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ABSTRACT: We study the entanglement of purification (EoP) of subsystem A and B in
conformal field theories (CFTs) stressing on its relation to unitary operations of disen-
tanglement, if the auxiliary subsystem A adjoins A and AB is the complement of AB.
We estimate the amount of the disentanglement by using the inequality of Von Neumann
entropy as well as the surface/state correspondence. Denote the state that produces the
EoP by [¢)y. We calculate the variance of entanglement entropy of AA in the state
() := eHin ). We find a constraint on the state [1)y, [K 4404 = 0, where
K 44 5 1s the modular Hamiltonian of AA in the state |¢)ar, O; € Z(A) is an arbitrary
operator. We also study three different states that can be seen as disentangled states. Two
of them can produce the holographic EoP result in some limit. But we show that none of
they could be a candidate of the state |1) s, since the distance between these three states
and |¢) s is very large.
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1 Introduction

Quantum entanglement is one of the most interesting topic in quantum field theories. The
quantities that are used to quantify entanglement provide us new way to understand the
intrinsic structure of QFT. These quantities are called entanglement measures in quantum
information theory.

The entanglement entropy (EE) of a subregion A is one of the important measure,
which is defined as Sy = —trpalogpa. The reduced density matrix ps := trzp, where p
is the state of the system and A denotes the complement of A. The EE has some “good”
properties in QFT, such as the area law [1], which may help us understand the nature of
black hole entropy.

As a more precise understanding of AdS/CFT [2] the EE in the CFT on a constant time
is associated with a minimal surface by the well-known Ryu-Takayanagi formula [3, 4]. This
motivates us to find more relations between the bulk geometric quantities and their CFT



explanations. In [5] the author proposed the so-called surface/state correspondence which
intends to find the relation between bulk surfaces and CFT states at the classical level.
The EE should not be the only entanglement measures that have a geometric descrip-
tion via AdS/CFT. Entanglement of purification(EoP) is another interesting entanglement
measure to characterize the correlation between two subsystems A and B for the given
state p [6].
The EoP is defined as

E = min Spai)s 1.1
P(paB) pan=tr ol (6] (PAA) (1.1)

where the states |¢)) are called purifications of pap by introducing A and B, and
Pai = trgg|v)(¥|. The minimization procedure should be taken over all the purifica-
tions. This makes the calculation of EoP in QFT to be a very hard task [7]. As far as we
know there is no field theory result of EoP except some numerical calculations [8]-[10].

The EoP is also expected to have a geometric dual via AdS/CFT [11, 12]. To state
the holographic EoP we need the concept of entanglement wedge of AB which is defined
to be the region surrounded by AB and the minimal surface homologous to them [13]—-
[16]. The holographic EoP is conjectured to be given by the area of the minimal cross of
entanglement wedge, denoted by Y 4p,

min{area(X45)}
4G '

Ew(paB) = (1.2)

Some important properties of EoP can be easily shown by the holographic conjec-
ture (1.2) [11]. One of them is the inequality [17]

. 1
min{S4,Sp} > Ep(pap) > §I(A, B), (1.3)

where I(A,B) = S(pa) + S(ps) — S(pap) is the mutual information. One may refer
to [18]-[28] for some recent studies on (holographic) EoP.

The first difficulty to calculate the EoP in QFTs is how to construct the purifications
|4). If the state p is a cyclic state, such as the vacuum state, in [18] the author showed the
set of purifications |¢)) can be approximated by

Hy = {U5]0), unitary Uss € Z(AB)}, (1.4)

where AB is the complement of AB, Z(AB) denotes the local algebra in region AB. In
this paper we will only focus on the case p =]0)(0|. In some sense the vacuum state |0) or
other cyclic states are similar as the “standard purification” that is defined in [6] for the
system with finite dimension Hilbert space.

Now the problem is reduced to the minimization over the unitary operation U5z. The
motivation of this paper is not to directly calculate EoP in (1+1)D CFTs, but go on the
study EoP to make clear the role of the unitary operation on the region AB in (14+1)D
conformal field theories (CFTs). We will also compare our argument with the holographic
conjecture (1.2).



Using the result (1.4) we may easily show the EoP is invariant under the SL(2,R)
global conformal transformation. This is consistent with the holographic conjecture (1.2),
since the global transformation corresponds to a coordinate transformation in AdSs, the
geometric quantity should be invariant under a coordinate change.

If we choose AB to be AB and A is close to /Nl, the minimization procedure can be
taken as a task of disentangling A from B. But if disentangling them too much, S 44 will
become very large. We estimate the amount of disentanglement by using inequality of EE.
Let’s denote the state that produces the EoP to be [¢). By considering a perturbation
of the state [1) . We find a constraint on the state 1),

[Ky40041 =0 (1.5)

where K, 5, is the modular Hamiltonian of AA in the state [¢)y, O; € Z(A) is an
arbitrary operator.

In [18] we find one may also extract the holographic EoP by using the projection
operator. In fact the projection operators acting on AB can be taken as disentangling A
and B. In this paper we study three states that all make the entanglement between A
and B become smaller. In some limit we can extract the holographic EoP result by these
states. But we will show these states are far away from the unitary set (1.4) by comparing
the relative entropy of the reduced density matrix of AB.

The paper is organized as follows. In section 2 we review how to construct the set of
purifications and discuss the invariance of EoP under the global transformation SL(2,R). In
section 3 we study the unitary operation and disentangling in AB. In section 4 we analyse
three states in CF'T that make the entanglement between A and B to be smaller than the
vacuum. We could extract the holographic EoP by some limit, but we will show the three
states are far away from the unitary set. Section 5 is the conclusion and discussion.

2 Invariance of EoP under SL(2,R)

In this section we will firstly review how to construct the set of purifications (1.4) in QFT.
Then we show the invariance of EoP under the global conformal transformation SL(2,R).

2.1 The set of purifications

To be self-consistent let’s briefly review how to derive the set of purification H,, (1.4). In the
framework of algebraic quantum field theory the starting point is the von Neumann algebra
Z(0) associated with any open region O. For O being the entire space region the algebra
is denoted by % . The Hilbert space of QFT is denoted by H. We say a state |¥) to be
cyclic for Z(0O) with respect to the Hilbert space H, if the set H(O) := {O|¥), 0 € Z(0)}
is dense in ‘H. The vacuum state would be cyclic for the global algebra % . But the
Reeh-Schlieder theorem states that actually the vacuum state |0) is also a cyclic state
for any local algebra Z(0). This means that one may approximate any state in H by
using the operation belonging to the local algebra Z(0). The vacuum state in QFT is a
cyclic state for any local algebra. The Reeh-Schlieder theorem suggests the entanglement



between different space region is very large. An important corollary from this theorem is
the separating property of the vacuum state, i.e., O]0) = 0 will leads to @ = 0 for any
local operator 0. This means the local operators cannot annihilate the vacuum state.

Let’s come back to the EoP. The first step to calculate is to find the set of purifica-
tions Hy,. By using Reeh-Schlieder theorem we can construct the purifications approxima-
tively by

Hap = {045(0), O € Z(AB)}. (2.1)

This means that for any purifcation [¢)) one can find a corresponding operator O45 (1)
located in the region AB such that

) = OzpW)I0)]] <, (2.2)

where 0 is an arbitrary positive number. Further the constraint trz|v)(¥| = pap is
equal to

(O[(Ox5 () OL(1h) — 1)Oap[0) =0,
(O(OI (1) Ox5(1) — 1)Oap[0) =0, (2.3)

for any operator Oap € #Z(AB). By using the Reeh-Schlieder theorem we obtain that
O45(v) is unitary, i.e.,

O (4)O45(¥) = 05O () = 1. (2.4)

We have proved the set of the purifications can be approximated by H, (1.4). This also
shows we may choose the auxiliary system AB to be as AB.

2.2 SL(2,R) invariance of EoP

In this paper we will only consider the EoP in the vacuum state p = |0)(0]. We consider
the global conformal transformation is given by

az+b

cow=J0E) =y

(2.5)

with a, b, ¢, d being real and ad — bc = 1. For arbitrary open region O under the transfor-
mation (2.5) the local algebra Z(0) satisfy

U(g)%(0)U(g)~" = Z#(g0g™"), (2.6)

g is the element of the group SL(2,R), U(g) is its representation on the algebra.

The vacuum state |0) is invariant under the transformation (2.5). However, the size
of the subsystem A would change. To keep the invariance of EE in vacuum state, the UV
cut-off will also change. Assume A’ is an interval [v,u], it is well known the EE of A is
Sar = §log “=* [29, 30], where we use € to denote the UV cut-off with the coordinate z.
The UV cut-off with the coordinate w is given by

er(z) = If'(2)le. (2.7)
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Figure 1. EoP for the connected two intervals.

Using the relation (2.7) we may obtain the EE of the subsystem A = [w(v),w(u)],

Sa = glog @ JOI_ Ope could check Sa = Syu.

eV I W)lf (v)]
To calculate EoP we should evaluate S, ;7 in the state |¢) (1.4), where A'B' = AR,
In general, the purifications [¢)) are not invariant under the transformation (2.5). Because
of the isomorphic relation (2.6) between the local algebras under the SL(2,R) group action,
the set of purifications is given by Hy = U(g)H,,, where

H;b = {UA’B”O>? unitary MA’B’ € #Z(A'B)},
Hy ={U;5|0), unitary Ujzp € #(AB)} (2.8)

The basis |¢(x € BB)) in the region BB are related to |¢/(z € B'B')) in B'B’ by the
unitary operator U(g), that is |¢(z € BB)) = U(g)|¢(x € B'B')). Therefore, the set of
the reduced density matrix {p,;} is isometry to the set {p,, ;,}. The minimal value of
S 4 i should be equal to the minimal one of S, ;,. By the definition we obtain the EoP is
invariant under the global conformal transformation (2.5).

In the vacuum state the EE and mutual information of two intervals are both invariant
under the global conformal transformation [31]. As we can see from (1.3) it is nature that
EoP is also invariant under the same transformation. Note that the holographic EoP con-
jecture (1.2) should be invariant under SL(2,R), since the global conformal transformation
corresponds to the coordinate change in the bulk, thus 3 4p is invariant.

For example, to discuss the EoP of B’ = [z, s] and A’ = [s,y] with y > s > x, one my
use the conformal transformation

y(z — )

W2 (29)

w(z) =

mapping B’ and A’ to B = [—oo,w(s)] and A = [w(s),0]. AB is the right half line x > 0
as shown in figure 1. The holographic EoP is given by

c 2lw(s

where €,, denotes the UV cut-off in the coordinate w.
y?(s—x)

)9 2nd

Using w(s) =

€ = ( €, (2.11)

we get EoP of A’ = [s,y] and B’ = [z, 5]

C
Ew(pap) = - log (2.12)

6 (y —x)e



Here we only discuss the global conformation transformation (2.5) which is the group
SL(2,R), not the SL(2,C) group. The reason is that we want to require the transformation
will keep the time slice invariant. Otherwise, the SL(2,C) action may map the intervals
on a time slice to the Euclidean time interval, the EE in this case will be meaningless.
For the holographic EoP we are only interested in the static spacetime case, therefore, the
entanglement wedge is restricted in a time slice.

In the appendix A we discuss the EoP for disconnected intervals in the limit that their
distance is far shorter than their own size by using the invariance of EoP under SL(2,R).

3 EoP and disentanglement

3.1 EoP as a task of disentangling

We will mainly discuss the case as shown in figure 1. For every purification state |¢) there
exists an unitary operator U ;5(¢) such that

[¥) = Uz 5(1)]0). (3.1)

Among all the unitary operators U ;5(¢) we should find the one that makes the EE of AA
to be as small as possible. The EE of subsystem for many states in d + 1 dimensional QFT
(d > 1) follows the area law [1, 32]. For one-dimensional CFTs the area law is modified by a
logarithmic term [30]. Roughly, we may say it means the entanglement near the boundary
gives the main contributions to EE in this state.

The unitary operations U ;5(¢)) will not effect the entanglement near B and A. But
it could disentangle A from B, then make the EE of AA become smaller. Therefore, the
operation U ;5(¢) can be seen as a disentangler. The limit process of this operation is to
make B lose entanglement with its complement, i.e., the final state |1))oo

|'¢>oo = u[lé(¢oo)|0> — |X§> ® |X]_§>’ (3'2)

where x 5 and X are states located in region B and its complement B. This process is very
similar to the task called holographic compression that is recently discussed in [33]. Let’s
assume the existence of the U;5(¢) that totally disentangled A from B in (1+41)CFT,
which means

[¥)oo = Uz p(¥e0)0) =5 [Xpai) @ IX5)- (3.3)
Since the state |x 4 4) is nearly a pure state we have
S i) o) = SE(1¥)e0)- (3.4)

SB(|Y)so) is equal to the EE of B in the vacuum state, i.e., Sp(|¢)c) = §log L?B, where
we take a IR cut-off of the length of B. It is obvious that
e wls)

L c
Saile) = 3 IOgTB > Ew(pap) = G los —— (3.5)

In the state [¢)) the EE of S5 is vanishing, while the EE of A is very large Si~Sap.



Let’s consider the state near [¢)~. By using the Lie-Araki inequalities or strong
subadditivity for the state |¢)

S,i>Sp—Sp 3.6
AA B

For our case Sp > S4, the upper bound of EoP would be S4 (1.3). For the state near
1)) oo, that is keeping B almost disentangling from its complement S 5 < Sp, §,; would
be much larger that the upper bound of EoP (1.3). S, ; is also much larger comparing with
the holographic EoP result (2.10). This means that if disentangling B from its complement
too much, S, ; will become large.

3.2 Estimation of the disentanglement

An interesting question is how large Sz or S; should be to arrive at the minimal value
of S, ;. We can roughly estimate this by using the inequality involving of E,(pap). By
using (1.3) we have

Sa> Eylpan) > L1(A,B), (3.7)
where I
I(A,B) = glog ﬁ (3.8)
In the limit Lp — oo we get
S > Ey(pan) > %SA. (3.9)

The holographic conjecture (2.10) suggests E,(pap) should be near the above lower bound
$54. Therefore, for a state near the minimal purification [¢), denoted by [¢(3)), we
expect Sa > S, 1(|¥(0))) > 2540 Let’s denote S,; = ASa, where 1 > X > 1 isa
constant. Using the strong subadditivity

S(14(6)))

IN

Saa(9(0))) + S45(4(6))) = S445(1%(9)))
Saa[¥(0))) + Sap — Sp, (3.10)

and Sap — Sp — 0 in the limit L — 0 we have
Sa = 8,4(14(0))) = S5([4(6)))- (3.11)
Further using the Lie-Araki inequality,
Sa > S5(10(0)) > Sa— S5 = (1-N)Sa. (3.12)

If X is near the value %, the above inequality would give a strong constraint on the S ;. We
can’t gain more information from field theory.

We assume the variation of the EE of AA is smooth.



3.3 Perturbative calculation by field theory

In this subsection we will calculate EE near the state |¢) s by perturbative method. The
minimal procedure of EoP is expected to be associated with the unitary operation in AB
that could disentangle A from B. Let’s denote the purification state that makes S A
minimal by [¢) s, which is associated with an unitary operator U ;5(tps) in AB as

) = Uz (¥ar)[0). (3.13)

The modular Hamiltonian of AA in the state |t)ar is, in principle, determined by the
unitary operator U ;5(¢ar) and the modular Hamiltonian in vacuum state. Let’s denote it
by K,z ,;- We want to discuss the state near [¢) 7, these states can be constructed by

¥(6)) = U 5(0)[)ar- (3.14)
In general, the unitary operation U/ ;5(6) can be associated with an exponent,
Ujp(0) = eMas, (3.15)

where H ;5 is an hermitian operator, J is a real and dimensionless parameter. Let’s assume
0 is very small so that we can deal with the problem by perturbation.

Before we start the calculation let’s make clear the general form of H ;5. H ;5 should
be an operator located in the region AB. We will not consider the case that H ip Is given
by a sum of H; and Hy. In this case the EE of AA in the state |1(0)) is same as in |¢)y,
since U 75 is only the product of unitary operations U ;U5, which keeps the EE invariant.
In general, we are interested in the general form

Hyp=> HyHg, (3.16)

)

where the sum is over some given set, H 7, and Hp , are non-identity hermitian operators.
We expand the density matrix p(d) = |¢(9))(1(0)) as

[9(0) (W) = [¥)ar M|+ i0H g0 (] = i0l)m m(IHyp
S H gl @]~ S a0
+ 82 H 5510)m m(¥|H 15 + O(8°). (3.17)
Let’s assume the EE S(|1(6))) is a smooth function of 8. By the definition of EE we have
S(9(0))) ~ S(|¢)ar) + 351 + 6252 + O(6%), (3.18)
where
081 =i m(W|[K 4 40 H gl ar (3.19)

We show how to derive above expression in the appendix C. Since the sign of ¢ is not
fixed, to keep S(|¢))ar) being the minimum, we should require the O(J) term is vanishing.
Therefore, we get

MUK 440 Hzpll0)ar = 0. (3.20)



Let’s comment on the non-trivial part of the above result. If Uz;z = UzUz or
Hjp = Hj+ Hp, we expected S|y 5y, = S(|1)ar), which requires 051 = 0, or

MK g4 0 HallV) v + m(IK 4 4 0 Hpll) v = 0. (3.21)

Since [K 4 5 1,» H ] = 0 by microcausality condition for local operator, the above condition
reduces to ar(Y|[K 4z as> H z]|1¥) v, which is true for any H ;. It is because

MK g4 0 Hzll0) M
= tr (K y g Hal0h ar (] = Ky 3 00 l6ar (61 H )
=1traa (KAA,MHAPAA,M - KAA,MPAA,MHA) =0. (3.22)

In the second step we use p, i, = trgglv¥)m m(¥]. In the last step we the fact that
[pAA’M, KAA,M] = 0 and the cy(;lic property of trace.

But if H , ; is like the form (3.16), the condition (3.20) may be not always true. This
condition actually gives a constraint on the state |+/) s or the unitary operation U ;5(¢ar).
Note that (3.20) is true for any Hermitian operator H ;5 like the form (3.16). But it is still
a question whether it would lead to a stronger condition [K ,; ,,, H 53] = 0. Without loss
of generality let’s consider H ;5 = H ;Hp, we have 7

MWHKAA,MaHA]HB’@M = 0. (3.23)

Notice that Hz|)nr # 0 for any Hp # 0. This follows from the non-separating property
of the vacuum state |0). The non-separating property means thatO4|0) # 0 for any local
operator O4 # 0. Note that any operator can be written as a linear combination of
hermitian operators. For any operator Oz € # (B), we have

OB = HB,I + iHB72, (3.24)
with ; t
OB + O Or—0L
B B B

B1~— 2 ) HB’Q = % . (3.25)

Therefore, from (3.20) we get a(V[[K 44 5, Hz]Opl¢)m = 0 for arbitrary operator Op €
Z(B). By using the Reeh-Schlieder theorem the set {O3]¥)a} is dense in the Hilbert
space. This would lead to

(K g 40 Hzl =0, (3.26)
for any hermitian operator H ;, where we have used again the non-separating property of
the vacuum state. Since any operator can be written as a linear combination of hermitian
operators, from (3.26) we could get a stronger condition

Koz 04l =0, (3.27)

for arbitrary operator O; € #(A). Generally, the modular Hamiltonain K, ; ,, can be
expanded as operators located in the region AA. But our condition (3.27) suggests that



K , 5 5 should be only an operator located in the region A not AA. Notice that our
result (3.27) is very similar to the condition of modular zero modes studied in recent
paper [34, 35]. But we don’t know whether these two results have some connections.

The next leading order would be very complicated as shown in (C.16), we list some
terms as follows,

1
Sy = *§(M<¢|H%BKAA,MW)>M + (U1K g0 H g 1)
+ (O H 35K 4 5 0 Haglv)m)
— wllH aglodn (e @los \ Haglodn + arlel gk | [6h)

(O H 350705 HaglO)w + i@ HE gl + (3.28)
One may see more terms in appendix C. In general, they are functions of the following
terms
ML g7 00) [0 01, M (OL2(K 5 00)H 3100 0,
M3 (K g4 00 H gl 0 M (WIH 35 fa(K g 5 0) H 15100 01, (3.29)

where fi(z) (i=1,2,3,4) is function like the form e’*2™. Since we have [K , 1 ;- Hiz] = 0,
it is expected the terms (3.29) can be generated by

(Wl ain H g, (e ain B o) . (3.30)

We should also require Sy > 0, which will give more constraints on the state |1) .

4 Some disentangled states

It is a hard task to directly construct the required unitary operation U;5(1). In [18] we
find it is also possible to extract the result of holographic EoP by using projection operators
in the region AB. In fact the role of projection operators is disentangling A from B. In
this section we would like to study three states, all of them can reduce the entanglement
between A and B. Even though two of these states can produce the holographic EoP result,
we will show they don’t belong to the set of purifications H,, (1.4).

4.1 Joining local quench state

The first state we will discuss is the state |¢); that was used to study local quench in 2D
CFTs [36]. The state is designed to be a system in the ground state of two decoupled parts.
This state can be described by the path-integral as shown in figure 2.

The parameter « is used as a regularization, it is also related to the strength of en-
tanglement between B and its complement. We will take o as a small parameter, more
precisely, a ~ O(e), where € is the UV cut-off of the theory.

We can map the Euclidean space with slits into the upper half plane (UHP) by the

B B w— i — X g
E= 1@ =\ tia e (4.1

~10 -

conformal transformation,



Figure 2. Path-integral representation of the state |) ;.

where x ; is the length of the interval A. The slits are mapped into the boundary of UHP
Im(£) = 0. By using the transformation law of T'(z) and (T'(§))unp = 0 we have

ca2

8 [(w—x;l)2+oz2]2.

Ty(w) := J(IT(w)[Y)s = — (4.2)

Note that Ty(w) is very large near the point x 3, but rapidly vanishing for |w —z ;| > a.
Ty(w) ~ 0(w — x 7) in the limit o — 0.
Now let’s study the EE in the state |¢));. We will discuss the following two different

cases.

Case I: the interval A; := [z1,x 4] with £; < x 4. The points z1 and z ; are mapped

T1—1a—x ;
to & = a4

wiFia—z, and &5 =i For Iy := [z 5 — 1] > a we have

g 142 (4.3)
lr

To calculate EE of the subsystem A; we need to evaluate (0,(£1)0n(€5))unp. Since the
distance |§1 — £ ;| > 2|[Im(&;)|, we have

(o(&1)a (1)) unp = (on(&1))unp(on(é43))vnp. (4.4)

With this we could obtain trp’ = (on(z0)o(z 5))s and

trp" 2l
Say = lim —PAL — Cpg 20 0<la) : (4.5)
€ I

In above calculation we ignore the contributions from the boundary, which give the bound-
ary entropy.

- 11 -



Case II: the interval Az = [x2,0] with 2 < 0. The points 2 and 0 are mapped to

lir + i« i i+ Q0
Co= /L1 =, o= A T~ (4.6)
l[[—ZOé l][ .%'A—ZOé .CI?A

with lr7 := x ; — x2. We should evaluate the correlator (o,,(£2)0n(&))unp. According to

the value of x9 the above correlator will have two different behaviors. In the limit x9 ~ 0
the distance between &3 and p is very small comparing with |2Im(&2)| or |2Im(&p)|, we have

(on(82)an(§0))unp == (on(§2)0n(&0)), (4.7)

that is the boundary effect is very weak. In the limit zo — —oo or |z > x4, we find
€2 — &o| > |2Im&,|. In this limit we have

(on(&2)on(&0))unp =~ (on(&2))unp(on(&0))Unp- (4.8)

There is a phase transition at some critical point x.. For our purpose we are interested in
the limit |2 > x ;. With some calculations we obtain the EE of Sy,

c lir ¢ Tz
~ —log — + = log =
Sa, 60g6 +60g6 +O($A

«

). (4.9)

We can take [¢)) s as a disentangled state because the EE of A; in this state is much smaller
than in the vacuum case.

4.2 Splitting local quench state

The state |¢))g can be described by path-integral as shown in figure 3. The time evolution
of EE in this state and its holographic explanation is studied in a recent paper [37]. The
2D Euclidean space with a slit can be mapped into UHP by the transformation,

£=iw/7w+l.a_”, (4.10)
w—ZOZ—xA

« is parameter to regularize the local state. The slit is mapped to the boundary of UHP
Im(§) = 0. Physically, we could understand [¢))g as cutting the degree of freedom at the
boundary of B and A, therefore, disentangling them. The stress energy tensor (T')g is

ozzc

8 [(w—a:A)Q—i—oz?]Q’

which is same as the state |1) ;. We still discuss the EE of two different subsystem as last

Ts(w) = (T(w))s = — (4.11)

subsection.

Case I: the interval A; := [x1,x ;5] with 3 < ;. The images of z; and x5 are

]l — i .«
f— 2 —_— ’“’:—1‘ 4-12
&1 Z”l;—i—ia Z+l1, §i (4.12)

We could obtain the EE of A; in the state [¢)g,

c 12 «

If taking o = €, we recover the EE of one interval in vacuum state.
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w(s) 0 l o

—iq

Figure 3. Path-integral representation of the state |¥)g.

Case II: the interval Ay = [x2,0] with 2 < 0. The images of 3 and 0 are

a

Eormit S it 2 (4.14)
lrr T3
We have
(on(&2)on(&0))unp = (on(€2)on(£0))- (4.15)
The EE of A5 is given by
~ Clog P2l o &
Sa, ~ 3 log ; —i—O(xA) . (4.16)

This result means the boundary effect is very weak. But the state |1)g also disentangles
A from B. We can see this by comparing the EE of A; in this state with the vacuum case,

5(10)) = S(l)s) = §log T + O(;)-

4.3 Projection state |¢)p

The last state we are interested in is the projection state |¢))p that fix the boundary
condition in the region AB. The EE after projective measurement is studied in [38, 39].
Its holographic explanation by boundary CFTs can be found in [40]. This state can be
expressed by path-integral with a slit [a,b] (0 < @ < z; and b > z ;) on the AB.

We can map the space with slit to UHP by the conformal transformation

¢ = m (4.17)

Again, the slit is mapped to the boundary of UHP. With this we get

(b—a)?c
32(w — a)?(w — b)?

(T(w)) = (4.18)

Let’s discuss the EE of the two different subsystem.

~13 -



Figure 4. Path-integral representation of the state |¢)p.

Case I: the interval A; := [z, CBA] with 1 < a. Note that the EE of A; is same as

the interval [z1, a]. The point x = x; is mapped to & =1 Z:g. Using
(a0 vmp & o (4.19)
on(&1))unp =~ (2Tm(g))2n )
we get the EE of A
Ala — _
Sa, ¢ log (a =) xl). (4.20)

6 (b—a)e
Case II: the interval Ay = [z2,0] with z2 < 0. The point 0 is mapped to & = 2'\/%.

x9 is mapped to & =i Z:;E;' We are interested in |z3| > a. In this limit we have

(on(&0)on(&2))unp =~ (on(&o))unrp(on(&2))unp- (4.21)
The EE of Aj is
Sa, ~ glog 4(a —(Z;"Ui)ib)e— ) + glog (b4_az)€ + O(;) . (4.22)

In above results we ignore the boundary contributions. By comparing the EE of A; with
the vacuum case we can see the projection operations do disentangle A and B.

4.4 Relation to EoP

The entanglement entropies between A and B in the three states [¢)g,|1); and 1)) p are
smaller than the vacuum state.
For the state [¢);, the EE of Case I'is (4.5). In the limit x ; — 0 we have

2|SE1|

c
Sypa= = log (4.23)

6
Take x1 = w(s), we find S, ; could produce the holographic EoP result (2.10).

— 14 —



For the state [¢) p, the EE of Case I is (4.20). In the limit b — 0o, a — 0 and 2 ; — 0
we have iz
c 4lxq
-1 . 4.24
5 los — (4.24)
Take 1 = w(s), we find the difference between the holographic EoP (2.10) and (4.24) is
also a constant §log2. This has been noticed in [18].

In this section we will discuss whether the states [¢) s and |¢)) p in above limits can be
approximately taken as [¢) ;.
Using the relation (3.13), one should have (T'(z))y = (T'(z)) = 0 for x < 0. From (4.2)

we obtain

COJ2

(T(x))s = _mv (4.25)

in the limit 2 ; — 0. (T'(x)) . is almost vanishing for x > «. Similarly, from (4.18) we obtain

c
(T(z))p = ma (4.26)
in the limit b — oo and z; — 0, where we take a — i€ to regularize the energy density.
It is obvious the energy densities in the states [¢); and |¢)p are not vanishing for = < 0.
But (T'(w))s will become very small for |w| > a. We would like to use relative entropy to
characterize the distance between the two states and the states in the set (1.4).

More precisely, we want to calculate the relative entropy of the states papo and pap;
with ¢ = J, P, where papo = tr;5|0)(0| and pap; = trzzlv)i «(¥|. In the following we
will use the notations pg := pap,o and p; :== pap,;.

The definition of relative entropy is

S(pilpo) := trp;(log p; — log po). (4.27)

Note that if p; = tr ;5(v)(¥| with [¢) € Hy (1.4), we have p; = po, thus S(p;[po) = 0.
It is useful to write (4.27) as

S(pilpo) = A(Ko)i — AS, (4.28)
with
A(Ko)i = trp; Ko — trpoKo,
ASl = SZ - S(), (4.29)
where Ky := —logpp is the modular Hamiltonian of AB in the vacuum state and
S; = —trp;log p;, So := —trpglog pg are the Von Neumann entropy of p; and py. The

modular Hamiltonian Kj is well known
KO = —27['/ dxxTo()(l’), (430)
<0

where Tyo=—35-(T'(2)+71(2)). The positivity of relative entropy requires that A(Kp); > AS;.
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Using (4.23) and (4.24) we have

c. Lap
AS; =51
S =108 5
C LAB
ASp = —-=1 4.31
SP 6 og de ) ( 3)

where L 4p is IR cut-off of the length of AB. Using the results (4.25)(4.26) we could obtain
c
A({Ko) s = 3’

c L
A(Ko)p ~ — 1 log ‘:B. (4.32)

Therefore, in both case we have

Lag
€

S(pilpo) ~ clog > 0. (4.33)

Though the EE of AA in the states [¢) s and [¢)) p is very near the holographic EoP (2.10),
these two states are far away from the set of purifications H,.

5 Conclusion and discussion

In this paper, we studied EoP in (1+1)D CFTs by stressing the relation between the
calculation of EoP and unitary operations of disentanglement. To find the minimum of
S 4 i in the state |1)) 5 can be taken as a task of disentangling A from B. But if disentangling
too much, S, ; would be very large. We estimate the amount of entanglement near the
state |¢)pr by using the inequality of EE. Our result suggests near the state |¢),s the
correlations between A and B are still very large.

Even though we still don’t know how to calculate EoP or find the state [1))as by field
theory method, one can glimpse the constraint of the EE of AA by using the inequality
of the Von Neumann entropy. Moreover, by perturbative calculation we derive the EE in
the state |1(8) := €45 |¢)) s upto the order O(62). The EE in the state |+) s should be
minimal, from this we obtain a constraint (3.20). Actually it is very likely we may have a
more stronger condition (3.23).

We also point out the SL(2,R) invariance of EoP, which is a requirement by the
holographic EoP conjecture. It is interesting to check whether other ways to extract the
cross section of entanglement wedge is also SL(2,R) [41-43]. The SL(2,R) invariance is a
basic requirement for the physical quantity which has a dual in pure AdS.

Unfortunately, in this paper we haven’t constructed exact unitary operations which
may achieve the task of disentanglement. But we studied three states |¢) s, [¢))s and [¢) p.
They also can be seen as states that disentangling A from B. Two of them even can
produce the holographic EoP result (2.10) with a difference of small constant. But these
states are far away from the purification set H,. Thus they fail to be the candidate near
the state |1)s.

Let’s finish this paper by a comment on possible extensions of our present results. The
conditions (3.20) or (3.23) seems to be a very strong constraint on the state [i) s, since they
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are true for all the hermitian operators. Actually we tend to believe the holographic EoP is
only true for the set of purifications that can be taken as geometric states [44], that is the
state with a geometric description. So the perturbation states |¢)(J)) should also belong to
the set of geometric states. Therefore, the hermitian operators is not arbitrary but should
accord with the geometric requirement. Interestingly, this condition (3.23) is same as the
definition of modular zero mode [34]. In [35] the authors discussed the modular zero mode
for the vacuum state, but here our result is for the state |¢)y,. It is a very interesting
direction to make clear whether these two things have some secret relations.

In this paper we haven’t carefully studied the second order variation of S, ; (C.16).
We only use the Baker-Campbell-Hausdorff formula and give a non-close form of the second
order result S5. Recently, there are a lot of studies on the perturbative calculations of EE
to second or higher order, see for examples [45]-[48]. The technics used in these papers
also apply to our calculation of the second order of EE. Perhaps a close form of the second
order expression would give us more information on the state [1) .
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A EoP for disconnected intervals

In this section we would like to study the EoP for two intervals on the ¢-plane A” = [t, 4]
and B"” = [z, s] with z < s < t < y. In this case we will show the holographic EoP can
be derived from (2.12) by SL(2,R) transformation. Firstly, we use the global conformal

w= f(e) = EEVIS)e (A1)

t—s

transformation

where € is the UV cut-off. It can map A” = [t,y] and B” = [z, s] to intervals on w-plane

(x +Vt—s)e (s ++t—s)e

A/ - [t07y0] with tO - y Yo =
t—s t—s
t+t— Vi —
B/ = [.%'0, So] with o = (—}-ts)67 S0 = M (A2)
— S — S

Note that on the w-plane A’ and B’ are almost connected, that is |ty — sg| = €. Therefore,
we can use the formula (2.12) to calculate EoP, we get

2(s0 — 20)(yo — s0) _ ¢ 2(s —x)(y —3) (A.3)

s re 6 % ey )

&
EW(PA”B”) ~ 6
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To use the formula (2.12) we should require |sg — x| ~ |yo —to| > €. We may take x = _ﬁ%’
s=—-1,t=1andy= E% and require £y < 1 or £ ~ 0. Finally, in this limit we obtain

C
Ew(parpr) =~ 5 log &o, (A4)

which is consistent with the result in [7].

B Holographic compression

In this section we will briefly review the so-called holographic compression theorem on a
lattice model and discuss its possible extension to quantum field theory. Let’s consider a
system is defined on some regular lattice A with the lattice distance a. For any subsystem
A we could introduce the thickened boundary 0;A with the length scale I. The EE of
state |U) follows the area law, Sy < k|0A|, where |0A| denotes the number of sites on the
boundary 0A. The region A\ A is defined as the bulk of A [33]. Let’s define the function

la(k) ;== min{l : |0;A| > k|0A|}. (B.1)
The holographic compression theorem is given as follows.

Theorem 1 (Holographic compression [33]). For a quantum state |¥) on the lattice ful-
filling an area law, S(A) < k|A|. For any positive 6 and | > 14(k/6), there exists a unitary
operation Ua that could disentangle the bulk of A from its complement, i.e.,

Ual¥) =5 [x0) @ |X1), (B.2)

where Y1) =5 |12) denotes their fidelity |(11|y2)|? > 1 — 6, |x1) is an arbitrary state on
the bulk A\O;A and xo is in the region A|JO,A.

We should stress that the theorem is proved for the lattices models. Its generalization
to QFT should contain some subtle points when taking the continuous limit ¢ — 0. For
example, for one-dimensional case with a fixed [ the sites numbers |9;A| = é would be
divergent in the limit @ — 0. But we could avoid this by considering the ratio {/L, where
L is the size of the subsystem A. For vacuum state |0) in (1 + 1)D CFTs, the area law is
modified by S4 = £log %, therefore, to satisfy the holographic compression theorem one
should require

1, cloey
L =30 L
It is obvious in the limit L — oo the r.h.s. of (B.3) would approach to 0. It means the

(B.3)

holographic compression theorem can be satisfied even we take the size [ of the boundary
0;A to be fixed in the limit L — oo.

The above argument only requires [ to be fixed, we cannot give a lower bound of the
length of .
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C Perturbation expansion of entanglement entropy

Let’s consider a perturbation of the state pg by a small dp, p = pg + dp. We assume p is
normalized, therefore, trép = 0. By the definition of entanglement entropy S = —trplog p,
we can expand S as

S = —tr [(po + dp)loge X0e™51] = Sy + S1(6p) + S2(3p%) + .. ., (C.1)
where Sy is the EE in the state pg and we define
Ko = —log po,

_ _ 1 _
Ky = —log(1+ pg Lsp) = —Po Lsp + 3P0 1(5pp0 p+.... (C.2)

We can use the Baker-Campbell-Hausdorff (BCH) formulas to calculate the logarithm term

Ko

K :=loge ¥0e=K1 to the linear order in the operator K it is given by

K = —Ko— B(—ad_g,) K1 + O(K?}), (C.3)
where adxY := [X,Y] and B(x) is the generating function of Bernoulli numbers

x T .’IJ2 $4

B(x):ez_1:1—§+ﬁ—%+.... (0.4)
The O(dp) term of the expansion is
S1(6p) = —tr [—poB(—ad_rq,) K1} + tropKo. (C.5)

To the leading order of §p we have K1 = —py *6p + O(3p?) and
tr [poB(—ad_k,)K1] ~ tr [B(—ad_g,)dp] = 0, (C.6)
by using the cyclic property of trace and trépy = 0. Therefore, to the leading order
S1(0p) = tropKo. (C.7)

The second order term S (8p?) are much more complicated. There is no so simple expansion
of the logarithm term K at the order O(K7). The first few terms are well known,

K = —Ky — B(—ad_g,) K1 + C(K?) + O(K?), (C.8)
with
CUK?) = 5[, (Ko, Kal) = o, [Ko, o, K
oo [, Ko, [, o, K )]+ (C.9)
The O(6p?) terms are included in
tr[poB(—ad_r,) K1 — tr[pC(K})] + tr[6pB(—ad_r, ) K1]. (C.10)
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We have
1 _ _
S(6p%) = §tr(5pp0 Y5p) — tr[dppy ' B(—ad_1c,)dp] — tr(poC(K?)], (C.11)

where
) ) 1 )
—tr{0ppy ' B(—ad-1c,)dp) = —trldppg 'op] + 5tr(3ppg Ko, dp]) +

1 _ _
—trpolpgy top, (Ko, pg t0p]) + ... . (C.12)

~trlpoC(RD)] = — 15

Let’s come back to the states (3.17) that we are interested in. The state p(d) = [1)ar ar{¥)+
dp with

op = i6H z[¥) v a (| — i0|)ar e (Y|H g5
— SO H gl wwl = S8 el
+ 62 H s plo)n m ([ H 5. (C.13)
Taking dp into the general formulae (C.7) and (C.11) we get the EE in the state p(9),
S([9(8))) = S(|¥)ar) + 851 + 6752 + O(5?), (C.14)
with

1= i s (OlK g0 Hagllo)ar, (C.15)

and

S0 = — 2 (0 OO g s+ AV 130, HE )0

+ MW H 35K 4 0 Haglt)m)

— (W H 51000 (arlo3 | Haglodn + (W Hap3k 10 )

+ M<¢|H*BP;1 vHaplvm + M ($HS 519)

MY H z1¢) M MW\PAA B aiHaglv)m

VIH 5075 0 K i Hasl)
"
Y| H
"

ABW})M M<1/J|PAA MKAA ml)
Al¥)m M<1/’|HABPAA’MKAA,M|¢>M

Ky qarHaglO)n i(@lo, 1 Haglt)m

+

5(
— M
— M
M
— m
+M< [H 4 AAMHABW>

<1/}|KAAMrwm]V[erABp;i wHislv)m

(W 35 K g a0 n a1 H g5 [00a) + (C.16)
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