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1 Introduction

Supersymmetric quantum field theories are an invaluable tool for probing strong coupling
dynamics. Unbroken supersymmetry permits the use of non renormalization theorems
and supersymmetric localization techniques [1-4] in order to non perturbatively compute
observables such as partition functions and Wilson loops. Supersymmetry is also relevant
for extending the Standard Model to higher energies and plays a pivotal role in holographic
dualities and string theory. A question of paramount importance, therefore, is whether
supersymmetry is anomalous at the quantum level.

Several supersymmetry anomalies have been discussed in the literature and fall into two
broad classes, depending on whether they appear in the gamma trace or in the divergence
of the supercurrent. The gamma trace of the supercurrent is in the same multiplet as the
trace of the stress tensor and the divergence of the R-current [5] and so the corresponding
supersymmetry anomalies are part of the multiplet of superconformal anomalies [6-18].
Anomalies in the gamma trace of the supercurrent arise also in non Abelian supersymmetric
gauge theories if one insists on a gauge invariant supercurrent that is conserved [19-24].

The supersymmetry anomalies we are concerned with here, however, are those arising
in the divergence of the supercurrent. Such anomalies have been less studied and are often
believed to be absent in physical theories. The first examples of supersymmetry anoma-
lies in the divergence of the supercurrent were found in the context of supersymmetric
theories with gauge anomalies. In particular, the fact that the Wess-Zumino consistency
conditions [25] imply the presence of a supersymmetry anomaly whenever the theory has
a gauge anomaly was pointed out in [26] (see also [27-29] and [30] for a review). However,
gauge anomalies must be canceled for the consistency of the theory at the quantum level,
and so the corresponding supersymmetry anomaly is canceled as well. An anomaly in the
divergence of the supercurrent was also found in the presence of a gravitational anomaly
in two-dimensional theories in [31-33]. This anomaly is conceptually closer to the super-
symmetry anomalies we discuss here since it is related to a global anomaly, which need not
be canceled.

Anomalies in the divergence of the supercurrent have also been discussed in the context
of supergravity theories [10, 11, 34]. These works focused on dynamical or on-shell super-
gravity, but some of the supersymmetry anomalies identified there appear as well in off-shell
background supergravity, which is relevant for studying global supersymmetry anomalies in
supersymmetric quantum field theories. Global anomalies are a property of the theory and
do not lead to any inconsistencies. They have physical consequences, such as the violation
of selection rules [35, 36] and the transport properties of the theory [37]. In particular,
global supersymmetry anomalies do not render a quantum field theory inconsistent, but
they imply that supersymmetry cannot be gauged, i.e. the theory cannot be consistently
coupled to dynamical supergravity at the quantum level. Moreover, global supersymmetry
anomalies may violate some of the conditions required in order for non-renormalization
theorems and supersymmetric localization techniques to be applicable.

Classifying global supersymmetry anomalies is therefore particularly relevant following
the recent advances in supersymmetric localization techniques for quantum field theories on



curved backgrounds [4] (see [38] for a comprehensive review). A systematic way for placing
supersymmetric quantum field theories on curved backgrounds was developed in [39] and
involves coupling the theory to a given off-shell background supergravity. This corresponds
to turning on background fields for the current multiplet operators. Rigid supersymmetry
on purely bosonic backgrounds can then be defined independently of the details of the
microscopic theory through the Killing spinor equations obtained by setting to zero the su-
persymmetry variations of the background supergravity fermions. This procedure leads to
a classification of supersymmetric backgrounds preserving a number of supercharges [40-54]
(see also [55] for earlier work). However, the corresponding rigid supersymmetry may or
may not be preserved at the quantum level.

The fact that rigid supersymmetry defined in this way can be anomalous at the quan-
tum level was first pointed out in the context of theories with a holographic dual [56-58].
The anomaly in rigid supersymmetry refers to a local term in the quantum supersymmetry
transformation of the supercurrent and depends on the bosonic background. This bosonic
term is directly related to the (fermionic) supersymmetry anomalies in the divergence and
(in the case of conformal supergravity backgrounds) the gamma trace of the supercurrent.
The form of these anomalies for any four dimensional superconformal field theory on back-
grounds of /' =1 conformal supergravity was derived in [59] by solving the corresponding
Wess-Zumino consistency conditions. The presence of these supersymmetry anomalies was
also verified through a perturbative calculation of flat space four-point functions involving
two supercurrents and either two R-currents or one R-current and a stress tensor in the
free and massless Wess-Zumino model [60, 61].

In this paper we consider off-shell new minimal supergravity in four dimensions [62-65]
in the presence of an arbitrary number of Abelian vector multiplets. This provides a suitable
set of background fields for the R-multiplet of current operators that exists for supersym-
metric theories with a U(1) R-symmetry [66, 67], as well as for an arbitrary number of
flavor multiplets. We determine the algebra of local symmetry transformations and iden-
tify a specific relation with the symmetry algebra of A" = 1 conformal supergravity. This
allows us to derive the supersymmetry anomalies of the new minimal gravity multiplet
from those of N/ = 1 conformal supergravity obtained in [59]. Six additional candidate
anomalies are found in the presence of vector multiplets by directly solving the Wess-
Zumino consistency conditions for new minimal supergravity to leading non trivial order
in the gravitino and the flavorinos. These results extend our earlier analysis for N' = 1
conformal supergravity [59, 60] to non conformal theories with an arbitrary number of
Abelian flavor symmetries. We find that the presence of either an R-symmetry or a flavor
symmetry anomaly necessarily leads to a supersymmetry anomaly, irrespective of whether
the theory is conformal or not. This result is consistent with the observation of [68] that in
theories with an R-multiplet supersymmetry can be non anomalous provided R-symmetry
is non anomalous. The supersymmetry anomaly is cohomologically non trivial and cannot
be removed by a local counterterm without breaking diffeomorphism and/or local Lorentz
symmetry. Moreover, it implies that the fermionic operators in the current and flavor mul-
tiplets acquire an anomalous supersymmetry transformation at the quantum level, even
on purely bosonic backgrounds. The significance of this anomalous transformation for su-



persymmetric quantum field theory observables on new minimal supergravity backgrounds
that preserve a number of supercharges is discussed.

The paper is organized as follows. In section 2 we review the local symmetry algebra
of off-shell new minimal supergravity in four dimensions and we discuss its relation to the
symmetry algebra of N' = 1 conformal supergravity. In section 3 we utilize this relation
in order to derive the Ward identities and anomaly candidates for the gravity multiplet of
new minimal supergravity from those of A/ = 1 conformal supergravity. These results are
generalized in section 4 to include background fields for an arbitrary number of Abelian
flavor multiplets. In section 5 we derive the anomalous supersymmetry transformations
of the supercurrent and of the fermionic operators in the flavor multiplets as a result of
the anomaly in the conservation of the supercurrent. These are specialized in section 6
to rigid supersymmetry transformations on new minimal supergravity backgrounds that
admit Killing spinors and the implications for supersymmetric observables are discussed.
We conclude with a number of open questions in section 7. Appendix A contains a summary
of the results of [59] for N' = 1 conformal supergravity, while in appendix B we provide the
details of the Wess-Zumino consistency conditions calculation for the anomaly cocycles in
the presence of flavor multiplets. Our spinor conventions follow those of [69] and several
useful gamma matrix identities can be found in appendix A of [59].

2 The local symmetry algebra of new minimal supergravity

We begin by reviewing some basic aspects of new minimal supergravity [62—65], including
its local symmetry transformations and the corresponding algebra. As we will see, the
gravity multiplet of new minimal supergravity can be formulated in terms of an effective
gravity multiplet of N' = 1 conformal supergravity, allowing one to read off both the local
symmetry algebra and the gravity multiplet anomalies directly from those of conformal
supergravity computed in [59].

a
;,L?
gauge field A, an Abelian 2-form field B,,,, and a Majorana gravitino ¢, comprising 6 -6

The field content of new minimal supergravity consists of the vielbein e®, an Abelian
bosonic and 12 fermionic off-shell degrees of freedom. Several properties of new minimal
supergravity simplify when expressed in terms of the composite gauge field

3

1 1—
7Vl“ VM = Zeuypg <8VBpO' - wnypq/}U) . (21)

C’MEAM—2 5

Crucially, the composite field C), transforms as a gauge field of N' = 1 conformal super-
gravity.

2.1 Local symmetry transformations

The local symmetries of new minimal supergravity are diffeomorphisms &H(x), local
frame rotations A% (z), O-form gauge transformations 6(z), 1-form gauge transformations
A,(x), and Q-supersymmetry transformations e(x). Under these the supergravity fields



transform as!

det = E*0nel + 50, — A%l — %E/ﬂ“s,
3 = EOxt + 02" — P+ Dye + SV e — 7600
54 = PO+ A0, + TEn (Dpwa " ;V”vpm%g) T 9,6,
0By, = £ 0x\Byuy + Bax,0u&™ + Bun0u& + Y mie + 0uly — 9y A, (2.2)

where the covariant derivatives of the gravitino and the spinor parameter € are as in N' =1
conformal supergravity and are given respectively in (A.2) and (A.8). In new minimal
supergravity, however, the gauge field C, in the covariant derivatives is identified with the
composite field (2.1).

Comparing the transformations (2.2) with those in N' = 1 conformal supergravity
given in eq. (A.4) in appendix A, one notices that the transformation of the vielbein is
the same in new minimal and conformal supergravity provided the Weyl transformation
parameter o of conformal supergravity is set to zero. Similarly, the gravitino transforma-
tions coincide provided the Weyl parameter ¢ and the S-supersymmetry parameter 7 of
conformal supergravity are set to

i
o=0, n= —§Vp7p755. (2.3)
Using the following transformation of the composite vector field V,, defined in (2.1)

1 1 1
5Vu = 5)\8/\‘//1 + V)\aug/\ - Zepup0§7ypp¢a + ZV”ﬁf%% + §VV§7V¢W (2'4)

the values (2.3) of the conformal supergravity parameters ensure also that the transforma-
tion of the composite gauge field C}, defined in (2.1) coincides with that of the gauge field
in conformal supergravity given in (A.4), namely

31— 31—
60, = E20\C,, + Cr D, + Z¢M’y5€ — Zw,ﬂ% + 9,0, (2.5)

where ¢, is defined in (A.1). In summary, the fields €y, Yu and C) in new minimal
supergravity transform exactly as the corresponding fields in AV = 1 conformal supergravity,
provided the Weyl and S-supersymmetry parameters of conformal supergravity are set to
the values in (2.3). This observation allows us to deduce the local symmetry algebra of
new minimal supergravity from the algebra of A = 1 conformal supergravity.

LAn interesting possibility is to promote the Abelian 0-form and 1-form symmetries of new minimal
supergravity to a 2-group symmetry by modifying the gauge transformation of the 2-form field to include
a term of the form [70-72]

K
—O0F,.,,
o M

where F},, = 0,A, — 0, A, and k is a constant. It would be interesting to determine whether the algebra

09 By =

can be adjusted to close off-shell in the presence of this deformation, and if so how the quantum anomalies
would be modified. However, we will not consider this possibility in the present work.



2.2 Local symmetry algebra

The relation between new minimal and conformal supergravities discussed above can be
formulated as a map between the so called Ward operators of new minimal supergravity,
"M that generate the local symmetry transformations (2.2), and those of conformal super-
gravity, 6¢. We have shown that the Ward operators of diffeomorphisms, local Lorentz and
U(1) gauge transformations coincide in new minimal and conformal supergravities, namely

M= =5, AM=0{=5, HM=05=4. (2:6)

Moreover, the Ward operator of Weyl transformations is identically zero in new minimal
supergravity, while the Ward operator of Q-supersymmetry in new minimal supergravity
is the sum of the Q- and S-supersymmetry Ward operators in conformal supergravity, i.e.
NM NM C , 5C
5, =0, oV =067 + (517(5), (2.7)
with 7(e) given in (2.3). In addition, new minimal supergravity contains the Ward operator
of 1-form gauge transformations (5RIM. It follows that all new minimal supergravity commu-
tators that do not involve (5RIM can be determined directly from the algebra of conformal
supergravity, up to terms involving (5RIM.
Let us first consider the commutator [61™, 6¥M]. Up to a possible contribution of Sy M
on the r.h.s. that can be determined separately, this commutator can be read off from
the algebra of conformal supergravity. Using (2.7) and the conformal supergravity algebra
in (A.10) we obtain
[N 6IM] = [68 465,05 +05] = (08,051 +(0F 65 +[05 ,05] = 6e +0r+0p+05,  (2.8)

e Vel e »Yn

where the field dependent parameters of the bosonic transformations on the r.h.s. are

given by
1
b T n
¢ =58,
1 i B
o=@ —Fn) =V ([Ew"e —En’e) =0,
1 3 3i 1
0=—5(E)C, - ZZEV%/ - ZZE’V% = —5(E"e)A,
1 1 1 1
A% = =5 () wu — 5B + 5BV = —5(E0) (W Hew™V). (29)

Notice that the Weyl parameter o vanishes as required by the conditions (2.3). In order

to detect the possible presence of 5RIM on the r.h.s. of the commutator [5ENM, 6§M} we need
to evaluate it on By,. A straightforward calculation determines that
[5§M: 5§M]Bw = (d¢ + 5RIM)BW7 (2.10)
where & is as in (2.9) and
Ay =&+ Bt (2.11)



All remaining commutators either follow trivially from the corresponding ones in con-
formal supergravity, or they can be easily evaluated directly. Putting everything together,
one finds that the non-vanishing commutators in new minimal supergravity are [63]?

[(55, (55/] = 55//’ ‘EHM — é'yayé',ﬂ _ 5/V8V5N’
[0, O] = S, Ny = NG — XN,

1
[ONM OM] = 6¢ + 65 + dg + XM, ¢ = ffwg, A% = =& (wu + V"),
0=—&"A,, Ay=-&+ Bu&. (2.12)

The local parameters ¥, A\%,, 6 and ¢ transform as those in conformal supergravity with
o0 =0 (see eq. (A.9)), while the 1-form gauge parameter A, transforms as

GA, = €00, + A, 0,8, (2.13)

The algebra (2.12) is the starting point for computing the candidate anomalies of new
minimal supergravity by solving the corresponding Wess-Zumino consistency conditions.

3 Ward identities and anomalies for the R-multiplet

Supersymmetric theories with a U(1) g symmetry admit an R-multiplet [66], which couples
to new minimal background supergravity [67]. In this section we derive the Ward identities
for the R-multiplet and we determine the corresponding bosonic and fermionic anomaly
candidates. The relation between the local algebra of new minimal and conformal super-
gravity we identified in the previous section allows us to simply read off the R-multiplet
anomalies from those of N’ = 1 conformal supergravity found in [59], without having to
solve the Wess-Zumino consistency conditions for new minimal supergravity.

3.1 R-multiplet anomalies

In four dimensions there are no genuine gravitational or Lorentz anomalies [73], and 1-
form symmetries are also non anomalous.® It follows that in a scheme (i.e. a choice of
local counterterms) where the mixed axial-gravitational anomaly enters exclusively in the
divergence of the R-current (see e.g. eq. (2.43) of [74]) the R-multiplet anomalies can be
parameterized as

S ¥ = / d'ze (— AR —zAZM), (3.1)

where #'[e, A, B, 1] is the generating functional of connected correlation functions of the
R-multiplet currents and Qny = (€, A, 6, A, ) denotes the set of local transformation pa-
rameters of new minimal supergravity.

2The commutator [égM,égM] produces also a supersymmetry transformation with parameter &’ ~
&M, |63, 64]. This term has no effect when working to leading order in the gravitino and so we do
not include it in our analysis.

®A candidate 1-form symmetry anomaly of the form [e A,e"**?9,B,, can be canceled by the local
counterterm f B A B. See [10, 11] for a classification of candidate anomalies in new minimal supergravity
and [71] for a discussion of 1-form symmetry anomalies in connection to 2-group symmetries.



In the previous section we saw that R-symmetry transformations in new minimal and
conformal supergravity coincide, while Q-supersymmetry transformations in new minimal
supergravity correspond to the sum of a Q-supersymmetry and an S-supersymmetry trans-
formation of an effective N/ = 1 conformal supergravity, with gauge field as in (2.1) and
effective S-supersymmetry parameter n(c) as in (2.3). It follows that the new minimal su-
pergravity anomalies A%M and ASM can be obtained directly from the anomalies of NV = 1
conformal supergravity. Namely, from (A.12) we determine that

A%M = A% - MGG + /4,(2)73,
1 1 2
AP = AG = SV pAS = kDAY + kAT, (3.2)
where k) and k() are undetermined constants that depend on the specific theory that
is placed on a background of new minimal supergravity, G, = 9,C, — 9,C, is the field-
strength of the composite gauge field C,,, and GG and the Pontryagin density P are defined
respectively in (A.14) and (A.15). Moreover, the fermionic anomalies AS) and A(QQ) are

obtained from the fermionic anomalies .Ag and .Ag in conformal supergravity through the
identification (3.2) and take the form [59]

S i
AY) = =3iG" C,° <¢V - zvpfypvf’wy)
- %VR'Y5'VH [GHVD/M[}V + %G#V (’Yu [0651 - 5L055])’Y5Dp¢0 + %Png[uvpa] Dp"vba + 0(7/13),
AL =~V 1 (Cp RP )y, 1)+ Gl Ry b5 — %vw”% [10@’6““’ (7081 =012 1) y° Dty

1
_|_9pwgu[u,ypa] D,hy—3 (Ruupa%w _ QRgWgu[u,ypa]> D,ﬂ,bg] ‘f’O(wS), (3.3)

where the Schouten tensor P, is defined in (A.6). At a fixed point the anomaly coefficients
k() and k@ are related to the a and ¢ central charges as

kM = (a=3c) 36), k2 = (c= a). (3.4)
272 2472
The relation between the new minimal and conformal supergravity algebras we highlighted
above ensures that the anomalies (3.2) are the general solution of the Wess-Zumino con-
sistency conditions for the gravity multiplet of new minimal supergravity.

It is possible that the supersymmetry anomalies (3.3) are related to the superspace
anomalies obtained in [7, 15] and [10, 11] (see Type II anomalies in table 9.1 of [11]).
However, candidate anomalies in superspace and in components can differ because the
extra auxiliary fields in the superspace formulation act as symmetry compensators [34].
A known example of this phenomenon occurs in supersymmetric Yang-Mills theory in the
presence of gauge anomalies. The superspace formulation of the theory does not exhibit
a supersymmetry anomaly, but the component formulation in the Wess-Zumino gauge has
a supersymmetry anomaly [26] (see also [27-29]). This can be understood from the fact
that in order to preserve the Wess-Zumino gauge, supersymmetry transformations require



a compensating gauge transformation. If the theory has a gauge anomaly, this leads to a
supersymmetry anomaly. However, gauge anomalies must be canceled for the consistency
of supersymmetric Yang-Mills theory at the quantum level and so this fact has no physical
significance. However, global symmetries such as R-symmetry or flavor symmetries can be
anomalous and the supersymmetry anomaly they lead to is physical.

3.2 Ward identities

The Ward identities of the R-multiplet follow from the local symmetry transformations of
new minimal supergravity (2.2) and the anomalous transformation (3.1) of the generating
function. The form of the Ward identities is therefore independent of the specific quantum
theory that is placed on a background of new minimal supergravity. All information about
the microscopic theory is contained in the values of the anomaly coefficients (1) and x(2).

The fields of new minimal supergravity act as sources for the R-multiplet current
operators, which are defined through a general variation of the generating function of
connected correlators

oW = /d% e(0es(TH) s + 6 A (TH)s + 0B (KM ) s 4 01, (SH)s), (3.5)
so that
Y/ Y/ o Y/
THs=e'——, (TMs=e"'——, (KM=e'—— (S")s=c"'=, (36
(Tthe =G (T =cTlgg (=TSm0

where e = det(ej;) and (---)s denotes a (connected) correlation function in the presence of
arbitrary sources. In particular, any n-point function involving R-multiplet currents can
be obtained by further differentiating these expressions with respect to the corresponding
sources.

A slightly different set of R-multiplet operators is often defined by parameterizing a
general variation of the generating functional as [63] (see also [67])

W = / d'a e(8es (T s + 0C,(T")s + §Bu (KM ) + 69, (SM)), (3.7)

so that the R-current couples to the composite gauge field C), rather than to A,. The two
sets of operators are related through spectral flow:

- 3 L oy
()= (Tt (Vo V= Ve = 30T )
3

(K1) = (KH)s + S 0p(To)s,
(85 = (S")s + P50 (T1 s,
(TH)e = (T")s. (3.8)

Besides obeying simpler Ward identities, the advantage of the hatted operators is that
they couple also to conformal supergravity and are therefore appropriate for describing

superconformal theories.



In order to derive the Ward identities of the R-multiplet we equate the anomalous
transformation (3.1) of the generating function with either (3.5) or (3.7), evaluated on
the symmetry transformations (2.2) of new minimal supergravity. In terms of the hatted
currents the resulting Ward identities take the form

OV (T AV (G, (8)6) = 0 D (8 s = G (T)s — g (RP)
. . _ . N 1_ .
+2BMO'VP<’CpO'>s+CM (Vu<jy>s+iwu’}/5 <Sy>s) _wuab <€V[a<7;]/>5+4wy’}/ab<sy>5> = 0,

u[a<7~ > +- w,f)/ab< > =0,
Vu(KH) s =0,
Vil T") s+, (S")s = ARM
] 1
(Du_ZVP'Y 'Yp’Yu) <SM> _*7a¢u< >

32 1 ~ ~
b (¢u_ 2Vp7p'75¢u> (TH)s _'Y[;ﬂ/’u] (KH)s = AgM, (3.9)
where the fieldstrength H,,,, of the 2-form gauge field B,,, is given by
Hyyp = 0,By,+ 0,Bu + 0,By,. (3.10)

The Ward identities are slightly more cumbersome in terms of the currents (3.6),
namely

_ _ 3
eZVV<7;V>s+VV(¢M<SV>S)_wu%u<sy>s_§lvuwu75<su>s Fyu{T")s— Hupa (KP7) s
F2Br Vo Ay (AT 077(87)e) — e Tt i) ) =0

1—
e,u[a<7;)?>s+zw,u7ab<8“>s =0,
V), =0,

Vil T s+it, 77 (SM)s = AR,

. 1 y
(Du—;V‘Ws%’m) <S“>s—§7a¢u<7 Jst— 7u7p075< p¢a+;vy7p%75¢0) (T")s
_"Y[uwu] <IC[1,V> :ASM (3.11)

These can be deduced by inserting the expressions (3.8) for the hatted currents in the Ward
identities (3.9), but it is technically significantly simpler to obtain them directly from the
variation (3.5) of the generating function.

We emphasize that the Ward identities (3.9) or (3.11) involve one-point functions in the
presence of arbitrary sources, i.e. generic background fields. This means that differentiating
these identities with respect to the background fields and using the definitions of the
current operators above one can derive the Ward identities for any correlation function of
R-multiplet currents, both in flat space and on any new minimal supergravity background.
In particular, the anomalies A%M and AgM contribute contact terms in certain flat space
higher-point functions [60, 61].



4 Ward identities and anomalies in the presence of flavor symmetries

Supersymmetric field theories may possess additional global symmetries beyond those en-
coded in the gravity multiplet. In order to derive the Ward identities and their quantum
anomalies in the presence of such flavor symmetries we need to couple the gravity multiplet
of new minimal supergravity to a number of vector multiplets (gauge multiplets in the ter-
minology of [64]). In this section we will consider an arbitrary number N of Abelian vector
multiplets (aﬁ, M, DT), I=1,...,N. The subsequent analysis can be easily generalized to
non Abelian vector multiplets, but we will not address this case here.
The local symmetry transformations of the vector multiplet fields take the from [64]

1

5Q{L = f“@,,aﬁ +alo,e” + 5

Ey N+ O

1 1
N = g0N = Ay A = 2 (Y77 T + 97D )e — it A,

1
§D! = ¢9,D" + 25" | DN + i (7 F ) + "D Y| (4.1)

where fl{y = Oyal — ayaf; is the flavor fieldstrength with
I I I
‘g\,uu = fyz/ - w[u%})\ ) (42)
and the covariant derivative acts on the flavorinos as

1
DM)\I = ((9# + Zwuawab + i’y‘r’CM) M. (4.3)

A straightforward but tedious calculation shows that these transformations form an-
other off-shell representation of the new minimal supergravity algebra (2.12), except that
the commutator between two supersymmetry transformations has an additional term,
namely

[0c, 0cr] = ¢ 4 0x + 0p + A + O, (4.4)

where the composite parameters £, \%,, § and A, are as in (2.12), while the flavor trans-
formation parameter takes the form

w! = —ﬁuai. (4.5)

As before, we are neglecting a supersymmetry transformation on the r.h.s. of (4.4) that
plays no role to leading order in the fermions (see footnote 2).

4.1 R-multiplet anomalies with flavors

In the presence of flavors, the anomalous transformation of the generating functional
of connected correlators "/ﬂ[e,A,B,w,aI A ,DI] under the extended local symmetries
Q= (&M 0,A,e,w") can be parameterized as

oW = /d4$ e ( —0AR — wI.A[ — E.AQ), (4.6)

~10 -



where the R-symmetry and supersymmetry anomalies now receive additional contributions
relative to the gravity multiplet anomalies (3.2) due to the flavors, and there is a new
anomaly in the flavor gauge transformations.

Turning on background fields for the flavor multiplets leads to several indepen-
dent solutions of the Wess-Zumino consistency conditions, in addition to the two grav-
ity multiplet cocycles k(") and k(. The R-symmetry and flavor anomalies take the
form [10-12, 17, 75-77]

Ap = n(l)éG—i—fﬁ(z)’P—i—a?)ﬁfI—i— (KJE?,) —agi?]))flfj—&—/@g?) (DI —ie““”aai&,BPg+X1757“wu),

8 ~ ~ ~ -~
Ay =5l (P— 3GG> + (55— FF+a}, Ff7+5) 0 F 15

. o . N

+ry” {iﬁ“”’”Auavaa—;R—?ﬂ‘VﬂV”—;Vu(w vﬂwﬂ)%mw <Dp'l/)a+:v7—7p7775’lpa):|
. uvpo -—J

+"€S{)}] (DJ_ZEH g a;{aVBpa“")\ 75'7u1/}u)7 (47)

where the notation for /f,/ and F),, is analogous to that for G, in (A.14) and summation
over repeated flavor indices is implicit. Besides the anomaly coefficients kM and k@ of
the gravity multiplet, there are six additional anomaly coefficients in the presence flavors
that cannot be eliminated by local counterterms. The goal of this section is to determine
the supersymmetry anomaly Ag corresponding to all flavor anomaly coefficients in (4.7).

Before we turn to the supersymmetry anomaly, several comments are in order regarding
the structure of the flavor anomalies in (4.7). Firstly, the flavor 't Hooft anomaly coefficients
can be expressed in terms of the R-charges R of the microscopic theory fermions and their
charges F; under the flavor symmetries. In particular, the first flavor coefficient takes the
form ng?’) ~ Tr Fy, while HJYL) ~ Tr (R?F;) is only independent for massive theories, since at
a superconformal fixed point I€E—4) ~ Iig—g) — see eq. (1.5) in [76]. Secondly, the /<;§4) cocycle
can alternatively be expressed as

3 ~
Al = SRV Ly Al = kGG, (4.8)

by means of a local counterterm. Hence, the coefficients of the Pontryagin density, P, and of
GG in A; are independent for non conformal theories.* The anomaly coefficients K,E??]) and

HE??] K) are totally symmetric in the flavor indices and are proportional to Tr (RF (;F ;)) and

Tr (F(;F jF k), respectively. These cocycles often appear in the literature together with a
term bilinear in the flavorinos (gauginos) A’ — see e.g. eq. (20.71) in [78]. Such expressions
differ from the ones given in (4.7) by local counterterms of the form HE?]) [diz e A“X['y“)\‘]

and KE%K) / d*z e aﬁxjﬁy“/\K , respectively. Another set of local counterterms that is useful

in order to compare with the expressions for the x* and £® cocycles in the literature is

Wer = —a§4) /d4x e e“”p"aﬁApra — ag%) /d4x e e“l’p"Aua,{f;}J, (4.9)

41 thank Cyril Closset for pointing this out to me.
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(4) (5)

where o} and Qpyy are arbitrary constants. These local counterterms can be used to move
the corresponding anomalies between the divergence of the R-current and the divergence
of the flavor currents and have been included in the expressions for the flavor anomalies
n (4.7).

Finally, the Fayet-Iliopoulos type cocycles (") and x®) were found in [10] and their
contribution to the supersymmetry anomaly was already given there (in the case of the
x(") cocycle only implicitly). It would be interesting to explore the significance of these
cocycles; we are unaware of any computation of these coefficients in specific theories. Notice
that the coefficients >

[1J]
only exist in the presence of at least two flavors. Moreover, the total derivative term

are antisymmetric in the flavor indices and so this cocycle can

bilinear in the gravitino in the (") cocycle can be removed by a local counterterm of the
form /<;§7) [d'z e a,{@yfy“wu. However, this would modify the form of the supersymmetry
anomaly Ag) given in eq. (4.12).

The supersymmetry anomaly is determined by the Wess-Zumino consistency condi-
tions [25]

(662, 8| = Sj0.0 ¥ s (4.10)

for any pair of local symmetries Q = (£, \,0, A, e, w!) and Q' = (&', N, 0", A, &', w'T). Writing
Ag = ZH{U AU 4 ag, (4.11)

the Wess-Zumino consistency conditions can be solved independently for each cocycle, i.e.
for each anomaly coefficient. In section 3 we already determined the gravity multiplet
supersymmetry anomalies .A(Ql) and AS) in eq. (3.3) by embedding the new minimal su-
pergravity algebra in the algebra of N/ = 1 conformal supergravity and utilizing the results
of [59]. In appendix B we solve the Wess-Zumino consistency conditions for each of the
six flavor cocycles using as input the bosonic anomalies (4.7). The resulting fermionic
anomalies take the form

A =8iGal P (¢>V - ;vapv5wu> — AV (@ R ) ey
+ ROy b+ 40V FI P Dy, + O ({0, A)),
AT = i B al 7 (Dp%Jr;VWp%v%a) +O({p,\}?),
ABID) — _g An T AN 1 O ({1, AY?),
AU = g flw 7, M) L O ({4, A}?),

Vpo Z. T
Ag)IZ—Au(V5V“/\]+ze# P vawa)—faw P ( pwa+§V vpm%)w({w,»f”),

AP = —all (v%wl +;ewaaﬂw0) +O({1h,A}?), (4.12)
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where O({1, \}3) is shorthand for O()3, 12\, A2, A\3). Moreover, the contribution of the
local counterterms (4.9) to the supersymmetry anomaly is

) ~
AG=ay [ (2F"™al,— f11 A, ) 70" v( pwa+vawy5wo> —F‘“’AWVAI} (4.13)

+al), [ 248 ULy AD) — Fvall, A7)

4 g /l: T
2f”’“‘ aly~* 75< oot 5V vpfyf’y‘r’wa)]-

Some of these contributions to the supersymmetry anomaly have been discussed in the
literature before. As we mentioned above, the supersymmetry anomalies .Ag) and Ag)

were obtained in [10]. AS) was pointed out in [34], while AS) is the Abelian (and global)
analogue of the supersymmetry anomaly in super Yang-Mills theory in the presence of
a gauge anomaly discussed in [26] (see also [27-29]).> We are not aware of any earlier

4)

work where AS ) or Aé? were obtained. Notice that the anomalies AS ), .Agj ) and Ag ) are

related only to the flavor anomalies and imply that supersymmetry can be anomalous even

if R-symmetry is not.

(7

Except for the Fayet-Iliopoulos type anomalies ;' and )

[J)’
of the supersymmetry anomalies in (4.12) is directly related to the Chern-Simons forms

the non covariant part

of the corresponding R-symmetry and flavor anomalies [26]. Writing these in terms of

Chern-Simons forms we have

SoW = —/9 d2% = /d9 A 298, (4.14)

and similarly

S W = — /wf d2%s = /de A 255, (4.15)

From the Wess-Zumino consistency conditions [0y, d:|# = 0 and [d,,, d:]# = 0 follows that

800 W = .00W = / dONS.2°5, 6,0 =00, = / dw! A 6.255. (4.16)
Hence,

oW = /(A A3.2cs + al A 6. 285 + covariant) = — / d*z e Ao, (4.17)

where the covariant part of the supersymmetry anomaly is invariant under both
R-symmetry and flavor gauge transformations. The Chern-Simons forms are not sufficient
to characterize the covariant part of the supersymmetry anomaly, but it can be determined

by the Wess-Zumino consistency condition [5., 5% = (5y +0,,)# with § = —3(F/y1e)A,,,

wl = —%(E’ yﬂs)aﬁ. From the analysis in appendix B we find that the covariant part of

ADUY) ang 4GOI

the supersymmetry anomalies A(C;)I, is cubic in the fermions, which

is why only the non covariant part related to the Chern-Simons forms appears in the cor-

(3)1

responding expressions in (4.12). However, the covariant part of AQ , as well as of the

gravity multiplet anomalies .AS ) and .Ag ), contains terms linear in the fermions.

5An analogous supersymmetry anomaly was found in the presence of a gravitational anomaly in two-
dimensional theories in [31-33].
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4.2 Ward identities

The vector multiplet fields act as sources for the local operators in the flavor multiplets:

o o
<.] > _1 ) <OI>S =€ =7, <XI>S = 6_1T. (418)
! da, D! Y

Using these operators and the local symmetry transformations (4.1) in the anomalous
transformation of the generating functional in (4.6) leads to the general Ward identities
for the R-multiplet in the presence of flavor symmetries, generalizing (3.9):

ezv”<7;y> +Vy (7»/1 < V )*JV%MS‘V /W<~7V> upa<’€pg>s
XD ) s — £ () s — 0 D (O1) s+ 2Bus ¥, (RP7) s +al ¥, <'V>

I

Jrcu(vu<jy>s+i¥u75<sy>s+iX1’Y5<Xl>S)*wu < <7\ﬂ]j> + ¢u7ab< >~s+iX ”Yab<XI>S>—Oa

~ 1— ~ 11
eu[a< bﬁt>s+1wu7ab<su>s+1)\ ’)/ab<XI>s =0,

VM<I€HV>S :Ov

Vil T®) s+ 0,7 (8") s +iX P (X1)s = An,

vu<j7>s =Ar,

<DH_;VP’75’7P’7M> <Su>5_§7awy«<7:1”> _ZZ’YS <¢#_;Vp7pfy51/},u> <Ju>s_7[;ﬂ/]v] <ICMV>5 (419)
1 - ]‘ o g 5 1 o

=5 WA ) st 5 (=977 F e +9°DT) (x1)s = [D M+207 a‘paﬂle)%] (Or1)s = Aq.

5 Anomalous supersymmetry transformations of the fermionic operators

An important consequence of the supersymmetry anomaly (4.11) is that it leads to an
anomalous supersymmetry transformation for the fermionic operators in the gravity and
flavor multiplets [56-59]. As we review in the next section, when restricted to a specific
background admitting Killing spinors, the anomalous terms in the rigid supersymmetry
transformation of the fermionic operators depend on the bosonic background and have
physical implications. In particular, the anomalous transformation of the supercurrent
leads to a deformed supersymmetry algebra.

The transformations of the R-multiplet currents and of the flavor multiplet operators
under the local symmetries of new minimal supergravity are directly related with the
Ward identities (4.19). These correspond to first class constraints on the symplectic space
of couplings and local operators, generating the local symmetry transformations under
the Poisson bracket [79]. In particular, the quantum transformations of the operators are
encoded in the anomalies of the Ward identities. This method was used in appendix B.1
of [56] in order to obtain the anomalous transformation of the supercurrent under Q- and
S-supersymmetry in conformal supergravity for the case a = c.
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An alternative way to determine the transformation of the quantum operators under
the local symmetries is to use their defining relation in terms of the generating function. For
example, under local supersymmetry transformations the supercurrent and the fermionic
operator in the flavor multiplets transform respectively as

55<§“>5:e*1(5 d W +e” iéa“//:eflés i W—elé/d‘lxeeAQ,
5¢ ot o, o,

o
65<Xl>s:e_155< 5 —1 (5

) e
SN oN

57/—6_15 o er_lg d'zezAg. (5.1)
X X' ¢

The transformation of the functional derivatives determines the classical transformation
of the operators and follows directly from the classical symmetry transformations of new
minimal supergravity. In particular, from (2.2) and (4.1) we obtain

0 1 o i 0 3i ) 0
L.a v lwspl L ;5,10 p V~ASD 5
O <(5¢,u> 27 6562 8(45V 50 e J)f}/ K p( 0Cs > 1) 77( >5C e 5Buu

1 5 51/ 5
+77 Y (¥ for+7°D )aﬁ,

4] 1 0 o
0 | — | = =yue— =YD — |, 5.2
(o) v m) 2
where n(e) is given in (2.3) and we have neglected terms of the schematic form ¢%7 w%
and Eqﬁ% in the transformation of the supercurrent. Notice that the supersymmetry
transformations (5.2) of the functional derivatives are directly related with the Lh.s. of the
supercurrent conservation Ward identity in (4.19).

The full supersymmetry transformations of the fermionic operators in the quantum

theory are
. 1 ~ ; ~ 3i ~ ~
5e(8)s = 5772 (T4 5 (401081731, ) 4Dy (T 7))+ 1P n(E)TH ) s+ e ()

1
+57°7" (7 for+9°D")£(Or) +ZK SO e) 15 (e),

8

1 . % —(7 —=c
0:(X1)s = St =7" 7 Du(e(On)s) + D), (EOV o) +E7 (), (53)
=3

where again we have neglected terms of the schematic form ¥(S)s, ¥(xs)s and Pip(O;),
in the transformation of the supercurrent. The anomalous contributions X ()7} () and
=@1/}(e) to these transformations, as well as the contributions ¥ (¢) and Z§(¢) due
to the counterterms (4.9), are obtained by evaluating the derivatives of the supersym-
metry anomaly (4.11) with respect to the gravitino and the flavorinos using the expres-

~15 —



sions (3.3), (4.12) and (4.13):

sWH(e) = % (451[/“55:] +iv €, 5 )7 YDy (e é‘mC’n) +3i7°n(e)G* C,, + gDV (é’“’n(s))
- % (3505 = 6165)7° Dy (GP7n(e)) — %Du (Poog” 7" I (e)) +O(4?),
@k (e) = —4V,(C, RT*") 5 TnE— G po RP7M 7y, —10i (Y1 1021 — 31641 /* D, (G e))
—9D, (Ppeg”v"In(e)) +3Dy [(R“V”"%a - %Rgpag” [U’YW]> n(é‘)] +O()?),

4 - - .
SO = —§Z (45[V“5§] +i75e“,,pg)7”fy517p (e G”aé) —8iv°n(e)G*al —8D, (f]“”n(s))

—4Vp (aéﬁakpﬁ) 56{’7)\)6 - fplaﬁpauyyvg+0(w2a 77/})\) )‘2) )

. Z T mpo 14
2<4)’“(E)ZZ<DV— 2V 7%%) (F7 apy*y" v0e) + O, A, N%),
SO () = O(y2, YA, N?),
E(G)(IJK);L(s): (¢2 T,Z))\ )\2)

SNk (e) = iehP7 A jaly, e+ = (D _VWE’%%)( o1"77E) O, YA, N,

DO (e) = Z e aja] e+ O YA N2), (5.4)
/) 7 ~ ~
(o) = §a§4) (DV— VT’V5%%> [(F177 Ap—2F"7 al)y° " yoe]
+§ §5)><D —vw%%) (F07 a7 pe) + O (17, 90X, N2), (5.5)
E@(e) = 0%, A, N?),
EW(e) = 0%, A, N?),
EO(e) = 2411 7 e+ O (W2, A, N?),
EOUN (e) = —2fUm ey, e+ 02, YA, \2),
E0(e) = A e+ O (W2, YA, A?),
E®(e) = —af y"e+ O, A, N?), (5.6)
2 (e) = —aV " Ay et aly) (24 T 7 e— F* aly,e) + 012, YA, N2, (5.7)

Notice that most of these terms are to leading order independent of the fermionic fields
and therefore lead to an anomalous transformation for the fermionic operators on purely
bosonic backgrounds. This has important implications for supersymmetric theories on
purely bosonic backgrounds that admit new minimal Killing spinors, as we briefly discuss
in the next section.
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6 Supersymmetric backgrounds and rigid supersymmetry anomalies

A notion of rigid supersymmetry exits on purely bosonic backgrounds of new minimal
supergravity for which the Killing spinor equations

')
0y, = Dueo + EV”%L%VSEO =0,

1
ON = =2 (" fu +7° D120 = 0, (6.1)

admit non trivial solutions £,. Note that in the Killing spinor equations &g is taken to be a
c-number commuting spinor that transforms trivially under the symmetries of new minimal
supergravity, in contrast to the local supersymmetry parameter ¢ that is Grassmann-valued
and transforms according to (A.9). Moreover, the fact that the supersymmetry transfor-
mation of the gravitino in new minimal supergravity coincides with a combined O- and
S-supersymmetry transformation in N' = 1 conformal supergravity with composite gauge
field C), = A, — %Vu and S-supersymmetry parameter as in (2.3) implies that locally, su-
persymmetric backgrounds of new minimal and conformal supergravity coincide. However,
non trivial solutions of the new minimal Killing spinor equations (6.1) are nowhere van-
ishing, while those of conformal supergravity may have zeros [42]. Hence, globally, new
minimal Killing spinors are also Killing spinors of conformal supergravity, but only a sub-
set of conformal supergravity Killing spinors correspond to global Killing spinors of new
minimal supergravity.

Supersymmetric backgrounds of various off-shell supergravities and in different dimen-
sions (including new minimal and conformal supergravity backgrounds in four dimensions)
have been studied extensively [40-54] (see also [55] for earlier work). The notion of rigid
supersymmetry such backgrounds admit enables the non perturbative calculation of cer-
tain quantum field theory observables using supersymmetric localization techniques [4]
(see [38] for a comprehensive review). These techniques rely on the existence of a bosonic
“localizing” operator that is (Q-exact, i.e. it can be expressed as the supersymmetry vari-
ation of a fermionic operator. However, in order for the localization argument to hold,
the @Q-exactness of the localizing operator must be preserved at the quantum level. Super-
symmetry anomalies can potentially spoil this property, thus invalidating the localization
argument.

As a concrete example, let us consider the transformation of the fermionic operators
in the R-multiplet and flavor multiplets under the rigid supersymmetry associated with a
new minimal Killing spinor €,. The local supersymmetry transformations (5.3) imply that
the corresponding rigid supersymmetry transformations take the form

Sy = Loag uy gt S 30 _ _
(550 <Su> - 57“50 <7;“> T % (45}//‘55} +i’75euup0)7V75DP (50<u70>) + 127577(50) <s7“> +Y€o <,Cu,u>
8
+Z R?I)J...}E(Z){U”'}”(&o)+25t(6o),
=1
1 8 ) )
b2y (X1) = 30l ) =71 Du(0O0) +_ K, | ENHe)+E (o), (6.2)
=3
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where we have removed the subscript s from the one-point functions to indicate that these
are now expectations values on a specific background. Notice that the term proportional to
the expectation value of the scalar operators Oy in the rigid supersymmetry transformation
of the supercurrent vanishes due to the Killing spinor equations. The terms X7} (g,),
Y (go), EO Y (g,) and 2% (e,) that originate in the supersymmetry anomaly (4.11) are
local functions of the bosonic background and they are non vanishing on generic back-
grounds that admit new minimal Killing spinors. In fact, the term Z(l)“(eo) corresponding
to the k(M) cocycle has been evaluated explicitly on a class of backgrounds that admit two
real supercharges of opposite R-charge and was shown to be non zero [56]. The presence of
these terms in the rigid supersymmetry transformation of the fermionic operators implies
that the linear combination of bosonic operators on the r.h.s. of the transformations (6.2)
are not Q-exact, as one would expect based on the classical supersymmetry algebra.

The rigid supersymmetry algebra deformation due to the supersymmetry anomaly has
implications for supersymmetric observables on such backgrounds. An immediate con-
sequence is that the BPS relation that the conserved charges of supersymmetric states
satisfy is modified [56]. The dependence of supersymmetric partition functions on the
background is also affected. The classical Q-exactness of the linear combination of bosonic
currents on the r.h.s. of the supercurrent transformation in (6.2) implies that supersym-
metric partition functions do not depend on certain deformations of the supersymmetric
background [80-82]. This result was contradicted by a holographic computation in [83] that
explicitly examined the dependence of the holographic partition function on deformations
of the supersymmetric background (see also [84, 85]). The resolution to this contradiction
was provided in [56], where it was shown that the dependence of the partition function on
the supersymmetric background is entirely due to the deformation of the supersymmetry
algebra by the term X(D#(e,) coming from the supersymmetry anomaly.

An interesting question in this context is whether the anomalous terms in the rigid
supersymmetry transformation of the supercurrent can be removed by a local countert-
erm. To answer this question one should keep in mind that in the presence of an R-
symmetry and/or flavor anomaly the commutator (4.4) implies that the supersymmetry
anomaly (4.11) cannot be removed by a local counterterm without breaking diffeomorphism
and/or local Lorentz symmetry. It follows that any local counterterm that can potentially
remove the anomaly from the rigid supersymmetry transformation of the supercurrent will
necessarily break diffeomorphism and/or local Lorentz invariance. However, an interesting
scenario is that the required local counterterm only breaks the subset of diffeomorphisms
that would break the classical supersymmetry invariance of the background. This scenario
is realized in an analogous situation for supersymmetric Chern-Simons theories on Seifert
manifolds in connection with the framing anomaly [86]. For supersymmetric backgrounds
of the form S* x M3 with M3 a Seifert manifold, the local counterterm that eliminates the
term Y(D#(g,) in the transformation of the supercurrent should coincide with the coun-
terterm used in [83]. It would be interesting to generalize this counterterm to the other
anomaly cocycles that contribute to the supersymmetry anomaly (4.11).
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7 Discussion

In this paper we have extended our earlier results for N' = 1 conformal supergravity [59, 60]
to non conformal theories with an arbitrary number of Abelian flavor symmetries. As
anticipated, both R-symmetry and flavor symmetry anomalies lead to a supersymmetry
anomaly, even in non conformal theories. This anomaly is cohomologically non trivial and
cannot be removed by a local counterterm without breaking diffeomorphism and/or local
Lorentz symmetry.

It would be very interesting to generalize these results to non Abelian R-symmetry
anomalies in theories with extended supersymmetry, as well as non Abelian flavor symme-
tries. Moreover, in 2, 6 and 10 dimensions one could consider the effect of gravitational
anomalies that are also known to generate a supersymmetry anomaly [31-33].

Another question to address is if and how supersymmetry anomalies are manifest in
superspace. As we briefly discussed in section 3, the auxiliary fields in the superspace
formulation of background supergravity act as symmetry compensators [34], which implies
that the non trivial solutions of the Wess-Zumino consistency conditions in superspace and
in components may not coincide. It is therefore desirable to clarify if there is any connection
between the supersymmetry anomalies we found here and the superspace cocycles found
in [7, 15] and [10, 11].

In section 5 we saw that the supersymmetry anomaly in the conservation of the super-
current implies that both the supercurrent and the fermionic operators in the flavor mul-
tiplets acquire an anomalous supersymmetry transformation. When restricted to bosonic
backgrounds that admit Killing spinors, this implies that these operators transform anoma-
lously under rigid supersymmetry, which has implications for supersymmetric quantum
field theory observables on such backgrounds. Specifically, the supersymmetry algebra
gets deformed, the BPS relation that the bosonic conserved charges characterizing super-
symmetric states satisfy is modified, and the @Q-exactness of localizing operators used in
supersymmetric localization computations may not hold at the quantum level. It is there-
fore important to further understand the consequences of the supersymmetry anomaly in
this context. In particular, it would be very interesting to understand to what extend the
rigid supersymmetry anomaly can be eliminated by a local non covariant counterterm. This
question should be addressed separately for each of the eight non trivial cocycles that con-
tribute to the supersymmetry anomaly and for each class of supersymmetric backgrounds
preserving a given number of supercharges. We hope to address some of these questions in
future work.
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A Review of supersymmetry anomalies in A/ = 1 conformal supergravity

In this appendix we summarize the local symmetry algebra and quantum anomalies of N' =
1 off-shell conformal supergravity in four dimensions obtained in [59]. The field content of
N =1 conformal supergravity [87-90] (see [91-94] and chapter 16 of [69] for pedagogical
reviews) consists of the vielbein e,
1, comprising 5+3 bosonic and 8 fermionic off-shell degrees of freedom. Throughout this

an Abelian gauge field €, and a Majorana gravitino

paper we denote the gauge field of conformal supergravity by C, and its fieldstrength by
Guw = 0,0, — 0,0y, reserving A, and F),, = 9,A, — 0, A, for the gauge field of new
minimal supergravity.

N =1 conformal supergravity can be constructed as a gauge theory of the supercon-
formal algebra. In this construction Q- and S-supersymmetry are on the same footing
with corresponding gauge fields v, and ¢,,. The curvature constraints of N' =1 conformal
supergravity, however, imply that ¢, is not an independent field and is locally expressed
in terms of the gravitino as

1 v Z o 1 (o . [oa v
¢u = g’)/ (’Dy¢u _ Duwy _ 5’)/5€yy,p DP¢0—> - _6(46/[11p6’/] + 7,#)/56#yp )’Y /Dp’(/}OW (Al)

where the covariant derivative acts on v, and ¢, as

1 . .
D, = <8M + Zw,ﬂb(e, V) Vab + 275CM> Uy = T0hp = (D +i7°Cu)

1 . .
Dugy = (8“ + Zw#ab(@ V) Yab — 2750“) bv =T 0p = (D — iV’ Cu) b, (A2)

with the spin connection given by

1 — — _
w, P (e, 1) = w,®(e) + Z(%%ﬂbb + ¢, — V%) - (A.3)
w,®(e) denotes the unique torsion-free spin connection.

A.1 Local symmetry transformations

Besides diffeomorphisms &#(x), local frame rotations A% (z), U(1)g gauge transformations
0(z), and Q-supersymmetry transformations e(z), the local algebra of N' = 1 conformal
supergravity contains also Weyl and S-supersymmetry transformations, parameterized re-
spectively by o(z) and n(z). The corresponding transformations of the A’ = 1 conformal
supergravity fields are

dep, = 5)‘8)\62 + ei@uéA — )\“bez +oep, — S, %,

2
S, = 20 9,6 — a0 1 D, — vun — iv°0
Y =¢& )ﬂ/’u + Py ,uf 1 abY" Yy + QU@ZJM + Due — yun — 17’ 0¢y,
3i— 3i—
6C, = E2NC,, + 00,8 + quf’e — Zlm% +,0. (A.4)
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Moreover, the quantity ¢, transforms as

1 a 1 1 21 1 y .
5¢,u :anA¢u+¢)\a,u§)\*Z)‘ab’7 b¢u*50¢u+§ <P;W+SG;W'753G/W>'7 5+Du77+1’750¢m
(A.5)

where

P = 5 (Ruw — 5 Ro). (A.6)

denotes the Schouten tensor in four dimensions and the dual fieldstrength G v is defined as

é,w = -0 Gpo. (A.7)

| =

The covariant derivatives of the spinor parameters € and 7 are given respectively by

1
Due = <8N + Zwuab(e, V) Yap + z'75CM>5 = (.@# + i'y5Cu)5,

1 ) .
Dyn = (@L + Zw,ﬂb(e, V) Yab — 175CM>77 = (2, —V°Cy)n. (A.8)

A.2 Local symmetry algebra

The symmetry algebra is determined by the commutators [0, (59/0] between any two of the
transformations (A.4) with the local parameters Q¢ = (0,&, A\, 0,¢,n) of N/ = 1 conformal
supergravity. In order for the algebra to close off-shell the local parameters should also
transform under the local symmetries according to

0§t =70, €0, ¢, N =10, do=E"Ou0, 60 =E10,0,

1 1 1 1
(55:5“8“6—1-505—Z)\ab'y“be—ie'y5€, (517:5“8,m—5077—1)\(11,7“1’17—1—@'97517. (A.9)

The only non vanishing commutators of the resulting local symmetry algebra are the

following;:
[(55,(55/] = (55//, 6//“ — 5'/(9”{/# _ é'/Vayé'/l’
[5)\’ 5}\/] — 5)\//’ )\//ab — Alac)\cb _ )\ac)\/cb’
1 1 3t
[55’ 57]] = 50’ + 5)\ + 597 0= §§7Ia )\ab = _557(1“77 0= _Zgry5777
1 1 1
[0c,0er] = 6¢ +0x + g, &' = 55"7”5, A = —5(?/7'/5)%% 0= —5(5/7”5)@-

(A.10)
As for the new minimal supergravity algebra (see footnote 2), we have dropped a super-

symmetry transformation on the r.h.s. of the commutator [dc,d./] that plays no role to
leading order in the fermions.
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A.3 Ward identities and anomalies

The current multiplet of a supersymmetric quantum field theory coupled to background
N = 1 conformal supergravity consists of the stress tensor 7', the R-symmetry current
J#, and the supercurrent S*. These are the local operators sourced respectively by the
vielbein e, the gauge field C,, and the gravitino ¢,. The local symmetry transformations
of N =1 conformal supergravity (A.4) lead to the superconformal Ward identities

V(T ) s+ VolB,(8"):) = 0, Dl S")s — G (T¥)s
+ Ou(Tul T + T,2748")5) = (eutal Ts + 3B 10(87)5) =0,
eyl Tis + 30,1a0(8M)s = 0,
SATEY e+ 5008)s = Aw,
VT + 0,77 (S")s = A,
DalS")s = 57"l T — 2P 0ulTH)s = Ao,
Yu(SH)s — *75¢H<J“>s = Asg, (A.11)

where (---)s denotes a correlation function in the presence of arbitrary sources and Ay,
Ag, Ag and Ag are quantum anomalies.

In a scheme where the mixed axial-gravitational anomaly enters only in the conserva-
tion of the R-current (see e.g. eq. (2.43) of [74]), the Wess-Zumino consistency conditions
determine the general form of the superconformal anomalies to be [59]

_ ¢ 2_§ 2\ @ 2
AW_16772(W 3G> 1672 ),

B (5a—3c) (c—a)
Ap= 72 GG+ Y P,
(5@-36)@ UV (a—c) DpPo Y ( ) vpo
AQ:—TGM C#,y5¢y+ = Vu(CpRp w ),y(y%_) Sy GWRM P ¢o+0(¢3)
(5a—3¢) ~,,, 2% 5 ic y - - 5
AS TG“ § M’y ¢V+WG'M (’Yu[ 65]*5‘& (55 )’)/ Dpwg
3(2a—c U oo a—c oo 1 o
+(47T2)PW9M[ AP ]Dp1/10+(87r2) (R“ iz fYW_iRgWgu[ G }>Dp¢a+0(1/13),

(A.12)

where a and ¢ are the central charges of the superconformal algebra, normalized so that
for free chiral and vector multiplets they are given respectively by [12]

LN +ON),  e= (N, +3N,). (A.13)

T 24

Besides the Schouten tensor P, defined in (A.6) and the gauge field curvatures

G?=G,G", GG = 1epr"GWc;,w, (A.14)

[\
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the superconformal anomalies are expressed in terms of the square of the Weyl tensor W?2,
the Euler density E and the Pontryagin density P. In terms of the Riemann tensor these
take the form

1
W2 = WMVpO—WquU - RMVpURNVpU - 2RMVRHV + §R27

E = Rypo R*P7 — 4R, R" + R?,

1 ~
P = ieW”RH s R = RMP Ry, (A.15)

where the dual Riemann tensor is defined as

GMVKA}%HApU' (f\.lﬁ)

N =

lzuypa

Notice that ﬁu,,pa is not symmetric under exchange of the first and second pair of indices.

B Solving the Wess-Zumino conditions in the presence of flavor
symmetries

In this appendix we demonstrate that for each of the six flavor anomaly coefficients H§3)7

m§4), /ig?]), /ﬁ%%K), I€§7) and ﬁE?}] the bosonic anomalies in (4.7) and the corresponding
fermionic anomalies in (4.12) form a consistent solution (i.e. non trivial cocycle) of the
Wess-Zumino conditions (4.10) for new minimal supergravity coupled to Abelian flavor
multiplets. The only non trivial consistency conditions that need to be checked in each

case are [0z, 09]|# =0, [0, 0,]|# =0, and [0¢, 0/ |# = (69 + 0u,)# with 6 = —%(é’v“s)Au,
wl = — % (& 'y“s)aﬁ. We will explicitly compute these commutators, keeping only the leading
non trivial order in the fermionic background ), and M. Moreover, we assume that total

derivative terms can be dropped.

B.1 n?) cocycle

[0e, 09]# = 0. The R-symmetry anomaly does not contain any term proportional to the
. (3) . . . .

anomaly coefficient x;”, while the corresponding term in the supersymmetry anomaly is

invariant under R-symmetry gauge transformations. Consequently, we trivially have

800 = —55/d4x e 0Ag| s =0, (B.1)
I
S0 W = —rk{Vsy / d'zezAY =0, (B.2)
which indeed give
[6.,00]% = 0. (B.3)
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[0e, 0,]# = 0. This commutator is similar to the commutator [d.,dp]# = 0 for the
gravity multiplet cocycles x(!) and x(2). We have,

5.6, = —r\Vs, / d'z e w! <7D - 2(?@) (B.4)
= _Kgg) /d4x e wletvro <;55(RW,§)\R”)‘M) — g&E(GWGPU)>
= 25&3) /d4x e V, (0w’ e”’\“”RP"HA)?y(UwV)
— 4i/€f,3) /d4x e Opw e“”p"G VBV dg + 4m(3) /d4x e 6pwl e“””aGWﬁ(s)’y5¢U,
500 W = —k\Vs,, / d'z e 2AS)

= 2/1"(,3) /d4x eV (8pw16p””’\RmW)§7(u¢a)

- 41'/4;33) /d4x e e“”ng'pg@uw]EWS (¢y — ;VH’YMY5¢V>7 (B.5)

where 7(e) is given in (2.3). Subtracting the two expressions gives
[0c, 0u]# = 0. (B.6)
[0c, 8| W = 8, with w! = —%(E’ 'y”s)aﬁ. This commutator is more involved, but

it is closely related to the corresponding commutator for the gravity multiplet cocycles
) and k@ upon replacing the flavor symmetry with R-symmetry. Two consecutive
supersymmetry transformations give

569 =—i\Vs, /d‘%ceeA
:—4m§ )/d4acee‘“’p"G yal oY ) /¢g+4mg )/d4:vee“l’p"G ,,apn’y 2611,
—4/€(3)/d4:ree“"p“ L 7D, 6.1
I pa77 pnle" Yy
1
—|—2/<;g3) d4:1:ee‘”’povﬁ(agR”)‘uy)Ev(Aégwg 2n§)/d4xee“”p”fl R“)‘Wé% TN
4ZI<J( ) d4xeelwpoG a g 1 EG 5 i el A/
I ’7 2 U)\+3 a\ 1260)\ kT |V €
—4z'/<a§3) /d4ace e“”’”GWa;E'yE’Dgn’
+4in§3)/d4x e e””ngm,ain’ngs'—4in§3)/d4x e e””ngm,agﬁ’y5fygn/

_4/1(13)/d4$ e euupdfiynpppagl+4/€(13)/d4$ e f;wpgfhwﬁ'}’appn,

—2&33)/d4mee“”””aéR"’”AWVH(s'y(,\Da)s 2&1 )/d4x e%

1
(3) dze e”l’pofpgR” VDA + = Iig— )/d4x e e“”p”fpo A wEYeas (B.T)

2 2

where again n(e) is given in (2.3).
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We will first show that all terms involving 1 or 1’ sum to zero in the commutator
[6c,8./]. The term proportional to 775,17 does not contribute to the commutator since

W Yen =T en. (B.8)
Moreover,
1oDpn) — Do = V(1751 ). (B.9)

Integrating by parts and using the Bianchi identity e**#?9, flfy = 0 we therefore find that
the term proportional to 777, D,n" does not contribute to the commutator either. Using the
relations

—8Y"Don) + T’ Doe’ — (=87 Don) + 77 Doe) = Vo (7’ — 29°1), (B.10)

and

1 .
2Dy Dyje = <4Rul/pa’¥pa + WSGW> g, (B.11)

as well as the Bianchi identity ¢**?90,G,, = 0, the remaining terms involving 7 or 1’

combine into:
2,“{,(3) d4lL‘€ eHvPI (3 1 (— 5.0 =5,/ 1 (3) d4 pvpo 1 RKZ}\ = I
h o foo (M€ =€)+ S k) xeeP7 [ R (EYean —E VeAn)
1 . _ _
_2"09 /d4x € G!ngf;{y (4Rp01€)\(€7n)\77/_€/7n)\77) +7/Gpo' (7]’}/55/—87577/)) =0. (B.12)

Therefore, all terms involving 7 or 7’ sum to zero in the commutator [, d.].

From the remaining terms we get

8
[0c, 0cr | W = g/ﬁ(f) /d4x e e“””UGWal])GUA?'y)‘E

1
— 5#@5-3) /d4x e e””pgaf,R”AWRHAUT(E/’yTE)

— K?) /d4x e e“"p"agR”’\WVHVU(?we)
1
- 5/{53) /d4x e etr? gUR”‘)‘WVA(?%e). (B.13)

The last two terms can be rearranged as

_ 1 _
e“”p"af,R”)‘WV,iVJ(a’*y)\e) — 56“”’” IDIUR”)‘WV,.;(eS”y)\a)

= "l R® )\ [V, Vol E7€) + Vo (€77 al R™ 1,V (' 1€))

=V, (e“”p"aéR“)‘WV,{(E"y,\e)) + e“"p”agR”’\#yRm,\T (E77¢)

1
=V, (e“”p"af,R“)‘WV,i(E"y,\s)) + ie“ypoa/I)R“AWR,{,\aT(E”yTs), (B.14)
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so that
8
6., 0. = gﬁ;}?’) / d'z e 77 GyalGorEy e
— KZ§3) /d4:r e e“"p"agR”)‘WRmm(E”yTa). (B.15)

In order to simplify these expressions we notice that for any antisymmetric tensor 6, and
vector ¥, in four dimensions we have ©\,0,,, ¥, = 0, which leads to the identity

1
e"P?0,,0,0¥, = —zeu”p”@#y@po\I/A. (B.16)
In particular,
1
EMVPUGW,GU)\G,I) — _quupaGuquoCL{\,
1
e“”p"RW,{ARM")‘a/I, = —Ze“"pURW,i)\Rpg“)‘ai, (B.17)

and so we finally get

2 1
[0c, 0 | W = —5(13)/d4$ee“”p"Gume(af\el’y’\a)+4H§3)/d4xee””pUR“’\m,Rmpg(ais/'yTe)

3
= —mg3)/d4x ew! AL, (B.18)

with

1
wl = —i(é"y’\e)aﬁ, (B.19)

as required by the Wess-Zumino consistency conditions.
B.2 I{§4) cocycle

[0c,00]# = 0. As for the ng?’) cocycle, this commutator is trivially satisfied since

800 = —5e/d4x e 0AR| @ =0, (B.20)
Ky

S0 W = —m§4)59/d4m e AL = 0. (B.21)

[0e,0,]# = 0. This commutator is an example of the connection between the Chern-
Simons forms and the supersymmetry anomaly discussed in subsection 4.1. We have,

0.0, W = —%/134) /d4a: e wle“"paég(FWFpg)

= —2/£(14) d*z e wleu””UFwﬁpdsAg

i _ i
= §m§4) /d4az e Gpwle“l’pons'yg'y”)"yE’ (D,ﬂ/})\ + §V 7,{%7577!),\), (B.22)

5u0:W = —r\Ys,, / d'z e eAS
i

1
= §/<;§4) /d4x e apwle””’”Fw,éfyg'y")"y5 (’an)\ + 2VT%%W5¢>\>- (B.23)

Hence,
[0, 6| # = 0. (B.24)
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[0c,0c/|W = 6, with w! = —%(E"y"e)aﬁ. This commutator can be evaluated most
efficiently by noticing that two successive supersymmetry transformations of the generating
function can be expressed in terms of two successive supersymmetry transformations of the
R-symmetry gauge field. Namely,

56 W = —k\Ms / d'z e 2AS)
= n§4) /d4x e e“”""’2FWa,I)55/55AU. (B.25)
Using the local symmetry algebra (4.4) we therefore obtain
[0c, 6/ | W = m(14) /d4x e e“”””QFWaf,[(SE, 0] Ao
= k(Y / d'z e P72F,,al (3¢ + 5g) Ay
= kW / d'z e P72, 0l (\0\Ay + Axpt" + ,0)

= /-ig4)/d4:nee“”pUQFm,aiﬁ’\F,\g

= —/d4:c ew! ARl @ (B.26)
s
where . 1 1
gh=sEe),  0=—5E)A, W = (EFe)a, (B.27)

and in the last step we have used the identity (B.16).

B.3 Iig?j) cocycle

[0e,00]# = 0. The Wess-Zumino commutation relations for the /18?]) cocycle are analo-
gous to those of the Hg}l?j) cocycle upon replacing the R-symmetry with the flavor symmetry

gauge fields. We have,

L vpo
S50 = —angl?,) /d% e s (fL, 1)

_ (5)
= 72143(”)

= ﬁé% / d'z e 0,0 77 f1, e, N, (B.28)

vpo ¢l J
/d4x e 0 "7 f,0p0:a;

800 W =~k 0o / d'z e zAD"

= “g?f) /d4x e 0,0 e“”p”fiyéfyg)\‘]. (B.29)

Hence,
[0, 0g]|# = 0. (B.30)
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[0e, 0,]# = 0. This commutator is again trivially satisfied since

80, W = —0, / d'z e w' Ay| 5 =0, (B.31)
)
8ubH = —k\}) b / d'z e 2AS") = 0. (B.32)
[0c, 0c/ | W = 0o with 6 = —%(é"y“s)A”. As for the /ﬁ;g?]) cocycle we evaluate this

commutator by expressing two successive supersymmetry transformations of the generating
function in terms of two successive supersymmetry transformations of the flavor gauge
fields. Namely,

0cr 0 W = —“E?z)é/ /d4x e éAg’)(”)

=& [ dze e“”pGQAMf[{U(Sg/(SEaZ{. (B.33)
Using the local symmetry algebra (4.4) this gives

[0c, 6| W = HE?,) / d*z e ¥P72A,, f1 6., 6.0
= KE?]) /d4x e 6"”’)‘72Auflfg((5g + 5w)ai

= HE?]) /d4x e e“”p"QA#fp[J(f"ianag +al0,e" + d,wh)

I
=

O [t e maau g,
1

— 2.0 4 vpo I ¢J ¢r

= SR (L)) d*z e P f,, frrl" Ak

_ _/d% ¢ 0 Agl, ) . (B.34)

(ZJ)
where
" 1 — 1 Ft) A I 1 =/ I
1S 25(57 £), 9:—5(57 €)Au, w :—5(57 e)ay,, (B.35)

and in the last step we have used again the identity (B.16).
B.4 ﬁg?JK) cocycle
[0c,00]# = 0. This commutator is trivially satisfied since

5.60W = 5. / d'z e 0Ag] @ =0, (B.36)

RriK)
800N = =) 10,00 / d'z e 2AY) = 0. (B.37)
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[0, 0,]# = 0. This commutator is also straightforward to evaluate:
S0, W = — UK /d4x e wletrros, ( pg)
= QﬁE%K) /d4a: e 8pw e“l'p”fwdgag
E%K) d*z e 9w e“”p"f‘] v, A, (B.38)

BB = 5 ) O / d'z e zAD"

= KE??]K) /d4x e Opw e‘“’pgf‘] Eyo M. (B.39)

Hence,
[0z, 0% = 0. (B.40)
[0cy 0| W = 6, with w! = —%(E"y“e)aﬁ. As for the /@EI?]) and HEI?]) cocycles, this

commutator can be evaluated by expressing two successive supersymmetry transformations
of the generating function in terms of two successive supersymmetry transformations of the
flavor gauge fields:

OB = =) o e / d'z e 2AS T
= QﬁE%K) /d4:n e ePq If‘] burb.al (B.41)
Hence,
[0, 6c'| W = 2&%1?,[() /d4ac e e‘“’p"a/]) l‘{y[éa, bor]a
= ZHE%K) /d4x e etP7q I (55 + 6,)al

= QHE??]K) /d4x e e'Plq Ifwf'“fw

1 (6
= 5l [z e el e gl
/d4l’ ew A[| RONNE (B.42)
Rrik)
where again
1 1
¢ =5@E"e), W =5 E e, (B.43)

and we have once more made use of the identity (B.16).

B.5 I<L§7) cocycle

[0e,00]# = 0. Solving the Wess-Zumino conditions for the Fayet-Iliopoulos type cocycles
I€§7) and RE?)]] is somewhat more involved because their contribution to the R-symmetry and
flavor anomalies contains terms quadratic in the fermions. We only outline the essential

steps of this calculation here.

~ 99 —



Checking the commutation relation [0, dp]# = 0 involves computing the supersym-
metry transformation of the R-symmetry anomaly term proportional to my). This requires
a bit of algebra, but a sketch of the calculation is as follows:

800W = —6. / d*z e 0 Ag|
kr
= —ny)ég / d*z e Q(DI — ie“l’p"a{L&,Bpg + ley%“d)u)

1
= —x{ / d'zef [mf’w <DM/\I + 1 oo + 75Df)zpu>

¢ 14 =, s UV — 1,
- 56“ p"&,Bpgevu)\I —ge! p"&,(sypz,bg)aﬁ + 557“1,!)qu

~! (. 1— -
+ X <Du8 + §V 7;1%’7%) — 11##757“ (V7 foo + 75D1)5]
= k{0 /d4x e 00 (VN +ie P aly by ), (B.44)
090:W = —n§7)59/d4x e éAg)I

= my) /d4x e 0, 5(75’y“)\1 + ie“”pga{,’yp@ba). (B.45)
Hence, we arrive at the correct Wess-Zumino condition

[0, 50)# = 0. (B.46)

[0e, 0,]7 =0. In order to verify this commutation relation we need to make use of the
identity

vpo 1 1o —v 1— o 3 .
55 |:€ <6M r A,uaquo_gR_gV,uvu_ﬁvV('(z} 7M¢M)+§wy7up (Dpwo+4v '7p’77’75¢0>>:|

vpo = 1 _ v _ po 4 T
=0, |:€ e AHE’YP@DU—{—ies’y o <Dp¢o+2v '7,077"75¢o>:|- (B.47)

The derivation of this identity is rather lengthy and we will not present it here. Given this
identity, however, the commutation relation [d., d,]# = 0 follows trivially:

80, W = —0. / d*zew’ A =)
Ky
= kD6, / dzew! [ie““p"A“&,BPU — %R—BiV#V“ - %vy@”fywu)

% — 31
+ §¢u7upa <,Dp¢}o + 1 VT'Yp%-'YSUJU) ]

:/@§7)/d41‘68yw1 iEHVpUAug’YdeU‘i‘%g’YV'YPU <,Dp¢0+;VT’Yp'YT'Y5¢U> 7 (B.48)

8,6 = —r\15, / d'zesAl)’

wpo 4 = i v g
:&g)/d‘lxe@ywl i€t pUAu57p¢a+§5’Y e <Dp¢o+2VT%'YT'75¢0> , (BA49)

so that
[0, 0u|# = 0. (B.50)
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[0c, 0o/ |W = (09 + 0u,)# with 0 = —%(?”y“e)A”, wl = —%(E"y“e)aﬁ. Acting with
two successive supersymmetry transformations on the generating functional gives

00:W = /<;E-7) /d41: e [Aus(757“55/)\1+ie“l’p‘7a£%6€/¢a)

i i
+ 5%@“7” (Dpés/wa + QVT%%’YE’&/%) ]

1 .
= Hg) /d4xeAu5[—4757“ (7”” ;0+75D1)6'+ie“”p0a£'yp <D05'+;V”7¢7%755'>]

i o i i
+§/~sg )/d4xea£6'y”7p (Dp+2VTvp7775) (DU+2V %%75> g (B.51)
Using the identities

i i
KD,# §V %%75) ; (Do+2VA7ﬂw5>} £ (B.52)

1 , i 1
= <4me’“ +W5Gpa> ety (VoViYo = Vo Vivpo) v 7 e — ZV“VA(WH%M —Yo Vs VpVA)Es

and
EiyP Y e — BTyl = E (#4771 = 20 PIE e,
g9,Doe — 87Dy’ = Vo (E,6),
Py — EytPAT NS = 24P y e, (B.53)
we therefore obtain
(6,67 = k" / d'z e A, (i f1 €, + DIer 4 207 al ¢, + 8iV sliay ale?)
+ %Hf,” / Az e a,ﬂ( — REM — VM — 2eMPTE Gy — 6eWP”gyapvg)
— / d'z e (D' — ie"P?9,Bypal, + O(\)))
— kD / diz e w! ( - %R — 3iV, V" +ie"™P7 9, B,p A, + O(uﬁ)), (B.54)
where again
= @), = —sE)A, W = p(Eal. (B.55)
B.6 mf?}] cocycle

[0e, 00]# = 0. This commutator is trivially satisfied for the cocycle kS

(7J]°
0c00W = —0, /d4$ e0AR| sy =0, (B.56)
)
dp0: W = —KEIB}]59/d4$ e EAS)[U] = 0. (B.57)
Hence,
[0, 0g]|# = 0. (B.58)
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[0e,0,]# = 0. The calculation in this case is identical to that for the commutator
[0c, 0]# = 0 of the /fY) cocycle above. Following the same steps we have

80, W = _KE?}]5a/d4$ e w! (DJ — ieﬂupoaiaprg +XJ75,YM¢M)

8 _
= —H[(L)]] d*z e w! |:€’}/5’)/M <DM)\J + 1

Lyee P 75DJ)%)
_ %euva&,BpUE’mAJ — ieuup"a,j(mpwg)ai + %g»},ﬂwu D’
+ XJ’YSV“ <Du5 + ;fo%%,yf)g) — i@lﬂf’fy# (Y77 foo + ’Y5D‘])€]
= nl) / Y S e (B.59)
0,0 W = —/ﬁ[(?]]éw/d% e ?.AS)[U}

= /@Ei)]] /d4l' e auwlg('y5’y“)\‘] + ie“”p”a;{'yplbg), (B.60)

and so
[0, 6| # = 0. (B.61)

[0e; 0 |W = (09 + 0.,)# with 0 = —%(E"y“s)Au, wl = —%(é"y“e)ai. This com-
(7)

mutator is also a special case of the corresponding one for the x;’ cocycle:
Ocr O W = KJS‘)]] d*ze al[ﬁ (’y5’y“5€/)\‘]+ éeuupgai%ég/l/}a) (B.62)
= /1%18}]] d*ze afﬁ [— %757“ (’y’m /;]U +’y5D‘])£'+ %e“"mahﬁ (Dgel—i— ;V”%’yﬁv‘r’s’)} )
Using the identities (B.53) we obtain
[0, 017 = k(7 / d'z e al, (i™P7 £ €, + DTEM + i 0N o &, + 4iVESLS ) al )
= —KE?)]] /d4fc ew' (D7 - ie“”’”@l,Bpgai + O(\Y)), (B.63)

as required by the Wess-Zumino consistency conditions.
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