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1 Introduction

When a continuous system is placed in a generic curved geometry (which we will al-
ways assume is time-independent), it polarizes: its energy density, pressure, and other
components of the stress-energy tensor acquire inhomogeneous expectation values. This
happens in any state of the system, in particular in the vacuum ground state and in
finite-temperature plasmas.



When the deformation of the geometry away from flatness is small, this polarizability
is captured by a set of linear-response coefficients. These are determined by the two-
point correlation function of the stress-energy tensor, and hence they carry non-trivial
information about the system. They are experimentally accessible data, especially for
systems in two space dimensions, where the background geometry can be more easily
manipulated. It is therefore of interest to have theoretical computations of their values.

For systems that are strongly coupled the best available tool for these calculations is the
AdS/CFT correspondence, where one solves a dual, weakly coupled gravitational system.
In the case of interest to us here — the geometric polarization of a conformally invariant,
finite-temperature plasma — we will study how the gravitational dual to the thermal
state, namely an Anti-deSitter black brane, gets distorted when the boundary geometry is
changed from flat Minkowski spacetime to a generic, weakly-deformed time-independent
geometry. This amounts to introducing a static gravitational potential at infinity, which
we may think of as an external gravitational source that induces a tidal deformation of
the black brane. In order to compute this deformation, we solve the equations for a
linearized perturbation of the geometry that satisfies an appropriate boundary condition
at infinity. Namely, the metric perturbation must not vanish asymptotically, but instead
approach the non-zero value that matches the source, i.e., the metric perturbation specified
at the boundary.

Interestingly, the static tidal polarization is also of relevance in the field of black hole
and stellar astrophysics. There, the linear-response coefficients are known as the Love
numbers of the gravitating object [1, 2]. The asymptotic external sources are a way of
approximating the effect of other distant massive bodies which pull gravitationally on
the object, and the Love numbers characterize its response. In recent times these Love
numbers have been a matter of interest (and of corny puns) in this area, since they may
be measured from the gravitational wave signal of inspiralling black holes and neutron
stars [3, 4]. One can then use them to test the predictions of General Relativity, and also to
extract information about the internal constitution and equation of state of neutron stars.

Given that Love numbers are eminently measurable quantities, not only in astrophysics
but also in the AdS/CMT correspondence, it may be surprising that — to the best of our
knowledge — they have not been explicitly investigated in the latter context. We shall
do so in this article. Specifically, we will compute the Love numbers for black branes in
AdS,4 and in AdS5. The former case is dual to the response of a strongly-coupled plasma
to the curvature of the 2+1-dimensional geometry it resides in. This is presumably closer
to physical realization in the lab (with all the caveats that attend to AdS/CMT modelling)
than in the case of the 3+1-dimensional quark-gluon plasma dual to AdSs5. We will also
show how the two-point function of the stress-energy tensor is obtained from the Love
numbers [5].

Admittedly, this is not the first study of AdS black branes tidally polarized by an
external gravitational source. Previous constructions of black branes spatially modulated
by curved boundary geometries include [6-9]. These sources have been introduced in
AdS/CMT with the primary aim of mimicking the breaking of translation invariance by an
ionic lattice, so that, subsequently, phenomena like momentum relaxation can be studied.
That is, here the polarization of the brane is a convenient means towards a further effect.



Our motivation is different. For us, the inhomogeneity is not intended to model a
discrete lattice structure, but rather it is a distortion of a background geometry that is
essentially smooth (on long enough scales), and whose direct effects on the plasma are an
object of study in themselves. In this respect, our analysis is perhaps closer in spirit to the
holographic studies of CFTs in black hole backgrounds [10], although our approach and
aims are different.

Furthermore, at the technical level, in these previous works the deformations have been
considered fully non-linearly, which is rather more difficult than our linear perturbation
analysis. The former requires either the numerical solution of partial differential equations,
or instead very special deformations with a large degree of symmetry that renders them
more solvable, but possibly less realistic. The linear-response analysis that we perform
here has the advantage that it can be done simply and very generally. Surprisingly often,
a linear approximation turns out to work well even for relatively large deformations, so
perhaps this will also be true of our results. At any rate, in none of the previous studies
are we aware of any attempt to compute the linear-response polarization coefficients of the
vacuum and the plasma states. These are of enough interest to motivate our study.

The Love numbers — the polarization coefficients — are extracted from the solutions
of linear, ordinary differential equations for gravitational perturbations of AdS black branes
(which are the static limit of the equations in [11]). For the vacuum state, dual to empty
AdS, we can solve the perturbation equations exactly and find the Love numbers in closed
analytic form. For the thermal state, we will obtain them numerically and also analytically
in a hydrodynamic gradient expansion, i.e., in power series of the wavenumber k. A non-
linear calculation of the hydrodynamic response of the plasma to an external gravitational
force was made in [12, 13], to lowest order for small k. When this result is applied to
linearized deformations, we find agreement with our calculations. But by considering small
amplitudes of the deformation, we can obtain results that extend to higher values of k.

Finally, as a natural extension of our study, we also compute the linear-response coef-

ficients of the electric polarizability of the plasma.?

2 Set up

The solution for a neutral black brane in AdS,,+; with cosmological constant A = — n(27;{—21) is

ds? dv?

il 4 = (Mg + (1 = fluqug) dz®dz” (2.1)

where «a,8 = 1,...,n label the field theory directions, u, is a timelike vector with
uaumf‘ﬁ = —1, and
f=1—p™. (2.2)

We denote the bulk radial coordinate as v, such that v = 0 corresponds to the AdS

boundary and v = p~/" to the black brane horizon. The parameter p determines the

!The literature on AdS black branes deformed by boundary electric fields is too large, and more impor-
tantly, too differently motivated than ours, to properly refer to all of it here. We shall mention, though,
that a linearized perturbation analysis was performed in [14].



temperature T' of the configuration through

- (1) )

When p # 0 one can set ;1 = 1 without loss of generality. However, for the most part
we will keep p explicitly in our equations so we can easily recover the AdS vacuum by
setting p = 0.
The renormalized boundary metric
02
= lim — 2.4
Yap = 1 5905 (2.4)

in which the dual field theory lives is the flat Minkowski metric 7,45. We want to study the
response of the field theory to a small deformation of this geometry, which we decompose
into plane waves,

YaB = Nap + Baﬂeikax“ . (25)

The ?Lalg are constant numbers that characterize the relative amplitudes of the different
metric deformations. We study time-independent perturbations, i.e., with zero frequency

Wk = 0. (2.6)

This means that the perturbations are stationary, but not necessarily static since we allow
non-zero components uaﬁag, which include momentum. We also allow non-zero gravita-
tional potentials u®u? Eag.

Henceforth we partially fix the frame by choosing a time direction ¢ and aligning k.,
with a direction z, i.e.,

u® =68%, ko =kdas. (2.7)

where k is the wavenumber of the perturbation.

In the gravitational problem we study small deformations of the black brane geometry
that satisfy the Einstein-AdS equations. Fixing a radial gauge where g,, and g,, remain
unchanged,? the metric is perturbed as

ds*  dv® 1 2 2 i1 ikz 3 .o 7.
R T (—fde> + dz? + 6yda'da? + hos(v)e™da®da”) | (2.8)
where i,7 = 1,...,n — 2 label the coordinates x* orthogonal to z.

Near the asymptotic boundary we require that (2.5) holds, so

lim hag(v) = hag . (2.9)

v—0

Then the i_zag are interpreted as asymptotic gravitational potentials acting on the
black brane.

2With this, after requiring regularity of the geometry, the horizon position remains at the pole of g,. at
_ . —1/n
V=L .



2.1 Gauge invariant perturbation analysis

Following [11] we decompose the perturbations into scalars, vectors and tensors with respect
to the group O(n — 2) of rotations orthogonal to the z axis (the boost symmetries are
broken at finite temperature). In each of these channels one can find master variables
Zsyr(v), in terms of which all the other metric components can be recovered, up to gauge
transformations of the form hap — hag — 2V (o &gy, With &, = €. (v)e** | which leave the Z
invariant. Since the equations are linear and we want the perturbation to be non-zero at
the boundary we can fix the normalization to

Zsyr(0)=1. (2.10)

For tensors and vectors the metric perturbations and the master variables are simply
related,

hiy(v) = WL Zr(v), (2.11)
hti(v) = Etz‘ Zv(v) y (2.12)

with h;fg a constant symmetric traceless tensor and hy; a constant vector. For scalars the
relation is

1 n _
ta(o) + 5 (5 = 1) o) = A 25(0), (213)
where
h(v) = 6 h;(v) . (2.14)
At the boundary, (2.13) gives
o 1 -
H = hy+ —h. (2.15)

The tensor perturbations correspond to shearing deformations of the background ge-
ometry in planes orthogonal to z, which then induce shear in the plasma. The vectors
create a stationary motion in the background, which will drag with it the black brane and
impart momentum to the dual plasma.? The scalars introduce gravitational wells hy; and
averaged external pressures 6%/ Bij, which cause inhomogeneities in the energy density and
local pressure of the plasma.

From the Einstein equations in the bulk we derive the equations for the master tensor

variable,*
_ k2
20— "L )~ ) = 2.1
#o) - "L 20 - 200 =0, (2.16)
vector,
-1 2
2 v) = " Zlo) = - 2y () =0, (2.17)

3This motion creates vorticity in the plane (z°, z).
4For n = 4 these are the zero-frequency limit of the equations presented in [11].



and scalar,

a0+ (1)

1(u—ﬁ%n—mﬁ
7 =2 +me?

Once Zg is obtained, the metric components in the scalar sector can be recovered

(2.18)
+

— k:2> Zs(v) = 0.

using (2.13) and solving the first-order constraint equations

B (v) = Wﬁtt@) + chhgt(v), (2.19)

and

n(l— £)((3n —2)f —n) + 4fk*v?

M.(0) ()
;¢%$f2v+n> i (2.20)
e R ey s

All the components of the metric perturbation that do not appear here can be gauge-
fixed to zero. The component h,,(v) is partly constrained by the choice of radial gauge,
but since the constraint (2.20) contains h’,, but not h,, there remains gauge freedom to
always set

h.:=0. (2.21)

z

In the boundary geometry this is simply achieved by changing z — z + ¢, e** with a

suitable constant ¢, = O(hqp).

Of all the other boundary values in the scalar sector, only H (2.15) is physically
meaningful, while hy and h separately are not. A Weyl transformation of the boundary
geometry leaves H invariant, but changes hy and h separately. Thus the dual conformal
field theory is only sensitive to H.

This can also be understood from the bulk viewpoint. The functions hy(v) and h(v) are

modified by bulk coordinate changes. In particular, a residual radial gauge transformation

v = (1 + %veikzx/l — ,uv”) (2.22)

with constant ¢, preserves the radial gauge condition at all v, and transforms

hee(v) = hia(v) £ 5 (= (0 = 2)f) /T = o™
h(v) = h(v) — cp(n — 2)y/1 — o™,

while Zg(v) and H remain invariant.> One can now choose ¢, so that only H, and not h

of the form

(2.23)

nor hy separately, appears in the perturbed metric. This reflects the fact that changes in
bulk radial gauge result into Weyl transformations at the boundary.

®h..(v) also changes, and keeping h., = 0 requires an additional transformation z — z + £, (v)e**>.



In this manner we can get rid of hy or h (insofar as they do not enter through H),
but one should be aware that the transformation (2.22) is not analytic near the horizon
and generates terms in the metric of the form ~ /1 — pv™. A gauge where the metric
components h,g(v) are analytic on the horizon may be preferable over other gauges. In
our subsequent calculations we will compute the values of h and hy that correspond to this
analytic gauge. How this is done will be well illustrated with the hydrodynamic solution
to the equations that we present in appendix B. Bear in mind, however, that this is just a
convenience: choosing the analytic gauge does not confer any separate invariant meaning
to ﬁtt nor h.

3 Linear response

When submitted to these external forces, the reaction of the black brane (and the dual
field theory state) is expected to show up in the holographic stress-energy tensor: in the
tensor channel as an induced shear Tj;; in the vector channel as a momentum flow T3; due
to the dragging by the geometry; and in the scalar channel as local fluctuations in the
energy density T}; and averaged pressure §*/ T;j of the dual plasma.

3.1 Love numbers

The gauge-invariant content of the response can be readily extracted from the solutions to
the master equations using the standard AdS/CFT dictionary. In all three channels, the
indices of the differential equation for the variables Z(v) near v = 0 are 0 and n. Therefore,
near the boundary the solutions are expanded as

Z(w)=A(1+...)+B@"+...). (3.1)

A and B are the coefficients of the non-normalizable and normalizable solutions of the
metric perturbation. They depend on k, and as is standard in AdS/CFT they correspond,
respectively, to the external source acting on the system, and to the expectation value of
the operator that the source couples to. In the present case, a non-zero value of A sources
a boundary metric deformation Eag in the corresponding channel, while B determines the
response of the system, i.e., the expectation value of the field theory stress-energy tensor,
0T, generated by the perturbation.
We define the dimensionless Love numbers A7y, g for each channel as

B
A=R"—. 3.2
g (32)
With our normalization (2.10) this is simply A = BR".
This definition of the Love numbers is in complete analogy to their introduction in the
context of asymptotically flat black holes in [2]. We can make this more manifest if we
change to a radial variable

2
= %, (3.3)



and consider, for instance, a tensor perturbation. Then the corresponding metric compo-
nent is

R? T ikz R" —n—1
ﬁgij(ryz) = 05 + hyje 1+"'+)\TT7+O(7“ ) (3.4)
which can be compared to eq. (1.1) of [2].

3.2 From Love numbers to stress tensor

One of the basic entries of the AdS/CFT dictionary (as explained in this context in [11],
see also [15]) is that knowledge of the A is tantamount to knowledge of the expectation
values of the two-point correlation functions of the stress-energy tensor T,3. Both are
obtained from the terms of order v™ in the series around v = 0 of the metric coeflicients.
However the relationship between them is not a simple proportionality. The stress-energy
tensor contains contributions besides A that are independent of the boundary condition in
the bulk, i.e., of the specific state of the theory. These contributions are renormalization-
scheme dependent. We could, for instance, subtract the vacuum stress-energy out of them,
but instead we shall keep these vacuum terms in the counterterm subtraction method. This
allows us to retain the effects of vacuum polarization.

Note also that in contrast to the calculation in [11], which focused on the quasinormal
poles of (T,,3T)5), we are not setting the source A to zero. Furthermore, we only consider
zero-frequency perturbations. Therefore we are investigating properties of the correlation
functions (T,,37),5) that do not show up in quasinormal mode analyses.

The correlators (T,37,,) can be obtained if we know the one-point function (T,g) as
a function of the source, i.e., of the metric perturbation 6v,s, since

2 5<Ta6 )

Toplps) = ——F—
< 5P> H(S’)’po—

In the gravitational set up (T,g) is the renormalized holographic stress-energy tensor.

(3.5)

For reference, we give its definition in appendix A. In our case the stress-energy tensor
takes the form (henceforth omitting the brackets (---))

Top =T + 0T0g, (3.6)

where the first term is the stress-energy tensor of the unperturbed, homogeneous

black brane,
o n-—1 0 1

T el AT *rels
and the second term 7,5 contains the inhomogeneities linearly induced by the metric

dij (3.7)
deformations 6,5 = hageikz . Here the bulk Newton constant G is related to the dual
theory gauge group’s rank N as

N2~ GR™® inAdS;, N°%?~GR? inAdSs, (3.8)

with numerical factors that depend on the specific realization of the duality (e.g., the volume
of the compact space transverse to AdS).



Once we compute 67,3 the two-point function can be obtained as
aTaﬂ fzkz

ores ©

In the following we give the perturbation solutions in a boundary expansion up to order

<Ta5Tpo> =2 (3.9)

v™, and the form of the stress-energy tensor in terms of A\. The latter will be computed in
later sections.

It is possible to obtain explicit solutions for any n, but the expressions are cumbersome
so we only give them for AdSs and AdSy.

3.2.1 Boundary expansion and stress-energy tensor in AdSs

In AdSs in the tensor sector there are two independent polarizations of the shear, which
can be taken to be hx = hyy, and hy = hy, = —hy,. For perturbations in the scalar sector
we have hy, = hyy = h/2. The field theory metric is then

_ h .
ds® = vaﬁdazadacﬁ = naﬁdxo‘d:nﬁ + hye™2dt? + §eZkz(dx2 + dy2)

(3.10)
+ 2hge® dtdat + hy e (da® — dy?) + 2hy e dady .
The boundary expansion of Z in the three sectors is the same up to order v?,
k21)2 /\T SV k
Zrsy(v)=1— Y < jrT 161ogv) vt 40 (v9). (3.11)

The metric components in the tensor and vector channels are obtained from Z7y
using (2.11) and (2.12), while for the scalars they are obtained from Zg and from the
solutions of the constraints (2.19), (2.20). We find

7 K4 H 2,2 AAs K 6
hit(v) = hy (14—50 ) +E <—k‘ v° 4 <R4 —4p — Zlogv vt +O(v ), (3.12)
_ 7 (1 _H 4 41 2,2 4 4As _]i 6
h(v)fh<1 2v>+6 < k“v <R4 +2u logv)v>+0(v), (3.13)

- Ryt
hzz(v):hzz+<— 3)k2 24 - 1+0 (0. (3.14)
The stress-energy tensor is
870G Top da®da® = (3dt? + dz? + dy* + dz?) % (1 + Etteikz)

7 - - 2\ no 3k*
2 2 ikz T
+ (2hX dx dy + hy(dzx” — dy ))e <4—|—2 2 >

_ o 2\ k4
4 hy; di dat € (V LB 3)

R* "2 32 (3.15)
oy (4N k* '
2 ikz [ = i_ o
oo (A2 ) - )
_ , 22 pu k!
H 2 2\ jikz [ 27 M
+ H (da® + dy”) e <3R4 G 32>

+ d22 gﬁtt eikz



The k* terms here are renormalization-scheme dependent, and in general are modified to
k* — k*(1—4b/3), where the arbitrary constant b is the coefficient of the finite counterterms
in (A.2). In the following we fix b = 0 for simplicity, but the existence of this ambiguity
should be borne in mind.

The gauge-invariant boundary scalar is

_ - h

H=hy+ 5 (3.16)
As we discussed in the previous section, in the scalar sector only this parameter is physically
meaningful, while hy and h separately are not: the coordinate transformations (2.22)
change them. Consistently with this, observe that if we rescale

= p (1 - ﬁttei’“) , (3.17)

and also perform a rescaling of z (which makes h.. # 0), then we can make hy disappear
from (3.15). In other words, the apparent spatial dependence of the plasma temperature
does not have any invariant meaning for a CFT. Even if (3.17) suggests that the pertur-
bation makes the horizon position z-dependent, this is a gauge effect. In particular it is
easy to see that the surface gravity remains uniform over the horizon, as required by the
zeroth law.

We can also write the stress-energy tensor in a way that separates its different contri-
butions and connects more directly to the hydrodynamic expansion at small k. Define a
boundary velocity field u® as

ikz 4
t_ € 7 T _ Av 3k ikz T
u —1+7htt, u __<_R4H+1_%U,>e hti; (318)
which is unit-normalized, y*? uqug = —1, and choose
T e (R R (3.19)
" 9 \ Ry 481 ) '

Then the stress-energy tensor takes a ‘Landau frame’ form

I

_ (1)
Top = 167G (Vap + duaug) + T4 , (3.20)

«Q

in which the first term has the form of a perfect-fluid stress-energy tensor (with conformal
equation of state) and the second term is purely spatial, orthogonal to u®,

uO‘TO(é/IB) =0. (3.21)
It is given by
_ _ . 2 4
871G T} de®dx® = (2hy dz dy + h(da® — dy?)) e <$4T - ?;g)
2 /), ” (3.22)
7 (72 2 2\ ikz S
+ H (da® + dy” — 2dz") e (9(R4_M)_96)'

~10 -



When the stress-energy tensor is written in this way, the first part can be regarded as
capturing how the plasma adapts to the deformed geometry ~,4 and to a velocity flow uq
while maintaining its perfect-fluid form. The choice of u and of hy is indeed such that the
vector-channel polarization, and the scalar-channel polarization in the ¢t direction, are all

(1)

encoded in this term. The second term, T 5> easures the polarization effects away from

«,

the perfect-fluid form. Bear in mind, though, that both terms in (3.20) contain physical
polarizations of the uniform plasma.
We will see that when k& — 0 we have

Ar — 0, Ay — —uR*, Ag — pR*. (3.23)

This implies that in the limit that the perturbation is homogeneous we have u® — §“; and
T ,5,1,) — 0, and hence there does not remain any physical polarization effect.

3.2.2 Boundary expansion and stress-energy tensor in AdS,4

In AdS, there are no tensor perturbations. In the scalar sector, h(v) = hy(v). The field
theory metric is

ds? = 'yagdmadx'ﬁ = nagdxadx'g + hye*Zdt? + 2hi e dtdr + hype*da? . (3.24)
The boundary expansion for Z is

K20 A
Zys(v) =1 = 5=+ S50 + 0 ("), (3.25)

and the stress tensor

87G Topdr®dz® = (2dt? + dz® + d2?) g (1 + ’12“6’“>

_ 3/
i ikz \4 H

_ 2.3 [ As W
H 2 ikz* P (326)
+ Hdt"e 1 <R3 2>

_ .3 )\S W
Hd 2 ikz2 [ 'O I
ey (R3 * 6)

+ d2’2 gﬁtteikz .

Now the gauge-invariant boundary scalar is

H = }_Ltt + Bmm R (327)
and the metric functions are
(V) = By (1 - ﬁvi”) + LT (2 p)o*) +0 (v (3.28)
2 4 R3 ’
- H 2\ .
hit(v) = hy + T (—k2112 + (R?’S — ,u) 115) + 0 (v4) , (3.29)
_ h H h
hoy(v) = has + (2“ — 4) E*v? + % po® 4+ 0 (v?). (3.30)

Similar remarks as in AdSs apply about the elimination of hy;.

- 11 -



The ‘Landau frame’ expression of the stress-energy tensor is

(1 )
TCM Q (o3 T .31
3= 16G(75+3uu5)+ (3.31)
with
13 61]627 i >\V ikz 7
u =1+ 2htt7 U = — Rigﬂ-i-l e hti7 (332)
. H (X 1
o= _H 1 3.33
" 2 (R% 2> ’ (3:33)
and 7 \
&G T( )da:ada:ﬁ = 3?(de — dz?)ek? <R§’ - ';L) : (3.34)
Again, when k — 0 we will find
3 pR?

which cancel the zero-momentum offsets in u® and T(l) .

4 Vacuum polarization

Let us now turn to the explicit calculation of the Love numbers.

It is instructive to begin with the polarization of the vacuum, since it can be solved
exactly in all channels, for all k, and in all dimensions. These Love numbers can be regarded
as representing Casimir-like stress-energies of the field theory vacuum.

In the vacuum state, with u = 0, the equations in the three channels become the same,

n—1

7" (v) — Z'(v) — k*Z(v) = 0. (4.1)

This equation is solved in terms of modified Bessel functions. The solution that remains
finite at the Poincaré horizon, v — oo, is

Z(v) ="K, ;5 (kv). (4.2)

Expanding this solution in series around v = 0 we obtain the vacuum Love numbers,

(_Hn/2 — 27— 2log (%)) (/)2 (_1;')7(1:/2)' o (ER)™ n even
Avac (k) = S (4.3)

['(-n/2) n
T(ny2)2n FF) n odd

L are the harmonic numbers.

where 7 is the Euler-Mascheroni constant and H,, = Zzzl p-
Observe that: (i) the dependence ~ (kR)™ is the one expected for the vacuum energy
density of a conformal field theory in n dimensions; (ii) the logarithmic term in even n

comes from the conformal anomaly and makes the terms H,, ;5 — 27 scheme dependent; (iii)

- 12 —



the sign of the Love numbers (at large enough k) alternates as n — n+ 2. This dimension-
dependence of the sign of the polarization response is the same as for the Casimir energy
on a spherical space [16].

In the specific cases of interest to us here,

Mae(k) = P4 aas, (4.4)
4
Avac(k) = —(11]2) <log (k2R> +v- z) in AdS;. (4.5)

For large k£ the perturbations probe the ultraviolet, short-distance structure of the
field theory and the results should be asymptotically independent of whether the state is
at finite or zero temperature. In other words, for k > T the perturbations concentrate in
the bulk around 0 < v < 1/k and are largely insensitive to the presence or absence of the
brane. It then follows that the Love numbers at large k should always asymptote to their
conformal vacuum values, and in particular

AE) ~ (=) (kR)™ (4.6)

Finally, note that when p = 0 the gauge transformations (2.22) do not introduce any
non-analytic behavior in the bulk. The gauge is analytic for any arbitrary choice of hy.

5 Polarization of the finite-temperature plasma

At finite temperature the perturbation equations do not admit exact solutions. We solve
them in two ways: in a long-wavelength, hydrodynamic expansion for small k, and numer-
ically for a range of k, up until the large-k asymptotic behavior (4.6) is established.

5.1 Long-wavelength expansion

The solution is obtained by a conventional perturbative expansion in powers of k. The
results for the metric functions are given in appendix B.

The Love numbers that we find are

AdS5:
Ar(k) K I K (3—4log?2) — K (772 —12(lo 2)2) + O(k®) (5.1)
R* T8 64 &%) T6s ® ’ '
)\V(k) B ]{32\//7 k4 kﬁ
BT M g T aasy o 2ls?)
B 2 . 10
e (77 + 6 — 241log 2) + O(k™), (5.2)
As (k) kv | k! 6
- VR LT (11— 4log2 : :
e ] 0g2) + O(k®) (5-3)
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AdSy:

)\V(k) B k,2ul/3 e k6
= o+ 9 + 12”1/3 + ﬁ

As(k) @ 2k kS .
== - — k°). .
RS 2 9B 2mp Ok (5:5)

(\/gw -9+ 3log 3) + O(k®), (5.4)

Some comments are in order. First, observe that since this is a small k expansion in
k/T ~ k/ut/™ < 1, we do not expect to recover the large-k asymptotic behavior (4.6) of
the vacuum.

Second, as anticipated in (3.23) and (3.35), we find non-zero values of the vector and
scalar Love numbers at very long wavelengths, & — 0. These are such that the physical
polarization effects vanish in this limit.

Finally, let us compare these results with those in [12, 13] for the gravitational forcing
on the AdS black brane in the hydrodynamic limit. Refs. [12, 13] give

n—2

Yap + NUUZ) + C’aw(gu“’u‘; : (5.6)

M B
Tos = {0 &G
Here Cyup, is the Weyl tensor of the field theory metric .4, and the velocity vector u® is
chosen in the Landau frame. This result is valid to two-derivative order in the boundary
theory, hence to order k? in the linearized approximation. It is straightforward to compare
the Weyl term against our result (3.22) up to this order, and verify the agreement between
the two calculations in AdSs. In AdS4 the boundary Weyl tensor is identically zero, so TC%)
vanishes at order k2. This is in agreement with the absence of a k? term in \g in (5.5).°

5.2 Numerical results

Now we solve the equations by numerical integration. After setting, without loss of gener-
ality, p = 1, we impose regularity on the horizon at v = 1 by demanding that the gauge
invariant function Z(v) is analytic there. Then we solve the equations in powers of (1 — v)
to a high order (without any arbitrary constants other than the overall normalization of
Z), and proceed to integrate them numerically towards the boundary, where we extract the
Love numbers (3.2). We do the integrations with the NDSolve function from MATHEMAT-
ICA, which uses a fourth-order Runge-Kutta procedure with adaptive step. The equations
are very well behaved so the calculation is unproblematic.

The results are shown in figures 1, 2, where we compare them with the hydrodynamic
expansion at small k£ and with the large-k vacuum limit. In appendix C we give the values
of hy (k) that result when we choose a gauge in which hy(v) (and then also h(v) and h..(v))
is analytic at the horizon.

Overall, we see that the small-k hydrodynamic expansion and the large-k values from
the vacuum provide together a good approximation to the numerical calculations. It seems

Refs. [12, 13] work in Eddington-Finkelstein coordinates which are regular at the horizon. In our
calculations, in AdSs the analytic gauge choice (B.8) coincides up to order k? with the Landau gauge (3.19).
In AdS, the Landau gauge (3.33) does not coincide with the analytic gauge (B.15) at order k*. However,
it seems that this could be remedied if in (3.31) we redefined p — u(1 4 ce®®*) with suitably chosen
c= O(Bag, k2).
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Figure 1. Love numbers Ar vy, g for black branes in AdSs as a function of the wavenumber k. Solid
blue: numerical results. Dashed red: perturbative expansions in powers of k, egs. (5.1), (5.2), (5.3).
Dotted green: large-k limit (4.5). We set R = 1, the Love numbers Ay s are dimensionless, and k
is measured in units of p'/* = 7T

Vector AdS, Scalar AdS,

k
0.5 1.0 1.5 20 25 3.0

Figure 2. Love numbers Ay,s for black branes in AdS, as a function of the wavenumber k, in
units © = 1. Solid blue: numerical results. Dashed red: perturbative expansions in powers of k,
egs. (5.4), (5.5). Dotted green: large-k limit (4.4). The Love numbers Ay g are dimensionless and
k is measured in units of y'/? = 47T/3.

likely that Padé approximants can interpolate efficiently at intermediate values of k, but
we have not attempted this.

Observe that the Love numbers can change sign as k increases, i.e., the plasma appears
to polarize in opposite ways at small and large wavelengths. This must be interpreted with
care, given that the zero-momentum offsets in A, (3.23) and (3.35), disappear in the stress-
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energy tensor in Landau frame. The latter may be more appropriate to study the sign of
the response. Then we see, for instance, that the anisotropic, transverse pressure induced
in the scalar channel, ngi) + Ty(;,), is negative for all k in AdSs, and positive for all k in
AdS;. The (gauge-dependent) term hy; which, in Landau frame, reflects the perfect-fluid
response in the scalar sector, has opposite signs in AdS; and AdS4, but in each case it
retains the same sign for all k. On the other hand, the vector-channel velocity u’ induced
in AdSs changes sign as k is increased, while in AdS, it keeps the same orientation at all k.

Perhaps the most salient feature is that the response coefficients in AdS, show a mostly
featureless monotonicity in k, while in AdSs the behavior differs significantly at large and
small k. This occurs even for the vacuum polarization, (4.5), but in this case it is the log k
in the Love number, and not a power of k, that effects the change.

As is familiar from the Casimir effect, the sign of quantum polarization effects is often
difficult to anticipate on intuitive grounds. Nevertheless, it may be interesting to investigate
further the possible meaning of these results. The exploration of further models might hint
at universal features of the geometric polarization.

6 Electric polarization

Now we consider the polarizing effect on the black brane of a small static electric field
in the z direction, with electric potential A;(v)e?**. The dual plasma, initially neutral,
polarizes into an inhomogeneous distribution of positive and negative charge densities due
to the presence of an external chemical potential. We denote the amplitude of the chemical
potential by

Ap = A4(0), (6.1)

and, like in our previous analysis, we introduce the variable Zg by
Ai(v) = Ay Zg(v) . (6.2)
6.1 Linear response theory

The Maxwell equations in the black brane background are

-3 k>
Zi(v) = = Zjp(v) - F2p(w)=0. (6.3)
The boundary expansion of the solutions takes the form
Zp(w)=AQ+...)+ B 2+...), (6.4)
and the polarization response is determined by the coefficient
B
Ap=R"2=. :
p=R"~ (6.5)

This coefficient determines the expectation value of the charge density J!. In order to
find the precise relation, following the standard AdS/CFT prescription we differentiate the
Maxwell action with respect to the boundary electric potential to get

(J) = —%\/—?nuF“t, (6.6)
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where n,, is the unit normal to the boundary at small v with induced metric g,g. The
charge density at the boundary is then given by the electric field in the normal direction.
In AdS4 the boundary expansion of the solution to (6.3) is

A
Zg(v) =1+ ﬁ% + 0(?) (6.7)
which yields
o Ap

ty A ikz ) )

(1) = Ayeits2E (63)
In AdS; there is a logarithmic term
Ap | K 2 3

Zp(v) =1+ ﬁJr?logv ve+07). (6.9)

This results in a divergence that is cancelled by adding a boundary counterterm to the
action of the form I.; ~ logwv f d4:c\/—§Fa5Fa'B. Then

(JY = Asett? A K (6.10)
R 4 '
(again, the term k? is renormalization-scheme dependent).
The two-point correlation function is obtained as

5{Jt :
(JLIty = éii,}elkz : (6.11)
6.2 Polarization coefficients

In the zero-temperature vacuum, p = 0, eq. (6.3) becomes

n—3

Zh(v) — Z(v) — K2 Zg(v) = 0, (6.12)

which is the same as the one for gravitational perturbations if we change n — n — 2.
Therefore, the electric polarization of the vacuum can be determined from the gravitational
vacuum Love numbers as

)\(”)

FE vac

(k) = A2 (k) (6.13)

vac

and the latter were computed in (4.3). This gives

Afvac = — kR in AdS,,

e == 0 (1 (M) 1) sy o
At finite temperature, the long-wavelength hydrodynamic expansion yields
Ai (k) k? o 2 6y
R —Vi+ T (2log2 — 1) + T (7* —12(log 2)*) + O(k®) in AdS5, (6.15)
and
A];fk) = '3 4 G175 (3 log 3 — \/§7r) +O(k*) in AdS,. (6.16)
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Figure 3. FElectric polarization response of black branes in AdSs; and AdS, as a function of
wavenumber k, in units 4 = 1. Solid blue: numerical results. Dashed red: perturbative expansions
in powers of k, egs. (6.15), (6.16). Dotted green: large-k limit (6.14).

The results of the numerical and hydrodynamic evaluations of A\g(k) are presented in
figure 3.

Observe that as k — 0 the electric polarization A\g and the charge density (J?) take
non-zero values. This is indeed expected: this is a uniform perturbation of the black brane
that adds a uniform charge distribution to it. What we then have is the Reissner-Nordstrom
AdS black brane in the limit of small, linearized charge density (which does not backreact
on the geometry).

Of course this uniform charge is not a polarization effect. The way to remove it is
simple. Rather than a charge density induced by an electric potential, the actual polariza-
tion effect is the charge separation in the neutral plasma, i.e.,the appearance of a dipole
distribution

D, = 0.J" = Re(ikJ") (6.17)

induced as a response to an external electric field
EZ = OZAt = Re(zkAt) . (618)

Then when k — 0 the dipole polarization vanishes.

Notice that a similar remark could be applied to the geometric polarization: like in
the Casimir effect, the measurable effect of the polarization is not so much the energy itself
but the force that arises when the geometrical set up varies.

7 Final comments

Clearly we have only taken a first step. There is still further work ahead if one wants to
test a holographic calculation of the polarization response against results from real-world
systems. In particular the holographic modelling must be made more sophisticated. But
we have identified the basic features of the phenomenon, and the extension to other models
developed in AdS/CMT is possible.

In this article the initial unperturbed geometry for the field theory has always been
Minkowski space, and correspondingly we have worked in the Poincaré patch of AdS in
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the bulk. But it is also possible and interesting to study the electric and gravitational
polarization of black holes in global AdS — in dual terms, the polarization of the plasma
on a spherical space. Indeed, the fully non-linear effects of electric polarization for these
black holes have been studied numerically already in [17, 18], see also [19-21]. The analysis
in global AdS is technically more complicated (spherical harmonics instead of plane waves)
and presumably less relevant to systems in the lab, so we have not attempted it here.
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A Holographic stress tensor

The Brown-York stress-energy tensor Tag is computed in the AdS boundary with regular-
ized metric gop at constant, small v. The renormalized metric is (2.4) and the renormalized
stress-energy tensor is

n—2
Tpp = lim (R> Tog - (A1)

v—=0 \ v

We compute it using counterterm subtraction in AdSs and AdSs; (n = 3, 4) [22], in
which
n—1 R R3

R ga6+n—2Ga 75(

87G Top = Kop — Kiap — H)s—3H25) log(ve®), (A.2)

where G is the Einstein tensor of the boundary metric g,g, and the last two terms, which
enter only in AdSs5 due to the conformal anomaly, are

1 6(V/=gR%)

Hyp = = ggar = 2VaVaR = 2005V, V'R - daslt" +2RRap,  (A3)
1 6(V/=gR, R - - 1 :
1, o oo onps
- §ga,8RpaRp + 2R5RPIB' <A4)

Here all geometric quantities refer to the metric gog. The constant b in (A.2) is arbitrary
and reflects a renormalization scheme dependence.” This ambiguity could be fixed by e.g.,

"Actually one can include finite contributions to the stress tensor (A.2) (and (3.15)) from H' and H?
with separate coefficients. For simplicity we do not do it, and our choice above is such that the stress tensor
is traceless.
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imposing supersymmetry on the boundary [23], but this is not particularly well motivated
in our set up.

B Hydrodynamic expansions

The following are the solutions obtained in a power series expansion in k. They are valid
for all 0 < v < 1. We set for simplicity p = 1.

B.1 AdSs

Gravitational polarization:

1 1 2
Zr(v) =1 — Z1og (140?) k2+T28 (72 — 4(log 2)? + 8log (1 _02> log (1 + v?)

1402

+ 8log2log (1 — v*) — 8Li, < ) — 2Lip (1 - v4)) E'+0 (K%, (B1)

Zy(v) =1—vt = %v2 (1—2?)k?

+ 3% (v3(1 —v?) = 2v*logv — (1 —v*) log (1 + %)) k* + O (k%) , (B.2)
Zs(w) =1+ 0" + oo (40 (1+02) + (14 0) Tog (1+0%)) K2 40 (K) (B.3)

These are all finite and indeed analytic functions at v = 1.
The solutions of the constraint equations are

his(v) = CV/1 — ot (1+ %) + 21 (1= (1—v")k* + O (k*) (B.4)
h(w) = 20 —20VT— v+ L (log (1447) ~2 (14 ?) K+ O(K) (B

hz(v) = hoe + C (1= V1= 01)
— 21 (v? +log (1 +v?) — 6C arcsin(v?)) k* + O (k*) . (B.6)

Observe here the presence of an integration constant C, which corresponds to
- H
C = hy — ng +0 (k') . (B.7)

This constant corresponds to the gauge freedom discussed in (2.22), (2.23). The gauge-
invariant function Zg(v) is independent of it, but when C' # 0 the metric functions hy, h,
h.. are not analytic at the horizon position v = 1. Therefore if we choose a gauge where
the metric is analytic on the horizon, this implies that (restoring now u, and adding the
next order in k)

R H ]LQ+’L4( —12+6log2) ) + O (k%) (B-8)
L N 24M7T og : )

—90 —



Electric polarization:
Zp(w)=1—-v*+ % (20 log (2v) — (1 +v?) log (1 +v%)) k% + O (k%) . (B.9)

B.2 AdS4

Gravitational polarization:
1
Zy(v) =1—0v3 — 5(1 —v)v’k?

— ﬁ <9v(1—v)(2—|—v)+ 2V/3 (1-27) <7r — Garctan (1 J&;“))) k' + 0 (k%)

(B.10)
v3 v2k? v
Zs(v) = 1+? — 2k: +216<36v (1—1—1}2) +\/§(2+v3) <7r—6arctan<1i;§2 >>
—9(2+v3) log (1—|—’U—|—U2)>k4+0(1€6), (B.11)
with metric functions
2 V) /r(1—=v3)T (2
hit(v) = Zk2<—4v2(1—v3)+ (2+ ) FE%) )F(?’)
+ v? (—2 + 03 + vﬁ) o F1 (1, g; g;v?’) ) +0 (k‘4) ) (B.12)
(R (/A=) 75
et = 15 (P e (o - am (15 5)) )
+0 (k') , (B.13)
(VA -VI=)T(3) 1 7 8
h.,(v)=h,,+H < 5T (%) 3 4—0112 (10+v?’ o Fy <1, it 3,v3>> k2
+0 (k') . (B.14)

Since the expressions are cumbersome, here we have already chosen the analytic gauge,

which determines (now with u restored)

sy g (P VET(G) K V332
hu(k) = H <M2/3 12T (%3) - 9ui/3 <1 - 91“(32)I‘(2)>> +O(k°). (B.15)

Electric polarization:

K <2(2v +1) aretan <2u + 1> _ w(5v+1)
2\ V3 V3 3V3 (B.16)

+wvlog3 — log (v2 +v+ 1)> + O(k*).

ZE(U):l—U-l-
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Figure 4. Values of hy (k) in the analytic gauge, for AdSs; and AdS,. Solid blue: numerical results.
Dashed red: perturbative expansions in powers of k, egs. (B.8), (B.15).

C Analytic gauge

In the main text we have discussed that certain choices of the radial coordinate v lead
to metric functions hy(v), h(v), h..(v) that behave like ~ /1 — pv™ near the horizon at
v = ,u’l/ ™. This non-analyticity is inconvenient for showing that the horizon is regular. For
instance, if one changes (¢,v) — (1, v) where the latter are ingoing Eddington-Finkelstein
coordinates, then if the v-gauge is not analytic the metric in these coordinates is singular at
the horizon. Proving horizon regularity requires to first perform a change of the type (2.22)
to an analytic radial gauge. Nevertheless, invariants such as the surface gravity can be
computed in any radial gauge.

The transformations (2.22) alter hy. Figure 4 gives the values of hy (k) that result
when taking the analytic gauge. We compare them with the hydrodynamic calculations of
appendix B.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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