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1 Introduction

String theory compactifications become harder to find as the cosmological constant of the
spacetime factor increases. There are many known families of AdS examples (A < 0); the
oldest known type is the Freund-Rubin class [1] which has a Sasaki-Einstein as internal
space, but many other possibilities have been found over the years.

Finding de Sitter examples (A > 0) is infamously much harder. Several no-go re-
sults [2-4] imply that this is only possible at the cost of including quantum corrections
and/or orientifold sources. Supersymmetry has to be broken in this case, which is of course
to be expected at some scale anyway, but which makes finding such solutions harder.

For Minkowski solutions (A = 0), supersymmetry can still be preserved. One expects
intuitively this case to be much rarer than AdS already because setting A = 0 looks like
fine-tuning. Indeed the de Sitter no-go theorems in supergravity [2—4] also apply here, with
the only exception of solutions where the metric is the only non-zero field. In this case
the internal space has to be Ricci-flat. For compactifications of type II supergravity to
four dimensions, these are Calabi-Yau manifolds. These exist in large numbers, and their
study has been very fruitful to string theory and to geometry. But a more general study
of Minkowski solutions can be useful both as a laboratory for string theory dynamics and
as intermediate construction for the A > 0 case.

To add the other supergravity fields, the antisymmetric fields often called “fluxes”, one
obvious possibility is to add D-branes: a probe analysis shows that these can be wrapped
on complex or special Lagrangian cycles of the Calabi-Yau while preserving half of the
supercharges. The Bianchi identity shows that one also has to add O-planes, in agreement
with the general no-go theorems. One expects that the backreaction of these objects should
then distort the internal metric. In general these metrics, while expected to exist, are not
easy to exhibit explicitly (after all the Calabi-Yau metrics themselves are not known). For
the special case of D3-O3 configurations, the distortion treats all the internal coordinates
in the same way, and one ends up with a conformally Calabi-Yau Mg. Remarkably, one can
also add a combination of three-form fluxes (as long as they are (2, 1) and primitive) without
breaking supersymmetry [5-8]. However, these solutions are still based on modifications of
the Calabi-Yau geometry.

In full generality, supersymmetry imposes [9] that the internal Mg should be a so-called
“generalized Calabi-Yau” [10, 11] with extra conditions involving the fluxes. Still, explicit
examples where all these conditions are met are hard to obtain. Since several generalized
Calabi-Yau’s have been found, it is natural to start from those and to try to impose the extra
flux conditions on them. One can obtain a few formal solutions in this way [12], but they
rely on the presence of sources which are smeared all over Mg: this can be fine for D-branes,
but not for O-planes, which are not dynamical and should sit at fixed loci of involutions.
One can hope that such formal solutions are an “approximation” to more sensible ones

where the sources are localized, but this needs to be demonstrated case by case.!

1One finds similar issues for AdS solutions, if one tries to make A much smaller than the typical size of the
internal space. This can be achieved in formal solutions with smeared O-planes [13-15]. The localization of
the O-planes of [13, 14] is in principle possible [16], but for the whole solution it remains to be demonstrated.
It would be interesting to apply our present methods to this problem as well.



More sophisticated attempt have been made. For example [17] looked for solutions
with localized sources on solvmanifolds in bigger generality than in [12], finding examples
again when the internal space is Ricci-flat. [18] recently looked at an Ansatz inspired by
the conformal Calabi-Yau class [5-8] and proved some general results. Impressively, [19, 20]
used a mix of generalized complex geometric and algebraic geometric methods to produce
U-fold Minkowskis solutions.

In this paper we take a different approach. Rather than making an Ansatz on the type
of internal geometry or topology, we choose a broad class, and we let supersymmetry fix the
internal geometry. This can succeed because, in some situations, there are enough internal
spinors so that their bilinears can define an entire vielbein (in this context, an “identity
structure”). While this phenomenon has been known for a long time, it has become clearer
in recent times that the local metrics thus naturally chosen by supersymmetry often tend
to have automatically the correct behaviors one would expect from O-planes and D-branes.
For example, AdS7 solutions naturally allow for localized O6-sources [21], and the same
is true for their AdS, cousins obtained by twisted compactification [22]. Since, as we
mentioned, O-planes are essential for Minkowski compactifications, it feels natural to apply
to them as well this “identity structure” approach.

We thus analyze systematically a broad class of solutions, defined by its type of super-
symmetry rather than by the internal topology. The class we chose lies at the intersection
of several already existing physical constructions. It is rich enough for the classification to
be interesting, and yet constrained enough for it to be very detailed. It consists of solutions
with A/ = 2 unbroken supersymmetry, which admit an SU(2) R-symmetry acting in the
simplest way, namely on an S? factor. We assumed the presence of the R-symmetry so
as to allow us to recover various AdSy solutions with d = 5,6, 7; in particular the AdS7
solutions recently obtained in massive ITA [21, 23] and the M-theory AdSs solutions of [24].
(This latter point suggests that our results should be useful to look for A/ = 2 solutions in
massive ITA as well.)

Within our class, we reduce the classification to three broad subclasses (see figure 1
below for a visual summary). Within each, preserved supersymmetry can be reduced to a
system of PDEs; sometimes further sub-subclasses suggest themselves, and within each the
PDEs simplify considerably. Some of these systems have appeared earlier in the literature
for intersecting brane solutions [25-27]. In fact the local form of the metric formally
resembles in many cases that of a brane or of a brane system. One of the three subclasses
is T-dual in its entirety to the conformal Calabi-Yau solutions [5-8].

We will also illustrate the classification with some examples. As we already mentioned,
we recovered several classes of AdS, solutions, d = 5,6,7. We also studied the case where
Mg is compact. Even for the PDE systems that were already postulated in the literature for
intersecting branes, this had not been really attempted. We will find a couple of workable
examples; in particular one with an O6 and an ONS5. More work is required for a more
thorough understanding of the various possibilities offered by our results.

In section 2 we introduce our Ansatz. After some preliminary work in section 3 about
the pure spinor formalism we use, we give our detailed classification in section 4, with a
summary in section 4.6. We conclude with examples in section 5.



Note added. While this work was being completed, [28] appeared, which has some
overlap with our section 5.2 about recovering AdS; solutions.

2 The Ansatz

In this section, we will motivate and introduce our Ansatz. We are looking for N' = 2
Mink, solutions with an SU(2) R-symmetry acting on an S? factor.
As is customary we take the metric to be a warped product

ds%n = ezAds%/ﬁnk4 + ds% (2.1)

with the warping function A, the dilaton ¢ and the NS 3-form H depending on the internal
space Mg only. The RR fluxes decompose as

5
Ftot = Z F2k = f + 6414\/014 A *6)‘(f)7 (22)
k=0

where f denotes the total internal RR flux. The function A acts on an arbitrary n-form
as Aay) = (—1)2 D, which ensures the higher and lower forms are related as F), =
(—1)%(”_1) *10 F1o—n. The Bianchi identities and equations of motion for the RR fluxes
collectively read, away from any localised sources:

drFiot =0, dypy=d—HAN . (2.3)

The dp *¢ A(f) part of this follows from supersymmetry, while the dy f part needs to be
imposed. The equation of motion for the three-form H was also proven [29] to follow from
the supersymmetry equations, so we will not write it here.

The supersymmetry parameters for an N = 2 solution with flux in general read

2
€ = Z(i@x‘lﬂr + c.c.
! (2.4)
€9 = ZC?L ® x5_ +c.c.

a=1
where ¢ and y denote spinors on Minky and Mg respectively. (We define ((;)¢ = (_,
(X‘ng)C =xp ,b=1,2)
Minkowski solutions don’t necessarily have an R-symmetry. Eventually, however, we

would like to apply our results to AdSy solutions with d > 4. Indeed for example AdSs
solutions can be viewed as Minky solutions by taking in (2.1)

e = eMstr ds2 = e*45dp? + ds? . (2.5)

For AdS solutions R-symmetry has to be present: this is ultimately because it is necessarily
a part of the superconformal algebra, even though it is optional in supersymmetry. In
particular, AdS solutions with eight supercharges have an SU(2) R-symmetry.



Thus we will assume the existence of an SU(2) R-symmetry. It will act on Ms as an
isometry. We will assume that it acts on S? leaves of a foliation on Mg. In other words,
the metric will locally factorize as S? x My, with the radius of the S? depending on the
coordinates on My (including the possibility of shrinking to zero at some loci). This is what
we will call the “minimal” class. It is not a priori the most general situation: one might
take M, to be topologically fibred over S2, for example with Mg = M3x a squashed S3.

In this situation, the spinor Ansatz needs to be refined from the general (2.4). The
¢ are a doublet under SU(2)g; thus we also need a doublet of spinors £% in the internal
space, so that the ten-dimensional €; o are invariant. In fact, since SU(2)g acts only on the
5?2, the €% need to transform as a doublet under the isometry group of S2. Such a doublet
is given by the so-called Killing spinors on S?, which is also related to its Killing vectors.
It is of the form
£

= ; 2.6
Sl ) (2:6)

see appendix A for details.
We can also play with chirality projections, to obtain doublets ¢} and £ on Minky
and S? respectively. So there are four possible SU(2)R singlets; this leads us to?

2
a=) O en +¢ ol en + e @i+ 0L il +cc,

“L;l (2.7)

=) (14 +({ @ o+ @ @i +{* @ @1 +c.c,
a=1
where the n®, 7% are now spinors on My. When one writes out the supersymmetry equa-
tions, however, one actually realizes the n’s and 7’s never mix.> Thus including the 7’s
only gives more constraints, beyond those that are necessary for minimal supersymmetry
in four dimensions, and not a generalization; we can then set them to zero without loss of
generality. So we are left with

2
a=) tefen+el e e,

a=1

2 (2.8)
62ZZC1®€?F®U%+C1®§G,®H§+C.C.

a=1

2The class we selected in this paper was also partially inspired by the AdS, solutions in [22]; in that
paper, however, the doublet on S? is paired up with a doublet on a factor X3 of the internal Mg. In that
case the R-symmetry is absent in the AdS, solution, because the solutions are N' = 1.

3This can roughly be seen like this. First, as is standard, one can separate the part of each equation
multiplying ¢§ from the part multiplying (%, to obtain two conjugate equations on Ms. Focusing on the
positive chirality one, one can then further separate this into parts multiplying 4, €2 and their conjugates.
Crucially, these are all independent: their functional dependences are all different, even if at every point
on 52 there are only two spinors. Now one can check that the equation arising from the term multiplying
&+ only contains 7’s, the equation arising from £¢ only contains #’s, and so on. This would not be true for
AdS, solutions, or if there were any fluxes with only one leg along the S?; the latter are forbidden in our
situation by the SU(2)gr symmetry.



One of the first condition one encounters when working with (2.7) is that the norms of the
X3 should be proportional to eA [12, appendix A.3]. For SU(2)r to be unbroken, one needs
this to be independent of the coordinates on S?; which implies

1117 = [ (2.9)

In the rest of the paper, we will classify “minimal” solutions using (2.8) as a starting
point. As we will see, the geometry is already constrained enough that a very detailed
classification is possible; this is ultimately due to the fact that the internal spinors xj
define an identity structure.

3 Pure spinors

Having described our “minimal” class of manifolds, we will now classify its solutions. We
will use the pure spinor formalism [9], with our precise conversions .

First of all, there is no need for us to consider all the x§. If we impose that an ' =1
subalgebra is preserved (corresponding for example to the y;, = X;), R-symmetry will imply
automatically that the second set of supercharges is also preserved. So we can simply work
with the two internal spinors

A
X =er (& @+ @nl), 1)
A .
X =ez(&on’ +E0nt).
If we define the bispinors
o_ = e_Axfr ® x2j , o, = e_Axfr X, (3.2)

where ¥ = (x°)T, the differential forms associated to them via the Clifford map are pure
spinors for the C1(6, 6) algebra living on the “generalized tangent bundle” T®T™. Preserved
supersymmetry is equivalent to the following “pure spinor equations” [9] on Mg:

dy (#47%0,) =0, (3.3a)

dy (e**"®Re®_) = 0, (3.3h)
€4A

dy (e**Im®_) = — *6 A, (3.3¢)

where A(f) = A(fo+ fo+ fa+ fo) = fo— fo+ fa— fs.

The decomposition (3.1) induces a decomposition of the pure spinors ®4; this can be
used to reduce the system (3.3) to one on My. One can define

U =n' e, ¥ =n'07,
s = (4nY) @ T, s = (") @ 7°.

where 7’ = ni +n and # is the chiral gamma in Mj. It is also convenient to split metric

(3.4)

and fluxes as

ds? = e2¢ds*(S?) + ds*(My), (3.5a)
B = By + ¢2¢ ByVol(S?), (3.5b)
f=F+e2“GAVol(S?). (3.5¢)



after defining functions C', By and forms By, F', G on M. One obtains in this way several
equations for ¥, W5, ¥ and \i/% which we give in appendix B. One of the consequences is
that the zero-form parts of both ¥ and \ilﬁ must vanish:

g = (P4)9=0. (3.6)
A spinor 7 in four dimensions defines an associated basis

{n,n%4m, 4} (3.7)
for the space of spinors. Thus we can expand 7% on the basis associated to n':

nt=mn,  n*=aon+ain+ b+ byinc. (3.8)

(2.9) makes (3.7) orthogonal and 1 have constant norm, and since |n!| = |n?|, it follows
that |ag|? + [bo|? + |a|? + |b]> = 1. However since n?'n! = @y and 724n' = by, we must set
ap = bgp = 0 to satisfy (3.6); so we have

la> 4+ p)> = 1. (3.9)

One expects from (3.6) an orthogonal SU(2) structure on Mg. We can parameterize it as
in [30, section 3.2 using the spinors to define the vielbein

Um = 77i’7m77+ ) Wy, = N—YmN+ - (3.10)

The pure spinors @+ on Mg then read
1 o 1 Bt EunT
= B A By A I N g B A e (FINEL+E2 ) (3.11)

where

E1 = b(e%dys — y3va) + i(aw + bvy),
Ey = —(e%d(y1 + iy2) — (y1 + iy2)v2), (3.12)
E5 = i&(ecdyg — Y3vg) + (Bw —avy).

Here v = v1 + iv9, w = wy + fwe, and the y, are the three “embedding coordinates” of S?
defined in (A.22).
In terms of the parameterization in (3.8), with ap = by = 0, the pure spinors on My

can be written as

godd — —%idvg A 3 @NT—Euinw ) peven — —%Z.UQ A (bw — avy) A e%W\E, (3.13a)
\Ilgdd = %(gw — Evl) A e%“’/\ﬁ, PEvn = %Ee%“m@_gvmw, (3.13b)
podd — —%(aw +bup) A e geven — —ibeéum@r%”“\w, (3.13¢)
\i/gdd = —%ibvg A e30ND+FviAw , \il‘%"e“ = —%ivg A (aw + buy) A e2WNT (3.13d)



We can actually take b to be real. To see this, notice that (3.13) and (B.5b) yield the
1-form constraint
d (e34T207Pp) 4 2pe3 4200y, = 0. (3.14)

This implies that bdb = bdb and so b = |ble’? for dfy = 0. Now, sending w — ePow
in (3.13) is equivalent to sending b,b — |b| everywhere they appear and multiplying ¥
and W by €% in (B.5a)-(B.5b). However, since 3 is constant, these phases leave these
conditions unchanged; so without loss of generality we can set 8y = 0. We now expand
a = ay + iag, so that (3.9) now reads

a?4a3+b*=1. (3.15)

Notice that the analysis in this part of the paper is very similar to the AdSs classification
in [31]. In particular, we are getting an orthogonal SU(2) structure, just like in that case.
It would be interesting to explore to what extent this gets generalized if one abandons
our assumption, made in section 2 that the metric is locally an S? x M, product, by
topologically fibering part of the My over the S2.

Since we have a~! and b~! appearing in (3.13), we should treat the cases where these
vanish individually, before performing a general analysis for arbitrary non zero a and b.
This is what we will now proceed to do.

4 Classification

We have obtained a pure spinor parameterization (3.13) in terms of three real functions aq,
az, b. Some of the cases when one or more of these parameters vanish have to be studied
separately. This gives rise to a ramified structure; we will study it in detail in this section.
Sections 4.1 and 4.2 are not strictly needed in the ramification, in the sense that their
results can be obtained as limits from sections 4.5 and 4.4 respectively. Sections 4.3, 4.4
and 4.5 are instead all substantially different, and have to be dealt with separately. We
give a brief summary in section 4.6.

Before we begin, let us make some general comments about our methods. Using the
supersymmetry equations, we get local expressions for the metric and the fluxes, as well
as some PDEs. We then impose the Bianchi identities to be satisfied almost everywhere:
this yields some additional PDEs. When we interpret the resulting solutions physically, we
often find that they in fact involve one or more localized object, such as a D-brane or an
orientifold; not surprisingly, this is always the case when the internal space Mg is compact.
One then needs to check, in each example, that the Bianchi identities are not only valid
away from these localized sources, but also on them, with the appropriate delta-like source
term included. Practically speaking, this is best done (just like in electromagnetism) by
checking the integral version of the Bianchi identities. In fact, the behaviour of the metric
and of the other fields near a localized object is a good guide to which delta-like terms
are present; this is because the local behaviour is in fact usually locally identical (via a
change of coordinates) to that of a brane or a brane system in flat space. In this section,
we will find the local form of the fields and the PDEs to be solved. A detailed treatment



of the sources needs to be done on a case-by-case basis, and we will do so for some explicit
examples in section 5. However, already in this section we will make comments about
which sources we expect to be present in a given class, based on the fields that are present
and on the structure of the metric.

4.1 The ap = b =0 case: Mg = S? x T? x M,

We begin by examining the case where b = ay = 0, choosing a; = 1 to satisfy (3.15)
without loss of generality. In fact this case can be obtained from the “generic” case of
section 4.5, in the sense that the solutions of the current subsection can be obtained by
taking the b — 0, ao — 0 limit from that subsection. However, we found it clearer to deal
with this particular case separately in the present subsection, especially since the solutions
obtained here can be used as seed solutions for the “generic” ones.

Upon inserting the definitions of (3.13) into (B.5)—(B.7) we are able to show that the
conditions for unbroken supersymmetry reduce to

32 = 0, (41&)
dle™w) =0,  de* %u) =0,  d(eT?) 4P, =0, (4.1b)
d(€_4A+<D (’Ul + B()UQ)) =0, d(€2A+20_¢(B0U1 — 02)) =0. (4.10)

This dramatic simplification of the supersymmetry conditions, and the techniques we will
use to solve them, are prototypical of what we find for the entire minimal class we study,
as such we will give more details here than we shall in subsequent sections.

(4.1a) means that the NS three-form must have two of its legs on S?. The next
conditions (4.1b) can be solved by defining local coordinates z1, z3, x4 and

Ty = MFTC-2, (4.2)
in terms of which the vielbein on M, is completely determined as
v = —e 22y, vy = —e ATy, w = eA(dxg + idxy). (4.3)

The remaining conditions (4.1c) then give rise to the first order PDEs

Dy (e 8AF22) 1 9, (784122 By) = 0, (4.4a)

8:(:2 (6—8A+2¢B0$§) _ axl (6—10A+2<I>x§) =0,

and inform us that e?,e®, By, ® depend on x1,zs only. In other words, Oz, and 0y, are
isometries of the metric which define a 2-torus, so that the internal manifold Mg has a
metric of the form

ds? = e*Ads?(T?) + e~ 44204y 2 4 ¢~84+22 <d:v§ + xgds2(52)> . (4.5)

We see that zs is naturally a radial coordinate. Moreover, the metric is formally of the
type one gets by superimposing a D6 whose harmonic function is =4, and an NS5 whose



harmonic function is e 642¢ The calibration for a spacetime-filling D-brane indeed in-
dicates that a probe D6 can be wrapped along the 72 and direction x'. (We also see the
possibility of a D8 transverse to x!', compatibly with what we will see in section 4.1.2.)
The last parenthesis in (4.5) looks like an R3, but it can potentially be made compact with
the help of the prefactor; we will come back to this point in section 5.1.

The next thing we need to determine are the RR fluxes. These follow from (B.9),
which reduce in this case to

2e* 5y G = id(e*~%v Aw ATD), (4.6a)
2644+ F = —id(e* Py Aw ATW) +ie* A Pd(2“By) Aoy Aw AT (4.6b

We can then use (4.3) to take the Hodge dual of these expressions and arrive at

B = e 3442 Byvol(S?), (4.7a)
Fy = 2e72%9,, (24), (4.7D)
Fy = BFy — 23(94,(e™**) — e 724 By, (e7*4)) Vol (S?). (4.7¢)

The fluxes do not depend on the T2 directions and they have no legs along them.
Moreover, the factor in front of the 7% metric in (4.5) is €*4; so the metric can be reassem-
bled as ds]%&‘le? + dsi. In the local analysis, the present case is then identical to Minkg
compactifications.

The last thing we need to impose to ensure these are supergravity solutions is that the
Bianchi identities of the RR fluxes are satisfied. In this case this merely requires that Fj

is constant and that

C
Ouy(e7*4) = ™ Bod, (™) = ——5 (4.8)
2

for some constant c¢;. This in addition to (4.4a)—(4.4b) gives 3 PDE’s that need to be
solved. However, by stipulating whether we have the Romans mass turned on or not, we
can reduce them to a single PDE for each case — which we proceed to do.

4.1.1 Fp = 0 case

From (4.7b) it is clear that imposing Fy = 0 requires that A = A(x2), from which it

follows that
e M =y + C—l, (4.9)
T2
which is behaviour appropriate for the warp factor of either a stack of D6-branes or an
O6-plane, depending on the sign of ¢;. Indeed if we also set By = 0 we are quickly led
to e® = ¢4, and (4.5) becomes that of the flat space D6/O6 metric. For By # 0 things
are more complicated, but we can make progress by noting that (4.4a) is an integrability

condition which implies

_ 24 Oz, h(21,72)

—6A+2®
e = Oy, h(x1, x2), By = . 4.10
w1, 72) 0 Oy h(x1, x2) (4.10)



From (4.4b) we then get a single PDE to solve:

1 _

:758” (230u,h) + e 4402 h =0. (4.11)
Notice that the first term is a Laplacian on dm% + m%dsgg. This is a particular case of the
system used in [26, 27] to investigate NS5-D6 intersecting branes; this is related to our
comment below (4.5).4

4.1.2 Fy # 0 case
With Fj # 0 we can use (4.7b) to define the dilaton and (4.8) to define By as

+ 230, (e744) 2
By — 2ACL T 120 20 _ £ g 24 419
T e 6 2

These definitions solve (4.4a) automatically and reduce (4.4b) to a PDE in e~%4 only,
namely

1 _ 1 _

700 ) + 502, () =0 (113)
Again this reduces to [26, 27] (see footnote 4), this time to be interpreted as a system
relevant to NS5-D6-D8 brane systems.

4.2 The a = 0 case: Mg = S? x S x M;

In this subsection we set a = 0 and choose b = 1 to satisfy (3.15). This case is actually a
subcase of the case a; = 0, b # 0, which we will analyze later in section 4.4, in the sense
that the solutions of the present subsection can all be obtained by taking the as — 0 limit
in section 4.4. In particular, the present subcase will turn out to be related to conformal
Calabi-Yau solutions [5-8]|, since the larger case of section 4.4 will be. Nevertheless, we
present the a = 0, b = 1 subcase separately for clarity.

The necessary and sufficient conditions for unbroken supersymmetry become

By = —Byuv A vs, (4.14a)

d(e"Rew) = 0, d(e™*Tmw) = 0, (4.14b)

(31241122, — A(PAF20=DY | 9 BA+C=2, () (414¢)
d(e*4~?Rew) = 0, d(e2420-?ByRew) = 0, (4.14d)

d((1+ B3)e*“vi Av2) A Rew = 0, : (4.14e)

The first thing we see is that (4.14a) implies that, unlike the case of section 4.1, the generic
NS 3-form has a contribution orthogonal to the S? directions. As before we can solve several

“In the language of [26], the metric is written as ds® = Sil/2d312v[ink6 + K(S7Y%d2? + Sl/2dsﬂ2§3); the
supersymmetry and Bianchi equations reduce to Fo K = —49,5, AK+02(SK) =0, AS+ %83 (S?) = 0. For
Fy =0, thisis 8,5 = AS = 0, AK +S02K = 0, which incidentally also looks similar to the equation in [25].
This corresponds to our case, identifying 1 with z, S = e %4, K = e~ %4+2?® and taking 9,, of (4.11). In
the Fy # 0 case, the equation for K follows from the one for S and can be dropped.
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of supersymmetry conditions by appropriately choosing local coordinates that define the
vielbein on My. We take

1 —3A—
— e 32ATER g _—3A-Cte

U1

w= —(e Adrz + ie’dry), x2 = 34T20-0 (4.15)

Vo = SUQd.’EQ,

This solves (4.14b)—(4.14c). The remaining conditions (4.14d)—(4.14e) are then uniquely
solved by

e = f(x3), e2’By = g(x3), 0z, A =0, (4.16)
from which it follows that d,, is an isometry. We take d,, to define a S! so that the internal
manifold Mg has a metric of the form

6_2A

f

Formally this looks like a superposition of a D4 with harmonic function e~

ds? = e*Ads?(SY) +

(dw% + da3 + fdzi + x%d32(52)> . (4.17)
44 and of an
NS5 with harmonic function 1/f, although we will see that the interpretation is a bit
more subtle. Similarly to (4.5), we can check that the calibration for a spacetime-filling
D-brane indicates that a D4 can be BPS along the S! direction (A D8 on transverse to x3
is another possibility).

The fluxes are extracted as before by inserting (3.13) into (B.9) and then using (4.15)
to take the Hodge dual. We finally arrive at

B dxriNdxs

B=gCs, Cy = ——5—+Vol(5?), (4.18a)
Ty

FO = 8z3f, F2 = BFo—ams (fg)CQ = —famgCg, (4.18b)
1 1

Fy=BAF —§B/\BF0+§8I3(f92)Cg/\CQ (4.18c¢)

43 (8301 (e 4N dzg Ndr3— Dy, (e 4N dxy Ndx3 40y, (f ~Te™ ) day /\dx2> AVol(S?).

These have no legs on the S' spanned by z4. So, analogously to what happened in sec-
tion 4.1, the solution has an Mink, x S' factor, and can be locally viewed as a Minks
compactification.

Ensuring that the parts of (4.18b) that do not manifestly give rise to the Bianchi
identities are closed then implies

2 2
which lead in general to
f=c1 + Foxs, fg = (ca + c3zs). (4.20)

On the other hand (4.18c) implies that the F; Bianchi identity follows from the PDE

_ 1 _ 1 1
02, (e7) + —Op (a0, (7)) + 02, (F 1 M) + — 02, () =0, (421)
2 2

which is the only thing left to solve.
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We notice this is a generalisation of the PDE leading to the fully localised D4-D8
system of [25], reducing to it when g = 0. Actually, more generally only

02,9 =10 (4.22)

is required, as in this case the influence of ¢ is a pure NS 2-form.
The final term in (4.21) makes it hard to solve in general. To make progress, we define
A in terms of an arbitrary function h(zq,z9,z3) as

e~ = % [m%h(wl,xg,ajg) — (8“9)2} (4.23)
2
from which it follows that
1 Ops [O239\
2 2 2 T x
0y + f(x%a“ (x502,h) + 8x1h> =20 (ifl’zd> . (4.24)

This suggests an additional way to solve the PDE (4.21), namely
Ops f =0, (4.25)

which is equivalent to Fjy = 0.
We will now analyze the cases (4.22) and (4.25) in turn.

4.2.1 Fp =0 Ansatz

When Fy = 0 we can without loss of generality set f = 1 and the solutions are defined as

Qh* 2
ds? = Ads?(Sh) + e (dw% + dx3 + da3 + x%d52(32)>, e = 1P = J:QMT%C,
dzy Ad
B=crsCs,  Fy=—cCy  Co= % + Vol(S2), (4.26)

2
2
1
Fy = %eijkaxk (e~ dw; A daj AVOI(S?), 02 h+ ;%am (2305,h) + 02, h = 0

where with respect to (4.20) we have set ¢; = 1, co = 0, ¢35 = ¢, the effect of which is a
rescaling in g5 and turning off a closed part of the NS 2-form. Notice that the PDE defining
these solutions is simply the flat space Laplace equation in five dimensions, with SO(3)
rotational symmetry to accommodate the R-symmetry. Now the metric looks formally
like the backreaction of a D4 with harmonic function e %4, but there are more fluxes
switched on.

4.2.2 g = 0 Ansatz

As previously stated, setting g = 0 puts us in the class of [25] containing the localised
D4-D8 system, albeit with one of the common world volume directions compactified on S*,

- 12 —



so this is not new. However, since we will find generalisations of this later, we present the
form of the solution here for comparison:

\/71 \/Edﬁ(sl) + :/f; <dx§ + dz3 + xgds2(s2)) +Vhy/fdz3, e = fh,

F0:8w3f7 eA*‘I):f7 f:(C+F0$3)7
2
1

2

2 _
dsg =

4.3 The a; = b = 0 case

In this subsection we will study the {b = a; = 0,a2 = 1} case. In this case supersymmetry
follows from the following conditions:

By =0, (4.282)
d(e“w) =0, d[e*QAJrq’(vl - eCHl)] =0, d(ePATC=P) L 24Py, — 0, (4.28D)
de™®v)) Aw AT =0, [d(ew_‘bvg) —e2°7H A vi| \wAT =0, (4.28c¢)

where e?C H; = d(e?° By) (see (B.4)). We immediately see from (4.28a) that there is no
NS 3-from flux orthogonal to the S? directions. We solve (4.28b) by defining the vielbein
and local coordinates

1
vy = 242 <dm1 + 62CH1> , vy = —e A%, (4.29a)
€2

w = e~ drs + idzry), Ty = 2ATC-2 (4.29b)

We notice that we have e H; appearing in the vielbein for the first time. Since we have
fewer equations, we have no freedom to choose which supersymmetry conditions define the
vielbein, and thus we cannot avoid this complication as we did in sections 4.1 and 4.2. In
what follows we find it useful to decompose the NS form and define the physical fields as

2CHy = | \dxz1 + Aadzs + Agdas + Madzs |, e?A72% — gohy, e 6AT2P, 2 _
(4.30)
Ai, h; are functions of (x1,...,24) in terms of which (4.28¢c), together with the fact that
e2¢ H, should be closed, impose the PDE’s
81’1-)\]' — a;,;j A =0, 8952((/\1 + 332)]11) = 81»1 ()\th), 81»1}7,2 = x9h1 . (4.31)

and no further conditions. In particular there is a priori no isometry on My. The metric is

1 2
ds? = 472 (dxl + xechﬁ) femdAT2® (dx§+x§ds2(52)> +e 24 (dx§+dxi) - (4.32)
2
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As before we can extract the RR fluxes from (B.9) which in terms of (4.30) can be ex-
pressed as

H3=¢*“HVol(S?),  Fy=0, (4.33)
Fy= (()\1 +.’L’2)d{L’1 +)\2de) VAN (8$3h1d(134—8$4h1d333)
— (8$1 hdx +812 hdlL‘z) VAN ()\3dl’4 — )\4dl’3)

1
A30z.h1+A10p, h1—
+<3 31+ A40z, M Mty

(hlémlh2+6x1h1()\§+)\?1—|—h2))>dxg/\dx4,
Fy= |:.T2h1d351 A ()\4d$3*)\3d$4) +dro N (814h2dx3 *axghgdl‘zl)

1
A1+

where we note that we necessarily have zero Romans mass. Although there are generically

+ <x§h18x2 (25 hg)— ((8901h2)2+x2h1()\§+/\i+hg))>dgcg/\dm} AVol(S?),

fewer RR fluxes turned on here than in the preceding sections, what is present has many
legs, so the PDE’s following from the Bianchi identities are more involved. Ensuring that
F5 is closed imposes three PDEs:

8$1(/\28$ih1)+612 ()\iﬁmlhl) =0, (4.343)

8951. (()\1 +x2)8xih1 —Aié)mlhl) = 8361 <)\Zamlh1 — (hlaxth—Faxlhl(Ai)\i—l—hg))> ,

(4.34b)

A1 +x2

A1+x2
where ¢ = 3,4. The F; Bianchi identity further imposes

(9351. (/\anihl—)\iamhl) 28352 ()\iazihl— (h18$1h2+8$1 hi ()\i)\i+h2))), (4.34C)

h
02, ho+02, ho+ 0y (13110, (5 "ha)) +Ou [E()\%—H\i—kxg)\%hl—i-hg)]
1+
1
+ h\ [)\26)“ (hlhz)—(Ag-i-)\i)((/\l +x2)8mh1—)\28$1h1)] =0, (4.35&)
1+ X2
_ zoh
Oy (22 Aah1)+ Ony (2 A3h1 )+, (23010, (5 ho)) — O, [)ﬁ_;(kg—i—)\i—mg)\%hl—i—hg)}
1
Nt |:)\18x1 (hlhz)—fL‘Q(Ag-i-)\Z)axlhl+JJ2()\1+$2)()\38x3h1+)\48x4h1):| =0. (4.35b)
1Fo2

Clearly (4.34)—(4.35) is a rather complicated system. In fact we can actually get far more
compact expressions by performing the coordinate transformation x; — x1 — ?126ch07
which we examine in appendix C. However these actually turn out to be harder to solve.
Despite their complexity we do find some sub classes where the PDEs simplify dramatically,
which we will now study.

4.3.1 H; = 0 Ansatz

The simplest thing we can do is set all A; = 0, so there is no NS flux. This means that (4.31)
and (4.34c) impose

h
Oy (T2h1) = Opy ho = Oy, (w2h1) 0y, <$§> =0. (4.36)
2
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This motivates defining
zohy = hi(x1,m3,24), ho = 23ho(a2,23,24), 42 =hy, e O =hy (437

in terms of which the Bianchi identity conditions that are not trivially solved reduce to

O2,h1 + 02 hy + hod2 hy =0, 02 ho+ 2 ho + am( 20, h2) = 0, (4.38a)

The solutions have data

/h /
ds6 -/ =Ld 1 + d:c2 + {L‘2d8 52)) + 1/ hihso (da:3 + da:4)

8$4h1d3?3 8$3h1d334 /\ dry — h2ax1 hldmg A dxy, H=0, (4.39)

Fy =25 <(8x4h2dw3 — 8x3h2d:c4) A dzo + hlé)@ thl‘g A da?4> VAN VOI(SZ)

(4.38Db) gives two options, which because of (4.38a) require that at least one of hy, g is a
flat space harmonic function in x3,z4 only. If both are, we just reproduce the “harmonic
function rule” for delocalized branes [32-34]. If hy = hy(x3,24) we have the partially
localised solution of D4’s ending on D6’s presented in [25, section 4.2], specialised to the
case where the D6 world volume has an SU(2) isometry. Finally if ho = ho(23,x4) the
solutions are contained within [25, section 4.2] up to performing T-dualities on the three
U(1) isometries of T3.
So in conclusion H; = 0 reproduces known intersecting brane solutions only.

4.3.2 X2 = 0 Ansatz
A generalisation of section 4.3.1 that leads to tractable PDEs is to take only Ao = 0. Here
the supersymmetry conditions (4.31) reduces to

89;1 (()\1 + xg)hl) = 8m1h2 =0, 812 A =0, 8%)\3' = 8zj A, (4.40)

while (4.34a) requires either A3 = Ay = 0 or 9;,0;,h1 = 0. We will now consider these two
subcases in turn.

The case 9z,0z,h1 = 0: 9y, an isometry. Reconciling d;,0,,h1 = 0 with (4.40)
requires Oz, A1 = Oz, h1 = 0. From this it follows that

hi (23, 24)

hi =
! A+ 22

, ho = ha(wo, 23, 24), A = N(23,24), dA\1 =0, OpyAs = Op, A3, (4.41)

where @ = 3,4. We see that 0., is necessarily an isometry. T-dualizing it to IIB produces
solutions which are conformal Calabi-Yau type (see footnote 6) in a similar way as our
discussion in section 4.4.
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The remaining PDE’s (4.34)—(4.35) then truncate dramatically to

(02, + 07,)h1 =0, Oy (PI3) + Oy (hiAs) = 0,
M+T2 0 o 2n 7y, 203+ A
0 05 )ho + — 0, Oz, h — = = =, 4.42
T ( T3 + 333) 2 + ZE% 2($2 2 2) + x2()\1 +.T2)3 ( )
where we have introduced
X9 ~
ho = h . 4.43
2 M + 79 2(z2, 73, 74) ( )
To make progress, we can now make a separation of variables sub-Ansatz:
= A1+ 32)?
hy = k‘(:lig)hg(l‘g, .%‘4) — l(fl)g)h4(fl)3, :L‘4), (11‘22)812 (."L‘gam (Clk + l)) =2. (4.44)
We find
1 A1+ T2
A3+ AL = ha, ;%am (2300,k) = ca - k,
(02, + 02,)ha = 0, (02, 4+ 02, )hs + cah (hs + c1hy) = 0. (4.45)
We can then parametrise
A3 = cos o/ hg, Ay = sinan/ hy, (4.46)

so that the remaining, non harmonic, PDE’s to solve are
(02, + 02,)hs + cahi(hs + c1hg) = 0, (4.47a)
D, (cos an/hy) = Oy, (sin a/hy), Oy (cos ah?\/hy) = —0y, (sinahi/hy) .  (4.47D)
These are hard to make progress with in general, but can be solved. For instance if we

change to polar coordinates as x3 = rcos, x4 = rsinf, then (4.47b) are solved by

~ 1
a=40, hy =1, hy = W coS <Z> , (4.48)

which leaves us with (4.47a) to solve, for example by setting co = 0 so that hg can be any
harmonic function.

The case A3 = Ay = 0: 95, not an isometry. For A3 = Ay =0 we define

()\1 + .Tg)hl = ill(xl, s, a;4), hg = ()\1 + :172)2?7,2(562, s, .734), (4.49)
and then the Bianchi identities impose
a:rl 51812 7:1/2 =0, (@gs + 8§4)B1 + Bg&il iLl =0, (4.50&)
92 4+ 02 Vho + ——2 1y [ (N 205,02 | = 0. 4.50b
(0, + x4)2+(/\1+$2)31 2| (M +22)°05,ho ( )

If aszl = 0, once again 0., is an isometry, which gives a subclass of the solutions we
already considered. If on the other hand 0,, he = 0, we are left with the PDEs

(8§3 + 8§4)B1 + ﬁgaglﬁl =0,
2 2\7,
(8£E3 + 8$4)h2 =0,
These look formally like [25] again, which we found in (4.39). We can see, however, that

(4.51)

there are more fluxes than in (4.39); for example, in the present case H # 0.
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4.4 The a3 = 0, b # 0 case

We now study the case where only a; = 0, which means that as,b are function of the
coordinates on M, such that

a3 +b* =1. (4.52)

We will assume b # 0, since b = 0 was considered in section 4.3. We will see on the other
hand that the case of section 4.2 is recovered from the present case as a limit. Finally,
we will see that the solutions of this section are in fact related by T-duality to conformal
Calabi-Yau-type solutions [5-8].

With some care one can establish that the supersymmetry conditions of appendix B
follow from

d(e2AT20-2p) 4 2e2A+0= Py, — ), (4.53a)
1 1
d (\/563A/2‘I’/2Rek:1> =0, d (beA(Imkg + a23002)> =0, (4.53Db)
2

By = (aglmks + Byva) A Rekq, d <eA_¢CZ2> =0, (4.53¢)
d(e*AT2C=® B Reky) = 0, d(e**~®Reky) =0,  (4.53d)

1 1
d <be2A‘DBOv2 A Reky A Rek1> =0, d <beARek2> =0, (4.53¢)

where the complex 1-forms k; are the following linear combinations of the vielbein
k1 = bui + aw, ko = —av; + bw. (4.54)

We use the usual trick of introducing local coordinates to solve (4.53), this time defining

Rek; = \/5673A/2+(I>/2d$1, Vg = —eng*CJrq)xgdxg,
Reky = —be “dus, Imky = —be? (dxy + A), (4.55)
_ _2A420-® R —5A/24+®/2
To=¢€ b, =0y e = Bpe dxs,

which implies the vielbein on M, without loss of generality. The remaining condi-
tions (4.53c)—(4.53e) are then solved uniquely by the surprisingly simple conditions

A—-d f(13) 2C 2 f
€ b y € 0 g($3), 4 co f ( )

where ¢ is an integration constant and we reproduce (4.16) when ¢y = 0. It follows that
0z, 1s an isometry like in section 4.2, as, b depend on x3 only, and the internal metric is

2 2432 a2g\V'f 2 e 2,9 2 2 2 7.2/ a2
dsg = e <da;4 - da:g) + 7 <b dxi + dx; + fdxs + x5ds™(S )) (4.57)
T3
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The higher RR fluxes can be derived from (B.9) in the same fashion as before and lead to

asb azgVf
B=gCot 2 du i1 <dat4—

VF bx3
Fo=04,f, Fy=BFy—0.,(fg)Ca,

1
), Co = —ydz1 Adz2+ Vol (S?) (4.58)
Ty

1 1
Fy= B/\FQ+§BABFO+§85E3 (f92)

1
+a3 <b28x1 (e dag Adas — Dy, (e ) day A3 +8,, (f~Le ) day /\d:c2> AVol(S?).

Since 0, is an isometry, we can wonder what happens if we T-dualize under it. The
structure of the T-dual metric one obtains in IIB suggests now a D3-type solution, since
the Mink4 metric is multiplied by €24 and the internal metric has an overall e24. One can
see in fact that the resulting solutions are contained in a famous class [5-8]. This is most
easily seen by looking at the pure spinors. From (4.55), (4.54) we see dx4 is contained inside
w, which in turn is in E3 of (3.12). So when we T-dualize the pure spinors, F3 in (3.11)

® We end up with the pure spinors associated

gets replaced by e!/ 2E3AEs and viceversa.
to an SU(3) structure. Further analysis reveals they are of the conformal Calabi-Yau
type.® There are however some interesting points about this class, which we will make in
section 5.1.

Imposing the Bianchi identities for (4.58) leads to
2 2
Oy f =0, 05,(fg) =0, (4.59)

in common with the conditions of section 4.2. The PDE is slightly more general than (4.21):

0 () 4 0 (B0, £ (I ¢ () =0 (a0
This similarity is also reflected in the fact that (4.57) is a generalisation of (4.17).

Indeed the Mg = S? x S! x M; class of section 4.2 are a special case of the class in
this section; we can simply set ¢op = 0 so that, from (4.56) and (4.52), b = 1 and as = 0.
Conversely, given a solution with ¢g = 0, (4.56) gives a way to generate a new family of
solutions with ¢y # 0. We will now give two examples of this.

4.4.1 092 (e *4) = 0 Ansatz

If 92 (e=*4) = 0 then (4.60) is trivially independent of co; but, as we encountered in
section 4.2 for (4.21), the PDE is still hard to solve unless either ¢ = 0 or Fy = 0. We

5See [12, section 6] and [35] for more details about T-duality and pure spinors.

5If &4 = ie™, ®_ = Q, the IIB version of the pure spinor equations (3.3) results in dJ = 0 = dQ,
where J = €>7?J; then J and Q define a Kéhler structure on Mg. A solution exists because of Yau’s
theorem; this is a slight generalization of a Calabi-Yau, which when the dilaton is constant is in fact a
conformal Calabi-Yau. The flux G = f3 +ie"®H can be shown to be a primitive (2, 1)-form; the axiodilaton
T = Cp +ie~® is holomorphic. See [36, section 4.3.1] for more details about how this class derives from the
pure spinor equations.
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focus on the former here, as the latter does not require the additional restriction we are
now imposing on e *4. These solutions are of the form
v Vh

md 4 + ﬁ (b2d$1 + de + fdl'g + $2d8 (52>>, b2 =
f azb

= fh, A2 = R B = ﬁdazl A dzxy, Fo = 0Oy, f, F, = FyB,
Fy = <l;7;azlhdl'2 Ndzxs — f8m2hdx1 Adxs + &;Bhdxl A d.%'2>
f

2
)

f
co+ f’

2 _
dsg =

92 h=0 O (2500,h) + 02, h =0 f =c1 + Fyas. (4.61)
We see that for ¢g = 0 we have the behaviour of D8 branes and D4s smeared on x;. By
turning on ¢y we generate additional F5 and Hj3 flux. It would be interesting to see if this is
somehow related to a known solution-generating technique such as the continuous version
of U-duality, but this is currently not clear.

4.4.2 Fy =0 Ansatz

If Fy =0, we can take f = 1 without loss of generality; b is just a constant, which we can
remove from (4.60) by rescaling 1 — b~1x1. This results in solutions of the form

2
dS% = eQAbZ (d[}j4 — aZch d{]}‘ ) + e <d$1 + dxz + df]}'g + x2dS (52)>
a3

2

4A 4 —4® x%h —
e =bte " = p— B = cx3Cy + asdri A <das4 — c dx2> Fy = —c(Cs,
x5 bx2

2
Fy = [Qbe”kazk( Ny da; A dzr; + 7222 (agcxgd:vl A dxy — bridzy A d:m)] A Vol(S?),
X3
1
h + f( xQ (1526552]1) + 8%1 h> = 0, CQ = bjdxl A dCCQ + VOI(SQ) (462)
3 x5

where h = h(z1,x2,x3), and we have fixed g = cxs. For ¢g = 0 and ¢ # 0 we have Fy, Fy
and Hj fluxes turned on. The effect of turning on ¢y is to introduce additional Hs and Fjy
flux, and to fibre the x4 direction over the rest of the manifold.

4.5 Generic case

Before moving on to examples, we will study the “generic case” where ai,a9,b are all
non-zero; recall that they should be such that

ai+a3+b=1. (4.63)

The alert reader may ask why we have not discussed the b = 0 and as = 0 cases separately.
In fact, both of these can be obtained as limits of the generic case we study in this section,
once we assume that a; # 0. (The a; = 0 case was covered previously in section 4.4.) This
is a generalization of the statement we made at the beginning of section 4.1, namely that
the b = ag = 0 case can be obtained as a limit of the generic case treated in this section.
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Inserting the definitions of (3.13) into (B.5)—(B.7) for the final time we find the nec-
essary and sufficient conditions for supersymmetry

b
d (”e”‘) =d <Qe5A+‘I’) =0, (4.64a)

1
d (ae_Alﬁ) =0, d(e* = PReky) = 0, d(e*TC=201) 4+ e %a0y = 0, (4.64b)
1
1
d (264A+‘1’(Rek2 - alBgvg)> =0,  d(e*20?(ByReky + av3)) = 0, (4.64c)
ay
b
By = — (Imky A Tmky — Reky A Rekz) — =% (Reky A Imk; + Reky A k), (4.64d)
1 1

where the 1-forms k; where introduced in (4.54). We notice that (4.64a) just defines az, b
in terms of ay as

ay = coe*ay, b= €542, (4.65)

where ¢g, ¢y are integration constants. We can solve (4.64b) without loss of generality by

introducing local coordinates (x1,...,x4) such that
1
Vg = ——6_4A+¢d:r2, Reky = 6_2A+¢dx1,
ai
1y = O, ki = etay (des + idxy), (4.66)

from which the vielbein on My follows using (4.54). Then, as (4.64d) just defines the S?
orthogonal part of the NS 2-form, we are left with only (4.64c) to solve. This leads to
the PDEs

—6A+2d —8A+2<I>B
ay a7
—8A+2<I>B 2 —10A+2% .2
O, <62°%> + 0, <62x2> =0, (4.67b)
a a
1 1

and informs us that 0., and 0, define two U(1) isometries. Notice that for a; = 1 these
reproduce the PDEs of (4.4a)-(4.4b) in section 4.1. However now the 72 they form is
fibred over the rest, and has a position-dependent modular parameter:

B ~ o—4A+20 a2 )
dsg = *4ds*(T?) + 5 <a2 _ﬁ 72 dax? 4+ e (d:c% + x%ds2(52))>,
1

ay
agbe—3A+® 2
X1

d 4.68
a1(a? + v?) ( )

ds*(T?) = a2dx? + (a2 + b?) (dm4 —

We extract the fluxes from (B.9), which, after some significant massaging, can be
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expressed as

e 842 2 2A b _sa40
B = ——5—x5B¢Vol(S?) — e*“ardz3 A | azdxy + a—e dxy |,
_op 1
Fy=2e 24)?8551(6214&1),
1
2 b2 2 b2
Fy = BFy + d<eA_<Db> Adxs — :17% <0x2 (al —g 6_4A> — e_QABO(%C1 (al —z 6_4A> ),
ay ay
1 b
Fy=BAF,~ BABF - d<e“+%3302> A dxs A Vol(S?). (4.69)
ay

Although the fluxes are rather complicated they actually only give rise to a single PDE
when we impose their Bianchi identities, namely

2 b2 2 b2
Oa, <a1; 6_4A> — 6_2A308x1 <a1a—; 6_4A) =4 (4.70)
¢ 1

for some constant c;. So we are left with three PDEs to solve: (4.67) and (4.70), much like
in section 4.1 we had (4.4) and (4.8). It will once more turn out that stipulating whether
Fy = 0 or not will reduce these three to one. The similarity actually goes much further:
we can show that any solution of section 4.1 implies a solution of the generic class.

4.5.1 Fp=0

For Fy = 0 we need aje?4 to be a function of 2o only which implies through (4.63) that
the same is true of az and a? + b?>. The Bianchi identity (4.70) is then solved by

—4A CL% 74A0 74A0 + Cl (4 71)
e = e , e =c —. .
a? + b? 27 2

We can then take (4.67a) as an integrability condition implying the existence of a function
h(z1,z2) such that

Oyl
a1e?® = (a? + b?)3/2e8%09,, b, a1 By = 240/ a? + 626 2h' (4.72)
1

Equipped with these definitions (4.65) becomes

9 n b2 1 COQQAO b 5062A0 (4 73)
a = 5 ao = —_—, = 5 .
1 Lt cgetdo’ T Ty et VO hy/T+ et
which satisfy (4.63), while (4.67a) reduces to
002 h + 0y, (2305,h) = 0, (4.74)

which is identical to (4.11) with A — Ap. So we see that any massless solution of section 4.2
implies a massless solution with ¢y and/or ¢y turned on.
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4.5.2 Fy#0

When Fjy # 0 we can define the dilaton in terms of the Romans mass and take (4.70) as a
definition of By so that

2 1 _—4A
c1 + 250z, (Ee )

30 (e ™)

2
20 24 2A
N ), By =

= —5—0y 4.75
O e (475)

We use these to substitute for By and ® in favour of A in (4.67a)—(4.67b) which reduce to
a single PDE

Lo, (220 o 1)) 1+ 1o, (o L@_M =0 (4.76)
x3 " 2ree a? + b2 27\ (a4 b2)2 ' ’

Just like the Fy = 0 case we can then define

44 af 44
e = e 70 4.77
a? + b2 (4.77)
where we now have Ag(z1,z2) and see that (4.76) just reduces to (4.13) with A — Ay. In
other words one can take any massive solution of section 4.2 and it will imply a massive
solution in this more general context.

4.6 Summary of this section

We summarize the classification we obtained in this section in figure 1. Recall a; = Rea,
ag = Ima.

Strictly speaking one only needs to distinguish three cases.

e Generic case: a; # 0 (section 4.5). In this case one needs to solve the PDEs (4.67)
and (4.70). In the case with and without Fp, these reduce respectively to either (4.74)
or (4.76). The solutions can be viewed as a certain decoration by extra fluxes of the
particular case as = b = 0 (upper vertex in figure 1, section 4.1), where Mg =
T? x S§% x My and which can roughly be interpreted as systems of NS5s, D6s and D8s.

e a; =0, b # 0 (section 4.4; lower side in figure 1). Here one needs to solve (4.60). There
is in this class always an abelian isometry, T-dualizing along which produces a con-
formal Calabi-Yau-type solution [5-8] (conformal Calabi-Yau’s with (2,1) primitive
flux). Again one can view the solutions as a decoration by extra fluxes of the partic-
ular case a = 0 (lower-left vertex in figure 1, section 4.2), where Mg = S* x S? x M3.

e ap = b = 0 (section 4.3). In this case the system is the rather more compli-
cated (4.34)—(4.35), although we did manage to simplify it considerably and solve
it with several Ansitze. Among these, we found some known D4-D6 systems, and
some generalizations thereof. This case is in a sense the most interesting one.

We will see now some examples.
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Ao = b=20
[Sec. 4.1}

generic

[Sec. 4.5}

_ O

a=20 a; ;8 ay — b=0
[Sec. 4.2] [Sec. 4.4] [Sec. 4.31

Figure 1. A summary of the classification in this section. The interior of the triangle represents the
generic case where none of the parameters vanish, and the sides and vertices represent the various
particular cases; recall a; = Rea, as = Ima. The shading of the sides is meant to suggest which
limits reproduce the cases represented by the vertices. For example, if one takes the equations for
the a3 = 0 case (lower side) and takes the as — 0 limit, one recovers the equations of the a = 0
case, while the same is not true if one takes the b — 0 limit.

5 Examples

In section 4 we classified solutions to our minimal class, as defined in section 2. The
classification was organized in several cases; in each of these the requirement of preserved
supersymmetry was reduced to a system of PDEs. In this section, we will look at some
particular solutions of these systems. In section 5.1 we will look at cases where Mg is
compact, namely at Minkowski compactifications. In later subsections we will do the
exercise of applying the systems to AdS solutions. In particular, we will recover the AdSy
and AdSs solutions of [21, 23] and [24], and we will write AdSg solutions in terms of a
Toda-like equation which presumably reproduces the solutions in [37, 38]. For AdSs, the
only solutions in our class will actually be those of [24].

5.1 Compact Mg

We will now try to find examples where Mg is compact, in some of the classes considered
in 4. The classification there produced a vast array of possible systems, and our analysis
here should be regarded as preliminary.

[b = a2 = 0]. Let us start from the b = ag = 0 case of section 4.1. Specifically, we will
look at the Fp = 0 case, as in section 4.1.1. We reduced there the problem to the single

~ 93 -



PDE (4.11). We collect the data of the solution here:

ds® = 62Ad3§4mk4xT2 + O h (e24da? + e (dad + 23ds*(S?))) ,

5.1

e = €549, h, = 230,,hVol(S?), Fy = ¢1Vol(S?). (5:1)

To find solutions, we can impose a separation of variables Ansatz h = f(x1)g(x2).

Then (4.11) imposes

(ﬁlf +cf =0, 8%2 (x2g9) = c(e1 + caz2)g, (5.2)

which have closed form solutions. For ¢ = 0 we have compact solutions for h = Cz; x:“’,
e*4 = x5 /cy, if we take 1 to be periodically identified with itself. So (5.1) becomes

ds® = | /x2dstk4xT2 +C < - 1> <1 [224 x? 4 1/ de + 23ds? 5’2))> ,
(5.3)

e2® — 5’7\@(@ —z9), H = aCdz; A Vol(S?), Fy = ¢1Vol(S?).
1

If the factor (x% — ) were (1 + x%), this would represent a near-horizon D6 with an NS5
smeared along the z; direction. With (1 — —) the NS5 would be replaced by a more

peculiar object, an ONS5-plane.” As it is, (5.3) is a compact solution which behaves close
to x2 = 0 as a D6/NS5, and close to 2 = a as a D6/ONS5, both NS objects being smeared
along x1. The solution is however highly curved everywhere: playing with the parameters
(and taking flux quantization into account) one cannot make a large. Solutions of this
type, obtained by reversing signs in otherwise well-known solutions with orientifold planes,
are easy to obtain, and we could exhibit several other such examples for other classes in
section 4. We will not comment on such examples further. Notice however that the present
example becomes much less trivial after one applies to it the solution-generating technique
of section 4.5.
For ¢ > 0, (5.2) gives more interesting results. It can again be solved explicitly:

f == cos(Vexn),

5.4
g = e VT (alFl (1 + %11 /6,2,2\/062932) + 8U (1 + %1 / 6,2,2\/0023:2)) (5.4)
Cc2 C2

with « and 8 two real parameters. For example, let us assume co > 1, ¢; < 0, so that
e =y + o from (4.9) corresponds to an O6 at z2 = x; = —Z&. Now 0y h in (5.1)
csin(y/cx1)g(x2). The fact that sin(y/cz;) has a simple zero at 1 = 0, = 7

presence at those loci of NS5s smeared along xo and the S2. Moreover, by adjusting the

signals the

B/a, one can arrange for g to have a simple zero at some finite value xo = :1:2+ This signals
the presence there of an ONS5. This time we then take z; € |0, \/] T3 € [z5, 23] Flux

"This is an NS analogue of an O-plane, related at the worldsheet level [39, 40] to an inversion of four
coordinates times the left fermionic number (—)*Z (rather than Q as for usual O-planes). It can also be
thought of as the S-dual of an O5.
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quantization fixes ¢; and «. It appears to be possible to achieve weak curvature and weak
coupling by adjusting the remaining parameters. The presence of so many sources, one of
which a bit exotic, should make one cautious. But this is only one possible example of this
type; clearly it is promising to explore such solutions further.

[@a = 0]. As we have stressed earlier, this subclass is T-dual to the well-known conformal
Calabi-Yau-type solutions in [5-8] (conformal Calabi-Yau'’s with (2,1) primitive flux).
However, even in this class we find something interesting. Let us consider (4.26): as we
observed there, the metric is formally of the D4-brane type. If we choose the particularly
simple harmonic function h = 4(a — x2) and the constant ¢ = asinfy, with a > 0, 6y €
(0,7/2), the Minkowski warp factor in (4.26) is
—4a _ (a4 —@2)(w2 — a_)

e = 5 , ay = g(1 + cosbp) . (5.5)
x5 2

The coordinate xs can be taken to belong in the range (a—_,a4); at both extrema, the
metric’s behavior is that of an O4 smeared along directions x7 and z3. The fluxes read

9 al?
H = alL*sinfydzs N Co, Fy = BRFY) sin 6yCo,
, “ (5.6)
F, = dal” 1— -2 sin20p ) day A das A Vol(S?)
4= C?/Q 929 0 1 3 .

where Cs is defined in (4.26). As remarked earlier, if we T-dualize this example along x4
we obtain a D3-type solution; technically, the internal space is a conformal Calabi-Yau.
However, this solution should not be interpreted, as is usually done for such solutions, as
the result of backreaction of O3-planes and D3-branes on a preexisting Calabi-Yau. The
internal space Mg looks rather like a 72 x S3 with two O3-planes at the two poles of the
53, smeared along the 73. The reason this falls in the conformal Calabi-Yau class is the
accident that S3 is itself conformally flat. If one is (rightly) not happy about the fact that
the O3-planes are smeared, one can T-dualize instead along the directions x1, x3, to obtain
a ITA solution again with Mg = T° x S3, but with O6-planes extended along the 72 and
with two O6-planes at the poles of the S3. Moreover, we have studied flux quantization and
we have found no obstruction to making the solution weakly curved and weakly coupled
(away from the two O6-planes), although we refrain from giving the results here.

5.2 AdSr

We will now show how to recover the AdS7 solutions of [21, 23] as particular examples of the
system in section 4.1.2. As we explained there (see footnote 4), the relevant equation (4.13)
is in fact the one derived in [26, 27]. A relation between those papers and the AdS7 solutions

was conjectured already in [21], but never realized until now.®

8We remind the reader that while this work was being completed, [28] appeared, which has some overlap
with the results of this section.
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We will use the customary trick of viewing AdS7 solutions as Minkg solutions (men-
tioned in (2.5) for AdSs). Thus in (4.5) we replace T2 by R?, and we take e = /747, We
then try to rewrite the metric for the remaining four directions as

ds? = e2Mdp? + ds? . (5.7)
In order to do so, we define the following change of variables:
z1 = f(2)e?, z9 = g(2)e?. (5.8)

Imposing that (4.5) does indeed look like (5.7) gives two conditions: one from the dp?
coeflicient, one from setting to zero the coefficient of dpdz. This results in

B 1692@(6_4‘47)

b f — —€4A7 8fg@z(e_4A7)
- 8f — ety

0.9 = .
= 8f — AT,

(5.9)

With these definitions, it turns out that eq. (4.13) is solved automatically. We can then
use reparametrisation invariance to choose

1 3¢ F?
g=e4A7\/8< 5~ o), (5.10)

which reduces (5.9) to a single ODE:

Ay 80 f(Foe'd —8)
0:(eM) = Fo(3c1Fp — 16)

(5.11)

This is solved by
8f 4¢y

+ .
3Fy ' FyJ/I6f — 3e1ky

where & is an integration constant. Since e*47 is actually just a function of f, we can

et = ¢ +

(5.12)

choose f such that expressions simplify. Taking

f= 3%0 (5+7). (5.13)

and redefining ¢, in terms of a new constant co we get

A7 _ 223 + 3c12 + 2¢o
2z ’

(5.14)

which is proportional to &, for a a cubic function. This is the expression for e*47 one can
find in [41, eq. (2.27)]; @ = /B can be found in (2.26) there and is indeed a cubic function.
So our z here is linearly related to the z there. One can also check that the local expression
for the dilaton, metric and fluxes that we obtain from section 4.1.2 reproduce those in [41,
eq. (2.27)—(2.29)].
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5.3 AdSe

We will now use a similar logic to the problem of AdSg solutions in IIB using section 4.3.°
These have been treated in [30], where the problem was reduced to two hard PDEs for the
warping and dilaton (which were later confirmed in [44]). Recently, the general solution
was found in [37, 38] by reanalyzing the problem in a clever coordinate system.

Since we are actually interested in IIB solutions, our Ansatz will correspond to a formal
T-dual of such a solution along one of the spacetime directions:

ds® = 4?40 <€2pdl‘i3 + dp2> + 36_2”_2’46(133?1 +ds?(My), e® =ePmm—r=4s.  (515)

Thus in particular €24 = 4e246+27 where the 4 is inserted for convenience as it simplifies
later expressions. My is spanned by S? and two other coordinates. x4 is the direction along
which T-duality will produce an AdSg solution in IIB. The fluxes can be found in (4.33)
from which one sees that while 0., is not an isometry in general, it is possible to impose
that it is. We will try to rewrite the metric of section 4.3 in this form so that it reduces
to (5.15). Similarly to (5.8), we will change coordinates:

4
z1=e P f(ry), T = §63py, w3 = drep~3ArY) (5.16)

We correspondingly write e2¢ Hy = d(e?“ By) (recall (3.5b)) as

> Hy = hy(r,y)dr + ho(r,y)dy (5.17)
Imposing that the metric has no dp cross terms and that the coefficient of dp? is correct
leads to
2
by, L€ AATAA 4 l2)p2
e® =6 8x 2 ,
e —y
A A (5.18)
2A
hi = % (7‘(3 —rdpA)e 3878 f@rf> , hy = gy(fﬁyA —0yf),
where to simplify things we have made the choice
oMo = Lginiens (5.19)

6

Diffeomorphism invariance now gives us the freedom to choose A such that the metric also
has no drdy cross term, which actually defines the warp factor in terms of A as

—8\ _ 9,A .
y(1+yo,A)

This leaves us with two functions, f and A which the physical fields are defined in terms

e

(5.20)

of, but we are yet to impose the supersymmetry constraints (4.28c¢), these lead to

. %A 3—7187~A

1 1o
Trwga =g (5:21)
Yy

f=

9There is also a solution in ITA [42], found to be unique in [43]. This can be easily reproduced as a
particular case of the system in section 4.2.2; we will not present the details here.
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from which it follows that the NS 3-form is closed and that the Bianchi identities of the
RR sector are all satisfied. The second condition is reminiscent of (but not the same as)
a Toda equation, such as the one we will review in section 5.4.' It is much simpler than
the PDEs in [30]; it should be solved by the metrics in [37, 38]. T-dualizing to IIB, the
metric reads

ds?(S%) + %(d;ﬂ + e—?iAdr?)) (5.22)

Oy A
ds? — 4¢246 ( 52 YOy
S e SAdSG+9 9y

(1+yoyA)
while the fluxes on the other hand
27 _ _ 2 _ o _
F = <4y2€ 2/3A+8\ 2<I>fh2 _ §e 2/3A—\ 7/4®8y(ye 3)‘+3/4¢)>dr
27

2
_ <4y2€2/3A+8)\—2<I>fh2 _ 362/3A—A—7/4q>ar(ye—3/\+3/4<1>)> dy, (5.23)

Py = 5% o—2/30—42—0 <(45h2 + 3290y f + 96y fO,\)dr

+ (45hy + 3240, f + 96y fﬁT)\)e4/3Ady> A Vol(S?).

A particularly simple solution is given by

3
ed= AT (5.24)
c2—Y
which gives rise to the Hopf fibre T-dual of the unique AdSg solution in ITA. As there is

no uniqueness theorem in IIB, and indeed examples beyond the IIA T-dual are already

known, our hope is that this formulation will prove useful to further populate the class of
such solutions. We leave this however for future work.

54 AdSs

We will now also show how to recover in ITA the AdSs solutions obtained in M-theory
by [24] from section 4.3.

The strategy is similar as the one we used in the previous subsections, and we will
be brief. Once again we use the trick (2.5); however, we actually define e2A = 4201245
to match the conventions in [24]. These solutions have an enhanced SU(2)x U(1) R-
symmetry which should be manifest in the geometry in appropriate coordinates. If we
impose rotational symmetry in (x3,z4) we introduce a U(1) isometry in the metric under
which the pure spinors are charged, so this is the U(1) R-symmetry. This motivates the

change of coordinates

z1 = f(r,y)e ), wy = dye*’ w3+ izy = drezPUV) b er, (5.25)

10" Strictly speaking, the supersymmetry conditions impose that 8, log(f) = 9, log (—e%A(f;;g’;ﬁ))

which means we can multiply our definition of f by any function k(r) and still satisfy supersymmetry and
the Bianchi identities. This is a manifestation of diffeomorphism invariance, so we can set k to whatever
we choose and still describe the same physical system. We encounter the same situation when we impose
supersymmetry for the AdSs solutions in section 5.4: there only one choice of this arbitrary function leads
to the well known Toda result.
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where 0y is part of the R-symmetry and the factors of p are chosen such that the internal
manifold has no p-dependent warping. We then express

e2CH1 = hl (’l“, y)dr + h2(7", y)dyv (526)

which is the most general form consistent with the isometries. To obtain AdS5 solutions, we
also need to again impose that the cross-terms involving dp vanish, and that the coefficient
of dp? is correct. By imposing these conditions and that the metric is diagonal in all
coordinates we fix the physical fields as

(245 _ 2A+2/30 o6 _ _ —OyD oA/30-2) _ r?el + 162 (5.27)
7 y(1 —yoyD)’ e —y2 ‘
2+ 1rd.D
hy = TyeD—6A+47"fT — dyd,f hy — % (6—8)\+4/3(I>y +eP-029, D — 16f8yf) ’

(5.28)

where the first of these just defines As in terms of an arbitrary function A(r,y). We now
have two undefined functions f and D, but we are yet to impose the conditions (4.28c¢);

these lead to 5 9.0 )
+ roy )
=— —0p(r0rD) + 0O, =0. 5.29
f 41— y9,D)’ , - (ror D) + y© ( )
up to the subtlety discussed in footnote 10. Thus, D must obey the axially symmetric 3d
Toda equation, and f is fixed in terms of D. With these conditions the NS three-form is

closed, and the fluxes obey the Bianchi identities. The solutions are then of the form

—yd,D —9,D
ds? = A T5® (4d32(AdS5)+yayd52(S2) + %(dy2+e[)dr2)> e P50 22

1—y0yD
Oy = _2y(2+470.D) =52y Cy =2y e dyp AVol(5?),
9,D
2
H= (d [66)‘83/1)(2y8yD+7“8TD) —8y(eD)rdr+r8dey> AVol(S2) (5.30)
)

where Iy = dC and Fy = dC3 — H A Cy. The alert reader might notice that this solution
does not actually correspond to imposing rotational symmetry in the (x1,z2) plane of [45,
eq. (3.3)] then reducing to ITA along the isometry one has imposed on the solution. The
reason for this, as we show in appendix D, is that reducing on this isometry breaks super-
symmetry. The resolution is to perform the reduction on a linear combination of the two'!
U(1)’s at ones disposal in the axially symmetric AdS; M-theory solutions which results
in (5.30).

We thus have reproduced the solutions of [24], without any loss of generality. Thus,
these solutions are the only one in massive IIA within our “minimal” class of manifolds.
(This conclusion is similar to [46] in IIB.) If N' = 2 AdSj5 solutions with non-zero Romans
mass do exist, R-symmetry must act in a more complicated way, such as with a squashed
53 as discussed in section 2.

"'We are ignoring the Cartan of the S? as reducing on this would break the SU(2) part of the R-Symmetry.
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A Spinors on S?

To begin let us consider an arbitrary 2d Euclidean space. In general one can define the

chiral spinors

§r, £ =1(&4) = B2k = (£)=- (A.1)
Let us work with the following basis of gamma matrices:
n=o01, Y=oz, A=—imyp=0s, Ba=oy, By'yuBy=-7.. (A2)
In terms of the spinors we can then define the following scalars:
el =, L& =) =G =le) =5 (A3)

where o are real and f is complex and as elsewhere & = (£¢)T. In general the scalars and

spinors satisfy

Bér = +0i&L,  PEL = Foits, (A4)
We define the vectors
po_ Lt u p_lz 4 Lot e
Uy = 55;’7 &+, Uy = 55{7 §+, Uy = ifi”y £, (A.5)
We then have the following bispinor identities:
el = £ ©E = s,
£+ ®EL = ux, & ol =,
N | . A6
fro6l = (L 0F,) = ;030 +4), (46
_ * 1 R
08 =— (o) =£5601£7)
Using these we find that the vectors act on the spinors as
vibs = a2y, v+8§ = FB ¢y,
urés = FB¢+, upés = &S, urls = oiés, usls = 675, (A7)
with all else giving zero. It is then rather simple to show that
L o o T 1 4
VeU- = goial, ur Uy = 50 (A.8)

— 30 —



This tells us that vy defines a complex vector whose conjugate is v_, and u4 define two
complex vectors whose conjugates are u+. For completeness we quote the remaining non
vanishing inner products of the vectors:
Uy Vg = :F%Bai, Ugy Uy = :F%ﬁ*ai, Uy U = —%BZ, Ut Uy = —%([3*)2,
(A.9)
although they are not used in the main text. We will however need certain Lie brackets.

For instance one can show that
1

[ut,Us] = 27W( — 4ol + fiv’“’vi£;> =0. (A.10)

The full list of non vanishing Lie brackets is

[uivﬂi] = iai’% [uiau$] = :l:62A7 (A 11)
[ve, ug] = 0349, [V, 4] = —aZ 5.
On 52, there exist in particular Killing spinors, namely &4 which satisfy
7 7
Vs = 57}153% v,ugft = §7u£:c|:- (A.12)

From these it follows that

V(gher) = V(ELES) = Fi(vy —v_),
V(Exés) = Fi(ug —u_), (A.13)
v(ehes) = Fi(ay — ),

which tell us that none of the scalar bilinears in (A.3) are constant. However certain
combinations are: for instance we have V(a2 + %) = 0, which we can use to set

ol +a? =1 (A.14)

without loss of generality.
We know that S? has a global SU(2) isometry; thus we should be able to define three
Killing vectors K® whose Lie brackets realize the SU(2) Lie algebra:

(K K°) = e K°. (A.15)
This means that they should obey

VuK§ = eanc KK . (A.16)
These Killing vectors can be found in terms of spinor bilinears as

(K = (uy +u +al +at),
(K = —i(uly +u — (@) + ")), (A.17)
(K3 = 2(vf +oM).
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To see that these indeed satisfy (A.16), we can compute their covariant derivatives us-
ing (A.5):

V. (K'+iK?),

V. (K'—iK?),

Vu(E?)y

—Z.(EJF’Y;ng + E—'V,ul/§+) = QBEIW’
_Z(gi’}ﬂuufi + ET—FYHVg-Ci-) = 2/8*61“/’
—i( vt + ) = (03 — 0? e . (A.18)

These are all antisymmetric; so indeed V(MKS) = 0, and so the K are Killing vectors. To
show they obey the SU(2) relations, we can use the Lie bracket in (A.10) and that

1 . )
Qeabc[Kba KC] = eachZKﬁrtu 3 Y= —§€W’YW . (Alg)

For example
anc KL = (K, K% = 2i((uy, ] + [u_, i) = (02 +a2) (a2 — a2 )™ , (A:20)

which given (A.14) is equal to V,(K3),¥*”. One can check the other SU(2) relations in a
similar fashion.

Having established that K are the SU(2) Killing vectors, we choose to parameterise
them as

K" = eabcybdy67 ) (A21)
in terms of the “embedding coordinates” y® for the S?, which obey
vyl s =1. (A.22)

Consistency of the SU(2) algebra relation with (A.18) then implies that

1 1 .
af = 5(1 +y3), B = 5(3/1 +iy2) . (A.23)

The spinorial Lie derivative along one of these Killing vectors is given by

Licats = (KV e + VK™ Es,
- 1 (ke - Jvrme) (A.24)

and similarly for £5. Using (A.7) and (A.18) one finds

K¢y =FB& —algs, K'¢¢ =aleFB°¢s,  (VKY)=2i(B+B%)5
K26 =—i(+B¢:—aill), K¢ =i(0l&sFB°ES), (VK?)=2(8—p)%
K3¢, =204 ¢+, K3¢S = —2a3€5, (VK?)=2i(a%—a?)y, (A.25)
which is sufficient to show that
£ = (%) (A.26)
€5
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transforms as a doublet. For instance,

- i - 202 F (0 — a2)¥ 0 1 -
K’ — S (VE®)éx = i =T . = 034
T 9 0 —2a2i T (ai — a%[)’y £§F
(A.27)
Performing similar calculations for K12 one can show that in general
S i o
Lyaé = iaaﬁ. (A.28)

Actually (A.26) is not the most general doublet: we can add a phase to each component
without changing the transformation properties. In fact the most general doublet we can

€ = (iﬁgi) : (A.29)

A possible phase in the first entry can be absorbed into the definition of &4.

write is

B Pure spinors from six to four dimensions

In terms of the vectors introduced in appendix A, one can parametrize the bispinors on
S? as

1 . 1 :
gx @l = (1£ys)(1Fi®Vol(S?), e @l = e (Ks idys),
_ 1 - 1
£ @€y = 7O (K, £idz), £ @ Ex = 2(1 Fie*Vol(8?)),  (B.1)

where we define z = y; + iys, K, = Ki + iK>s to ease presentation. This means the 6d
bispinors implied by (3.1) are

1

o
4

[\I’fr—\1!1_+3/3(‘I’}r+\111_)+ecK3/\(\Ifi+\112_) (B.2)
+i <e0dy3A(mi—\p2) —e2OVol(SH)A (WL + W) —2Cys Vol (S A (T —\Iﬂ)>] :

1 - - - - - - - -
d,=- [z(qzi—m%)—eCKzA(wi—qfi)—i (&dm(\Iﬂ++x1/1_)+zeQCVol(SQ)A(\Iﬂ++xI/2_))] .

4
Here
2 2
vh=nlegd,  0l=plen
UL =plent, Ul=pioni (B.3)

These are in fact the even and odd parts of (3.4).
Plugging (B.2) in the supersymmetry conditions (3.3) gives 8 independent conditions
on My. To express these we decompose the NSNS three-form as

H = Hs+e*“Hy AVoI(S?), H=dB, B=By+e?“ByVol(S?). (B.4)

— 33 —



We obtain two equations from (3.3a):

ng (€3A+Cf‘1>,i]0dd) — ’L€3A @lpeven (B5a)

dH (63A+2C—<I>\ileven) _ 3A+2C <I>H1 A \ilgven + 2Z~€3A+C’—<I>@9dd. (B 5b)
3 7 ¥ '

four from (3.3b):

d ( 2A_(I>R,e‘1}0dd) — O, (B6a)
d. ( 2A4+C— @Relpeven) _ 62A7<I>Re\I/odd’ (B6b)
gy (2AT20- 2 @odd) = 2AH20- )\ Reg2dd, (B.6c)
d ( 2A+42C— 'IDI \IIOdd) 2A+207<I>H1 A Re\IJOdd + 262A+07¢Re\11even; (BGd)

and finally, two from (3.3c):
dpz, (M HC-PRepeven) = AA-PTgodd, (B.7a)
dH3( 4A+2C— (I)Re‘lJOdd) 4A+26’ CIDH AIm\I’Odd % 4A+C'f’l>:[m\lleven' (B?b)

The remaining conditions imply the fluxes. To express these we decompose the internal
part of RR polyforms as

f=F+eVol(S?) NG, (B.8)
which leads to the flux conditions
1
drr, (64A_¢Im\lfgdd) = §e4A *4 MG), (B.9a)
1
d, (e T2O7 P ReWOM) = — AT A TP — 564/‘“0 *4 A(F). (B.9b)

These conditions are rather restrictive: for example, it is already clear that the zero form
parts of ¥ and W5 must vanish, (3.6).

C Alternative classification of b = a; = 0 case

In this appendix we give an alternative classification to section 4.3, in term of By rather
than H; = e 2¢d(e?“By). Upon setting b = a3 = 0, ag = 1 one can show that the
supersymmetry conditions of appendix B all follow from

Bg = 0 (C.la)
dew) =0, d(EeTC?) 4247 %0, =0, d(e 2 (v; + Bowy)) = 0, (C.1b)
dle ®v) ANwAT =0, d(e*“"®(Bovy —v2)) Aw AT =0, (C.1c)

One can solve the conditions (C.1b) locally by defining the vielbein in terms of local

coordinates (r1,...,x4) as
v] = eQA*‘pdml + Bge*M*‘pd:z:g, Vg = —672A+¢da:2,
w = e (dxz + idzy), xg = 2ATB-2
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it then follows that (C.1c) imposes the PDEs

82:2 (62A—2<I>) 611 ( —2ABO)
Oy (v3724By) = 8y, (23 %42%(1 + BY)), (C.2)

but place no restriction on the various functions dependence on (x3,x4), so we only have
an a prior Ry 3 factor in these solutions. Following the same prescription as the main text
on can establish that the fluxes are given by

B = z2e 4422 3ol (52),
= (8964(62A_2q>)dx3 — Ogg (eQA_Qq))dm) A dxq
+ (8954(672A30)d$3 — 8355 (672AB())d:L‘4) A dxy — 81»1 (674A)dl’3 A dxyg,

Fy=BANF,+ x% — (am(e_ZABo)dx;g — 8I3(e_2ABo)d:c4) A dxq (C.3)
+ (8374 (6_6A+2{>(1 + Bg))dxg — Ogg (6_6A+2¢(1 + Bg))dm) A dxo

— Oy (e7 ) dx3 A dm] A Vol(S?),
the metric is
ds? = e*ds?(Ry 3) + e 4AT2% <dx§ + x§d32(52)> +e24 <dm§ + dxi)
2
+ etA—20 (dxl + Bge4A+2q’da:2> .

Ensuring that the fluxes obey the correct Bianchi identities imposed the following PDEs

823(6214—2(1’) +82 ( 2A—2<1>) +a2 (6 )
0%, (e™*4Bo) + 07, (7" Bo) + O, Oy (™)
92, (x3e784T22 (1 4 B2)) + 92 (v3e %4122 (1 + BR)) + 0y, (230, (e7*4))

0,
0,
0.

(C.4)

We can take the first equation of (C.2) as an integrability condition implying the
existence of h(x1, 2,3, z4) such that

422 — 9, h, e By = 9,,h, (C.5)

the second equations then implies

;% Ou, (1200,h) = Ouk, k= W, (C.6)
and the Bianchi identity conditions become
Op, (02, h + 02 h+ 0y (e7* ) =0,  i=1,2,
2k + 2k + - 0y, (1300y (e~ ) = 0. .7
3
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The first of these can be integrated in terms of an arbitrary function I(x3,z4) to give the
coupled system

e~ 44 4 (0,,h)?

b= Ooh
xl%am (2305,h) = O, K,
O2,h + 02 h + Oy, (e ) =1,
O+ 02+ 0 (a3, (7) =0, ©8)

which looks hard to disentangle.

D The general AdSs x S? x M, solutions in M-theory

In [24] a class of AdSs x S? x My solution in M-theory was presented which was later
argued to give the general local form of such solutions [45, 47]. They take the form

4
ds? = 2 4ds?(Ad 256X 42( g2 4 oy )
s“=e ( 5°(AdS5) +ye s2(5?) +(1_yayD)e (dx + V)2,
+ ZD (dy2 +eP(di] + d:%%)>, D)
Yy
—0yD 1
—6) y ) A
—_— ,—— ——— D . R D
y(l _yayD)a \%4 2(&932 d{L‘l axl d.’L‘g),

Gy = [2(dx +V)A d(y3e_6’\) + 2y(1 — y?e~MNav + %D(hl Adxo | A VOI(S?),

and are governed by the Toda equation
02, D+ 03,D+ 0je” =0. (D.2)

Starting from [48, appendix B], Wick rotating!? and using the formula in [50] relating SU(2)
to SU(3) structures for AdSs solutions of M-theory we can express the SU(3) structure
of (D.1) as

K =¢ 2 <y3(dy + 2ydp) + ydyg),

J:;<E1AE1+E2AE2+E3AE3>, Q:ElAEgAEg, (D.3)

. [—8,D
Bl = | =MD (dj;l + idi:g),
y

By = e 2 <(y1 +iy2)(dy + 2ydp) + yd(y1 + iy2)>7

where

R . 2 1
By=—eX———— ¢ 2 (dp + 5adey +i(dx + V)), (D.4)

V1 —=1y0,D

120ne could also start from [49], and avoid this step.
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and we parametrises ds?(AdSs) = e*’ds*(Ry3) + dp? and ds*(S?) = dy? + dy3 + dy3 for
y? + y5 + y2 = 1. These G-structure forms obey the relations
d(e2PN Y = d(e3PTNQ) = (2PN T A J) + 22PN E A K =0,
d(€4(p+>\) J) = 64(p+/\) *7 G4,
where %7 is taken on the part of the metric that is not Ry 3, which means the solution is
indeed supersymmetric [51].
We want to reduce this to IIA and see if it falls within the class of solutions in sec-

tion 5.4. To this end we set &1 = rcos 3, T2 = rsin 8 and impose that § is an isometry.
This modifies

1 . |-8,D
V = —20,Dds, By = e TyeH%D(dr +irdp),

1
diy A diy = rdr A dp, ~0,(r0.D) + 02eP =0,

and leave the rest unchanged. We notice then that Q now depends on the phase e!xt5)
which suggests that the U(1) factor of the total U(1) x SU(2) R-symmetry is in fact given
by ¥ = x + B8, not x. In other words one needs to set x = 1y — 3, before reducing on j if
we want supersymmetry to be preserved. The flux then decomposes as

Gy =dC3 + “Hy AVOI(S?) A dB,  C = 2y3e 5 dy A Vol(5?)

2
2CH, =d [eﬁA({;/l)(Qy(‘)yD + r(‘)rD)] — 8y (eP)rdr + ro,Ddy. (D.5)
Yy

Substituting for y in eq. (D.4) and rotating to a reduction frame we arrive at
K =e5® <62A+q}4y62pdy3 + y362A+¢d(4ye2p)),
E = —eééeAd(4re”+§Deiw>,

A~

By=—e 3% (e_“”ﬁlye?p d(y1 + iy2) + (y1 + iyo)e 2 Pd(dye )>,

. —2p 1
By = —e 30240 (d ( ¢ 2+ r(‘)rD)> + e2CH1>

—40,D 4ye2p
2 D) o4
ties® (dﬂ — 2y(grg)e 44 P>d¢>,
y
24 _ 4 2pt2At 22 o M T, 2D, .2 2
et =4e 3, e = ) r“(0yD)*e” + y“(2+ro,D)*|, (D.6)
—YOy

from which we read off the local ITA coordinates of section 5.4

2+ 10D

m, Tro = 4y62p, 3 + if]f4 = 47’6p+%D6w. (D?)

Ty = —2p

by comparing to eq. (3.12).
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