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1 Introduction

Duality symmetries play a fundamental role in physics, relating different theories in many

perspectives. One of the most fundamental in the context of String Theory is the so called

T-duality [1–3], which is peculiar of strings as extended objects and relates theories defined

on different target space backgrounds. The original notion of T-duality emerges in toric

compactifications of the target background spacetime. The most basic example is provided

by compactification of a spatial dimension on a circle of radius R. Here T-duality acts by

exchanging momenta p and winding numbers w, p ↔ w, while mapping R → α′

R , with α′

the string fundamental length. This leads to a duality between string theories defined on

– 1 –



J
H
E
P
0
9
(
2
0
2
0
)
0
6
0

different backgrounds but yielding the same physics, as it can be easily seen looking at the

mass spectrum.

Interestingly, T-duality allows to construct new string backgrounds which could not

be obtained otherwise, which are generally referred to as non-geometric backgrounds (see

for example [4] for a recent review).1 Moreover, it plays an important role, together with

S-duality and U-duality, in relating, through a web of dualities, the five superstring theories

which in turn appear as low-energy limits of a more general theory, that is, M-theory.

T-duality is certainly to be taken into account when looking at quantum field theory

as low-energy limit of the string action. This has suggested since long [3, 5–12] to look for

a manifestly T-dual invariant formulation of the Polyakov world-sheet action that has to

be based on a doubling of the string coordinates in target space. One relevant objective

of this new action would be to obtain new indications for string gravity. This approach

leads to Double Field Theory (DFT) with Generalised and Doubled Geometry furnishing

the appropriate mathematical framework. In particular, DFT is expected to emerge as

a low-energy limit of manifestly T-duality invariant string world-sheet. Then, Doubled

Geometry is necessary to accommodate the coordinate doubling in target space. There is

a vast literature concerning DFT, including its topological aspects and its description on

group manifolds [13–28]. Recently, a global formulation from higher Kaluza-Klein theory

has been proposed in ref. [29].

The kind of T-duality discussed so far belongs to a particular class, so called Abelian

T-duality, which is characterised by the fact that the generators of target space duality

transformations are Abelian, while generating symmetries of the action only if they are

Killing vectors of the metric [30–32]. However, starting from ref. [33], it was realised that

the whole construction could be generalised to include the possibility that one of the two

isometry groups be non-Abelian. This is called non-Abelian, or, more appropriately, semi-

Abelian duality. Although interesting, because it enlarges the possible geometries involved,

the latter construction is not really symmetric, as a duality would require. In fact, the dual

model is typically missing some isometries which are required to go back to the original

model by gauging. This means that one can map the original model to the dual one,

but then it is not possible to go back anymore. This unsatisfactory feature is overcome

with the introduction of Poisson-Lie T-duality [34–36] (for some recent work to alternative

approaches see [37, 38]). The latter represents a genuine generalisation, since it does not

require isometries at all, while Abelian and non-Abelian cases can be obtained as particular

instances. Recent results on Poisson-Lie T-duality and its relation with para-Hermitian

geometry and integrability, as well as low-energy descriptions, can be found in [39–48].

Symmetry under Poisson-Lie duality transformations is based on the concept of Poisson-

Lie dual groups and Drinfel’d doubles. A Drinfel’d double is an even-dimensional Lie group

D whose Lie algebra d can be decomposed into a pair of maximally isotropic subalgebras,

g and g̃, with respect to a non-degenerate ad-invariant bilinear form on d. Lie algebras g, g̃

are dual as vector spaces, and endowed with compatible Lie structures. Any such triple,

1By non-geometric background it is intended a string configuration which cannot be described in terms

of Riemannian geometry. T-duality transformations are therefore needed for gluing coordinate patches,

other than the usual diffeomorphisms and B-field gauge transformations.
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(d, g, g̃), is referred to as a Manin triple. If D,G, G̃ are the corresponding Lie groups, G, G̃

furnish an Iwasawa decomposition of D. The simplest example of Drinfel’d double is the

cotangent bundle of any d-dimensional Lie group G, T ∗G ' G n Rd, which we shall call

the classical double, with trivial Lie bracket for the dual algebra g̃ ' Rd. In general, there

may be many decompositions of d into maximally isotropic subspaces (not necessarily sub-

algebras). The set of all such decompositions plays the role of the modular space of field

theories mutually connected by a T-duality transformation. In particular, for the Abelian

T-duality of the string on a d-torus, the Drinfel’d double is D = U(1)2d and its modular

space is in one-to-one correspondence with O(d, d;Z) [36].

One can use Drinfel’d doubles to classify T-duality. Indeed,

• Abelian doubles, characterised by Abelian algebras g, g̃, correspond to the standard

Abelian T-duality;

• semi-Abelian doubles, in which g̃ is Abelian, correspond to non-Abelian T-duality;

• non-Abelian doubles, which comprise all the other cases, correspond to the more

general Poisson-Lie T-duality, where no isometries hold for either of the two dual

models.

The appropriate geometric setting to investigate issues related to Poisson-Lie duality

is that of dynamics on group manifolds. In this paper, we consider in particular the

SU(2) Wess-Zumino-Witten (WZW) model in two space-time dimensions, which is a non-

linear sigma model with the group manifold of SU(2) as target space, together with a

topological cubic term. Needless to say, non-linear sigma models play an important role

in many sectors of theoretical physics, with applications ranging from the description of

low energy hadronic excitations in four dimensions [49, 50], to the construction of string

backgrounds, like plane waves [51, 52], AdS geometries [53–57] or two-dimensional black

hole geometries [58]. Interesting examples of string backgrounds come from WZW models

on non-semisimple Lie groups, that we will also consider in our work. In the context of

two-dimensional conformal field theories, gauged WZW models with coset target spaces

are investigated since many years (see [59, 60] for early contributions). Recently, non-

linear sigma models found new applications in statistical mechanics, describing certain two-

dimensional systems at criticality [61], as well as in condensed matter physics, describing

transitions for the integer quantum Hall effect [62].

From a theoretical point of view, non-linear sigma models represent natural field the-

ories on group manifolds, being intrinsically geometric. They play a fundamental role in

standard approaches to Poisson-Lie T-duality [63–69] and in the formulation of Double

Field Theory [16]. Once formulated on Drinfel’d doubles, such models allow for establish-

ing enlightening connections with Generalized Geometry (GG) [70–72], by virtue of the fact

that tangent and cotangent vector fields of the group manifold may be respectively related

to the span of its Lie algebra and of the dual one. Locally, GG is based on replacing the tan-

gent bundle TM of a manifold M with a kind of Whitney sum TM ⊕T ∗M , a bundle with

the same base space but fibres given by the direct sum of tangent and cotangent spaces,

and the Lie brackets on the sections of TM by the so called Courant brackets, involving

– 3 –



J
H
E
P
0
9
(
2
0
2
0
)
0
6
0

vector fields and one-forms. Both the brackets and the inner products naturally defined

on the generalised bundle are invariant under diffeomorphisms of M . More generally, a

generalized tangent bundle is a vector bundle E → M enconded in the exact sequence

0 → T ∗M → E → TM → 0. This formal setting is certainly relevant in the context of

DFT because it takes into account in a unified fashion vector fields, which generate diffeo-

morphisms for the background metric G field, and one-forms, generating diffeomorphisms

for the background two-form B field. In this framework Doubled Geometry plays a natural

role in describing generalised dynamics on the tangent bundle TD ' D× d, which encodes

within a single action dually related models.

In this paper we will follow an approach already proven to be successful for the Principal

Chiral Model (PCM) [73], where Poisson-Lie symmetries of the PCM with target space the

manifold of SU(2) are investigated. The guiding idea is already present in ref.s [74–76]

where the simplest example of dynamics on a Lie group, the three-dimensional Isotropic

Rigid Rotator, was considered as a one-dimensional sigma model having R as source space

and SU(2) as target space. It is interesting to note that already in such a simple case,

many aspects of Poisson-Lie T-duality can be exploited, and especially some relations with

Doubled Geometry, although the model is too simple to exhibit manifest invariance. In [73],

the two-dimensional PCM on SU(2) was considered, by means of a one-parameter family

of Hamiltonians and Poisson brackets, all equivalent from the point of view of dynamics.

Poisson-Lie symmetry and a family of Poisson-Lie T-dual models were established. Some

connections with Born geometry were also made explicit.

In this paper we will further extend the construction of the PCM by introducing a

Wess-Zumino term, leading to a WZW model on SU(2). We describe the model in the

Hamiltonian approach with a pair of currents valued in the target phase space T ∗SU(2),

which, topologically, is the manifold S3×R3, while as a group it is the semi-direct product

SU(2) n R3. An important feature is the fact that as a symplectic manifold, T ∗SU(2)

is symplectomorphic to SL(2,C), besides being topologically equivalent. Moreover, both

manifolds, T ∗SU(2) and SL(2,C) are Drinfel’d doubles of the Lie group SU(2) [77–80],

the former being the trivial one, what we called classical double, which can be obtained

from the latter via group contraction.

The whole construction relies on a deformation of the affine current algebra of the

model, the semidirect sum of the Kac-Moody algebra associated to su(2) with an Abelian

algebra a, to the fully semisimple Kac-Moody algebra sl(2,C)(R) [81–83]. The latter is a

crucial step if one observes that the algebra sl(2,C) has a bialgebra structure, with su(2)

and sb(2,C) dually related, maximal isotropic subalgebras.2 Current algebra deformation

is also the essence of a Hamiltonian formulation of the classical world-sheet theory proposed

in [85].

Starting from the one-parameter family of Hamiltonian models with algebra of currents

homomorphic to sl(2,C)(R), a further deformation is needed, in order to make the role of

2We denote with sb(2,C) the Lie algebra of SB(2,C), the Borel subgroup of SL(2,C) of 2× 2 complex

valued upper triangular matrices with unit determinant and real diagonal. By g(R) we shall indicate the

affine algebra of maps R → g that are sufficiently fast decreasing at infinity to be square integrable, what

we will refer to as current algebra.
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dual subalgebras completely symmetric. We show that such a deformation is possible,

which does not alter the nature of the current algebra, nor the dynamics described by

the new Hamiltonian. In this respect, our findings will differ from existing results, such

as η or λ deformations of non-linear sigma models, which represent true deformations of

the dynamics yielding to integrable models — recently, relations of these deformed models

with Poisson-Lie T-duality have been found and worked out in [39]. We end up with a

two-parameter family of models with the group SL(2,C) as target phase space. T-duality

transformations are thus realised as O(3, 3) rotations in phase space. By performing an

exchange of momenta with configuration space fields we obtain a new family of WZW

models, with configuration space the group SB(2,C), which is dual to the previous one by

construction.

The paper is organised as follows.

In section 2 the Wess-Zumino-Witten model on the SU(2) group manifold will be

introduced with particular emphasis on its Hamiltonian formulation and care will be payed

to enlighten the Lie algebraic structure of the Poisson brackets of fields. The main purpose

will be to illustrate the one-parameter deformation of the natural current algebra structure

of the model to the affine Lie algebra associated to sl(2,C) [83].

Section 3 is dedicated to Poisson-Lie symmetry in the Lagrangian and Hamiltonian

context. While the former is standard and widely employed in the context of sigma models,

we shall work out the Hamiltonian counterpart and verify its realisation within the model

under analysis. In section 4 a further parameter is introduced in the current algebra in

such a way to make the role of the su(2) and sb(2,C) subalgebras symmetric, without

modifying the dynamics. This is needed in order to have a manifest Poisson-Lie duality

map, which reveals itself to be an O(3, 3) rotation in the target phase space SL(2,C).

Such a transformation leads to a two-parameter family of models with SB(2,C) as target

configuration space, which is dual to the starting family by construction.

Independently from the previous Hamiltonian derivation, in section 5 a WZW model

on SB(2,C) is introduced in the Lagrangian approach, together with the corresponding

string spacetime background. The model is interesting per se, because it is an instance

of a WZW model with non-semisimple Lie group as target space, which exhibits classical

conformal invariance. We overcome the intrinsic difficulties deriving from the absence of

non-degenerate Cartan-Killing metric. However, the resulting dynamics does not seem to

be related by a duality transformation to any of the models belonging to the parametric

family described above. We identify the problem as a topological obstruction and we

show that in order to establish a connection with any other of the models found, a true

deformation of the dynamics is needed, together with a topological modification of the

phase space.

Finally, having understood what are the basic structures involved in the formula-

tion of both the dually related WZW families, in section 6 we introduce a generalised

doubled WZW action on the Drinfel’d double SL(2,C) with doubled degrees of freedom.

Its Hamiltonian description is presented and from it the Hamiltonian descriptions of the

two submodels can be obtained by constraining the dynamics to coset spaces SU(2) and

SB(2,C).

– 5 –
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In appendix A the mathematical setting of Poisson-Lie groups and Drinfel’d doubles

is reviewed. In particular, the explicit construction of the Drinfel’d double group SL(2,C)

with respect to the Manin triple decomposition (sl(2,C), su(2), sb(2,C)) is presented with

some detail, it being of central importance throughout the paper.

Conclusions and Outlook are reported in the final section 7.

2 The WZW model on SU(2)

The subject of this section is the Wess-Zumino-Witten model with target space the group

manifold of SU(2). First we review the model in the Lagrangian approach and then focus

on its Hamiltonian formulation, the latter being more convenient for our purposes.

The main theme of the section is to describe the WZW model with an alternative

canonical formulation in terms of a one-parameter current algebra deformation, based on

ref. [83]. Such a richer structure has several interesting consequences; some of them have

already been investigated, such as quantisation [83] and integrability [86], but in particular

it paves the way to target space duality, presented in section 4. We follow the approach

of [73] where a similar analysis has been performed for the Principal Chiral Model.

2.1 Lagrangian formulation

Let G be a semisimple connected Lie group and Σ a 2-dimensional oriented (pseudo)

Riemannian manifold (we take it with Minkowski signature (1,−1)) parametrized by the

coordinates (t, σ).

The basic invariant objects we need in order to build a group-valued field theory are

the left-invariant (or the right-invariant) Maurer-Cartan one-forms, which, if G can be

embedded in GL(n), can be written explicitly as g−1dg ∈ Ω1(G)⊗ g.

Let us denote with ∗ the Hodge star operator on Σ, acting accordingly to the Minkowski

signature as ∗dt = dσ, ∗dσ = dt.

There is a natural scalar product structure on the Lie algebra of a semisimple Lie group,

provided by the Cartan-Killing form and denoted generically with the Tr(·, ·) symbol.

With this notation, we have the following

Definition 2.1. Let ϕ : Σ 3 (t, σ) → g ∈ G and denote ϕ∗(g−1dg) the pull-back of the

Maurer-Cartan left-invariant one-form on Σ via ϕ. The Wess-Zumino-Witten model is a

non-linear sigma model described by the action

S =
1

4λ2

∫
Σ

Tr
[
ϕ∗
(
g−1dg

)
∧ ∗ϕ∗

(
g−1dg

)]
+ κSWZ , (2.1)

with SWZ the Wess-Zumino term,

SWZ =
1

24π

∫
B

Tr
[
ϕ̃∗
(
g̃−1dg̃ ∧ g̃−1dg̃ ∧ g̃−1dg̃

)]
, (2.2)

where B is a 3-manifold whose boundary is the compactification of the original two-

dimensional spacetime, while g̃ and ϕ̃ are extensions of previous maps to the 3-manifold B.
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It is always possible to have such an extension since one is dealing with maps ϕ : S2 →
G. The latter are classified by the second homotopy group Π2 (G), which is well-known to

be trivial for Lie groups. Thus, these maps are homotopically equivalent to the constant

map, which can be obviously continued to the interior of the sphere S2. Such an extension

is not unique by the way, since there may be many 3-manifolds with the same boundary.

However, it is possible to show that the variation of the WZW action remains the same up

to a constant term, which is irrelevant classically. For the quantum theory, in order for the

partition function to be single-valued, κ is taken to be an integer for compact Lie groups

(this is the so called level of the theory), while for non-compact Lie groups there is no such

a quantization condition.

For future convenience the action can be written explicitly as

S =
1

4λ2

∫
Σ
d2σTr

(
g−1∂µgg−1∂µg

)
+

κ

24π

∫
B
d3y εαβγTr

(
g̃−1∂αg̃g̃

−1∂β g̃g̃
−1∂γ g̃

)
. (2.3)

Note that although the WZ term is expressed as a three-dimensional integral, since H ≡
g̃−1dg̃∧3 is a closed 3-form, under the variation g → g + δg (or more precisely ϕ + δϕ) it

produces a boundary term, which is exactly an integral over Σ since the variation of its

Lagrangian density can be written as a total derivative. We have indeed

δSWZ =

∫
B
LṼaH =

∫
B
diṼaH =

∫
∂B
iVaH, (2.4)

with ∂B = Σ, Ṽa, Va the infinitesimal generators of the variation over B and Σ respectively

and LṼa the Lie derivative along the vector field Va. Then, its contribution to the equations

of motion only involves the original fields ϕ on the source space Σ.

A remarkable property of the model is that its Euler-Lagrange equations may be

rewritten as an equivalent system of first order partial differential equations:

∂tA− ∂σJ = −κλ
2

4π
[A, J ] (2.5)

∂tJ − ∂σA = − [A, J ] (2.6)

with

A =
(
g−1∂tg

)i
ei = Aiei, (2.7)

J =
(
g−1∂σg

)i
ei = J iei (2.8)

Lie algebra valued fields (so called currents), ei ∈ g, and the usual physical boundary

condition

lim
|σ|→∞

g(σ) = 1, (2.9)

which makes the solution for g unique. This boundary condition has also the purpose to

one-point compactify the source space Σ.

At fixed t, the group elements satisfying this boundary condition form an infinite

dimensional Lie group: G(R) ≡ Map(R, G), which is given by the smooth maps g : R 3
σ → g(σ) ∈ G constant at infinity, with standard pointwise multiplication.

– 7 –
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The real line may be replaced by any smooth manifold M , of dimension d, so to have

fields in Map(M,G). The corresponding Lie algebra g(M) ≡ Map(M, g) of maps M → g

that are sufficiently fast decreasing at infinity to be square integrable (this is needed for

the finiteness of the energy, as we will see) is the related current algebra.

We will stick to the two-dimensional case from now on. Infinitesimal generators of the

Lie algebra g(R) can be obtained by considering the vector fields which generate the finite-

dimensional Lie algebra g and replacing ordinary derivatives with functional derivatives:

Xi(σ) = Xi
a(σ)

δ

δga(σ)
, (2.10)

with Lie bracket [
Xi(σ), Xj

(
σ′
)]

= cij
kXk(σ)δd

(
σ − σ′

)
, (2.11)

where σ, σ′ ∈ R. The latter is C∞(R)-linear and g(R) ' g⊗ C∞(R).

Let us now consider the target space G = SU(2) and su(2) generators ei = σi/2, with

σi the Pauli matrices, satisfying [ei, ej ] = iεij
kek and Tr(ei, ej) = 1

2δij .

Eq. (2.5) can be easily obtained from the Euler-Lagrange equations for the action (2.1).

Eq. (2.6) can be interpreted as an integrability condition for the existence of g ∈ SU(2)

such that A = g−1∂tg and J = g−1∂σg, and it follows from the Maurer-Cartan equation

for the su(2)-valued one-forms g−1dg. This can be seen starting from the decomposition of

the exterior derivative on the Maurer-Cartan left-invariant one-form:

dϕ∗
(
g−1dg

)
= d

(
g−1∂tg dt+ g−1∂σg dσ

)
=
[
−∂σ

(
g−1∂tg

)
+ ∂t

(
g−1∂σg

)]
dt ∧ dσ,

and since

dϕ∗
(
g−1dg

)
= −ϕ∗(g−1dg) ∧ ϕ∗(g−1dg) = −

(
g−1∂tgg

−1∂σg − g−1∂σgg
−1∂tg

)
dt ∧ dσ

= −
[
g−1∂tg, g

−1∂σg
]
dt ∧ dσ,

Eq. (2.6) follows.

To summarise, the carrier space of Lagrangian dynamics can be regarded as the tangent

bundle TSU(2)(R) ' (SU(2)nR3)(R). It can be described in terms of coordinates (J i, Ai),

with J i and Ai playing the role of left generalised configuration space coordinates and left

generalised velocities respectively. In the next section we will consider the Hamiltonian

description, by replacing the generalised velocities Ai with canonical momenta Ii spanning

the fibres of the cotangent bundle T ∗SU(2)(R).

For future convenience we close this section by introducing the form of the WZ term

on SU(2) in terms of the Maurer-Cartan one-form components:

SWZ =
1

24π

∫
B
d3y εαβγÃiαÃ

j
βÃ

k
γεijk =

1

4π

∫
B
d3y εαβγÃα1Ãβ2Ãγ3, (2.12)

with Ãiα defined from ϕ̃∗
(
g̃−1dg̃

)
= Ãiαdy

α ei.
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2.2 Hamiltonian description and deformed sl(2,C)(R) current algebra

The Hamiltonian description of the model is the one which mostly lends itself to the

introduction of current algebras. The dynamics is described by the following Hamiltonian

H =
1

4λ2

∫
R
dσ
(
δijIiIj + δijJ

iJ j
)

=
1

4λ2

∫
R
dσ IL(H−1

0 )LMIM (2.13)

and equal-time Poisson brackets

{Ii(σ), Ij(σ
′)} = 2λ2

[
εij

kIk(σ) +
κλ2

4π
εijkJ

k(σ)

]
δ(σ − σ′)

{Ii(σ), J j(σ′)} = 2λ2
[
εki

jJk(σ)δ(σ − σ′)− δji δ
′(σ − σ′)

]
{J i(σ), J j(σ′)} = 0

(2.14)

which may be obtained from the action functional. For future reference we have introduced

in (2.13) the double notation IL = (J `, I`) and the diagonal metric

H0 =

(
δij 0

0 δij

)
. (2.15)

Momenta Ii are obtained by Legendre transform from the Lagrangian. Configuration space

is the space of maps SU(2)(R) = {g : R→ SU(2)}, with boundary condition (2.9), whereas

the phase space Γ1 is its cotangent bundle. As a manifold this is the product of SU(2)(R)

with a vector space, its dual Lie algebra, su(2)∗(R), spanned by the currents Ii:

Γ1 = SU(2)(R)× su(2)∗(R). (2.16)

Hamilton equations of motion then read as:

∂tIj(σ) = ∂σJ
k(σ)δkj +

κλ2

4π
εjk

`I`(σ)Jk(σ) , (2.17)

∂tJ
j(σ) = ∂σIk(σ)δkj − εj`kI`(σ)Jk(σ) . (2.18)

Remarkably, the Poisson algebra (2.14) is homomorphic to c1, the semi-direct sum of the

Kac-Moody algebra associated to SU(2) with the Abelian algebra R3(R):

c1 = su(2)(R) ⊕̇ a. (2.19)

Therefore, the cotangent bundle Γ1 can be alternatively spanned by the conjugate variables

(J j , Ij), with J j the left configuration space coordinates and Ij the left momenta.

The energy-momentum tensor is traceless and conserved:

T00 = T11 =
1

4λ2
Tr(I2 + J2); T01 = T10 =

1

2λ2
Tr(IJ), (2.20)

so the model is conformally and Poincaré invariant, classically.

It has been shown in ref. [83] that the current algebra c1 may be deformed to a one-

parameter family of fully non-Abelian algebras, in such a way that the resulting brackets,
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together with a one-parameter family of deformed Hamiltonians, lead to an equivalent

description of the dynamics. The new Poisson algebra was shown to be homomorphic

to either so(4)(R) or sl(2,C)(R), depending on the choice of the deformation parameter.

In [83] the first possibility was investigated, while from now on we shall choose the second

option, for reasons that will be clear in a moment. Accordingly, the cotangent space Γ1

shall be replaced by a new one, the set of SL(2,C) valued maps, Γ2 = SL(2,C)(R). We

refer to [83] for details about the deformation procedure, while hereafter we shall just state

the result with a few steps which will serve our purposes. The new Poisson algebra will be

indicated with c2 = sl(2,C)(R).

2.2.1 Deformation to the sl(2,C)(R) current algebra

Following the strategy already adopted in [73, 74], what is interesting for us is the occur-

rence of the group SL(2,C) as an alternative target phase space for the dynamics of the

model. Indeed, SL(2,C) is the Drinfel’d double of SU(2), namely a group which can be

locally parametrised as a product of SU(2) with its properly defined dual, SB(2,C). The

latter is obtained by exponentiating the Lie algebra structure defined on the dual algebra

of su(2), under suitable compatibility conditions. Details of the construction are given in

appendix A. Since the role of the partner groups is symmetric, we are going to see that

this shall allow to study Poisson-Lie duality in the appropriate mathematical framework.

Before proceeding further, let us stress here that we are not going to deform the

dynamics but only its target phase space description, and in particular its current algebra.

This is completely different from the usual deformation approach followed for instance for

integrable models. In that case one starts from a given integrable model, and then deforms

it while trying to preserve the integrability property, but allowing for a modification of the

physical content. In our case no deformation of the dynamics occurs.

Inspired by Wigner-Inonu contraction of semisimple Lie groups, a convenient modifi-

cation of the Poisson algebra c1 which treats I and J on an equal footing is the following:

{Ii(σ), Ij(σ
′)} = ξ

[
εij

kIk(σ) + a εijkJ
k(σ)

]
δ(σ − σ′)

{Ii(σ), J j(σ′)} = ξ
[(
εki

jJk(σ) + b εi
jkIk(σ)

)
δ(σ − σ′)− γ δji δ

′(σ − σ′)
]

{J i(σ), J j(σ′)} = ξ
[
τ2εijkIk(σ) + µ εijkJ

k(σ)
]
δ(σ − σ′),

(2.21)

with a, b, µ, ξ, γ real parameters, while τ can be chosen either real or purely imaginary.

Upon imposing that the equations of motion remain unchanged, it can be checked (see [83])

that it is sufficient to rescale the Hamiltonian by an overall factor, depending on τ , accord-

ing to

Hτ =
1

4λ2(1− τ2)2

∫
R
dσ
(
δijIiIj + δijJ

iJ j
)

(2.22)

with the parameters obeying the constraints

ξ = 2λ2 (1− τ2) (2.23)

a− b =
κλ2

4π
(1− τ2) (2.24)

γ = (1− τ2) (2.25)

while µ is left arbitrary. In the limit τ, b, µ→ 0 we recover the standard description.
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For real τ the Poisson algebra (2.21) is isomorphic to so(4)(R) [83], while for imaginary

τ a more convenient choice of coordinates shall be done, which will make it evident the

isomorphism with the sl(2,C)(R) algebra.

Before doing that, let us shortly address the issue of space-time symmetries of the de-

formed model. The new formulation is still Poincaré and conformally invariant, although

not being derived from the standard action principle. Indeed, by following the same ap-

proach as in [81, 83] we obtain the new energy-momentum tensor, Θµν , by requiring that

P =

∫
R
dσΘ01(σ) (2.26)

and the Hamiltonian

H =

∫
R
dσΘ00(σ) (2.27)

generate space-time translations according to

∂

∂σ
Ik = {P, Ik(σ)}, ∂

∂σ
Jk = {P, Jk(σ)}

∂

∂t
Ik = {H, Ik(σ)}, ∂

∂t
Jk = {H,Jk(σ)}. (2.28)

One finds

Θ01 = Θ10 =
1

4λ2(1− τ2)2
δijIiJ

j (2.29)

Θ00 =
1

4λ2(1− τ2)2

(
δijIiIj + δijJ

iJ j
)
. (2.30)

To obtain the remaining component of the energy-momentum tensor, we complete the

Poincaré algebra by introducing the boost generator, B, which has to satisfy the following

Poisson brackets

{H,B} = P {P,B} = H. (2.31)

The latter are verified by

B = − 1

2(1− τ2)

∫
R
dσ σ (δijJ

iJ j + δijIiIj). (2.32)

We thus compute the boost transformations of I and J , getting

{I`, B} = 2λ2(1−τ2)

(
σ
∂I`
∂t

+ δ`kJ
k

)
, {J `, B} = 2λ2(1−τ2)

(
σ
∂J `

∂t
+ δ`kIk

)
(2.33)

namely, I and J transform as time and space components of a vector field. Therefore the

model is Poincaré invariant and the stress-energy tensor has to be conserved. In particular

∂Θ01

∂t
=
∂Θ11

∂σ
(2.34)

which yields Θ11 = Θ00.

Conformal invariance is finally verified by computing the algebra of the energy-mo-

mentum tensor, or, equivalently, by checking the classical analogue of the Master Virasoro

– 11 –



J
H
E
P
0
9
(
2
0
2
0
)
0
6
0

equation3(see for example [84]). We do not repeat the calculation, performed in [83], the

only difference being the choice of τ as a real or imaginary parameter.

2.2.2 New coordinates

It is convenient to introduce the real linear combinations

Si(σ) =
1

ξ(1− a2τ2)

[
Ii(σ)− aδikJk(σ)

]
,

Bi(σ) =
1

ξ(1− a2τ2)

[
J i(σ)− aτ2δikIk(σ)

]
.

(2.37)

On using the residual freedom for the parameters, we choose b = µ = aτ2 and a = kλ2

4π ,

so that

{Si(σ), Sj(σ
′)} = εij

kSk(σ)δ(σ − σ′) + Cδijδ
′(σ − σ′) (2.38)

{Bi(σ), Bj(σ′)} = τ2εijkSk(σ)δ(σ − σ′) + τ2Cδijδ′(σ − σ′) (2.39)

{Si(σ), Bj(σ′)} = εki
jBk(σ)δ(σ − σ′) + C ′δi

jδ′(σ − σ′), (2.40)

where we recognise rotations, Si, and boosts, Bi, and

C =
a

λ2(1− a2τ2)2
, C ′ = − (1 + a2τ2)

2λ2(1− a2τ2)2
(2.41)

the central charges. Note that both transformations and Poisson algebra are consistent

and non-singular in the limit τ → 0. As an intermediate step, it is convenient to write the

Hamiltonian in terms of S and B. By replacing

Ii(σ) = ξ
[
Si(σ) + aδikB

k(σ)
]

J i(σ) = ξ
[
Bi + aτ2δikSk(σ)

] (2.42)

in eq. (2.22), it is easy to obtain:

Hτ = λ2

∫
R
dσ
[ (

1 + a2τ4
)
δijSiSj +

(
1 + a2

)
δijB

iBj + 2a
(
1 + τ2

)
δijSiB

j
]
, (2.43)

where we suppressed the σ-dependence of fields for the sake of notation. The equations of

motion in terms of the new generators S and B read as:

∂tSk = −a(1− τ2)

1− a2τ2
∂σSk +

1− a2

1− a2τ2
δpk∂σB

p ,

∂tB
k =

1− a2τ4

1− a2τ2
δkp∂σSp +

a(1− τ2)

1− a2τ2
∂σB

k − ξ(1− a2τ2)εkpqSpB
q .

(2.44)

3The classical version of the Master Virasoro equation amounts to the following relations

GAB = GACΩCDGDB , G̃AB = G̃ACΩCDG̃DB 0 = G̃ACΩCDGDB (2.35)

with

Θ =
1

2
(Θ00 + Θ01) = GABMAMB Θ̃ =

1

2
(Θ00 −Θ01) = G̃ABMAMB (2.36)

MA = (Ja, Ia) and ΩAB the matrix of central charges of the current algebra.
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Note that now non-diagonal terms appear in the Hamiltonian, which are zero not only for

a = 0 (i.e. without WZ term), which corresponds to the Principal Chiral Model [73], but

also for τ = ±i, a 6= 0.

Our next goal is to make explicit the bialgebra structure of the Poisson algebra (2.38)–

(2.40), according to the decomposition sl(2,C) = su(2) on sb(2,C) (see appendix A). To

this, another linear transformation of the generators is needed. We leave the Si unchanged

since, according to eq. (2.38), they already span the su(2) algebra and transform the Bi

generators as follows:

Ki(σ) = Bi(σ) + iτεi`3S`(σ) . (2.45)

The new generators span the affine algebra associated with the Lie algebra sb(2,C), as can

be easily checked by computing their Poisson brackets, which read as:

{Ki(σ),Kj(σ′)} = iτf ijkK
k(σ)δ(σ − σ′) + Cτ2hijδ′(σ − σ′), (2.46)

with f ijk = εij`ε`3k the structure constants of sb(2,C) and

hij = δij + εip3δpqε
jq3 (2.47)

a non-degenerate metric in sb(2,C) defined in eq. (A.21). With similar calculations for the

mixed bracket we find:

{Si(σ),Kj(σ′) } =
[
εki

jKk(σ) + iτf jkiSk(σ)
]
δ(σ − σ′) +

(
C ′δi

j − iτCεij3
)
δ′(σ − σ′).

(2.48)

The Poisson algebra described by eqs. (2.38), (2.46), (2.48) is a bialgebra, isomorphic

to c2, with its maximal subalgebras clearly identified as su(2)(R) and sb(2,C)(R).

By substituting

Bi(σ) = Ki(σ)− iτεi`3S`(σ) (2.49)

the Hamiltonian is rewritten in terms of the new generators as

Hτ = λ2

∫
R
dσ
{
SiSj

[
(1 + a2τ4)δij − τ2(1 + a2)εip3δpqε

jq3
]

+KiKj(1 + a2)δij + SiK
j
[
2a(1 + τ2)δip + 2iτ(1 + a2)εip3

]
δpj

}
.

(2.50)

Let us notice that the model remains conformally invariant, because we have only performed

linear transformations of the current algebra generators.

In compact form the Hamiltonian reads,

Hτ = λ2

∫
R
dσ SI (Mτ )IJ SJ , (2.51)

where we have introduced the doubled notation SI ≡ (Ki, Si), and the generalised metric

Mτ (a), given by

Mτ =

(
(1 + a2τ4)δij − τ2(1 + a2)εip3δpqε

jq3
[
iτ(1 + a2)εip3 + a(1 + τ2)δip

]
δpj

δip
[
−iτ(1 + a2)εpj3 + a(1 + τ2)δpj

]
(1 + a2)δij

)
. (2.52)
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Let us analyse the latter in more detail, as a function of the parameters a, τ . For a = 0 we

retrieve the one-parameter family associated to the PCM, studied in [73], and Mτ (a = 0)

can be checked to be an O(3, 3) matrix, namely, MτηMτ = η. For a 6= 0 the metric is

not O(3, 3) in general, but it could be for specific values of the parameters; for example,

it becomes proportional to an O(3, 3) matrix for τ = ±i. In particular for τ = −i we find

M−i(a) =
(
1 + a2

)
H−1, where

H−1 =

(
hij +εip3δpj

−δipεpj3 δij

)
(2.53)

is the inverse of the Riemannian metric (A.19) which has been defined in appendix A in

the Lie algebra sl(2,C).

Let us summarise the main results of this section. The WZW model with target con-

figuration space SU(2) has been described in terms of a one-parameter family of Hamilto-

nians Hτ

Hτ = λ2

∫
R
dσ SI (Mτ )IJ SJ (2.54)

with Poisson brackets realising the non-compact current algebra c2

{Si(σ), Sj(σ
′) } = εij

kSk(σ)δ(σ − σ′) + Cδijδ
′(σ − σ′)

{Ki(σ),Kj(σ′)} = iτf ijkK
k(σ)δ(σ − σ′) + Cτ2hijδ′(σ − σ′) (2.55)

{Si(σ),Kj(σ′) } =
[
εki

jKk(σ) + iτf jkiSk(σ)
]
δ(σ − σ′) +

(
C ′δi

j − iτCεij3
)
δ′(σ − σ′)

and

Ki =
1

ξ(1− a2τ2)

(
(δik − iτaεi`3δ`k)Jk + (εik3 − aτ2δik)Ik

)
Si =

1

ξ(1− a2τ2)

(
Ii − aδikJk

)
. (2.56)

The Poisson algebra, thanks to the choice performed for the generators, reveals a bial-

gebra structure (see appendix A), with central terms. It is interesting to note that the

central terms of the brackets for the su(2) and sb(2,C) generators entail the metrics of the

respective algebras, obtained directly from the generalised metric on sl(2,C) in (A.19).

The alternative canonical formulation which has been presented here has some inter-

esting features in relation with quantisation [83] and integrability [86]. In the following

we will exploit the bialgebra formulation to analyse the symmetries of the model under

Poisson-Lie duality.

3 Poisson-Lie symmetry

In a field theory context Poisson-Lie symmetry [34–37] is usually introduced as a de-

formation of standard isometries of two-dimensional non-linear sigma models on pseudo-

Riemannian manifolds, in the Lagrangian approach. To make contact with the existing

literature let us therefore summarise the main aspects. We use here local, light-cone coor-

dinates, to adhere to common approach.
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Definition 3.1. Let Xi : Σ → M , where (Σ, h) is a 2-dimensional oriented pseudo-

Riemannian manifold, the so called source space (or worldsheet) with metric h and (M, g)

a smooth manifold, the so called target space (or background), equipped with a metric g

and a 2-form B. Let M admit at least a free action of a Lie group G.4 A 2-dimensional

non-linear sigma model can be defined by the following action functional:

S =

∫
Σ
dzdz̄ Eij∂X

i∂̄Xj , (3.1)

with the generalised metric Eij = gij +Bij .

Suppose that the group G acts freely from the right, then the infinitesimal generators

of the right action are the left-invariant vector fields {Va}, satisfying

[Va, Vb] = fab
cVc (3.2)

with fab
c the structure constants of g. Under an infinitesimal variation of the fields

δX i = V i
aε
a, (3.3)

with ε the infinitesimal parameters of the transformation, the variation of the action

reads as:

δS =

∫
Σ
dzdz̄ LVa (Eij) ∂X

i∂̄Xjεa −
∫

Σ
dzdz̄

[
∂
(
V i
aEij ∂̄X

j
)

+ ∂̄
(
V i
aEji∂X

j
)]
εa,

where LV denotes the Lie derivative along the vector field V . Using the fact that

dzdz̄
[
∂
(
V i
aEij ∂̄X

j
)

+ ∂̄
(
V i
aEji∂X

j
)]

= d
(
V i
aEij ∂̄X

jdz̄ − V i
aEji∂X

jdz
)
,

we are left with

δS =

∫
Σ
dzdz̄ LVa (Eij) ∂X

i∂̄Xjεa −
∫

Σ
dJaε

a, (3.4)

being

Ja = Va
i
(
Eij ∂̄X

jdz̄ − Eji∂Xjdz
)

(3.5)

the Noether one-forms associated to the group transformation. If the action functional is

required to be invariant, δS has to be zero. Usually a stronger requirement is applied,

namely that the target-space geometry be invariant as well. This entails separately the

invariance of the metric and of the B-field, that is LVa (Eij) = 0, LVa (Bij) = 0. The two-

form B could be put to zero to start with. Hence, under these assumptions, the symmetry

group is a group of isometries and the generators are Killing vector fields. If this is the

case, from (3.4) we derive that the Noether one-forms are closed

dJa = 0 (3.6)

4In general the action is only required to be free. If it is also transitive, the model takes the name of

Principal Chiral Model and the target space is diffeomorphic with the group itself, as it is the case in this

paper.
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hence, they are locally exact,

Ja = dX̃a. (3.7)

In particular, if the symmetry group is Abelian, one can always find a frame where Va
i = δa

i.

In this case Abelian T-duality can be obtained by exchanging Xi with the dual coordinates

X̃i and the Bianchi identity d2X̃i = 0 then leads to the equations of motion for the original

theory. Notice that, because of the definition of the one-forms Ja, the functions X̃a take

value in the tangent space at M , namely, they are velocity coordinates. Therefore, the

symmetry of the model under target-space duality transformation amounts to the exchange

of target space coordinates Xi with velocities X̃i, the generators of the symmetry are Killing

vector fields and T-duality is along directions of isometry.

In the case in which the symmetry group of the action is non-Abelian, but still an

isometry, one refers to non-Abelian (or, better, semi-Abelian) T-duality, with Noether

currents satisfying Abelian Maurer-Cartan equations.

However, this whole construction can be generalised: suppose the Noether current

one-forms are not closed but satisfy instead a Maurer-Cartan equation

dJa =
1

2
f̃ bc
a Jb ∧ Jc (3.8)

being f̃ bc
a the structure constants of some Lie algebra g̃ not yet specified. Using eq. (3.8),

by imposing invariance of the action, eq. (3.4) yields∫
Σ
dzdz̄ LVa (Eij) ∂X

i∂̄Xjεa =

∫
Σ

1

2
f̃ bc
a Jb ∧ Jc εa.

From eq. (3.5), it is straightforward to obtain

Jb ∧ Jc = −2V m
b V l

cEnmElk∂X
n∂̄Xkdzdz̄,

and finally

LVaEij = −f̃ bc
a V k

b V
l
cEikElj . (3.9)

The latter relation reveals that in order for the action to be invariant, the generators not

only can be non-Abelian, but they do not have to be isometries (one can still find the

standard isometry case if the algebra of Noether currents, g̃, is Abelian, so that the Lie

derivative is again vanishing).

If this is the case, we say that the sigma model is Poisson-Lie symmetric (see def. (A.1)

of Poisson-Lie group). Indeed, from the Lie algebra condition

[LVa ,LVb ]Eij = fab
cLVcEij (3.10)

the following compatibility condition for the pair structure constants follows:

f̃ mc
a fdm

b − f̃ mb
a fdm

c − f̃ mc
d fam

b + f̃ mb
d fam

c − f̃ bc
m fda

m = 0, (3.11)

which is exactly the compatibility condition in (A.7), in order for two algebras g, g̃ (which

are dual as vector spaces), concur to define a bialgebra, d, whose underlying vector space
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is the direct sum of the former. Equivalently, eq. (3.11) is nothing but the compatibility

condition (A.2) between Poisson and group structure of a Poisson-Lie group.

The triple (d, g, g̃) is associated to the starting sigma model but, since the construction

of the bialgebra structure is completely symmetric, one can expect to formulate a model

associated to the same triple by swapping role of the subalgebras g, g̃ and that will be the

Poisson-Lie dual sigma model, defined by

LṼaẼij = −fabcṼ k
b Ṽ

`
c ẼikẼ`j (3.12)

where all fields with ˜ refer to the dual model.

On introducing the group D which corresponds to the exponentiation of the bialgebra

d, equivalently we can say that a sigma model is of Poisson-Lie type if the target space is a

coset space D/G, where G indicates one of its component groups in a chosen polarisation.

Its dual will be defined on the target coset D/G̃. The group D is the Drinfel’d double and

(d, g, g̃) is a Manin triple. G, G̃ are dual groups. Mathematical details can be found in

appendix A.

Since Poisson-Lie T-duality is a generalisation of Abelian and semi-Abelian T-dualities,

T-dualities may be classified in terms of the types of Manin triple underlying the sigma

model structure:

• Abelian doubles correspond to standard Abelian T-duality. The Drinfel’d double is

Abelian, with Lie algebra d = g⊕ g̃ with the algebra g and its dual both Abelian;

• Semi-Abelian doubles (i.e. d = g ⊕̇ g̃, with g non-Abelian, g̃ Abelian and ⊕̇ a semi-

direct sum) correspond to non-Abelian T-duality between an isometric and a non-

isometric sigma model;

• Non-Abelian doubles (all the other possible cases) correspond to Poisson-Lie T-

duality. Here no isometries hold for either of the two dual models.

The notion of Poisson-Lie symmetry can also be formulated in the Hamiltonian for-

malism [73, 75, 87–89]. We may state the following

Definition 3.2. Let (M,ω) be a symplectic manifold admitting a right action M×G→M

of G on M , and let Va ∈ X(M), a = 1, . . . d be the vectors fields which generate the action,

with d = dim g. If LVaω 6= 0 but

iVaω = θ̃a, (3.13)

with θ̃a left(right)-invariant one-forms of the dual group G̃ and iV the interior derivative

along V , we say that a dynamical system with phase space (M,ω) is Poisson-Lie symmetric

with respect to G if its Hamiltonian is invariant5

LVH = 0. (3.14)

5However, it should be sufficient to require that the vector fields V generate symmetries of the equations

of motion, not necessarily of the Hamiltonian, which is, as the symplectic form, an auxiliary structure.
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For future convenience, eq. (3.13) can be equivalently formulated according to

LVaω = −1

2
fabcθ̃

b ∧ θ̃c (3.15)

which, contracted with dual vector fields, yields LVaω(X̃b, X̃c) = −fabc. Finally, let us

notice that Poisson-Lie symmetry may be stated in terms of the Poisson bi-vector field Π

by saying that a dynamical system with target space a Poisson manifold possesses Poisson-

Lie symmetry under the action of a Lie group G if the Hamiltonian (or its equations of

motion) is invariant and the bivector field Π together with the infinitesimal generators of

the symmetry implicitly defines one-forms of the dual group according to

Va = Π(θ̃a). (3.16)

3.1 Poisson-Lie symmetry of the WZW model

Before looking explicitly at the dual models, we address the Poisson-Lie symmetry of the

one-parameter family of WZW models described by the Hamiltonian (2.54), and Poisson

brackets (2.55), adapting the definition given above to our setting.

The analysis follows very closely the one performed in [73] for the Principal Chiral

Model.

Keeping the interpretation of (Ki, Si) as target phase space coordinates with Ki and

Si respectively base and fibre coordinates, one can associate Hamiltonian vector fields to

Ki by means of

XKi := {·,Ki}. (3.17)

The fields so defined obey by construction the Lie algebra relations

[XKi , XKj ] = X{Ki,Kj} = iτf ijkXKk , (3.18)

inherited from the non-trivial Poisson structure (2.55). They span the Lie algebra sb(2,C)

and, in the limit τ → 0, reproduce the original Abelian structure of the su(2) dual. Because

of their definition they satisfy

ω(XKj , XKk) = {Kj ,Kk} = f jkiK
i. (3.19)

Moreover, we may define dual one-forms in the standard way, αj : αj(XKk) = δkj , which

satisfy the Maurer-Cartan equation

dαi(XKj , XKk) = −αi([XKj , XKk ]) = −f jki. (3.20)

The latter, being basis one-forms of the dual algebra, can be identified with basis generators

of su(2), αi → Vi. By inverting eq. (3.20) one can check that this is indeed the Poisson-Lie

condition stated in eq. (3.15).
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3.1.1 B and β T-duality transformations

It was already noticed in [73] that the one-parameter family of Principal Chiral Models

obtained from deformation of the target phase space could be recognised as a family of

Born geometries, generated by β T-duality transformations. The situation for the WZW

model is more involved.

Starting from the generalised vector (J i, Ii), which obeys the Poisson algebra (2.14),

we have performed a series of transformations, ending up with a new generalised vector,

(Ki, Si), satisfying the Poisson algebra (2.55), while describing the same dynamics. These

transformations are therefore symmetries, which can be partially recast in the form of

β-transformations as follows.

According to [100, 101], given a generalised vector field on the target space, (X,ω), a

β-transformation in the context of Poisson-Lie groups is a T-duality transformation of the

algebra of currents φ : d(R)→ d(R), which may be represented as

(X,ω)→ (X + iωβ, ω) β ∈ Γ(Λ2TM) (3.21)

with β a bivector field. As dual to the latter, another T -duality transformation is a B-

transformation, given by

(X,ω)→ (X,ω + iXB) B ∈ Γ(Λ2T ∗M) (3.22)

with B a two-form. Besides, there are other T-duality transformations, such as factorised

transformations, which may be rephrased in the same setting as linear transformations in

the bialgebra of generalised vector fields of the target space.

In this perspective let us see how the transformation (2.56) can be reformulated. Dif-

ferently from the PCM model without WZW term, we need to split the transformation in

two steps. We first perform

(J i, Ii)→ (J̃ i, Ĩi) = (J i − aτ2δikIk, Ii − aδikJk) (3.23)

which is a generalised linear transform of the kind

(X,ω)→ (X + C(ω), ω + C̃(X)) (3.24)

with C = −aτ2δijξi ⊗ ξj , C̃ = −aδijξ∗i ⊗ ξ∗j , {ξi}, {ξ∗i}, basis of vector fields and dual

one-forms on M , and C̃ = −C−1 for iτ = 1/a. We thus perform a β-transformation:

(J̃ i, Ĩi)→ (J̃ i + iτεi`3Ĩ`, Ĩi) ≡ (Ki, Si). (3.25)

The generalised metric (2.52) may be obtained from the diagonal metric H0 applying the

above transformations accordingly. Therefore, the one-parameter family of WZW models

introduced in previous sections can be regarded as a sequence of B- and β-transformations.

For a = 0, we resort to the PCM considered in [73], where the one-parameter family is a

family of Born geometries related by pure β-transformations.
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4 Poisson-Lie T-duality

In order to investigate duality transformations within the current algebra which has been

obtained at the end of section 2.2, we need to make the role of the two subalgebras su(2)(R)

and sb(2,C)(R) completely symmetric. To this, we shall introduce a further parameter in

the current algebra, so to get a two-parameter formulation of the WZW model. As a result,

T-duality transformations will be realised as simple O(3, 3) rotations in the target phase

space SL(2,C)(R) and the two parameters at disposal will allow to consider limiting cases.

4.1 Two-parameter family of Poisson-Lie dual models

In what follows we slightly modify the current algebra (2.55) by introducing another imag-

inary parameter, α, so to have su(2) and sb(2,C) generators on an equal footing. This

will allow to formulate Poisson-Lie duality as a phase space rotation within SL(2,C)(R),

namely an O(3, 3) transformation, which exchanges configuration space coordinates, Ki

with momenta Sj . The introduction of the new parameter will make it possible to perform

not only the limit SL(2,C)
τ→0→ T ∗SU(2) but also SL(2,C)

α→0→ T ∗SB(2,C).

To this, let us introduce the two-parameter generalisation of the algebra (2.55) as

follows:

{Si(σ), Sj(σ
′) } = iαεij

kSk(σ)δ(σ − σ′)− α2Ĉδijδ
′(σ − σ′)

{Ki(σ),Kj(σ′)} = iτf ijkK
k(σ)δ(σ − σ′) + τ2Ĉhijδ′(σ − σ′) (4.1)

{Si(σ),Kj(σ′) } =
[
iαεki

jKk(σ) + iτf jkiSk(σ)
]
δ(σ − σ′) + (iαĈ ′δji − iτ Ĉεi

j3)δ′(σ − σ′).

It is immediate to check that, in the limit iτ → 0, the latter reproduces the semi-direct

sum su(2)(R)⊕̇a, while the limit iα → 0 yields sb(2,C)(R)⊕̇a. For all non-zero values of

the two parameters, the algebra is homomorphic to c2, with central extensions. The central

charges, Ĉ, Ĉ ′ will be fixed in a while.

By direct calculation one easily verifies that, upon suitably rescaling the fields, one

gets back the dynamics of the WZW model, if the Hamiltonian is deformed as follows:

Hτ,α = λ2

∫
R
dσ SI (Mτ,α)IJ SJ

= λ2

∫
R
dσ
[
Si(Mτ,α)ijSj +Ki(Mτ,α)ijK

j + Si(Mτ,α)ijK
j +Ki(Mτ,α)i

jSj

]
,

(4.2)

with SI = (Si,K
i), and

Mτ,α =

(
1

(iα)2

[
(1 + a2τ̄4)δij − τ̄2(1 + a2)εip3δpqε

jq3
] [
iτ̄(1 + a2)εip3 + a(1 + τ̄2)δip

]
δpj

δip
[
−iτ̄(1 + a2)εpj3 + a(1 + τ̄2)δpj

]
(iα)2(1 + a2)δij

)
(4.3)

where iτ̄ = iτ iα. Indeed, by rescaling the fields according to

S̄j =
Sj
iα
, K̄j = iαKj (4.4)
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the Hamiltonian for the fields S̄j , K̄
j takes the same form as eq. (2.54) and the Poisson

brackets of the rescaled fields yield back the algebra (2.55) if the central charges are chosen

as follows:

Ĉ =
a

λ2 (1− a2τ̄2)2 , Ĉ ′ = − 1 + a2τ̄2

2λ2 (1− a2τ̄2)2 . (4.5)

This is exactly what we were looking for, since the role of the su(2) and sb(2,C)

generators is now completely symmetric. It is easy to check that the two-parameter model

indeed reproduces the original WZW dynamics for iτ → 0, with Poisson algebra c1 =

su(2)(R)⊕̇ a. The limit iα → 0 limit yields the algebra c3 = sb(2,C)(R)⊕̇ a with central

extension, although the Hamiltonian appears to be singular in such a limit. We shall come

back to this issue later on. For all other values of α and τ the algebra is isomorphic to

c2 ' sl(2,C)(R), with Ki, Si respectively playing the role of configuration space coordinates

and momenta.

Since now the role of Si and Ki is symmetric, if we exchange the momenta Si with

the configuration space fields Ki we obtain a new two-parameter family of models, with

the same target phase space, but with the role of coordinates and momenta inverted. The

transformation

K̃i(σ) = Si(σ), S̃i(σ) = Ki(σ) (4.6)

is an O(3, 3) rotation in the target phase space SL(2,C).

Explicitly, under such a rotation we obtain the dual Hamiltonian

H̃τ,α = λ2

∫
R
dσ
[
K̃i(Mτ,α)ijK̃j + S̃i(Mτ,α)ijS̃

j + K̃i(Mτ,α)ijS̃
j + S̃i(Mτ,α)i

jK̃j

]
,

(4.7)

and dual Poisson algebra

{K̃i(σ), K̃j(σ
′)} = iαεij

kK̃k(σ)δ(σ − σ′)− α2Ĉδijδ
′(σ − σ′)

{S̃i(σ), S̃j(σ′)} = iτf ijkS̃
k(σ)δ(σ − σ′) + τ2Ĉhijδ′(σ − σ′) (4.8)

{K̃i(σ), S̃j(σ′)} =
[
iαεki

jS̃k(σ) + iτf jkiK̃k(σ)
]
δ(σ − σ′) + (iαĈ ′δji − iτ Ĉεi

j3)δ′(σ − σ′)

which makes it clear that this new two-parameter family of models has target configuration

space the group manifold of SB(2,C), spanned by the fields K̃i, while momenta S̃i span

the fibres of the target phase space. Hence, this represents by construction a family of dual

models.

Note, however, that the limit iα → 0, although giving a well-defined Poisson algebra

as a semi-direct sum, does not bring to a well-defined dynamics on T ∗SB(2,C), since the

Hamiltonian becomes singular. As we shall see in the next section, this seems to be related

to the impossibility of obtaining the family of dual Hamiltonians (4.7) from a continuous

deformation of a Hamiltonian WZW model on the cotangent space T ∗SB(2,C). This

obstruction has a topological explanation in the simple fact that T ∗SB(2,C), differently

from T ∗SU(2), is not homeomorphic to SL(2,C). In the next section we shall introduce

a WZW model with SB(2,C) as configuration space, in the Lagrangian approach, and

shall look for a Hamiltonian description by means of canonical Legendre transform. We
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shall see that, in order to make contact with one of the dual models described by the

two-parameter family (4.7), we need to introduce a true deformation of the dynamics, a

topological modification of the phase space and extra terms in the Hamiltonian.

Going back to the Hamiltonian (4.7) we want to show here that, although it has not

been obtained from an action principle, nevertheless it is possible to exhibit an action from

which it can be derived. Following the standard approach of [81, 90], we shall write the

action in the first order formalism. To this, two ingredients are needed: the symplectic

form responsible for the current algebra (4.8) and the Hamiltonian (4.7) expressed in terms

of the original fields g ∈ SU(2)(R) and ` ∈ SB(2,C)(R). The target phase space Γ2 can

be identified with SU(2)(R)× SB(2,C)(R) as a manifold, and we define

− iαĈg−1∂σg = iδkpK̃pek, iτ Ĉ`−1∂σ` = i(h−1)kpS̃
pêk, (4.9)

with êk the generators of the sb(2,C) algebra (see appendix A). It can be shown that the

symplectic form which yields the current algebra (4.8) is the following (see appendix B for

more details about this construction):

ω = α2Ĉ

∫
R
dσTrH

[
g−1dg ∧ ∂σ(g−1dg)

]
− τ2Ĉ

∫
R
dσTrH

[
`−1d` ∧ ∂σ(`−1d`)

]
+ iτ̄ Ĉ

∫
R
dσTrH

{
[g−1dg, `−1∂σ`] ∧ (`−1d`− (`−1d`)†)

}
+ iτ̄ Ĉ

∫
R
dσTrH

{
[`−1d`, g−1∂σg] ∧ (g−1dg − (g−1dg)†)

}
+ iαĈ ′

∫
R2

dσ dσ′∂σδ(σ − σ′)
{

Trη
[
g−1dg(σ) ∧ `−1d`(σ′)

]}
− iτ Ĉ

∫
R2

dσ dσ′∂σδ(σ − σ′)
{

TrH
[
g−1dg(σ) ∧ `−1d`(σ′)

]}
.

(4.10)

The products denoted by TrH and Trη are the two SL(2,C) products defined in (A.19)

and (A.14) respectively. The symplectic form is not closed, therefore an action in the first

order formalism may be defined according to

S2 =

∫
ω −

∫
H|g,`dt, (4.11)

where ω has to be integrated on a two-surface and H|g,` denotes the Hamiltonian expressed

in terms of the original fields g and `. When the symplectic form is exact, the surface

integral reduces to the standard integration of the canonical Lagrangian 1-form along the

boundary of the surface. However, this is not the case for our symplectic form and some

care is needed. Here one has to consider the closed curve γ on Γ2, described by functions

g(t, σ) : R × S1 → SU(2) and `(t, σ) : R × S1 → SB(2,C), as well as the surface γ̃ of

which it is the boundary: ∂γ̃ = γ. The surface γ̃ can then be described by extensions of

g and ` defined such that g̃(t, σ, y = 1) = g(t, σ), ˜̀(t, x, y = 1) = `(t, σ) and g̃(t, σ, y =

0) = ˜̀(t, σ, y = 0) = 1, mimicking the Wess-Zumino term construction on a 3-manifold

with fields extended from the source space. The action can then be written explicitly

with (4.11). Note also that the integration of the first two terms in (4.10) following this
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recipe results in two WZ terms. The construction is totally symmetric with respect to the

exchange of momenta with configuration fields, therefore, the same construction furnishes

an action principle for the Hamiltonian (4.2).

Summarising, we reformulated the WZW model on SU(2) within an alternative canon-

ical picture based on a two-parameter deformation of the current algebra and the Hamil-

tonian, in which the role of momenta and configuration space fields is made symmetric.

By sending to zero either parameter we recover the original current algebra structure

su(2)(R)⊕̇a(R) or the natural dual one sb(2,C)(R)⊕̇a(R). By performing an O(3, 3) trans-

formation over SL(2,C), which is the deformed target phase space of the system, we obtain

a two-parameter family of Hamiltonian models with target configuration space SB(2,C),

which represents, by construction, the Poisson-Lie dual family of the SU(2) family we

started with.

As a further goal, in parallel to what is done for the SU(2) family, where the limit

iτ → 0 yields back the semi-Abelian model with target phase space T ∗SU(2), we would

like to perform the limit iα→ 0 to recover the semi-Abelian dual model with target phase

space T ∗SB(2,C). We have seen that, while the current algebra is well-defined in such a

limit, yielding the semi-direct sum sb(2,C)(R)⊕̇a, the Hamiltonian is singular. We have

argued that this may be related to the different topology of phase spaces SL(2,C) and

T ∗SB(2,C). This issue will be addressed at the end of section 5.2.

5 Lagrangian WZW model on SB(2,C)

In the previous section we have obtained a whole family of dual models having SB(2,C)

as target configuration space, which makes it meaningful to look for a dual model having

the tangent bundle of SB(2,C) as carrier space from the beginning. However, the latter

group algebra is not semi-simple, which means that the Cartan-Killing metric is degenerate.

The problem of constructing a WZW model for non-semisimple groups is not new — see

for example [51], where the 2-d Poincaré group is considered. In our case, it does not

seem to be possible to define any bilinear pairing on sb(2,C) which is both non-degenerate

and bi-invariant at the same time. As in [73], we could use the induced metric (A.21),

hij = δij + εi`3δ`kε
jk3, which is obtained from restricting the Riemannian metric (A.20)

of sl(2,C). This is non-degenerate and positive-definite, and only invariant under left

SB(2,C) action. A natural WZW action would then be:

S1 =
1

nλ2

∫
Σ
T r
[
φ∗(`−1d`) ∧, ∗φ∗(`−1d`)

]
+

κ

mπ

∫
B
T r
[
φ̃∗
(

˜̀−1d˜̀∧, ˜̀−1d˜̀∧ ˜̀−1d˜̀
)]
,

(5.1)

with φ : Σ 3 (t, σ) → ` ∈ SB(2,C), while φ̃ and ˜̀ are the related extensions to B, and

T r := ((, )) as in (A.20). Following our discussion, the so-defined Lagrangian is left and

right invariant under SU(2) action and only left-invariant under SB(2,C) action. However,

it is immediate to check that the WZ term is identically zero for such a product. Indeed,

on introducing the notation

Bµ = `−1∂µ` = Bµj ê
j , (5.2)
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with êj indicating the generators of sb(2,C) and B̃µ the extension to B, we have((
φ̃∗
[
˜̀−1d˜̀∧, ˜̀−1d˜̀∧ ˜̀−1d˜̀

]))
= −i d3y εαβγB̃αiB̃βjB̃γkh

kpf ijp

= −2i d3y εαβγ
(
B̃αiB̃βjB̃γ1ε

ij2 − B̃αiB̃βjB̃2γε
ij1
)
,

which is obviously vanishing. This means that hij is not a viable product to define a WZW

model on SB(2,C).

Our proposal is then to use the Hermitian product hN defined in eq. (A.22). The

action of the model will be given by eq. (5.1) with T r(u, v) → Tr (u†v) and n,m, integer

coefficients to be determined later. In terms of the latter, the WZ term can be checked to

be non-zero and consistent with the equations of motion one expects to obtain. Indeed, on

separating the diagonal and off-diagonal part of the product, as

hijN =
1

2
hij + aij , (5.3)

the only contribution to the volume integral in (5.1) comes from the off-diagonal term, aij ,

since we just showed that the WZ term vanishes with the metric hij . We have∫
B

d3y εαβγB̃αiB̃βjB̃γkh
kp
N f

ij
p =

1

2

∫
B

d3y εαβγB̃αiB̃βjB̃γka
kpf ijp

=
i

2

∫
B

d3y εαβγεijkB̃αiB̃βjB̃γk. (5.4)

The latter has the same form as the WZ term on the SU(2) group manifold, which means

that the variation is formally the same, leading to the same contribution to the equations

of motion but now with sb(2,C)-valued currents:

δS1,WZ =
1

mπ

∫
Σ
d2σ εijk B0jB1k

(
`−1δ`

)
i

(5.5)

with B0 = `−1∂t`, B1 = `−1∂σ`.

As for the quadratic term in the action (5.1), on using eq. (5.3) we have∫
Σ

d2σ T r
[
φ∗(`−1d`) ∧, ∗φ∗(`−1d`)

]
=

∫
Σ

d2σ BµiB
µ
j Tr êi†êj =

1

2

∫
Σ

d2σ ((Bµ, B
µ)) (5.6)

because the off-diagonal contribution proportional to aij vanishes. Therefore, in absence

of the WZ term, the two products yield the same result, up to a numerical factor, and

agree with previous findings for the PCM [73]. For the variation of this term with respect

to small variations of ` we will need the following relation:

δBµ = −`−1δ`Bµ + `−1∂µδ`, (5.7)

δ((Bµ, B
µ)) = ((δBµ, B

µ)) + ((Bµ, δB
µ))

= 2
[
((Bµ, [Bµ, `

−1δ`]))− ((∂µB
µ, `−1δl)) + ∂µ((Bµ, `−1δ`))

] (5.8)

and after integration one obtains

δS1,quad =
1

nλ2

∫
Σ
d2σ

[
((−∂µBµ, `−1δ`)) + ((Bµ, [Bµ, `

−1δ`]))
]
.
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In order to make the comparison with the SU(2) model more transparent we fix n = 4 and

introduce the notation Âi = B0,i, Ĵi = B1i. We have then

δS1,quad = − 1

4λ2

∫
Σ
d2σ

[
hij
(
∂tÂj − ∂σĴj

)
− fpiqhqj

(
ÂpÂj − ĴpĴj

)]
(`−1δ`)i. (5.9)

By collecting all terms, the resulting equations of motion can then be written as follows:

hij
(
∂tÂj − ∂σĴj

)
− fpiqhqj

(
ÂpÂj − ĴpĴj

)
= −4κλ2

mπ
εipj ÂpĴj , (5.10)

and we also have the usual integrability condition coming from the Maurer-Cartan equation

for the Maurer-Cartan one-forms `−1d`:

∂tĴ − ∂σÂ = −[Â, Ĵ ]. (5.11)

Looking at the equations of motion, by analogy with the SU(2) case we will fix m = 24.

5.1 Spacetime geometry

The Lagrangian model which has been derived in the previous section furnishes a possible

spacetime background on which strings propagate. Topologically it is the manifold of the

group SB(2,C), a noncompact manifold, which can be embedded in R4 by means of the

following parametrization

` = y012 + 2iyiê
i (5.12)

with yµ, µ = 0, . . . , 3 global real coordinates, ẽi the generators of the group (see def. (A.9))

and the constraint y2
0 − y2

3 = 1. Its geometry is characterised by a metric tensor and a

Kalb-Ramond field, which are easier to compute in terms of a local parametrisation. We

first rewrite the action as

S1 =
1

4λ2

∫
Σ
d2σBµiB

µ
j h

ij +
κ

24π

∫
B
d3y εαβγB̃αiB̃βjB̃γkh

kp
N f

ij
p. (5.13)

with iBiê
i = `−1d` the Maurer-Cartan one-form on the group. We thus parametrise a

generic element ` ∈ SB(2,C) according to

` =

(
χ ψeiθ

0 1
χ

)
, (5.14)

with χ, ψ ∈ R, χ > 0 and θ ∈ (0, 2π). In this way we can write

`−1d` =

(
1
χdχ

1
χe

iθdψ + iψχe
iθdθ + ψ

χ2 e
iθdχ

0 − 1
χdχ

)
. (5.15)

Since the generators of the sb(2,C) algebra can be written as

êk =
1

2
δki
(
iσi + εli3σl

)
, (5.16)
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or, explicitly,

ê1 =

(
0 i

0 0

)
, ê2 =

(
0 1

0 0

)
, ê3 =

i

2

(
1 0

0 −1

)
, (5.17)

the components of the Maurer-Cartan one-form `−1d` have the form:

B1 = − ψ

χ2
cos θdχ− 1

χ
cos θdψ +

ψ

χ
sin θdθ, (5.18)

B2 =
ψ

χ2
sin θdχ+

sin θ

χ
dψ +

ψ

χ
cos θdθ, (5.19)

B3 = − 2

χ
dχ. (5.20)

On using the explicit expression of the product hij the quadratic term of the model yields

then

S1,quad =
1

4λ2

∫
Σ
d2σ

[(
ψ2

2χ4
+

4

χ2

)
∂µχ∂

µχ+
1

2χ2
∂µψ ∂

µψ +
ψ2

2χ2
∂µθ ∂

µθ +
ψ

χ3
∂µχ∂

µψ

]
.

(5.21)

Analogously, the WZ term can be calculated in local coordinates to give:

εαβγB̃αiB̃βjB̃γkh
kp
N f

ij
p=2εαβγB̃α1B̃β2B̃γ3 =4εαβγ

ψ̃

χ̃3
∂αχ̃∂βψ̃∂γ θ̃=−2εαβγ∂α

(
ψ̃

χ̃2
∂βψ̃∂γ θ̃

)
.

Hence, by means of Stokes theorem on the latter contribution, the total action can be

rewritten as

S1 =
1

4λ2

∫
Σ
d2σ

[(
ψ2

2χ4
+

4

χ2

)
∂µχ∂

µχ+
1

2χ2
∂µψ ∂

µψ +
ψ2

2χ2
∂µθ ∂

µθ +
ψ

χ3
∂µχ∂

µψ

− κλ2

3π

ψ

χ2
εµν∂µψ ∂νθ

]
.

(5.22)

By identifying the latter with the Polyakov action∫
d2σ

(
Gij∂αX

i∂αXj +Bijε
αβ∂αX

i∂βX
j
)
, (5.23)

with Xi ≡ (χ, ψ, θ), the background spacetime metric and B-field read

Gij =
1

4λ2


(
ψ2

2χ4 + 4
χ2

)
ψ

2χ3 0
ψ

2χ3
1

2χ2 0

0 0 ψ2

2χ2

 , Bψθ = − κ

12π

ψ

χ2
. (5.24)

Hence, the spacetime background is a non-compact 3-d Riemannian manifold, embedded

in R4 with the topology of the group manifold of SB(2,C) and its geometry is described

by the following above metric and antisymmetric B-field. The B-field is not closed, thus

yielding a 3-form H-flux.
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It may be useful to express the metric and the B-field in terms of global coordinates

in R4. It can be easily checked that the embedding map reads

ψ = 2
√
y2

1 + y2
2, χ = y0 − y3 θ = − arctan

y2

y1
. (5.25)

Then the metric in (5.24) is obtained by the following Lorentzian metric in R4

G4 =
2

(y0 − y3)2

[
fa(−dy0 ⊗ dy0 + dy3 ⊗ dy3) + fb(dy1 ⊗ dy1 + dy2 ⊗ dy2)

+fcd(y0 − y3)⊗ (y1dy1 + y2dy2)
]

(5.26)

with

fa = y2
1 + y2

2 + 2(y0 − y3)2, fb = 1, fc =
2

(y0 − y3)
. (5.27)

Upon imposing the constraint (y0− y3)(y0 + y3) = 1, which characterises the submanifold,

we get:

G3 =
2

(y0 − y3)2

[
fa

(y0 − ye)2
d(y0 − y3)⊗ d(y0 − y3) + fb(dy1 ⊗ dy1 + dy2 ⊗ dy2)

+ fcd(y0 − y3)⊗ (y1dy1 + y2dy2)

]
. (5.28)

Analogously, we may write the two-form B in terms of global R4 coordinates. We obtain

B =
κ

3π

1

(y0 − y3)2
dy1 ∧ dy2 (5.29)

with H-flux

H = dB = −2κ

3π

1

(y0 − y3)3
d(y0 − y3) ∧ dy1 ∧ dy2. (5.30)

5.2 Dual Hamiltonian formulation

Let us consider first the situation in which the WZ term is missing (κ = 0). In this case

the equations of motion have the simpler form

hij
(
∂tÂj − ∂σĴj

)
= fpiqh

qj
(
ÂpÂj − ĴpĴj

)
, (5.31)

∂tĴ − ∂σÂ = −[Â, Ĵ ] (5.32)

and we have a clear Lagrangian picture. In particular, we are able to define the left

momenta

Îi =
δL1

δÂi
=

1

2λ2
Âjh

ij (5.33)

which can be inverted for the generalized velocities to write the Hamiltonian:

H1 =
1

4λ2

∫
R
dσ
(
ÎiÎjhij + ĴiĴjh

ij
)

and analogously to the SU(2) case, the pair (Â, Ĵ) identifies the cotangent bundle of

SB(2,C), with Î fibre coordinates.
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Following the usual approach we can then obtain the equal-time Poisson brackets from

the action functional:

{Îi(σ), Îj(σ′)} = 2λ2f ijkÎ
k(σ)δ(σ − σ′)

{Îi(σ), Ĵj(σ
′)} = 2λ2

[
fkij Ĵk(σ)δ(σ − σ′)− δijδ′(σ − σ′)

]
{Ĵi(σ), Ĵj(σ

′)} = 0,

(5.34)

from which, together with the Hamiltonian H1, the equations of motion follow:

∂tÎ
k(σ) = hijδkj ∂σĴi(σ) + hijf

jk
p Î

i(σ)Îp(σ) + hijfkpj Ĵi(σ)Ĵp(σ), (5.35)

∂tĴk(σ) = hij

[
fpik Î

j(σ)Ĵp(σ) + δik ∂σ Î
j(σ)

]
. (5.36)

If we now introduce the WZ term contribution, the equations of motion get modified and

a new term appears:

∂tÎ
k(σ) = hik ∂σĴi(σ) + hijf

jk
p Î

i(σ)Îp(σ) + hijfkpj Ĵi(σ)Ĵp(σ)

− κλ2

3π
hpiε

kpj Îi(σ)Ĵj(σ),
(5.37)

while the integrability condition does not receive any modification, as it should.

Assuming that the Hamiltonian remains the same after the inclusion of the WZ term,

as it is the case for the SU(2) model, we have to find the corresponding Poisson struc-

ture leading to the modified equations of motion. By inspection, Hamilton equations for

momenta, obtained from the bracket {H1, Î}, only involve the bracket {Î , Î}, therefore we

shall just modify the latter, by including a term proportional to Ĵ .

It is straightforward to check that to obtain the right correction to the equations of

motion we have to modify the Poisson brackets as follows:

{Îi(σ), Îj(σ′)} = 2λ2
[
f ijkÎ

k(σ)δ(σ − σ′)− w εijpĴp(σ)δ(σ − σ′)
]
, (5.38)

and the coefficient w can be determined by direct comparison of Hamilton equation for I

with (5.37). We find:

w =
2κλ2

6π
.

To summarise, the dynamics of the WZW model on SB(2,C) is described by the following

Hamiltonian

H1 =
1

4λ2

∫
R
dσ
(
ÎiÎjhij + ĴiĴjh

ij
)
. (5.39)

and Poisson algebra

{Îi(σ), Îj(σ′)} = 2λ2

[
f ijkÎ

k(σ)δ(σ − σ′)− 2κλ2

6π
εijpĴp(σ)δ(σ − σ′)

]
{Îi(σ), Ĵj(σ

′)} = 2λ2
[
fkij Ĵk(σ)δ(σ − σ′)− δj iδ′(σ − σ′)

]
{Ĵi(σ), Ĵj(σ

′)} = 0.

(5.40)
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This is the semi-direct sum of an Abelian algebra and a Kac-Moody algebra associated to

SB(2,C), with a central extension, just as expected.

Indeed, on defining

Ŝi = Îi − w

2
εij3Ĵj (5.41)

it is immediate to check that

{Ŝi(σ), Ŝj(σ′)} = 2λ2
[
f ijkŜ

k(σ)δ(σ − σ′)− wεij3δ′(σ − σ′)
]

(5.42)

{Ŝi(σ), Ĵj(σ
′)} = 2λ2

[
fkij Ĵk(σ)− δijδ′(σ − σ′)

]
. (5.43)

We have already obtained the same kind of algebra as the iα → 0 limit of the alge-

bra (4.1). The Hamiltonian however is not recovered as a limit of the dual family (4.7),

and we have already commented that this should be expected, because T ∗SB(2,C), phase

space of the former, cannot be obtained by continuous deformation of SL(2,C), phase

space of the latter.

There is however another possibility, suggested by the form of the metric (4.3). Within

the Hamiltonian picture, we have the freedom of defining another model, taking advantage

of the fact the Lie algebra sl(2,C) has another metric structure, given by (A.14), which

is O(3, 3) invariant and non-degenerate. This provides a well defined metric for the Lie

algebra sb(2,C)⊕̇R3 as well. Therefore, we may declare the currents Ĵ to be valued in the

Lie algebra sb(2,C), Ĵ = Ĵiê
i, while the momenta I to be valued in the Abelian algebra

R3, Î = Îit̂i. The metric (A.14) will give

(Î , Î) = (Ĵ , Ĵ) = 0, (Î , Ĵ) = (Ĵ , Î) = ÎiĴjδi
j (5.44)

Thus, upon introducing the double field notation Î = (Î , Ĵ), the Hamiltonian will be

H2 = ζ

∫
R

dσ (̂I, Î) = 2ζ

∫
R

dσ ÎiĴi. (5.45)

The latter may be obtained from the two-parameter Hamiltonian of the dual family (4.7)

in two steps. We first introduce a new Hamiltonian, which is a deformation of (4.7), as

H̃def = H̃τ,α − λ2

∫
R
dσK̃i(Mτ,α)ijK̃j (5.46)

Then, we perform the limit iα→ 0. This yields the wanted result if we suitably choose the

parameter as ζ = aλ2:

H2 = lim
iα→0

H̃def. (5.47)

On using for the Poisson algebra sb(2,C)⊕̇R3 the brackets in (4.1) in the limit iα→ 0:

{S̃i(σ), S̃j(σ′)} = iτf ijkS̃
k(σ)δ(σ − σ′) +

aτ2

λ2
hijδ′(σ − σ′)

{K̃i(σ), S̃j(σ′)} = iτf jkiK̃k(σ)δ(σ − σ′)− iτa

λ2
εi
j3δ′(σ − σ′)

{K̃i(σ), K̃j(σ
′)} = 0,

(5.48)
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after identifying the currents as S̃ = Î and K̃ = Ĵ , we finally get the following equations

of motion for the model having SB(2,C) as target configuration space.

˙̂
Ik = 2iτa2εp

k3∂σ Î
p − 2a2τ2hpk∂σĴp

˙̂
Jk = 2iτa2εk

p3∂σĴp. (5.49)

To summarise, we were not able to recover the ‘natural’ Hamiltonian model with

Hamiltonian H1 from the dual family obtained in section 4.1, but we managed to define

another model with the same target phase space, T ∗SB(2,C), but different metric tensor,

which can be related to the dual family of Hamiltonians, (4.7) in the limit iα → 0 once a

deformation has been performed. This establishes the wanted connection.

Finally, it is interesting to notice that it would have been impossible to obtain such a

connection for the PCM where the WZ term is absent. Indeed, for a = 0 the Hamiltonian

H2 is identically zero and the equations of motion in (5.49) loose their significance.

To conclude this section, let us shortly address the issue of space-time symmetries.

Since the model is Lagrangian, the energy-momentum tensor may be obtained from the

action (5.13), yielding

T00 = T11 =
1

4λ2

(
Îihij Î

j + Ĵih
ij Ĵj

)
; T01 = T10 =

1

4λ2

(
Îiδji Ĵj

)
, (5.50)

which is formally the same as the SU(2) tensor (2.20). However, our product is not bi-

invariant, that is, it doesn’t satisfy

fabd g
cd + facd g

bd = 0, (5.51)

which is a sufficient condition for Poincaré invariance (see for instance [51]). Nonetheless,

it is immediate to check that Tµν is conserved and traceless. Moreover, the Master Virasoro

equations (2.35) are satisfied as well, so the model is conformally and Poincaré invariant

at the classical level.

6 Double WZW model

So far we have been able to give a description of the SU(2) WZW model current algebra as

the affine algebra of SL(2,C) and to construct a map to a family of dual models, with the

same current algebra and target phase space, but with momenta and configuration fields

exchanged. It is therefore natural to look for an action with manifest SL(2,C) symmetry

which could accommodate both models, by doubling the number of degrees of freedom.

Let us consider the SL(2,C)-valued field Φ : Σ 3 (t, σ)→ γ ∈ SL(2,C) and introduce

the sl(2,C)-valued Maurer-Cartan one-forms γ−1dγ. We postulate the following action

functional with SL(2,C) as target configuration space:

S = κ1

∫
Σ

((
Φ∗[γ−1dγ] ∧, ∗Φ∗[γ−1dγ]

))
N

+κ2

∫
B

((
Φ̃∗
[
γ̃−1dγ̃ ∧, γ̃−1dγ̃ ∧ γ̃−1dγ̃

]))
N

(6.1)

with κ1, κ2 constants left arbitrary, and the Hermitian product (A.22) is employed.
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The equations of motion can be derived by following the same steps as in the previous

section for the model on SB(2,C), with the only difference that now the fields are valued

in the Lie algebra sl(2,C) with structure constants CIJ
K . We obtain

H(N)LK

(
∂tA

K − ∂σJK
)
− CPLQH(N)QK

(
APAK − JPJK

)
= −2

κ2

κ1
H(N)QLCPS

QAPJS ,

(6.2)

where we denoted by AI ≡
(
Ai, Li

)
, JI ≡

(
J i,Mi

)
the TSL(2,C)(R) coordinates, with

double index notation and H(N) is the Hermitean product defined in (A.22). The gener-

alised doubled action so constructed describes a non-linear sigma model with Wess-Zumino

term with target configuration space the group manifold of SL(2,C).

6.1 Doubled Hamiltonian description

In order to describe the doubled model in the Hamiltonian formalism, let us start by

considering only the kinetic term (κ2 = 0). In this case the equations of motion can be

written as

HLK(N)

(
∂tA

K − ∂σJK
)
− CPLQHQK(N)

(
APAK − JPJK

)
= 0, (6.3)

and we can define a genuine Lagrangian density as follows:

L = κ1HLK(N)

(
ALAK − JLJK

)
, (6.4)

from which canonical momenta can be defined

IK ≡
(
Ik, N

k
)

=
δL

δJK
= 2κ1HKL(N)A

L, (6.5)

leading to the following Hamiltonian:

H = κ1

∫
R
dσ
[(
H−1

)LK(N)
ILIK +HLK(N)J

LJK
]
. (6.6)

The equal-time Poisson brackets can then be obtained in the usual way [73], resulting in{
IL(σ), IK(σ′)

}
=

1

2κ1
CLK

P IP δ(σ − σ′){
IL(σ), JK(σ′)

}
=

1

2κ1

[
CPL

KJP δ(σ − σ′)− δKL δ′(σ − σ′)
]

{
JL(σ), JK(σ′)

}
= 0,

(6.7)

and together with the Hamiltonian, they lead to the equations of motion

∂tIK(σ) =
1

2κ1

[(
H−1

)LP (N)
CLK

QIQ(σ)IP (σ)−HLP (N)CQK
LJQ(σ)JP (σ)

+HKL(N)∂σJ
L(σ)

]
.

(6.8)

Following the same approach we used for the SB(2,C) model case, we can now include the

WZ term, resulting in the modification of the equations of motion

∂tIK(σ) =
1

2κ1

[ (
H−1

)LP (N)
CLK

QIQ(σ)IP (σ)−HLP (N)CQK
LJQ(σ)JP (σ)

+HKL(N)∂σJ
L(σ)− 2

κ2

κ1
HQK(N)

(
H−1

)RP (N)
CPS

QIRJ
S
]
,

(6.9)
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which can be obtained from the same Hamiltonian but modifying the Poisson structure as

follows:{
IL(σ), IK(σ′)

}
=

1

2κ1
CLK

P IP (σ) δ(σ − σ′)− κ2

κ2
1

HQK(N)CLP
QJP (σ)δ(σ − σ′)

{
IL(σ), JK(σ′)

}
=

1

2κ1

[
CPL

KJP (σ)δ(σ − σ′)− δKL δ′(σ − σ′)
]

{
JL(σ), JK(σ′)

}
= 0.

(6.10)

Models with target configuration space SU(2) or SB(2,C) could then be obtained by con-

straining the Hamiltonian (6.6). The Lagrangian approach adopted in [73], which requires

to gauge one of the global symmetries of the parent action, presents some difficulties, since

minimal coupling is not enough anymore and there may be obstructions to be dealt with.

Indeed, although minimal coupling produces a gauge-invariant action, the equations of

motion still depend on the extension to the 3-manifold B. This issue is addressed e.g.

in [91–93]. Besides that, another problem, which is specific of the model, might affect

the gauging. In fact, in the cited references the gauged action is always formulated for a

semisimple group with a Cartan-Killing metric. However, here in order to reproduce the

SB(2,C) model we need to work with an Hermitian product. It is not clear how to handle

the problem in this case and further investigation is needed, which shall be performed

elsewhere.

7 Conclusions and Outlook

This work further extends the analysis of the SU(2) Principal Chiral Model performed by

some of the authors in [73].

Starting from a canonical generalisation of the Hamiltonian picture associated to the

WZW model with SU(2) target configuration space, which consists in describing the dy-

namics of the model in terms of a one-parameter family of Hamiltonians and SL(2,C)

Kac-Moody algebra of currents, we have highlighted the Drinfel’d double nature of the

phase space, by introducing a further parameter both in the Hamiltonian and in the Pois-

son algebra. Our first result has been to show the Poisson-Lie symmetry of the model.

Then, by performing a duality transformation in target phase space, we have been able to

obtain a two-parameter family of models which are Poisson-Lie dual to the previous ones

by construction. The two families share the same target phase space, the group manifold

of SL(2,C), but have configuration spaces which are dual to each other, namely SU(2)

and its Poisson-Lie dual, SB(2,C). Although they have not been derived from an action

principle, it has been shown that it is possible to exhibit an action, by means of an inverse

Legendre transform which involves the symplectic form and the Hamiltonian.

As a natural step, we have investigated the possibility of defining a Lagrangian WZW

model with target tangent space TSB(2,C). Being the group SB(2,C) not semi-simple,

the problem of defining a non-degenerate product on its Lie algebra has been addressed,

and a solution has been proposed. Once accomplished the Lagrangian picture, we have

derived the Hamiltonian description on the cotangent space T ∗SB(2,C). We have shown
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WZW

Q = SU(2)

Γ = T ∗SU(2)

c = su(2)(R)⊕̇a

τ -def. family

Q = SU(2)

Γ = SL(2,C)

cτ = sl(2,C)(R)

τ, α-def. family

Q = SU(2)

Γ = SL(2,C)

cτ,α = sl(2,C)(R)

Dual family

Q = SB(2,C)

Γ = SL(2,C)

cτ,α = sl(2,C)(R)

WZW

Q = SB(2,C)

Γ = T ∗SB(2,C)

c = sb(2,C)(R)⊕̇a

iα
-d
ef
or
m
at
io
n

iτ -deformation

O(3, 3) rotation

H
de
f
←
H

0
←
iα

0←
iτ

P-L dual

Figure 1. Diagrammatic summary of the models considered and their relations. Q, Γ and c denote

configuration space, phase space and current algebra respectively.

that, although its current algebra is obtained as the limit α→ 0 of the SL(2,C) Kac-Moody

algebra related to the dual family, it is not possible to obtain the Hamiltonian in the same

limit, through a continuous deformation of phase spaces. It is however possible to define

on T ∗SB(2,C) a new Hamiltonian, in terms of an alternative O(3, 3) metric. Such a model

may be related to the dual family of SL(2,C) models if one first performs a deformation of

the dynamics and then the limit α → 0. It is interesting to notice that such a connection

relies on the presence of the WZ term, and the whole construction loses significance if the

WZW coefficient is put to zero. A diagrammatic summary of the different models with

corresponding relations between them is depicted in figure (1), where Q, Γ and c denote

the target configuration space, phase space and current algebra respectively.

Having introduced a well-defined WZW action on SB(2,C) we have analysed the

geometry of the target space as a string background solution. This is a non-compact

Riemannian hypersurface, whose metric is induced by a Lorentzian metric. The B-field

and its flux have been calculated as well.

Finally, we have addressed the possibility of making manifest the SL(2,C) symmetry

of both families of WZW models, by doubling the degrees of freedom and introducing a

parent action with target configuration space the Drinfel’d double SL(2,C). A doubled

Hamiltonian formulation has been proposed, such that a restriction to either subgroup,

SU(2) or SB(2,C), leads to the Hamiltonian formulation of the two sub-models.
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As for future perspectives, it would be interesting to quantise the interpolating model,

and since it depends on two further parameters, it would be worth looking at conformal

invariance in the quantum regime. In this respect however, it should be recalled that

finite dimensional irreducible representations of sl(2,C) are non-unitary (see [83] for related

analysis of the one-parameter family, in the case of τ real). On the other hand, such an

alternative formulation seems to be well suited for a formal quantisation in the sense of

Drinfel’d [94], and this possibility could be explored in the future.

As a further goal, we hope this work may contribute to the analysis of string the-

ories on AdS geometries, the study of which would be interesting from the AdS/CFT

correspondence perspective.
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A Poisson-Lie groups and Drinfel’d double structure of SL(2,C)

In this appendix we briefly review the mathematical setting of Poisson-Lie groups and

Drinfel’d doubles, see [80, 95–98] for details. In particular we focus on SL(2,C) as a

specific example of Drinfel’d double since it plays a major role throughout this paper.

Definition A.1. A Poisson-Lie group is a Lie group G with a Poisson structure such that

the multiplication µ : G×G→ G is a Poisson map if G×G is equipped with the product

Poisson structure.

Let g denote its Lie algebra, identified with TeG, the tangent space at the group

identity e. We can use the Poisson brackets defined on the group manifold to introduce a

Lie bracket on g∗, the dual vector space of g, as follows:

Definition A.2. The induced dual Lie bracket on g∗, via the Poisson bracket {·, ·} on G

can be obtained as

[ξ1, ξ2]g∗ = d{f1, f2}(e), (A.1)

with f1, f2 ∈ C∞(G) with the property df1(e) = ξ1, df2(e) = ξ2.

It is possible to prove that this induced bracket is indeed a Lie bracket. The compati-

bility condition between Lie and Poisson structures gives the following relation

〈[X,Y ], [u, v]∗〉+ 〈ad∗vX, ad∗Y v〉−〈ad∗vX, ad∗Y u〉−〈ad∗uY, ad∗Xv〉+ 〈ad∗vY, ad∗Xu〉 = 0, (A.2)

with u, v ∈ g∗ and X,Y ∈ g, while ad∗X and ad∗u respectively denote the coadjoint actions

of g and g∗ on each other and 〈·, ·〉 is the symmetric pairing on g. This construction allows

to define a Lie bracket on the direct sum g⊕ g∗ as follows:

[X + ξ, Y + ζ] = [X,Y ] + [ξ, ζ]∗ − ad∗Xζ + ad∗Y ξ + ad∗ζX − ad∗ξY, (A.3)

with X,Y ∈ g and ξ, ζ ∈ g∗.
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A Lie algebra with a compatible dual Lie bracket is called a Lie bialgebra. If the

group G is connected, the compatibility condition is enough to integrate [·, ·]∗ to a Poisson

structure on it, making it Poisson-Lie, and the Poisson structure is unique. Since the role

of g and g∗ in (A.2) is symmetric, one has also a Poisson-Lie group G∗ with Lie algebra

(g∗, [·, ·]∗) and a Poisson structure whose linearization at e ∈ G∗ gives the bracket [·, ·]. In

this case G∗ is said to be the Poisson-Lie dual group of G.

The triple (d, g, g∗) where d = g ⊕ g∗ is a Lie algebra with bracket given by (A.3)

is known as a Manin triple, whereas its exponentiation to a Lie group D is the Drinfel’d

double of G. More precisely

Definition A.3. A Drinfel’d double is an even-dimensional Lie group D whose Lie algebra

d can be decomposed into a pair of maximally isotropic subalgebras,6 g and g̃, with respect

to a non-degenerate (ad)-invariant bilinear form 〈·, ·〉 on d.

Definition A.4. A Manin triple (c, a, b) is a Lie algebra with a non-degenerate scalar

product 〈·, ·〉 on c such that:

(i) 〈·, ·〉 is invariant under the Lie bracket: 〈c1, [c2, c3]〉 = 〈[c1, c2], c3〉, ∀c1, c2, c3 ∈ c;

(ii) a, b are maximally isotropic Lie subalgebras with respect to 〈·, ·〉;

(iii) a, b are complementary (as linear subspaces), i.e. c = a⊕ b.

Note that since the bilinear form is non-degenerate by definition, we can identify g̃

with the dual vector space g∗, and the Lie subalgebra structure on g̃ then makes d into a

Lie bialgebra. It is possible to prove that, conversely, every Lie bialgebra defines a Manin

triple by identifying g̃ = g∗ and defining the mixed Lie bracket between elements of g and

g̃ in such a way to make the bilinear form invariant. Indeed, one can prove that if we want

to make d = g⊕ g̃ into a Manin triple, using the natural scalar product on d, there is only

one possibility for the Lie bracket, as explained in the following.

Lemma A.1. Let g be a Lie algebra with Lie bracket [·, ·] and dual Lie bracket [·, ·]g∗ .
Every Lie bracket on d = g⊕ g∗ such that the natural scalar product is invariant and such

that g, g∗ are Lie subalgebras is given by:

[x, y]d = [x, y] ∀x, y ∈ g

[α, β]d = [α, β]g∗ ∀α, β ∈ g∗

[x, α]d = − ad∗α x+ ad∗x α ∀x ∈ g, α ∈ g∗.

(A.4)

In order for the whole algebra to satisfy Jacobi identity the brackets on the two dual

spaces have to be compatible. Moreover, this bracket is the unique Lie bracket which makes

(d, g, g∗) into a Manin triple.

6An isotropic subspace of d with respect to 〈·, ·〉 is defined as a subspace A on which the bilinear form

vanishes: 〈a, b〉 = 0 ∀ a, b ∈ A. An isotropic subspace is said to be maximal if it cannot be enlarged while

preserving the isotropy property, or, equivalently, if it is not a proper subspace of another isotropic space.
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To make things more explicit, on choosing Ti and T̃ i as the generators of the Lie

algebras g and g̃ respectively, such that TI ≡ (Ti, T̃
i) are the generators of d, by the

property of isotropy and duality as vector spaces we have

〈Ti, Tj〉 = 0

〈T̃ i, T̃ j〉 = 0

〈Ti, T̃ j〉 = δi
j ,

(A.5)

with i = 1, 2, . . . , dimG, while the bracket in (A.4), in doubled notation given by [TI , TJ ] =

FIJ
KTK , can be written explicitly as follows:

[Ti, Tj ] = fij
kTk

[T̃ i, T̃ j ] = gijkT̃
k

[Ti, T̃
j ] = fki

j T̃ k − gkji Tk,

(A.6)

with fij
k, gijk, FIJ

K structure constants for g, g̃ and d respectively.

Jacobi identity on d, or equivalently the compatibility condition, impose the following

constraint on structure constants of dual algebras g and g̃:

gpkifqp
j − gpjifkqp − gpkqf

j
ip + gpjqf

k
ip − gjkpf

p
qi = 0, (A.7)

which is equivalent to eq. (A.2), obtained as a compatibility condition between Poisson and

group structure on a given group G (Poisson-Lie condition). From previous results some

observations follow: the relation is completely symmetric in the structure constants of the

dual partners as the entire construction is symmetric, and exchanging the role of the two

subalgebras leads exactly to the same structure. This will be important for the formulation

of Poisson-Lie duality. It is worth to note that this condition is always satisfied whenever

at least one of the two subalgebras is Abelian. This means that if d is a Lie algebra of

dimension 2d, we always have at least two Manin triples (g,Rd) and (Rd, g), with dim g = d.

By exponentiation of g and g̃ one gets the dual Poisson-Lie groups G and G̃ such that,

in a given local parametrization, D = G·G̃, or by changing parametrization, D = G̃·G. The

simplest example is the cotangent bundle of any d-dimensional Lie group G, T ∗G ' GnRd,
which we shall call the classical double, with trivial Lie bracket for the dual algebra g̃ ' Rd.

The natural symplectic structure on the group manifold of the double D is the so called

Semenov-Tian-Shansky structure [99] {f, g}D, for f, g functions on D. If one considers the

functions f, g to be invariant with respect to the action of the group G̃ (G) on D, they can

be basically interpreted as functions on the group manifold of G (G̃), which then inherit

the Poisson structure directly from the double.

We finally point out that there may be many decompositions of d into maximally

isotropic subspaces, which are not necessarily subalgebras: when the whole mathematical

setting is applied to sigma models, the set of all such decompositions plays the role of

the modular space of sigma models mutually connected by a O(d, d) transformations. In

particular, for the manifest Abelian T-duality of the string model on the d-torus, the
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Drinfel’d double is D = U(1)2d and its modular space is in one-to-one correspondence with

O(d, d;Z) [36].

After this brief review of Drinfel’d doubles and Manin triples, for the purposes of this

work we will focus on a particular example of Drinfel’d double, SL(2,C).

As a starting point let us fix the notation. The real sl(2,C) Lie algebra is usually

represented in the form:

[ei, ej ] = iεij
kek

[bi, bj ] = −iεijkek
[ei, bj ] = iεij

kbk,

(A.8)

with {ei}i=1,2,3 generators of the su(2) subalgebra, {bi}i=1,2,3 boosts generators. The linear

combinations

êi = δij
(
bj + εkj3ek

)
, (A.9)

are dual to the ei generators with respect to the Cartan-Killing product naturally defined

on sl(2,C) as 〈v, w〉 = 2 [Im (vw)] , ∀ v, w ∈ sl(2,C). Indeed, it is easy to show that〈
êi, ej

〉
= 2 Im

[
Tr
(
êiej

)]
= δij . (A.10)

Moreover, the dual vector space su(2)∗ spanned by {êi}i=1,2,3 is the Lie algebra of the

Borel subgroup of SL(2,C), so called SB(2,C), of 2 × 2 upper triangular complex-valued

matrices with unit determinant and real diagonal, for which the Lie bracket is defined as

follows [
êi, êj

]
= if ijkê

k (A.11)

and [
êi, ej

]
= iεijkê

k + iekf
ki
j , (A.12)

with structure constants f ijk = εijsεs3k. As a manifold SB(2,C) is non-compact and its

Lie algebra is non-semisimple, which is reflected in the fact that the structure constants

f ijk as previously defined are not completely antisymmetric.

It is important to note that the following relations hold

〈ei, ej〉 =
〈
êi, êj

〉
= 0, (A.13)

so that both subalgebras su(2) and sb(2,C) are maximal isotropic subalgebras of sl(2,C)

with respect to 〈·, ·〉. Therefore, (sl(2,C), su(2), sb(2,C)) is a Manin triple with respect

to the natural Cartan-Killing pairing on sl(2,C) and SL(2,C) is a Drinfel’d double with

respect to this decomposition (polarization): SL(2,C) = SU(2) · SB(2,C).

Let us observe that the first of the Lie brackets (A.8) together with (A.11) and (A.12)

have exactly the form (A.6) and that in doubled notation, eI =

(
ei
êi

)
, with ei ∈ su(2) and

êi ∈ sb(2,C), the scalar product

〈eI , eJ〉 = ηIJ =

(
0 δi

j

δij 0

)
(A.14)

corresponds to an O(3, 3) invariant metric.
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Other than the natural Cartan-Killing bilinear form there is also another non-degenerate

invariant scalar product which can be defined on sl(2,C) as:

(v, w) = 2Re [Tr (vw)] , ∀ v, w ∈ sl(2,C). (A.15)

However, it is easy to check that su(2) and sb(2,C) are no longer isotropic subspaces with

respect to this scalar product, it being

(ei, ej) = δij , (bi, bj) = −δij , (ei, bj) = 0. (A.16)

Note that this does not give rise to a positive-definite metric. However, on denoting by

C+, C− respectively the two subspaces spanned by {ei} and {bi}, the splitting sl(2,C) =

C+ ⊕ C− (which is not a Manin triple polarization by the way, since C+ and C− do not

close as subalgebras) defines a positive definite metric H on sl(2,C) as follows:

H = (, )C+
− (, )C− . (A.17)

This is a Riemannian metric and we denote it with the symbol (( , )). In particular:

((ei, ej)) ≡ (ei, ej) , ((bi, bj)) ≡ − (bi, bj) , ((ei, bj)) ≡ (ei, bj) = 0. (A.18)

In doubled notation, eI =

(
ei
êi

)
, this Riemannian product can be written instead as

((eI , eJ)) = HIJ =

(
δij −δipεjp3

−εip3δpj δij + εil3δ`kε
jk3

)
, (A.19)

which satisfies the relation HηH = η, indicating that H is a pseudo-orthogonal O(3, 3)

matrix.

This product can be verified to be equivalent to

((u, v)) ≡ 2Re
[
Tr
(
u†v
)]
, (A.20)

and its restriction to the SB(2,C) subalgebra, which will be indicated by h, has the fol-

lowing form:

hij = δij + εi`3δ`kε
jk3. (A.21)

It is interesting to notice that the O(3, 3) metric in (A.14) and the pseudo-orthogonal

metric in (A.19) respectively have the same structure as the O(d, d) invariant metric and

the so called generalised metric H of Double Field Theory [6, 7, 15].

Finally, let us notice that the most general action functional involving fields valued

in the Lie algebra sl(2,C) should contain a combination of the two products, (A.14)

and (A.19). This essentially amounts to consider the Hermitian product

HN = ((u, v))N ≡ Tr(u†v) (A.22)
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which is indeed necessary to define a non-vanishing WZW term for the SB(2,C) related

model (see section 5). When restricting to the sb(2,C) subalgebra it acquires the form

hijN =

1 −i 0

i 1 0

0 0 1/2

 , (A.23)

and obviously satisfies the relation hijN+hjiN = hij . It is possible to check (see section 5) that

only its real, diagonal part, namely (A.20), contributes when limited to the quadratic term

of the action (5.1), while only its imaginary, off-diagonal part, namely (A.14), contributes

when computing the WZ term.

B Symplectic form for the SL(2,C) current algebra

In this section we will briefly sketch the derivation of the symplectic form (4.10) for the

two-parameter family of models obtained in section 4.

The Poisson algebra we start with is the one in (4.8), which we report for convenience:

{K̃i(σ), K̃j(σ
′)} = iαεij

kK̃k(σ)δ(σ − σ′)− α2Ĉδijδ
′(σ − σ′)

{S̃i(σ), S̃j(σ′)} = iτf ijkS̃
k(σ)δ(σ − σ′) + τ2Ĉhijδ′(σ − σ′) (B.1)

{K̃i(σ), S̃j(σ′)} =
[
iαεki

jS̃k(σ) + iτf jkiK̃k(σ)
]
δ(σ − σ′) + (iαĈ ′δji − iτ Ĉεi

j3)δ′(σ − σ′).

Let, XK̃ and XS̃ indicate the Hamiltonian vector fields associated with the currents,

so that ω(XK̃i
, XK̃j

) = {K̃i(x), K̃j(x)}, with analogous expressions for the other brackets.

They are left-invariant because so are the currents. On introducing their dual one-forms

θi, θ̂i, with θiXK̃j
= δij and θ̂iXS̃j = δi

j , the Poisson brackets in (B.1) can be easily

obtained from the following symplectic form

ω =

∫
R2

dσ dσ′
{
θi(σ) ∧ θj(σ′)

[
iαεij

kK̃k(σ)δ(σ − σ′)− α2Ĉδijδ
′(σ − σ′)

]
+ θ̂i(σ) ∧ θ̂j(σ′)

[
iτf ijkS̃

k(σ)δ(σ − σ′) + τ2Ĉhijδ′(σ − σ′)
]

+θi(σ) ∧ θ̂j(σ′)
[(
iαεki

jS̃k(σ)+iτf jkiK̃k(σ)
)
δ(σ−σ′)+

(
iαĈ ′δji−iτ Ĉεi

j3
)
δ′(σ−σ′)

]}
.

(B.2)

The latter may be further manipulated and expressed in terms of the original group valued

fields g ∈ SU(2) and ` ∈ SB(2,C). This can be obtained by means of the left invariant

Maurer-Cartan 1-forms relative to each of the two groups, which read explicitly

g−1dg = iθiei, `−1d` = iθ̂iê
i. (B.3)

Hence, by defining

− iαĈg−1∂σg = iδkpK̃pek, iτ Ĉ`−1∂σ` = i(h−1)kpS̃
pêk (B.4)
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it is possible to show that the symplectic form (B.2) can be written in terms of g and ` as

in (4.10). Since it is not immediate to see that the two expressions are equal, we shall go

through the main steps for the first term of (4.10), namely
∫
dσTrH

[
g−1dg ∧ ∂σ(g−1dg)

]
,

as for the others it works in the same way. The starting point is to decompose the Maurer-

Cartan 1-form in its Lie algebra components:

α2Ĉ

∫
R
dσTrH

[
g−1dg ∧ ∂σ(g−1dg)

]
= α2Ĉ

∫
R
dσTrH

[
−g−1dg ∧ g−1∂σgg

−1dg + g−1dg ∧ g−1∂σdg
]

= −α
∫
R
dσTrH

[
θi ∧ δkpK̃peiekθ

jej

]
+ α2Ĉ

∫
R2

dσdσ′δ(σ − σ′)TrH
[
g−1dg(σ′) ∧ g−1∂σdg(σ′)

]
= iα

∫
R2

dσ dσ′δ(σ − σ′)θi(σ) ∧ θj(σ′)εijkK̃k(σ)

+ α2Ĉ

∫
R2

dσdσ′∂σ
{
δ(σ − σ′)TrH

[
g−1dg(σ′) ∧ g−1dg(σ)

]}
+ α2Ĉ

∫
R2

dσdσ′δ′(σ − σ′)TrH
[
g−1dg(σ) ∧ g−1dg(σ′)

]
=

∫
R2

dσ dσ′θi(σ) ∧ θj(σ′)
[
iαεij

kK̃k(σ)δ(σ − σ′)− α2Ĉδijδ
′(σ − σ′)

]
,

which is indeed the first term in (B.2). In the last equation we used the antisymmetry prop-

erty of the wedge product. Similar calculations can be performed to obtain the remaining

terms.
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