we will use the current algebra specified in sections 4 and 5 to compute the soft part of
the S-matrix given by the correlation function of soft photon currents P, and operators W.

If we assume that P, is holomorphic away from other operator insertions, subleading
terms in its OPE with other operators cannot contribute to correlation functions. Then,
the leading singularities given by (4.7) and (4.9) imply a further factorization:

(P - P, Wi W,) = HZM Wy - W), (6.2)

which is simply the manifestation of Weinberg’s soft graviton theorem on the celestial

sphere.
Finally, combining (5.6) and (5.7), we find

Wi 1G <
(P, -+ P, Wy---W,) = UZ% exp —6Wgﬁ;ﬁkﬁzwsz%elﬂnmﬁ . (6.3)

6.2 Gravitational memory

In this subsection, we recompute the gravitational memory effect from the current algebra.
The key point is that gravitational memory involves P, P,,, not P,P,,, and also only involves
ratios of amplitudes. It is therefore an IR safe observable.

We begin by focusing on (6.2) for a single insertion of P, and noting that it can be

written as
<PZW1 tee Wn> = Z z'njwj <PZC(Z]‘, 5j)> <W1 v Wn> (64)
j=1
Rearranging, we find
. . PZ .7 . —_— = 5 .
Z’LT/JWJ< C(ZJ ZJ)) <W1 L. Wn> <Ol . On> (6 5)

j=1

where we use the factorization property of correlation functions (5.5) to obtain the last
equality.
We next use crossing symmetry [5]

{out|P; S|in) = —(out|SP; |in) (6.6)

to relate this ratio of correlation functions to a scattering amplitude with a single insertion
of P}

1(P,O;y---0,)  (out|PfS|in)
2 (01---0,) — (out|S|in)

(6.7)



In turn, the right-hand side can be interpreted as the expectation value of the change in
the asymptotic metric Ah,, induced by the scattering of n hard particles [17], where hy,
is the perturbation of the metric about Minkowski space

Guv = N + Kl (6.8)
Altogether, we find
\/%az (Tli_g)lo rel by, (r, z, 2)) = W (6.9)
Using (6.5) and
. T Sl Pj
inw;(P-Cl(z5, %)) = F —0z [W] ; (6.10)

we obtain the Braginsky-Thorne formula [22] for gravitational memory due to the scattering

€+;p5p§
Tlggo ret” Ahyy (r, 2, 2) Z (6.11)

The gravitational memory formula is thus determined by the P,C' OPE. Note that unlike
(CC), (P.C) is IR finite and directly related to an IR safe observable: (6.5) involves a ratio
of scattering amplitudes that precisely cancels the IR divergences due to virtual gravitons.

of massive bodies:

7 Soft S-matrix for massive particles

In this section, we show that the Goldstone two-point function derived above from the soft
S-matrix for massless external particles correctly reproduces the soft S-matrix for massive
external particles.

Massive particles in momentum eigenstates are not canonically associated to points
on the celestial sphere, but instead to points on a resolution of timelike infinity by a
three-dimensional hyperboloid. We thus use coordinates that give a hyperbolic slicing of
Minkowski space:

2 = (0 4 p2 (=, %), (7.1)
p

in which the line element becomes
2 2 2 dP2 2 =
ds® = —dr*+ 71 2 + pdzdz | . (7.2)

Surfaces of constant 7 are constant curvature hyperbolic slices and their p = co boundary is
the celestial sphere, labelled by points (z, Z). Massive momenta are naturally parametrized
by points (pk, 2k, Zx) on the hyperboloid, defined by the mass-shell condition pi = —mz:

o TN
p =
2,

(1+pi(1+zk2k), p%(2k+§k)7 —ipi(zk —Zr), —l—i-pz(l —2k2E)) = nkmkﬁg (7.3)



Massive particles with momenta pj, approach the points (pg, 2k, Zx) on the hyperboloid at
timelike infinity (7 — 4+00). We will also make use of the following inner products:

o 1
P d(z,2) = — < + prlz — zk|2> :
Pk

N L (pk  pe
P P = _5 ( + — 4+ pkpg‘zkgP = —COSh’ykg,
Pt Pk

(7.4)

where 7y is implicitly defined to be real for any pair (outgoing or incoming) of on-shell
momenta.

To generalize the Wilson line operators to massive particles, we begin by rewriting (4.2)
as

2 + MV
d z 6M1/pkpk

Wi (pr) = exp [—z/ §C(z,2) 82 (}mcj(zi))] . (7.5)

Using the parametrization (7.3) of massive momenta, (7.5) becomes
M . _ -
Wi(pk) = exp [W/d%g(?’)(pk;z, Z)C(Z,Z)] (7.6)

where the Green’s functions G(™ are given generally by [23]

(n—1) P
21 (L + p2lz — z?)"

G (pr; 2,2) = (7.7)

The n-point correlation function of such operators takes the form

1 n
Wy« Wy) = exp -3 > ninjmimj/d2U)d2zg(3)(]§i§waw)g(g)(ﬁj§zyz)<c(wvw)C(Zuz» ;
ij=1
(7.8)
where here the sum includes ¢ = j terms, which arise from Wick contractions within a single
Wi Explicitly evaluating this expression using the two-point function (5.7) determined

previously, we find

1
W1+ Wy) =exp —;—E_ 1M
(7.9)

=

1 3 . .
X\ Yij |:'2+4C08h2’yij —21D(pipj)COSh’yij+pfl'+pf]'
sinh Yij Pi  Pi

“Note that in the massless analysis, we do not encounter such terms because the two-point function
of C vanishes as the points are taken to be coincident. This reflects the well-known fact that collinear
divergences cancel in gravity [20].

~10 -



Invoking total momentum conservation simplifies the result, as in section 5. Using, in
particular,

n n n n
> mmgmim;In(pip;) coshyig =—=2> " (p)pi-pj=—2_ I(pi)pl Y pju=0,

=1 =1 =1 = (7.10)
pi P nim nim;

> o (5) <23 S S = 23 Y =

i,5=1
where n is the constant null vector defined in (2.5), (7.9) simplifies to

1G 1 , \?
W1 W) =exp | ——— Z ninjmimyYij | ——— + 4 cosh” ;5 . (7.11)
= sinh” v;;

7]7
This correlation function reproduces the soft factor of the S-matrix, shown in [20, 24] to be

1

. 1 G 1 2 —
(out|S|in) =exp | ——— Z iy MM (Yij —im0p,m,.1) ( =z ”—&—4cosh2%j) (out|S|in),
= sinh” ~;;

(7.12)

provided that when 7;m; = 1, we analytically continue ~;; — v;; — im in (7.11).
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