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between a “fluid spacetime” and the physical spacetime and an essential aspect of our
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applies to nonlinear disturbances around a general density matrix. For a thermal density
matrix, we require an additional Zs symmetry, to which we refer as the local KMS con-
dition. This leads to the standard constraints of hydrodynamics, as well as a nonlinear
generalization of the Onsager relations. It also leads to an emergent supersymmetry in the
classical statistical regime, and a higher derivative deformation of supersymmetry in the
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1 Introduction

1.1 Motivations

Hydrodynamical phenomena are ubiquitous in nature, governing essentially all aspects
of life. Hydrodynamics has also found important applications in many areas of modern
physics, from evolution of galaxies, to heavy ion collisions, to classical and quantum phase
transitions. More recently, deep connections have also emerged between hydrodynamics
and the Einstein equations around black holes in holographic duality (see e.g. [1-3]).
Despite its long and glorious history, hydrodynamics has so far been formulated only
at the level of the equations of motion (except for the case of ideal fluids), which cannot
capture effects of fluctuations. In a fluid, however, fluctuations occur spontaneously and
continuously, at both the quantum and statistical levels, the understanding of which is
important for a wide variety of physical problems, including equilibrium time correlation
functions (see e.g. [4, 5]), dynamical critical phenomena in classical and quantum phase
transitions (see e.g. [6, 7]), non-equilibrium steady states (see e.g. [8]), and possibly tur-
bulence (see e.g. [9]). In holographic duality, hydrodynamical fluctuations can help probe
quantum gravitational fluctuations of a black hole. Currently, the framework for dealing
with hydrodynamical fluctuations is to add fluctuating dissipative fluxes with local Gaus-
sian distributions to the stress tensor and other conserved currents [10, 11] (see e.g. [8, 12]
for recent reviews). Such a formulation does not capture nonlinear interactions among
noises, nor nonlinear interactions between dynamical variables and noises, nor fluctuations
of dynamical variables. The situation becomes more acute for fluctuations around non-
equilibrium steady states or dynamical flows, where the presence of nontrivial backgrounds
of dynamical variables could induce new couplings and long-range correlations [8].
Another unsatisfactory aspect of the current formulation of hydrodynamics is that it
is phenomenological in nature. While it works well in practice, the underlying theoretical
structure is obscure. More explicitly, the equations of motion are constrained by various
phenomenological conditions on the solutions. One is that the second law of thermody-
namics should be satisfied locally [11], namely, there should exist an entropy current whose
divergence is non-negative when evaluated on any solutions. The entropy current con-
straint imposes inequalities on various transport parameters such as the non-negativity of
viscosities and conductivities. It also gives rise to equalities relating transport coefficients.
For example, for a charged fluid at first derivative order, one of the transport coefficients is
required to vanish, even though the corresponding term respects all symmetries. Another
condition is the existence of a stationary equilibrium in the presence of stationary exter-
nal sources, which again imposes various equalities among transport coefficients. A third
condition is that the linear response matrix should be symmetric as a consequence of mi-
croscopic time reversal invariance, the so-called Onsager relations. While these constraints
appear to be enough to first order in the derivative expansion, it is not clear whether
they are the complete set of constraints at higher orders. Clearly a systematic formulation
of the constraints from symmetry principles would be desirable. Recently, an interesting
observation was made in [13-16] that the equality constraints from the entropy current
appear to be equivalent to those from requiring that in a stationary equilibrium, the stress



tensor and conserved currents can be derived from an equilibrium partition function. The
physical origin of the coincidence, however, appeared mysterious.

In this paper, assuming that a general quantum statistical system has a liquid phase,
we develop a path integral formulation for dissipative fluids as a low energy effective field
theory from symmetry principles. This formulation provides a systematic treatment of sta-
tistical and quantum hydrodynamical fluctuations at the full nonlinear level. With noises
suppressed, it recovers the standard equations of motion for hydrodynamics with all the
phenomenological constraints incorporated. Furthermore, we find a new set of constraints
on the hydrodynamical equations of motion, which may be considered as nonlinear gener-
alizations of Onsager relations. Truncating to quadratic order in noises in the action, we
recover the previous formulation of fluctuating hydrodynamics based on Gaussian noises.
As illustrations, we derive actions which generalize (a variation of) the stochastic Kardar-
Parisi-Zhang equation and the relativistic stochastic Navier-Stokes equations to include
nonlinear interactions of noises.

Interestingly, we also find unitarity of time evolution requires introducing in the low
energy effective action additional anti-commuting fields and a BRST-type symmetry, which
also survive in the classical limit. Thus even incorporating classical statistical fluctuations
consistently requires anti-commuting fields.

Our formulation also reveals connections between thermal equilibrium and supersym-
metry at a level much more general than that in the context of the Langevin equation.!
In particular, we find hints of the existence of a “quantum deformed” supersymmetry in-
volving an infinite number of time derivatives. Connections between supersymmetry and
hydrodynamics have also been conjectured recently in [22].

The search for an action principle for fluids has a long history, dating back at least
to [23] and subsequent work including [24, 25] (see [26-28] for reviews), essentially all of
which were for ideal fluids. Recent investigations include [22, 29-46, 49-51]. We will discuss
connections to these earlier works along the way.

We will restrict our discussion to a charged fluid with a single global symmetry in the
absence of anomalies. Generalizations to more than one conserved current or non-Abelian
global symmetries are immediate. Anomalies, the non-relativistic formulation, superfluids,
as well as study of physical effects of the theory proposed here will be given elsewhere.
When a system is near a phase transition or has a Fermi surface, there are additional
gapless modes, which will also be left for future work.

In the rest of this section, we outline the basic structure of our theory.

1.2 Dynamical degrees of freedom

We are interested in formulating a low energy effective field theory for a quantum many-
body system in a state described by some density matrix pg. As usual, to describe the time
evolution of a density matrix and expectation values in it, we need to double the degrees of
freedom and use the so-called closed time path integral (CTP) or the Schwinger-Keldysh

'See e.g. [17-20]. See also Chap. 16 and 17 of [21] for a nice review on supersymmetry and the Langevin
equation.



formalism
Tr (po - -) :/ Dy Dapg €St =i812] (1.1)
[40]

where 1 o collectively denote dynamical fields for the two legs of the path, S[t] is the
microscopic action of the system, and --- denotes possible operator insertions. In this
formalism, both dissipation and fluctuations can be incorporated in an action form, which
is thus ideal for formulating an effective field theory for dissipative fluids. Aspects of the
CTP formalism important for this paper will be reviewed in section 2.

Now, let us assume that the density matrix pg is such that the system is in a liquid
phase, and that the only long-lived gapless modes of the system in pg are hydrodynamical
modes, i.e. those associated with conserved quantities such as the stress tensor and con-
served currents for some global symmetries.? We will be interested in the behavior of the
system at scales much larger than typical microscopic relaxation distance and time scales.
In such a regime, each spatial point represents a very large number of microscopic con-
stituents which interact very fast, and the system can be considered as in local equilibrium.

Let us imagine integrating out all other modesin (1.1), and obtain a low energy effective
theory for hydrodynamical modes only:

Tr(po---) = /DXlDX2 eShydro[X1,X23p0] | . 7 (1.2)

where x1,2 collectively denote hydrodynamical fields for the two legs of the path, and Shydro
is the low energy effective action (hydrodynamical action) for them. Note that in the CTP
formalism, there are two sets of hydrodynamical modes 1,2, which will be important for
incorporating dissipative effects and noises in an action principle. Note that Spydro no
longer has the factorized form of (1.1), and pg is encoded in the coefficients of the action.
The standard formulation of hydrodynamics arises as the saddle point equation of the path
integral (1.2).

While such an integrating-out procedure cannot be performed explicitly, following the
usual philosophy of effective field theories, we should be able to write down Shydro in a
derivative expansion based on general symmetry principles. The challenges are basic ones:
(i) what the hydrodynamical modes x1 2 are, as it is clear that the standard hydrodynamical
variables such as the velocity field and local chemical potential are not suited for writing
down an action; (ii) what the symmetries are.

To answer the first question, a powerful tool is to put the system in a curved spacetime
and to turn on external sources for the conserved currents. Due to (covariant) conservation
of the stress tensor and currents, the corresponding generating functional should be invari-
ant under diffeomorphisms of the curved spacetime, and gauge symmetries of the external
sources. These symmetries then suggest a natural definition of hydrodynamical modes as
Stueckelberg-like fields associated to diffeomorphisms and gauge transformations.

2Tt is a very interesting question whether other continuous media such as solids or liquid crystals can
also be formulated in terms of conservation laws using the formalism developed here. We will leave this for
future research (see also footnote 1.4 in section 1.4).



To illustrate the basic idea, let us consider the generating functional for a single con-
served current J, in a state described by some density matrix po,

WAL Azu] _ oy (Popeifddx AvuJf =i d' AQNQH) ) (1.3)

where P denote the path orderings. Given that J{f 5 are conserved, we have
W[Alu, AQM] = W[Alu + 8MA1, AQM + 8,)\2] (1.4)

for arbitrary functions A1, Ao, i.e. W is invariant under independent gauge transformations
of Ay, and Ay,. Since we do expect presence of terms in W at zero derivative order, this
implies that W[Ay,, A,] can not be written as a local functional of Ay, As,. We interpret
the non-locality as coming from integrating out certain gapless modes, which are identified
with the hydrodynamic modes associated with conserved currents Ji 2. In order to obtain
a local action we need to un-integrate them. From (1.4) one can readily guess the answer:
we can write W as

WAL Az _ / Doy Dipy i1 BuecBl (1.5)

where
Bl,u = Al# -+ 8“(,01, BQH = Agu + augOQ, (16)

and I is a local action for By, By,. The integrations over Stueckelberg-like fields ¢1 o re-
move the longitudinal part of A 5, and by definition, W obtained from (1.5) satisfies (1.4).
We thus identify ¢1 2 as the hydrodynamical modes associated with J{f 9

This discussion can be generalized immediately to also include the stress tensor T*",
turning on the source of which corresponds to putting the system in a curved spacetime.
The generating functional now becomes

€W[gluu,A1,u§g2umA2u] =TT U1(+OQ’ —00; G1uws Al,u),OOUgT(‘FOO, —00; G2uw» AQM) , (17)

where U; is the evolution operator for the system in a curved spacetime with metric gy,
and external field Ay, and similarly with Us. Due to (covariant) conservation of the stress
tensor and the current, W is invariant under independent diffeomorphisms of g2 and
“gauge transformations” of Aj o:

Wlg1, A1; g2, As) = WG, A1; §o, Ao, (1.8)

where

. oyg oyt N dyg
gs,ul/(w) = @gsap(%(x))@a Asu(x) = 6$MAU(CUS(5U)) + a,u)‘S(x)a s=1,2, (1.9)

and y{ (), A1 2 are arbitrary functions.

Due to (1.8), for the same reason as in the vector case, W can not be a local functional
of g12 and Ay 2. Again interpreting the non-locality as coming from integrating out hydro-
dynamical modes, we can write W as a path integral of a local action over gapless modes



obtained from promoting the symmetry transformation parameters of (1.9) to dynamical
fields, i.e.

eWlg1,A1592,42] _ /DXlDXQDTDgongoQ eﬂ[hl,BuhQ,Bz;T]7 (1.10)
where (s = 1,2 and no summation over s)

oxt 100,44 oxt
hsab(0) = WQSW(XS(U)) 9ot By(o) = WAS#(XS(U» + Oaps (o) (1.11)

and I is a local action of hi2,7,B12. As in the earlier example, integrations over the
Stueckelberg-like fields X{'5(0®) and 1 2 guarantee that W as obtained from (1.10) will au-
tomatically satisfy (1.8). Note that, except in the implicit dependence of background fields,
XE, @5 always come with derivatives and thus describe gapless modes. We have also intro-
duced a new scalar field 7(¢) which will be interpreted as describing local temperatures.

The low energy effective field theory on the right hand side of (1.10) is unusual as the
arguments X', X' of background fields g1 (X71), A1(X1) and g2(X32), A2(X3) are dynamical
variables.> In particular, the spacetime 0 where hg(c) and B,(c?) are defined is not
the physical spacetime, as the physical spacetime is where background fields g,, and A,
live. The spacetime represented by ¢% is an “emergent” one arising from promoting the
arguments of background fields to dynamical variables.

Despite the original microscopic theory (1.1) being formulated on a closed time path
integral in the physical spacetime, the effective field theory (1.10) is defined on a single
“emergent” spacetime, not on a Schwinger-Keldysh contour. The CTP nature of the mi-
croscopic formulation is reflected in the doubled degrees of freedom and in various features
of the generating functional W which we will impose below.

We will interpret the spacetime spanned by o® as that associated with fluid elements:
the spatial part o® of ¢ labels fluid elements, while the time component ¢ serves as an
“internal clock” carried by a fluid element. In this interpretation, X ﬁ () then corresponds
to the Lagrange description of fluid flows. With a fixed o7, X{" 2(00, o') describes how a
fluid element labeled by ¢® moves in (two copies of) physical spacetime as the internal
clock ¢ changes. This construction generalizes the standard Lagrange description, where
o coincides with the physical time. In our current general relativistic context, it is more
natural for a fluid element to be equipped with an internal time. The relation between o“
and X f 5(0) is summarized in figure 1. Below, we will refer to ¢ as the fluid coordinates
and the corresponding spacetime as the fluid spacetime.

While in hindsight, one could have directly started with a doubled version of the stan-
dard Lagrange description, the “integration-in” procedure described above shows that such
a phenomenological description does arise naturally as dynamical variables characterizing
low energy gapless degrees of freedom of a general quantum many-body system.

Parts of these variables also have been considered in the literature, although the start-
ing points were different. For example, the fields X* (o) already appeared in [24, 25]. In

3Such kind of theories are often referred to as parameterized field theories and have been used as toy
models for quantizing theories with diffeomorphisms [52-54].



(a,) Physical spacetime, Fluid spacetime Physical spacetime

| X0, 0%)
UU
>

(b) uv, Horizon

\_"

Complexified bulk direction

Figure 1. Relations between the fluid spacetime and two copies of physical spacetimes. The
red straight line in the fluid spacetime with constant ¢® is mapped by X{" ,(c%, %) to physical
spacetime trajectories (also in red) of the corresponding fluid element. In the holographic context,
the fluid spacetime corresponds to the horizon hypersurface, and the two copies of physical space-
times correspond to two asymptotic boundaries of AdS. X f 5 describe relative embeddings of these
hypersurfaces.

the recent ideal fluid formulation of [36-44], a single set of o¢(X*) is used, which was subse-
quently generalized to the doubled version in the closed time path formalism in an attempt
to include dissipation [31, 37]. The set X*(0), (o) for a single side arises naturally in
the holographic context as first pointed out in [55], which along with [39, 40] has been an
important inspiration for our study. The doubled version of X{',(0%),(0®) in the closed
time path formalism first appeared in [32-34] (see also [56]). In the holographic context,
X f, o(0®), correspond to the relative embeddings between the horizon hypersurface, which
can be identified with the fluid spacetime, and the two asymptotic boundaries of AdS,
which correspond to the physical spacetimes [55-57]. Similar variables were also employed
in [22, 35, 45, 46].

The interpretation of o as the fluid spacetime immediately leads to an identification of
the standard hydrodynamical variables in terms of our variables X, 7, p,. With X% (0, o%)
corresponding to the trajectory of a fluid element ¢ moving in physical spacetime, then

AX! OXY
009 Ho0

is the proper time square of the motion, and the fluid velocity is given by

—d? = g (do®)? (1.12)

oXE 10Xk oxt  oXv y
s L = 0~ TS R



Similarly, interpreting Bs, (o) as the “external sources” for the currents of fluid elements in
fluid space, we can define the local chemical potential p(o) (recall that for an equilibrium
system, the chemical potential for a conserved charge is defined as the zeroth component
of the external source for the corresponding current)

1 1
ps(0) = 1-Bso(0) = ug(0) Asu(Xs(0) + - 0ows(0) - (1.14)
S S
The reason for the 1/bs prefactor in (1.14) is the same as that in (1.13): to convert from
dt to the local proper time d¢s;. Finally we define the local proper temperature in fluid

space as

= Tpe ™), (1.15)

where Ty = 6—10 is a reference scale.* Note that there is only one 7 field rather than two
copies. In contrast to other fields, it is defined only in the fluid spacetime. It should be
considered as an intrinsic property associated with each fluid element.

1.3 Equations of motion

Given an action [ in (1.10), we define the “off-shell hydrodynamical” stress tensors and
currents as

of 1 A 51 .
eI A 5 =V Ji 1.1
591,uu(113) X 2\/@ 1 (.’E), 5A1‘u(x) MJl (33)7 ( 6)

of 1 A 51 .

@] . = gV el = = — Vg Jy () 1.1
S g, () x 2@ 5 (x), e \/E% () (1.17)

In (1.16)(1.17), z* denotes the physical spacetime location at which T4, J& (s = 1,2) are
evaluated, and should be distinguished from either o or X, as X’s are dynamical variables
and o labels fluid elements. 7! and J! are operators in the quantum effective field
theory (1.10) of X%, 7 and ¢s. They are the low energy counterpart of the stress tensor
TH and current J* of the microscopic theory (1.1). By definition, correlation functions
of (1.16)—(1.17) in (1.10) should reproduce those of the microscopic theory in the long
distance and time limit with choices of a finite number of parameters in (1.10).

By construction, hs.p, and Bg,, and so the action, are invariant under physical space-
time diffeomorphisms, which have the infinitesimal form

SXH = —E"(X), 0gw(X) =V & + Vi€, 6A,(X)=0.E"A, +EY0,A,, (1.18)

where for notational simplicity we have suppressed the index s = 1,2 for each quantity in
the above equation, i.e. there are two identical copies of them. Similarly, B, is invariant
under a gauge transformation of Ay, with a shift in ¢:

Ap = Ay = 0 A(X),  p(o) = ¢(o) + A(X(0)), (1.19)

4“When py is a thermal density matrix, Tp is the temperature of po. In this case it can also be interpreted
as the temperature at time and spatial infinities.



with s again suppressed. The invariance of the action under (1.18)—(1.19) immediately
implies that the equations of motion for ¢’s are simply the conservation equations for
currents in each segment of the contour, and the equations of motion for X’s are the
conservation equations for the stress tensors (see also similar discussion in [32, 33]),

Y5 eom : Vsujé‘ =0, (1.20)
X* eom : VTV, — FayuJ? =0 (1.21)

Note that in the above equations, V, are covariant derivatives in physical spacetimes.

1.4 Symmetry principles

We now consider the symmetries which should be satisfied by the hydrodynamical action
I in (1.10). Let us start with diffeomorphisms of % and possible gauge symmetries of By,.
We require that I should be invariant under:

1. Time-independent reparameterizations of spatial manifolds of o¢, i.e.
ol = o (0"), 0¥ = oY (1.22)

2. Time-diffeomorphisms of ¢, i.e.

¥ = 0" = f(a° 0", ol — ot (1.23)

3. o%independent diagonal “gauge” transformations of B, i.e.
BU — Bil = Bli — (91)\(0‘1), Bgi — Béz = Bgi — 61)\(0'1), (1.24)

or equivalently
or = or = A(0"),  Ya = Pa, (1.25)

with @r = §(¢1 + ©2), Ya = P1 — P2

Equation (1.22) corresponds to a (time-independent) relabeling of fluid elements,
while (1.23) can be interpreted as reparameterizations of the internal time associated with
fluid elements. Note that in (1.23) we allow time reparameterization to have arbitrary
dependence on o', which physically can be interpreted as each fluid element having its
own choice of time. In contrast, we do not allow (1.22) to depend on ¢”. Requiring
invariance under

ol = o'(0, o) (1.26)
means allowing different labelings of fluid elements at different times. This would be too
strong, as it would treat some physical fluid motions as relabelings. The same conclusion
can also be reached from the combination of (1.26) with (1.23) amounting to full diffeomor-
phism invariance of ¢%, under which one of the X*’s can then be gauged away completely,
which would be too strong.

The origin of (1.24) can be understood as follows. In a charged fluid, each fluid
element should have the freedom of making a phase rotation. As we are considering a global



symmetry, the phase cannot depend on time o, but since fluid elements are independent of
one another, they should have the freedom of making independent phase rotations, i.e. we
should allow phase rotations of the form M) with A(c?) an arbitrary function of ¢ only.
As B, are the “gauge fields” coupled to charged fluid elements in the fluid space, we thus
have the gauge symmetry (1.24) of Bs,. This consideration also makes it natural that in a
superfluid, when the U(1) symmetry is spontaneously broken, (1.24) should be dropped.

We emphasize that (1.22)—(1.24) are distinct from the physical spacetime diffeomor-
phisms (1.18) and gauge transformations (1.19). They are “emergent” gauge symmetries
which arise from the freedom of relabeling fluid elements, choosing their clocks, and acting
with independent phase rotations.® These symmetries “define” what we mean by a fluid.®
Indeed we will see later they are responsible for recovering the standard hydrodynamical
constitutive relations including all dissipations. These symmetries should be considered as
gauge symmetries, as configurations related by these transformation are physically equiv-
alent. Thus one should take care in treating them when “quantizing” the theory.

The local symmetries (1.22)—(1.24) are not yet enough to fix the action I. By definition,
the generating functional (1.7) also has the following properties (see section 2 for their

derivation)
Reflectivity condition : W*g1, A1; g2, A2l = Wlge, Aa; g1, A1], (1.27)
Normalization condition : Wlg,A;9,A] =0 (1.28)

both of which have to do with unitarity of time evolution.
Let us first look at the reflectivity condition (1.27) which is a Zy symmetry of the
generating functional W. It can be achieved by requiring the off-shell action I to satisfy:

4. A Z5 reflection symmetry

I*[h1, B1; ha, Ba; 7] = —I[ha, Ba; ha, By; 7] (1.29)

Equation (1.29) implies that terms in the action I which are even under 1<+2 must be pure
imaginary. Since we expect such terms to be generically generated when integrating out
modes, the action [ is in general complex. For the path integral (1.10) to be well defined,
we should also require that

5. The imaginary part of I is non-negative.

We will see later that this condition requires that noises have exponentially decaying dis-
tributions and leads to the non-negativity of various transport coefficients when combined
with the local KMS conditions to be discussed below.

Now consider the unitarity condition (1.28), which implies that when setting

Jipv = 92uv = Guv, Alu = AQM = AM? (130)

®Note that (1.24) can be considered as a generalization of the chemical shift symmetry introduced in [40]
for a single patch.

5Tt is interesting to speculate that by modifying these symmetries, one may be able to describe other
continuous media such as solids or liquid crystals. We will leave this for future research.



the path integral (1.10) becomes “topological”, as W is independent of A, and g,,. In
terms of correlation functions in the absence of sources, equation (1.28) implies that all
correlation functions of 7/ and J! vanish among themselves, where

T =T Ty, T = IR (1.31)

To see this, let us adopt a simplified set of notation denoting the background fields (i.e.
gsu and Ag,) collectively as ¢, and dynamical variables as xs, with Xy,q, ¢r,q respectively

symmetric and anti-symmetric combinations of various quantities, i.e.”

1 1
XrZQ(XhLXQ), Xa = X1 — X2 ¢r:§(¢1+¢2)7 Pa =1 — P2 (1.32)

Similarly the currents associated with ¢ (i.e. T and JH ) will be collectively denoted as
Js. We then have (schematically)

Ji = ;(;1, Jo = —(;Z;, Jo = (;Zr, Jr = (;Za . (1.33)
In terms of this notation, the path integral (1.10) can be written as
Wler.dal _ /DXrDXa X Xa;br,Gal ’ (1.34)
and (1.28) implies that when ¢, = 0,
eVl = / DxaDxr XX Ixa, xe3 @] = Ilxa Xri 6 = 6,60 =01, (1.35)

should not depend on ¢ = (g, A,) at all. Thus, from (1.33), all correlation functions of
J, must be zero.

We now show that at tree level of (1.10) (or (1.34)), this can be achieved by requir-
ing that:

6. The action is zero when we set all the sources and dynamical fields of the two legs to
be equal, i.e.

I[XT?Xa = 0; ¢7‘7 ¢a = 0] = O; (136)
or, in our original notation,
I[h,B;h,B;7] =0 (1.37)
At tree-level, we have
Wireeldrs $a] = ilon—shen[ér, da) = i1[XG, X575 brs Pal, (1.38)

where Xg{r[qﬁr, ¢a] denote solutions to the equations of motion. Given (1.36), when ¢, = 0,
any term in I must contain at least one power of y,. Thus, x¢ = 0 must always be a
solution to the resulting equations of motion. With the standard boundary conditions
that x, must vanish at spatial and temporal infinities, this is the unique solution. It

"There is only one 7 which should be considered as a r-field.
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then follows that with ¢, = 0, the classical on-shell action always vanishes identically, i.e.
Wtree[d)rv ¢a = 0} =0.

It can readily be seen, however, that beyond the tree level (1.37) is not enough to
ensure (1.28). We will give a detailed discussion in the next subsection and here just state
the result. To ensure (1.28) at the level of full path integrals, in addition to (1.37) we
need to

7. Introduce a fermionic (“ghost”) partner ¢, , for each of the dynamical fields x4, and
add a “ghost” action Iy, to the original action:

Ip = I[Xaa Xr: Pa, ¢r] + Igh[caa Cry Xas Xri Pa ¢r]a (1-39)

so that when ¢, = 0, the full action Ip is invariant under the following BRST-type
transformation (to which below we will simply refer as BRST transformation):
SxL =ech, 0ct=0, O0ct=ex', Ox.L=0. (1.40)

Here, € is a fermionic constant and ¢ labels different fields. Now the full path integral
becomes

eW[¢r7¢a] — /DXT‘DX(ZDCCLDCT ei]B[Ca,Cr7X7‘7Xa;¢r7¢a] . (141)
Note that the currents J,, will now also depend on the ghost fields.

As will be discussed in the next subsection, given a bosonic action I the condition of BRST
invariance does not fix the ghost action Iy, and the symmetric current J,. uniquely, i.e. there
is freedom to parameterize them.

For a general density matrix pg, we believe items 1 — 7 listed above are the minimal
set of symmetries needed to be imposed to describe a fluid. For specific pg, there can be
more symmetries. We will describe the example of thermal ensemble in section 1.6.

Recent works [32, 33, 45, 46] also share some elements with our discussion here. In par-
ticular, ref. [45] started from the CTP formulation of the generating functional to deduce a
hydrodynamical action at quadratic level. Refs. [32, 33] proposed a classification of trans-
ports from entropy current using similar variables and also considered doubling degrees of
freedom as in the CTP formulation. While this paper was being finalized, reference [22]
(see also [47, 48]) appeared which also pointed out that the path integral for hydrody-
namical effective field theory should possess a topological sector and BRST invariance to
ensure (1.28). See also [12, 45, 46].

1.5 Ghost fields and BRST symmetry

We now elaborate on how to ensure the unitarity condition (1.28) beyond the tree level.
To gain some intuition, let us first look at how to do this at one loop. With ¢, = 0,
from (1.37), I can be expanded in powers of y, as

I = Ei(xr, )Xy + O(x2), (1.42)
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where indices i, j now collectively denote both field species and momenta. At one loop
order, only the terms linear in x, contribute, and we find®

& = [ Dxpxaeis = [ oy, (H&Ei(xr,cb))) | (1.43)

Clearly the above expression depends nontrivially on ¢ from the determinant in evaluating
the delta functions. To cancel the determinant, we can add to the action an additional
term I; of the following form

. OF;
I _
674 1 = det E’L]? E’L] = ai)(/g‘? (144)
so that the path integral from the full action
IB :I—I—Il (145)

is independent of ¢ at one-loop level. Now using a standard trick we can introduce “ghost”

partners ¢, ¢!

1, ¢y, for xt, xb to write

et = /Dchca eicaBuch (1.46)

cﬁ,ja have the same quantum numbers as Xfw, except that they are anti-commuting variables.
The full path integral at one-loop order can then be written as

eV = /DXTDXaDchca e'ls, (1.47)
with
I = B+ B b (149

Notice that Ip has a BRST-type of symmetry

SxL=ec, 6c =0, 6c=ex’, 0x,=0, (1.49)

with € an anti-commuting constant. We can write (1.49) in terms of the action of a nilpotent

differential operator
)

5 . )
— ¢ - 27. — ].
and the action (1.48) is BRST exact, i.e.
Ip=Q(cE;) + -+ . (1.51)

Now it can be readily seen that if we can make the full action to be BRST invariant,
and variation with respect to ¢ to be BRST exact, then W will be independent of ¢ to

8Note that F; = 0 are in fact the standard hydrodynamical equations in the presence of background
fields ¢, as will be clear from the discussion of section 3.1.
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all loop orders. Suppose Ip[¢p, = 0] is invariant under (1.49) and under a variation of ¢
we have sI

J, = =2 =qV, 1.52

2 -Q (152)

for some operator V. We then have under variation of ¢:
VoW = i/DXTDXaDcTDca (QV) etlB = i/DXTDXaDcTDcaQ (Ve”B) =0, (1.53)

where in the second equality we have used that Ip is BRST invariant and in the third
equality we have used that () can be written as a total derivative under the path integration.

To make the full action I[x;, Xa; ¢] BRST invariant, note that from (1.36) it contains
at least one factor of y,, i.e. we can write it as

I[Xr, Xa3 8] = Xa Fi(Xrs Xai @) - (1.54)

We can then construct a BRST invariant action:

Ig[ca, vy Xry Xa; @) = XL Fi + €. 8X3 ¢l =QY, U =_cF;. (1.55)
T

Note that the choice of F; is not unique, as (1.54) is invariant under the following redefi-

nition of Fj:
Fi = Fi + X351 (Xr» Xa; 8)s fij = —Jji - (1.56)
Under (1.56), ¥ and Ip change as
Ofii . -

Clearly there is much more freedom in writing down a BRST invariant action

\I’—)\I’—l-xifijcgb, Ip —Ig+c

(1.57)

than (1.57). For example, in the construction above we set ¢, = 0 at the beginning.
But we could have kept the ¢, dependence, which could lead to a different BRST invariant
action. More explicitly, from (1.36) we can write the full action as

I[Xrs Xa; &1y ba] = 60 ¥ + X4Gi(Xa» Xri r» Ba), (1.58)
where JT(O) does not contain any factors of x,. We can then construct another action:
- . OG-
Ip = 6a )+ XaGilXas Xri Ors 00) + € 5 5l (1.59)

which is again BRST invariant for ¢, = 0. Note that in the absence of any background
fields, (1.59) is equivalent to (1.55) up to the freedom (1.57) already noted, and they have
the same current J,. But J, will in general differ by ghost dependent terms.

To summarize, with the requirements that the action be invariant under BRST-type
symmetry (1.49) and that currents J, be BRST exact, the unitarity condition (1.28) is
satisfied at the level of full path integral. We also saw that the BRST symmetry does not
fix the ghost action uniquely from the bosonic action, and there is freedom in choosing
ghost dependent terms in the definition of .J,.

We should also emphasize that here the BRST symmetry is a global symmetry; we do
not require either physical operators or physical states to be BRST invariant. For example,
Jr is not BRST invariant.
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1.6 Thermal ensemble and KMS conditions

Now let us take pg to be the thermal density matrix at some temperature Ty = % and

chemical potential ug for Q = fdd_la? JO ie.

po = Zie_ﬁo(H_“OQ), Zy = Tre PolH—10@) (1.60)
0
In this case, the generating functional W of (1.7) additionally satisfies the so-called KMS
condition [58-60]. The KMS condition can be considered as a Z operation which relates
the generating functional W to the corresponding Wr for a time-reversed process:

Wig1(x), p2(x)] = Wrlda(t — ifbo, T), ¢1(a)], (1.61)

where we have again used the simplified notation of (1.34) and = = (¢,Z) denote the
coordinates in physical spacetime. See section 2 for the precise definition of Wp and
derivation of (1.61). In deriving (1.61), we also used that the stress tensor and current
operators are neutral under Q.

At quadratic order in ¢’s, (1.61) gives the familiar fluctuation-dissipation theorem
(FDT) between retarded and symmetric Green functions

ImGR(k) = tanh ﬁOTWGS(k:) . (1.62)
At higher orders, W cannot be expressed in terms of W, and the KMS condition (1.61) by
itself does not impose constraints on W. However, in essentially all physical contexts, the
Hamiltonian H is CPT invariant, for which pg (8o, po) is mapped to po (8o, — o) and Wr(uo)
is related to W (—pug) by CPT. While our discussion can be applied to the most general
cases, for simplicity here we will restrict to Hamiltonians invariant under P7.? With
PT symmetry, Wr is related to W as (see section 2 for a derivation, here for notational
simplicity we have set free parameter 6 = 0)

Wrlg2(t —iBo, &), d1(x)] = W1 (—x), p2(—t — iBo, —F)], (1.63)
and (1.61) can therefore be written as
Wigi(z), p2(x)] = Wp1(—x), g2(—t — ifo, —7)], (1.64)

and in terms of our original notation,

Wigi(z), A1(x); g2(x), A2 ()] = Wlgi1(—z), A1 (—2); g2(—t — iBo, —T), Ao(—t — i, —T)] .
(1.65)

In the form of (1.65), the KMS condition is now a Zs symmetry of W.
Now let us consider what symmetry to impose on the total action (1.39) so as to
ensure the KMS condition (1.65). For this purpose, first note that the bosonic action

I[er Xa; Ors (z)a] can be split as

I[Xra Xa; Ors ¢a] = Is[¢ra ¢a} + Isd[Xra Xa; Prs ¢a] + Id[Xr, Xa]7 (1'66)

9Here we treat different spacetime dimensions uniformly. By P we simply invert all spatial directions.

So for odd spacetime dimensions what we call P7T is in fact 7.
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where I4[¢,, ¢4 is obtained by setting all the dynamical fields to zero, I4[xr, Xa] is obtained
by setting all the background fields to zero,'? and I, is the collection of remaining cross
terms of x’s and ¢’s.

Ii[xr, Xa] is the dynamical action for hydrodynamical modes x in the absence of
sources, while Iy describes the coupling of dynamical modes to sources from which our
off-shell hydrodynamical stress tensors and currents (1.16)—(1.17) are extracted. Given
that x’s are gapless, path integrals of I; + I4 generate nonlocal contributions to W, i.e.
contributions which become singular in the zero momentum/frequency limit.

The source action I[¢y, ¢4] gives local terms in the generating functional W. After
differentiation, they give contributions to correlation functions of the stress tensor and cur-
rent which are analytic in momentum and frequency, i.e. contact terms in coordinate space.
In contrast to contact terms in vacuum correlation functions which are often discarded,
these contact terms are due to medium effects from finite temperature/chemical potential
and contain important physical information. For example, viscosities and conductivity can
be extracted from them.

A remarkable fact of the structure of (1.10)—(1.11) is that once the couplings of the
source action I, are specified, those of the dynamical action I; and the cross term action
I;q are fully determined. In other words, once the local terms in W are fixed, the nonlocal
parts are also fully determined.

Our proposal to ensure (1.65) consists of two parts. The first part concerns the bosonic
action I:

8(a). We require that the contact term action I, satisfies the KMS conditions (1.64), i.e.
I should satisfy the following Z5 symmetry:

I[o1(2), da(2)] = —Ls[dr (=), p2(—t —ifo, —T)], (1.67)

or in terms of our original variables,!!

I[g1, A1; g2, A2] = —Li[g1(—x), A (—x); g2 (—t — iy, =), Ao(—t — B, —T)] .
(1.68)

The motivations behind this proposal are: (i) nonlocal and local part of correlation func-
tions should satisfy KMS conditions separately; (ii) Since the couplings of I; 4+ I4 are
determined from those of I, (1.67) imposes strong constraints on the couplings of the dy-
namical action as well as the expressions of hydrodynamical stress tensors and currents,
which may lead to (1.65) for full correlation functions. At tree level, where the ghost ac-
tion can be ignored, it can be shown in the vector theory (1.5) that (1.67) ensures (1.65).
The proof requires introducing more specifics than the broad level at which we have been
discussing so far, and will be left to appendix C. While we strongly suspect that the proof
in appendix C can be generalized to a full charged fluid, the presence of 7 fields make the
story more tricky and a full proof will not be given here.

0For spacetime metrics, zero external fields correspond to setting Juv = Nuv-
"' Note that in order to obtain the contact term action I [91, A1; g2, Az] from I[hi, B1; ha, Ba; 7], we also
need to specify a background value for 7, which will be discussed in detail in section 5.5.
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From now on, we will refer to (1.68) as the local KMS conditions. We will show in sec-
tion 3 that the local KMS conditions (1.68) not only reproduce all the standard constraints
on the hydrodynamical equations of motion (including the entropy condition constraints
and those from linear Onsager relations), but also impose a new set of constraints which
may be considered as nonlinear generalizations of Onsager relations.

To conclude let us remark that for general non-equilibrium situations Sy in (1.67)—
(1.68) should be considered as the inverse temperature at spatial infinity, i.e. all dynamical
modes including 7 are assumed to fall off sufficiently rapidly approaching spatial infinities.

The importance of understanding macroscopic manifestations of the KMS condition
has been emphasized in [22, 32, 33]. There a different approach based on a U(1)7 symmetry
was proposed.

1.7 KMS conditions and supersymmetry

We now consider how to ensure the KMS conditions (1.65) beyond the tree level, for which
the situation becomes less clear. Currently we have a concrete proposal only for the classical
statistical limit of (1.41).

Our understanding is mostly developed from the example of the hydrodynamics of a
single vector current (1.5), which we summarize here using the notation of (1.32)—(1.34).
Details are given in section 4. We believe the discussion below should apply, with small
changes, to full charged fluids (1.10) in the small amplitude expansion. But the expressions
become quite long and tedious, which we will leave for future investigation. Note that in
both (1.5) and the small amplitude expansion of (1.10), the physical and fluid spacetimes
coincide, so we will not make this distinction below.

Consider the small amplitude expansion of external sources and dynamical modes, i.e.
Ip=L+1Is+---, (169)

where I,,, contains altogether m factors of sources and dynamical fields (but can be kept
to all derivative orders). We find that at quadratic order I, the ghost action is uniquely
determined from the requirement of BRST invariance for ¢, = 0, and there is no freedom
in J,. After imposing the local KMS conditions (1.68), with all external sources turned
off, in addition to (1.49), the full action has an emergent fermonic symmetry, which can be
written in a form

5)(7“ = Cq6, 507" = (Xa + AX’V‘)Ev SXa = _ACaE7 (1‘70)

where

1800

A = 2tanh (1.71)

The appearance of A has its origin in the FDT relation (1.62).
It can be readily checked that ¢ of (1.49) and ¢ satisfy the following supersymmetric
algebra

=0, =0, [6,6] = €A . (1.72)
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In addition, the currents J,,, being linear in the dynamical fields, satisfy the following
relations under § and 6:

5J, = €&y, 0y = EqE, 0o =eJa, 6& = (Ju+AJ)E  8Jy = —AE4E, (1.73)

where &, , are some fermonic operators which may be interpreted as fermionic partners of
Ja,r. In other words, the current operators, (Jg, Jr, €q, &), transform in the same represen-
tation under (1.72) as the fundamental multiplet (x4, Xr, Ca, Cr)-

At cubic order I3, there are a few new elements. Firstly, BRST invariance no longer
fixes the ghost action or the ghost part of J,.. Secondly, the algebra (1.70) cannot remain
a symmetry at nonlinear orders as there is a fundamental obstruction in applying the
algebra (1.72) to a nonlinear action. By definition, acting on a product of fields, both §
and 6 are derivations, i.e. they satisfy the Leibniz rule, and so does their commutator. But
on the right hand side of (1.72), A does not satisfy the Leibniz rule. The contradiction
does not cause a problem at quadratic level as

/dt (Ar +As) Lo = 0, (1.74)

where A; (Ag) denotes that A is acting on the first (second) field of £5. But this is no
longer true at nonlinear orders.

Both of the above issues can be addressed in the classical statistical limit A — 0, which
we will explain in more detail in next subsection. For now it is enough to note that in this
limit, the path integrals (1.10) survive due to statistical fluctuations.

In the & — 0 limit (restoring A),

A = 2tanh

15280 —iBhdy,  h—0, (1.75)

and equations (1.72) become the standard supersymmetric algebra,

62 =0, 62 =0, [6,0] = €eifody (1.76)

after a rescaling of €, and thus (1.76) could persist to all nonlinear orders. Indeed, we find
that at cubic order in the i — 0 limit, the local KMS conditions gives a bosonic action
which is supersymmetrizable, and in addition invariance under (1.76) uniquely fixes the
ghost action. Furthermore, we find that requiring that the currents J,, satisfy the h — 0
limit of (1.73),'% i.e.

5Jr = 651“7 SJT‘ = §a€7 5§a = EJm 557" = (Ja + iﬁoatJr)E, SJa = _iﬂoatgag (1-77)

uniquely fixes J,. It is thus tempting to conjecture that in the A — 0 limit, combined with
local KMS' conditions, supersymmetry will be able to uniquely determine the ghost action
and J, to all nonlinear orders, and ensure the KMS conditions to all loops.

One can immediately conclude from (1.77) that supersymmetry ensures one of the
KMS conditions to be satisfied at the level of full path integral. From the fourth equation

12We should also scale (Ju, &) — i(Ja,€a) and Jp, & — Jp, &
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of (1.77), we find that Ja = Ju+iBo0J, = Q¢, where () is the operator which generates
transformation 6. Given that the action is invariant under @, then from manipulations
exactly parallel to (1.53) (with @ replaced by Q) we conclude that correlation functions
involving only Ja all vanish. As discussed around (B.17)-(B.21) in appendix B this is
precisely one of the KMS conditions. In fact for two-point functions, it is the full KMS
condition. Thus for two-point functions, supersymmetry (1.77) ensures KMS conditions at
full path integral level. Perhaps not surprisingly, as we will see explicitly in section 4.2,
it is exactly the local version of this particular KMS condition (i.e. this KMS condition
applied to I) that leads to the invariance of the action under § and the supermultiplet
structure (1.77). It is still an open question at the moment for n-point functions with n > 3
whether local KMS and SUSY are enough to ensure other KMS conditions and how.

To summarize, in the classical statistical limit we can now state the second part of the
symmetries which need to imposed to ensure the KMS conditions (1.64):

8(b). The full action should be invariant under (1.76), which fixes the ghost action, and
the supersymmetric transformations of J,, should satisfy (1.77), which fixes J,.

We believe these are the full set of symmetries which need to be imposed for a full classical
statistical path integral.

For finite h, the story is more tantalizing and potentially more exciting, as some the-
oretical structure beyond the standard supersymmetry algebra should be in operation.
The algebra (1.72) is reminiscent of higher spin symmetries and also possibly suggests a
quantum group version of supersymmetry.'?

We have also only been looking at the situation where the fluid spacetime coincides
with the physical spacetime. For (1.10) at full nonlinear level, supersymmetry (or whatever
replaces it for finite &) should be formulated in the fluid spacetime. When combined with
time diffeomorprhism (1.23), it should lead to a supergravity theory. We will leave this for
future investigation.

We note that the emergence of supersymmetry in the classical statistical limit is in some
sense anticipated from that for pure dissipative Langevin equation (see e.g. [19, 20], and
also [21] for a review). But even at the level of hydrodynamics for a single current (1.5), the
interplay between local KMS conditions and supersymmetry already goes far beyond the
scope of a Langevin equation whose corresponding action is quadratic and the distribution
of noise is independent of dynamical variables. Here we have a full interacting theory
between noises and dynamical variables.

At a philosophical level, the interplay between local KMS conditions and supersym-
metry may be understood as follows. The thermal ensemble (1.60) is thermodynamically
stable, i.e. any perturbations result in a higher free energy. Furthermore, KMS conditions
have been known to be equivalent to the stability conditions. It appears reasonable that
such thermodynamical stability conditions are reflected as supersymmetry in the closed
time path formalism.

13We would like to thank Guido Festuccia and Tom Banks for these interesting ideas.
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While this paper was being finalized, reference [22] (see also [47, 48]) appeared, which
conjectures similar supersymmetric algebra for the hydrodynamical action based on the
analogue with stochastic Langevin systems.

1.8 Various limits and expansion schemes

In this subsection we discuss various limits and expansion schemes of (1.41) which we copy
here for convenience with A reinstated

€W[¢m¢a} - /DXT'DXCLDCG,DCT G%IB[C(L’CT’XWXG;QSMQSCL] . (178)

In a usual quantum field theory & controls the loop expansion. Here, however, the effec-
tive loop expansion constant heg is in general not h, as the action I describes dynamics
of macroscopic non-equilibrium configurations, which have both statistical and quantum
fluctuations. In particular, statistical fluctuations should persist even in the A — 0 limit,
i.e. heg has a finite & — 0 limit and the path integral in (1.78) survives. To emphasize
the statistical aspect of it, from now on we will refer to the A — 0 limit as the classical
statistical limit.
More explicitly, we define the A — 0 limit in (1.78) as

(Ca, Xa7 (ba) — h(CCUX(la ¢a)7 CT>XT7 ¢T — Cr, XT? d)?": h — 07 (179)

and the coefficients of the action Iz should be scaled in a way that the whole action has a
well-defined limit. As an example, suppose Ip contains the following terms:

G i K ,
Ip =+ xXa+ gHXaXr + 5 XaX7 s —if CaXaCr + -+ (1.80)

then G, H, K, f should scale in the i — 0 limit as
1
h2

1

G — .

G, H— —-H, K-—K, f—>%f. (1.81)
As will be seen in section 2.5, the above scalings are indeed those dictated by the small A
limit of various correlation functions. Below we will also use (1.78) to refer to its classical
statistical limit. We also emphasize that while the “ghost” fields ¢, , are introduced to
satisfy the unitary condition (1.28) which is a quantum condition, they survive in the
classical limit. Thus to describe (classical) thermal fluctuations consistently we still need
anti-commuting fields!

When 7heg is small, the path integral (1.78) can be evaluated using the saddle point

approximation, with

1
Wiy, da] = ﬂWtree + Wi+ hegWo + -+ -, (1.82)

where the leading contribution is the tree-level term (1.38) discussed earlier. Note that the
ghost action can be ignored at tree-level. The most convenient choice of the effective loop
expansion parameter h.g will in general depend on the specific system under consideration.
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On general grounds, we expect it to be proportional to the energy or entropy density of a

macroscopic system. In particular,

hefr o % (1.83)

where A is the number of degrees of freedom. From now on we will refer to Wiee as the
thermodynamical limit of W.

As usual in effective field theories, I can contain an infinite number of terms, and for
explicit calculations one needs to decide an expansion scheme to truncate it. In our current
context, due to the doubled degrees of freedom and sources, there is also a new element.
In this paper, the following expansions or their combinations will often be considered:

a. Derivative expansion. As usual the UV cutoff scale for the derivative expansion is the
mean free path /,,¢,, whose explicit form of course depends on specific systems. For
example, for a strongly interacting theory at a finite temperature T = %, we expect
Cmtp ~ 3. We always take the external sources to be slowly varying in spacetime,
and vanishing at both spatial and temporal infinities.

b. Small amplitude expansion. One takes the external sources to be small and considers
small perturbations of dynamical variables ., around equilibrium values.

c. a-field expansion. We expand the action Ig in terms of the number of a-fields, i.e.
Ip=19 +19 +... (1.84)

where Ij(gm) contains altogether m factors of ¢, x, and ¢,. The expansion starts
with m = 1 due to (1.37). From (1.29), I](Sm) is pure imaginary for even m and
real for odd m. The a-field expansion is motivated from the structure of generating
functional W{e,, ¢,]. As will be discussed in section 2.2, the expansion of W in ¢,
gives rise to fluctuation functions of increasing orders. So if one is only interested in
the fluctuation functions up to certain orders, one could truncate the expansion (1.84)
to the appropriate order. In section 3.3 we also show x, can be interpreted as noises.
Thus a-field expansion essentially corresponds to expansion in terms of noises. For
this reason, we will also refer to it as noise expansion.

1.9 Plan for the rest of the paper

In the next section, we review aspects of generating functionals in the CTP formalism,
which will play an important role in our discussions. Of particular importance is the
discussion of the KMS conditions at full nonlinear level as well as the constraints which
the KMS conditions impose on response functions.

In section 3, we explain how the standard formulation of hydrodynamics arises in our
formulation, and aspects of our theory going beyond it. We first discuss how to recover
the standard hydrodynamical equations of motion and then constraints on the equations
of motion following from our symmetry principles. In particular, in addition to recovering
all the currently known constraints, we will find a set of new constraints to which we refer
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as generalized Onsager conditions. We also discuss how to obtain the standard formulation
of fluctuating hydrodynamics.

In the rest of the paper, we apply the formalism outlined in this introduction to
two examples. In section 4, we consider the hydrodynamics associated with a conserved
current (1.3)—(1.5). We discuss emergent supersymmetry in detail at quadratic and cubic
level in the small amplitude expansion. We work to all orders in derivatives. We give
an explicit example in which the generalized Onsager conditions give new constraints at
second derivative order at cubic level (details in appendix D). We also derive a minimal
truncation of our theory which provides a path integral formulation for a variation of
stochastic Kardar-Parisi-Zhang equation.

In section 5, we apply the formalism to full dissipative charged fluids. We write the
action in a double expansion of derivatives and a-fields. We prove that it reproduces
the standard formulation of hydrodynamics as its equations of motion. We also use our
formalism to derive the two-point functions of a neutral fluid, and provide a path integral
formulation of the relativistic stochastic Navier-Stokes equations. Finally we show that a
conserved entropy current arises at the ideal fluid level from an accidental symmetry.

We conclude in section 6 with future directions. We have also included a number of
technical appendices. In particular, in appendix B we discuss constraints from the KMS
condition at general orders and prove a generalized Onsager relation. In appendix C, we
show how the local KMS condition leads to the KMS condition for full correlation functions
at tree-level for the vector model. In appendix D we give an explicit example in the vector
theory which shows that local KMS counterpart of the nonlinear Onsager relation gives
new nontrivial constraints at second order in derivatives. In appendix F we prove that at
O(a) level in the a-field expansion, the stress tensor and current can be solely expressed in
terms of standard hydrodynamical variables.

2 Generating functional for closed time path integrals

Here we review aspects of the closed time path integral (CTP), or Schwinger-Keldysh for-
malism (see e.g. [61-64]), which will be used in this paper. At the end, we derive constraints
on nonlinear response functions from KMS conditions, which will play an important role

later in constraining hydrodynamics. This discussion is new.

2.1 Closed time path integrals

The evolution of a system with an initial state pg at some t; - —oo can be written as

p(t) = U(t,t:) poU’ (1. ), (2.1)

where the evolution operator U(t,t;) can be expressed as a path integral from t; to t. It
then follows that p(ty) with t; — oo is described by a path integral with two segments,
one going forward in time from —oo to 400 and one going backward in time from 400 to
—oo (see figure 2a),

" ' " @ (tg)=a” wlty)=a’ iS[x1]—iS[w2] /.0 /
(2" |p(ty)|a"y = /da;odxo/ Dasl/ Dzxg "1 2 aglpolag) - (2.2)

x1 (ti):mg Q(tz‘):fb(,)
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t; = —00 ty — 00
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Po o < °
. 3 °

UT(tfvti)
(b) .

t; — —o0 Ulty,ti) ty — 00

Po s > |
@ -«

Ut(ts,t;)

Figure 2. (a) Evolution of a general initial density matrix pg. (b) Closed time path contour from
taking the trace. Inserted operators should be path ordered as indicated by the arrows.

For notational simplicity, we have written the above equation for the quantum mechanics
of a single degree of freedom x(t).
Setting 2" = 2’ = x and integrating over x, we then find that

Tr(uP) = (P = [ da | Dy DSBS (0t o),
21 (400)=x2(+00)=2

(2.3)
where the path integrations on the right hand side are over arbitrary z; 2(¢) with the only
constraint z1(+00) = xa(400) = z (see figure 2b). In (2.3) --- denotes possible operator

insertions, and P on the left hand side indicates that the inserted operators are path
ordered: operators inserted on the first (i.e. upper) segment are time-ordered, while those
on the second (i.e. lower) segment are anti-time-ordered, and the operators on the second
segment always lie to the left of those on the first segment.

It is often convenient to consider the generating functional

Zlni, o] = V010 — Ty [POP exp ( [ a0t - ozz»<t>¢2i<t>>)] 24

where 7 labels different operators, and the subscripts 1, 2 in O; denote whether the operators
are inserted on the first or second segment of the contour (note Oy; and Oy; are the same
operator), and ¢1;, ¢o; are independent sources for the operator O; along each segment.
The — sign before terms with subscript 2 arises from reversed time integration. Taking
functional derivatives of W gives path ordered connected correlation functions, for example

1 SAW

T 561 (12393 (t2)00n (£3)0 (1) = (POL(01)0x(82)01 (1) O2t))

¢1=¢2=0
= (T(0(L)0(t)T(O(1)O(ts)) ), (25)

where we have suppressed ¢, 7 indices. In the second line, T" and T denote time and anti-time
ordering respectively. In this notation, equation (2.4) can thus be written as

Wlbridail — y {po (Tefifdt OQi(t)¢2i(t)> (Teifdt ou<t>¢>u(t>ﬂ _ (2.6)

We will take all operators O; under consideration to be Hermitian and bosonic. ¢1;, ¢9;
are real. Taking the complex conjugate of (2.6), we then find that

Wi, p2i] = Wi, duil - (2.7)
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Equation (2.4) can also be written as
eWloroal — Ty [U(—FOO, —00; ¢13)poU T (+00, —00; ¢ai) |, (2.8)

where U is the evolution operator for the system obtained from the original system under
the deformation [ dt¢y; O;, and similarly for Us. From (2.8), we have

Wlgi,¢i] =0,  ¢1i=¢2i =& . (2.9)
It is convenient to introduce the so-called r — a variables with
1 1
Ori = §(¢1z‘ + $2i);  bai = O1i — P21, Oai = O15 — O, Opy = 5(0” + 02;), (2.10)

for which (2.4) becomes

eWltaiéril — Ty [pop exp (z / dt (¢ai(t)Opi(t) + qSM(t)(’)ai(t))ﬂ . (2.11)

From (2.11), one obtains a set of correlation functions (in the absence of sources) with
specific orderings (suppressing 7, j indices for notational simplicity):

1 oW

Gal"-an (tl’ T tn) g 5¢5{1 (tl) Y 5¢5‘" <tn)

= g <7DOa1 (tl) T Oan (t”)> ’

(2.12)
where aq, -+, € (a,7) and & = r,a for a = a,r. n,, are the number of r and a-index

¢a:¢7':0

in {ay, -+ ,an} respectively (ng +n, = n). The r — a representation (2.10)—(2.12) is
convenient as (2.12) is directly related to (nonlinear) response and fluctuation functions,
which we will review momentarily.

Equations (2.7)-(2.9) can also be written as

Wpai = 0, ¢ri] =0, (2.13)
and
w [¢ai7 ¢m] = W[*Qbaia Qbm} . (214)
Equation (2.13) implies that
Gaoa =0 . (2.15)

2.2 Nonlinear response functions

In this subsection, for notational simplicity we will suppress ¢, j indices on O and ¢’s. To
understand the physical meaning of correlation functions introduced in (2.12), let us first
expand W in terms of ¢,’s:

2

Wiowr) =i [ dt Deftn)au(t) + 5y [ dtdta Dos(trsto)n(tonlts) +o (210
where

1 o"w

Dreatis o) = G S T St

= (PO (t1) - Or(tn)),, -

) (2.17)
¢a:0
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For ¢, = 0, we have ¢ = ¢2 = ¢, = ¢. Writing the last expression of (2.17) explicitly in
terms of orderings of O’s, we find that

D)= 01y, Dunltr ) = 5({O1), Olt)})g, (2.18)

and Dy..(t1,--- ,t,) is the fully symmetric n-point fluctuation functions of O, in the
presence of external source ¢. They are referred to as non-equilibrium fluctuation func-
tions [65, 66| (see also [63]).

One can further expand these non-equilibrium fluctuations functions in the external
source ¢(t), for example,

Dy(tr) = (0), = Gu(tr) + /dtg Gra(t1, £2)6(t2)
+ % /dtzdt3 Graa(th to, t3)¢(t2)¢(t3) —+ - (2.19)
Dyn(tr,ts) = %<{0(t1),0(t2)}>¢ Gt t)

+ /dtg Grra(tly to, t3)¢(t3) —+ - (2.20)

where Gy, ...q,, were introduced in (2.12). From (2.19), it follows that G, is the one-point
function in the absence of source, and Grq, Graq,- -+ are respectively linear, quadratic and
high order response functions of O to the external source. Similarly, G, is the symmetric
two-point function in the absence of source, and G4, Grraa, -+ are response functions
for the second order fluctuations. Indeed, writing the last expression of (2.12) explicitly
in terms of orderings of O’s, one finds that G,q..., are the fully retarded n-point Green
functions of [67], while G,..., is the symmetric n-point fluctuation function [65, 66]. Other
Ga---a, involve some combinations of symmetrizations and antisymmetrizations.

Note that, by definition, for hermitian operators, all of these functions are real in
coordinate space. At the level of two-point functions, one has

Gra(t1,t2) = GRr(t1,t2), Gar(t1,t2) = Galty, t2), Grr(ti,t2) = Gs(t1,t2), (2.21)

where G, G 4 and Gg are retarded, advanced and symmetric Green functions respectively.
Explicit forms of various three-point functions are given in appendix A.

2.3 Time reversed process and discrete symmetries

Let us now consider constraints on the connected generating functional W when pg invari-
ant under certain discrete symmetries. We will now restore spatial coordinates using the
notation x = (¢, &), and take spacetime dimension to be d.

Suppose that pg is invariant under parity P or charge conjugation C, i.e.

PpoPt = po, or CpoCt = po. (2.22)

Then, from (2.6)
Wigii, ¢oi] = Wiots, 051, ¢f () = 0] ¢i(Pa), (2.23)
Wigni, d2i] = Wnf i, nf dail, (2.24)
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where we have taken
PO;i(z)PT = nf Oi(Px),  COix)CT =nfO4(x) . (2.25)

For even spacetime dimensions, Px changes the signs of all spatial directions, while for odd
dimensions, it changes the sign of a single spatial direction.

For time reversal, consider a process with py the state at ¢ = +oo with the same
external perturbations:

Wrlorioa] = Ty [U] (++00, —00; 62:)poUs (+50, —003 611) |
— T [po (Tez‘fdt(’)u(t)qbli(t)) (j—ve—ifdt(?gi(t)qﬁgi(t))} ' (2.26)

It should be stressed that Wy is a definition and we have not assumed time reversal
symmetry. At quadratic order in ¢’s, we can write W as

. ¢
W =i [ daidz <2Gij(l“1 — 22)¢ai(21)Paj(T2) + Kij(z1 — $2)¢ai(5€1)¢m’($2)) :
(2.27)
with symmetric, retarded and advanced Green functions given respectively by

Gi(x) = Gij(x) = Gji(—x), Gii(x) = Ky(x), Gfj(x) = Kij(x) = Kji(—x) . (2.28)

From (2.26), Wr can be written as

Wr = i/ddfClddl’z (iGij(ml — 22)Pai(T1) Paj(z2) + Kij(w1 — $2)¢ai($1)¢rj($2)> ,

2
(2.29)
but for higher point functions, Wr can no longer be directly obtained from W.
Now let us suppose that pg is invariant under time-reversal symmetry, i.e.
TooT =po,  TO@)T =nlO(Tz), Tz=(-t%), (2.30)

then from (2.6) and (2.26) we find (for real ¢;’s)
Wi, il = Wrlo1;, o), ¢ (@) =nf ¢i(Tx) . (2.31)

For pg invariant under some products of C,P, T, the results can be readily obtained
from (2.23)-(2.24) and (2.31). For example, suppose that pg is invariant under PT, i.e.

Ope®T = po, e =PT, (2.32)
then
Wipni, 6] = Wrleti' 62" ], 6" (@) =0 du(=2), ni" =nini . (2:33)
From (2.27) and (2.29), for a system with P7 symmetry, (2.33) implies that
Gij(x) = 0 "0} T Gij(—u), Kij(z) =l TnfTKi(2) . (2.34)

For higher point functions, (2.33) does not impose any direct constraints on W itself, only
relating W to Wr.

— 95—



2.4 Thermal equilibrium and the KMS condition

Let us now specialize to a thermal density matrix

P Ziefﬂo(H*qu)’ Zo = Tr e PoH-10Q) (2.35)
0

We will restrict to our discussion to Hermitian operators O; which commute with charge
. This is satisfied by the stress tensor T*” and the current J* associated with @ which
are the main interests of this paper. Then W satisfies the following KMS condition [58-60]:

eWleribail — i Ty [e—(ﬂo—ﬁ)ﬁ <Te—if(’)2i¢2i) 8(30—9)1;76—,3016169H (Teifolid’li) e_Gﬁ]
0
_ eWT[¢1¢(75+i9),¢>2z‘(15*1'(50*9))]7 (2.36)

for arbitrary 6 € [0, 9] where H = H — 110Q and we have used that
o—al <Teif(9(t)¢(t)) ctH _ i [ O()g(t—ia) (2.37)
and (2.26). Similarly we have

Wi, pai] = Wgni(t — i6), ¢ (t +i(Bo — 0))] - (2.38)
At quadratic order in ¢;’s, from (2.27)-(2.29), equation (2.36) gives the standard
fluctuation-dissipation theorem (FDT) for two-point functions:

1 _
G”(k‘) = §Coth BOTWAU(I{Z), ’LAU =K - K;; . (2.39)

For higher point functions, Wr cannot be expressed in terms of W, and the KMS
condition (2.36) by itself does not impose constraints on W beyond quadratic order. For a
PT invariant Hamiltonian H, pg is invariant under P7. Using (2.33), we can then further
write (2.36) as

Wi, d2i) = Wrln"T d1i(—2), 0" poi(—2)]
= W' g1 (=t +1i0, =), 0" po(—t — i(Bo — 0), —7F)] - (2.40)

For the stress tensor and conserved currents, which are our main interests of the paper,
ThP T =1 for all components. Below we will take nf T —=1.

For two point functions, with P7 symmetry in addition to (2.39) we also have (2.34),
which in momentum space becomes

Gij(k) = Gij(=k) = Gj5(k) = Gji(k),  Kij(k) = Kji(k), (2.41)

the second of which are Onsager relations. Recall that by definition, G;; is real in coordinate
space and is Hermitian in momentum space.
At cubic level in ¢’s, let us write W as

1 ) 1
W =1 gGijk%i(baj%k + in'jmaz‘(ﬁaj(ﬁrk + 3 ik PaiPriPrk | (2.42)
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where we have used a simplified notation, e.g. the first term should be understood in
momentum space as

GijkPaiPajbak = /dk2dk3 Giji(k1, k2, k3)Pai (k1) Paj(k2)bar(k3), ki+ko+ks =0, (2.43)
and similarly with others. Note that (suppressing ijk indices)
G= _GTTT7 H = Grra» K = Graa - (244)

By definition, the Gjj;,(k1, k2, k3) are fully symmetric under simultaneous permutations of
1,7,k and the corresponding momenta, and

Hiji (k1 ko, ks) = Hjix(ko, k1, k3), Kiji(k1, ko, k3) = Kipj(k1, k3, k2) . (2.45)

To write the KMS condition for three-point functions, it is convenient to introduce the
following notation (suppressing all 4, j indices):

HS = Grraa H2 = Gr‘ara Hl = Garm Kl = Graaa K2 = Garaa K3 = Gaar . (246)

Then (2.40) applied to three-point level can be written in momentum space as [63]

1

Hy = %(Ng +N2) K7 — 5 (N2 K3 + N3 k), (2.47)

Hy = %(N3+N1)K§ - %(N1K3+N3K1), (2.48)

Hy = %(Nl + Ny)KG — %(NlKg +NoKY), (2.49)

G = i (KT + K3 + K3) + 2NaNsRe K1 + 2Ny NyRe K + 2N1 NoRe K3),  (2.50)
where we have introduced

N, = coth (ﬁ;’“) . a=1,2,3. (2.51)

Expressions of (2.40) in terms of correlation functions at general orders are reviewed

in appendix B.

2.5 The classical statistical limit

Let us now consider the classical limit of the generating functional (2.11) for a density
matrix pg which has a classical statistical mechanics description.

With 7 restored, each term in (2.16) and (2.19)—(2.20) should have a factor A" with
n equal to the number of ¢, , factors. As defined, the symmetric Green functions (2.17)
should all have a well defined A — 0 limit, and after taking the limit, they describe classical
statistical fluctuations. Gi...rq...q With n, a-indices should have the limiting behavior

Grovaa — BGED 0 B0, (2.52)

—97 —



as it has n, commutators. G,(f.l.)m...a is defined exactly as Gj...rq...q, but with all commutators

replaced by Poisson brackets. From now on, to simplify notation, we will suppress the
subscript “cl” and use the same notation to denote the quantum and classical correlation
functions. Thus, for W[p,, ¢,] to have a well-defined limit, the sources ¢4, ¢, should scale as

ba = ha, br — @, h—0. (2.53)

Let us now look at the A — 0 limit of the KMS conditions (2.40). With # restored,
Bo in all expressions should be replaced by Soh. At the level of two-point functions, equa-
tion (2.39) then becomes

Gij Aij . (254)

=—Im
Bow

At cubic level, given G ~ O(h°), H ~ O(h), K ~ O(h?), equations (2.47) and (2.50) become

i

H, = —Bw2w3 (lef + wo Ko +OJ3K3), (255)
2
G = ———— (wiReK] + waReKy + w3ReK3) , (2.56)
[Pwiwaws

and Ho, H3 can be obtained from (2.55) by permutations.

2.6 Constraints on response functions from KMS conditions

The KMS conditions (2.40) not only relate various nonlinear response and fluctuation
functions, they also imply conditions on correlation functions themselves. For example, at
two point function level, (2.39), regularity of G;; in the limit w — 0 requires that

ImAy; =0, w—0. (2.57)

Similarly, in (2.47)-(2.50), regularity of Hi 23 and G when taking some combinations of
w1,2,3 to zero also imposes constraints on Kj23 in various zero frequency limits. The
complete set of conditions are given in equations (B.22)—(B.24) of appendix B.

Of particular interest to us are consistency conditions involving only response functions
Gra--q, which will play an important role in our discussion of hydrodynamics. For general

n-point response functions, let us denote
K = Grga, Ko = Gurge-a, e K, =Gq.qr . (2.58)
We can show that when taking any n — 2 frequencies to zero, e.g.
K, = K3, W3, W4, ,wy — 0. (2.59)
From equation (2.59) and permutations of it, it then follows that
Ki=Ky=---=K,=K, ImK=0, all w; — 0 . (2.60)

Except for two-point functions, equations (2.59)—(2.60) for general n appear to be new.
We prove (2.59) in appendix B.3. Equations (2.60) have simple physical interpretations:
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the first equation says that in the stationary limit, there is no retardation effect, while the
second equation says that there is no dissipation.
For two-point functions, denoting K = K1, then Ko = KT, equation (2.59) reduces to

Kij(w, k) = Kji(w, k), (2.61)

i.e. the familiar Onsager relations. From now on we will refer to (2.59) as generalized
Onsager relations.

It appears to us (2.59) and (2.60) are the only relations involving response functions
alone. If one leaves more than two frequencies nonzero, then the KMS relations will nec-
essary involve functions with more than one r-indices, as in n = 3 relations (2.47)—(2.50).

Equations (2.59)—(2.60) can be written in a compact way in terms of one-point func-
tion (2.19) in the presence of sources. For this purpose, it is convenient to define

6(0; (1)) 4
0y (z2) g

= ili2($1,$2)+/ddl“3 K igis (21, 2, 23) iy (T3) (2.62)

Givio (T1, 225 $3(T)] =

1 N o
+ 3 /ddx?,ddm K igigia (T1, T2, 3, £4) iy (£3) iy (Za) + -+ -,

where again K = K, and the subscript S in the first line denotes the procedure that after
taking the differentiation one should set all sources to be time-independent. The notation
G(---] highlights that it is a function of z1,x2, but a functional of ¢;(Z). In the second
line, ¢(Z) indicates that the sources only have spatial dependence. Then (2.59) can be
written as

Gij(@,y; 0i(Z)] = Gji(—y, —x; ¢i(—7)], (2.63)
or in momentum space

Gij (k1 ko 03 (k)] = Gji(—ka, —k; ¢i(—k)] = G} (ka, ks i (—F)] . (2.64)

Now look at the first equation of (2.60), which implies that in the stationary limit
there exists some functional W[¢p;(Z)] defined on the spatial part of the full spacetime,
from which 6W[¢( )

- Z
(Oi(w =0,7)), = 503 (2.65)
The above equation implies that for stationary sources to first order in ¢,, the generating
functional (2.16) can be written in a “factorized” form:

Wigr, ¢a] = i / dT1E (04w = 0,8)) 4 $ai(T) + - - = iW[gn] — iW[ga] +--- . (2.66)

The second equation of (2.60) is the statement that K;,..;, (K1, - - - kn) are real in mo-
mentum space. By definition, K'’s are real in coordinate space. That they are also real in
momentum space implies that

Kiyooi, (1, kn) = Koo, (=K1, -+, —kyn) = real (2.67)

which in turn implies that )
Wlo(Z)] = Wle(=7)] . (2.68)
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3 Relations with standard formulations

In this section we first explain how the standard hydrodynamical equations of motion arise
in our framework. Then we consider constraints on hydrodynamical equations of motion
following from our symmetry principles outlined in the introduction. In particular, the
prescription [13, 14] that in a stationary background the stress tensor and current should
be obtainable from a stationary partition function will arise as a subset of our conditions.
We will find a set of new constraints to which we refer as generalized Onsager conditions.

Finally we discuss how to recover the standard formulation of fluctuating hydrody-
namics and aspects of our theory going beyond it.

3.1 Recovering hydrodynamical equations of motion

Let us first explain how the standard hydrodynamical equations of motion arise in our for-
mulation. To illustrate the basic idea, we again use the same simplified notation of (1.34).
Since we are interested in the equations of motion (i.e. in the thermodynamical limit of
section 1.8), it is enough to consider the bosonic theory, with all ghost dependence ignored.

Recall from section 1.3 that the equations of motion for the dynamical variables xq,

correspond to the conservation of J, ., which we can schematically write as'®

8J, =0, 8J,=0. (3.1)

Let us now expand the bosonic action [ in terms of the number of a-fields, as discussed
around (1.84),

T=1W4 1@ 4. (3.2)
where I(™) contains altogether m factors of ¢, and x,. From (1.33), the current operators
Jar can be similarly expanded as

Jr=JO 4+ gV .0 o =JD g4 (3.3)

where m in the superscript (m) again denotes the number of a-fields in each expression.

(0)

Note that J, starts with m = 1, i.e. Jy|¢,=0,yo=0 = 0, and Jr’ only depends on the lowest

order action I,
With (3.3), the equations of motion (3.1) also have the expansion

J, =0J + o7 +... =0, (3.4)
Oy =0JM +8JP ... =0. (3.5)

To make connection with the standard hydrodynamical equations, let us now take the
background fields of the two segments of CTP to be the same, i.e.

O1 = ¢2 = ¢p = 9, ¢a =0, (3.6)

MEquations of motion for 7., do not have this structure. They can be solved algebraically and do not

affect the argument below.
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or in terms of our original fields,
Iy = 92ur = G Ay = Aoy = Ay (3.7)
With ¢, = 0, as already discussed after (1.38), the equations of motion give that
XD=0 =5 xi=xe=xr=x. (3.8)
In terms of our original dynamical variables, one then has
X =Xy=X" @pr=p=9. (3.9)

With ¢, = xo = 0, J, vanishes identically and all terms in J, except for J ©) vanish.
Thus,
J=Jy=J,=JO, (3.10)

and the remaining equations of motion are
oJ =0 . (3.11)

In terms of original variables, equation (3.10) corresponds to

W =T = ()0 =Tl Ji=Jo= (N0 = I} 4 (3.12)
and (3.11) to
vﬂjﬁydro =0, VVTI%I;Ldro - FMVJII;ydro =0. (3'13)

Furthermore, one can show from the symmetry requirements (1.22)—(1.24), as the zeroth

. . UV T
order terms in the a-field expansion of currents, T hydro and Jhydro

in terms of the velocity field (1.13), local chemical potential (1.14) and local temperature

can be expressed solely

field (1.15) (which we will prove explicitly in section 5.3 and appendix F). Equations (3.13)
then reproduce the standard hydrodynamical equations.

To summarize, the standard hydrodynamical equations of motion correspond to the
zeroth order approximation in the a-field expansion in the thermodynamical limit.

3.2 Constraints on hydrodynamics

For pg given by the thermal ensemble (1.60), we also need to impose the local KMS con-
ditions on the source action I (1.68). As far as the hydrodynamical equations of mo-
tion (3.13) are concerned, we only need to look at constraints on I, 3(1), which encode the
contact contributions to all of the response functions.

In the standard formulation of hydrodynamics one needs to impose constraints from the
local second law of thermodynamics, existence of stationary equilibrium, and the Onsager
relations. In our formulation, these constraints are fully taken care of by the local KMS
conditions (1.68). At an abstract level, this is a consequence of the facts that: (i) the local
KMS conditions ensure that the full KMS conditions are satisfied in the thermodynamical
limit; (ii) the full KMS conditions are known to imply the local second law (see e.g. [70])
as well as existence of stationary equilibrium; (iii) time reversal symmetry is encoded in
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our formulation of local KMS conditions. In fact, from the discussion of section 2.6, local

KMS conditions include not only the Onsager relations for linear responses, but also give

full nonlinear generalizations.

More explicitly, restricted to Is(l), the local KMS conditions give the following three

types of constraints:

(a)

)

ample, at first derivative order, (2.39) relates transport coefficients such as shear, bulk

Relations between coefficients in [ 5(1 and higher order terms in a-expansion. For ex-
viscosities and conductivity in 1 M 46 coefficients in I{? (FDT relations). From (1.29)
I? | terms in the action are pure imaginary and their coefficients should satisfy certain
non-negativity conditions in order for the path integral to be well defined. Altogether,
this implies the non-negativity of various transport coefficients. As we shall see in
section 5.8, while this works out easily for the shear viscosity, for conductivity and
bulk viscosity it is highly nontrivial. At first derivative order, the non-negativity of
shear, bulk viscosities and conductivity are all one gets. These are also the inequal-
ity constraints from the non-negative divergence of the entropy current. In fact it
has been argued recently [15, 16] these are the only inequality constraints from the
entropy current to all orders in derivatives. It is conceivable, in our context at higher
derivative orders the well-definedness of the integration measure combined with FDT
relations may give additional inequality relations, thus predicting new relations going
beyond those from the entropy current.

When all sources in 1, 5(1) are taken to be time-independent, I 3(1) should satisfy (2.60).
From (2.66), this means that for stationary sources we can write I, M in a factor-
ized form

IM[g1, Av; g, Ao] = W1g1, A1] — Wga, Ao] (3.14)

where W g, A] is a local functional of stationary metric g,, () and gauge field A, ()
on the spatial manifold. Note that for stationary backgrounds, the dynamical modes
will not be excited and thus I, él) is the full contribution to the leading generating
functional I/Vt(rle)e
derived the prescription [13, 14] that in a stationary background the stress tensor

in the a-field expansion in the thermodynamical limit. We thus have

and current should be derivable from a partition function. In [15, 16] it has also
been shown that this requirement is equivalent to equality-type constraints from the
entropy current. Now this coincidence becomes completely natural.

For time dependent sources, we have an additional set of constraints following from
the generalized Onsager relations (2.63) on I, S) coefficients. In the next section (and
appendix D), we will see that they lead to new constraints in the hydrodynamics of
a single current starting at second order in derivative expansion. For a full charged
fluid including the stress tensor, these new constraints will also start operating at the

second derivative order, but we will not work them out explicitly in this paper.
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3.3 Recovering stochastic hydrodynamics

Now we show how to recover the standard formulation of fluctuating hydrodynamics [10,
11]. For this purpose, consider the first two terms in the a-field expansion (3.2):

I=10 413 (3.15)

From our discussion of section 3.1 we can write I(!) as

1M = 1,070 (3.16)
which gives the equations of motion (3.11) when varied with respect to x,. I ) can be
schematically written as .

i
1(2) = 7XaG(87 XT)X(Z ; (317)

2
where G is a local differential operator depending on x,. Now, expanding G(9,x,) in
powers of X,
G(0,xr) = Go(0) + O(xr) , (3.18)
where now Gy is a local differential operator with no dependence on dynamical variables.
Keeping only the G term in 1), we can write the action schematically as

I= Xaajﬁo) + %XaGOXa . (319)

Note that we are not doing any x, expansion in I(1).
Now consider a Legendre transformation of the second term of (3.19), i.e. introducing

&= —%I—;j to rewrite I,, = %XaGOXa as
o = —Xaf + Luale), with o= 3¢ (320)
I can then be written as i1
I= 3656+ X (éuﬁo) _ g) . (3.21)
The path integral then becomes
W = / DEDY, Dxa el = / DEDx, 6 (aJ,SO> — g) e~ 3 [ Al EGtE (3.22)

i.e. x4 is now a Lagrange multiplier, whose integration gives the stochastic diffusion
equation
oJO = ¢, (3.23)

where £ is a stochastic force with local Gaussian distribution:

€ =0,  (£@)&(0)) = God(x) . (3.24)

Equations (3.23)—(3.24) recover the standard formulation of fluctuating hydrodynamics [10,
11].1> We see that x, is the conjugate variable for the noises, and thus the expansion in
a-fields may be considered as an expansion in noises.

150f course, at this stage our discussion is rather schematic. Explicit expressions can be found in sec-
tion 4.3 and section 5.9.
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The above discussion makes clear the aspects of our formulation that go beyond the
traditional formulation of fluctuating hydrodynamics: (i) In addition to the Gy term, the
full I?) also includes interactions between dynamical variables and the noises. (ii) 1(™
with n > 3 includes interactions among noises and higher order interactions among noises
and dynamical variables. (iii) Beyond (3.21), dynamical variables can fluctuate on their
own and are not constrained by fluctuations of noises as in (3.23). Furthermore, once we
include interactions between y, and x, in I?, it is no longer convenient to perform the
Legendre transform (3.20) from x, to £ which will result in a non-local and non-polynomial
action. It is more sensible to simply work with x,.

From the renormalization group perspective, the effective theory we are writing down
is defined at a cutoff scale A, below which hydrodynamics is defined.'® If one is interested
in physics at some energy scale E < A, then one should further integrate out hydrody-
namical degrees of freedom with energies w € (E, A). It may happen for certain situations
that the neglected interactions in (3.21) are all irrelevant. In such a case, the standard
stochastic formulation (3.23)—(3.24) is already adequate for obtaining the leading physics
at energies £ < A.

3.4 Correlation functions

We conclude the discussion of this section by making some comments on correlation
functions.

Let us use ( JT(O))Cl to denote the expression obtained by evaluating JT(O) on the solution
to the equations of motion. Then expanding (JT(O))Cl in ¢, from (2.19), one obtains the
full set of nonlinear response functions G4, Grqq, - -+ in the thermodynamical limit. This
constitutes the standard hydrodynamical approach to response functions [60] (see also [12]
for a recent review).

In the thermodynamical limit, we can go beyond the standard formulation by turning
on ¢, # 0. Then both equations (3.4)—(3.5) are nontrivial. Solving these equations to
obtain (Jén))cl, (Jﬁn))cl and expanding them in ¢, and ¢,, we can now obtain the full set
of nonlinear fluctuation and response functions of section 2.2 in thermodynamical limit.
Note that beyond the leading order term quo), C(ﬁ«) with n > 1 cannot be expressed solely
in terms of velocity-type variables u* (o), u(o),T(o). Instead, the more fundamental fluid
field variables, X} and ¢, must be used.

Beyond the thermodynamical limit, we also need to include loop corrections from
statistical or quantum fluctuations. Recall the expansion in hes discussed in section 1.8,
which we copy here for convenience:

1
W[QST, ¢a] = ﬂWtree + Wi+ hegWo 4 -+ . (3.25)
(S3
Corrections from Wy, Wo, .-+ will give rise to phenomena such as long time tails, as well

as running transport coefficients with scales, and so on (see e.g. [12, 68, 69] for recent
discussions). Such fluctuation effects may be particularly important near classical and
quantum phase transitions and in non-equilibrium situations.

6For example, for a strongly coupled theory, A is of order temperature.
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4 A baby example: stochastic diffusion

As a baby example of the general formalism introduced earlier, we consider the hydrody-
namical action associated with a conserved current discussed in (1.3)—(1.5), which we copy
here for convenience

eW[Al,U«’AQH] — Ty (poeifddIAluJ{L—ifddZA2#J;> — /D901D<,02 eiI[Bl,u,BmL], (41)
with
BI,LL = Al# + 8“(,01, BQH = Agu + augOQ . (42)

This theory applies to situations where J# either decouples from the stress tensor (as for
example for a particle-hole symmetric neutral fluid) or the coupling of J# to the stress tensor
is small enough to be neglectable. In the stress tensor sector one takes the equilibrium
solution X} = X§ = 296/, 7 = 0 with the metric backgrounds g1, = g2 = M. Thus
in this case the fluid and physical spacetimes coincide. We will take pg to be the thermal
ensemble (1.60).

It is convenient to introduce the r — a variables,

1
Bau = Blﬂ — Bgu = Aau + auﬂpa, Bru = §(B1M + BQM) = Aru + augor . (43)

The local action I[B,, B,| should satisfy symmetry conditions 1-8 outlined in the intro-
duction. In particular, in this case equations (1.22)—(1.23) simply reduce to rotational
symmetries in spatial directions. From (1.24), it should also be invariant under

Byi — By — 0i\(2") . (4.4)
Writing
I= /ddwﬁ, (4.5)
we will expand £ in powers of B, ,.
4.1 Quadratic order

4.1.1 The quadratic action

At quadratic order in B, ,, the most general bosonic £ consistent with rotational symme-
tries, (1.29) and (1.37) can be written as

L= 5(1320 + ibBazz + 56(8¢Bai)2 + ZfBao(aiBai) + gBaoBro + hByg0;00By;
w
+u0; Boi Bro + vBa;i00Bri + §FaijFrij, (4.6)

where the coefficients a, b, ¢, - - - should be understood as real scalar (under spatial rotations)
local differential operators constructed out of d; and 9;, and act on the second factor of a
term. For example

aB2) = Baoa(8:,05)Bao = Bao(—ku)a(k)Bao(ky), Ky = (—w, k), (4.7)
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where in the second equality we have also written the expression in momentum space. All
of the coefficients can be expanded in the number of derivatives, for example, in momentum
space (¢ = |kl),

a(k) = ago + CL2OW2 + ClOQq2 + -, b(k’) = bgo + b20w2 + bogq2 +
g(k) = goo + igrow + g200° + go2q” + -+ -, (4.8)

and so on. Note that there is no term with odd powers of w in the expansions of a,b,c
as these correspond to total derivatives. Thus a,b, ¢ are real in momentum space. Other
coefficients can have odd powers in w and are complex in momentum space with, e.g.

9(=k) = g"(k), h(=k)=h*(k), ---. (4.9)

In coordinate space g¢* is the operator obtained from g by integration by parts i.e.
9" (04, 0;) = g(—0¢, —0;). In the last term of (4.6), Fj; = 0;A; — 0;A; and is indepen-
dent of (.

Due to (1.29), the aa terms in (4.6) are pure imaginary, and thus are real in the
exponent of the path integral (4.1). This implies that the coefficients of the leading terms
in the derivative expansion must be non-negative, for example,

aoo >0,  boo>0. (4.10)

Equation (4.6) applies to general dimensions and is parity invariant. For a specific
dimension, say d = 3, one can write down additional parity-breaking terms using fully
antisymmetric e-symbol.

We still need to impose the local KMS condition (1.68), which at quadratic level
amounts to imposing (2.39) on the source action obtained by setting dynamical fields ¢,
to zero in (4.6). The source action is the same as (4.6) with B,,, and By, replaced by 4,
and Agy,. From (4.6) we can read

Goo = a, Gij = bélﬂ + quq]‘ = Eéu - CQQPZ?, GOi = ’iqif, GiO = —’L'ql'f*, (411)
Ky =g, Ky = q;wh, Ko = —iq;u, K, = — iwvéij + quPg, (4.12)
KQO = g*, KO@' = iqiu* Kio = qiwh*, KZ = iwv*éij + w*q2P5. (4.13)

where we have introduced

7 qi4;
b=b+cq®, P =6b;— ;29 . (4.14)
Applying (2.39) we then have
a= — %coth%(g—g*), (4.15)
~ w Bw ( pw
— — Z coth 2= * = — coth =—(w — w* 4.1
b 2(:0‘5 2(v+v), c 2cot 2(w w*), (4.16)
1
f=- §coth %U( h —u™). (4.17)
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In particular, in (4.17), since the left hand side is regular as w — 0, we need u to contain
at least one power of w, i.e.

Ugp = U2 = U4 = -+ = 0, (4.18)

where various coefficients in the expansion of u are defined as in (4.8). Further imposing
PT symmetry on the source action, i.e. requiring G and K to be symmetric (Onsager
relations), we have additional constraints:

f=-f% wh=—iu. (4.19)

The second equation above automatically implies (4.18), and one can check that equa-
tions (2.60) are also automatically satisfied. Equation (4.17) can now be written as

_i Bw * __f Biw _ h*
f_icoth?(u—i—u)— 2coth 2(h h*) . (4.20)

4.1.2 Off-shell currents and constitutive relations

From (4.6), we find the corresponding off-shell currents

J? = ¢*Bao + u*0; Bui, Ji = h*0;00Bao — v* 00 Bai + w*9;Fuij, (4.21)
JO = iaBao + if0; Bai + gByo + hd;00 Bys, (4.22)
jﬁ = ibBy; — ic0;0;Bjq — if*0i Bao — u0; Bro + v0o Bri + wo; Frij . (4.23)

The equations of motion for ¢, and ¢, correspond to the conservation of jé‘ and J;’f
respectively. To leading order in the a-field expansion, i.e. setting all the a-fields to zero
(and dropping r-subscripts), we have

jO = Pyu — ho; E;, , jZ = — PZ@M —vE; + wajFij, (424)
Py =g+ ho?, P,=u—u, E; = —0yA; + 0; A, (4.25)

where from (1.14) p = By = Ag + Oy is the chemical potential. That at leading order in
the a-field expansion JH can be expressed solely in terms of p to all derivative orders is
a consequence of fluid gauge symmetry (1.24). In fact, one can immediately see that this
works at full nonlinear level, as the fluid gauge symmetry means that B,; can only appear
either with a time derivative 0ypB,; = —FE; 4+ O;j or through F,;; = 0;B;; — 0jB,;. It is
also clear from (4.21)—(4.23) that at higher orders in the a-field expansion, J¥, cannot be
expressed in terms of p,, alone, and the more fundamental ¢, has to be used.

It can also be readily checked from conservation of (4.24) that equation (4.18) is
equivalent to the existence of a stationary equilibrium for a stationary background field A,,.

Finally, let us expand (4.24) in derivatives, at the leading order

from which we can identify
X = 900, o = —ugp, (4.27)
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as charge susceptibility and conductivity respectively. From (4.16), vgg is related to bgg as
2
boo = _EUOO . (4.28)

From (4.10), we thus conclude that
o>0. (4.29)

4.1.3 BRST invariance and supersymmetry

Let us now set Ay, = 0 in (4.6) and introduce ghost partners cq, for ¢, . Here the BRST
transformation (1.49) becomes

dpr = €cy, dcq = €pq - (4.30)

From the discussion of (1.54)—(1.55) we can readily write down the corresponding BRST
invariant Lagrangian density Lp as

Lp = g0ypaBro + h0ypa0;00Bri + uazzgoaBro 4+ v0;0,00Br; — ca KOgcr + %QDQGQOG, (4.31)
where (with Py, P, introduced in (4.25))
K = —Pydy+ P02, G =—adi —bd? — 20?7 . (4.32)

Note that the ghost action is uniquely determined and the currents j,’f r are not modified.
Further setting A,, = 0 in (4.31), we obtain the Lagrangian density for dynamical
fields in the absence of external fields:

)
Lioy = ‘PaKaOSDr — cqaKOoe, + icpaGQDa . (4'33)

One can now verify that if the local KMS conditions (4.15)—(4.17) are satisfied, in addition
to (4.30), (4.33) is also invariant under the following fermonic transformation (€ is a constant

Grassman number):

5% = C4E, Scr = (Qoa + A()OT)E, g@a = *ACag, (434)
where 3
A = 2tanh 2 : 0 (4.35)

In other words, for (4.33) to be invariant under (4.34), G and K should satisfy
(K + K*)3 = %A(G +GY) (4.36)

which follow from (4.15)—(4.17).
It can readily be checked that § and § satisfy the following “supersymmetric” (SUSY)
algebra:

=0, =0, [6,0] = €A . (4.37)

This is not the usual SUSY algebra, as A involves an infinite number of derivatives.
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With all background fields set to zero, the currents have the form

JY = (g* 0y + u*8?)pa, J = (h*9;02 — v*900;)@a, (4.38)
JY = (iady + if82)q + Podopr, Jt = (ibd; — if*0;00)pa — P.0;00pr,  (4.39)

which can be readily checked to satisfy the same transformations as ¢, 4, ¢ q, i.e.
S = ek, BJE—ghe, OEh— b, Sgb = (JE+ AJME DJF = —Agke,  (4.40)
with &, given by

¢ = Pyoer, (= — P,0;00cy,
&) = (Pydy — i(ady + fO})A)ca, € = — (P,0o +i(b— f*00)N)dica . (4.41)

Again, the local KMS conditions (4.15)—(4.17) are crucial.

4.1.4 The full generating functional

For the quadratic action (4.6), the path integrals (4.1) can be evaluated exactly by solving
the equations of motion for ¢, 4. The ghost part does not contribute at quadratic order as
it gives an overall constant (which cancels the determinant from the bosonic part). We can
directly verify that the FDT (2.39) for the full correlation functions are satisfied given the
local KMS conditions (4.15)—(4.17), although this is a special case of the general argument
given in appendix C. We now restore the background fields A, Aq.

To evaluate (4.1), it is convenient to work in momentum space. Taking k, =
(ko, k2, ko) = (—w, q, 6), one can readily see that ¢, only couples to A = (Ao, 4.), and
Byo = Ara, Baa = Aga. We can then directly read from (4.6) the generating functional
for Aya, Aga as

'k
(2m)4

By comparing with (2.21), we find that the corresponding components of the retarded and

WA, Agal = i / BbAZa + VAaaO0Ara + WFiza Fraa| - (4.42)

symmetric correlation functions in momentum space are
Goa =bw. @),  Gio = —iwv(w,¢®) + Pw(w,q”) . (4.43)
The FDT relation (2.39) requires that

b= —% coth %d (w(v+v*) +ig*(w — w*)), (4.44)

which is satisfied as result of (4.16).
Integrating out ¢, , leads to a nonlocal generating functional for Aﬂ, Aﬂ,

dek i
wiAl, Al = / EIYE, + ~E*GTE, 4.45
[ T a] 1 (27T)d a + 2 a Y ( )
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where

Ea(w7 Q) = qAaO(‘*)v Q) + WAaz(wa Q)7 E,. = qAT’O + WATZa Ea,r(_wa _Q) = _E;r(a@ Q)7

and

wo DU g afDD YD SDED P
—iw + Dg? (—iw + D@?)(iw + D*¢?) 0
As desired, there is no rr-type term in (4.45). That A appears only through the combina-
tions in E, , is a consequence of the gauge invariance of W. The nonlocality is reflected in
the presence of a diffusion pole in II” and G*. D can be considered as a diffusion function,
which has also been discussed recently in [71] as well it holographic calculation.

From (2.21), we can read various components of the symmetric and retarded Green
functions

GOO — q21—IL7 G(I)%z _ quL, 7%2 — O.)ZHL, G%O — QQGL, G%z — quL7 gz _ WQGL,
(4.48)
and the FDT relation (2.39) requires that
GL::anhé;Imﬂ?. (4.49)
One can readily check from (4.47) that given (4.15)—(4.17), (4.49) is indeed satisfied.

Keeping the lowest order terms in (4.47) in derivative expansion of various quantities
we find

_ ql — o 4.50
—iw + ¢?D’ w? + D2g*’ (4.50)
where we have used (4.27)—(4.28), and D, which is the leading term of D, is given by
p—_Y0 _9 (4.51)
goo X

We see that the form of the diffusion constant D is consistent with the Einstein relations.
Note that x should be non-negative for a stable equilibrium state. Given (4.29), we then
find that D is non-negative for a stable equilibrium state, and the pole of retarded Green
functions (4.48) indeed lies in the lower half w-plane.

Note that the full generating functional given in (4.42) and (4.45) automatically sat-
isfies time-reversal invariance (i.e. Onsager relations) without imposing conditions (4.19).
This is an accident due to the simplicity of the system under consideration. This is no
longer the case when including parity breaking terms or the stress tensor.

4.2 Cubic order
4.2.1 The cubic action

Let us now consider the bosonic action I of (4.1) at cubic order. We can write the corre-
sponding Lagrangian as

1 ) 1
£3b = gG“VpBauBauBap + %HquBaMBaVBTP + §K#VPB‘WBTVBTP’ (4'52)
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where G, H, K are real local differential operators acting on various fields. For example,
the first term can be understood in momentum space as

G#VpBauBal,Bap = /dkldkgdkg 5(1{21 + kig + kg)G‘ul/p(]Cl, k‘g, k?g)BaM(k‘l)Ba,j(kig)Bap(kg),

(4.53)
where G"?(ki,kg,k3) can be expressed as a power series of kj23. By definition,
GHP(k1, ko, k3) is fully symmetric under simultaneous exchanges of subscripts u, v, p and
]{7172,3. Similarly,

H"P(ky, ko, ks) = H"MP(ka, k1, k3), KHMP(ky, ko, ks) = KHPY (K, ks, ka) . (4.54)

G, H, K should be such that L3 is rotationally invariant and satisfies (1.24). It is possible to
write (4.52) more explicitly as in (4.6) to make these properties manifest, but the expression
becomes quite long and we will not do it here.

Imposing local KMS conditions amounts to requiring that G, H, K satisfy (2.47)-
(2.50). H in (4.52) corresponds to Hs, K corresponds to K, and the other are obtained
by permutations. For example,

(H1)MP (K1, ko, k3) = H"H(ks3, ko, k1), (K2)"P(ky, ko, k3) = K" (kg, k1,ks) (4.55)

and similarly with the others.

As an illustration of implications of the local KMS conditions on (4.52), we consider
a truncation of it in appendix D. In particular, we see that the generalized Onsager re-
lations (2.63) lead to nontrivial relations on the transport coefficients at second order in
derivative expansions at nonlinear level.

Setting the external fields to zero, we find the action for dynamical modes:

) g 1 K
iLgp = g«pi + 5%@3% + 5%@3, (4.56)

where (note the i factor on left hand side of (4.56))
G(k1, ko, ks) = GH"Pk,k, K, (4.57)

and similarly with H and K. It is clear that G inherits the symmetry properties of G and
is fully symmetric under exchanges of k2 3. Similarly H is symmetric under exchange of
k1, ke and K symmetric under exchange of ko, k3. Furthermore, it can be readily checked
that G, H, KC satisfy (2.47)—(2.50) as a result of G, H, K satisfying these relations. Again
‘H and K in (4.56) should be understood as H3 and K; respectively, and

H(ks, ko, k1) = Hi(k1, ko, k3), H(k1, ks, k) = Ha(kr, k2, k3), (4.58)
,C(kg, ks, kl) = Kg(kl, ko, kg), ]C(kg, k1, k?g) = ]Cg(kl, ko, kg) . (4.59)

Also note that due to (1.24)

Ho o Woy Koo 28193, (4.60)

Way
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4.2.2 BRST invariance and supersymmetry

Setting Aqy, to zero, and applying (1.54)—(1.55) to (4.52) we can obtain an BRST invariant
action by adding to (4.52) the following fermionic action
1
£3f = _EH/‘Z/P(aﬂcaanpa + 8u@aayca>apcr - fCa(PaCT — Kw,pﬁﬂcanapcr . (461)

As noted in (1.56), the BRST invariant action is not unique (beginning at cubic order).
In (4.63), this non-uniqueness is parameterized by the term with coefficient f(kq, ko, k3)
which has the symmetry properties

f(k1, ko, ks) = —f(ko, k1, ks3) . (4.62)
The full BRST invariant action in the absence of sources of can then be written as
iLp = %90‘2 + %Hwiwr + %«pavﬁ - %’Hcasoacr —ifcapacr — Kcatprer . (4.63)
Following our earlier notations, below we will denote f as fs3, and similarly introduce
fi(k1, ko, ks) = f(ks, ko, k1), fa(ki, ko, k) = f(ks, ki1, ka) . (4.64)

As already mentioned in section 1.7, the fermionic transformation (4.34) cannot re-
main a symmetry at nonlinear orders due to higher derivative nature of A. For example,
were (4.34) a symmetry of our cubic Lagrangian, then from (4.37), A would also be a
symmetry. However, this is not the case, as

A1+A2—|—A37A0 for w1+ wy+ws =0, (465)

where A; = 2tanh %, i =1,2,3. There is a basic contradiction in (4.37): while the left
hand side is a derivation by definition, the right hand side is not.
We will now show that in the & — 0 limit (i.e. the classical statistical limit discussed

in section 2.5 and section 1.8), in which
A= i,@oat, [(5, g] = iéeﬁoat, (466)

the local KMS conditions satisfied by G,H, K ensure that (4.63) is supersymmetric. In
particular, supersymmetry fixes uniquely the undetermined local operator f in (4.63) in
terms of other quantities.

As discussed in section 2.5 and section 1.8, in the A — 0 limit, various quantities
in (4.63) should scale as

GG, H—oWH, K—=hK, f—=hf (Capa)—= h(Cas@a);, Crror — Crior,
(4.67)
and the local KMS conditions in this limit are given by (2.55)—(2.56), which we copy here
for convenience:

Hy = — w1 K1 + walklo + w3K3) 4.68
3 Bioris (wilky 2/C2 3K3) ( )
2
G=——— (wlRelCl + woRelCo + W3R6K3) . (469)
52w1w2w3
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Under (4.34), we find

i0Ls = ClcchaE + Copacapré + Cgcago,%E + C’4c§cré, (4.70)
with
g 1 i 7
Ci = —§A3+§'H3—1(H1+H2)—§(f1+f2)7 (4-71)
Coy= —iHzAo + K1 — Ko — %7‘(3/\3 + if3As3, (4.72)
1
03 = — iKl(Al + A2 + Ag), (4.73)
i i 1
Ci = Hs(hr = No) = o f3(Ar + M) + 5 (K1 — Ko) - (4.74)

In the A — 0 limit, C3 and the symmetric part of Co are automatically zero, while the
antisymmetric part of Cs is equivalent to Cy. Setting C4 = 0, we can solve for f:

B 1
puws

Note that f3 is regular as wg — 0 due to (4.60). Thus, f3 is a well-defined local differential
operator. Plugging (4.75) into (4.71) we find that

f3 (Z(’Cl — ’Cg) — %BIHg(wl — OJQ)> . (4.75)

_ 1 G 2
C, = Bonos Qﬁ w1wows (4.76)

] 1
+§ (w1w27'l3 + wiwzHa + W2w37'[1) 5 (W11 + walko + w3ks) |.

Now one can readily check from (4.68)—(4.69) that C; = 0.

4.2.3 Multiplet of currents

Now let us look at the J¥, in the absence of background fields. From (4.52) and (4.61),
we find

T = L0, 000 + () Dpudyer — Ducader). (4.77)
while expanding (4.52) to first order in Ag,, we find
1 1
It = G0, 000500 + IH"D,000p0r + S K" Dy, (4.78)

From the discussion around (1.59), there is freedom to add ghost terms to (4.78) of the
form RF*PO,c,0,c,, with RF? a local differential operator. We thus now have

1 1
JH = §G“”p81,g0a8pg0a + iH"P0,0,0,0r + iK’WpGl,gorapgor + RMPO,cq0pc, . (4.79)

We now show that requiring that J§ and J} satisfy the h — 0 limit of the transforma-
tions (4.40), i.e.

SIP =gl SJM =€he, 6t =eJl, §Eh = (JF +iBdyJM)E, S = —iBdyEle
(4.80)
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uniquely fixes R. Note that the first two equations of (4.80) should be viewed as the
definition for &4, while the last two equations follow from (4.66) once the thrid equation
is satisfied. So we only need to check the third equation of (4.80).

From (4.79), we have

& =iH"P0,0,0,cr + KMP0,0,0,c, + R*P0,040,¢;, (4.81)
55 = (—ﬁng +1Hy + R)“Vpaycaﬁp(pa + (—iwgﬁﬂg + K+ ngR)“”pc’),,caE?p@m (4.82)

where in the second equation for notational simplicities we have used a mixed coordinate
and momentum representation. Now imposing the third equation of (4.80), we find

. 1 )
%Hl = §ﬁw1G+ %(H2+H3) + Ry, (4.83)
Ky = —iwsBHs + K1 + BwsR, (4.84)

where 1
REVP = i(R‘“’p + RHPY) . (4.85)

One can now verify that equation (4.83) is equivalent to the symmetric part (in terms of the
last two indices) of (4.84), if (4.76) vanishes. Thus we have a consistent set of equations.
R can now be solved as 1
R=—(Ky— K +iwsfH3s), (4.86)
fuws
Note that R is local as due to (1.24), Hs, K;, Ko should all be proportional to ws.

To summarize, both the invariance of the action (4.61) under the supersymmetric
transformation (4.34) and the existence of supermultiplet structure (4.80) can be attributed
to the vanishing of equation (4.76). Now one can readily check that the combination
of (4.68) and (4.69) which gives (4.76) precisely coincides with (B.17) for n = 3. Thus
we conclude that in the current context, it is the local part of (B.17) (i.e. this KMS
condition applied to I) that is responsible for the emergence of supersymmetry. As we
already discussed in the paragraph after (1.77), supersymmetry in turn ensures that (B.17)

is satisfied for full correlation functions at all loop orders.

4.3 A minimal model for stochastic diffusion

Let us now combine the quadratic and cubic actions and truncate them to the lowest
nontrivial order in derivative expansions. From (2.55)—(2.56), the local KMS conditions
imply that coefficients of O(a) terms with n derivatives are related to those of O(a?) terms
with n—1 derivatives, and those of O(a?®) terms with n—2 derivatives. Thus at lowest order
in the derivative expansion, we will keep the first derivative in O(a) terms, zero derivatives
in O(a?) terms, and drop O(a®) terms.

4.3.1 Linear stochastic diffusion

In (4.6), keeping zero derivative terms in O(a?) terms and first derivative terms in O(a)
terms, we find

Ly = i0T B2, + xBaoByo — 0BaiOyByi + ca(x0o — 00?)dycy, (4.87)
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where we have used (4.27)(4.28). In (4.87), we have dropped a zeroth derivative O(a?)
term aongo and a first derivative O(a) term g1000BaoBro. The g1p term is subleading
compared to the term with coefficient . The agg term is dropped since it is related to gi¢

by the local KMS conditions:
2
apg = ng . (488)

In counting the relevance of terms we always drop terms which are related by local KMS
conditions together. At this order, the off-shell currents are

jTO = XaotpT, JA{’Z‘ - 2iUTai<Pa - 0-6087:801”7 (489)
JO = x0o¢a, Ji = 00:00¢a - (4.90)

Turning off the external fields, we get (4.33), with
K =x(-00+Dd}), G=-20T0; . (4.91)

Now following the procedure outlined in (3.20)—(3.23) we obtain the stochastic diffusion
equation
(00 + D3 )n=¢ n=der, (4.92)

where the noise force ¢ is the Legendre conjugate of o, and has a local Gaussian distribution
given by
€ =0, (6@)§(0) = ~2T08}5V(x) . (4.93)

4.3.2 Action for a variation of stochastic Kardar-Parisi-Zhang equation

At cubic level, in (4.52) we keep first derivative terms in K, zero derivative terms in H, and
drop all G terms. Then, after imposing local KMS conditions (see appendix D), we find

L, = io1 T B2 By + %BQOBEO — 1By B0do By (4.94)

where we have dropped 9yB,oB%, and B2,B,o. The former is subleading compared to
BaoB2%, while the latter is related to the former by local KMS conditions. Now setting the
background fields to zero, and combining (4.94) with the cubic fermionic action (4.61) and
the quadratic action (4.87), we obtain the full action

L = iTo(0ipa)? + X00Palopr — 00i0a000ipr + ca(x00 — cdF)docy
+ iTUlaiSOaai(@a + iﬁaocpr)aotpr

—iToy (aicaai(PaaOCr + (800a8i()0a - 8ica8080a)aicr) - 0'16120(160907"8007‘

+ %5 00ador dopr — X100cadoprdocr (4.95)
where we have used (4.75), which gives

f = —TO'l (wlkg - LL)le) . k3 . (496)
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The off-shell currents are

JO = X0pa + iTo1(0pa)* + X1(B09adowr — Bocadocr) — 01(0ipadodipr — 8icalodicy)
Ji = 00;00pa + 7100(0ipa00pr — dicadocy),

(4.97)
and
J;(«) = XxOopr + %(30%)2 +iT010;cq40;cr,
Ji = 2i0Tdipg — 0000ipr + 20T 010504000r — 0180000050,
— iTo1(0pcq0icr + 0icadocy), (4.98)

where we have used (4.86). The Lagrangian (4.95) is invariant under (4.30) and (4.34),
with A given by (4.66). The currents satisfy (4.80).

For (4.95), as in the quadratic case, one can again consider the Legendre transform
Log = —0a€ + Eaa[f,gpr}. The equation of motion then obtained from varying ¢, has
the form

1
(0o — DO?)n + 3 (Mo — A0 n* = ¢, (4.99)

with A\ = % and \ = % Note that with nonlinear terms such as (9;04)?00¢r, L0 NOW
contains interactions between ¢, and &. In fact, L4, is neither local nor polynomial, thus
it no longer makes sense to replace @, by £ via a Legendre transform. It could still happen
that nonlinear terms such as (9;p4)?0p¢, turn out to be irrelevant when going further into
the IR, in which case the very low energy physics would still be governed by (4.99), with
£ a local Gaussian noise.

Equation (4.99) is reminiscent of the Kardar-Parisi-Zhang (KPZ) equation [72]. They
have similar nonlinear structure, but nonlinear terms are different, as the underlying sym-
metries used in deriving these equations are different. It is nevertheless tempting to ask
whether they could be in the same universality class. We will leave understanding the
renormalization group flow of (4.95) for future work.

Finally we should emphasize that in our framework, the forms of the action (4.95) and
the equation (4.99) are completely determined by symmetries, with no other freedom.

5 Effective field theory for general charged fluids

In this section, we proceed to write down the bosonic part of the hydrodynamical action
for a charged fluid.

5.1 Preparations

5.1.1 Organization of variables

We first introduce a convenient set of variables which will make imposing (1.22)—(1.23)
and (1.24) convenient. Below, if not written explicitly, it should always be understood that
the CTP indices s = 1, 2 are suppressed. In particular, any equation without explicit CTP
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indices should be understood as a relation between variables pertaining to one segment of
the CTP contour, and altogether there are two copies of the equations.
Given the identification of the velocity field (1.13) and the form of the symme-
tries (1.22)—-(1.23), it is convenient to decompose the matrix 9, X* in (1.11) as
oXH oXH
900 = bul, u”“u =-1, w,= gwuy, Dot = —u;but + NP, u#)\i” =0, (5.1)

and conversely,

1 1
b= \/—80X”g/“,80X”, ut = g@()X'u, v; = bﬁglwaoX“aiXV, AP = 0; XH 4+ 9p X v; .
(5.2)
hap in (1.11) can then be written as
hapdo®do® = —b? (dao - vidai)2 + aijdo'idaj, (5.3)
where
aij = )\Z.u)\jvgw, (5.4)
and we will denote its inverse as a®. The inverse transformation can be written as
Do’ ; . doY 1 ;
m = )\ZM = guua”)\j s m = —E'LLH + /U’LAL . (55)
It can be readily checked that
N AH = 6%, NHNY = AP = gl by (5.6)
The various quantities b, u*, v;, \;# are not arbitrary. Following their definitions from %{f:

and %, they satisfy various integrability conditions, which are given in appendix E.1.
Similar to (5.3) we can decompose B, as

B,do® = pb(do® — vido®) + bydo’ . (5.7)
with
n= UMA“ + Do, b; = )\Z‘MA“ + D;p, (58)

where the local chemical potential p was introduced before in (1.14) and we have also
introduced “covariant” derivatives:

1
Dy = 380, D; =0; +v;0y . (5.9)

Also note that ox ,
A= ‘det _ Vb (5.10)

oo v—g

Under spatial diffeomorphisms (1.22), b, u transform as scalars, b;,v; as vectors and

a;j as a symmetric tensor. Under time diffeomorphisms (1.23), a;j, i, b; transform as
scalars while

1
o f

o, T transform as scalars under both diffeomorphisms.

b'(ao,ai) = 8ofb(f(o'),0i), vg(ao,ai) = (vi(f(ao,ai),ai) — &f) . (5.11)
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Now for r — a variables, we introduce iy 4, Vai, Uri, bai, bri as usual (see (2.10)), while
for b, a;; it is convenient to introduce instead the following definitions

E. = = (b +by), E, = log (b3 'b1), (5.12)

— Do =

1 _ _ Arla
Qrij = §(a1ij + azij), Xa = 3 log det(a, 1a1), == log (a2 al) , (5.13)
where a; 2 denotes the unit determinant part of a; 2 and thus Z is traceless. Under (1.22),
a, transforms as tensor, E, 4, Xa; la, br, T @S scalars, v, Uri, bes, by as vectors, while =

transform as B0
=1 0ty _ —le=( 0 _if s i _ 90
_‘(U O )_Q ‘—‘(U 70(0 ))Qv Qj_ aO'/j .

Under (1.23), ar, Xa, Z, Ea, T, ta, tir, 0ai, by transform as a scalar while

(5.14)

B/(0",0') = Do f B, (f(o”,0"), 0", a(,0") = 5o )0, (5.1
10 ) = g (ol 0% ), o) = 011) (5.16)
which motivates us to further introduce
Vai = Ervai,  Vii = Erpvri (5.17)
Now V,; transforms as a scalar while V,; as
V(0 0") = Vii(f(0",0"),0") — O; fE, . (5.18)

Finally under (1.24), by, is invariant while b,; transforms as
bm' — b;z = bm' — 8z>\(a’) . (5.19)

5.1.2 Covariant derivatives

Consider ¢ and ¢;, which are a scalar and vector respectively under spatial diffeomor-
phisms (1.22), and are scalars under time diffeomorphisms (1.23). We would like to con-
struct a covariant spatial derivative D; = 0; + - - - such that:

1. D;¢ and D;¢; are tensors with respect to (1.22).

2. It is compatible with a,;;, i.e.
Dia,jr, =0 . (5.20)

3. D;¢ and D;¢; remain scalars under (1.23).

The action of D; on higher rank and upper index tensors can be obtained using the Leibniz
rule. Here and below, unless otherwise noted, all the indices are raised and lowered by a,..
It can be readily verified the following definitions satisfy the above conditions

Dip = 0;¢ + v;000 = d; 9, (5.21)
D;ip; = dipj — f‘f}-@m (5.22)
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where d; = 0; + v,;,0p and

) 1 . . 1 .
= gaf} (djark + dgarji — diarji) = T + iaf} (700K + VrkOoGyji — V11 O0Ar k)
(5.23)
with F;k the Christoffel symbol corresponding to a.
For the time derivative, one can check for a scalar ¢ under (1.23),
1
Dyo = E(‘)ogb (5.24)
T

is a scalar.
One should be careful to note that the Dy, D; introduced here are different from those
in (5.9). E,v; in (5.9) should be understood to have subscripts s = 1,2 and there are two
copies of them. The Dy, D; introduced here in a sense correspond to the r-version of the
derivatives there.
E, and V,; do not transform as a scalar under (1.23). We can construct a combined
object
1
o

which transforms under (1.23) as a scalar and under (1.22) as a vector.

D,E, = (@Er + a[)‘/m) (5.25)

While b,; is not gauge invariant (5.19), at first derivative order the gauge invariant
forms are 1
Bij = Dibrj — Djbm', Dgb,; = Efaobm', (5.26)
T
which are scalars under (1.23) and are tensors under (1.22).

Finally, we note the identity

D¢’ + ¢'Di B, = (3i(VarErd') + 9o(v/ard' Vi) (5.27)

1
JarE,

which allows us to do integration by part under the integrals:

/ d%o \/a,E, D¢ = — / d%o \/a, B, ¢' D;E, . (5.28)

5.1.3 Torsion and curvature

Now consider the commutator of D; acting on a scalar:

[Di, Dj]¢ = tij Doo, tij = B (divej — djvyp), (5.29)
k
(3]
both time and spatial diffeomorphisms as the left hand side of (5.29) does. Similarly, we

where we used T'F . = 0. Clearly the torsion t;; has good transformation properties under

can introduce the “Riemann tensor” Rkh- j by

[Dy, Djlor = Riji' 1 + ti Dodr, (5.30)
with
Riji! = d;Th, — &l + TRTY,, — TT, (5.31)
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One can check that we still have

Rijk' + Ryij' + Ryt = 0, (5.32)
but due to the extra term on the right hand side of (5.30),

Rijir + Riji. = —tijDoasp. (5.33)

As a result, there are two “Ricci tensors”:

Rij, = Ry, Rj, = Ry, (5.34)
neither of which is symmetric. It is convenient to consider
o1 52 il 1
Wi = Ry + 1, = 40l Doars, S = 5 (Rl — B%) | (5.35)
(5.3

where the second equality of the first equation follows from 3). Also note that

~ 1 1
R[lij] = §[dz‘,dj] log Va, = §{ijD0 log v/a, . (5.36)
Finally one can check that there is no new invariant from [Dy, D;].

5.2 The bosonic action
5.2.1 General structure

We are now ready to write down the bosonic part of the hydrodynamical action,
I[hl,Bl;hQ,BQ;T] :I[(I)r,q)a] (537)
with
P, = {araEr77_7 ,uTaUT’L';bTi}7 ®, = {EaaXmEaﬂa,Vaiabai}a (538)

which is invariant under (1.22)—(1.23) and (1.24), and satisfies conditions (1.29) and (1.37).
Constraints from the local KMS condition (1.68) will be discussed later in section 5.5. Note
that there is no separate dependence on ¢ in I other than that contained in p and b;.
From (1.29),
I*[(I)ry (I)a] = _I[(I)ra —CI)aL (5‘39)

and equation (1.37) implies that
I[®,,®,=0]=0. (5.40)

From (5.40), we cannot use any negative power of =. In particular, while we start with
two spatial metrics a; and ag, only a, can serve as a metric to raise and lower indices in
constructing the action. We can write the action as

/dda Va B, L[®,, ®,], (5.41)
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where L£ is a function of ®’s and their derivatives, and should be a scalar
under (1.22)—(1.23).

We will write £ as a double expansion in terms of the number of a-type fields in (5.38),
and the number of derivatives.!” More explicitly,

L=rMyr@ ... (5.42)

where £(™) contains m factors of ®,’s. From (5.39), £(M) is pure imaginary for even m
and real for odd m. Each £(™) can then be further expanded in the number of derivatives.

Let us first consider terms with only a single factor of ®,. By using the covariant
derivatives of section 5.1.2, we find to first order in derivatives the most general Lagrangian
density can be written as

LY = —f1E, + foXa + f3Va — gEijDoamj — MVEDE, — Moct Doby; + M2V, Dob,;
+ X216, DiEy + AsDitVE + Xe Dyt Vi + Ay Dyl 4 AgDjppc + -+ (5.43)

kj

where =% = Z';a,” is symmetric and traceless, and for later convenience!®

we introduce
Vg = g + Ea,ura ,a = Mr6(0)7 Cai = bgi — MTVai7 f)Obri = Dob,; — ,UTDZ'ET (544)

where the local inverse temperature (o) was introduced in (1.15).
In (5.43), n and X’s are all real functions of p, and 7. f 23 can be further expanded
in derivatives as

f1 = € + f11 Dot + f12Dg <log v/det ar> + f138~ (o) Dofi + higher derivatives, (5.45)
fo = po + forDoT — fooDg (log v/ det ar> + f238 Y(0) Dofi + higher derivatives, (5.46)

f3 = nog + f31Do7 + f32Dg (log v/ det ar) — f33871(0) Doji + higher derivatives, (5.47)

with all coefficients fi1, fi2,--- real functions of x, and 7. Note that a,;; was introduced
in (5.13). Various signs are chosen for later convenience.
At O(a?), to zeroth order in derivatives, we have

72.562) = 5112 + s99X2 + 53302 + 2812 E0Xa + 2513FaVa
+2593XaVa + 7 tr E% 4+ 111 ViV 4 2r12Viea: + roact e, (5.48)

where again all coefficients are real and are functions of u,, 7.

It is straightforward to write down terms at higher order in the a-field expansion or
with more derivatives, but the number of terms increases quickly. For the rest of this
section, we will focus on analyzing (5.43)—(5.48).

"Due to nonlinear relations in (5.12)—(5.13), this a-field expansion is slightly different from that outlined
in section 1.8 and section 3.1, but qualitatively the same.

18With these choices the coefficients of various terms of the stress tensor and current, e.g. those
in (5.62), (5.64), (5.65), simplify.
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As usual, one has the freedom of making field redefinitions

ol
X—=Xx+ox = I—>I+/ddaééx, (5.49)
X
where x collectively denotes all dynamical variables and §x involves derivatives of x. Equiv-
alently, we could set to zero all terms in the action which are proportional to the equations
of motion at lower derivative order.

5.3 Stress tensor and current operators

We now consider the stress tensor and current operators following from the action writ-
ten above.

5.3.1 General discussion

The stress tensor and current operators are defined in (1.16) by varying the action with
respect to gsuu (), Asu(x). Since both the action I and g (), Asu(x) are invariant un-
der (1.22)-(1.23) and (1.24), by definition T/ and J¥ are also invariant. As emphasized
below (1.16), = denotes the spacetime location at which T4, J¥ (s = 1,2) are evaluated
and should be distinguished from either o or X. Given the dependence of the action on g,
and Ag is of the form

I= /ddaﬁ[gsu,,(X(U)),ASN(X(U))], L =\/a,E.L, (5.50)
the stress tensor has the structure
1 6L
/=g TH (z) = /ddoé(d) r— Xs(0) ————, 5.51
VO (2) (@~ X0) 5 o) (5:51)

and similarly for the current. Note that since X% (o) are dynamical variables, in the full
“quantum” theory defined by the path integral (1.10), the delta function 6(¥)(z — X (0))
on the right hand side of (5.51) is a quantum operator and should be understood as

(d) d’k ik-(z—X4(0))
0N — Xs(0)) = (27T)de : (5.52)

At the level of equations of motion, one can solve the delta function to find os(z) =
X !(z) and evaluate the integrals of (5.51). For example, the stress tensor for the first
segment can be written as

A oI 101 oI b oI oI
— WY () — e _ _Z BV 1 21 AV
V=M T () (,u <5Ma + 25Mr) SE. 25 r) utu” + A

51 51 [ AR
F— NN 2= (A““Aj”) — 67 + - )
Qrij 5:2]' d—1

Wy 1 61 1/ 61 1 61
2 5 " - (V) .
+ (M (5bai +25[,”) + 3 (5Uai+25vri))u XY, (5.53)

where A was introduced in (5.10) and we have suppressed the subscript 1 (all variables

without an explicit subscript should be understood as with index 1). In obtaining (5.53),
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we have used expressions in appendix E.2, and it should be understood that the right hand
side is evaluated at o1(x) = X; (). Similarly, from variation of A;,, we find that

A ol 161 ol 1 61
/_ o - 2 - N
gl‘Al‘Jl <5,U,a 2 (5“7«) “ <5bai 2 (Sbm> AZ ’ (554)

T and J4 can be obtained from (5.53)—(5.54) by switching the signs of the terms involving
derivatives with respect to the a-fields.

We can expand (5.53)—(5.54) in the number of a-fields. At zeroth order, as we discuss
below and in more detail in appendix F, as a consequence of symmetries (1.22)—(1.23)
and (1.24), the stress tensor and current can be expressed solely in terms of velocity-type
variables u*, fi, 7 and their derivatives to all derivative orders.

Going beyond zeroth order in the a-field expansion, other dependence on X{f o will be
involved. For example, at O(a), the following quantities (which are invariant under (1.22)—
(1.23) and (1.24)):

)‘1’;)‘2?“?7 af«j Vas br Aﬁj ’ aij Ar? baj ’ (5‘55)
will contribute to the stress tensor. These quantities cannot be written in terms of the
velocity or chemical potential.

5.3.2 Lowest order in a-field expansion

Let us now look at the stress tensor and current at leading order in the a-field expansion,
where we can take

91 =62 =4, A=Ay = A, X=X =X" P11 = P2 =@,
p=pe=p, of(z)=of(z)=o0"z)=X"(z), XH(o"(w)) =, (5.56)
and then

T{LV = Téuu = (T;LLI/)(O) = T“V

hydro’ jl = j2 = (j#)(O) = jﬁydro : (5'57)

Setting all the a-fields to zero in (5.53)—(5.54) and dropping the r-indices, we find that
they can be written as

T}’l‘y”dro = euru? + pA* 4 2Hg) 4 B jffydm = nut + j*, (5.58)
where
oL oL oL - oL
_ e — sy gyiley v) T2 )
T Hsu. OB, LA AN S (5.59)
oL 1 6L oL oL

b A 1oL _ oL TSy 5.60
1 <qusba7j * E 5vai) " 6“(1 J 5bai ( )

It should be understood in (5.59)—(5.60) that after taking the derivative, one should set
all the a-fields to zero. In appendix F, we show that all quantities of (5.59)—(5.60) can be
expressed in terms of standard hydrodynamical variables.
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Applying (5.59)—(5.60) to (5.43), we find to first derivative order

€ = €9+ he, D = po + hp, S = —not, n =ng+ hnp, (5.61)
with
he = f1107 + f120 + fize” 7 0f, hp = f210T — f220 + faze” "Of1,
hy = [3107 + f320 — f3ze” " Of (5.62)
0=u'V,, 0=V,
ot = AFAAVP <V)\up + V,uy — dilg,\pvau“) , (5.63)
and
= Aoy Ot — Ao (Awayu + uAF)‘“) £ ATAM O, T + A AP, 1 (5.64)
0" = —\Ou” + Ais (A/Wa,//i + u,\F/\“) FASAP T+ AA D . (5.65)

As advertised in section 3.1, equations (5.58) and (5.61) are precisely the standard
constitutive relations for 7% and J* to first derivative order in a general frame (before one
imposes entropy current constraints). In particular, €g, pg, ng are the local energy, pressure
and charge densities in the ideal fluid limit, with h, hy,, h, their respective first order
derivative corrections. 7 is the shear viscosity. We should emphasize that (5.61)—(5.65) are
not yet the final form of the stress tensor and current, as we have not imposed the local
KMS conditions in (5.43). In particular, at this stage, the energy density €g, pressure pg,
and charge density ng are completely independent. There are no relations among them.
In the next subsection, we will discuss how thermodynamical relations emerge, along with
other constraints on (5.43).

5.4 Formulation in the physical spacetime

The formulation of section 5.2 is convenient for writing down an action invariant under
various fluid space diffeomorphisms. The resulting action is defined in the fluid space-
time. Here we discuss how to rewrite the action in the physical spacetime, which is more
convenient for many questions.

For this purpose, consider

X, = X1(0) — Xo(0), Xi(0) = X(0) + %XQ(UL Xs(0) = X(0) — %Xa(a) . (5.66)

We now invert X*(o®) to obtain o%(X*), and treat o%(X) as dynamical variables.
Other dynamical variables X4 (o), ¢r4(0),7(0) are now all considered as functions of X*
through o%(X). Since X* are now simply the coordinates for the physical spacetime,
there is no need to distinguish them from z*. Thus the dynamical variables are now
o%(z), X (), ¢r.a(z), 7(x). Below we will drop all r-subscripts.

Now let us consider the actions (5.43) and (5.48) expressed in these variables. For
simplicity, we will put all background fields to zero (except that corresponding to the
chemical potential at infinity), i.e.

iuv = G2uv = Nuv, Alu = AQ/,L = MO5B . (567)
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So below all contractions between (i, v, --- indices are through 7,,. Using c%(z) we can
define a velocity field as in (5.1):

10xH 9 Oxt Oz¥
= ga0 U T Tt o0 (5.68)
which can also be written as
1 ot dod—1
mo_ 10 2 — pg S ML fd—
W= = e = o BT (5.69)

Note that in the form of (5.69), 0¥ is not needed to define u*. Various quantities defined
earlier can be straightforwardly converted into the new variables. For example, to first
order in X, ¢,, we have

1
uf =ut + iA’“jaXm,, Vo =0, p=uAg+ 0y . (5.70)
Expanded in X/, ., the action can be written as
I=TW 4@ 416 4. (5.71)

Note that since the ®, defined in section 5.2 depend nonlinearly on dynamical variables, the
expansion (5.71) does not coincide with (5.42). For example, £(Y) in (5.42) also contributes
to I3 TG ... But note I is determined solely from £ and I solely from £2). We
then find from (5.43)

j(l) = /ddaj [TﬁlyydroaﬂXaV + j}lfydroau@a . (5.72)

This form of (5.72) is of course expected since, as we discussed in section 1.3, the equations
of motion for X} and ¢, simply correspond to the conservation of the stress tensor and
current respectively. For this reason, we expect (5.72) to apply to all derivative orders.
Equation (5.72) was considered recently in [46] from exponentiating the hydrodynamical
equations of motion.

At O(a?), from (5.48) we find

iéQ) :Z/ddib |:’I"T]Mp77ya(28<”Xm,>)(26<ang>) + rnA“p@u”&(uXay))(2u“8(anU))

+ 722 A" 0,000y pa, + 2r12 A (2u” 01, X a1) ) OpPa
+ 511 (uF0Xap)? + 522(A* 0y Xar)® + 533(0pa)’
— 2512A" 0, X0, uP 0 X o + 2523(00a) A 0, X 1y — 2513uH 0 X 0 (00)
(5.73)

In the above equations, the angular brackets denote the symmetric transverse traceless
part of a tensor, i.e. for an arbitrary two-index tensor C),,

1
CLW>EAWAM(CWV—d_1AMAwCW>. (5.74)
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We also follow the standard convention of using square brackets and parentheses to denote
antisymmetrization and symmetrization respectively, i.e.

1 1
C’(,uu) = 5(C/W + Cuu): C[;w] = 5(0;11/ - Cz/u) . (5.75)

Note that in both (5.72) and (5.73), ¢" has dropped out, which is a consequence of the
time diffeomorphism (1.23). In fact, we expect o” to completely decouple to all orders.
For a neutral fluid, we find that

I(gQ) :/ddx [Tnupnyg(28<MXav>)(28<ana>) + TllAup@uya(#Xal’))(2u08(PX“U)) ( )
5.76
+ Sll(uanap)Z + SQQ(A“”(?MXW)Q - 2812(A#V8uXa,/)(uanap)}

Equation (5.73) contains three quadratic forms: one each for the tensor, vector, and
scalar sectors. Since I? is pure imaginary, for the path integral to be well defined the
three quadratic forms should be separately non-negative, which implies that

r >0, (5.77)
711,712, T22 should be such that
rua® 4 2riozy + ragy® > 0 (5.78)
for any real z,y, and s11, S22, S12, S23, $13, S33 should be such that
$1122 + 89912 + 83322 — 28122y + 2893yz — 281322 > 0 (5.79)

for any real z,y, z.
For a neutral fluid, we then have

r >0, r11 > 0, s1122 + s991% — 25102y > 0 . (5.80)

5.5 The source action

We now discuss how to impose the local KMS conditions on the actions (5.41).

For this purpose, we first need to obtain the corresponding action for sources only.
Recall that from the prescription of section 1.6 we should first set all dynamical fields to
zero. Here we have a complication regarding what should be the appropriate “background”
values for 7. We propose the following prescription:

1. Set
Xiy =00, ¢1,2 =0, (5.81)

and then
hsab(a) = gspu($)5551';7 Bsa(o') = Asu($)55 . (582)

Now o = ;2" spans the physical spacetime and we will simply use z/'. By definition,
the resulting action obtained, I[gs, As, 7], is only invariant under (i) time diffeomor-
phisms, (ii) spatial diffeomorphisms, (iii) time-independent gauge transformations,
of the physical spacetime.
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2. Recall that

—r _ Tprop
e = T, (5.83)

where T},op denotes the local proper temperature in the fluid space. In the absence
of dynamics, it is natural to identify

Ty
Torop = —, 5.84
prop \/% ( )
which then motivates us to set for 7 the following background value
1
7 = 5 log(~gr00) - (5.85)

The resulting action Is[g1, A2; g2, A2 is then the one on which we will impose the local
KMS conditions (1.68).

5.6 Constraints on constitutive relations from local KMS conditions

As outlined in section 3.2, the local KMS conditions include relations between coefficients
of L’gl) and those of LQ), which will give rise to the non-negativity of various transport

coefficients, as well as consistency conditions (2.59)—(2.60), which concern only ﬁgl) and

give rise to constraints on constitutive relations. In this subsection, we focus on L'gl) and
consider the latter type of constraints.
Imposing (5.81) and (5.85) amounts to setting in (5.58)

Ao 1

u* = —(1,0), b=1v—g00 - (5.86)

1
7=logb=Jlog(~goo), K=", :

Let us now discuss (2.60) and (2.59) in turn.

5.6.1 Spatial partition function condition

Following the discussion (2.65)—(2.66), equation (2.60) says that Tﬁy”dm and j}’fydro in a
stationary background should be obtainable from a partition function defined on the spatial
manifold. This is precisely the prescription recently analyzed in detail in [13, 14].

At zeroth order in derivatives, we have
T}fyliiro = (€0 + po)u'u” + pog"”, J}/fydro = nou’', (5.87)

where €) = ¢p(logb, Ay/b), and similarly with py and ng. For them to be obtainable from
a single functional, we need to impose the integrability conditions

. ) . .
09T hyar) _ 8V =9Thyao) 100V a0 _ 8V =0 iyare) (5.88)
59)\;) 5g;w ’ 2 0AN 5g;w ’ ‘
which lead to the thermodynamical relations
Ipo Ipo
_ =2 = = 5.89
€0 +Po — Ko o7 no o’ (5.89)
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and the functional from which they can be derived is simply [ d=1% \/—gpo(logb, Ag/b)
as one would have anticipated. It is also convenient to introduce

80 = €0 + po — pno (5.90)

which at the ideal fluid level corresponds to the local entropy density time local
temperature.
At first order in derivatives, with time-independent sources we find that!®

he —hp:hnfq = 40 =0,
A
= (Ao1 + pA2 + A7) *Jr)\s (bo>’

0;b
= (A5 — A1 — ppA12) —

b

+ (X6 + 1Ag)0; <fll)0> , (5.91)

but with rotational symmetry, there cannot be any first order derivative term in a partition
function in general dimensions?® and thus we need

As = A1+ pAi2, A7 = —Xo1 — g, A6 =g =0 (5.92)
which gives (recall i was introduced in (5.44))

G* = X1 (OuF — AP 9, 1) — Ng(e7TAM D, i + up FM), (5.93)
" = =M (0uP — A" O, T) + Mo (e TARD, i + upFM) | (5.94)

To consider the implications of (5.92) for the constitutive relations for the stress tensor
and current, let us consider the frame-independent vector
n
€+ pq“

by = Ju — (5.95)

Before imposing (5.92), upon using the thermodynamical relations (5.89)and the zero-

derivative order equations of motion, £, has the form?!

by = c1Fpu” 4+ oA, 0, + c3A 70,0, (5.96)
where ¢y, ¢2, c3 are independent functions of 7, u. With (5.92), we find that
by =0 (Fuu” —e TALOR) , (5.97)

with conductivity o given by

2
n n
o=+ ()\12 + )\21) o« +0p0 + M (60 +0p0> . (5.98)

9Note that du; = 0; log b.

20With some specific dimensions, one may be able to construct first derivative terms using the e tensor.
We will consider such terms elsewhere.

*'Note from zeroth order equations of motion and thermodynamic relations (5.89) we have Ou* —
A9, = (uAF)“‘ +e TA‘“’@,,,u)

60+P0
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Comparing with (5.96), we see that the thermal conductivity is determined from con-
ductivity in the usual way and the ¢y term vanishes. In the conventional formulation, both
of these relations follow from entropy current constraints.

The bulk viscosity ¢ can be obtained by examining the other frame-independent

quantity
BPO 8n0 _ apo ano apo 860 _ Bpo 860
0T Op ou Ot _ Op or or Ou _
Iy e dng _ Ong Beg ¢ OegOng _ Ong deg " <, (5.99)
or Ju or Ou or Ou or Ju

where one needs to use the zeroth derivative order equations of motion to obtain the right
hand side.

One can also check that the reality condition in (2.59) does not appear to impose any
additional constraints at these orders.

5.6.2 Generalized Onsager relations

Let us now consider the implications of the generalized Onsager relations (2.59) and (2.63).
The nonlinear source action for (5.43) can be written as

1 1 -
Y= / \/51?[ (fnb(?ob + fngaOAO + f1200 log ﬁ) %

1 1 1 g
+ <f21baob + f23530140 — f220 log ﬁ) ?baaijal]

1 1 Ay
+ <f31baob - f33530140 + f3200 log \/&> b20
. (5.100)
n g0t i g
~ 5 <aaik - - | az‘k:) a™a" Oy amn + Ai2v4ia™ 0o(Ai + viAp)
— )\Qbil(Am' + Aaovi)aija()(Ai + UZ'A())
— Albvaiaijaovj + )\21(14(”‘ + Aaovi)aija()?}j] ,
where we have used the decomposition (5.3) and
9a00 = 9100 — 9200, Gaij = A1ij — A2ij;  Vai = V15 — V2 - (5.101)
Applying (2.63) to (5.100), we then find that,
A2 = A2t —fis=fa1,  faz = fa2, —fi2=fa . (5.102)

Note that all the relations above can be obtained from the Onsager relations at
linearized level. So to first derivative order, nonlinear generalizations do not yield
new relations.

5.7 Non-equilibrium fluctuation-dissipation relations

Now let us consider the relations between coefficients of I(1) and I® which follow from
the local KMS conditions. We find the source action by following the procedure outlined
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in section 5.5, which gives

.. 2 .
(2 002 Agiia™ A2 00 (g
iy’ :/\/519 [SH (9;?) +en mj2 * 533b7a20 — 2512 ggab2 WQ
g ,
Ga00 Aqo Qaij a¥ Aqo . 1 kil )
T2y Ty T2y i | @Yo = g dand;

+ 11167 (Vai)? + 2r12ba7vg; (Agj + v Ago) + 122 (Agi + UiAa0)2:| .

(5.103)
Imposing (1.68), we find the following relations:
A2+ A
T = gT(o‘), 1 = )\1T(O’), T12 = *%T(O’) = *)\12T(0’), T99 = )\QT(O'),
(5.104)
and
s11 = fuT(o), s12 = fi12T (o), s13 = f137(0), (5.105)
+
S99 = fggT(O’), 593 = —%T(O’) = —fng(O’), 5§33 — fggT(O') . (5106)

We stress that all relations above are for arbitrary 7(¢®) and p(o®) (i.e. arbitrary lo-
cal temperature and local chemical potential) and thus are valid for far-from-equilibrium
situations.

5.8 Non-negativity of transport coefficients

We now show that the conductivity o, shear viscosity 7, and bulk viscosity ¢ are non-
negative. The shear viscosity 7 is non-negative following from the first equation of (5.104)
and (5.77).

With (5.102) and (5.104) the conductivity (5.98) becomes

2
g ng
o=pB(0)|re—2r +r . 5.107
( )<22 1260-1-170 H (ﬁo-i-po) ) ( )

whose non-negativity of o then follows from (5.78).

From (5.99), using zeroth order equations of motion and thermodynamical rela-
tions (5.89) we find after some manipulations the bulk viscosity ¢ can be written as

1
¢ = (fME + fo2M3 + fiaM§ — 2f5MoMs — 2f12M My — 2f13M3 M), (5.108)
2
with
8n0 660 860 0n0 R
Ml = *(60+p0)ap,n0+n08l¢60, MQ = Wajﬂ*aa, M3 = S[]au€0+n087-€0 . (5109)
Now using (5.105)—(5.106), we find (5.108) can be written as
T
¢= 6]\(42)(3111\4% + S99 M2 + 35 M2 + 2893 My Mz — 2515 My My — 2s13My M), (5.110)
2

which is non-negative from (5.79).

— 60 —



For a neutral fluid, the corresponding expression is

= (9re0)? [ f22(07€0)® — 2f12(€0 + P0)Dreo + fr1(eo + po)?] (5.111)
— (5(;))2 [522(8r€0)? + s11(€0 + po)? — 2s12(€0 + po)dreo) , (5.112)

which is again non-negative from (5.80).

5.9 Full action to O(a?) in physical spacetime

Let us now collect (5.72) and (5.73), and all the relations on the coefficients found in
section 5.6 and section 5.7. We have up to order O(a?)

T=1M 4 7@ 4. .. (5.113)
where
10— [ e (B0 Xow + TP (5114)
and to first derivative order
Tﬁtydro = (eo—i—he)u”u”—}—(p0+hp)A“”—|—2u(“q”)—170‘“’, jﬁ‘ydro = (no+hp)u’+3*, (5.115)
with (using (5.92) and (5.102))
hp = — fa20 — f1207 + faze” 7O, ( )
hn = f230 — f1307 — f3ze™ " Of, ( )
he = f120 + f1107 + fi3e” 7O, (5.118)
3 = A2(0u — A9, 7) — Aa(e AP O fu + upFH) (5.119)
" = — M (Ou* — A9, 1) + Aa(e TAM O, fi + upFM) | ( )

At order O(a?) we have at zeroth order in derivatives,

féQ) =2i/dd$ T(x) [77(3<uXau>)(8<pXM>)nM)77W

)\ 14 ag

flA”p(Qu a(u a,,))(2u a(ana))
+ AQ 5 A 0upudypa — M2 A (20”0, X)) Dpipa
+ f;l( MaXa#) f;Q( ;,41/8 Xay) f33( 90(1)2

- leA'uyauXauuanap - f23(890a)A'LwauXau - leUuaXau(aSOa)
(5.121)

where we have used the non-equilibrium fluctuation-dissipation relations (5.104)—(5.106).

Notice that in (5.121), other than X7, p,, the dynamical variables appear through
standard hydrodynamical variables u*, i and 7. Also recall that u*, i are derived variables
constructed from o%(x), ¢(x) as discussed in section 5.4. Below we will refer to u#, u and
7 as hydro variables, and X}, ¢, as noises.
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5.10 Stochastic hydrodynamics

Approximating all the hydro variables by their background values, we obtain a Gaussian
action for the noises X4 and ¢,. As in section 4.3, introducing the Legendre conjugates t*”
and j* for 0, X,,) and 9,p, respectively, the equations of motion for X} and ¢, become

O (Theo + 1) =0, 9 (J" +]) =0, (5.122)

where t#*¥ and j# can be interpreted as the noise contribution to the full stress tensor and
current respectively, and satisfy Gaussian distributions. More explicitly, around equilib-
rium values, i.e. 7 = ¢ = 0 and v* = (1, 6), we find the path integrals for t** and j* have

the form
5 1 2 3
. 0 _ _
/ DD exp | = | 5ot2ys + D Aglvaivn + D Foyldady (5.123)
U a,b=1 a,b=1
where
A1 A )
A= ()\112 )\122> ) V15 = b4, v2; = Ji, (5.124)
fii —fi2 fi3 )
F=|~fiz fo fas|, d1=to, d2=-— Dot gs=ijo.  (5.125)
Ji3 foz f33 i

All coefficients in (5.123) should be understood as equilibrium values.

Beyond the quadratic approximation, as in the vector case again, there appears to
be no benefit to introducing the Legendre conjugate for X4 and ¢,. The action (5.113)
provides an interacting effective field theory among hydro variables and noises.

5.11 Entropy current

Now consider the O(a) action (5.114) in the ideal fluid limit, i.e.
iV = / Az [T 0, X0y + JLOupa] = / dda £V (5.126)

with
T = eguu” + poAH”, Ji = nout, (5.127)
which are respectively T ﬁ‘y”dro

The ideal fluid action (5.126) has an “accidental” symmetry: it is invariant under

and J}l:ydro at zeroth order in the derivative expansion.

0 Xap = AeTuy, 0pg = AL (5.128)
for some constant infinitesimal parameter A, as

SLY = ATU™ 0, (€7 uy) + AT Ot = Ay (poe™ ul) (5.129)
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is a total derivative. To see this, note that
(eoutu” + poA*)9, (eTuy) + J§ Oufn = —equtde” + poe” dut + JH O, (5.130)
and (5.129) follows, since from (5.89) we have
dpo = —(eo + po)dT + noe "djp - —  d(poe”)u* = —equtde” + J{'dji . (5.131)
The conserved Noether current S* corresponding to (5.128) can be written as
St = poeTu! — T} e, — J i, (5.132)

which is precisely the standard covariant form of the entropy current [73]. The entropy
current has previously appeared as a Noether current in [32, 33, 57]. In fact this connection
was central to developing the framework proposed in [32, 33].

It can now be readily checked that (5.128) is no longer a symmetry either beyond the
leading order in the derivative expansion in I(!) or of féz). We have also not been able to find
a generalization of (5.128) under which the action is invariant beyond fél). That (5.128) is

present only for f(()l)

is consistent with the physical expectation that a conserved entropy
current is an accident at the ideal fluid level. With noises or dissipations, we do not expect
a conserved entropy current.

It is natural to ask what happens to the entropy current beyond the ideal fluid level
at O(a). The local KMS condition will ensure that it has a non-negative divergence from
the following reasoning. As discussed in section 3.2, the partition function prescription
of [13, 14] arises as a subset of the local KMS condition at O(a). It has been shown by [15,
16] that constraints from the partition function prescription are equivalent to equality-
type requirements from the non-negative divergence of the entropy current to all orders in
derivatives. As seen in section 5.8 the inequality constraints from non-negative divergence
of the entropy current follow in our context from the well-definedness of the integration
measure. We have examined this to first derivative order. In [15, 16] it has been argued
these first order inequalities are the only inequality constraints coming from the entropy
current to all derivative orders. Thus at O(a), the entropy current (suitably corrected at
each derivative order) will have a non-negative divergence to all orders in derivatives. At
O(a?) level, where noises are included, we do not expect the divergence of the entropy
current should be non-negative as noises are random fluctuations.

5.12 Two-point functions

Now let us consider (5.43) and (5.48) in the small amplitude expansion in the sources and
dynamical fields. More explicitly, we write

Xt(o) = o + 7o)+ Geu(T) = N + Yo (2), (5.133)

and expand (5.43) and (5.48) to quadratic order in 7,,, A, and 7", ¢, with dynamical
and source fields considered to be of the same order. It is then straightforward, but a bit
tedious, to integrate out the dynamical fields to obtain the generating functional for all
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retarded and symmetric two-point functions among components of the stress tensor and
current in the hydrodynamical regime.

One can readily verify that with thermodynamical relations (5.89), the Onsager rela-
tions (5.102), and the local FDT relations (5.104)—(5.106), the full quadratic Green func-
tions satisfy the FDT relations (2.39) and (2.41).

The explicit quadratic action and the final expressions are a bit long. Here we will
first outline the general structure and then present the final expression of the generating
functional for a neutral fluid.

We will take the spatial momentum k of external fields to be along the z direction,
ie. k, = q and k, = 0 with a denoting all the transverse spatial directions. Then the
background metric and gauge fields can be separated into three sectors

R 1
tensor : YaB = VaB — ﬁyéag, (5.134)
vector : o = Yoas ba = Vzas Aa, (5.135)
scalar : Y00, Yoz, Vezy ¥ = Z’yaa, Ao, Az, (5.136)
(0%

where we have again suppressed 1,2 subscripts. Again, below, r, a will be used to denote
the symmetric and antisymmetric combinations of these variables.

After integrating out the dynamical modes, the final generating functional should be
diffeomorphism and gauge invariant, i.e. invariant under

M = — 200,60 — E 0V — 20 EN +

for arbitrary infinitesimal fields £* and o. Then to quadratic order in external fields, the
final generating functional can be written as

W =W, + Wy + W, (5.138)

where W is linear in the external fields, i.e. giving one-point functions

Wy = 5607(100 + §p0(7azz + ’Ya) + ZnDAa07 (5139)

with €g,po,no all constants. Clearly W7 is invariant under the linear part of (5.137).
Its variations under the quadratic part of (5.137) are canceled by the variations of the
quadratic piece Wy under the linear part of (5.137). The other quadratic piece, Wy, is
invariant under the linear part of (5.137) by itself, and thus must be expressed in terms of
the following (linear) gauge invariant combinations:

Yaps  Zo = qaa +whay Ay Z =00 + 2wq0: + WYz, v, E. = wA, + qAo,
(5.140)

where we have again suppressed 7, a indices.
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Let us now give the explicit expressions for W and Ws for a neutral fluid. For the
tensor sector, we have W' = () and
Wtensor _ _1- 2 N _
2 - 2p07aaﬁ'7raﬁ

where we have used the first equation of (5.104).

nTo . i X
5 Vaap — 5MacpO0ras (5.141)

For the vector sector, we have

Wy = —iegaaatra — iPobaabras (5.142)
and T
tor __ . n niLo 2
WZVGC or _ ZmzaaZTa - mzaa, (5143)

where we have kept only the leading term in the numerators in the small w and ¢ expansion,
and the momentum diffusion constant D takes its expected value:

D=—"1_ (5.144)
€0 + Po
For the scalar sector, we have
Frscalar __ @ . i ) 9
2 = |a00vr00 = —5(Ya00 + 2wa02) (@7r00 + 2wro2)
1po
- T |:7az277‘zz - ('Yazz - 7{100)77‘ — Ya (’erz - 77‘00)

1
- qig(w’}/azz + 2q’7a02)(w'7rzz + 2q'yr02)] , (5145)
and

. . . 1 1
W;calar =i K1Y,V + 1Ko 2,2, + ZK?»(’VaZr + Za’)/r) - §G1’Y§ o §G2262L — G3Zaa, (5'146)

where
o - —(d — 2)(g0 + po)c2w? + (d — 4)po(w? — c2¢?)
! 4(d—2)R ’
B Cwt + (d_j%(uﬂ — (d—1)ci¢*)?
e 280R*R :
2 2 2 2
K, — Dot cocq Ky — ~ (eo +p0)Cs’
4202 R 4R
d—
o S 2d-2),, o (w? = P (w? = (d—1)c2g?) (5.147)
2 2B80R*R 3 2BoR*R ’ '
and 2d—2)
2 22 . - 2 4,292 4
= — . .14
R =w"—-ciq +z€0+p0< 11 77+C>wq + O(w*,w?q”, q) (5.148)
In the above expressions,
drPo
2 T
= 5.149
&= (5.149)

is the sound velocity. Clearly the expressions exhibit the expected sound pole and atten-
uation constant. One can also check that the apparent singularity at w = 0 and ¢ = 0
in (5.145) and (5.146) cancel.

— 65 —



6 Discussion

We conclude this paper by mentioning some future directions.

Firstly, it would be interesting to explore the physical implications of the new con-
straints for hydrodynamical equations of motion from the generalized Onsager relations
proposed in this paper. We already saw that these relations lead to nontrivial new con-
straints for the vector theory starting at the second derivative order for cubic terms. For
a full charged fluid, these relations will also lead to new constraints at second derivative
order. It would be of clear interest to work them out explicitly and to understand their
physical implications. We also hinted in section 3.2 that local KMS condition may give
rise to new inequality constraints at higher derivative orders. It would also be interesting
to explore it further.

Secondly, the discussion of the bosonic action can be generalized in many different
respects, to more than one conserved currents or non-Abelian global symmetries, parity
and time reversal violations, inclusion of a magnetic field, anomalies, non-relativistic sys-
tems, superfluids, as well as anisotropic and inhomogeneous systems. Also important is
to generalize it to situations with additional gapless modes, such as systems near a phase
transition or with a Fermi surface.

Thirdly, it is clearly of importance to use our formalism to study effects of hydrody-
namical fluctuations in various physical contexts,?? in particular to non-equilibrium situ-
ations. Furthermore, it would be very interesting to understand physical implications of
“ghost” fields.

Finally, the relation between supersymmetry and the KMS conditions should be un-
derstood better. Even for the theory of a single vector current, our understanding of the
role of supersymmetry at both the classical statistical and quantum level can be much
improved. At the classical statistical level, do the local KMS conditions combined with
supersymmetry ensure all the KMS conditions at all loop levels? While it is tempting to
conjecture the answer is the affirmative we do not yet have a full proof. At the quantum
level, how should the % deformed “supersymmetric” algebra

1800
2

be generalized to nonlinear level? Another important problem is to write down the fermonic

[6,0] = € 2tanh

(6.1)

part of the full charged fluid action. This is straightforward to do in a small amplitude
expansion at quadratic, cubic, or higher orders, as in the theory of a single vector current,
but the number of terms greatly proliferate and the analysis gets tedious. It is certainly
more desirable to write down a full nonlinear fermonic action. This appears to require a
supergravity theory at the classical statistical level due to the time diffeomorphism in the
fluid spacetime, and a “quantum deformed” supergravity theory at the quantum level.
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A Explicit forms of various response and fluctuation functions

At two point level, we have

Gra(t1,t2) = GRr(t1,t2) = i0(t12){[O(t1), O(t2)]), (A.1)
Gar(t,t2) = Gra(ta, t1) = Ga(ty, t2) = —i0(t21)([O(t1), O(t2))), (A.2)
1
Grr(ti,t2) = Gs(t,t2) = 5({(’)(151), O(t2)}), (A.3)
where t19 =t —tg, and [-- -] and {--- } denote commutators and anticommutators respec-

tively. From (2.12), at three point level,

Graal1,2,3) = — 0(12)0(12) ([O(1), O(2)], O(3)) (A4)
~ 6(113)0(12){[[0(1), O3)], O], (A.5)
Grral1,2,3) = L6(13)0(125){[{O(2), O(1)) , O(3)]) (4.6)
+ 20(3)0(12)({0(1), 0(3)], 0(2)}) (A7)
+ 20()0(1)({0(2), 03)], O(1)}), (A3)
Grre(1,2,3) = 10(20)6(11)H{O(1), {O(2), O(3)) ) (4.9)
F10()0(12)({0(2), {03), O)}1) (A.10)
+ 10(13)0(12)({0(3), {0(1), 02)})) (A1)

Other orderings can be obtained by switching the arguments of O’s, e.g.
Grar(1,2,3) = Grra(1,3,2) . (A.12)
B Fluctuation-dissipation theorem at general orders

In this appendix, we first review and slightly extend the formulation of KMS conditions at
general orders developed in [63], and then use the formalism to prove the relation (2.59).

B.1 Properties of various Green functions

We can expand W and Wy defined respectively in (2.6) and (2.26) as

o (=D
W= Z TGOLM& agia "'a7zin¢a1i1 Tt ¢anin7 (Bl)
n=1 :
oo .
_1)nzm
WT - Z (7,)L|G641i1 a2 "'anin¢ali1 T (banina <B2)
n=1 ’
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where i, label different operators, a; = 1,2, and n; 2 are the number of 1 and 2 indices
respectively. In the above equations, integrations over the positions of ¢’s should be un-
derstood. Below, we will use a simplified notation to denote G, i, agis --ani, 85 Gar, with
Gar denoting the corresponding Greens function obtained from G,y by switching 1<+2. By
definition, in coordinate space

a1(z) = Gar (), (@) = Gar() (B.3)
and in momentum space
ai(k) = Gar(=k),  Goy(k) = Gar(—F) (B.4)
where we use x and k to collectively denote x1, x5+ and ki, ko, - - - respectively.
It is also convenient to introduce
e 1 0 1
GEXI) = §(Gal + G&I)a Gé) = Z(Gal - Ga]), (B.5)

and similarly for G. From (B.3), GSI) and Gg{ol) are real in coordinate space, and in mo-
mentum space satisfy

GV(k)y =G (-k), G k) =G (k). (B.6)

al

Note that GSI) (G((;I)) is symmetric (antisymmetric) under 1<»2 and thus contains an even
(odd) number of a-operators, i.e.

G((xol) = Z Gal"'&rw G(ae[) = Z Gal-uan; (B?)
ng odd Nng even

where a; = a,r and n, is the number of a indices. Since

0=Goua=p (~1)"2Gar =) _(-1)™

« «

{G;I) n even, (B.5)

iGEfI) n odd,

we conclude from (2.15) that
G(e) ,
0=> (-1 { of T EVER (B.9)

There is a parallel relation for G.
Note that the response functions can be expressed as

( n—1
(_I)T n e €
O S0 (6 + )
' n—1 n e
= (-1 Y (-6 L, n odd,
Graa = 1) “ (B.10)
—1)2 n o o
2 Z(_D ’ (G(la)l“'an—l + Gga)1~~~an—l>
= (—1)% Z<_1)n2GgZ)1~--an_1 n even,
where a; = 1,2 and ng counts the number of 2-index among a1, - ap_1.
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B.2 KMS conditions in terms of correlation functions

From the expansion (B.1)-(B.2), the KMS conditions (2.36) can be written in momentum

Space as23

Gaor(k) = 6_'802651(]{7), Gar = eﬁg2éa[, (B.11)

where Q2 denote the sum of all frequencies of 2-operators as indicated by index a. (B.11)
can further be written in terms of (B.5) as

¢+ 09 = —icoh B2 (69 +G5)) . 6 -G = i B2 (6 - 69

(B.12)
Note that the above equations relate correlation functions containing an even number of
a-operators to those containing an odd number of a-operators, and thus can be considered
generalized fluctuation-dissipation theorems.

Now consider the case that the system is P7 invariant. From (2.33), we then have

Gar(x) = niGhy(—x) = niGar(—x), 0= Hmk ; (B.13)

where we have used (B.3). In momentum space, we then have
Gar(k) = Gy (k) = niGar(—k) . (B.14)
With 777 = 1, then equation (B.11) becomes
Gar(k) = e P2G o1 (—k) (B.15)
and (B.12) becomes

52 52

Re G(I) = coth —= G&OI), Im G((XI) —tanh —Re G&OI : (B.16)

Now let us discuss some immediate implications of (B.15)—(B.16).

1. All correlation functions of O 4;(z) = Oq;(t, &) — O9;(t — if, ¥) among themselves are
Zero, i.e.

Ga.a(x) = (Ouiy (1) Ouy, (x0)) =0 (B.17)
To see this note that G 4...4 can be written in momentum space as
Ga-alk) =) (~1)2"2Gar(k) =) (~1)Gar(—k) = Ga.a(—k) =0 (B.18)

where in the second equality we have used (B.15) and in the third equality used (B.8).
Note that in momentum space

Og(w) = <1 — 6_5“) O, + % (1 + e_ﬂ‘”> Ou = % (1 + e_ﬁ“’> Oa(w) (B.19)

**Here we use the momenta of ¢’s to denote G. For example [ dzidr1G(z1,z2)¢(z1)¢p(T2) =
fdkldle’(k:l, k2)o(k1)@(k2). Thus, G(ki,k2) is the Fourier transform of G(x1,x2) using an opposite con-

vention.
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with )
1800y

Oa(z) = O, 4+ 2tanh O, .

(B.20)

Thus correlation functions of O 4 with themselves are also all zero. In the A — 0 limit

discussed in section 1.7 and section 1.8,

Ou(x) = Ou(x) + 1500 Op () .

(B.21)

Note that for two-point functions (B.17) is the full condition, but this is not the case

for n > 3.

2. Qg = 0 automatically for &« = 2,---2. In order for (B.16) to be nonsingular, we need

mcy,, =0, ImGY,, =0.

3. Taking 2o — 0, we conclude that

mGY(Q=0=0, ImGYQ=0=0.

4. Consider the w; — 0 limit for all 7. For all «, then,

Im Gg}) (wi — 0) =0, Im GS} (wi—0)=0.

B.3 Implications for response functions

Denoting
Kl = Gra-uav KQ = Garan-m T Kn = Gan-ara

we now show that when taking any n — 2 frequencies to zero, e.g.
KlzKékv w37w47"'7wn_>0-

For definiteness, let us take n even. From (B.10), we then find that

Ki= (=083 (1) (G = ) -

a;

Ky = (=1)% 3(=1)" (G oo+ Clohran )

a;

and

K+ Ky =2(-1)2 ) (~1)G

1llai--an—2°
a;
Ki—Ky=-2(-1)% Y (-1)2G, 0, -
a;

For ws, -+ ,w, = 0, using (B.22)-(B.23), we have

—0, ImG® — 0,

1lai--an—so

ImG (0)

1lai---ap—2
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(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)



which when applied to (B.29) leads to

Taking the real part of (B.30), and using (B.16), we then find that

/BWQ n n e
Re(K; — K2) = 2coth 7(—1)2 ;(—1) QImG§2)al-~-an,2 . (B.33)
Now, from (B.9), we find that
> (1) (G~ Gl a] = 0, (B.34)
which when used in (B.33) (recall (B.31)) leads to
Re(K1 — KQ) =0. (B.35)
From (B.32) and (B.35), we then find (B.26).
From (B.26), and permutations of it, it then follows that
Ki=Ky=-=K,=K, TmK=0, allw—0. (B.36)

C KMS conditions for tree-level generating functional

In this appendix, we show that in the vector theory (1.5) local KMS conditions lead to
KMS conditions for the full generating functional at tree-level. Recall that

Wtree [¢r7 ¢a] = Z.Ionfshell [¢7"7 ¢a] = iI[XZIa X7Cﬂ1§ Ty Qba]v (Cl)

where x![@;, ¢4] is the solution to the equations of motion. Below we will use x and ¢ to
collectively denote the dynamical and background fields.

For this purpose, we first note a general result regarding an on-shell action: suppose
an action has a symmetry

I[x; ¢] = I[X%; 9, (C.2)
where variables with a tilde are related to the original variables by some transformation.
Then

Ion—shen[¢] = Lon—shen[®] - (C.3)
To see this, note that equation (C.2) implies
Xe] = x4, (C.4)
and thus
Ton-—shen[@] = I[x“[0]; ¢] = I[X"[¢]; @] = I[x“[0); &] = Lon—shen[0) - (C.5)

Now, for the theory (1.5) of a single vector current, the local KMS conditions are

LAy, Ag) = —I,[A, Ay, Ay, = Ay (—x), Ay = Agy(—t —iBo, —7) . (C.6)
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Given that B, = A, + 0,¢, the above equation implies that
I[By, Bo) = I[By, Bo), (C.7)

and thus
Ip1, 025 A1, Ao] = I[1, Pa; Ax, Azl (C.8)
where tildes again act as in (C.6) and now I is the full bosonic action. From (C.3), we

then conclude that the local KMS conditions lead to KMS conditions for the tree-level
generating functional.

D Derivative expansion for vector theory at cubic order

As an illustration of imposing the local KMS conditions at linear level, let us consider (4.52)
up to second order in derivatives in K, first order in derivatives in H and zeroth order in
derivatives in G. The most general Lagrangian, then, which is rotationally invariant and
satisfies (4.4) can be written as

Lane = B+ 3 BaB, (D.1)
Loar =1 ngoBrO + ngiBro + Bao(€10; Bai Bro + ¢2B4i0;Byo) + fBaoBaiOoByi| , (D.2)
Lorr = gBaOBzo + gaiBm-Bfo + & Bao Br080 Bri + €B4i Br00oBri 4 fiBajBroFyij

+ gBaLo(@oBm')2 + ZBaOFrijFrij + kBuiOoBy; Frij, (D.3)

where a, b, c1, ¢, f, , h, k are constants and

a = ag — wsaq, d= Jo - iwgcil, Z) = 50 — iwll;l, Ci = i(égk?zi + 53/6‘31'),
€ = €g — i€awo — 1€3W3, fi = i(fokai + f3kss),
4= ag — idaw) + ao(k3 + k2) + dgko - k3 + da (w3 + w?) + dswows . (D.4)

Let us first look at the static conditions (2.60) which imply that
s = ds, fo = f3=—2h, bo=0. (D.5)

With time-dependent sources, equation (2.59) further requires that

_ aq _ a4 —as €0 5 29 —e3+g
ap = 2—, a = —3 , do= —2—, dy = — ,
B B B B
— 269 —€3+g _ as — as 260 —€3+g
f=- 3 , c1=20Cy =0, a =—6 s b= -2 2
(D.7)
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E Useful formulas

E.1 Integrability conditions

From (5.1), we have the integrability conditions

(=bviu” + N")0, (but) = bu” 0, (—bvsut + A\H), (E.1)
(=bviu” + N")0y (—bvjut + \jt) = (=bvju” + ;)0 (—bvyut + \F). (E.2)
From (E.1) we get
Lyu Ly u
ov; = — 572)\1 Oﬂb + 5)\1 8%, (E3)
N = N"Vut + b NY Ou,y, (E.4)
where we have defined
o=u"'V, . (E.5)
From (5.5), we get
AMWA = AN, =0 (E.6)
v oz ) = Up i
Oy ( 2 VA l,) 0, ( ) Vi “> . (E.7)

E.2 Variations with respect to background metric and gauge field

Here we list the variation of various quantities with respect to the external metric and
gauge field. For a single segment under variation of gi,,, we have (with the subscript 1
and g1, suppressed)

b db 1 1
ob = —§u“u”, ouf = —?up = iu“u”up, ov; = gu(“)\i”), NP = uPulh N . (E.8)

Including both segments under variations of gi,,, (X) we have

b 1 g
6E7‘ = - Euuullv 5@ = Z\/aa:«]AiuAjy7
1 1
(5amj = 5)\iu)\ju (5Ea = — iu“u",
1 1 1 .. 1
vy = idvai = ?bu(li/\il’)’ 5Xa = 5&”)\j“)\jy = iAuy,
1 1 1 1
Opy = 55% = ZMU“UV, 0by; = §5bai = §,uu(“)\i”), (E.9)

where we have again suppressed dg1,, and the index 1 (all variables without an explicit
subscript r or a should be understood as having index 1). The variation of Z will be treated
separately below. Also note that under variation of 0A4;,, we find (again suppressing the

subscript 1)

1 1 1 1
= — = —uM ri — = ai = = Zu . E.l
O oy 26,ua 54 0b 2(5[1 2)\ (E.10)
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Now let us consider the variation of = under 6g1,,,, which is tricky due to the logarithm.
As discussed in the main text, both the action and the stress tensor are organized as
expansions of a-variables, it is thus enough for us to work out the variation as an expansion
of Z. For this purpose, let us first introduce

. N
01 = ay'oar = aff ANy — y L 15§ . (E.11)
Then expanding both sides of
a5 'oay = €=y = de= (E.12)
in Z, we find that
1
0Z = 01+ 5[Z, 1] + 0(2?) . (E.13)
Similarly, under a variation of go we find that
— 1. =2
0E=—62+ 5[:, do] + O(E7) . (E.14)

F Structure of stress tensor and current at order O(a®)

In this appendix, we prove that at leading order in a expansion, the stress tensor and
current can be expressed in terms of velocity-type variables u#, i, 7 to all derivative orders.

The stress tensor at O(a") can be obtained by varying the action with respect to I
and setting the a-type fields to zero. At this order, there is only one set of background fields
and dynamical variables (see (5.56)). The r-subscripts can thus be dropped. From (5.53),
we then find

I LY g I

[HY () — dad
T (x) (M 5:”'(1 5Ea 5Xa

5L (.. AW 5L 1 6L
2= Nuy ) &) +2 - (1 );¥) F.1
* =X < )\] d—1 Z>+ <M<Sbai+E5'Uai>u ’ ( )

—

where we have used (5.10). Similarly, the current can be written as

At (F.2)

We will now show that for the most general £ invariant under (1.22)—(1.23) and (1.24),
only velocity-type variables u*, 7, u and their derivatives will occur in (F.1)—(F.2).

For this purpose, let us consider a general tensor under spatial diffeomorphisms (1.22),
invariant under (1.23) and (1.24), which are constructed out of r-variables. Below we will
refer to such a quantity as a spatial tensor. From our discussion of covariant derivatives in
section (5.1.2), a spatial tensor of any rank can be constructed by acting with Dy, D; on
the following basic objects:

T, W, D;E, Dob;, aij, Bij, Rz‘jklv ti; (F.3)
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Recall that, acting on a vector ¢;,

Dlso_] - dl@j z‘]('pk’) (F4)

with d; = 9; + v;9y and

1 A
= §a’l (djap + draj — diagr) = =M\t A"V, A, (F.5)

where we have used the integrability condition (E.6) in obtaining the last expression. Sim-
ilarly, with the help of various integrability conditions (E.3)—(E.6), we find

D;E = M\ ouy,, (F.6)
Dob; = N (Vup + pouy, — u’F) (F.7)
Bij = AifAY (Fu + u(VMuV - Vou)) (F.8)
tij = = 2\M )\le,#, wh? = —A”aAVﬂV[aug] (F.9)
R = MM\ | Ryl + 29,07V, — 29,0, V0 | (F.10)

From (F.6)—(F.10), all quantities in (F.3) are either scalars such as 7, i, or tensors of the
following form:

pi = Aifous i = AN o, (F.11)

with ¢, ¢ expressed in terms of velocity-type variables only (for a;; the corresponding
Y is Ayy). Now one can show that acting with Dy and D; on tensors of the form (F.11),
one again obtains a tensor of the form

Af‘ll e Afn”gom...un, (F.12)

with ..., expressed in terms of velocity-type and background variables only. Since Dy
and D; satisfy the Leibniz rule, it is enough to demonstrate their actions on a scalar ¢ and
a vector ;. It can be readily found then that

Dy = 0y, Dip = N""V 0 Dopi = X\t (0pu + 0, Vu” + @ u”ouy,), (F.13)

and
Digj = X' A"V (B ep) - (F.14)

To derive (F.14), it is convenient to use the identity
Did* = NIV = TEAH = MNP Vo Agh, (F.15)

which follows from (F.5). With all tensors of the form (F.12), any scalar constructed out
of them will then be in terms of velocity-type modes only, and any vector or two-tensors
will also be of the form (F.11). Plugging these forms into (F.1)—(F.2), we then find that
the stress tensor and current will have the form

TH = eutu? + pAMY + v 4 (#g¥) JE = nut + AM G, (F.16)
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where

oL oL oL » oL
_ oL _ v — gyilpy V) & F.1
= SE P=g DY 5=, (F.17)
oL 1 0L oL oL
B o) M - = — T
¢ =2\ (u o T E 6%) ; "= S "=t (F.18)

are all expressed in terms of velocity-type variables.

We believe the converse statement is likely also true, i.e. any combinations of velocity-
type variables can be obtained from variation of I at order O(a®). This amounts to showing
that any tensors defined in X*-space built out of u”, 7, and their covariant derivatives
can be expressed in terms of Dy, D; acting on quantities in (F.3). We will leave this for
the future.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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