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1 Introduction

A significant subject in mathematical physics is to establish a unified picture to describe
integrable systems [1, 2]. By focusing upon 2D classical integrable systems including non-
linear sigma models (NLSMs), such a nice way was originally proposed by Costello and
Yamazaki [3] based on a 4D Chern-Simons (CS) theory with a meromorphic 1-form w.
Notably, this 1-form w is identified with a twist function characterizing the Poisson struc-
ture of the integrable system by Vicedo [4]. Recently, this procedure has been elaborated
by Delduc, Laxcroix, Magro and Vicedo [5] so as to describe systematic ways to perform
integrable deformations of 2D principal chiral model (PCM) including the Yang-Baxter
(YB) deformation [6-12] and the A-deformation [13, 14]. For other recent works on this
subject, see [15, 16].

Our aim here is to generalize the preceding result on the PCM [5] to symmetric coset
sigma models. By starting from a twist function in the rational description (with a slightly
different parametrization of the spectral parameter), we specify a boundary condition asso-
ciated with a symmetric coset. Then, the boundary condition is generalized so as to describe
homogeneous YB deformations. It is straightforward to carry out the same analysis for the
AdS5xS® supercoset sigma model. As a result, the homogeneous YB deformations of the
AdS5xS® supercoset sigma model have been derived as specific boundary conditions of the
4D CS theory.

This paper is organized as follows. Section 2 explains how to derive 2D NLSMs from 4D
CS theory. In section 3, we derive 2D symmetric coset sigma models as boundary conditions
of the 4D CS theory and then specify boundary conditions which describes homogeneous



Yang-Baxter deformation. In section 4, the results obtained in section 3 are generalized
to the AdS5xS® supercoset sigma model case. Section 5 is devoted to conclusion and
discussion. Appendix A explains the computation concerned with a dressed R-operator in
detail. In appendix B, we present homogeneous bi-Yang-Baxter deformed sigma models as
boundary conditions of the 4D CS theory.

Note. Just before submitting this manuscript to the arXiv, we have found an interesting
work [17]. The content of [17] has some overlap with us on the integrability of the AdS5xS°
superstring.

2 2D NLSM from 4D CS theory
This section explains how to derive 2D NLSMs from a 4D CS theory by following [3, 5].
Let us begin with a 4D CS action [3],!
S[A] = — = w A CS(A), (2.1)
4m | mxcpr

where A is a gC-valued 1-form and C'S(A) is the CS 3-form defined as
CS(A) = <A, dA + %A A A> . (2.2)
Then w is a meromorphic 1-form defined as
w=p(2)dz (2.3)

and ¢ is a meromorphic function on CP'. This function is identified with a twist function
characterizing the Poisson structure of the underlying integrable field theory [4].
Note that the z-component of A can always be gauged away like

A=A,do+ A, dr+ Asdz, (2.4)
because ¢(z) depends only on z and hence the action (2.1) has an extra gauge symmetry
A= A+ xdz. (2.5)

The pole and zero structure of ¢ will be important in the following discussion. The set
of poles is denoted as p and that of zeros is 3. At each point of 3, the 1-form A cannot be
regular because otherwise the action (2.1) is degenerate and hence the equations of motion
at 3 cannot be determined.

By taking a variation of the classical action (2.1), we obtain the bulk equation of
motion

WAF(A) =0, FA) =dA+AAA (2.6)

and the boundary equation of motion

dw A (A, 6A) = 0. (2.7)

'For the notation and convention here, see [18].



Note that the boundary equation of motion (2.7) has the support only on M x p C M X
CP', because

dw = 03p(2)dz Ndz

and only the pole of ¢ can contribute as a distribution. The boundary conditions satisfy-
ing (2.7) are crucial to describe integrable deformations [3, 5].
The bulk equation of motion (2.6) can be expressed in terms of the component fields:

O Ay — 0; Ay + [Ag, A] =0, (2.8)
W (0=Ay — 8y As + [As, A]) = 0, (2.9)
W (85147— — aTAg + [Ag, AT]) =0. (210)

The factor w is kept in order to cover the case 0;A, and 9sA, are distributions on CP!
supported by 3.
It is also helpful to rewrite the boundary equation of motion (2.7) into the form

1
> D (ress hw) Ez]ﬁa§z<Aia6Aj>’M><{x} =0, (2.11)

xep p>0

where € is the antisymmetric tensor. Here the local holomorphic coordinates &, is defined
as {& = z —x for z € p\{oo} and & = 1/z if p includes the point at infinity. The
relation (2.11) manifestly shows that the boundary equation of motion does not vanish
only on M x p.
Lax form. By taking a formal gauge transformation

A=—dggt +gL5t (2.12)
with a smooth function § : M x CP* — GC, the following gauge is realized

Lz=0. (2.13)

Hence the 1-form L takes the form

L= Lydo+ LodT, (2.14)

and we call £ the Lax form. This will be specified as a Lax pair for 2D theory later.
In terms of the Lax form L, the bulk equations of motion are expressed as

0Ly — Osly + [Lr, Lo] =0, (2.15)
wAD:L=0. (2.16)

It follows that £ is a meromorphic 1-form with poles at the zeros of w, namely j is regarded
as the set of poles of L.



Reality condition. It is natural to suppose some condition for the form of w and its
boundary condition on A so as to ensure the reality of the 4D action (2.1) and the resulting
action (2.21) [5].

For a complex coordinate z, complex conjugation z +— Zz defines an involution gy :
CP' — CP"'. Let 7 : g* — g be an anti-linear involution. Then the set of the fixed point
under 7 is a real Lie subalgebra g of g€. The anti-linear involution 7 satisfies

(B,C) = (rB,7C),  "B,Ceg®. (2.17)

The associated operation to the Lie group G is denoted by 7 : G® — GC.
Introducing the involutions, one can see that the reality of the action (2.21) is ensured
by the conditions

W= pw, (2.18)
TA=piA. (2.19)

Recalling the relation (2.12), we suppose that
Tg=mg, TL=mL, (2.20)
so as to satisfy (2.19).

From 4D to 2D via the archipelago conditions. When § satisfies the archipelago
conditions [5], the 4D action (2.1) is reduced to a 2D action with the WZ term by performing
an integral over CP! as follows:

{{ggc mep Z/ (res,(p L), g, ' dgs) + Z(resgc w)/ Iwyz lgz] - (2.21)

zep xep Mx[0,Rq]

Here R, is the radius of the open disk U, .
The action (2.21) is invariant under a gauge transformation

Gz > guh, L h 1Lh+htdh, (2.22)

with a local function h : M — G€. This gauge symmetry can be seen as the remnant
after taking the gauge (2.13). Note here that we have not imposed the reality condition
by following [18], in comparison to [5]. The reality condition will be introduced later when
fixing a boundary condition of §.

3 YB deformations of the symmetric coset sigma model

In this section, we will reproduce the action of a symmetric coset sigma model and homo-
geneous Yang-Baxter deformations of it from the 4D CS theory (2.1) by generalizing the
work [5, 18]. The symmetric coset case has been discussed in [3] in a slightly different way.



Symmetric coset. Let G and H be a Lie group and its subgroup, and the Lie algebras
for G and H are denoted as g and b, respectively. We assume that the Lie algebra g enjoys
a Zo-grading, namely, g is decomposed like g = h @ m as the vector space and the following
relations are satisifed

h,b] CH, [h,m] C m, [m,m] C h. (3.1)

Twist function. The twist function for a symmetric coset sigma model is given by?

16Kz
z—1)2(z+1)?

w=p(2)dz = ( dz, (3.3)

where we have followed the notation in [19]. The meromorphic 1-form w indeed satisfies
the reality condition (2.18). The poles and zeros of p.(z) are listed as

p= {il}v 3= {0700}7 (34)

where these poles are double poles, and each zero is a single zero. As we will see later, the
twist function (3.3) is applicable not only to symmetric cosets, but also to homogeneous
YB deformed sigma models.

Boundary condition. In order to specify a 2D integrable model, we need to choose a
solution to the boundary equations of motion,

Eij<<(Ai,agpAi),(S(Aj,agpAﬂ»p = 0, pep. (35)
Here the double bracket is defined as

<<(‘T’.7 y)7 (.’IJ,, y/)>>P = (resp CL))<$, HJ/) + (resp fpw) (<.7J, y/> + <[BI7 y>)
=4pK ((z,y/) + (2',y)) - (3.6)
The boundary equations of motion (3.5) take the same form as in the PCM case.
In the following, we will consider two classes of solutions. Note that A|,—1; and
0. A|,—+1 take values in the real Lie algebra g, supposing the reality conditions (2.18)

and (2.19) and the points z = £1 are fixed points of the involution ut .
The first class is

1) (A|Z=17 8ZA’Z=1) S {0} X Gab » (A|z:—17 azA|z:—1) S {0} X Gab » (37)

where {0} x g1, is an abelian copy of g defined as

[0} % g = {(0,2) [z € g} - (3.8)
2The twist function (3.3) is the same as the one for PCM, and they are related by a transformation
142
= _——— 3.2
T (32)

where 2’ is the spectral parameter for PCM.



This configuration obviously solves the boundary equations of motion and lead to a sym-
metric coset sigma model as we will see later.
The second class is

11) (A|Z:17 azA’z:I) € 9Rr, (A|z:—17 azA‘z:—l) SN (39)

where gr and gy are defined as

or ={(2nR(x),2) [v €9},  gz={(-2nR(x),2)|z € g}. (3.10)

Here the linear R-operator R : g — g satisfies the homogeneous classical Yang-Baxter
equation (hCYBE),

[R(x), R(y)] — R([R(z),y] + [z, R(y)]) =0,  z,yeg. (3.11)
The other R-operator R : g — g is defined as
R=foRof, (3.12)

where f : g — g is a Zy-grading automorphism of g. An explicit represetation will be given
in (3.24). For f in (3.24), we can show that R also solves the hCYBE (3.11) if the R-
operator R is a solution to the equation (3.11). Furthermore, thanks to the hCYBE (3.11),
we can check that the second configuration in (3.9) solves the boundary equations of mo-
tion (3.5). The choice of the boundary conditions (3.9) is motivated by the one of homo-
geneous bi-YB deformations (For the details, see appendix B). Note that the first and the
second solutions are related by a S-transformation at the Lie algebra level (For the details,
see appendix A of [18]).

Lax form. Before deriving sigma model actions, we shall summarize our notation used
in the following. We will take g at each pole of the twist function (3.3) as

9(1,0,2)|z=1 = g(1,0),  9(1,0,2)]:=—1 = §(7,0), (3.13)

where g,§ € G . Here g and § take values in G (not G®) due to the reality condition (2.20).
The reality condition has been implicitly imposed at this moment. The associated left-
invariant currents are defined as

j=g g, j=g'dg. (3.14)
Then, the relation between the gauge field and the Lax pair at each pole becomes
Aoy = —dgg '+ AdyLlm1, Alie1 = —dgg "t + AdgL|—1 . (3.15)
From the zeros of the twist function (3.3), we suppose an ansatz for the Lax pair as
L= Uy +2V)dot +(U_+ 2"V )do™, (3.16)

where Uy , Vi € g are undetermined functions of o, 7, and the light-cone coordinates are

defined as 1
ot = 5 (r+o). (3.17)

As we will see, the ansatz (3.16) of the Lax pair works well for the two classes of boundary
conditions.



i) symmetric coset sigma model. Let us first see the class i) that describes a sym-
metric coset sigma model.
Under the boundary condition (3.7), the relations in (3.15) are rewritten as

Jr=Us+ V4, je=Us—Vy. (3.18)

By solving these equations with respect to Uy and V4 , we obtain

L +J+ V. = kT Ik (3.19)

9 + 9

As a result, the Lax pair is expressed as

Ly — Jx ;‘]ﬂ: LA ;Ji . (3.20)

Then, the residues of . L at z = £1 are evaluated as

res,—1(pc L) = 4K (Vodot — V_do™),

(3.21)
res,—_1(¢c L) = —4K(Vidot —V_do™).
By substituting (3.21) into (2.21), the 2D action is given by
Slg.d = K [ (G ~Feoi- —J-ydo ndr. (3:22)

If g is independent of g, then by using the gauge symmetry of the 4D CS theory, we can
rewrite the 2D action (3.22) to that of PCM with Lie group G [3, 5].

Here we would like to impose a relation between j and j. Note that the resulting
action (3.22) is invariant under the exchange of j and j . This invariance should be respected
in a relation j = f (j) and hence the automorphism f : g — g should satisfy the following
conditions:

flay)) =f (@), fw)],  fof(x)=2, z,yeg. (3.23)
In order to obtain the known result, we will take f satisfying the following relations:
fPa)=-Pa,  f(Ja)=Ja. (3.24)
Here we have introduced the generators of the decomposed vector space g =h & m as

[] = <Jd> ) m= <Pd> ’ (325)

where a =1,...,dimhand a=1,...,dimm.
By employing the automorphism (3.24), j is evaluated as

i = 1) = (Po)i) + P»y(4)) = Poy(j) — Proy(4) » (3:26)
where the projection operators Py and P(y) are defined as, respectively,

P(O) cg—bh, P(Q) D g—m. (327)



Then, by using the expression of j in (3.26), the 2D action can be further rewritten as

Slg) = 4K /M (s Py(j)) do A dr, (3.28)
and the Lax pair (3.20) becomes

Ly = Py(ji) + 27" Poy(j) - (3.29)

These are the standard expressions of the classical action and the associated Lax pair for
a symmetric coset sigma model.

ii) homogeneous YB deformations. The next one we will discuss is the class ii)
in (3.9) that describes homogeneous YB deformations of a symmetric coset sigma model.
The condition gives a constraint on the gauge field A at each pole of the twist function,

Al,=1 = 20 R(D.Al.=1),  Alo=1 = 20 R(0.A].=_1). (3.30)

We again suppose the same ansatz (3.16) for the Lax pair. Then, the constraints in (3.30)
lead to

J+ =Us+ + (1 F2nR,) (V) jr = Us — (1 F 2nR;)(Va), (3.31)

where we defined Ry = Ad,—1 o Ro Ad,. By solving these equations with respect to U
and Vi, we obtain

Ja A+ Jx = 1 Ji — Jx
Uy = +n(Ry — Rz)(Vy), Vi = = ( ) . (3.32)
2 ! ! LFnRy T kR 2

The residues of ¢. L at z = £1 take the same forms as (3.21), but V4 are given by (3.32).
Thus the 2D action is given by

_ J+ —J+ 1 j- —J-
Sg,g:4K/ , = < ) do ANdT. 3.33
93] /vl< 2 14+ nRy + nR; 2 (3:33)

Note that in the present case, the resulting action is invariant under the exchange of g and

g, not j and 7.
The exchange symmetry of the action (3.33) at the level of group element leads to a
slight change in the previous case: for group elements, we impose an additional condition

g="F(g), (3.34)

where an automorphism F' : G — G has the Zy-grading property F o F/(g) = g. To specify
an explicit representation of F', let us take a parameterization of an element g € G as

g =exp(XP; + X4J;), (3.35)

where X% and X% are functions of 7 and o . Then, in a neighborhood of the identity, F(g)
can be written by using the automorphism f : g — g as follows,

F(g) = exp(X“f(Pa) + X" f(J2)) - (3.36)



or equivalently,
F(g) = exp(—X%P; + XJ;). (3.37)

Now let us rewrite the 2D action (3.33) by requiring (3.34). As shown in appendix A.1,
we can show that the dressed R-operators R, and Rg satisfy the following relation:

(Rg + Rg) o P(Q) (:E) = 2P(2) o Rg o P(Q)(l‘) . (338)

The relation (3.38) indicates

1 ,
Vi = P(Q) <1 - 277Rg 5 P(2)]i> . (3.39)

Furthermore, by using (3.39), U+ can be rewritten as

| 1 |
Ve =de = (13 n)(Ve) = Foy (1 + 2R, 0 P H) ' (340
g

As a result, we obtain the 2D action

1
S :4K/ <‘_,P ( : )>da/\d7’, 3.41
9] = Te 1—2nRgoP(2)‘7+ (3.41)

and the Lax pair

1 1
Li=P j tlp T 3.42
* © (1 F 2nRy o P H) T2 <1 F2nRy 0 Py H) (3.42)

These are the standard expressions of the classical action and the Lax pair for a homoge-
neous YB deformed symmetric coset sigma model [12].

4 YB deformations of the AdSs x S® supercoset sigma model

In this section, we shall reproduce the Green-Schwarz (GS) action of the AdS5 x S° super-
coset sigma model [20] and homogeneous YB deformations of it [11] from the 4D CS theory.

Supercoset. The action of the AdSs x S® superstring in the GS formalism [20] is based
on the following supercoset
PSU(2,2[4)
SO(1,4) x SO(5)

(4.1)

The gauge field A in the 4D CS action (2.1) takes a value in g = su(2,2[4). Usually,
su(2,2|4) is represented by using 8 X 8 supermatrices satisfying the supertraceless and
the relaity conditions. Then the bracket (-,-) in the 4D action (2.1) is replaced by the
supertrace Str.



Twist function. The Poisson structure of the AdSs x S® superstring has been considered
in [21, 22], and the twist function of the AdSs x S® supercoset sigma model is given by>

423
W = QOStr(Z) dz = m dz . (42)

Here w is invariant under the involution py since g, satisfies

Pstr(2) = Pstr(2) - (4.3)
The poles and zeros of the twist function (4.2) are listed as
p={+1,-1,+i,—i}, 3=1{0,00}, (4.4)
where the poles are double poles and the zeros are triple zeros.
Boundary condition. The associated boundary equations of motion are
€7(((Ai, g, Ai), 0(A;j, 05, Aj))p =0, peEp, (4.5)
where the double bracket is defined as
((z,y), (@, y))p = (respw) Str(z - ") + (res, &w) (Str(z - y') + Str(z’ - y))
=1 (Str(z - y) + Str(z’ - y)) . (4.6)

As in the symmetric coset case, one may consider two classes of solutions to the bound-
ary equations of motion (4.5). Now by considering

T((azA)|z:p) = (T(azA))‘z:p = (aZ(TA))’z:p = (N:(azA))‘z:p

(4.7)
= (0:A)|.=p,
the reality condition (2.19) leads to

(T(A‘z:p)ﬂ'(azA’z:p)) = (A‘Z=ﬁa (azA) ‘z:ﬁ) . (4-8)

Due to the reality condition (4.8), the relation
(0:A)omii = (0 A) =i (€ su(2,214)°) (4.9)

holds for the following two boundary conditions.

For the AdSs x S® supercoset sigma model, we take the following solution:

) (Al=p 0:Al=p) € {0} x su(2,2[4)par, (P ED), (4.10)

where su(2,2|4), 1, is an abelian copy of su(2,2[4) and su(2,2[4)C:

su(2,2,|4) for p = =£1
2,2|4 = 4.11
‘gu( ) ’ )paab { 5u(27 2’ |4)C fOr p — :l:Z . ( )

3pstr(2) is slightly different from @string(2) in (2.10) of [10]. These are related via @g, (2) = §¢Smng(z) .

~10 -



The second choice for a homogeneous YB deformed AdSs x S® supercoset sigma model is
given by
ii) (Alz=p, 0:Al:=p) € s5u(2,2|4)p,R,, (pep). (4.12)

The subscript n, of R denotes the label of the poles as {ni,n;,n_1,n_;} = {1,2,3,4},
and su(2,2(4)p g, is defined as

su(2,2|4)p R, = {(pn B, (), ) |2 € 5u(2,2[4) é for p = +1 (4.13)
P {(annp( ), ) |z € su(2,2|4) } for p = £i.
Here the linear operators Ry : g(c — g‘c (k=1,2,3,4) are
Ry = fi7 oRo f71, (4.14)

where the linear R-operator R : su(2,2[4)¢ — su(2,2|4)C is a solution to the hCYBE for
su(2,2(4)C, and f, : su(2,2/4)C — su(2,2/4)C is a Zs-grading automorphism of g€. An
explicit representation is given in (4.27). For this representation, one can show that the
R-operator Ry, also satisfies the hCYBE (3.11) for su(2,2|4)C if R is a solution to the
equation (3.11). Therefore, the boundary conditions (4.12) can be taken as solutions to
the boundary equations of motion (4.5).

Lax form. Similarly to the symmetric coset sigma model case, let us take § at each pole
of the twist function (4.2) as

9(1,0,2) =1 = 91(7,0) s §(7,0,2)|:=i = g2(7,0) ,
9(1,0,2)|:=—1 = g3(7,0) ,  §(7,0,2)[:=—i = ga(7, ),
where g, € SU(2,2/4) (k= 1,3), g € SU(2,2|4)® (k = 2,4), such that

Tg2 = g4 . (4.16)

(4.15)

The associated left-invariant currents are defined as
h=gtdg,  ja=gy'dge,  js=g5'dgs,  ja=gi'dga, (4.17)

and the relations between the gauge field A and the Lax pair £ at each pole are written as
Al,o1 = —dgigyt + Ady, L1, Al = —dgagy* + Adg, L., (4.18)

Alier1 = —dgsgs ' + AdgyLloe1, Alieei = —dgagy ' + Adg, L] .

From the zero structure of the twist function (4.2), we suppose the following ansatz for the
Lax pair as

c= (v v v 2 v dot
n (z” VARR I v VRS v UL v“]) do— (4.19)

where Vj[cn] (n=-1,0,1), V[iz] M — su(2,2|4) are smooth functions such that 7L = uf L.
As we will see later, the ansatz (4.19) works well for both solutions to the boundary
equations of motion. Note that the above ansatz (4.19) is not the only possible choice. One
may consider other ansatz corresponding to the pure spinor formalism by following [3].

- 11 -



i) the AdSs x S® supercoset sigma model. Let us reproduce the GS action of the
AdS; x S° supercoset sigma model from the 4D CS action (2.1).
The boundary conditions (4.10) lead to

o= VI LV Ly
Jo+ = Vi[o] - Vfﬂ] +i Vj[[] — z'Vj[[_l] ,

(4.20)
. 0 +2 1 ~1
o =V LV vy
o = VIO v vy
By solving these equations with respect to v , we obtain
vl _ Ji+ +Jo+ + I3+ + Ja+ v _ Ji+ — Jo+ t I3+ — Ja+
L+ = 3 + - ’
N R I (4.21)
vl = Jid — )24+ — )34+ T 204+ v Ji 4+t )2+ — I3+ — )4+
+ - ’ + - :
4 4
Then, res,(pstr L) (p € p) are evaluated as
1/. Ny . N -
res1 (st £) = o <J1,+ - (A £d)je+ +s+ — (1 F Z)=74,+>CZUJr
1 N . N . _
+ 2 ( Ji—+ (A Fi)je- —js -+ (1£ 2)]4,—)610 :
(4.22)
res i (pstr £ (LFd J1++J2+—(1i1)33++94+)d0

1(
8

1 N . _
+ g((l +i)j1,— = Jo— + (L Fi)js— — J4,7>d0

Note that the set {resti(@str £),res4i(@str £)} is invariant under a cyclic permutation of
gr(k = 1,...,4). This fact indicates that the associated 2D action also has the same
symmetry. In fact, by using (4.22), we obtain the 2D action

1
Slgx] = T / Str

- <_ja(1),— + (1 =) Jo2),— — Jo@3),— + (1 + i)ja(4),—>ja(1),+] do™ ANdo™ |

> (ja(l),+ — (L +9)jo(2),+ T Jo)+ — (1 — i)ja(4),+>j0'(1),f (4.23)

oeS4

where o € S§* is a cyclic permutation of the set {1,2,3,4}. The action (4.23) is clearly
invariant under the cyclic permutations of jj .

Furthermore, we impose relations among ji (k =1,...,4). From the cyclic symmetry
of the 2D action (4.23), we can require the relation

Ge=FTN) 0 (k=1,00,4), (4.24)

where j € su(2,2/4) is the left-invariant current for g € SU(2,2/4), and the map f; :
su(2,2[4)¢ — su(2,2/4)C is an automorphism of su(2,2[4) satisfying the Z4-grading prop-
erty f2 =1Id. Asis well known, the superalgebra su(2,2/4) has the following decomposition
into vector subspaces with respect to the Z4-grading structure:

g=0"a Ve aq?, (4.25)
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where g@ @g®? and g @g®) are the bosonic and fermionic parts of su(2,2[4), respectively,
and g(© is identified with a bosonic subgroup so(1,4) x so0(5) . The commutation relations
of g(™ satisfy

6, g™ cg®  (m+n=k mod 4). (4.26)

In order to obtain the GS action, let us take the Z4-grading automorphism fs such that
each subspace g*) (k=0,1,2,3) is the eigenspace of fs satisfying

fs(aW) =™ (4.27)

Note that after taking a supermatrix realization of su(2,2|4) , we can write down the explicit
expression of fs (For the details, see [23]).

The additional condition (4.24) enables us to express the functions V") in terms of the
Z4-graded components js_f) € g®) . In fact, by using (4.24) and (4.27), the left-invariant
currents in (4.24) are rewritten as

e =30+ 0 45 450 gpp =50 40— 5@ i

P B N N I R
Then, by substituting (4.28) into (4.21), the functions V" are given by
WSRO VL W 0
From this result, we immediately obtain the Lax pair
£= (10 50+ 240+ 250 dot
+ (z_2 ey (O zj(f)) do—. (4.30)

The expression (4.30) is precisely the same as the Lax pair constructed in [24].
Next, let us evaluate the 2D action (4.23). By using (4.29), we can see that the
contribution to the 2D action from each pole is identical, namely,

1
Str (resp(@str L) A g;ldgp) = §Str (j_dy(ji))do™ ANdo™, (4.31)
where d are the linear combinations of the projection operators F;) like

This fact comes from the cyclic symmetry of the 2D action (4.23). As a result, we obtain
Slgi| = / Str(j_dy(ji))do™ Ado™ . (4.33)
M

This is nothing but the Metsaev-Tseytlin action of the AdSs x S® supercoset sigma
model [20].
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ii) homogeneous YB deformations. Let us next discuss homogeneous YB deforma-
tions of the AdSs x S® supercoset sigma model [11].

We consider the boundary condition (4.12). To avoid confusion of notations, we will
replace the functions Vi[ nl appeared in the Lax pair (4.19) with VM(G su(2,2(4)). Then,
from the boundary condition (4.12), we obtain the relations

e =V + (15 2By VI 4 (1R )V + (14 nRe )V,
o =V = (15 20Ry,)V i Hil-a A iRV
joe =V 4 (1% 20V Ve — (= Ry VA - (14 g, VE |
i = VE = (UF 2Ry )VE” — i (1 = nRe )V 40 (14 Ry )V,
where the dressed R-operator Ry, (k=1,...,4) is defined as
Ry, = Ady' o Ry 0 Ady, . (4.35)
By introducing the linear operator
RY = i (Rgy + i Ry, + i% Ry +i°PRy,) (4.36)
the equations (4.34) are rewritten as
V[O} V[i] ¥ 2n R(g2) V[iﬂ] R(l) V[ll 1 R(3) V[;H,
V[l] — ¢277R1(g1) V[f?} + (1 _ nR{g)) vl R(g) [jE—I]7
vi® = (15 29RY ) VE - RP VY R VY, 30
V[ 1 _ 21 Rgg)v[ﬂ} R(g2) V[il] i (1 +7]R(go)) V[ 1]7
where the functions Vj[cn] take the expressions (4.21). Since the operator R(gp ) is skew-

symmetric, the equations (4.37) for V[ﬁ] can be uniquely solved and the associated 2D

action can also be written down. However, the resulting 2D action has a rather complex
form, and so instead of giving its explicit expression, we will only show that the associated
2D action is invariant under the cyclic permutation of g (k =1,...,4).

For this purpose, let us define the map

P:gk— gkt (4.38)

Under this transformation, the linear operator R(gp )in (4.36) and the functions V. [ Vi n (4.21)
are transformed as

P (R(gp)> =Ry, (4.39)

and

P (Vi) =V, P (VE) = v

P <Vi[1]) = ivi[l] P (Vi[_l]) - Vi[_l] ‘ (4.40)
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From the transformation rules in (4.39) and (4.40), and the equations (4.37), the functions
[n]

V[ﬁ] follow the same transformation rules as the functions V",

P (V) =V, (V) T,

P (Vi) =ivll, p(VEY) =iV, Al
This fact indicates that the residues res,(ps: £) (p € p) satisfy
P (resp(pstr £)) = respi1(psee £) (4.42)
where resy(pstr £) (p € p) is given by
res, (s L) = % (z’”p*l Vi 4 g2yl _ z’3("p*1>V[;”) do* (4.43)
+ i (i"’fl vl gppm-nyld i3(”P’1)V[:1]> do~ . (4.44)

Therefore, the associated 2D action (2.21) is invariant under the permutation of g (k =
1,...,4).
Thanks to the cyclic symmetry of the 2D action, we can require an additional condition

g = F¥1(g) (k=1,...,4), (4.45)

where g € SU(2,2|4), and the map Fy : SU(2,2|4) — SU(2,2/4) is an automorphism of
SU(2,2(4) satisfying F2 = 1. As in the symmetric coset case, let us take Fy so as to be
induced by fs defined in (4.27). More concretely, when a parameterization of an element
g € SU(2,2/4) is taken as

3
g = exp (Z XA’“TXZ)> ;o TV eg®  (A4r=1,...,dimg"), (4.46)
k=0

the automorphism Fj is defined as

3 3
Fy(g) = exp (Z XA fs(T/g'g)> = exp (sz XA’CTXZ)> . (4.47)

k=0 k=0

Here, X“* are functions of 7 and o. By definition, Fy is an automorphism of SU(2,2|4)
with the Z4-grading property.

Then, as shown in appendix A.2, the dressed R-operator R,, that act on the generators
of su(2,2[4) should satisfy

pim o Ry, © p) — j(m=n)(k=1) p(m) 4 Ry o p) (4.48)

This relation indicates

pm o R(gp) o p(M —

{P(m) o R, o P™ m —n+p=0(mod4) (4.49)

0 m —mn+p# 0(mod4)
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By using the relation (4.49), the equations in (4.37) can be solved as
vE=J0, V=P v =ul s VT =uR L @s0)

where the deformed current J4 is defined as

e = u:m!}godiji' (4.51)
Thus the Lax pair is given by
L= (z’l Jf') + JELO) +z JS) + 22 J@) do™
+ (z—2 JP 41 g® 4 g0 Jﬁl)) do~ . (4.52)

This is nothing but the Lax pair of homogeneous YB deformations of the AdSs x S°
supercoset sigma model [11].

Next, let us derive the associated 2D action. By using (4.50), we find that the contri-
bution to the 2D action from each pole is identical, namely,

Str (resp(str £) A gp_ldgp) = %Str (j_dy(Jy))dot Ado™ . (4.53)

As a result, we obtain
Slg] = / Str (j_d, (J+)) dot A do (4.54)
M

This action (4.54) is precisely the same as that of homogeneous YB deformations of the
AdSs5 x S° supercoset sigma model [11].

5 Conclusion and discussion

In this paper, we have generalized the preceding result on the PCM to the case of the
symmetric coset sigma model. By employing the same twist function in the rational de-
scription, we have specified boundary conditions which lead to the symmetric coset sigma
model and the homogeneous YB-deformed relatives. The same analysis is applicable for
the AdS5xS® supercoset sigma model. As a result, homogeneous YB-deformations of the
AdS5xS® supercoset sigma model have been derived from the 4D CS theory as bound-
ary conditions. In order to discuss the AdSsxS® superstring beyond the sigma model, we
have to take the Virasoro conditions into account by following the seminal work [17] in
the present formulation. This is one of the most significant issues and the result will be
reported in another place [25].

There are some open questions. It is well known that homogeneous YB deformations
with abelian classical r-matrices can be seen as twisted boundary conditions [26-30] via
non-local gauge transformations. It is interesting to consider the interpretation of this fact
from the viewpoint of the 4D CS theory. It is also significant to understand how to realize
the sine-Gordon model from the 4D CS theory. The sine-Gordon model can be reproduced
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from the O(3) NLSM via the Pohlmeyer reduction at the classical level. Hence it would be
nice to study how the Pohlmeyer reduction works in the context of the 4D CS theory.

It is also interesting to study the n-deformation based on the modified classical YB
equation as well, though we have discussed only the homogeneous YB-deformations. We
will report the result in another place [25].
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A Relations for dressed R-operators

Here we shall prove the relations (3.38) and (4.48) that dressed R-operators should satisfy.

A.1 Zs-grading case

Let us first give a proof of the relation (3.38) for a dressed R-operator.

To begin with, we examine how a dressed R-operator R, acts on the generators. The
adjoint operation with a group element g on the generators P; and J; is expressed as

Ady(Pg) = [Adg]di) Py + [Adg]dd Ja, Adg(Ja) = [Adg]&a Ps + [Adg]&g Jj - (A1)
Then the action of Ry on Py is evaluated as
Ry(Pa) = Ad, 1 o R([Ad,]a" Py + [Adyla® Ja)
— Ad, ([Adg]gﬁ Ry° Py + [Adyls® Ry Js + [Adya® R Py + [Ad,]2 "Ry’ J,;)
— [Adyla’ R;°[Ady 1) P + [Ady)s" R;F[Ad, 1] Ja
+ [Adyla® Ry*[Ad,—1]a° Pe + [Ad,la® Ry [Ad,-1]a T,

+ [Adgla® Ra’[Ad -5 P + [Adg]adRaB[Adgﬂ]z;é J;
+ [Adgla Ra[Ady )" Py + [Adgla Ra[Ad )5 Je. (A.2)

Next, let us see the adjoint actions of g, which is related to g through the Zs-grading
automorphism (3.37). By using the Campbell-Baker-Hausdorff formula and the Zs-grading
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property of g, we can obtain

o0

1 n
Adg (Pa) = Z ﬁ(_adxﬁpg + ade’JZ;) (Pa)
n=0

— 1
= Z ] ((even number of ang,Pé) — (odd number of adXEPB)> (Py)

= [Adgla" Py, — [Adgla’ Ji (A.3)
=1
Ady (Ja) = Z n'( adyip, +adyiy )" (Jg)
n=0

_ Z < (odd number of adbeB) + (even number of adX,;PE)> (Ja)
—[Ady]a" Py + [Ad,la" ;. (A4)
These results indicate that the adjoint action with g is given by
Ady(Pg) = [Adg]aB P; — [Ad,]a% T4, Ad;(Ja) = —[Ady]a" Pa + [Adg]di’ J;. (A5)

Then, the action of Rg on P, defined in (3.12) is given by

Ry(Pa) = Adg-1 o R([Adyls" P, — [Adyla" J)
= Adj1 0 {1 o R(—[Adgla" Py — [Adgla® J2)
— Ad;1 ([Adg]a"’ Ry"P; — [Adyla® R Ja + [Ad,]a" R Py — [Adg]a&Rai’Jl;)
= [Adgla” Ry [Ad, 1] Py — [Adyla’ Ry [Ad,1]e" T,
+ [Adgls® Ry [Ady-1]a"Ps — [Adyls Ry [Ady-1]a"3;
+ [Adgla® Ra [Ady-1];" Pe — [AdyJa" R
+ [Adyla® RaP[Ady1];P Py — [Ad,]s" Ry’

o
=S
= >
& o
S8
S o&
[ PR~

-
By using (A.2) and (A.6), we can obtain the relation (3.38).

A.2 SU(2,2|4) case

Next, let us show that the action of the dressed R-operator Ry, (k = 1,...,4) on the
su(2,2|4) generators satisfies the relation (4.48).

As in the previous case, we can see that the adjoint action with g on the generators
of su(2,2|4) is written as

Ad,, o P(" Z (s=m(k=1) ple) g Ady 0 P™, (A7)
s=0
) o Ad 1 Z j(m—r)(k—1) p(m) 4 Ad;1 o P (A'8)
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By using these relations and the definition (4.14) of Ry, , the projected dressed R-operator
P(m) o Ry, o P™) can be expressed as

3
P o Ry, o p) — pm) 4 Adg_k1 o ff_l oRo fs_(k_l) o (Zi(s_n)(k_l)P(s) oAdgo P(n))
5=0
3
— pm) 4 Ad;kl o fF1o (Zi(s—n)(’ﬂ—l)—S(k—l)R o P©) o Ad, o p(n))

s=0

3
=PMoAd o [ Y iD=l p) o Ro P o Ady o P

r,s=0

3
= Z j(m=—n)(k=1) p(m) Ad;k1 o PM o Ro P o Adg o p)

r,5=0

_ ek pm) o o pl). (A.9)

Thus the relation (4.48) has been shown.

B Homogeneous bi-YB deformed sigma model

In this appendix, let us derive the action of a homogeneous bi-YB deformed principal chiral
model, which is a two-parameter generalization of homogeneous YB deformation. In this
case, we use the twist function (3.3) which is the same as in the symmetric coset case.

Boundary condition. A solution to the boundary equations of motion (3.5) is given by
(Als=1,0:A]:=1) € 8Re s (Al:=—1,0:4].=1) € g, . (B.1)

where g(R: and g(E are defined as
0f = {@mBr(@).2) lee ), of ={(-2nR(@)2) [z} (B2

Here nr and n are the deformation parameters, and Rg and R are linear R-operators
satisfying the hCYBE (3.11).

Lax form. Next, let us take g at each pole of the twist function (3.3) as
Q(Ta g, Z)|Z=1 = gR(T,O') ’ 9(7—7 g, Z)’ZZ*l = gL(T’ U) ’ (B3)

where gr, gL € GC (rather than G). Then, the relation between the gauge field A and the
Lax pair £ at each pole is written as, respectively,

A|z:1 = —ngg§1 + AngE|Z:1 s A|z:71 = —dg|_g|j1 + AdgLE|Z:,1 . (B.4)

Since we use the same twist function (3.3) with the symmetric coset case, we suppose the
same ansatz for the Lax pair:

L=Up+2Vy)dot +(U-+271V.)do™. (B.5)
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The solution (B.1) leads to
Al.=1 = 2nr Rr(9:A|:=1) , Al.——1 = =2 R (0:A|.=—1) . (B.6)
By using (B.4), (B.5) and (B.6), we obtain

9r'0+9r = Us + (1 F 2nrRR g) (Vi) , (B.7)
gL 09 = Usx — (LF 20 RLg ) (Va) - (B.8)

By solving these equations and removing Uy from the Lax pair, we obtain the following

expression:

Ly =gr'019r — (1 FRERgp) (Vi) + 251 V4
=g '0xgu + (L F nLRLg ) (Vi) + 271 Ve, (B.9)

where V3 contains both gr and g like

1 ~19 — gt
o I O=gR — g 'OxgL (B.10)
1 FnrRBR gz FLEL g, 2

Deformed action. Now, we can obtain the action of the homogeneous bi-YB deformed
sigma model. By using the expression of the Lax pair (B.9), the residues of ¢ £ at z = +1
are evaluated as

res,—1(pc L) = 4K (Vidot —V_do™), (B.11)
res,— 1(pe L) = —4K(Vidot —V_do™). (B.12)

Then the 2D action becomes

Slgr,9L] = K/ (9" 0+9r — g 10491, V_)do N dr. (B.13)
>

This is an unusual form of the action of the homogeneous bi-YB deformed sigma model.
In order to see the standard expression, let us use a complexified 2D gauge invariance
gz — gzh (h € G®). Then, we can realize the following configuration:

GR=9, g =1, (B.14)

where g € G. With this gauge, the action (B.13) reduces to

K 1
S :/< 19,9, “lo_ >d0/\d7’. B.15
9] 3 ) \9 949 1+nRRR,g+nLRLg g (B.15)

This is the standard expression of the homogeneous bi-YB deformed sigma model action.

Then the Lax pair (B.9) is also simplified as

1425 F Ry < 1 o )
Ly = 0 . B.16
= 2 1FnrBRRry F TZLRLg +9 ( )
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