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1 Introduction

Most of the matter in the Universe is dark, but we have yet to discover what it is composed
of. A plausible candidate is an axion, a spin zero boson which appears in many models of
particle physics. The best motivated one is the QCD axion [1, 2], which arises as a solution
to the strong CP problem [3]. String theory compactifications also provide motivation to
contemplate axions, whose masses and couplings span many orders of magnitude [4, 5].
There is a growing experimental effort aimed at covering much of this parameter space,
with the hope of detecting a dark matter axion. On the other hand, there is still room on
the theoretical side to explore new production mechanisms for axion dark matter, that can
open up new regions of parameters, and provide guidance for the experiments. The aim
of this work is to present a new production scenario, by building up and expanding on an
idea we have recently put forward [6].

An axion is a pseudo Nambu-Goldstone Boson of a spontaneously broken U(1) global
symmetry (which is the Peccei-Quinn symmetry [3] for the QCD axion), and is character-
ized by the scale of symmetry breaking f. If the U(1) is also explicitly broken by a coupling
with a strong gauge group, as is the case for the QCD axion, then the confinement scale A
is another important quantity. Given a hierarchy between the two scales A < f, the



zero-temperature axion mass m ~ A%/f is suppressed. In textbook treatments and in a
large part of the literature it is usually assumed that the Hubble scale of inflation is high
compared to the axion mass,

Hinf > m. (11)

Then, an important distinction is whether the maximum value between Hj,s and the largest
temperature Tiax reached in the Universe, is larger or smaller than f. If it is larger,
max. { Hing, Tmax} > f, the Universe goes through a phase transition from unbroken to
broken U(1) after inflation. This gives rise to topological defects including axionic strings,
which later emit axions and give a contribution to the dark matter relic density, although
the actual amount produced is still uncertain [7, 8]. If instead max. {Hinf, Tmax} < f,
the U(1) is broken during and after inflation. Then the main source of axion dark matter
production is the random initial displacement of the axion field from the vacuum, and this
is often referred to as the vacuum misalignment scenario [9-11].
However, we still do not know the scale of inflation. In fact, it could be as low as

Hing <m, (1.2)

as long as there is enough energy density available to reheat the Universe to a temperature
above MeV where Big Bang Nucleosynthesis (BBN) takes place. With such a low Hjyy,
the axion is considered to undergo damped oscillations during inflation and settles at the
minimum of its potential, reaching the point of zero energy density and thus contributing
nothing to the dark matter abundance. This logic, however, neglects possible couplings
between the axion and the inflaton sector. If they do not violate the axion shift symmetry,
there is no a priori reason to forbid direct interactions between the two scalars from the
point of view of an effective field theory.

The cosmological consequences of an inflaton-axion coupling was explored in ref. [6],
where we demonstrated that a dimension-four kinetic mixing can lead to a production of

1" The mechanism proceeds as

axion dark matter even with a low scale inflation of (1.2).
follows. The axion during inflation is stabilized close to the bottom of its potential, but is
kicked out at the end of inflation due to the kinetic coupling as the inflaton rapidly rolls
towards its vacuum. This process displaces the axion field from the vacuum and sources
axion dark matter. The inflaton-axion system can also be studied in the field basis where
the kinetic and mass terms are diagonalized. If the inflaton mass at the vacuum is larger
than the axion mass, then a consistent post-inflation cosmological history can be realized
where the heavier of the two diagonal fields decays and reheats the universe, while the
lighter one survives and serves as dark matter. The reheaton and dark matter fields are
both linear combinations of the inflaton and axion, hence are dubbed the inflazions.

In the study of the inflaxion mechanism in ref. [6], we primarily focused on cases where
the axion potential stays constant during the cosmic evolution. However the potential can
also vary in time if it arises from a coupling with a strong gauge group, as is the case for
the QCD axion. In this work we explore the possibility that after low scale inflation, the
cosmic temperature during the reheating phase exceeds the confinement scale A, and hence

!For studies of kinetic mixings among multiple axions, see e.g. [12-16].



the axion potential temporarily vanishes. This gives rise to rich dynamics of the inflaton-
axion system, allowing for a new cosmological scenario for axion dark matter. Here, the
reheating phase plays a central role in the dark matter production, and we show how this
opens up new regions of the axion parameter space. We study the implications for both
the QCD axion, and axion-like particles coupled to a hidden confining gauge sector.

This paper is organized as follows: We start by reviewing the conventional vacuum
misalignment scenario in section 2. Then we discuss the inflaxion mechanism in section 3,
followed by a study of its parameter space in section 4. We then conclude in section 5.
Technical calculations are relegated to the appendices: The onset of the axion oscillation is
analyzed in detail in appendix A. The full expressions for the diagonal basis of the inflaxion
Lagrangian are listed in appendix B.

2  Vacuum misalignment scenario

Let us start by reviewing the conventional vacuum misalignment scenario. Throughout
this work we denote the axion by ¢, and consider it to be coupled to some gauge force that
becomes strong in the IR at an energy scale A. We assume the axion mass to depend on
the cosmic temperature T' as

ANP
A — for T > A 2.1
mo-(T) ~ ma[) <T> or >> 9 ( )
Moo for T < A, (2.2)
with the zero-temperature mass written as
A2
Meo = 5 7 (23)

Here ¢ is a dimensionless parameter, and f is an axion decay constant which sets the
periodicity of the axion potential as ¢ = o + 27w f. For the QCD axion, the parameters
take the values A ~ 200MeV, p ~ 4, A = 0.1, £ = 0.1, and f is the only free parameter.
However, in order to keep the discussion general, we take all the parameters as arbitrary
positive numbers.
The vacuum misalignment scenario can work if the inflationary Hubble scale lies within
the range
mg(Tinf) < Hiys < 27Tf, (2.4)

where Ty = Hiye/27 is the de Sitter temperature during inflation. The upper bound
indicates that the U(1) symmetry is already broken? in the inflation epoch and thus the
axion field becomes homogeneous in the observable patch of the universe. The cosmic
temperature during reheating should also satisfy the same upper bound, T' < f, to ensure
that the symmetry stays broken in the post-inflation universe. The lower bound on the
inflation scale indicates that any initial field displacement o, of the axion from its potential
minimum stays frozen during inflation due to the Hubble friction. The axion continues to

2The symmetry breaking scale can be different from the scale of the axion periodicity, however we
suppose the two scales to be of the same order throughout this paper.



stay frozen in the post-inflationary universe while m, < H, but eventually starts to oscillate
about its potential minimum when the Hubble scale becomes as small as m, > H. The
oscillating field corresponds to a collection of axion particles with a high occupation number
and very small momentum. The particle number is then approximately conserved, and the
physical number density can be written as

1 e\ 3
Ng = §mU(Tosc) 0‘2 (aow) for my, > H, (2.5)
a

in terms of quantities at the onset of the field oscillation which are denoted by the sub-
script (osc). Given that the axion starts to oscillate during radiation domination® at
temperatures 7' > A (i.e. when m, o T7P), then the ‘onset’ of the oscillation can be
defined as when the ratio between the axion mass and the Hubble scale becomes

2p+4
Mo (Tose) 1 2p+5 p+3
— = (2p+4 2 =c,. 2.6

This definition of the onset renders the expression (2.5) for the number density exact in

the asymptotic future a — oo, as shown in appendix A (¢, corresponds to (A.9) with
the substitution w = 1/3). For instance, the QCD axion with p &~ 4 exhibits ¢4 ~ 4.
The Hubble scale during radiation domination is related to the cosmic temperature via
3MEH? ~ p, = (7%/30)g.(T)T*, which can be combined with (2.1) and (2.6) to give the

temperature at the onset of the oscillation as*

7T2 —1/2 )\§ MPI ﬁ
Tosc A { (%g*(Tosc)> 7? . (27)

Cp
Considering the entropy of the universe to be conserved since the onset of the oscilla-
tion, the entropy density s = (272/45)gs(T)T? o< a=3 can be used to express the axion’s
number density in the current universe as
1 S0
Ngo = §mU(Tosc)Uziv (2'8)
osc
where the subscript 0 represents quantities today. Supposing Ty < A, the present-day
axion density is ps0 = M0N0, and thus by combining with the equations above one can
obtain the density parameter as

-1 pt3 _ 1 p+1
O h? =k, 62 gs+(Tosc) Gs(Tosc) ) 274 i e i P2
7 L 100 100 01 01

A ;o\ 2.9
8 (200MeV> <1012GeV> ' (29)

Here 0, = o0,/ f is the initial misalignment angle. &), is a numerical factor that depends

on the power p, whose value is plotted in the left panel of figure 1; for instance, k4 =~ 0.1.
Combinations of f and A that yield the observed dark matter abundance, Q,h? ~ 0.1 [20],
are shown in the right panel of figure 1.

3For discussions on cases where radiation domination takes over after the onset of the oscillations,
see [17-19].

4Throughout this paper Mp; refers to the reduced Planck mass (87TG)71/2,
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Figure 1. Left: Value of the numerical factor k, for the axion abundance (2.9), as a function
of the power p of the temperature dependence. Right: Contours in the plane of the axion decay
constant f and strong coupling scale A that give rise to the observed dark matter abundance from
a vacuum misalignment, for values of the power p = 2 (red), 4 (orange), 8 (green), 16 (blue), and
misalignment angle 6, = 1 (solid lines), 1072 (dashed lines). Other parameters are fixed to A = 0.1,
& =0.1, g«(Tosc) = gs«(Tosc) = 100. The lower edge of the plot represents A = 200MeV.

By taking the p — 0 limit (which entails k0 ~ 0.002) along with A — 1, (2.9) reduces
to the relic abundance of an axion with a constant mass mso (cf., e.g., eq. (3.10) of [21]).
On the other hand, as k), is a monotonically increasing function of p, the abundance (2.9)
is enhanced for a large p. However it should also be noted that upon deriving this result,
the axion was assumed to start oscillating while its mass varies with the temperature as
my o< TP, This amounts to assuming that the axion mass at the onset of the oscillation
is smaller than the zero-temperature mass, i.e. A(A/Tpsc)? < 1, which combined with (2.7)
translates into an upper bound on the decay constant,

2 —1/2 Lz
f< %9*(Tosc) Cp A ngPL (2.10)

This condition is satisfied for all values of f plotted in the right panel of figure 1. One can
also check that the condition breaks down at large values of p, and hence, of course, the
relic abundance actually does not increase indefinitely with p.

We should also remark that we have ignored self-interactions of the axion. Since the
axion potential is periodic as o = o 4 27 f, the relic abundance would receive anharmonic
corrections when the misalignment angle is as large as |0,| 2 1 [22, 23].

Finally, we note that when the axion makes up a significant fraction of the dark
matter in our universe, the upper limit of the inflation scale window (2.4) for the vacuum
misalignment scenario becomes much more restrictive due to observational constraints on
dark matter isocurvature perturbations (see e.g. [24]).



3 Inflaxion scenario

3.1 Basic setup

It was discovered in [6] that even when the inflation scale is as low as
Hinf < ma’(T‘inf)a (31)

axion dark matter can be produced by invoking a kinetic mixing between the axion and
the inflaton.® The basic idea is captured by the following theory:

\/% = —%g”“@ua&ja — %mg(T)QJ2 — %g’“’@,ﬂﬁ&,gb —V(¢) — ag"0,00,0 + Lc[o, ¢, V.
(3.2)
Here, o is the axion whose mass term is understood to arise from expanding the periodic
potential around one of the minima, ¢ is the inflaton with a potential V(¢) that possesses
an inflationary plateau, « is a dimensionless coupling constant that satisfies |o| < 1 to
avoid ghost degrees of freedom, and L. represents couplings with other matter fields which
we collectively denote by W. Given that the axion is a pseudoscalar, the inflaton would
also need to be a pseudoscalar for the kinetic mixing term to conserve parity; however we
remark that parity conservation is not a prerequisite for the mechanism to operate.

The main part of the analysis in [6] was devoted to axions with a constant mass; for
axions coupled to a strong sector, this amounts to assuming that the cosmic temperature
never exceeds the strong coupling scale A. In the following, we instead analyze the case
where the temperature in the post-inflation universe becomes higher than A, but lower
than f, so that the axion mass temporarily diminishes, while the U(1) symmetry continues
to be broken. To be concrete, we consider the axion mass to depend on the temperature
as (2.1) and (2.2), and focus on cases where the inflationary de Sitter temperature Ti,¢ and
the maximum temperature of radiation Ty, during the reheating process satisfy

Tt < A < Thpax < f. (3.3)

Asin [6], the inflationary Hubble scale is considered to be smaller than the zero-temperature
axion mass, which in turn is smaller than the inflaton mass mgo at the vacuum. In the
following we further assume that the axion mass becomes smaller than the Hubble scale
when the temperature reaches Tiax.® Thus we impose the following hierarchy:

mU(TmaX) < Hinf < Mg < mMeo- (3.4)

The time evolution of the temperature and the scalar field masses are illustrated in
figure 2. Here, aeng represents the scale factor when inflation ends. In the left panel,

SVariants of this mechanism can also be constructed with a potential coupling that respects the axion’s
discrete shift symmetry, or a coupling of the axion to other fields such as the waterfall field in hybrid
inflation [25].

SWe have in mind here perturbative reheating in which Tiayx is reached within about a Hubble time
after the end of inflation. Hence the Hubble rate upon T" = Tiax is of the same order as the Hubble rate
at the end of inflation.
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Figure 2. Schematic of the time evolution of the cosmic temperature (left) and scalar field masses
(right) in the inflaxion scenario under consideration (not to scale).

the cosmic temperature during inflation is taken as the de Sitter temperature, while after
inflation it is the radiation temperature arising from the decay of the reheaton. (The de
Sitter and radiation temperatures are connected at the end of inflation for illustration
purposes only.) The right panel shows the evolution of the Hubble rate H (black curve),
the axion mass m, (T') (blue), and the effective mass |[V”(¢)|'/? of the inflaton (red). The
axion mass during inflation takes its zero-temperature value mgg, then during reheating
becomes smaller than H for a while, and again becomes mo in the later universe when
T < A. The inflaton potential V' (¢) is considered to possess a plateau that enables slow-
roll inflation, and hence [V”(¢)|'/? < H during inflation. This inequality breaks down
towards the end of inflation, as the inflaton rolls to its vacuum. Inflation thus ends and
the inflaton starts to oscillate around the minimum of its potential, which we assume to
be approximated by a quadratic,

1
V(9) = gmie®  for || < |gena. (3.5)

Here, ¢eng refers to the inflaton field value where inflation ends. The inflaton mass thus
becomes mgg, which is larger than mgy( as required in (3.4). We have in mind here small-
field inflation models in which |V"(¢)|'/? takes very different values between the plateau
region and the minimum. However we should also note that this transition of |V (¢)|'/?
from a tiny value during inflation to a larger mgg is not necessarily monotonic as shown in
the simplified illustration; [V (¢)['/? can instead oscillate due to higher order terms in the
potential while the inflaton’s oscillation amplitude is large.

3.2 End of inflation and reheating

The post-inflationary dynamics of the inflaton and axion is insensitive to the details of the
inflation model, and thus we start our discussion from the time when inflation ends.

Let us for a moment ignore the temperature dependence of the axion mass. Then one
can simultaneously diagonalize the kinetic terms as well as the mass terms so that the
Lagrangian (3.2) with the quadratic inflaton potential (3.5) is rewritten as

L 1 1
_— E — = ’Wa iay T T = 2 2 LC ) 7\117 36
\/jg A < 2g /14%0 90 sz SD'L> + [U ¢ ] ( )



where the explicit forms of the diagonalized fields and their masses are given in appendix B.
Here, we suppose a mass hierarchy m?2 < mio and use approximate expressions of

2
m
YpDM = @ ¢ + 0, SORHE\/l—Oé2<¢—Oém2UU>,

Mg ~ 80
RH & —F——
V1—a?’

where each of the coeflicients of ¢ and o, as well as the diagonalized masses are given to

(3.7)

mpMm = Mg,

leading order in a m2/ mio expansion. (@gpym and @rp correspond respectively to ¢4 and
@_ in (B.3) up to overall signs.) Recalling a? < 1, one sees that mpy ~ m, < Mgy < MRH.
The lighter field ¢pny can be long-lived for a sufficiently small axion mass, and thus serves
as a dark matter candidate. The heavier field @Ry, on the other hand, can reheat the
universe through its decay.

The diagonal basis is also convenient for analyzing the decay of the scalar particles.
If, for instance, the axion and inflaton were coupled to (either Standard Model (SM) or
hidden) photons and/or a light Dirac fermion v via

G, .G - _
Lo, 6, 0] = 4WUFWF“ +%¢FWF“ + gorr GV, (3.8)

then the decay widths of the dark matter and reheaton are given to leading order in m2 / mio
as (see also (B.5) and (B.6) for the full expressions)

G? ot G
F(SODM — 77) = 64’;:7 mg’v F((PRH — ’Y’Y) = (1 _ 042)5/2 64:: m2’>07 (39)
GQ m7 1 G2
F(QODM — 77) ~ a2 GZ;Y: m;;;), F((PRH — ’Y’Y) = (1 _ 042)5/2 GZ;/: mz(b (310)
2 5 2
— g m — 1 g
Dlpom = 1) = o? 00 Tlomn > £ = 7z g o (31D

The decay widths in each line are induced by each of the terms in (3.8), and here we have
ignored the contribution to the two-photon decay rates from the cross-term o< GgyyG gy
These expressions explicitly show that the life time of the reheaton is suppressed compared
to that of the dark matter field by powers of their mass ratio.

Hereafter we promote the axion mass in the expressions of (3.7) to a temperature-
dependent mass m,(7T), and analyze the post-inflationary dynamics in terms of the
(pseudo)diagonal fields. Later on, we compare the results that follow from this analytic
procedure with those obtained by solving the full set of equations of motion.

The inflaton field value at the end of inflation can be estimated by noting that a
significant fraction of the total energy density of the universe is still in the inflaton’s
potential energy (3.5), i.e.,

M Hog ~ Mo Gends (3.12)

where we use the subscript (end) to represent quantities at the end of inflation. It was found
in [6] that the axion field value becomes comparable to a¢ towards the end of inflation,



and hence the dark matter field value is obtained as
CaMpiHenq ) 2

3.13
o (3.13)

2 _
¥YDMend — <

Here, C is a numerical factor whose exact value depends on the model, and is typically of
C' ~ 10. The dark matter field begins to oscillate with this initial amplitude, with a mass
equal to the zero-temperature axion mass, i.e. MpMend =~ Moo, since the reheaton gy still
has not started to decay at this point. The dark matter field’s potential energy is

2.2, .2

(3rbwebu) = S0 wanthi,, (3.14)
end ¢0

which is suppressed compared to the total energy density of the universe by the mass

ratio mgo /méo. This indicates that the post-inflation universe is initially dominated by

the reheaton.

The reheaton undergoes oscillations and decays into hot radiation, which forces the
dark matter mass to diminish. We now evaluate the reheating process without specifying
the explicit forms of the matter couplings. Here we only assume that reheating proceeds
by a perturbative decay of the reheaton into radiation with a decay width I'ry.

If I'Rir < Hend, then the radiation density would reach its maximum value

r
R A2 H? (3.15)

~ end>

pr max
end

within about a Hubble time after the end of inflation [26].” Subsequently the radiation den-
sity turns to redshift, albeit slowly as it continues to be sourced by the decaying reheaton,
and eventually dominates over the reheaton density when H ~ I'ry.

If on the other hand I'ryg > Heng, then the reheaton would quickly decay® and radiation
domination would take over right after the end of inflation, yielding

Prmax ™ Mr?’lHean' (3.17)

"This can be checked explicitly by solving the continuity equation for the radiation density,
pr +4Hp, = 'RHPRH,

with an initial condition pyenda = 0. Here, the energy density of the decaying reheaton can be written as

-3

a —TI'gru(t—teng)

PRH = e Tru(t—tona PRH end »
QAend

and considering the post-inflation universe to be initially dominated by the non-relativistic reheaton particles

3

(pRHenda ~ 3ME HZ2 ) gives a scaling H? o a~®. Then the solution of the continuity equation, to linear

6 I'ru , ;2 ;2 a \? a \ !
Pr = g H P MPlHend — for FRH < H. (316)

order in I'ry, is

Qend Qend

At Gmax & 1.5 X dena, this expression takes its maximum value

I'ru

Prmax ~ 0.4 x MF2’1Hc2nd'

end

8Tru > Hena after inflation does not mean that the inflaton fluctuations should have decayed during
inflation, since the effective mass of the inflaton during slow-roll inflation is much smaller than mgo.



Thus for all cases I'rg z H.nq, the Hubble rate when radiation domination takes over
can be collectively written as

Hdom ~ min. {Hend7 I‘RH} 5 (318)

and the maximum radiation density as

H dom

end

Prmax "~ Mlnggnd (3-19)

Therefore the maximum temperature during reheating is written as

—1/4 1/2 1/4
4 gx (Tmax) Hend Hdom
Tinax ~ 10* GeV <100 > <1eV ) (3.20)

3.3 Drifting away from the vacuum

As the radiation temperature increases after the end of inflation, the axion mass becomes
smaller than the Hubble scale. Then the dark matter field, being effectively massless,
streams freely with the velocity that it had acquired before its mass diminished. In this
way the field obtains a further displacement from its potential minimum.”

To make a rough estimate of this effect, note that at the end of inflation when the
radiation temperature is effectively zero,'” the dark matter field is beginning to oscillate
with the zero-temperature axion mass mpyend =~ Moo- Lhe field velocity at this time is
thus estimated as

|¥DMend| ~ Ms0DM endl; (3.21)

where an overdot denotes a derivative with respect to physical time. Then if the tem-
perature rises rapidly and hence the axion mass, or equivalently the dark matter mass,
immediately vanishes, the dark matter field would begin to free-stream with the above
initial velocity. However the Hubble friction damps the velocity of a free field, and so the
dark matter field comes to a halt after a few Hubble times.!'! Hence the field moves a,
distance of

©DM end Mg
~ al > wl, 3.23
Ho EQmJ@DMed| [ DM end| (3.23)

where we used (3.21) in the second approximation, and (3.4) for the last inequality. This

|A¢DM|N’

indicates that the field excursion during the free-streaming dominates over the field dis-
placement at the end of inflation. Hence by combining (3.23) with (3.13), the dark matter

°Tf instead the radiation temperature never exceeds A and the axion mass stays constant, then the field
displacement (3.13) at the very end of inflation would be the only source for dark matter production [6].

0Here perturbative reheating after inflation is assumed. However the radiation temperature may rise
already before the inflaton begins to oscillate, if, for instance, tachyonic preheating [27] takes place. It
would be interesting to explore the inflaxion mechanism in such cases as well.

"The velocity of a massless homogeneous field redshifts as ¢pym o a2, Integrating this from the end of
inflation in a universe with a constant equation of state w (# 1) yields

3(1—w)
2 SbDM end a B 2
- end = ——————— 1-— . 3.22
©DM — ©DM end 30 —w) Hona { (%m) } ( )

~10 -



field value after the free-streaming is obtained as

BaMleo'O 2
e = ( . (3.21)
m¢0

Here, B is a dimensionless parameter which is of order unity according to the discussions
above.'> However we should also note that this is only a crude approximation and the
actual field dynamics can be more intricate. For instance, if myq is only marginally larger
than Hepg, then the free-streaming distance Appy and the initial displacement @pwm end
would be comparable in size and thus might cancel each other, yielding a much smaller
field displacement. The approximation that the field begins to free-stream with the initial
velocity (3.21) could also break down, if the time scale At for the axion mass to diminish
is larger than the initial oscillation period, i.e. At 2 2mw/myo; cases with a gradually
decreasing mass will be discussed in detail in the next subsection where we numerically
study concrete examples. All such effects that give corrections to the simplest picture
discussed above would amount to shifting the parameter B from order unity.

After the free-streaming, the dark matter field stays frozen at ¢pnis, and then begins
to oscillate about its potential minimum as the cosmic temperature decreases and the
axion mass again becomes larger than the Hubble rate. The field dynamics hereafter is the
same as in the conventional vacuum misalignment scenario. In this sense, the temperature-
dependent inflaxion can be considered as a mechanism that sources a vacuum misalignment
of (3.24) with low scale inflation. Hence we can apply the results of section 2 to compute
the dark matter abundance: Assuming radiation domination to take over before the dark
matter field starts to oscillate, i.e.

Hdom > Hosm (3.25)

and also the axion mass to be varying with temperature at the onset of the oscillation,
i.e. (2.10), then the present-day dark matter abundance can be computed as (2.9), with
the misalignment angle given by

2 2
o [¥pMx\ [ BaMpimeo
9*_( ; > - <fm¢0 ) : (3.26)

It is worth stressing that, unlike in the conventional vacuum misalignment scenario where

the angle is given as a random initial condition, here it is uniquely fixed by the inflaxion
parameters. We also note that the angle in this inflaxion scenario is independent of the
inflation scale.

By the time the dark matter field starts to oscillate, the reheaton has decayed away
and thus the field value of the inflaton is much smaller than that of the axion, i.e. |¢| < ||,
as can be seen by setting ¢rpg &~ 0 in (3.7). This in turn suggests that the dark matter

12(3.21) would overestimate the initial velocity if wpy at the end of inflation is just about to start
oscillating, and (3.23) can also overestimate the free-streaming distance, as one sees by comparing with the
exact expression (3.22). Considering these to be compensated by the factor C' ~ 10 in (3.13) yields a naive
estimate of B ~ 1.

- 11 -



degree of freedom becomes dominated by the axion field, ¢py =~ 0. We also note that
we have neglected the axion’s self-interactions in our analyses, which is justified if the
final displacement of the axion dark matter field |¢pwy| is sufficiently smaller than the
periodicity of the axion potential 27 f, i.e.,

10, < 1. (3.27)

If instead the field displacement exceeds half the periodicity, |ppm«| > 7 f, then the axion
field would get trapped not in the minimum around which we have been expanding the
axion potential, but in another minimum that lies near ¢py.. The distance to this nearby
minimum at the onset of the oscillation would typically be ~ f, hence the relic abundance
in such cases is given by (2.9) with a misalignment angle |f,| ~ 1. Anharmonic corrections
to the abundance computation of (2.9) would become important if the axion, after the
free-streaming, lands on a point that happens to be close to a potential maximum.

We should also remark that there is no dark matter isocurvature perturbation in our
inflaxion scenario, since myg > Hins and so inflation is effectively single-field.

3.4 Numerical examples

In this subsection we study the inflaton-axion dynamics in concrete examples by numer-
ically solving the full set of equations of motion in a flat FRW universe. The coupled
equations of motion of the homogeneous inflaton and axions fields that incorporate the
decay of the scalar particles as effective friction terms are given in (B.8) in appendix B.
The total energy-momentum tensor of the homogeneous fields can be written in the form
of a perfect fluid,

Tﬁf = PodUply + Pog(Guw + Uyt ), (3.28)
where u# is a velocity vector normalized as u,u* = —1, with its spatial components van-
ishing in the Cartesian coordinates, u’ = 0. The energy density and pressure of the
inflaton-axion system is

Lo 1 9 9, 15 ;.
pO’(b =-0" + SMs0 + 7(;5 + V(qb) + O[QZ)O',

- : ‘ (3.29)
Doy = 5('72 - §m§02 + §¢2 —V(¢) + ago.

In the numerical computation we assume all the other components of the universe to be
thermalized and to form a radiation fluid.'® Hence the Friedmann equation reads

BMEH? = pog + pr, (3.30)
and the continuity equation is

fos + pr+3H (pog + Pog) + 4Hp, = 0. (3.31)

13Since the axion mass arises from a coupling with a gauge force, a derivative of such a term with the
gauge field or the metric also contributes to the total energy-momentum tensor. Here we include such
contributions, and also those arising from L., into the “radiation component”.
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During the inflationary epoch, we ignore particle decay and set the radiation density
to be negligible. Moreover, by considering a low scale inflation such that Ti,y < A, the
axion mass is fixed to the zero-temperature value. Hence we solve the set of equations (B.8)
and (3.30) by setting 'y =0, p, =0, my = myyp.

Then, when the cosmological expansion turns from an acceleration to a deceleration, i.e.
when H/H? = —1, we include the decay widths into the fields’ equations of motion (B.8),
which are thereafter solved along with (3.30) and (3.31). The temperature dependence of
the axion mass is modeled as my(T") = myotanh[A(A/T)P] to reproduce the asymptotic
behaviors (2.1) and (2.2), and T is set to the radiation temperature determined via p, =
(72/30)g. T

As a toy inflaton potential that smoothly connects between an inflationary plateau
with the minimum (3.5), we studied a potential of the form

V(g) = miop® (1 — M) : (3.32)
The inflation scale for this potential is Hins ~ mgopu/ v/3Mp; until the end of inflation, and
we adopted the value ;1 = 4 x 104 GeV so that Meo ~ 10*Hgpq. The axion mass was chosen
as Myo = 10 2myg ~ 102 Hepg with A = 1071, p = 6, A = 1071 (3MZ,H2 ;)'/*. The kinetic
coupling was taken to be nonzero, but much smaller than unity, 0 < |o| < 1. We also
fixed the relativistic degrees of freedom to a constant value g, = 50 for simplicity. These
parameters were chosen mainly for the purpose of reducing the computational time. The
reader will have noticed that the exact values are not specified for a, mgg, mq0, etc.; this is
because the plots we show below in terms of dimensionless quantities are independent of the
exact values of such parameters. Regarding the decay channel, we considered a coupling
between the inflaton and fermions as L. = g4ff ¢thiy51h, and used the expressions (B.6) for
the decay widths. We have performed the computation for several different values of the
dimensionless coupling gg .

The results of the numerical computations are displayed in figure 3, where the plots in
the upper row show the evolution of the dark matter field ¢py in terms of physical time
(upper left) and scale factor (upper right). Here, the field value of ¢py is normalized by
aMpiHena/meo, and time ¢ is in units of 27m/mqo. The end of inflation when H/H2 =1
is set to teng = 0 and aeng = 1. Each curve is plotted with a different value for the matter
coupling: g4 = 0.1 (orange), 0.04 (green), 0.02 (magenta), 0.01 (pink), 0 (black dashed).
The bottom left panel focuses on gy ¢ = 0.1, and shows the time evolution of o (blue) and
a¢ (red), in addition to ¢py (orange). The normalization of the field values and time are
the same as in the upper row. The bottom right panel shows the evolution of the dark
matter mass mpy;, which is approximately equal to the axion mass m,, for each value
of gorr- The Hubble rate H is also shown as the black dot-dashed line. In this plot, the
values of mpy and H are normalized by Hepng.

The field evolution is, of course, independent of g4y until the end of inflation, at which
one sees that the dark matter field value is given by (3.13) with C' &~ 14. After inflation, a
larger gy 7 gives a larger decay width for the reheaton, and thus the radiation temperature
rises more rapidly, which in turn makes the axion mass decrease faster. To understand the
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Figure 3. Time evolution of the dark matter field and its mass for a case with an inflaton mass
at the vacuum mgo ~ 10*H,pq, zero-temperature axion mass myq ~ 102 Hepq, and strong coupling
scale A = 1071 (3M2 H? ;)*/*. The decay width of the reheaton is varied as Tr/Hena ~ 4 (orange
line), 0.7 (green), 0.2 (magenta), 0.04 (pink), and 0 (black dashed). The bottom left panel further
shows o (blue) and a¢ (red), and the bottom right panel shows H (black dot-dashed). The value
of ¢pwm is normalized by aMpiHenda/mgo, while mpy is normalized by Hepg. Time ¢ is in units of
27 /myo, and the end of inflation is set to teng = 0 and aeng = 1. See the text for more details.

different behaviors for each value of g4sy, it is instructive to see when the field evolution
deviates from the case of g4y = 0 (black dashed) where there is no decay and thus the
dark matter field simply oscillates with frequency myg.

For g4rf = 0.1 (orange), the ratio between the reheaton’s decay width and the Hubble
rate at the end of inflation is I'ryy/Heng = 4. The elapsed time At since the end of
inflation until the axion mass becomes smaller than the Hubble rate is At (myo/27) =~ 0.2,
namely, the time scale for the dark matter field to become effectively massless is shorter
than the initial oscillation period. Consequently, the field begins to free-stream with an
initial velocity ~ ¢pmend- The onset of the oscillation (i.e. when (2.6) is satisfied) is at
Gosc A 3aend, and the field displacement at this time is given by (3.24) with B ~ 3. This
example is well described by the simple picture outlined in subsection 3.3.

For g4¢r = 0.04 (green), the values become I'kp/Hena = 0.7 and At (mqo/27) ~ 1.
Here the dark matter field is slightly accelerated before starting to free-stream, and thus
the displacement at aogc & 4aeng is enhanced to B = 6.

For ggrf = 0.02 (magenta), I'rip/Hena ~ 0.2 and At (meo/27) ~ 4. The slowly-
diminishing mass drags the dark matter field for a while and forces it to free-stream to-
wards the positive direction in the plot. However the amplitude of the initial velocity for
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the free-streaming is still ~ |pmend|, and thus the final displacement at aose = 4dend
becomes B = 0.5.

For g45r = 0.01 (pink), I'ru/Hena ~ 0.04, and the mass never goes below the Hubble
rate, hence the discussion in the previous subsection does not directly apply. However,
due to the mass becoming sufficiently smaller than its zero-temperature value, the field

dynamics is altered from the case with a constant mass.

In the bottom left plot, the higher-frequency oscillation in the inflaton and axion fields
represents the reheaton degree of freedom. After the reheaton decays away, the dark matter
and axion fields become approximately equivalent.

In the bottom right plot, a larger gqss gives a smaller dark matter mass (axion mass)
at the maximum temperature Ti.x. After reaching its maximum value, the temperature
drops as T o< a=%/® (cf. (3.16)), and then as T o a~! after radiation domination takes over.
A larger g4 s yields an earlier radiation domination, which explains the faster growth of the
mass seen in the plot. The evolution of the Hubble rate also depends on g4, however since
their differences in this log plot is insignificant, we have only shown the case for g4 = 0.02.

In the numerical examples presented here, all cases where the axion mass becomes
smaller than the Hubble rate (i.e. gor¢ > 0.02) exhibit final dark matter field displacements
with B roughly of order unity. For these cases, the analytical arguments in section 3.3
provide a good effective description of the post-inflationary inflaxion dynamics.

4 Parameter space

Let us put together the conditions for the temperature-dependent inflaxion scenario. We
have analyzed cases where the cosmic temperature evolves as (3.3), with the axion and in-
flaton masses satisfying (3.4). The resulting axion dark matter abundance is given by (2.9),
with the misalignment angle (3.26). Upon deriving the abundance it was assumed that at
the onset of the axion oscillation, the universe is dominated by radiation, i.e. (3.25), and
that the axion mass still has not reached its zero-temperature value, i.e. (2.10). It was also
assumed that the axion’s self-interactions are negligible, i.e. (3.27), and the present-day
cosmic temperature is below the strong coupling scale, Ty < A. The cosmic temperature
at its maximum is given in (3.20), the Hubble scale when radiation domination begins
in (3.18), and the temperature at the onset of the dark matter field oscillation in (2.7).

A successful cosmology with this inflaxion scenario requires the reheaton to decay
and trigger radiation domination at temperatures of Tyom = 4MeV so as not to spoil
BBN [28, 29|, while the lifetime of the axion dark matter to be longer than the age of the
universe, I'pm < Hp ~ 1 x 10733 eV. (I'pm depends on the cosmic temperature through
me(T), and I'pm < Hp should be satisfied for the zero-temperature mass mqo. On the
other hand T'ry is almost independent of m,(T") (cf. (3.9)—(3.11)), and thus is effectively
constant throughout the post-inflation epoch.) Finally, the dark matter abundance should
fulfill Q,h2 ~ 0.1 to match with observations.
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4.1 Case study: oFF + ¢iy®y

In figure 4 we show the region of the axion decay constant and inflation scale where all of the
above conditions are satisfied. (Here we denote the Hubble rate until the end of inflation
collectively by Hi,¢, considering small-field inflation models in which the time variation
of the Hubble rate is tiny.) We have fixed the axion-inflaton kinetic mixing constant to
a = 1/3, and the axion mass parameters as £ = 107!, A = 107!, and p = 4. The parameter
regions are shown for the QCD axion whose strong coupling scale is A = 200 MeV, as well as
for axion-like particles that obtain masses at higher energy scales of A = 10 GeV, 102 GeV,
10° GeV. The value of the zero-temperature axion mass is shown in the upper axes. The
inflaton mass at the vacuum is fixed by the requirement of Q,h? ~ 0.1, and is shown on
the contour lines in terms of logo(meo/eV). For the matter couplings, we considered the
axion to couple to SM/hidden photons, and the inflaton to light fermions via

¢ = %JF#VF“V + 9gors (]51/1i’)/5w. (4.1)
We took the dimensionless couplings as a, = 102 and 9off = 1072, and evaluated the
decay widths as (3.9) and (3.11). Moreover, the parameter B which characterizes free-
streaming (cf. (3.24)) was taken as B = 1.

The regions where the temperature-dependent inflaxion scenario allows for a successful
reheating and axion dark matter generation are shown in white. On the other hand in the
colored regions, the conditions listed above are violated. For the chosen set of parameters,
there are four conditions that most severely constrain the parameter space: The blue
region violates myg > Hjy,s; this is the region where the conventional vacuum misalignment
scenario can operate. The green region violates my(Tmax) < Hins and thus lies outside
the validity of the analysis in this paper. Deep inside this region the axion mass would
stick to its zero-temperature value throughout the reheating process; here dark matter
can instead be produced by the constant-mass inflaxion scenario as discussed in [6]. The
red region violates |f,| < 1; here the axion cannot account for all of dark matter without
invoking anharmonic effects, as we already saw in figure 1. Within this region, the inflaxion
scenario can produce the observed dark matter abundance only if the axion field after
free-streaming happens to land in the vicinity of a potential maximum.'* The orange
region violates I'py < Hp and thus dark matter would not survive until today. In the
orange regions at small f (close to the left edges of the plots) the dark matter decays
predominantly through the axion-photon coupling, while in the regions at large f (close
to the right edges) the decay is via the inflaton-fermion coupling. The orange exclusion
regions at large f disappear if the fermion mass lies within myo < 2my < mgrp and thus
the decay of dark matter into fermions is kinetically forbidden; in such a case the allowed
windows extend to even larger f values until they hit other conditions such as (2.10). The
reheaton decays through the inflaton-fermion coupling in all four plots.

M Cases with |¢pms| > 7f which typically give |6.| ~ 1 (as discussed below (3.27)) live on the edge of
the red region.
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Figure 4. Parameter space for axion dark matter in the temperature-dependent inflaxion scenario,
shown for the QCD axion and axion-like particles with different values of the strong coupling scale A.
Axes are axion decay constant (bottom), zero-temperature axion mass (top), and inflationary Hub-
ble scale (left). The allowed windows are shown in white. Colored regions lie outside the validity
of our analysis since the following conditions are violated: mgo > Hint (blue), my(Tmax) < Hing
(green), negligible axion self-interaction (red), and dark matter stability (orange). Contour lines
show the inflaton mass at the vacuum in terms of log;,(mgo/eV). The inflaton-axion mixing con-

stant is set to o = 1/3, and the inflaton is coupled to fermions with gs7; = 1072, See the text for
more details.
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We also note that for the chosen set of parameters, radiation domination takes over
shortly after the end of inflation (i.e. 'y > Hepq) in all of the allowed windows, except
for in the vicinity of the upper right corner of the windows of figures 4(a) and 4(b).

The inflaxion mechanism can also operate with other forms of the matter couplings, for
instance, with an inflaton-photon interaction ¢FF. However with only the o FF coupling
and no matter couplings for the inflaton, there is no parameter space that satisfies all
the conditions, independently of the value of the coupling strength G4, if the other
parameters take the same values as in the above example.

4.2 Upper bound on inflaton mass

Independently of the details of the matter couplings, the inflaton mass in this scenario is
bounded from above as follows. For simplicity, let us here take ), ~ 0.1, g(s)«(Tosc) ~ 100,
A~ 0.1, £ ~ 0.1 in the expression for the relic abundance (2.9). Then using (3.26) with
B ~ 1 for the misalignment angle, the normalization of Q,h? ~ 0.1 fixes the inflaton
mass as

A 5 f T opta
Mmoo ~ 10eV- Jof <2oo MeV> (1012 Gev> ‘ (42)

On the other hand, the requirement of |f,| < 1 under Q,h? ~ 0.1 bounds the decay

constant as
_p+2

A p+3
> 1012 - 4.
f =102 GeV (200M6V) , (4.3)

as shown by the red regions in the plots. Combining these expressions yields a bound on
the inflaton mass that is independent of the matter coupling,

A\
mgo S 10eV - |af (W) . (4.4)
This actually sets the upper bounds on the inflaton mass in figures 4(a) and 4(b), while in
figures 4(c) and 4(d) the dark matter stability condition gives stronger bounds. For axion-
like particles coupled to a new strong gauge group (not QCD) with a confinement scale
A > 200 MeV, the upper limit (4.4) allows for a heavy enough inflaton so that perturbative
reheating is easy to implement successfully.

4.3 QCD inflaxion

For the QCD axion, the bound (4.4) is particularly restrictive, which together with |a| < 1
gives mgo < 10eV. This rather small inflaton mass, and hence a small reheaton mass
(unless || is very close to unity), poses a challenge for perturbative reheating.'® The only
SM states kinematically accessible are photons and neutrinos (although not necessarily all
three neutrinos, depending on the value of mgy). Reheating above the BBN temperature
by decaying into photons requires an operator of the sort ¢FF with an extremely large

~

coupling strength for mgo < 10eV, such that it is largely excluded by stellar cooling

15The QCD inflaxion scenario in which the temperature of the Universe never reaches values above A
also has a similar issue; see the appendix in ref. [6].

~ 18 —



bounds [30]. It would be interesting to study the non-perturbative preheating phase with
the photon coupling (see e.g. [31, 32]) to assess whether it is a viable option, but that is
beyond the scope of the current work.

We consider then the decay into neutrinos. Gauge invariance of the SM dictates that
the lowest-dimensional operator available is of dimension six:

Y
Fqﬁ(eabHaLbi)(ew’HCLdj) +h.c. (4.5)
6

Here H and L are the Higgs and lepton SM fields, respectively; a, b, ¢, d are SU(2), indices,
while 7,5 flavor indices; Y are generalized yukawa couplings. We write this operator
using two-component spinor notation, following the conventions of ref. [33]. In the scenario
under consideration the electroweak symmetry is broken throughout the cosmic history (cf.
figure 4(a)), and thus the operator gives rise to a yukawa coupling of the inflaton to the

left-handed SM neutrinos,
2

yéj(;ﬁl/iyj , yéj = Yij% , (4.6)
6
where v is the electroweak scale. From here on we drop the flavor indices, for the sake of
brevity, and we take the entries of Y to be of order one. The interaction (4.6) leads to
a decay rate of the reheaton into neutrinos that has the form of (3.11) with g4fs replaced
by ys. The working assumption (3.25) adopted in this paper'® requires Tyom to be above
A =~ 200 MeV, which implies

ye > 107,  Ag < 10%2y ~ 80 TeV, (4.7)

with mgo = 10eV. A few comments are in order.

At the beginning of the oscillating phase the reheaton field describes a collection of
non-relativistic scalar particles, which decay to produce neutrinos. These, in turn, interact
among themselves via the weak force to quickly populate and thermalize the SM sector.
The coupling (4.6) also implies that the scattering rate involving neutrinos and the reheaton
remains faster than the Hubble expansion rate as the temperature decreases. Therefore
the yryg quanta are upscattered and remain in the thermal bath with the neutrinos. This
scenario, to our knowledge, has not been explored in detail yet and we leave a dedicated
study of its cosmological implications to future work.'”

On the particle physics side there are many constraints to take into account. First,
we note that the operator (4.5) does not directly contribute to neutrino masses, given that
the vacuum expectation value (VEV) of the inflaton approaches zero. Second, by replacing

6We have also considered the possibility of Tyom < A < Tmax, so that the dark matter field begins to
oscillate before entering radiation domination. Here the relic abundance becomes different from the one we
reviewed in section 2, and it depends also on Tgom [19]. However we found that the parameter window for
this case is tiny in our inflaxion scenario. The reason is that the following three conditions: (i) getting the
observed dark matter abundance, (ii) having Hint < meo, and (iii) Tiom < Tmax, are incompatible with
each other in most of the parameter space.

'"Such a case is also touched upon in the conclusions of ref. [34], and it could also have implications in
addressing the Ho tension [35].
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one H with its VEV it leads to the three body decay H — ¢vv; the corresponding width,
for Ag not too far from the upper bound (4.7), is very small and the bound from invisible
Higgs decays is amply evaded. Third, we note that the operator (4.5) contains also charged
leptons which, due to the SU(2), structure, are always accompanied by a charged Higgs,
that becomes the longitudinal mode of the W boson after electroweak symmetry breaking.
The presence of the heavy W bosons, in combination with the suppression scale of (4.7),
makes it hard to probe our operator at colliders like LEP or LHC. Fourth, lepton flavor
violating processes are likely to constrain some of the entries of Y% in (4.5), but unlikely
to exclude completely our scenario. We reserve a more detailed study of the experimental
constraints for the future.

5 Conclusions

A kinetic mixing between the axion and the inflaton can induce axion dark matter pro-
duction even if the inflationary Hubble scale is smaller than the zero-temperature axion
mass. Together with our previous analysis [6], we have explored two production scenarios
for axions coupled to a strong gauge group within this inflaxion framework where (1) the
reheating scale is lower than the strong coupling scale and thus the axion mass stays con-
stant throughout the cosmic history, and (2) the maximum temperature during reheating
exceeds the strong coupling scale such that the axion mass temporarily vanishes. The main
part of this paper was devoted to case (2), for which we found that the axion gets kicked
out of the vacuum towards the end of inflation, and subsequently in the reheating epoch
drifts away even further from its potential minimum. The field dynamics during reheat-
ing thus gives rise to a misalignment angle which sources axion dark matter in the later
universe. This ‘initial’ misalignment angle is uniquely fixed by the Lagrangian parameters
as (3.26), which is in contrast to the initial angle in the conventional vacuum misalignment
scenario being a random variable. Our scenario further opens up new parameter space
for axion dark matter, in particular the regions with low inflation scales and large axion
decay constants.

Producing the QCD axion within our model requires careful consideration of the re-
heating process due to the small inflaton mass, mgg < 10eV, which is needed to obtain the
observed dark matter abundance. We found that reheating into Standard Model neutrinos
is an option, which may also yield experimentally accessible new phenomena, although we
reserve a detailed study of the constraints on this scenario for the future. For axion-like
particles coupled to a hidden strong gauge group that confines at an energy A > 1 GeV,
all the scales involved (including the inflaton mass) are higher compared to the QCD case,
and thus there are many possibilities for the reheating process.

Perhaps the most exciting feature of the inflaxion framework is the inevitable link
between the reheating temperature and the coupling of the axion to normal matter, which
is induced by the inflaton-axion kinetic mixing. This could offer the possibility of probing
the reheating scale with laboratory experiments for measuring axion couplings, and/or
astrophysical experiments for constraining the dark matter lifetime. We also remark that,
while this work mainly focused on the homogeneous evolution of the inflaton-axion system,
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depending on the form of the inflaton potential, inhomogeneities can develop around the
end of inflation. This may give rise to axion dark matter clumps, which would further
provide observational opportunities.
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A Onset of axion oscillation

In this appendix we analyze when an axion with a temperature-dependent mass starts to
oscillate in the early universe as the mass becomes larger than the Hubble rate. Following
the discussion in appendix A of [21], we explicitly solve the homogeneous Klein-Gordon
equation in a flat FRW background,

G +3Ho +m2o =0. (A.1)

We consider the background universe to have a constant equation of state parameter w
lying within the range —1 < w < 1, so that

_ 3(1+4w)

Hoxa 2 . (A.2)

We also assume the axion mass to have a power-law dependence on the scale factor,
mg o< a?, (A.3)

with p > 0. This corresponds to a temperature dependence of m, o TP, given that the
temperature scales as T o< a~!. Furthermore, we assume the axion in the asymptotic past
to be frozen at some field value o,. Then the solution of (A.1) satisfying such an initial
condition is obtained as B

2) L), (A.4)

where J,(2) is the Bessel function of the first kind, and

J:U*F(Z/—I—1>(

2 mg _ 301-w) (A.5)

Z2=——— .
3(1+w)+2p H 6(1+w) + 4p

Using this exact solution, the physical number density of the axion is computed as

2
. Meo z
(6% + mZo?) = 02 (v +1)2 <§

Ng =

oMy >_2V {Jy+1(z)2 + Jl,(z)Q} : (A.6)

In the asymptotic past z — 0, the expression (A.6) takes a limiting form of

1
Neg ~ imgaf, (A.7)
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Figure 5. Left: Time evolution of the axion’s comoving number density in terms of the scale
factor, in log-log scale. The dotted lines show the limiting behaviors in the asymptotic past and
future. The onset of the axion oscillation is defined as when the limiting forms cross each other
(see the text for details). Right: Ratio between the axion mass and the Hubble scale at the onset
of the axion oscillation, as a function of the power p of the temperature dependence. The equation
of state of the universe is taken as w = 1/3 (solid line) and w = 0 (dashed).

as set by the initial condition. On the other hand, in the asymptotic future z — oo, it
approaches
Mg

2 —1-2v
Ox 2 E -3
o F(v+1) (2) xa ”?, (A.8)

Ny ~
which manifests the conservation of the comoving number density nq,a?.

The comoving number density as a function of the scale factor is illustrated in the
left panel of figure 5 in a log-log plot. The exact solution (A.6) is represented by the
blue solid line, while the limiting forms in the asymptotic past (A.7) and future (A.8) are
shown respectively as the purple and red dotted lines. Extrapolating these two limiting
expressions to all times, one finds that they cross each other when the ratio between the
axion mass and Hubble scale becomes

(%)= 25 [F(V: 1)1 o (A.9)

We refer to this time as the ‘onset’ of the axion oscillation, and denote quantities at this time
by the subscript (osc). This definition allows one to rewrite the conserved comoving number
density in the asymptotic future in terms of quantities at the onset of the oscillation as
. 3 1 2 3
tliglo(nga ) = o Maose T oses (A.10)
which is convenient for computing the relic abundance as discussed in the main part of
the paper.
The mass-to-Hubble ratio (A.9) at the onset of the oscillation is plotted against p in
the right panel of figure 5 for w = 1/3 and 0. For instance, the QCD axion possesses
a temperature-dependent mass of m, o TP o a? with p = 4 at T" > 200 MeV,; given
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that it starts to oscillate at such temperatures during the radiation-dominated epoch,'®
i.e. w = 1/3, the mass-to-Hubble ratio is (my/H)osc ~ 4. We also remark that for an
axion-like particle whose mass depends sensitively on the temperature such that p > 1,
the ratio becomes as large as (mq/H )osc > 1. In such cases, computing the relic abundance
based on a naive guess of (my,/H)osc ~ 1 would lead to quite inaccurate results.

B Diagonal basis

We list expressions regarding the diagonal basis of the inflaxion Lagrangian (3.2). In this
appendix we split the inflaton potential into a quadratic part and the rest as

V(9) = 5mid + Uni(9). B.1)

If the temperature dependence of the axion mass m, can be ignored, the quadratic terms
can be diagonalized and the Lagrangian can be rewritten as

L 1 1
=S (gt du - yret) U@+ Leloi ¥, (B2
=%

in terms of the diagonal fields and their masses:

X+ 82\ s  1-Xy
o (Xi + a262> Krotad), me=7—"r3 ™o (B.3)
where ) )
1— 8%+ +/(1—52)2+ 40232 m
X:I: — \/( 5 ) ’ 62 — 20' ) (B4)
M

The diagonal field basis is also convenient for computing the decay widths of the scalar
particles. If for instance we take the matter couplings as (3.8), then by rewriting (¢, o) in
terms of (¢4, ¢—), the decay widths of the diagonal fields are obtained as

G2 1 Xo+p82 0\ V2 X
~ Y ,..3 _ + _2F
Lot = vy) =~ 6dn my, Giyy = X, - X_ <X32c Jragﬁg) (de o G¢w> )
(B.5)
2 ~1/2
— 931 1 X4 + 2 X
L(pr — ff) ~ Siifmi, S e <Xi s 7;9¢ff7 (B.6)

where the fermion is assumed to be much lighter than the scalars.
Fixing the metric to a flat FRW, ds? = —dt? + a(t)?dz?, the homogeneous equations
of motion of the diagonal fields can be written as

96 _
Op+

!/

G+ (BH +T1)ps + mips + Ul (¢) (B.7)

8The time variation of the relativistic degrees of freedom g. gives corrections to the scaling relation
T o a~ ' as well as to the equation of state w = 1 /3. However as long as g. stays constant while the axion
makes the transition from the frozen to the oscillatory phase, the discussion here is valid.
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where we have incorporated the decay of the scalars through L. in the form of an effective
friction term I'+¢1. These equations can be rewritten in terms of the inflaton and axion
fields as

. X, Iy - XTI\ . I, —-T_ . mio—aV'(¢)
H o _
U+<3 + X, X >0—|—aX+_X_¢+ 1~ a2 0, -
, X, .- XTI\, oo —=T_ . V(¢) —amio '
3H - =0.
<Z>+< + X, X >¢—i—aﬁ X+—X_a+ o2

Apart from the terms involving the decay widths, these equations can also be derived
directly from the original Lagrangian (3.2), and hence are exact in the limit 'y — 0, even
when the axion mass depends on the temperature. The description of the scalar decay in
the form of friction terms should be understood to be an effective one, which could fail for
non-perturbative decay processes, or if the self-interaction Uiy is significant such that the
scalar fields cannot be interpreted as a collection of particles. We also remark that, with
a temperature-dependent axion mass, 1 do not completely diagonalize the Lagrangian;
this may also yield corrections to the description of the decay in the equations of motion,
as well as to the decay widths (such as those shown in (B.5) and (B.6)).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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