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ABSTRACT: N = 4 supersymmetric extensions of the /-conformal Galilei algebra are con-
structed by properly extending the Lie superalgebra associated with the most general
N = 4 superconformal group in one dimension D(2,1;«). If the acceleration genera-
tors in the superalgebra form analogues of the irreducible (1,4,3)-, (2,4,2)-, (3,4,1)-,
and (4,4, 0)-supermultiplets of D(2,1;«), the parameter a turns out to be constrained
by Jacobi identities. In contrast, if the tower of the acceleration generators resembles a
component decomposition of a generic real superfield, which is a reducible representation
of D(2,1;«), a remains arbitrary. An N = 4 /(-conformal Galilei superalgebra recently
proposed in [Phys. Lett. B 771 (2017) 401] is shown to be a particular instance of a more

general construction in this work.
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1 Introduction

Current exploration of the non-relativistic version of the AdS/CFT-correspondence brings
into focus nonrelativistic superconformal algebras. They are usually constructed by choos-
ing a proper subalgebra in a relativistic superconformal algebra (see, e.g., the discussion
in [1]), or by implementing to the latter a nonrelativistic contraction possibly accompa-
nied by proper projections [2]-[4]. An alternative and more straightforward possibility
is to start with one or another representation of nonrelativistic conformal algebra, intro-
duce extra fermionic degrees of freedom, and add supersymmetry charges by hand. Other
generators are then unambiguously fixed from the requirement of the closure of the full
superalgebra (see, e.g., [5]-[9] and references therein).

Apart from holographic applications, supersymmetric extensions of nonrelativistic con-
formal algebras are of interest in many-body quantum mechanics and near horizon black
hole physics. Following the proposal in [10], according to which n — oo limit of the n-
particle N = 4 superconformal Calogero model may provide a microscopic description of the
near horizon extreme Reissner-Nordstrém black hole, various IV = 4 superconformal many-
body models in one dimension have been constructed and investigated (see, e.g., [11]-[14]
and references therein). Higher-dimensional generalizations of the studies in [11]-[14] nec-
essarily invoke supersymmetric extensions of nonrelativistic conformal algebras. Though
N = 2 models have been constructed in [15], the instance of N = 4, which is believed to the
maximum value for which the construction of interacting models is feasible, remains com-
pletely unexplored. Worth mentioning also is the recent studies of superintegrable systems
associated with the angular sector of a generic conformal mechanics [16, 17]. The models
with NV = 4 conformal Galilei supersymmetry might be of interest in that context as well.



Conformal extension of the Galilei algebra involves a (half)integer parameter ¢ [18, 19].
It can be written in a remarkably succinct way

[Lim, Lp] = —1(m — n)Lptm, [Ln, U] = =i (¢n — k) Uy,

where n,m = —1,0,1 and &k = —/,...,¢. The leftmost relation implies that L,, form the
conformal algebra in one dimension so(2,1), (L_1, Lo, L1) being the generators of time
translation, dilatation, and special conformal transformation, respectively, while the right-
most equation means that U has the conformal weight ¢. Above we omitted the conven-
tional so(d)-rotations which also enter the algebra. In particular Uy carry an extra vector
index of so(d). Here and in what follows we suppress it and use boldface letters to designate
generators which transform as vectors under the action of so(d). A link to the acceleration
generators 01(4”) in [18], where n = 0,...,2¢ and A = 1,...,d is a vector index of so(d),
is provided by the identification U,, = iC{S‘mM)
spatial translations, and Galilei boosts, while higher values of m correspond to constants

. In particular, U_, and U_;;; generate

accelerations. Because the structure relations of the conformal extension of the Galilei
algebra above involve a (half)integer number ¢, it is customary to call it the ¢-conformal
Galilei algebra [18].

In a very recent work [9], an N = 4 supersymmetric extension of the ¢-conformal
Galilei algebra was constructed by combining the generators of spatial symmetries from
the f-conformal Galilei algebra and those underlying the most general superconformal
group in one dimension D(2,1;a). The value of the group parameter o was fixed from the
requirement that the resulting superalgebra was finite-dimensional. The analysis revealed
o = —3 thus reducing D(2,1;a) to OSp(4[2). Note that the instance of an N =4, £ = 1
conformal Galilei superalgebra in three and four spatial dimensions was previously studied
in [20]. The superalgebra was obtained by implementing the Inénii-Wigner contraction
to the relativistic superconformal algebra. However, similarly to the derivation of the /-
conformal Galilei algebra itself, the effectiveness of the contraction method beyond ¢ = 1
seems dubious.

In order to close the full superalgebra, a chain of extra generators was introduced in [9]
which were interpreted as bosonic and fermionic partners of the acceleration generators.
Their realization in terms of differential operators in superspace very much resembled a
component decomposition of a generic real superfield.! Because a real superfield provides a
reducible representation of D(2,1; «), it is natural to wonder whether N = 4 supersymmet-
ric extensions of the ¢-conformal Galilei algebra exist in which the acceleration generators
and their bosonic and fermionic partners form an analog of an irreducible representation

'For a similar consideration of N = 2 ¢-conformal Galilei superalgebras based on real and chiral super-
multiplets see [8, 21]. Note that in appendix of [21] an attempt was made to construct an N=4 supersym-
metric extension of the £-conformal Galilei algebra. However, the analysis relied upon a specific D-module
representation of D(2,1;a) which led the authors to conclude that an infinite number of generators were
needed in order to close the superalgebra. Note also that in [21] the conformal weights (¢,¢ — 1/2) have
been assigned to the acceleration generators. Our analysis below suggests that an alternative possibility
involving (¢,¢ + 1/2) is feasible which would result in yet another version of an N = 2 ¢-conformal Galilei
superalgebra.



of D(2,1; ). The goal of this work is to provide an affirmative answer to this question and
to construct novel N = 4 supersymmetric extensions of the ¢-conformal Galilei algebra.

As is known, irreducible supermultiples of D(2,1;«) are classified according to the
number of physical bosonic and fermionic degrees of freedom as well as the number of
auxiliary bosons [22].2 In section 2 we discuss in detail N = 4 supersymmetric extensions
of the /-conformal Galilei algebra which rely upon the (1,4, 3)-, and (3,4, 1)-supermultiplets
of D(2,1;a). Similar construction involving the (4,4, 0)-supermultiplet is represented in
section 3. Section 4 is focused on the (2, 4, 2)-supermultiplet in which case D(2, 1; ) should
be reduced to SU(1,1|2) x U(1), where U(1) stands for the central charge [22]. In the first
three cases the group parameters a and ¢ turn out to be related by Jacobi identities.
In section 5 a reducible supermultiplet associated with a generic real scalar superfield
is analyzed. An N = 4 supersymmetric extensions of the ¢-conformal Galilei algebra is
constructed for which « is arbitrary. The superalgebra recently proposed in [9] is shown to
be a particular instance of that in section 5. Realizations in terms of differential operators
in superspace are discussed in section 6. We summarize our results and discuss possible
further developments in the concluding section 7.

2 Acceleration generators vs (1,4, 3)-, (3,4, 1)-multiplets of D(2,1; )

Our strategy for constructing N = 4 supersymmetric extensions of the ¢-conformal Galilei
algebra is to combine the generators of accelerations and those of the Lie superalgebra
associated with D(2,1;«). In the succinct notation adopted in this work the structure
relations of the latter read [23]

[Lins Ln] = —i (m = ) Ly, Vet vet] = —i (vt 4 ddyee),
[Wijjwkl} — <€iijl i ejlWik> 7

(L Q) = =i (5 = 1) Qs Ve, Qe| = =2 (e=q + Q).

[wii,Qut] = -2 (*Qw + hqp),
{ at, ng} = -2 (e“beijLH_s—|—a(r—s)5r+s,oe“bWU—(1+a)(r—5)5r+5706ijvab> . (2.1

Bosonic generators include L,, n = —1,0,1, which span so(2,1)-subalgebra, along with
Vab = vba g b = 1,2, and W% = WJ i j = 1,2, which form two commuting su(2)-

subalgebras. The fermionic generators Q% carry spinors indices with respect to both

the su(2)-subalgebras and an extra index r = —%,% which separates (complex conju-

gate) supersymmetry charges from their superconformal partners.® As is seen from (2.1),

(Ly, Q% V% W) have the conformal weights (1, %, 0,0), respectively.

2In the conventional notation the symbol (b, f, a) designates a supermultiplet which contains b physical
bosons, f physical fermions, and a = f — b auxiliary bosons [22].

3Denoting the supersymmetry charges and their superconformal partners by Q° and S?, respectively,
the link to the notation in [9] is provided by the relations Q'%; = Q°, QQf; =@ QY =-5, Q¥ = -5°,
where the bar designates complex conjugation. Note that in [QT su(2)-spin02r indices vflere denotedey small
Greek letters.



As the next step, let us introduce 2¢ + 1 acceleration generators U,,, m = —{,... ¢,
which have the conformal weight ¢ and are inert under both the su(2)-transformations
from D(2,1;«). For general reasons, the bracket of Q¥ and U,, should yield a fermionic
superpartner, which we denote by S%, while the structure relation involving Q% and S%
must produce a bosonic superpartner, say A = A4 Suppressing the lower index for
a moment, one reveals the triplet (U, S%, A¥) which looks analogous to the irreducible
(1,4, 3)-supermultiplet of D(2,1;«) [22]. In contrast to the analysis in [9], in this section
we choose to terminate further proliferation of extra bosonic and fermionic partners of Uy,
and consider a superalgebra in which the full set of the acceleration generators form an
analog of the (1,4, 3)-supermultiplet of D(2,1; ).

Turning to precise structure relations, two options are available. One can either assign
the conformal weights (¢, ¢+ %, ¢+ 1) to the triplet (U, S, Af%), or, alternatively, choose
the descending sequence (¢, ¢ — %,Z —1). To put it in other words, one can identify U,
with the lowest/highest component of the supermultiplet.

In the former case, the non-vanishing brackets among (U, S%, A¥) and the D(1,2; o)-
generators read

(L, U] = =i (€n —m) Uy, [L,,8%] = —i <<€+;>n 7’) S,
(Lo, AZ) = 1 ((+1)n—m) AT, Wi AR] = i (RAd 4 ALY
Vb sgi] = -2 ( oS 4 sy Wik = 2 (s 4 hsp)
LEFIES (”“Aﬂ +eAl) Q. U] = i8%,,,
Qe AJE] =12 (¢+1) r—m) (I8, +¢¥S1,,, )|
{ ai sbﬂ} (20 + 1)1 — 5) €U,y — €AY, (2.2)

where the range of values for the indices labeling different members of the set (U,,, S&, A%)
is determined by their conformal weights

. 1 1 g
U,:n=—4...1¢, Sfl:r:—f—i,...,f—i—i, AY m=—(—-1,....0+1. (2.3)
Note that all the factors in (2.2) which explicitly involve the parameter ¢ are designed so
as to keep the full superalgebra finite dimensional. They balance in a proper way the index
range in the previous formula and the appearance of the acceleration generators on the left
and right hand sides of the structure relations (2.2). Finally, one can verify that the only

non-trivial Jacobi identity involves (S%, b ng) which links a to ¢
a=/{+1. (2.4)

Before we proceed to the second option mentioned above, a word of caution is needed.
Though the analogy with the (1,4, 3)-supermultiplet of D(2,1;«) proved rather helpful in

4One could equally well consider the case when the bosonic partner carries two spinor indices with
respect to su(2) generated by V.



constructing (2.2), strictly speaking, the triplets (U, S, A%) fail to produce a set of the
conventional (1,4, 3)-supermultiplets. This is because the ranges of values of the indices n,
rand m in (2.3) are different. To put it in other words, there is a mismatch in the number
of bosonic and fermionic components available in (2.3) and that needed to furnish a set of
the conventional (1,4, 3)-supermultiplets.

If the conformal weights (¢, ¢ — %, ¢ — 1) are assigned to the triplet (U, S%, A%), the
structure relations (2.2) and the index range (2.3) are modified accordingly

A 1 A

[Ly, Up) = =1 (€n —m) Upyp, [Ln, S;‘fz] =—i <<€ — 2) n— 7“) P

(Lo, A = —i((-D)n—m) A, . [Q¥ U] =i(2lr —m)S%,,
Qe ] =i (s, retsy, ), {QE SE} = iU,y — ((20-1)7 — s) ePAY,

(2.5)
where
, 1 1 g
U,:n=—4,...,¢ Sﬁl:r:—é—i—i,...,é—i, AY m=—(+1,....0—1. (2.6)

Here and in what follows we omit brackets among the acceleration generators and V%, W,
They have the standard form of su(2) transformations and are constructed by analogy
with (2.1) and (2.2). Like above, the only nontrivial Jacobi identity which needs to be
verified involves (S, l;j , ng). It relates the group parameters v and ¢

a=—/. (2.7)

As compared to the previous case, the superalgebra (2.5) is defined for £ > 1. Note that
S% has two fewer components than its analog in (2.3), while for A%, there is a decrease of
four components.

Concluding this section, it is worth mentioning that a seemingly different possibil-
ity of constructing N = 4 supersymmetric extensions of the ¢-conformal Galilei algebra
arises if one interchanges conformal weights assigned to U,, and A and treats one of the
components of AY as the generator of accelerations in the original I-conformal Galilei al-
gebra.® This produces mirror versions for the superalgebras (2.2) and (2.5). In particular,
the triplet (Af%, S% U,) may be loosely linked to the irreducible (3,4, 1)-supermultiplet
of D(2,1;a). However, such superalgebras are not independent. It turns out that the
formal change (¢ + 1) — £ in the mirror version of (2.2) yields (2.5), while the interchange
(¢ — 1) — £ in the mirror version of (2.5) results in (2.2).

3 Acceleration generators vs (4,4, 0)-multiplet of D(2,1; «)

The construction above can be readily generalized to the case when the accelera-
tion generators in an N = 4 {-conformal Galilei superalgebra form an analog of the

®In the particular case of three spatial dimensions, one can discard an extra so(3) vector index attached to
A% and identify one of the internal su(2)-subalgebras generated by W with the spatial rotation symmetry.
For ¢ = 1 such a consideration was presented in [20].



(4,4,0)-supermultiplet of D(2,1;a). It suffices to introduce the bosonic generators qflA,

with n=—¢,...,¢, i = 1,2, A = 1,2, and their fermionic partners S;‘fA, for which
r=—f— %, ol + %, a=1,2, A=1,2, and to impose the structure relations
; . ; . 1
[Ln,qf?ﬂ =—1n—m) qﬁﬁm, [Ln, SﬁA} = —i ((E-i- 2> n— 7’> Sgﬁm
Q2 al] = iS22, {Qu.stth = —2(@e+1)r—s)etaid,,  (3.)

along with the constraint required by the Jacobi identities & = —2(¢+1). Here we omitted
the standard brackets with W% and V. Suffice it to say that q’2 carries a spinor index i
with respect to the su(2)-subalgebra generated by W%, while S¢4 transforms as a spinor
of the su(2)-subalgebra generated by V2. There is also an external su(2)-automorphism
which acts upon the index A.

An alternative possibility is to assign the conformal weights ¢ and ¢ — % to ¢’ and
S24 | respectively, where n = —¢,... ¢, r = —( + %, B % This yields the superalgebra

R R L N P A B (T EE

Qi alt] = —2i20r —m) st {Qu, S} = gt (3.2)
for which the Jacobi identities constrain « as follows: a = 2¢. The superalgebra is defined
for £ > % and S24 has two fewer components than its analog in (3.1). Note that in the par-
ticular case of four spatial dimensions, one can discard an extra so(4) vector index attached
to ¢’ and identify the internal symmetry su(2) @ su(2) with the spatial rotation invariance
so(4) ~ su(2) ® su(2). For d = 4 and ¢ = 1 an alternative consideration based upon the
Inonii-Wigner contraction of the relativistic superconformal algebra was presented in [20].

4 Acceleration generators vs (2,4, 2)-multiplet of SU(1,1|2)

As is known, a rigorous description of a supermultiplet of the type (2,4,2) is attained at
a = —1, which reduces D(2,1;«) to SU(1,1|2) [22]. In the succinct notation adopted in
this work the structure relations of su(1,1|2) read

Ly L] = =1 (m = 1) Ly, veb vet] = —i (eeptd 4 ddyec),
L @) = i (= 7) Qo ver ] = —2 (@b + )
[Ln, @ =i (5 —7) @ Ve @) = 5 (@ dar),
{Q?,@ls’} = -2 (e“bLHs—(r—s)V“b+(r—s)6“bJ) , (4.1)

where J is the central charge operator.

In order to construct an N = 4 /-conformal Galilei superalgebra associated with the
(2,4, 2)-supermultiplet of SU(1,1|2), let us introduce the (complex conjugate) bosonic gen-
erators (Qn, Qn) and (Pm, Pm), which have the conformal weights ¢ and ¢+ 1, respectively,



and their (complex conjugate) fermionic partners (S%,S%), a = 1,2, with the conformal
weight ¢+ 1/2, and impose the structure relations

[Lns Qm] = =1 (€n —m) dptm, [Ln,@m] = —i (€n —m) Qntm,
1 _
Ly, St = —i ((ﬁ + 2> n— 7’) S [Ln,S¢] = (E + ) n— r) S
ab qc| _ _i acgb beqa ab Qc :_i acQb beQa
[V ,sr}f 2(6 St 4 e sr), [V ,sr] 2(e St 4 ¢ sr),
[, dm] = 1(£ + 1)qm, [J,Qm] = —1(£ + 1)qm,
[J pm] (€ + 1>pm7 [J, pm] = —i(f + 1)pm7
[J,S%] =i(f +1)S%, [J,S¢] = —i(¢+1)S¢,
[ n] = _21Sr+n7 Q?: qn] = _2isg+n7
{Qr,Sb} = ep,, {@rsh} = (@+ r—s)eta,
{ Qr, SZ} (20+1)r —s) eab(ir—i-sa {7?7 SZ} = _eabf)r—i-sa
Q7 Pa] = 21 (2(0+ 1)r —n) STy, [QF pn] =226+ 1)r —n) S, (42)

As usual, the index range is fixed by the conformal weights and the requirement that the
superalgebra is finite dimensional

(Qn, Qn) :n = —4,..., ¢, (S% S%) :r:—E—%,...,E—I—%, (Pn,Pn):n=—0—1,....0+1.

(4.3)
It is straightforward to verify that the Jacobi identities do hold for (4.2). In this framework
either q,, +qy, or i(q, — @) can be identified with the acceleration generators in the original
¢-conformal Galilei algebra. Note that, though originally J enters (4.1) as a central charge,
in the full superalgebra (4.1), (4.2) its status is changed to assign the U(1)-charge to the

acceleration generators.

5 Acceleration generators vs reducible multiplet of D(2,1; «)

One can also consider a more general situation when the acceleration generators in an
N = 4 (-conformal Galilei superalgebra form an analog of a general unconstrained real
superfield of D(2,1;a). Let us introduce the bosonic generators U, A%’, Bf%, G,, to
which we assign the conformal weights ¢, /+1, £+ 1, £+ 2, respectively, and their fermionic
partners S%, R, which have the conformal weights £ + % and ¢ + %

{LWA%)} =i ((@—i— 1)n )A?ﬁkm [LnaB%] =—i((+ 1) n — )Bg+m7

(Lo, RY] = —i <(€ + 3) n— r) RY ., [Ln,Gpl=—i((l+2) n—m)Gpim. (5.1)



As usual, the conformal weights determine the index range

, 1 1
U, n=—L...,1¢ sgl:r:—e—i,...,ui, A% m=—0—1,... 0+1,
g , 3 3

By im=—(—1,..(+1, R:is=—l=C,. 4+, Gupin=—L=2..[+2

(5.2)

The remaining structure relations are unambiguously fixed by taking into account the
indices which belong to the spinor representations of su(2)-subalgebras generated by W
and V, the index range in the previous formula, and the Jacobi identities

[ at Um] _lsaz

ro r+m>

A
,RY

' 2404 a iy L+l—a
{ ai Sbj} = 26 + ]_ )GabEzJUT+s — W€abB?_~_s - WG”A?E_S,
140
{Qu Bk} =10+ 1)r - m) (8%, + €87, ) - 17;): o (R, + R,
244
{@u Al =i+ 1r—m) (085, el ) + im0 (€OR, + R, )
(' R

((20+3)r —s) <e“bBij+S — eijAﬂis) + €7¢G, 4,
Q¥ Gl = (20 +2)r — m) R, (53)

In contrast to the cases discussed in the previous sections, the parameter o remains arbi-
trary. As usual, we omitted the structure relations among U, S A% B%, R% G, and
(W4 V) which amount to the conventional su(2)-transformations.

In some sense, the superalgebra (2.1), (5.1), (5.3) is universal. The first example in
section 2 is obtained by setting o« = ¢ + 1, which correlates with (2.4), and choosing an
invariant subalgebra spanned by (U,, S% B) and the D(2, 1; a)-generators. The second
example in section 2 is obtained by a reduction of (5.1) and (5.3). It suffices to make the
formal change ¢ = ¢ + 2, set a = —¢, which is in agreement with (2.7), select a subalgebra
generated by (Gn,R?i,B%) and discard the rest. Moreover, the superalgebra recently
introduced in [9] turns out to be a particular example of (2.1), (5.1), (5.3), which arises at

a = —3.5 The precise relations which link the generators above and those in [9] read
Lyo=1iD, Ly =iK, L ,=iH,
Vi = i1, V2 =1;, V2 =il
WU = (O—(l)ijjaa Ql_zé = Qi7 QQ_Z% = in
QY = -5, Q=5 U, =i W),
S%i _ _iZ(r—&-Z—%)i’ Szi _ _iz(r—l-é—%)i’ G,, = _QiC(m+€)7
R}ﬂi _ QL(rM—%)i7 R?i _ 2E(r+£—%)i, B;j — pOrH=1)ij P(n+£—1)jz"
Aill — _2R(n+£71)7 A7112 — P§n+£_1)i7 AiQ — 2R(n+f71). (54)

The formal change £ = 7 — 2 is needed as well. Note that in [9] the spinor indices i, j with respect to
the su(2)-subalgebra generated by Wi Were denoted by Greek letters a, 8 = 1,2. Our spinor notations
coincide with those in [9]. In particular, €'? = —1.



Thus, choosing the acceleration generators to form an analog of a generic real super-
field, which is a reducible representation of D(2,1;«), one can avoid the constraints on the
group parameter « revealed in the previous sections.

6 Realizations in superspace

Having established the structure relations of N = 4 /-conformal Galilei superalgebras
inspired by various supermultiplets of D(2,1;«), let us comment on their realizations in
superspace. Given a supergroup (, a conventional means of building its realization in
superspace is to properly choose a subgroup H C G and consider the coset space G/H.
Left multiplication by a group element determines the action of the supergroup on the
coset whose infinitesimal form is obtained via the Baker-Campbell-Hausdorff formula.

If one wishes to realize the superalgebras above in the superspace parametrized by
the temporal coordinate t, the odd variables 0,;, a = 1,2, i = 1,2, and a set of spatial
coordinates x, it suffices to include into H all the generators from G but for L_j, Q%,,
and one acceleration generator which is to be appropriately chosen in each case. For tﬁe
superalgebra (2.2) one can select Aijgfl, while the convenient choice for (2.5) is U_y.
Realization of (3.1) is a bit exotic as it relies upon the fermionic generator S‘Z}i , thus

asking for the fermionic spatial variables x. The right choice for the sup(—}mlg(—}bra2 (3.2)
is qiflz, for (4.2) one should take p_y,_; and p_y_1, while G_;_5 provides a realization
of (5.1), (5.3). Note that if the accelerator generators carry su(2) indices, so will do the
spatial coordinates x associated with them.

As an illustration, let us consider the superalgebra (2.5). Constructing the coset
element

, 0a:Q%, .
tLoy Y% XU
g=e e 7 e (6.1)

where x = 24, and A = 1,...,d is a vector index of so(d), and multiplying by a group
element on the left, one obtains infinitesimal transformations from which the following
generators can be obtained

R R I R 0
Qfy = ggn T gy U-e=ipp Sty =105 La=ig, (6.2)
L0 i 0 .0
L() = lta + 595”'876”' +1€X&,
1 o\ 0 i A\ 0 0
—il$2_Z(1_— 9, .pbpai | =2 s (1 — .pbpI S s ——
L 1<t = (1 20) 003,00 > at+1<9“’ S (1-20) ebjezea> 5o 2l

According to (2.5), the remaining acceleration generators are obtained by computing the

commutators among U_y, S‘fg , and Lj. In particular, one can readily compute the two

+2
next members of the U,,-, and S¥-towers
., 0 at : ai i bipaj 9
U—f-{-l = lta§7 Sff%*% =1 <t0 - §9b]9 0 j> & (63)

At this point one can observe the qualitative difference with the approach in [9]. While
U_y and U_y4; correspond to the conventional spatial translations and Galilei boosts,



other members of the set U_yy1,..., Uy explicitly involve the fermionic variables 6, and
differ from the conventional constant accelerations: it”a%, n > 2. To put it in other words,
in this work the bosonic and fermionic acceleration generators are allowed to be polynomials
in ¢ and 64, while in [9] they were chosen to have a monomial structure. Thus the price
paid for the relaxation of the constraint on the group parameter « in the previous section
is the nonstandard form of the constant accelerations.

7 Conclusion

To summarize, in this work various N = 4 supersymmetric extensions of the ¢-conformal
Galilei algebra were constructed by properly extending the Lie superalgebra associated
with the most general N = 4 superconformal group in one dimension D(2,1;«). If the
acceleration generators in the superalgebra formed analogues of the irreducible (1,4, 3)-,
(2,4,2)-, (3,4,1)-, and (4,4, 0)-supermultiplets of D(2,1;«), the group parameter o was
shown to be constrained by the Jacobi identities. In contrast, if the tower of the acceleration
generators resembled a component decomposition of a generic real superfield, « remained
arbitrary. It was demonstrated that an NV = 4 /-conformal Galilei superalgebra recently
proposed in [9] is a particular instance of that in section 5. The reason is that in [9]
both the bosonic and fermionic acceleration generators were chosen to be monomials in the
temporal and fermionic coordinates, while the consideration in this work allows for a more
general polynomial structure.

Turning to possible further developments, realizations of all the superalgebras in this
work in terms of differential operators in superspace are of interest. Dynamical realizations
in mechanics and field theory are worth studying as well. As far as models in nonrelativistic
spacetime with cosmological constant are concerned, the Newton-Hooke counterparts of
the superalgebras in this work are worth studying. The structure of admissible central
extensions deserves a separate consideration as well.

Acknowledgments

We thank I. Masterov for the collaboration at an earlier stage of this work and S. Fedoruk
for the useful discussions. A.G. was supported by the Tomsk Polytechnic University com-
petitiveness enhancement program. S.K. acknowledges the support of the Russian Science
Foundation, project No 14-11-00598.

~10 -



Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] M. Sakaguchi and K. Yoshida, More super Schridinger algebras from PSU(2,2|4), JHEP 08
(2008) 049 [arXiv:0806.3612] [INSPIRE].

[2] M. Henkel and J. Unterberger, Schridinger invariance and space-time symmetries, Nucl.
Phys. B 660 (2003) 407 [hep-th/0302187] [iNSPIRE].

[3] J.A. de Azcarraga and J. Lukierski, Galilean Superconformal Symmetries, Phys. Lett. B 678
(2009) 411 [arXiv:0905.0141] [INSPIRE].

[4] M. Sakaguchi, Super Galilean conformal algebra in AdS/CFT, J. Math. Phys. 51 (2010)
042301 [arXiv:0905.0188] [INSPIRE].

[5] P.A. Horvathy, Non-Relativistic Conformal and Supersymmetries, Int. J. Mod. Phys. A 3
(1993) 339 [arXiv:0807.0513] [InSPIRE].

[6] C. Duval and P.A. Horvédthy, On Schrodinger superalgebras, J. Math. Phys. 35 (1994) 2516
[hep-th/0508079] [iNSPIRE].

[7] M. Henkel and J. Unterberger, Supersymmetric extensions of Schrodinger-invariance, Nucl.
Phys. B 746 (2006) 155 [math-ph/0512024] [INSPIRE].

[8] 1. Masterov, N = 2 supersymmetric extension of £-conformal Galilei algebra, J. Math. Phys.
53 (2012) 072904 [arXiv:1112.4924] [INSPIRE].

[9] A. Galajinsky and I. Masterov, N = 4 ¢-conformal Galilei superalgebra, Phys. Lett. B 771
(2017) 401 [arXiv:1705.02814] [INSPIRE].

[10] G.W. Gibbons and P.K. Townsend, Black holes and Calogero models, Phys. Lett. B 454
(1999) 187 [hep-th/9812034] [INSPIRE].

[11] A. Galajinsky, O. Lechtenfeld and K. Polovnikov, N=4 superconformal Calogero models,
JHEP 11 (2007) 008 [arXiv:0708.1075] [INSPIRE].

[12] S. Bellucci, S. Krivonos and A. Sutulin, N = 4 supersymmetric 3-particles Calogero model,
Nucl. Phys. B 805 (2008) 24 [arXiv:0805.3480] [INSPIRE].

[13] S. Fedoruk, E. Ivanov and O. Lechtenfeld, Supersymmetric Calogero models by gauging,
Phys. Rev. D 79 (2009) 105015 [arXiv:0812.4276] [INSPIRE].

[14] S. Krivonos and O. Lechtenfeld, Many-particle mechanics with D(2,1 : a) superconformal
symmetry, JHEP 02 (2011) 042 [arXiv:1012.4639] [InSPIRE].

[15] A. Galajinsky, Conformal mechanics in Newton-Hooke spacetime, Nucl. Phys. B 832 (2010)
586 [arXiv:1002.2290] [INSPIRE].

[16] T. Hakobyan, S. Krivonos, O. Lechtenfeld and A. Nersessian, Hidden symmetries of integrable
conformal mechanical systems, Phys. Lett. A 374 (2010) 801 [arXiv:0908.3290] [INSPIRE].

[17] T. Hakobyan, O. Lechtenfeld, A. Nersessian and A. Saghatelian, Invariants of the spherical
sector in conformal mechanics, J. Phys. A 44 (2011) 055205 [arXiv:1008.2912] [INSPIRE].

[18] J. Negro, M.A. del Olmo and A. Rodriguez-Marco, Nonrelativistic conformal groups,
J. Math. Phys. 38 (1997) 3786.

~11 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1126-6708/2008/08/049
https://doi.org/10.1088/1126-6708/2008/08/049
https://arxiv.org/abs/0806.3612
https://inspirehep.net/search?p=find+EPRINT+arXiv:0806.3612
https://doi.org/10.1016/S0550-3213(03)00252-9
https://doi.org/10.1016/S0550-3213(03)00252-9
https://arxiv.org/abs/hep-th/0302187
https://inspirehep.net/search?p=find+EPRINT+hep-th/0302187
https://doi.org/10.1016/j.physletb.2009.06.042
https://doi.org/10.1016/j.physletb.2009.06.042
https://arxiv.org/abs/0905.0141
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.0141
https://doi.org/10.1063/1.3321531
https://doi.org/10.1063/1.3321531
https://arxiv.org/abs/0905.0188
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.0188
https://arxiv.org/abs/0807.0513
https://inspirehep.net/search?p=find+EPRINT+arXiv:0807.0513
https://doi.org/10.1063/1.530521
https://arxiv.org/abs/hep-th/0508079
https://inspirehep.net/search?p=find+EPRINT+hep-th/0508079
https://doi.org/10.1016/j.nuclphysb.2006.03.026
https://doi.org/10.1016/j.nuclphysb.2006.03.026
https://arxiv.org/abs/math-ph/0512024
https://inspirehep.net/search?p=find+EPRINT+math-ph/0512024
https://doi.org/10.1063/1.4732459
https://doi.org/10.1063/1.4732459
https://arxiv.org/abs/1112.4924
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.4924
https://doi.org/10.1016/j.physletb.2017.05.086
https://doi.org/10.1016/j.physletb.2017.05.086
https://arxiv.org/abs/1705.02814
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.02814
https://doi.org/10.1016/S0370-2693(99)00266-X
https://doi.org/10.1016/S0370-2693(99)00266-X
https://arxiv.org/abs/hep-th/9812034
https://inspirehep.net/search?p=find+EPRINT+hep-th/9812034
https://doi.org/10.1088/1126-6708/2007/11/008
https://arxiv.org/abs/0708.1075
https://inspirehep.net/search?p=find+EPRINT+arXiv:0708.1075
https://doi.org/10.1016/j.nuclphysb.2008.06.024
https://arxiv.org/abs/0805.3480
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.3480
https://doi.org/10.1103/PhysRevD.79.105015
https://arxiv.org/abs/0812.4276
https://inspirehep.net/search?p=find+EPRINT+arXiv:0812.4276
https://doi.org/10.1007/JHEP02(2011)042
https://arxiv.org/abs/1012.4639
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.4639
https://doi.org/10.1016/j.nuclphysb.2010.02.023
https://doi.org/10.1016/j.nuclphysb.2010.02.023
https://arxiv.org/abs/1002.2290
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.2290
https://doi.org/10.1016/j.physleta.2009.12.006
https://arxiv.org/abs/0908.3290
https://inspirehep.net/search?p=find+EPRINT+arXiv:0908.3290
https://doi.org/10.1088/1751-8113/44/5/055205
https://arxiv.org/abs/1008.2912
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.2912
http://dx.doi.org/10.1063/1.532067

[19] M. Henkel, Local Scale Invariance and Strongly Anisotropic Equilibrium Critical Systems,
Phys. Rev. Lett. 78 (1997) 1940 [cond-mat/9610174] InSPIRE].

[20] S. Fedoruk and J. Lukierski, The algebraic structure of Galilean superconformal symmetries,
Phys. Rev. D 84 (2011) 065002 [arXiv:1105.3444] [INSPIRE].

[21] N. Aizawa, Z. Kuznetsova and F. Toppan, Chiral and Real N = 2 supersymmetric
I-conformal Galilei algebras, J. Math. Phys. 54 (2013) 093506 [arXiv:1307.5259] [INSPIRE].

[22] E. Ivanov, S. Krivonos and O. Lechtenfeld, N =4, D = 1 supermultiplets from nonlinear
realizations of D(2,1: «), Class. Quant. Grav. 21 (2004) 1031 [hep-th/0310299] [INSPIRE].

[23] E. Ivanov, S. Krivonos and O. Lechtenfeld, New variant of N = 4 superconformal mechanics,
JHEP 03 (2003) 014 [hep-th/0212303] [INSPIRE].

~12 -


https://doi.org/10.1103/PhysRevLett.78.1940
https://arxiv.org/abs/cond-mat/9610174
https://inspirehep.net/search?p=find+EPRINT+cond-mat/9610174
https://doi.org/10.1103/PhysRevD.84.065002
https://arxiv.org/abs/1105.3444
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.3444
https://doi.org/10.1063/1.4820481
https://arxiv.org/abs/1307.5259
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.5259
https://doi.org/10.1088/0264-9381/21/4/021
https://arxiv.org/abs/hep-th/0310299
https://inspirehep.net/search?p=find+EPRINT+hep-th/0310299
https://doi.org/10.1088/1126-6708/2003/03/014
https://arxiv.org/abs/hep-th/0212303
https://inspirehep.net/search?p=find+EPRINT+hep-th/0212303

	Introduction
	Acceleration generators vs (1,4,3)-, (3,4,1)-multiplets of D(2,1;alpha)
	Acceleration generators vs (4,4,0)-multiplet of D(2,1;alpha)
	Acceleration generators vs (2,4,2)-multiplet of SU(1,1|2)
	Acceleration generators vs reducible multiplet of D(2,1;alpha)
	Realizations in superspace
	Conclusion

