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1 Introduction

Magnetic fields of hadronic scale could exist in cosmic objects and Early Universe. The
noncentral heavy ion collisions may create such fields in terrestrial laboratories like LHC
(ALICE), RHIC, NICA and FAIR (CBM) [1]. The sufficiently strong magnetic field affects
the internal structure of hadrons, in particular shifts their energy levels.

Since a meson is a composite particle, the external electromagnetic field will cause the
deformation of the meson wave function. The way the meson is deformed under the action
of the external field is determined by the properties of the strong interaction between the
quark and the antiquark.

In this work we consider the constant external magnetic field. The magnetic moments,
the dipole magnetic polarizability and the hyperpolarizabilities characterize the response of
a particle to this external influence. The magnetic moment is the most important quantity
describing the magnetic properties of a meson or baryon due to the presence of the spin.
The magnetic polarizabilities and hyperpolarizabilities show the distribution of the quark
currents inside an hadron and describe its internal structure in the external magnetic field.

The effects of a magnetic field on an hadron mass were firstly studied in the pioneering
paper [2]. Then the magnetic field was introduced in two flavor lattice QCD simulation [3]
and used as the probe of QCD properties [4]. The energies of hadrons in magnetic fields
have been calculated on the lattice [5-8], in theoretical models [9-13] and in the framework
of the QCD sum rules [14, 15]. The notion of the hadron polarizability was initially



discussed in [16, 17]. The magnetic polarizabilities of pions have been measured in the
experiments [18-20], have been calculated in the chiral perturbation theory [21, 22] and in
the lattice gauge theory [23]. The magnetic polarizabilities of baryons have been obtained
in full lattice QCD [8]. The magnetic moment of the p meson has been explored in [24-30].

This work is devoted to exploration of the energy levels of p and K* mesons in the
magnetic field, their magnetic polarizabilities and magnetic moments. Our results were
obtained in pure SU(3) lattice gauge theory. The inclusion of dynamical quarks into a
consideration will most likely not lead to a radical change in the magnetic properties of
p meson, although it becomes an unstable particle in full QCD. For example, in 241 full
QCD the g-factor of the p* meson is equal to 2.21(8) at the physical point [30]. Quenched
lattice theory predicts the value g = 2.25(0.34) in the chiral limit [24] and g = 2.20(0.15)
at the lowest pion mass [27].

In section 2 we describe the technical details of our calculations, the gauge field action,
the fermionic spectrum and correlation functions. In section 3 the energy of the charged
vector p meson has been studied for various spin projections versus the magnetic field
value. Section 4 is devoted to the discussion of the magnetic moments of the p* and K**
mesons. The magnetic dipole polarizability and hyperpolarizability of the first order of the
p* mesons have been calculated in section 5.

2 Details of calculations

2.1 Fermionic spectrum

To calculate the eigenvalues and the eigenvectors of the Dirac operator we use the Neuberger
overlap operator [31]. It has the following form

D
Dow =2 14 20| -

\/ Dl Dw

where Dy, = M — p/a is the Wilson-Dirac operator with the negative mass term p/a,

(1 + ~yssign(H)), (2.1)
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p = 1.4 is the parameter, H = 5Dy is the hermitian Wilson-Dirac operator, a is the
lattice spacing in physical units, M is the Wilson hopping term with » = 1. The key
ingredient of the overlap operator is the sign(H) function

H
sign(H) = . (2.2)
HTH
Let’s construct the massive overlap operator
am,
MOV = < — 2pq> DOV + mq (23)

for the quark mass m,.
For the numerical implementation of this operator the MinMax polynomial approxi-
mation of the Sign function is used [32]. The spectrum of the Dirac operator spec(H) €



[Amin, Amax] € R. The Sign function also can be expressed through the norm || H||

sign(H) = sign <HZH> = sign(W). (2.4)

Since ||H|| = Amax, spec(W) € [Amin/Amax; 1]. The function 1/||H|| is approximated by
the Chebyshev polynomials Ty (z), k = 0,...,n on the interval /e < spec(H) < 1, where

e =M. /A2 .. The original matrix H and the polynomial
n
2H? —1—¢
Po(H?) = chTk(Z)a FE T (2.5)
k=0
has the same set of eigenfunctions vy, [33].
The maximal relative error is
6 = max|h(y)|, (2.6)

where

u||H| - P
M) =T

in our calculations § ~ 1078. The fermionic propagators are calculated using the eigen-

(2.7)

functions and the eigenvalues of the overlap Dirac operator. This method controls the
computational errors with a high efficiency and preserves the chiral invariance at a zero
quark mass on the lattice [32].

2.2 Gauge field action

We generate ensembles of 200—350 statistically independent quenched SU(3) configurations
of the gauge field using the tadpole improved Liischer-Weisz action [34].

S = Bimp »_ Spl — 20u Sit (2.8)
pl

where Sp) ¢ = (1/2)Tr(1 — Upl,rt) is the plaquette (denoted by pl) or 1x2 rectangular
loop term (rt), ug = (Wix1)Y/* = <(1/2)TrUp1>1/4 is the input tadpole factor computed
at zero temperature [35]. This action suppresses ultraviolet dislocations which leads to
non-physical near-zero modes of the Wilson-Dirac operator and difficulties in choice of the

p parameter (see subsection 2.1).

2.3 Abelian magnetic field on the lattice
We consider charged particles in a constant external magnetic field. The Abelian magnetic
vector potential A, is chosen in the symmetric gauge

B
Af(m) = 5@1%,2 — 220,,1)- (2.9)

This insertion does not affect the dynamics of the gluon as we consider the quenched
approximation. The resulting gauge field is presented as the sum

Ayij = A%+ ABS; (2.10)



of the nonabelian SU(3) gauge field of gluons A“Zlij and the U(1) field of the magnetic pho-

tons AE; i,j=1,...,N2—1,u=1,2,3,4 are the color and the Lorentz indices respectively.
In order to respect the gauge invariance of the theory on the lattice and satisfy the
periodic boundary conditions in space one has to impose the twisted boundary conditions

on fermionic fields [36]. In our case they have the following form

¥ (x1 + aNs, x2,x3) = exp (—igBaNS.m) Y (x1, 9, T3) , (2.11)

¥ (x1, 2 + aNs, x3) = exp (i%BaNsml) W (x1, T2, T3) , (2.12)

where Ny is the number of lattice sites in spatial directions, ¢ is the quark charge. There
is also an additional gauge dependence of the electromagnetic gauge potential and fermion
field, which is analogous to the #-vacuum in QCD [36].

The non-Abelian gauge SU(N) theories in a box with an external electromagnetic field
and periodic boundary conditions were originally investigated in [37]. The Landau level
problem has been studied on a torus in papers [38, 39]. The condition of quantizing for
the magnetic flux can be also derived from consistency of the boundary conditions (2.11)
and (2.12), see [36]. Therefore the magnetic field value is determined by the relation

2mnpg

gB = N2 ng € 7, (2.13)

where ¢ = —1/3e is the charge of the d-quark, Ny is the size of the lattice in the spatial
direction. We explore the sufficiently large magnetic fields corresponding to np ~ 0 + 28,
where the saturation regime (ng/(L?) 2 0.5) is not yet achieved. The radius of the first
Landau level [y = 1/v/eB is also larger for the range of fields and lattice spacings presented
here. The lattice parameters and the values of the magnetic field used for the calculations
are presented in appendix.

2.4 Calculation of correlation functions

The correlation functions of the vector fermionic currents for the charged mesons in the
coordinate space

{0yt (2)0p+ (y)) = —Te[[1 Dy (2, y)T2 Dy (y, )], (2.14)

where O,+ = Y1 (2)4T1 29(x), is the p* meson interpolator, I';, Ty = Y are the gamma
matrices, D;; are the propagators of u and d quarks. The interpolation operator for the p~
meson is defined similarly, O, = Y1 (2),'12¢(2)g. The lattice interpolation operator for
the 7 meson has the form O,0 = (¥ ()75 () =T (2)a75¢(2)4) /v/2. The corresponding
correlation function reads

(Og0(2)Opo(y)) = —%TrhsD;l(fc,y)%DJl(y,x)] - %Tr[%D;l(x, »)vsD7 (y, )], (2.15)

where only the connected part is included. The disconnected part is zero because the u
and d quarks contributions cancel each other.



The massive Dirac propagator in an external magnetic field is expressed as the sum
over the lowest M Wilson-Dirac eigenmodes

DN z,y)= Y M (2.16)

A m
k<M kT

where z = (na,n:a) and y = (n’a,nja) are the coordinates on the lattice. n,n’ € A3z =
{(n1,n2,n3)|n; = 0,1,...,Ns — 1} denote the numbers of lattice sites in the spatial di-
rections, ng, n; are the numbers of lattice sites in the time direction. We use M = 50 to
provide the high level of convergence.

We carry out the Fourier transformation of our meson interpolators to the momentum
space over the spatial components n in the spatial lattice A3. Then the interpolators are
projected to zero spatial momentum p = 0 which corresponds to the meson at rest. At
zero magnetic field the meson energy equals to its mass Ey = myg.

The correlation function in the Euclidean space can be represented as the series over
Hamiltonian eigenstates [40]:

C(ny) = (¥1(0,1)T19(0,m¢)1b7(0,0)T21(0,0)) 4

Z O’O‘k k’OT|0> —n,gaE;C (2.17)
k

where Fj is the energy of the state with the quantum number k, O, Ot are the operators
acting on the Hilbert space.

The correlator is the second rank tensor invariant w.r.t. Lorentz group transformation.
It is, in fact, proportional to the vector meson spin covariant density matrix, which is
especially convenient to consider in its rest frame. The symmetry is than reduced to
rotational one and the irreducible representations include the scalar (corresponding to spin-
averaged cross-section), axial vector (corresponding to 3 components of vector polarization)
and symmetric traceless tensor (corresponding to 5 components of tensor polarization). The
background magnetic field is directed along the z axis. It is convenient to express the spin
density matrix in terms of transverse (e, = (0,1,0,0),e, = (0,0,1,0)) and longitudinal
(e, = (0,0,0,1)) polarization vectors. One can obtain the energy of the ground state for
the spin projection s, = 0 on the field direction from equation (2.14), when I'y,I'y = 3.
The combinations of the correlators

C(sy = =%1) = C11 + Caa £ 1(Cr2 — Cay1), (2.18)

give the energies of vector mesons with the spin projections equals to +1 and —1 corre-
spondingly, indices ‘1" and ‘2’ correspond to the 7, and 9 in (2.14) respectively.

At large n; the first term in formula (2.17), containing the energy of the ground state,
gives the main contribution to the correlation function. Due to the boundary conditions it
has the following form [40]:

Cri (ng) = 2Age NTaEo/2 gk ((nt — ]\;) aE()) (2.19)
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Figure 1. The correlation function of the p* (p~) meson with the s, = +1 (s, = —1) spin

projection for m,(B = 0) = 535(4) MeV and several values of the magnetic field. The curves are
the fits of the lattice data made by the hyperbolic cosine function (2.19).

where Ag is a constant, Ej is the energy of the ground state. We find the ground state
energy as the fit parameter, fitting lattice correlators by the function (2.19). In order to
minimize the errors and exclude the contribution of excited states the data are fitted at
ng < ny < Np — ng, where ng is the parameter which is determined from a plot of the
effective mass. The errors are found from the fit of the correlation function by y? method.

The effective mass can be found from the formula

1 _ C (nt)
Meff <nt + 2) =1In Gl 1 1) (2.20)

but it doesn’t take into account the boundary conditions. To respects the periodicity one
has to solve numerically the following equation

C(ny) _ cosh(megr(ny — N7 /2))
C(ny+1)  cosh(meg(ne+1— Np/2))

(2.21)

Figure 1 shows the correlation function of the p™ (p~) meson with the s, = +1
(s, = —1) spin projection on the magnetic field direction for the lattice volume 20%, the
lattice spacing 0.115 fm, the pion mass 535(4) MeV and several field values. Fits were done
using the hyperbolic cosine function (2.19) at ng = 6. In figure 2 the plot of the effective
mass are shown for the same lattice parameters and for the magnetic field values 0.14 GeV?
and 0.55 GeV?. The points represent the meg values obtained from equation (2.21), the
lines correspond to the fits by a constant function performed at ng = 6. One can also use
ng = 5, the energies obtained at ng = 5 and ng = 6 coincide within the errors.

In figure 3 we depict the effective mass plot of the p™ (p~) meson for another spin
projection s, = —1 (s, = +1) on the magnetic field direction. From a comparison of
figure 2 and figure 3 we see that the errors of the mass determination are sufficiently larger
for the highest energy sublevel than for the lowest sublevel.
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Figure 2. The effective mass of the p™ (p~) meson with the s, = +1 (s, = —1) spin projection
for m,(B = 0) = 535(4) MeV. The lines correspond to the fits of the meg by the constant function
at ng = 6.
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Figure 3. The effective mass of the p™ (p~) meson with the s, = —1 (s, = +1) spin projection
for m,(B = 0) = 535(4) MeV. The lines correspond to the fits of the meg by the constant function
at ng = 6.

3 Magnetic moments of p* and K** mesons

Let us estimate the Lande g-factor of the vector mesons from the lattice data, using its
values we obtain the magnetic polarizabilities (section 5). The g-factor characterizes the
gyromagnetic ratio of a particle or its magnetic moment in natural magnetons.

The vector p* and K** mesons, consisting of the strongly interacting quarks and
gluons, have a complex structure. The precise determination of the g-factor value is of
much interest because it enables to find the contribution of non-perturbative effects to the
magnetic moment of hadrons. However, the p meson is an unstable and short-lived particle,
so the experimental value of the g-factor is hard to measure.

The energy of the Landau levels is described by the following formula

E? =p2 + (2n+1)|gB| — gs.qB + m?, (3.1)



V | mz(MeV) | a(fm) g-factor | x2/d.o.f. | fit, eB (GeV?)
184 | 331+7| 0.115 | 2.01+£0.18 |  0.826 [0,0.35]
184 395+6 | 0.115 | 2.17£0.18 0.969 [0, 0.35]
180 | 541+£3 | 0.115 | 2.12+£0.07 1.159 [0,0.35]
184 667 +3 | 0.115 | 2.07£0.19 1.695 [0, 0.35]
181 | 62521 | 0.086 | 2.11+0.01 0.153 [0,0.70]
18* 596 £12 | 0.095 | 2.30 £0.12 1.094 [0, 0.55]
184 572+16 | 0.105 | 2.05 £ 0.03 0.644 [0,0.45]
20* | 535+£4 ] 0.115 | 2.22 +0.08 1.308 [0,0.45]

Table 1. The g-factor of p* meson for the various lattice volumes, the pion masses and the lattice
spacings, the nonrenormalized quark masses are also shown. The values of x?/d.o.f. and fitting
intervals are also represented.

where p, is the momentum in the ‘z’ spatial direction, n is the principal quantum number,
q is the electric charge of the meson, g is the g-factor, s, is the spin projection on the field
direction and m = E(B = 0) is the energy of the particle at zero magnetic field and zero
momentum. Further we consider n = 0 and p, = 0. This equation correspond to pint-like
particle and should get the corrections from its structure for high mgnaetic fields.

At relatively low magnetic fields (< 0.5 GeV?) the energy squared of the p* mesons
iexhibits the linear responce of the field

E? = |¢B| — gs.qB + m>. (3.2)

One can neglect the nonlinear response on the magnetic field because the next term con-
tribution to the energy at these B values is less then 10% (see section 4). The energy of
a meson can be described by a formula (3.2), because at the magnetic fields lower than
QCD scale the internal structure of the meson has not to be revealed. It follows from
equation (3.2), the energy splits into sublevels in the external magnetic field. The E? value
increases at ¢s, = 0, —1 and decreases at ¢s, = +1.

In figure 4 we show the energy squared of the p™ (p~) meson depending on the field
value with the spin projection s, = +1 (s, = —1) for the lattice volume 18*, the lattice
spacings 0.086 fm, 0.095 fm, 0.115 fm and various pion masses, the lowest pion mass is
equal to 331(7) MeV at a = 0.115 fm. For the lattice volume 20* the calculations were
carried out at the pion mass m, = 535(4) MeV and the lattice spacing a = 0.115 fm. In
figure 4 the points represent the lattice data, the lines are the fits to the lattice results
obtained with the use of formula (3.2).

We find the g-factor from the lowest energy sublevel, because the statistical errors are
lower for the lowest energy sublevel than for the upper one, as we have seen in section 2. In
table 1 we collect the g values obtained from the fit (3.2), their errors, the lattice simulation
parameters, the x?/n.d.f. values and the field intervals used for the fitting. In figure 5 all
g-factor values are represented depending on the pion mass squared.
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Figure 4. The energy squared of the p* (p~) meson with the spin projection s, = +1 (s, = —1)
versus the magnetic field value for various lattice volumes, lattice spacings and different quark
masses. The points correspond to the lattice data, the lines are the fits to these data obtained using
formula (3.2).
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Figure 5. The g-factor of the charged p meson versus the mass squared of the pion for various
lattice data sets.

We consider several lattice spacings to check the cut-off effects, is there any g value
dependence on the lattice spacing. The cut-off effects, as well as energy dependence on
the pion mass, are sizeable, as clearly visible in the figure 4, where results from different
simulations do not lie on top of each other. Nevertheless, we did not observe any dependence
of the g-factor on the lattice spacing or the pion mass within the error range, the relative
systematic error is ~ 5% and a mean value is equal to 2.1 £ 0.14s. The finite volume
effects are not so pronounced, for example lattices with the volumes 18* and 20%, the
lattice spacing 0.115 fm give very close energy dependencies for the pion masses 541(3)
and 535(4) respectively.

We have obtained the most accurate value g = 2.11 4 0.01 for the finest lattice with
the spacing a = 0.086 fm, the lattice volume 18* and the pion mass 625(21) MeV.
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Figure 6. The energy squared of K** meson with the spin projection s, = +1 versus the magnetic
field value for the lattice volume 184, the lattice spacing 0.115 fm and various light and strange

quark masses. Points correspond to the lattice data, lines are the fits to our data obtained using
function (3.2).

mx(MeV) | mg/my, g-factor | x%/d.o.f. | fit, eB (GeV?)
331£7 20 | 2.27£0.18 1.845 [0, 0.35]
331+7 25| 2.23+0.23 1.986 [0,0.35]
331+7 30 | 2.29+0.19 1.366 [0,0.35]

Table 2. The g-factor of the K** meson, obtained on the lattice with the volume 18*, the lattice
spacing 0.115 fm and various bare masses of the light and strange quarks. The values of x2/d.o.f.
and intervals choice for the fitting procedure are also shown.

Our value of the p* magnetic moment agrees with the other lattice predictions at
nonzero pion masses [27, 30, 41]. The magnetic moment in pure gauge theory differs from
the full 2+1 QCD result, its value is lower for approximately 5 — 10% for the same pion
masses [30]. This discrepancy may be explained by the contribution of the dynamical
quarks, cut-off and finite volume effects.

D.G Gudino and G.T. Sanchez have obtained the g-factor from the analysis of BaBar
cross section data for the reaction eTe™ — 777270, They have found the value geyp =
2.1+ 0.5 [42]. The g-factor of the p meson has been calculated in [29] using the chiral
EFT at varying quark masses with a result similar to ours. The light cone QCD sum rules
predict the value g = 2.4 + 0.4 [43], and the covariant quark model gives g = 2.14 [44].

Figure 6 shows the energy squared of K** meson with the spin projection s, = 41 for
the lightest pion mass m, = 331(7) MeV, for the strange quark mass defined by the ratio
ms/m, = 20,25,30 and for pion mass m, = 395(6) MeV, mg = 20m,. The fits to the
lattice data, represented by the lines, were obtained by using formula (3.1). In table 2 the
values of the g-factor for various light and strange quark masses are collected.

For the pion mass m, = 331(7) MeV and ms; = 30m,, the closest to the physical
case, the g-factor of the vector K** meson is 2.29 £ 0.19. This value is in accordance with

~10 -



the prediction of the QCD sum rules 2.0 £ 0.4 [43] and the lattice results [27, 41]. Any
dependence of the g-factor on the strange quark mass has not been observed within the
error range.

The gyromagnetic ratio for free particles is close to “gravigyromagnetic” ratio, describ-
ing the motion of spin in rotating frames and near the rotating bodies (see [45] and ref.
therein) which is universal (g = 2) due to equivalence principle. The value of g ~ 2 for
p—meson shows that QCD effects do not strongly violate this similarity. One may also
refer to AdS QCD where g is exactly equal to 2 [46].

4 Energy of p* meson

We have explored the ground state energy levels of the charged p* meson versus the value
of the external magnetic field, which is directed along the ‘z’ axis.

Figure 7 shows the energy of the charged p meson with the spin projections s, = —1,0
and +1 on the direction of the magnetic field depending on the field value for the lattice
volume 204, the lattice spacing 0.115 fm and the pion mass m,(B = 0) = 535(4) MeV. At
the magnetic fields eB € [0,0.3] GeV? we fit the lattice data by formula (3.2). In figure 7
the corresponding fits are represented for the spin projections s, = —1,0 and +1 by solid
lines. In our calculations the reversal of the field direction is equivalent to the replacement
of a quark by an antiquark, so the energy of the p~(s, = —1) is identical to the energy of
the p* (s, = +1) meson.

At large magnetic fields the deviation from the Landau levels energy has been observed,
because the energy sublevels of the p meson are likely getting sensitive on the internal
structure of the meson, which by definition is neglected when treating it as a free particle.

The parity has to be conserved, so for the spin projection s, = 0 on the field direction
the p-meson energy squared contains only the terms of even powers of the magnetic field,
while for the spin projections 1 and —1 the terms of both odd and even powers of the field
are allowed.

In figure 7 we also show the fits of the lattice data (the dashed lines) by the following
dependence

E? = |¢B| — g5.qB + m? — 4mmp,,(qB)* (4.1)

at eB € [0,1.2] GeV?, where 3, is the dipole magnetic polarizability.
One can include the next power of the field into consideration and fit the data for the
s, = 1 by the formula

E? = l¢gB| — gs.qB + m? — 47rmﬁm(qB)2 — 47rm6211(qB)3, (4.2)

where 8Pl is the magnetic hyperpolarizabilty of the first order. We have found that the
fit coincides with the one obtained with the use of formula (4.1), the contribution of the
cubic term in the field is negligible in comparison with the quadratic term at eB € [0, 1.2].
The term of the fourth power in the magnetic field gives even smaller contributions to the
energy of the vector meson for the all spin projections at the field range considered, in this
case the energy dependency is the following

E? = lgB| — gs.qB + m? — 471'mﬁm(qB)2 — 4ﬂ'mﬁfﬁ3 (qB)3 — 47rmﬂﬁ?(qB)4, (4.3)

- 11 -
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Figure 7. The energy squared of the charged p meson for various spin projections s, = 0,+1
depending on the magnetic field value for the lattice volume V = 20%, the lattice spacing a =
0.115 fm and the pion mass m, o = 535(4) MeV. The solid lines correspond to the fits of the lattice
data obtained with the use of formula (3.2), the dashed lines are the fits of the lattice data by (4.1).

where 32 is the magnetic hyperpolarizabilty of the second order. Thus, for the magnetic
fields less than 1 GeV? the energy squared can be expanded in a series in the magnetic field.
But at some value of the magnetic field the series of the perturbation theory in the magnetic
field begins to diverge and the description in terms of the magnetic polarizabilities becomes
poorly defined. One of the main objectives pursued in this work is to find a suitable range
of field where the higher order effects can be neglected.

5 Magnetic polarizabilities of p meson

The magnetic polarizabilities in QCD, whose example is represented by (4.2), quantify the
response of an hadron to the strong magnetic field. In case of the lightest 7= meson this
quantity can be found from the ChPT. But if we deal with the magnetic polarizability of
p meson, any theoretical and experimental predictions are difficult to obtain. Thus the
lattice QCD is a budding approach in this topic.

We have found the magnetic dipole polarizabilities fitting the lattice data by for-
mula (4.1), where we fix the g-factor value, so that m and (3, are the fit parameters,
qs, = +1. The g-factor was found in section 3 and presented in table 1. In figure 8 the
solid line corresponds to the fit of the lattice data for the energy squared at the average
value of the g-factor for the lattice volume 184, the lattice spacing a = 0.115 fm and the
pion mass 395(6) MeV. The lattice data are shown by the empty points. The shaded area
indicates the interval of the possible energy values, if we change the g-factor within the
error range. The dashed lines correspond to the fits of the lattice data at ¢ = g £ 6, where
0 is the error.

The values of the magnetic dipole polarizability are represented in table 3, the errors
include both the deviation of the (,, from its average value due to the uncertainty of the
g-factor and the error of the fitting procedure. For the lattice spacing a = 0.095 fm we
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Figure 8. The energy squared of the ground state of the p™ (p~) meson with the spin projection
s, = +1 (s, = —1) versus the field value for the lattice spacing a = 0.115 fm, the lattice volume 184

and the pion mass 395(6) MeV. The curve is the fit to the lattice data performed of formula (4.1).
The shaded area represents the error of E? at the fixed g-factor value.

V | my(MeV) | a(fm) | B (GeV™3) | x2/d.o.f. | fit, eB (GeV?)
18* | 596412 | 0.095 | —0.02570019 1.656 [0,0.9]
18* | 596+12 | 0.095 | —0.03670957 1.864 [0,1.3]
18* 541+£3 | 0.115 | —0.03710068 2.774 [0, 1.05]
20% 535+4 | 0.115 | —0.04210008 2.274 [0, 1]
18* 39546 | 0.115 | —0.04570972 0.823 [0, 1]

Table 3. The magnetic dipole polarizabilty 3, of the charged p meson for the lattice spacings
0.095 fm, 0.115 fm, for the lattice volume 18%, various pion masses and for the lattice spacing
0.115 fm, the lattice volume and the pion mass 535(4) MeV with the corresponding errors and
x%/d.o.f. The fit interval is shown in the last column. The results were obtained from the 2-
parametric fit according to formula (4.1).

show two intervals of the magnetic field which have been used for the determination of the
polarizability, the results agree with each other within the errors.

Figure 9 shows that the values of the g -factor and the magnetic dipole polarizability
B slightly depend on the interval used for the fit procedure. With the increase of the
interval the ,, value starts to increase slowly from eB > 1GeV?. We explain this effect
by the contribution of the magnetic hyperpolarizability B}nh (4.2), which gives an opposite
contribution to the meson energy and not taken into account in equation (4.1).

We fit the energy squared using equation (4.2) to obtain the magnetic hyperpolariz-
ability of the first order 4"!. We can fix only the g-factor or the g-factor and the magnetic
dipole polarizability 5,, at the same time. In the first case we deal with the 3-parametric
fit, so that m, 3, and B! are the fit parameters. In figure 10 the region of the acceptable
E? values is restricted by the solid lines, the corresponding values of the f3,, and ,B}nh are
shown in table 4.
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Figure 9. The g-factor and the dipole magnetic polarizability [,, depending on the interval of
fields used for their determination for various lattices and pion masses.

1.4 - ) ‘
18", a=0.115 fm —&—
2 - param. fit - - - -
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Figure 10. The energy squared of the ground state of the p™ mesons with the spin projection
s, = £1 versus the field value for the lattice spacing a = 0.115 fm, the lattice volume 18* and the
pion mass 395(6) MeV. The solid curves restrict the area obtained using the 3-parametric fit (4.2)
at the fixed value of the g-factor. The dashed lines are the boundary of the acceptable E? values if
the g-factor and f,, have the definite values.

V| my(MeV) | a(fm) | B (GeV™3) | B (GeV™) | x%/d.o.f. | eB, GeV?
184 | 596412 | 0.095 | —0.05010-50% | 0.00915-002 1.965 [0,2.5]
18* 54143 | 0.115 | —0.0457399% | 0.00915-501 2.787 [0,2.5]
20* 535+£4 | 0.115 | —0.05870005 |  0.01310005 2.697 [0,2.0]
18 39546 | 0.115 | —0.0477005% | 0.00970:055 2.255 [0,2.5]

Table 4. The magnetic dipole polarizabilty 3,,,, the magnetic hyperpolarizability 31" of the charged
p meson obtained from the 3-parametric fit (4.2), where we use the data presented in table 1. The
results are obtained for various lattice volumes V/, lattice spacings a and pion masses my, x?/d.o.f.
values correspond to the fit at the average g-factor value.
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V | myr (MeV) | a(fm) | B (GeV™) | eB, GeV?
18 | 596412 | 0.095 | 0.00470.002 [0,2.5]
180 | 54143 0115 | 00067000 [0,2.5]
201 | 535+4] 0.115| 0.00670003 [0,2.0]
180 | 39546 | 0.115| 0.0087000 [0,2.5]

Table 5. The magnetic hyperpolarizability 1" of the charged p meson obtained from the 2-
parametric fit (4.2), where we use the data from table 1 and table 4. The results are obtained for
various lattice volumes V', lattice spacings a and pion masses m.

1.4 ¢ 18 m =596 MeV, a=0.095 fm —e—
: 184,m "_395 MeV, a=0.115 fm —4&—

' 18}, m=541 MeV, a=0.115 fm —s—
12y 20*, m;=535 MeV, a=0.115 fm —e—

E%(p), GeV?

0 0.5 1 1.5 2 2.5
eB, GeV?

Figure 11. The energy squared of the ground state of the p™ (p~) meson with the spin projection
s, = +1 (s, = —1) versus the field value for various sets of lattice data. The curves are the fits to
the lattice data obtained with the use of formula (4.2).

Zero hyperpolarizability of the second order ﬁf}f was obtained within the errors fitting
the data according to formula (4.3) at eB € [0,2.5] GeV?, so we consider its contribution
insignificant.

We also have found the magnetic hyperpolarizability 82! from the 2-parametric fit (4.2)
for a check, using the fixed g-factor from table 1 and the (,, from table 3. In figure 10 the
region limited by the dashed lines corresponds to such fits if we change the g-factor and
the magnetic dipole polarizability 3,, within their errors. The values of B are presented
in table 5 and agree with the results obtained with the use of the 3-parametric fit.

At the value of the magnetic dipole polarizability ~ 0.045 GeV ™3 the contribution
of the quadratic term in field to the energy squared is approximately equal to 10% at
eB = 0.35 GeV?, that is at least not larger than the errors of the g-factor. At the magnetic
field ~ 1 GeV? the term with the hyperpolarizability gives the correction ~ 20% to the
term with the magnetic dipole polarizability, which is compatible with its errors. The term
with hyperpolarizability partially compensates the quadratic term in field at the magnetic
fields considered here.

In figure 11 the energy squared of the ground state of the vector p* meson with the spin
projection s, = +1 is shown by points for the various lattice data sets. The solid and dashed
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V | mz(MeV) | a(fm) g-factor B (GeV3) | B (GeVT) | x?/d.o.f.
18| 596 £12 | 0.095 | 2.49+0.18 | —0.056 & 0.008 | 0.010 =4 0.002 3.738
18* 541 £3 | 0.115 | 2.09 £ 0.09 | —0.043 £0.005 | 0.008 & 0.001 2.993
204 535£4 | 0.115 | 2.35+0.11 | —0.067 £ 0.008 | 0.015 £ 0.002 2.657
184 395+6 | 0.115 | 1.85£0.11 | —0.033 £ 0.006 | 0.006 £ 0.001 3.191

Table 6. The magnetic dipole moment, the magnetic dipole polarizability and magnetic hyper-
polarizability of the first order 31* and second order 32" of the charged p meson for the lattice
spacings 0.095 fm, 0.115 fm, the lattice volume 184, various pion masses and for the lattice spacing
0.115 fm, the lattice volume 20* and the pion mass m, = 535(4) MeV with their errors and x?2/d.o. f
values. The results were obtained with the use of 4-parametric fit (4.2).

lines are the 4-parametric fits to the lattice data obtained with the use of formula (4.2),
where m, g, B, and B are the fit parameters presented in table 6. These results agree
with the previous results for the g-factor, magnetic polarizability and hyperpolarizability,
but the g-factor values have bigger errors.

The nonlinear terms containing magnetic polarizabilities make the energy dependence
rather flat at large magnetic fields, otherwise the lowest energy sublevel would cross zero
at eB ~ 1 GeV? as it follows from the Landau level picture (3.2). The higher order
dependence of the energy on B tends to be sign-changing from order to order and results
in rather flat behaviour. This is quite important and constitutes one of the main results of
the present paper.

The importance stems from the fact that the lowest order linear dependence leads
to the node of the mass square of the p~(p*) meson for s— — 1(s, = 1). This signals
the appearance of tachyonic mode which may lead to superconducting phase transition
and Abrikosov lattice appearance known for many years in electroweak theory [47]. The
transition to superconducting phase was recently discovered and extensively studied in the
actual case of p mesons (See [48] and ref. therein).

We observe that the magnetic (hyper)polarizabilities provide the “self-healing” of such
a behaviour. One may even speculate, that QCD prevents the phase transition and saves
our Universe in the case of presence of even extremely large magnetic fields at early stage
of its evolution. At the same time, one cannot exclude, that the phase transition may
emerge in some other manner.

Figure 12 shows the energy squared of vector p~ (p™) meson with the spin projection
s, = +1 (s, = —1) as a function of the field value. The E? behaviour is discribed by
formula (4.2) at gs, = —1. According to the symmetries the absolute values of the hy-
perpolarizabilities are equal for the s, = —1 and s, = +1 cases, so the term of the fourth
power in B has to give a very small relative contribution to the energy at the considered
range of fields.

The extrapolation errors also appear to be essentially larger for the highest energy
sublevel with the spin orientation opposite to magnetic field direction resulting in the higher
energy. As a result, the values of the magnetic moment and the (hyper)polarizability are
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Figure 12. The energy squared of the ground state of p~ (p™) meson with s, = +1 (s, = —1)
depending on the magnetic field value for lattice volumes 164, 184, 204, lattice spacings 0.095 fm,
0.115 fm and various pion masses with the fits made using formula (4.2).

V | me(MeV) | a(fm) | Bn(GeV™3) | x2/d.o.f.
18% 541+ 3 | 0.115 | 0.026 4+ 0.004 1.959
204 53544 | 0.115 | 0.026 & 0.005 1.365

Table 7. The magnetic dipole polarizability of the charged p meson obtained for the lattice spacing
0.115 fm and the lattice volumes 18*, 20* from the fit (5.1). The pion masses are represented in
the second column, the values of x?/d.o.f are shown in the last one.

compatible within errors for two energy sublevels, while the lower energy sublevel providing
the smaller errors is used for obtaining final results for these physical quantities. One can
see from figure 12 that there are no finite volume effects for this energy component, and
energy data lie higher for 16 lattice volume than for 18 and 20* due to a bit larger
pion mass.

In figure 13 we show the energy squared of the charged p meson with the s, = 0 versus
the field value for various lattices. Due to the parity conservation the nonlinear terms in
B can give contributions to the E? value if they contain only even powers of the field. So,
we fit our lattice data by the following formula

E? = |qB| +m® — 4xmfBu(¢B)?, (5.1)

at eB € [0,1.2]GeV?, where m, f3,,, are the fit parameters. Statistically significant values
of polarizabilities were found for the lattices with the volumes 184 and 20%, the lattice
spacing 0.115 fm and the quark mass 34.26 MeV, the results are shown in table 7. For
all the sublevels the energy of the p meson is dependent on the lattice spacing and the
pion mass.

Our results qualitatively disagree from the findings of [50], where at small value of B
the energy of the lowest energy sublevel is observed to first decrease, then increase again.
The possible explanation is that the overlap fermions do not break the full chiral symmetry
in contrast to Wilson fermions. It enable to avoid the additional term for the renormalised
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Figure 13. The energy squared of the ground state of the p* meson with the spin projection
s, = 0 versus the field value for the lattice volumes 18* and 20?%, the lattice spacings 0.095 fm,
0.115 fm and various pion masses m, with the corresponding fits (5.1).

quark mass which is not zero for Wilson fermions and depends on the lattice spacing
and the magnetic field value [5, 51]. Besides, the extraction procedure of the correlation
functions for different spin projections is described in [50] briefly, so the detailed comparison
is currently difficult to perform.

6 Conclusion

The energy levels of the ground state of vector p* and K** mesons have been explored
versus the magnetic field value in the SU(3) quenched lattice gauge theory. At low mag-
netic fields our data agrees with the picture of the Landau levels within the error range. At
large magnetic fields eB > [0.3 <+ 0.5] GeV? the non-linear terms of the magnetic field give
a contribution to the energy providing clear indications of the nonzero magnetic dipole po-
larizability and the hyperpolarizabilities. Our lattice data for the energy squared confirms
the theoretical expectations.

We have calculated the magnetic dipole polarizability and hyperpolarizability of the
charged p mesons, while for the s, = 0 only the dipole polarizability has been found. For
the low energy component we do not observe any significant dependence of the results on
the lattice spacing and the lattice volume. But we expect these effects can appear for the
highest energy level.

We have also found the g-factor of the vector p* and K** mesons. The obtained values
agree with the predictions of the QCD sum rules [43], the covariant quark model [44] and
the lattice results at close pion masses [27, 41]. The magnetic moment of the p* meson is
in good agreement with the experimental result [42].

The magnetic dipole polarizability of the p* meson for the s, = —1 and s, = +1
energy components has to be the same, and we found it from the lowest energy sublevel
with a good accuracy. Also we calculate the 3, value for the s, = 0 case, it’s opposite
in sign and its absolute value is lower than for the |s,| = 1 for the same lattice data sets.
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The polarizability tensor of the p* meson at nonzero momentum is of a particular interest
because it could be associated with the lepton asymmetry in a strong magnetic field [49].

It has been shown, that the meson energy doesn’t turn to zero due to higher order
dependence of the energy from B. The tachyonic mode does not seem to exist in QCD
at zero temperature and chemical potential, and there is no respective condensation of p
mesons as it was predicted in some theoretical works, although one cannot exclude another
mechanism of condensation.
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A Lattice parameters and values of the magnetic field

Table 8. The lattice parameters such as the volume, the lattice spacing, the pion mass and
the number of the lattice gauge configurations used for the calculations for the each value of the
magnetic field. The value of the magnetic can be calculated according to equation (2.13), the
negative value of ng corresponds to the negative projection of the magnetic field on the 'z’ axis.

V|l a(fm) | mz(MeV) | np | Neons
184 | 0.086 | 625421 0| 199
184 | 0.086 | 6254+ 21 1] 199
18* | 0.086 | 625+ 21 2| 199
18| 0.086 | 625+21 | —2 | 198
1841 0.086 | 6254+21 | —4 | 199
184 | 0.095 | 596+ 12 0] 198
18% | 0.095 | 596 4+ 12 1| 294
184 | 0.095 | 596412 21 295
184 | 0.095 | 596+ 12 31 199
184 | 0.095 | 596 4+ 12 41 198
184 | 0.095 | 596412 51 194
184 | 0.095 | 596+ 12 6| 196
18* | 0.095 | 596 £ 12 71 197
184 | 0.095 | 596+ 12 8| 198
184 | 0.095 | 596+ 12 9] 198
184 0.095 | 596+12 | 10| 198
184 1 0.095 | 596+12 | 11 | 198
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V |l a(fm) | mz(MeV) | np | Neont
184 0.095 | 596+12 | 12| 197
184 0.095 | 596+12 | 13| 196
1841 0.095 | 596+12 | —1| 295
184 0.095 | 596+12 | —2| 295
1841 0.095 | 596+12 | —4 | 199
184 0.095 | 596+12 | —6| 199
184 0.095 | 596+12 | —8| 198
184 0.095 | 596+12 | —10 | 199
1841 0.095 | 596412 | —12 | 197
184 0.095 | 596+12 | —14 | 198
184 | 0.095 | 5964+12 | —16 | 198
184 0.095 | 5964+12 | —18 | 197
184 0.095 | 596+12 | —20 | 198
1841 0.095 | 596412 | —22 | 197
184 | 0.095 | 596+12 | —24 | 199
184 0.095 | 5964+12 | —26 | 197
184 | 0.115 331+7 0| 336
184 | 0.115 331+ 7 1| 271
18* | 0.115 331+7 337
184 | 0.115 331+£7 3| 239
18* | 0.115 331+7| -2 | 277
184 | 0.115 331+7 | —4| 274
184 | 0.115 331+£7| —6| 238
18* | 0.115 395+ 6 0] 245
184 | 0.115 395 +£6 1| 235
184 | 0.115 395+ 6 2| 245
18* | 0.115 395+ 6 3| 332
184 | 0.115 395+ 6 4 246
184 | 0.115 395+ 6 51 250
18* | 0.115 395+ 6 6 | 249
184 | 0.115 395 +6 71 250
18* | 0.115 39546 8| 336
184 | 0.115 395+6 9| 336
184 | 0.115 395+6 | 10| 335
18* | 0.115 395+6 | 11| 248
184 | 0.115 395+6 | 12| 244
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V |l a(fm) | mz(MeV) | np | Neont
184 | 0.115 3954+6 | 13| 249
18* | 0.115 39546 | 14| 250
184 | 0.115 395+6 | —2| 249
184 | 0.115 39546 | —4 | 250
184 | 0.115 3954+6 | —6| 311
184 | 0.115 3954+6 | —8| 198
184 | 0.115 3905+6 | —10 | 241
184 | 0.115 395+6 | —12 | 232
184 | 0.115 3954+6 | —14 | 238
184 | 0.115 3954+6 | —16 | 320
184 | 0.115 3954+6 | —18 | 333
184 | 0.115 3954+6 | —20 | 336
18* | 0.115 3905+6 | —22 | 248
184 | 0.115 395+6 | —24 | 247
184 | 0.115 3954+6 | —26 | 248
184 | 0.115 3954+6 | —28 | 245
184 | 0.115 541 + 3 0| 294
18* | 0.115 541 + 3 1| 335
18* | 0.115 541 +3 2| 335
184 | 0.115 541 + 3 31 249
184 | 0.115 541 + 3 41 304
184 | 0.115 541+ 3 5| 298
184 | 0.115 541 + 3 6| 248
18% | 0.115 541 + 3 71 298
184 | 0.115 541+ 3 8| 299
184 | 0.115 541 + 3 9| 300
18* | 0.115 541+3 | 10| 299
184 | 0.115 541+3 | 11| 248
184 | 0.115 541+3 | 12| 250
18* | 0.115 541+3 | 13| 249
184 | 0.115 541+3 | 14| 250
184 | 0.115 541+3 | —1| 213
184 | 0.115 541+3 | —2| 250
184 | 0.115 541+3 | =3 | 250
18* | 0.115 541+3 | —4| 335
184 | 0.115 541+3 | —5| 250
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V |l a(fm) | mz(MeV) | np | Neont
18% | 0.115 541+3 | —6 249
18* | 0.115 541+3 | =7 | 250
184 | 0.115 5414+3 | —8 | 309
184 | 0.115 541+3 | —9 | 234
18% | 0.115 54143 | =10 | 297
184 | 0.115 5414+3 | —11 | 250
184 | 0.115 54143 | —12 | 249
184 | 0.115 54143 | =13 | 250
184 | 0.115 5414+3 | —14 | 298
18* | 0.115 5414+3 | —16 | 300
184 | 0.115 5414+3 | —18 | 300
184 | 0.115 541+£3 | —20 | 298
18* | 0.115 5414+ 3 | —22 | 249
184 | 0.115 541+3 | =24 | 250
184 | 0.115 541+3 | —26 | 250
18% | 0.115 5414+ 3 | —28 | 247
184 | 0.115 667 + 3 0| 290
184 | 0.115 667 + 3 1| 195
18* | 0.115 667 + 3 2| 196
184 | 0.115 667 + 3 3| 266
18* | 0.115 667 + 3 41 199
184 | 0.115 667+3 | —1 198
18* | 0.115 667+3 | —2| 199
18% | 0.115 667+3 | —3| 300
184 | 0.115 667+3 | —4| 197
204 | 0.115 535 + 4 0] 290
20% | 0.115 535 + 4 1] 299
20% | 0.115 535 + 4 2| 295
20* | 0.115 535+ 4 3| 291
20% | 0.115 535 + 4 4| 296
20% | 0.115 535 + 4 5| 198
20% | 0.115 535 + 4 6| 296
20% | 0.115 535 + 4 71 289
20% | 0.115 535 + 4 8| 298
20% | 0.115 535 + 4 9| 287
20% | 0.115 5354+4 | 10| 294
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V |l a(fm) | mz(MeV) | np | Neont
20% | 0.115 535+4 | 11| 100
20% | 0.115 5354+4 | 12| 100
20% | 0.115 535+4 | 13| 100
20% | 0.115 5354+4 | 14 | 100
20% | 0.115 535+4 | —2| 278
20% | 0.115 535+4 | —4| 295
20% | 0.115 5354+4 | —6| 295
20% | 0.115 535+4 | —8 | 256
20% | 0.115 5354+4 | —10 | 252
20% | 0.115 535+4 | —12 | 300
20% | 0.115 5354+4 | —14 | 298
204 | 0.115 5354+4 | —16 | 300
20% | 0.115 535+4 | —18 | 300
20% | 0.115 5354+4 | —20 | 300
20% | 0.115 5354+4 | —22 | 100
20% | 0.115 535+4 | —24 99
20% | 0.115 535+4 | —26 | 100
20% | 0.115 535+4 | —28 96
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