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1 Motivation and main results

String theory and supersymmetric gauge theories have proved to be useful in the study of
moduli spaces of Yang-Mills instantons. One of the earliest successes was to give a simple
string theory realization [1, 2] of the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construc-
tion [3] for the moduli spaces of instantons for classical gauge groups. As a result of such a
string theory construction, these moduli spaces can be identified as the Higgs branches of
supersymmetric quiver gauge theories with eight supercharges; the latter are often referred
to as the ADHM quivers. In particular, the ADHM quiver for k¥ SU(N) instantons on C?
can be realized on the worldvolume of k Dp branes inside the worldvolume of N coincident
D(p +4) branes. Similarly for SO(2N), SO(2N + 1) or Sp(N) instantons on C2, the corre-
sponding ADHM quivers can be described by introducing an appropriate orientifold plane
to the aforementioned brane system. It should be emphasized that the ADHM quiver the-
ories are available only for instantons for Yang-Mills theories with classical gauge groups.
For the exceptional gauge groups of E type, it turns out that the field theory whose Higgs
branch is isomorphic to the corresponding moduli space of instantons can be realized as
a circle compactification of the worldvolume theory of M5-branes wrapping Riemann sur-
faces with appropriate punctures [4-7] (also known as 3d Sicilian theories [8]). Nevertheless
the Lagrangian descriptions of such theories are not known and generalizations of such a
construction to the cases of Fy and (G5 are not available.

In three space-time dimensions, it was found that the Coulomb branch of certain
supersymmetric field theories with eight supercharges (namely, N' = 4 supersymmetry)
describes the moduli space of instantons. As was pointed out by [9-11], the moduli space
of G-instantons, for G being a simply-laced group (ADFE), can be realized as the Coulomb
branch of a quiver gauge theory given by a framed affine Dynkin diagram of group G,
i.e. the affine Dynkin diagram with one flavor node attached to the affine gauge node.
(For convenience, this will be denoted by the shorthand notation [G] in the following.) In
particular, for G being of A or D type, such quivers can be obtained by applying three
dimensional mirror symmetry [9, 12, 13] to the ADHM quivers associated with SU(V)
and SO(2N) instantons on C2. In these cases, Type IIB brane configurations [12, 13]
along with S-duality provide a convenient way to study quiver descriptions of such field
theories. For G of E-type, the corresponding framed affine Dynkin diagrams are precisely
the three dimensional mirror theories [8] of the aforementioned Sicilian theories. Indeed,
the generating function of the holomorphic functions on the Coulomb branch, also known
as the Coulomb branch Hilbert series, for the former has been computed [14-17] and it is
in agreement with the result obtained from the Higgs branch of the theories that describe
the same moduli space of instantons [6, 18-20].

One can now try to generalize the above results to non-simply laced groups G. To
begin with, it is well known that quiver gauge theories of types A and D can be realized as
worldvolume theories on stacks of D3 branes on an interval with various half-BPS boundary
conditions, which can be identified as objects in perturbative string theory, for example NS5
branes, D5 branes, orbifold planes, etc. However, there is no such construction available



for non-simply laced quivers.! Therefore, in this work, we shall rely on a purely field theory
approach using supersymmetric localization and three dimensional mirror symmetry.

The affine Dynkin diagrams corresponding to non-simply laced quivers contain double
or triple arrows, whose weakly coupled Lagrangian descriptions are not known to date.
In [17], a prescription for computing the Coulomb branch Hilbert series for non-simply laced
quivers was proposed. For G being of B and C types the Coulomb branch Hilbert series
are in perfect agreement with Higgs branch Hilbert series computed for the SO(2N + 1)
and Sp(N) ADHM quivers. When G is Fy and Ga, the conjecture passed a number of
non-trivial tests.

The main goal of the current paper is to use localization techniques to probe the
physics of quiver gauge theories whose global symmetry is a non-simply laced group of
type B. More specifically, we try to determine the dual of a theory whose Higgs branch is
isomorphic to the moduli space of an SO(2N + 1) instanton with instanton number k = 1,
i.e. the dual of an Sp(1) gauge theory with 2N + 1 fundamental half-hypermultiplets and
a single antisymmetric hyper. Since the number of half-hypermultipelts is odd, one has to
add half-integer Chern-Simons coupling to avoid parity anomaly.

The main tools for our analysis are N' > 2 supersymmetric observables in three di-
mensions — partition function on a round three-sphere [21-23] and the superconformal
index [24-27]. Supersymmetric partition functions have proved to be very effective in
studying three dimensional mirror symmetry including the examples which involve non-
Lagrangian theories on one side (e.g. circle compactifications of class S theories, see [28]
for details and recent review). In particular one can translate the action of S-duality to
the matrix integrals which are used in the expressions for partition functions [29, 30] and
derive the partition function for the mirror dual. Similar problems were addressed in [31-
33| for framed quivers of A and D-type. These techniques can be used both for verifying
the conjectured mirror dualities as well as finding new mirror dual pairs [28]. In the ref-
erences above, localization methods were used to study dualities in quiver theories with
N = 4 supersymmetry, however the same techniques can be extended to study dualities
in theories with lower supersymmetry. The current work applies these techniques to the
aforementioned Chern-Simons theory with N = 3 supersymmetry.

We start with the computation of S partition function of the ADHM quiver for k = 1
SO(2N +1) instantons, namely Sp(1) gauge theory with 2N +1 flavours of the fundamental
hypermultiplets and one anti-symmetric hypermultiplet, with half-integer Chern-Simons
coupling for the Sp(1) gauge group, then implement an S-duality transformation on the
partition function. The dual partition function consists of a finite sum of contributions
where each term can be formally assembled from a framed affine By Dynkin diagram,
with certain additional data, including a prescription for the contribution of the double
lace. The dictionary is discussed in detail in section 2. The aforementioned structure of
the S3 partition function allows us to conjecture an expression for an N = 2 index for the
dual theory on S? x S1.

'One of the realizations of the moduli space of SO(2N + 1) instantons involves non-perturbative 5})_
plane (see [17], section 2).



The additional data for each affine By Dynkin diagram appearing in the dual partition
function generically depend on the CS level x, but there always exists a single quiver which
is independent of kK — we denote this quiver as EJ(\?) (see section 3 for more details). We
make a curious observation regarding this quiver for £k = 1 — the formal expression of
the Coulomb branch limit of the S? x S! partition function for this quiver, treated as an
N = 4 theory, reproduces the Hilbert series of the reduced moduli space of one SO(2N +1)
instanton on C2 [17, 18], which is also the Higgs branch of Sp(1) gauge theory with 2N + 1
flavours. This gives an alternative approach for deriving the Coulomb branch Hilbert
Series for a non-simply laced quiver gauge theory, as conjectured in [17]. The observation
is probably not very surprising given that the Higgs branch of the Sp(1) gauge theory is
classical and is completely insensitive to the CS level.

We would like to emphasize that we are not claiming to have found a mirror dual for
the anomalous x = 0 theory. The formula for S? partition function in (2.1), which is our
starting point, is only valid for non-anomalous theories and in the above discussion we
are considering the k-independent part of the dual partition function of a non-anomalous
theory.

The paper is organized as follows. The remainder of this section reviews the ADHM
quiver for SO(2N + 1) instantons and the main results are stated in section 1.2. Section 2
deals with the S3 partition function for the ADHM quiver for SO(2N + 1) instantons
with Chern-Simons level 1/2 and its S-duality transformation. In section 3, we state our
conjecture for the index on S? x S', then in section 4 we discuss the Coulomb branch
Hilbert Series of the quiver EJ(\?).

The paper has several appendices. Appendix A describes how to apply Cauchy trans-
form in order to S-dualize the partition function in question. Appendix B and appendix C
contain technical details of the main computation. Appendix D contains summary of su-
perconformal indices for Lens spaces. In appendix E we obtain the framed affine B quiver
by folding the framed affine D4 quiver and analyze its physics using the space of supersym-
metric vacua. Finally in appendix F we discuss the action of folding on the Hilbert series.

1.1 Double arrow and dimension counting

The new ingredient of By-type quivers, which is not present in the A and D-type con-
structions, is the presence of the double arrow which connects the two right-most nodes
of the quiver (see figure 1). As mentioned in the introduction, this work studies a gauge
theory described by a framed affine By quiver; therefore we need to understand what kind
of ‘matter’ does the double arrow represents. Naively one may try to interpret this ‘mat-
ter’ as a bifundamental multiplet of some sort which is charged under the gauge groups
corresponding to the nodes at its ends (N — 1 and N in figure 1). However, as we shall see
momentarily, this naive guess fails.

Let us consider Sp(k) theory with 7 fundamental half hypermultiplets, one hypermul-
tiplet in the anti-symmetric representation of Sp(k) and an SO(7) global symmetry. The
quiver of its three-dimensional mirror theory can be derived from the S-dual brane con-
struction with orientifold planes [17] and represents an framed affine B3 Dynkin diagram,



Figure 1. The framed affine By quiver, also denoted by [E ~], with ranks of the unitary groups
written black and node labels in written red.

Figure 2. ADHM quiver for £ SO(7) instantons (right) and its dual quiver with §3 symmetry
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Figure 3. ADHM quiver for k£ SO(8) instantons (right) and its dual quiver with Dy symmetry
(left).
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see figure 2. This quiver can be compared with the quiver for SO(8) global symmetry,
which has a mirror quiver that is simply laced (figure 3).2

Let us compute the quaternionic dimensions of the Coulomb branch of the theory on
the right and the dimension of the Higgs branch of the theory on the left and in figure 2.
Since the consistency of the theory on the right requires Chern-Simons action with half-
integer level, its Coulomb branch is lifted. However, we can still consider the classical
Coulomb branch, whose dimension is equal to k. From the anticipated duality with the
theory on the right of figure 2 we expect the dimension of the Higgs branch of the By
theory to be equal to k. At the moment we do not know the contribution of the double

2Folding’ of quivers are discussed in appendix E.



arrow to the dimension formula, so we should leave it for a moment as unknown and later
derive it from the condition that the quaternionic dimension of the branch should be k.
One has for the Higgs branch dimension, which is the total number of hypermultipelts
minus the number of vector multiplets?

dimpgiggs = (k + 2k% 4+ 2k% 4+ 2ak?) — (k% + (2k)? + k* 4+ BE?) = k+ (2a — B — 2)k?, (1.1)

which imposes the constraint 2a — 8 — 2 = 0. For the D, theory of figure 3 the choice
is « = f = 2, whereas for the theories in figure 2 it is impossible to make both a and
B integral. Perhaps, the most logical choice is to assign a« = 3/2,5 = 1 to account for
the single U(k) group left after folding. In any case, the matter sector corresponding to
the double arrow in the dual theory with §3 symmetry on its Coulomb brach appears to
be non-Lagrangian. Nevertheless we shall be able to compute the partition function of
the framed affine Bs theory and successfully identify the contribution of the matter fields
corresponding to the double arrow.

1.2 Main results

e Dual of an /' = 3 CS-YM theory with symplectic gauge group.

We compute the partition function of the dual to the three dimensional supersymmet-
ric Sp(k) Yang-Mills Chern-Simons theory with 2N +1 (N € Z) half-hypermultiplets,
a single antisymmetric hypermultiplet (a singlet for k¥ = 1) and Chern-Simons level
k € Z/2. Starting from the partition function of the aforementioned theory on a
round three sphere and implementing certain change of variables associated with
S-duality, we demonstrate that the data for the dual theory can be conveniently
packaged in terms of a collection of framed affine By quivers. In particular, the
partition function for the dual of the Sp(1) theory with x = 1/2 is

Zowl = Z [EZ(\?)} - [E}V”] : (1.2)

where [Ej(\?)] and [EJ(\})] are both framed affine By quivers which differ by the charge
of the double arrow under the gauge groups U(2)y_1 X U(1) 5 and the Chern-Simons
level of the gauge group U(1)y. Explicitly, one has

2 [BY] = et [auzg ) LY (unvuv-) 2 uv.0.0),

%)

1 — 2 ]
Z[ ](V>] — e z7r/4/d,uZ]€_1FrESl) (un, un—1) 25, <uN,—2,—1) . (1.3)
where the subscript “nsl” indicates the contribution from the non-simply-laced edge
of the quiver and the subscript “bdry” indicates the contribution from the boundary
node associated with the short simple root of the By algebra. The other notations
in the formulae are as follows:

31n other words

dimpiges = Z N;I)Ncu) - Z(Ncl)Qa
s(I),t(J) I

where the first sum goes over all possible source s(I) and target ¢(J) nodes of the quiver.



1. du is the appropriate measure of integration over the gauge group.

2. Z]l\?fl is the contribution from the Dy_1 quiver tail of a framed affine By quiver
whose explicit formula are given in (2.5).

3. FISfQ)(U ~N,un—1) depending on the Coulomb branch parameters of the last two
nodes of the quiver uy, uy_1 are contributions of the double arrows for the
framed affine By and B/ quivers respectively. The explicit formulae for these

are given in (1.4) and (1.5).

4. 2y (un, N, K) (see (2.7) for the exact formula) is the contribution of the vector
multiplet associated with the node of label N, which depends on the Coulomb
branch parameter, the Fayet-Iliopoulos parameter and the Chern-Simons level
(figure 1). Section 2 contains details of this computation and related discussion.

For a generic level k the dual theory partition function (1.2) has 2x + 1 terms with
different Chern-Simons levels on the boundary node (see (2.12)).

Contribution of the double arrow.

The partition function computation allows us to read off the contributions of the
double arrow connecting the (N —1)st and Nth nodes of the framed affine By quiver
in Z [EJ(\?)] and Z [EJ(\})] respectively. For k =1 they are

1

(1) !

. _ 1.4

st (UN> Uy—1) coshm(uy — 2uj_;) coshm(uy —2u3;_;)’ Y
) 1

P .ty ) = "

coshm(uy —uk_; +ud_|)coshm(uny —u,_; +ul_ )’

Recall that an ordinary hypermultiplet in a 3d A = 4 theory contributes a factor of
II o m to the integrand of an S® partition function, where the product is over all
weights of the representation of the gauge group under which the given hypermultiplet
transforms. The contribution of the double arrow in (1.4) has a similar form and one
can therefore associate an “effective weight” to the double arrow, i.e.

pﬁg(uN,uﬁv_l) =uy — 2u§v_1, 1=1,2. (1.6)

Certainly the effective weight does not correspond to the weight of any representation
of the gauge group. Note the factor of 2 in the argument of cosh in (1.4) without
which Fnsl1 (un,uly_,) would be indistinguishable from the contribution of an ordinary
bifundamental hyper.

A(O)]

The above formulae also show that the double arrow in Z[Bj’] is charged under the

gauge group U(2)ny_1 x U(1)y while the double arrow in Z [EJ(\})] is only charged

under SU(2)y-1 X U(1)x where SU(2)x_1 is a subgroup of U(2)y_1.

Coulomb branch Hilbert Series from the Ez(\(r)) quiver.
Using the effective weight associated with the double arrow, one can immediately
write down a formal expression for the N' = 4 superconformal index for the BJ(\(,))



quiver on S? x S!, since the contribution of matter multiplets to the index is also
written as a product of weights. We discuss formula (4.13) and its Coulomb branch
limit in section 4. We observe that the Coulomb branch limit of this index matches
exactly with the Hilbert series of the moduli space of a single By instanton on C2.

e N = 2 index for the dual theory.
Using the effective weights associated with the double arrows in the affine By quivers,
we conjecture an expression for the A/ = 2 index for the dual theory. This is described

in section 3.

1.3 Future directions

It would be very gratifying to have a physical/ string-theoretic understanding of our results,
although this looks somewhat difficult in the standard Type IIB description. We expect
that the field theory analysis of the current work should be extended to the remaining
non-simply laced quivers of CFG types, and the dictionary of the new correspondence
(see (2.10)), which generalizes mirror symmetry for gauge theories with nontrivial Chern-
Simons terms, should be established in full generality for all non-simply laced series.

2 The framed affine By quivers from S-duality

In this section, we compute the partition function of an affine By quiver with a single
framing, as shown in figure 1. Since there is no known Lagrangian description of such a
theory, we cannot write down its partition function directly. Our strategy will be to start
from the partition function of the mirror dual theory — the ADHM quiver with SO(2N +1)
flavor symmetry and in the presence of half-integer Chern-Simons level k. Then we shall
perform S-duality and manipulate the resulting formula to obtain the partition function of
the framed affine By quiver. Since the computations are rather tedious we shall present
the results for the relatively simpler case of one SO(2N +1) instanton (Sp(1) gauge theory).
Henceforth, we focus only on the case of £ =1 in figure 1.

2.1 S-dualizing the partition function

The partition function of Sp(1) gauge theory at Chern-Simons level £ with an SO(2N +1)

flavor symmetry and one antisymmetric hyper is*
d inh2 (2 . 2miks? 1
ZA:/S . sinh” (2m3) - ¢ ><< ) 2.1)
2 T],—; coshm(s + mg) cosh (s — mg) coshms cosh ™M

where the Cartan parameters of Sp(1) are labelled by diag(s,—s), with a real number s
and the parameters for SO(2N + 1) are taken to be diag(mg, —mg,0), with real numbers
Ma,a = 1...N. Hypermultiplets transform in the bi-fundamental representation of Sp(1) x
SO(2N + 1) as one can clearly see from the structure of the integrand. The antisymmetric

4The S* partition function with a non-zero Chern-Simons term is not convergent. One needs to regularize
the integral by adding a small positive imaginary piece to the Chern-Simons level and setting it to zero at
the end of the computation. In the rest of the paper, we implicitly assume such a regularization.



hypermultiplet for Sp(1) of mass M,s is a singlet and the contribution of this singlet in
the partition function is given by the last term in parenthesis, indicating that it can be
factored out of the integration.

The computation is rather technical and tedious, we therefore describe it in full detail
in appendices A, B and C. Here let us merely outline the strategy and write down the
results. First we apply the Cauchy determinant identity to the integrand of (2.1), which
will reshape the expression to be better suitable for the Fourier transform. The latter,
similarly to the known examples of mirror dual quiver theories of A-type [22], manifest the
duality transformation. Then, after an appropriate change of variables, the integral can be
regarded as a partition function of the dual theory with By symmetry.

The resulting expression for k = %5 reads
25 =2 [BY| + 2 |BY]. (2.2)
which depends on FI parameters 7g,...,ny of the gauge nodes of the framed affine By

quiver. Below we specify this dependences in full detail. The constituents of the right hand
side of (2.2) are given by the following integrals

Z[BY) = e—”/‘l/duzﬁ_lFrfil)(uN,ug’V_l)Zggiy(uN,o,o),

i

=(1 i 2 vec
Z[BV] = —e /4/@2}31 Fésl)(uN,uéjvil)Zbdry <uN,—2,—1) , (2.3)

in which the measure of integration is

1 N-1
1
a=| =2

The contribution of vector multiplets for nodes 1 through N — 2 and hypermultiplets
connecting them (the D-shaped left side of the quiver in figure 1) reads as

Vi Vi N-1
b?j(;y(um 7o, 0) bg(;y (ulv m, O) H,B:2 zZvee (uﬁa 13, 0)

zZP = X —= N , (2.5)
20y (w0, u2) 208 (wo) 2P, (ur,u2)  [I555 2V (ug, ugs)
and the novel contributions for the matter corresponding to the double arrow Frgsll’z) and
the vector multiplet on the right-most node of the quiver Zl‘)’(eliy are given below
1
F(l) U ul _ ’
nsi (UN> UN 1) coshm(uy — 2ul, ;) coshm(uy — 2u%_,) (2.6)

1
coshm(uy —uky_; +uk_;)coshm(uy —u%_; +uk ;)

2 l
Frgsl) (uN’ uN—l) - )
where the subscript “nsl” indicates the contribution from the non-simply-laced edge of
the quiver and the subscript “bdry” indicates the contribution from the boundary node
associated with the short simple root of the By algebra.

5A schematic form of the formula for a generic half-integer & is given in (2.12).



The various perturbative contributions of (2.3) and (2.5) are

vec ~\ _ 2minu _mwik(u)?
Zbdry(uana K“) =eMe (w) ’

2
Z,E’éfry(u, v) = H cosh(u — vP),
p=1
Zlf)‘g;g (u) = cosh mu,

, (2.7)

~ . inuP _mirk(uP)?
Zvec(u,n’ Iﬂ?) _ Slnh2 7T(u1 o u2) H 627m77u e7rm(u ) ’

p=1

2Py, v) = H coshmr(uP — v').

The dual partition function Zp can therefore be written as a sum of two contributions
. .. . 5(0) . .

each representing a partition function for a B -type quiver theory (having gauge group

U(2)N=2 x U(1)? and appropriate matter fields), where the contributions of the double

arrow are given by functions Fmsll (un,uby_;) and F(2)(u N> uby ) respectively.

nsl
Note that in Z [EJ(\?)] the matter corresponding to the double arrow is charged under

U(1)ny x U(2)n—1, while in Z[Ej(\})] this matter is charged under U(1)y x SU(2)y_1 but
not under the U(1) subgroup of U(2)n_1.

In other words, partition function Z [EZ(\(,))] can be obtained by a simple deformation of
the partition function Z [5N+1] of the framed affine Dy 41 quiver:

Zydey (UN, 1N)

Z[Dni1 :/duZD — . 2.8
[ + } N-1 Zl};élfry(uN’uN_l) ( )
by the following deformation (Zy folding)
: 1 1
ZPE (un, un_q) = — i
bdry( N, uN-1) H?):l coshm(un —uh_;) Zosi(un, uly k) (2.9)

where Z,4 is given by (A.15). As is evident, Z,4 cannot be obtained as a product over
weights of any representation of gauge group U(2)ny—_1 x U(1)n.

2.2 The duality map

Three-dimensional mirror symmetry interchanges Fayet-Iliopoulos parameters and masses
of the two dual theories. Expectedly this happens for our duality as well, so the first part
of the dictionary reads

o = _Mas - (ml + m2) s

=mg—m =1,...,N—-2
np B B+1 5 5 ; ’ 3 (210)
NIN—1 = MN-1,
ny =0.
If we neglect the Chern-Simons terms and set x = 0, then the second term in (2.2)

vanishes and (2.10) describes the complete map of the parameters. However, due to the

~10 -



presence of the Chern-Simons term in the Sp(1) theory the above dictionary needs to be
completed by some extra data — the framed affine B3 theory also has its Chern-Simons
couplings according to (2.3). In particular, Z [BJ(\})] contains Chern-Simons level ky = —1.

2.3 Dual partition function for generic Chern-Simons levels

So far we have only studied the case of k = 1/2, however, we have already derived the
expression for generic level in (A.10). In order to interpret the result in terms of the
framed affine By quiver, we expand the relevant part of the integrand as

smh 2mKs _ e—(QH—l)WS + 6—(2&—2)7&'5 4ot e(25—1)7rs’ (211)
sinh 7s

we generate 2k + 1 terms for the dual partition function
zp = 2[BY + z[BY 2.12
B [ N ] [ N I (2.12)

with the same (up to a prefactor) term Z[Ej(\(,))] as in (2.2) and with 2k terms which with
different Chern-Simons levels on the N-th node. These terms vanish as we put the Chern-
Simons coupling to zero.

3 N = 2 index of the dual of Sp(1) theory with SO(2N + 1) flavor
symmetry and Chern-Simons level k = 1/2

In this section we shall define the superconformal index of the complete anomaly-free
framed affine By quiver theory which we have constructed as a dual theory to the Sp(1)
theory with SO(2N + 1) flavor group and the Chern-Simons term.

The Sp(1) theory in question, and its mirror dual enjoy N' = 3 supersymmetry, there-
fore one should compute the 3d A/ = 2 index for those theories. Recall the definition of
the index on S? x S!

I =Tr(-1)F a2 [[th, H={Q,Q"}=A—-R-js, (3.1)
a
where A is the energy, R is the R-charge, js is the third component of the angular momen-
tum rotating S?, the F, run over the global flavor symmetry generators. One can obtain
the N = 2 index from the A" = 4 index by simply setting ¢ = 1 and = = §*/? (see previous
section). Alternatively, one can use formulae (2.12) or (2.14) in [27] with the difference
that we take the discrete parameters m (s in [27])-which parametrize the GNO charge of
the monopole configuration of the gauge field— to be integers as opposed half-integers.
Recall that the partition function analysis gives the following result for the dual of an
Sp(1) theory with Gy = SO(2N + 1) and Chern-Simons level k.

Zauwa = Z[BY) + 2[B). (3.2)

In EJ(\?), the double arrow matter is charged under U(1)y x U(2)y_1 while in the EJ(\})
theory the double arrow matter is charged under U(1)y x SU(2)ny—_; but not under the
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U(1) subgroup of U(2)y_1. This suggests a formula for the A/ = 2 index of the dual
including the Chern-Simons coupling.
In particular, for theory with N = 3 we have

Tau(:k) = £, F)T ) () + (. F) T g (a3 7). (3:3)

where ?Eig = —1 and f(=,&) is some arbitrary function of its arguments in agreement

with the relative sign of the two contributions to the partition function in (1.3).

The function I[E,](x; m(=1) is simply
3

TNy = Y S a1y
[Bs]A? B P 12()|=1 27120 27iz(D) 27i2(3) W (m(2) iZia 27Tiz£2)
y I}ﬁf)’m(_”) (0,50 )Ié’i?éiiim@)) (), Z(z>)1g?£;3m<2>> (), z<2>)z§§(3”m(”) (-3 )
m(©) m m(2) m(®)
% I‘(/ )(z(o))z‘(/ )(z(l))l-‘(/ )(2(2))1‘(/ )(2(3)). (3.4)
Similarly f[(g,)](x, %;m{~Y w,a) can be written as
3
70 (o kD 0, 0) = f d2© ) d®) 1 dz?)
By T _{ 0y a2 220 2mi2 () 22O W(m®) 25, oz
If(ﬂfﬁﬁw(‘”)(z(o)’ 5(0))It()?fﬁ)cim(2>)(z(0), 2(2))1}?;::&”1(2))(2(1)7 2(2))1‘(/m(2))(z(2))
< T O ()T ()
o frgg(a),m(z))(z(:a)’ 2@ x Teg (23, m®) | %) x e (2, m®, w, ). (3.5)

The various functions appearing in the integrand of I[ ]§3](x; ﬁz(_l)) are defined as fol-

lows:

(23/2+m @ =RV (,(0) /7(0))£1, 5.2

(m(0)7’ﬁ7,(71)) (0) ~(0)y _ 1|m(0),ﬁl(*1)‘
fund (1‘,2’ % )_(x)z ($1/2+2\m(0)_ﬁl(—1)|(z(o)/z(0)>i1;x2 ) (36)
m—m | (a) /,(2)\*1.
7o) (@ @) = T (@) m =i (/2] /7)) 3.7)
o i=1,2 (x1/2+\m(°)—m52”(z(a)/z?))il;w?)
70" (@2 0) =1, i=0,13, (3.8)
)
I‘(/m@ )(2(2)):H(x)_%lmgz)_mf)'(1—x‘mgz)_mf)‘zf)/zf)), (3.9)
1#£]
m® _ 2 2
I(m(3)’m(2))(z(3) 2= H (x)%|m(3)_2m52)‘ (23/2H] 2m, I(z(S)/(ZZ( ))2)11;362). (3.10)
nsl ’ i <x1/2+|m<”)—2m52)\(2(3)/(z£2))2)i1;x2

Note that we do not have any Chern-Simons term in I[gg](ij,f; 771(_1)) or any FI term
(coupling with the background U(1); for any of the gauge groups).
The contributions of the fundamental/bifundamental matter and the different gauge

groups in 7 (n)

[B,](x,ﬁ;m(_l),w,a) are given by (3.6)—(3.9) as before while the contribution
3
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Figure 4. The framed affine B3 quiver, also denoted by [Eg], with labels.

of the double arrow, the Chern-Simons and FI terms for the node with Dynkin label “3”
in the B} quiver are

o\ 571
<x3/2+m(3>—s(m(12)—m(22))| |:Z(3) (2%2;) :| ;!EQ
~(0( #1
FmDm®) () @)= T ghlm® s =mf)

nsl @\ +1
s=E1 <x1/z+m<3>—s<m§2>—m§)>| |:z(3) <<>> ] ;x?)
21

(3.11)
Tos(2®),m®) 7)) = (2®)Fm (3.12)
IFI(Z(3),m(3),w7CL):(2(3))2‘111)27”(3)7 (313)

where we recall from (2.3) that the Chern-Simons level for the right-most node in the B
quiver is kK = —1.

4 Coulomb branch Hilbert series from the ﬁz(\?) quiver

In section 2 we have presented an explicit expression for the supersymmetric partition
function (2.2) of the non-Lagrangian theory which is given by a finite sum over a set of
framed affine By quivers (figure 1) with some additional data. We now consider, from this
set, the quiver B\](\?) for which the additional quiver data does not depend on the CS level
r of the Sp(1) gauge theory.

The 3d partition function is of the following form:

1 2 (2 vec (4(0) vec (o(1)
Z[BY) = / [[ as@as @22 Zhin () ) by ()
a=0 20 2P (5O s ZERN (@) T 2P (s, sP) (41)

x 2ve(s@)) x 20815 sy x 2y (s19)).

Note that the contribution of the matter part of the partition function can still be written
as [ 0 coshilrp(s) — where the product goes over all weights of the representation of the
gauge group under which a given matter multiplet transforms — provided we associate an
“effective weight” with the double arrow, i.e.

paa(s?, sy = O — 25(2), i=1,2. (4.2)

i
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This immediately suggests how the formula for the 4d index (where contribution of matter
multiplets is also written as a product of weights as above) should be modified for the
framed affine Bs quiver: we treat the double bond as a multiplet with these ‘effective
weights’ in the index formula.

4.1 Lens space index of the framed affine By B quiver

Most terms in the 3d partition function of the framed affine Bs quiver can be readily
identified as the contributions of vector and hyper multiplets — the only exception being
the contribution of the double arrow in the quiver. Writing the Lens space index of the
theory simply involves replacing the vector and hyper contributions by the appropriate
indices (given above) and replacing the function Z,(s®,s®)) by a deformed function
Insl(z@), z(?’);r). A summary of superconformal indices on Lens spaces as partition func-
tions on S3 x S! is presented in appendix D.

In the limit when S! shrinks the contribution of the double arrow to the superconformal
index should reduce to the corresponding term in the S partition function which we have

studied above
Toa(2P,23): 1) = Z9(s@), sB)) (4.3)

2
where zZ( ) = 2’”5

=0 40 e dz”
. ; v 4.4
(pv q, Z Z % 2771,2 27‘(2,2( ) 27TZZ(3) W(m(2)) Z]ZIQ 271'1,25(2) ( )

. Therefore the full index should have the following form

m() a
RO

m(0 m= 1) ~ m0) 1 (2) m(l),m@)
X f(p’q’t T) x If(und )(Z( ) (0))Il()1fund )(Z(O)’ Z(2))I‘t()ifund )(Z(l)v 2(2))

m(O) (1) m(Z) m(3> m(2) m<3)
xI‘(/ )(z(O))z‘(/ )(z(l))z‘(/ )(Z( ) x 7! )( (3) 2(2);7,)1‘(/ )(2(3)),

nsl ’

where W(m(Q) ) is the order of the Weyl group of the gauge group preserved by a given
{m(2)} — ie. W(m®) = 2l if m1 75 m(2) and W(m®) = 1 if mg) = mgQ). At the
moment we can define the index above up to an arbitrary function f(p,q,t;r) of flavor
fugacities, which we shall be able to fix later in this section.

The individual functions appearing in the index above are given as:

- (L@ =A@ )
0 20 () »

s(m©@ —m (=1 mis(s(® -5 T r—[[s(m(® —m (- mis(s(® -5 r
% H F(tl/Qp[[ ( N g2mis( ):pg,p )F(tl/Qq ([s( N g2mis( ):ng.,q ),
s==%1
(@) (@ pq M =m )= L[[(m) —m{>)]]?)
Zm@m @) (a) L(2)) <f)
bifund (Z 12 ) ];[ t
s(m(@) —m(? ris(s(®) —g(? r r—[[s(m(® —m?® ris(s(®) —s(? r
% H I‘(tl/?p[[( i O] g2mis( +)pg,p )P(t1/2q [[s( i Ol g2mis( i ):pg.q ),
s==%1
(i))

@y_ _ @"5p") a9 .
A ES 1=0,1,3),
=) [(t;pg,p”) T'(tq";pq,q") ( )

T T . T () (2) 1 m(2) (2) 2
70 (z>)(F(p ) 4’ > H(pq) 2 ([l(mi™ =my =2 1I( %)
t

t;pq,p") T(tq"spa,q"
(t:pa.p") T(ta"spa.47) ) oz

A
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1 1
D (tpllom® -m Pl g2mi(a? —5) r=lm? =m] 2 =) iy
1 1

X
m(,z),m(,z) T 5(2)75(2) r r— m(,Z)fm(.z) T 5(2)75(»2) T
[ (plllm:™ =my Il e2mils™ =570 g pr) T (g~ L0 =my M 2wl =70 g pr)

m® m® pq
Ir(lsl )(2(3)7Z(2)7T):H(7

% H F(tl/zp[[s(m“)—zmg"‘))]]ezwis(s(S) —2s£2>);pq’pr)l—\(tl/qu—[[s(m(s) —2m§2))]]€2m(s<3>—2s§2>) pa,70").
s==+1

X
;pq,p") ['(tq

)

) L({[m® —2m{))) = L[[(m®) —2m{>)))?)

Note that the last line is the proposed form of the contribution of the double arrow in
the framed affine B3 quiver to the Lens space index. For a generic case the prescription is
simply:
I(m<ﬁ>7mm))(z(’3)

nsl

1 1 2
pq\ 3 (lpm® mO)]=L[[p(m® m™)))2)
™) :H< t ) 2

)

> H Iw(tl/Qp[[sp(m(ﬁ),mW))]]627risp(s(ﬁ),3(7));pq?pr)r(tl/quf[[sp(m(ﬁ),m(V))HeQm’sp(s(ﬁ),s(W)) ;quqr);
s=%1
p(m® m)y={m{? —2m Vi, j}, p(sP,s0) = (s —25 7w 53, (4.6)

for a double bond between U(Ng) and U(N,) with the arrow directed from the node ()
to node ().

4.2 Projection to S%? x S! index
Consider the following redefinition of fugacities in the Lens space index:
p=0"%, q¢=q"y", t=1g'" (4.7)

Under the above redefinition, the index in (D.1) can be written as

o~ L R-R ~ I 9i _B(E—90— / ;
I(q7y’t, Z’L) = ’I‘I.SS/ZT [(_1)17(6)]2"‘ 3 (t)R+R y2jle B(E—272 2R+R)Hzifz] ) (48)

7

The S? x S! index can now be defined as r — oo limit of the lens index (see [34] and [35])

-’Z"SQXS1 = rlig.lol'(a’ yaa Zi)|y=1
(4.9)

= Trge

(1) (@3 (O P2 2RO T ] f] |
%

Now, since the index has non-zero contributions from only those states which satisfy £ —
E—-R
2

2jo—2R+ R’ = 0, one may rewrite the 3d conformal dimension E= for these states as

E=j+R-R. (4.10)

In terms of E , the 3d index can be written as

Is2><sl (a, /tv, Zi) = Tr52

(_1)F(x)E+R’(E)EfRefﬁ(EszfRJrR’) H szi] 7

(4.11)

T = 61/2%: 7= 51/2;—1.
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There are two useful limits of the 3d index that we will often use — the Coulomb branch
index Zo and the Higgs branch index Zy which are defined as follows:

Ic = Try,

(~1)F @) PR PRk Hzf] = lim Too 51 (2, 7 2)
7

(4.12)
Iy = T‘I"HH [(_1)F(x)E+Rle_B(E_j2_R+R,) H zzﬁ] = %E)ISQX,Sl (.CC, ia Zl)

)

where H¢ is the subspace of the Hilbert space where states satisfy E+R =0and H H is
the subspace of the Hilbert space where states satisfy £ — R = 0.

Now let us write down the proposed 3d index for the framed affine B3 quiver.

(G, 3 m®) Z AU PLOO R PIC) 1 H dz(2)
) ;z 7m
1 P 26|21 2mi2(©) 270z (V) 27i2(3) W(m(g)) i sz(2)
© my, © 7D, (o) ~0 © m®Y, () (2 Om@), 1) (2
A O R S R 0 R CO L)
(2) 3) m(2) (3)
x ZUM ) (AN (0) L@ (6)y, (4.13)
where ¢(g,t) = hm f(p,q,t;r) and the other ingredients of the above equation are:
<128 2lm O =] 2 o m© Z @D 2, (0) /5(0))£1
I(m(o),ﬁz(’l)) (0) ~(0) q (t q (Z /Z ) ;EI) (4 14)
fund (?1/221‘1/4+|m(0)7771(*1)\/2(2(0)/2(0))11;6) ’ ’
/2 3Im®-m®| (@) _ () N
2 ) (@) ( /> (gt R ) )
pifund i=1,2 (51/261/4'”7”(‘1)—7”52)|/2(z(a)/252))i13® ’
e 1/2.
T (2 0) = (@77) (i=0,1,3), (4.16)
(t=1q"/%9)
. 2 o 3P @] o @ @ 2 (2) (2
I(m(z))(z(2)): Stql/QﬁI) H(ql~/2) d | (tq1/2+‘ i i ‘/221( )/Z]( )§®
v (t=1q1/2;9) i t (t~*1§1/2+|m52)*m§2)|/2z§2)/z§2);§)
x (1—galm? =1, )2 (4.17)
~ Lim® —2m®| ~ m® _2m® 2
7o) o @) T qQ” (F1/2g3/4m =2m 12 (20) /(] ))2)i1@'(4‘18)
’ t (/2 /4 im @ —2mP1/2(56)(7)2)41,9)

i=1,2
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4.3 Coulomb branch index of ﬁéo) quiver

In the limit x — 0 and 7 is fixed, various factors in (4.14)-(4.18) reduce to the following
forms:

I(m<0)7ﬁz(71>) (Z(O) E(O)) N §%|m<0>_m<fl>\

fund
Ig'fﬁ;’m@))(z(a),z@)) (7)3m- - =0,
i=1,2
(2) (_2) )
(m®) (2 (1-2)?[L;4;(@ 7)7 | :m? £m?
Iy (z?) = _9 e _ @ ) (4.19)
=071l _ﬁ [(1=T7ay | imy =my
J J
Ir(lgw),m(m)(z(s)’z(z)) N (x)%|m<3)_2m§2)|
i=1,2
I‘(/m(l))( (0)—) if’ i=0,1,3

Therefore, the Coulomb branch index can be written as

g_l(%,xzo)lc(i'm(_l)) =51+5,

- / S | 1
|2{0]=1 o = 1327”Z (@) 2271'22

{m(e), m(2), (2)} a=0,1:=1,2

(2
-3 ~Zi SN NN O N )
x(1-7) H( (2)> ( xz(2)> H (z)3! il

i 5 /) i=12

dZ(O‘) 1 dZ 1 0) _ ~( 1) (@) . (2)
— 3lm | Lim(®) —m 7|
" sz =1 - 2mz(a) (2!) 1—1[ " H H

{m(@), (2)75 (2)} 2271'125 a=0,1i=1,2

1-®) 31_[ m®_ <2>| H \m(3’ 2m®| (4.20)

i#£] i=1,2

The r.h.s. is in fact equal to the Hilbert series of the moduli space of one Bs instanton on
C2. We next show that this is indeed the case.

Define T = 2, then the individual indices are

(@ A1) | © ()|

AN t! (4.21)
(o) (=1 a)_~(2)
Lied = [T ™7 a=01 (4.22)
i=1,2
(2) (2)
(1—12)~2 —2m{P —m$?| m§2) 7ém§2)

I(m(2))

- —2,—2m® @ 22 22

v (1—12)=2¢=2m |H¢J< — @)/ 1_t2z<2>
J
2

J

_ 22 22 2 2
=(1-1?) 2<1—222>)/(1 tQZZ(z)) m{? =m}”
J J

(4.23)
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m(3> ,;m(2) H t|2m(2> —m®3)| (4.24)

nsl
1=1,2
(%) ; 1
™ (20) - —5 =013, (4.25)

The integrations over the gauge fugacities 2(?), z(1)| 26) and 2(®) when m; # my are trivial
while that over 22 when m; = mgy can be performed easily:

2 (2) (2) (2)
N 22 H]{ Zi(z) 11 1_22(2) / 14221(2)
20 (1 =) ;21 1@ 1= 2miel? ) z; %

J J

= . 4.
(1—¢2)(1—t4) (426)
Let us write (as in (A.2) of [14]):
1 m m
Py(ay(t;my, ma) = (17t2)12 LA . (4.27)
e e

Therefore, the Coulomb branch index given in (4.20) can be written as

-1/~ 2 ~ (-1
g (@=1"2=0)Tc(t:m V)
P DD DD DD B
MOz Mz m® ez merez W \m )
- ~ (2 ~ (2 2 2 2
><t|m<0)_m< ”\+(Z?:1\m(0>—m§- >|+|m<1>_m§ )|+ |2m} )_m<3>‘>_2‘m§ ) _m§ >‘><

=) (2)7é 2)

PSP SR VDD t‘m(o)’m(_””(ﬁzllm(‘))fﬁ@f)iﬂmﬂtmf’\+|2m52>7m(3>|)

mO€Z mVEL 1D 5m@ s oo mO)EL

1 2 (2 m{® =m{?
Py (tymi,me),  W(my~  ,my )= o

(2)‘ 1

—9|m®_
Xt 2|m1 my mPU(Q)(t;ml,mQ) . (428)

Upon setting m(—Y = 0, the r.h.s. is precisely the Coulomb branch formula presented
in [17] that gives rise to the Hilbert series of one Bj instanton on C2:

1 o0
. N(_l) o . . 2
Zo(t;m =0)= e X pEZO dim [0, p, 0]so(7)t ™, (4.29)
which implies that
9(Z,2)|2=0 = 1. (4.30)
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A Cauchy identity and Fourier transform

Starting from (2.1) we wish to use the Cauchy identity

1 B 1 _ sinhw(s'—s?)sinhw(m—m’)
coshm(s'+m)coshm(s2+m’) coshm(s2+m)coshm(sl+m') H;zlcoshﬂ(5p+m)cosh7r(5p+m')’
(A.1)

For this purpose, we first introduce a delta function into the integration, and replace
s by s!' and s%. The numerator is split to get,

/ d?s (5(31 + s?)sinh7r(s! — 32)62im(51)2> 1
Z4=

20 cosh st [1V-2 Hf;:l cosh 7 (sP + my)

21
(A.2)

" sinh (s — s?) " 1
[12_; coshm(sP + my_1) coshm(s? + my) cosh (st 4 52 — Mys)

Next we introduce a permutation group in 2 elements Sy and denote a permutation by an
element p € S3. The equation is now ready for applying the identity and we replace to get

/d23 (5(81+52)62m”“(51)zsinh7r(51—52)) 1

o coshrs! Hi\fz—f HizlcOShW(3p+ma)
. (A.3)
inh 1= - 1
x Z (=1)? (sinhm(my_1—mpy)) y R
perh coshm(sP() +mpy)coshm(sP(2) +mpy_1) coshm (sl 42— M,s)
Here is a shorter way of writing the identity:
Z (—1)” 1 _ sinh7 (s —s®))sinhw (my_1 —my)
ot cosh7(sP(M) +m ) coshm(sP(2) +my_1) Hf):lcoshﬂ'(sp—|—mN_1)cosh7r(sP+mN) ’
(A.4)

where (—1) is the sign of the permutation p.
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In the next step, we introduce a set of auxiliary variables sg, 6=0,....N—2,p=1,2
in the following way

= / ]i-f d?sg [ 6(sh+s3)e* ™0  sinh(s)—s3) Ji—f [Tp-10(s5—55.1) (A.5)
A= .

30 2! coshms} 30 H?):lcoshﬁ(sg+1+mg+1)

(sinhm(mpy_1—mpy))~* 1
% Z(_l)p p(1) p(2) " coshr (s, 2 M,
P coshm(sy_y+mpy)coshm(sy”y+mn_1) cosh(sy_y+5%_g—Mas)
S-duality is implemented by rewriting the integral in terms of Fourier transform/dual vari-
ables ug,...,uny_2 and 7. Appropriately anti-symmetrizing the integrand, we obtain
2= | TT ssdtugin, 2t D snb (o5
= sgd ugdT
A B0 AT EATI cosh s}

7B (p)
2mug (sg Sgi1 )

. H Z 1) H cosh 7( 85+1 +mgay1) (4.6)

: pﬁ

> (-1

627riuN 2(5?\]1)2—&-7111\7 1) 27rwN 2(5N 2—i-mN) 27iT] (8%1)2+S?\;2> Mos)
X
> )

cosh 71'uN_2 cosh 7TuN_2 cosh 7y sinhw(my_1 — mpy

In the next step, we need to integrate over the variables {SZB} to obtain the dual
partition function after rearranging terms in the integrand in the following fashion.

z 12 P P 5 p
(5(8(1)4—8(2))62””(80) Slnhﬂ.(Qs(l))HpeQWLu030627mm1u0>

N-2
Zp= d*sgd?upd
A /ﬂl:[o 5 Up Tl( coshms}

Pg_1(P)
27Tz(sﬁ+m/3)( B ﬁB 11 )

Hef%mmg(u 7u He—Qﬂ'zmluo
coshm(sf+mp) .

N-3

SIPNEIEIE

B=1 \ ps—1 p=1

X P+PN 3
PPN -3

opt 1 opt (2
exp {( i sf\; )2+mN 2)(u}v_2+717ufvfg]‘3( ))] exp [2m(sf\§ )2+mN 2)(uf\,_2+717u§)\,f§‘3( ))

Hpcoshﬁuﬁ’v_zcoshﬂ(sg’v_Q+mN_2)cosh7r7'1 sinhw(my_1—mp)
X HeQﬂ'iug)V_S’rﬂN72 X e27riu}\,72(7nN_1—mN_g)eZwiu?sz(mN—mN_g)e—QTriTl (M+2mN_2)

p

E/X(UO;SO)Y(UOaslvula---aSN—37uN—3)Z('UJN—SaSN—%uN—QaTl)a (A.7)

where X denotes the contribution from the first line, Y from the second and third lines,
and Z shows the last line. The X (ug, sp) contains the information about the double bond.
Performing the integrals over {si,sa,...,sy—2} is straightforward and explained in ap-
pendix B. The integral over the sg-dependent piece yields the contribution of the double
bond to the dual partition function and we proceed to compute that next.

We are ready to complete the desired partition function of the new EN—type quiver
gauge theory. Let us rewrite the partition function after partial integrations over Y and Z
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from (A.7) and redefining the variable v}, _, — uf, , —71:

m K, / H d Uﬁ /d UOd 50 H 27rzu050 27r2m1u0

5(30 + 80)62””(50) sinh 7(2s}) sinh 7 (u$ — u3)
l
1

2
cosh sy [ =1 coshm(ug —u

(A.8)

H smh2 W(ué - ug) = ﬁ 2mifgub,
X e
H H _, coshm(u ﬂ_uﬂﬂ) 521 pt

ZeQmm T1 627rz772 T2

[1, coshm(uy_y — 1) coshm(uly_, — ) coshmry

= Zp.

where Zp is the dual partition function and the various FI parameters will be explicitly
given as functions of masses in the next section. In the above integrand the last two lines
correspond to the known contribution of the left (D-type) tail of the quiver, whereas the
first two give a contribution of the double arrow of the EN quiver theory.

Labeling the contribution of the double arrow as Z,,4,% after integrating over s}, s and

utl), the dual partition function can be written as

? d?u
Zp —/ H B HdTa/duo Zna(ud, ul; k,my)

N-— 2minguf
HB | sinh (uﬁ - U%) Hﬁ:12 H?y:l ™" (A.9)
H H _y cosh(ufy — U%H)

27ri77171 627ri7727'2

Hp coshm(ul, , —71)coshm(uk;, , — 7o) coshmr

For simplifying the computation, we set m; = 0" and after a rather tedious computation
detailed in the appendix C we get

2 2 0. —
/duo Zosi(uf, uy; kymy = 0)

/ d?ug d?so [ 6(sh + s3)e 2imr(s5)* ginh 7(2s) sinh 7 (ud — u?) H omiuls?
—i
2! 2! cosh s} H 11 coshm(ug — uh)

(A.10)

eZm(ul +ug fug)s

coshm(ug — 2ul) cosh w(ug — 2u%)>

s

sinh s

, 1
—iKkm/2 du2 )
T / 0 osh m(ud — 2ul) coshw(ud — 2u?)

R 2 .
=ie Z“”/Q/du%dseQW”“ smh7r2/<as<

Snsl for non-simply laced.
"m1 # 0 case does not seem to lead to an easy dual interpretation — for example, it breaks the U(2)
gauge symmetry of the node parametrized by {u}}.
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Note that if kK = 0 then the first integral vanishes so that the second term can be identified
with the dual partition function of the anomalous Sp(k) ADHM theory. However, we are
interested in nonzero Chern-Simons level, namely x = 1/2, which makes the theory A
anomaly free.

One can massage the first integral in the above formula into a more convenient form

by completing the integration over s and shifting the integration variable ug — u(z) +u? +ul

o 9 sinh 27ks
ie KT /2 du%ds p2imhs® ms
sinhms coshm(ud — 2ul) coshm(ud — 2u?)

K= 1/2 z7r/4 du% e*iﬂ'(ug)Q € ]
coshm(ud — ut + u?) coshm(ud — u? + ul)

2i7r(u% +ui—u)s

(A.11)

2
TUq

Now let us put all the pieces together to write the dual partition function (after re-
naming the integration variable u — wug):

ZB = ZA[k“m1 =0 THQ,...,TTLN]
d2
/duo H uﬁ H dr, nsl(uo,ulh/@ mi =0)
: a=1
H smh%r(ué—uﬁ) N-2 2 (A12)

I

H H 1cosh7r(u6 “6+1) B pei

eme T1 e27rw72 T2

[1, coshm(uly,_, — 1) coshm(uly_y — T2) coshrry ’

where the function Z,(uo, ul; %, m; = 0) can be computed from (A.10) and (A.11)

/duoznsl(u()vull;/@ml:O)Zieiﬂﬂl/du() eiZﬂ.(UO) i
cosh(ug —ul +u?)coshm(ug—u? +ul)
4 1
—m/Afd . (A3
e / 1o (coshw(uo—2u%)cosh7r(uo—2u%)) ( )

Let us now label the Cartan of the nodes in direct correspondence of their Dynkin

labels of the By quiver diagram (see figure 1)
Uy — UN , u%—)uﬁ‘v_ﬁ, T2 — U1, T — Ug, (A.14)

where f =1,..., N — 2. Then the function for Chern-Simons level k = 1/2 Z, becomes

. 1
z ; _ in/a A15
s(un,uy_1) =e (cosh?T(UN — Qu}v_l) coshm(uy — ZU?V_1)> ( :

—i1T(u u
T jeim/4 g g
1 2 - 2 1
coshm(un —upn_q +un_q) coshm(uy —ug_; +uyn_q)

—z7r/4FrEsll)(uN7uN ) + Z'ei7r/4e—i7r(uN)2e7ruNFrE§1)(uN’uév_l)’
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1)

where the functions Fésl (un,uby_;) and FIE;) (un,uly_,) are:

1

cosh (un — 2ul cosh m(uy — 2u2
o el ) o

1
FY (u,uly_y) =

9

sl (UN> Uy —1) coshm(uy — up_y +ufy_y) coshm(uny —ug_; +uy_;)

B Computation of Y and Z

First consider the partial integration of Y.

N-3
/ H d255Y(u0,51,u1,...,SN_g,uN_g) (B.1)
p=1
N-3 —2mimg(uh—ub_ )
— H Z<_1)P671H € o He—%imlug’
pﬁ L ()
B=1 \ps-1 P coshﬂ(uﬁ ug'y o)) P
N-3 [ . 1
He 2mimiul H Slnhﬂ-(uﬁ 1 _U,B )Slnhﬂ- « H —2mimg( uﬁ uB 1)
2
s 51 Hp,l 1cosh7r(uﬁ 1 —uﬁ)

Now consider the partial integration of Z.

2
/d sSN—2Z(UN—-3, SN—2, UN—2,T1)

_ / irs sinh ﬂ(u}vfg — u?vfg) sinh? 7r(u}\f72 — u?\,ﬁ)
= 2
Hnl:l cosh W(u?\,_z — ulN_S)
6_2777;7—1(Mas+mN+mN—1)627”'7'2(mN_mN71) (Bz)
[I

peoshm(uly o — 1) coshm(uly o — 72) coshmr

« (H e?ﬂiuf\_?)m]\r,g HeQTriu?\,Q(le—mNg)>
p p

The new auxiliary variable 79 which labels the Cartan of one of the boundary U(1) nodes
in the dual theory comes from the following identity which has been used to obtain the
above result.

! (62”“7“?\7*2> (2sinhm(uy_o — u?\,_g))_l

2minT2
= dr 2
{ul_o} / [1;, coshm(r — uly_o)
(B.3)
where {uf, ,} denotes symmetrization w.r.t. the said variables which requires simply mul-
tiplying by some combinatorial factor since the rest of the integrand is symmetric in these
variables. Also, in the above formula n = my — my_1.

sinh 7

Now, we can read off the FI parameters as functions of various masses; note that we
. . p
identify the exponents of €272 ¢*™"5 a5 the respective FI parameters. The full dictionary
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then reads as follows

no = —Mgys —my —mpy_1,
=my— —MN_3, =1,...,N -2,
n3 N-B+1 N-8 B (B.4)
NN—1 = My,
77N20>

with Fayet-Iliopoulos parameters of the framed affine By quiver on the left hand sides of
the above equations and masses of SO(2N + 1) chirals and mass M, of the anti-symmetric
Sp(1) matter on the right. It is instructive to redefine the chiral masses as my_gy1 — mg
(therefore my_g — mgy1) so that the duality map reflects the structure of simple roots
associated with the By Dynkin diagram (summarized in (2.10)):

no = —Mgs —myp —ma,
N = Mmp —Mg41, 5:172737"'7]\[_27
IIN—1=MTMN-1,

ny =0.

C Computation of Z,q

Recall the formula for the partition function of the Sp(1) Chern-Simons theory with an
SO(2N + 1) flavor symmetry and a free hypermultiplet obtained in (A.9)

d2 2\ ,2imk(s5)? hr(2 h
ZA /H ug Hd ( 50+5 ) )" sin 7T( SO)Sln ™ uO UO H 2miug sy 27mm1u0

2! coshwsOH =1 cosh (uf —uh)

N-2 . 2 1 2 N—-2 2
y N];[5:21 sinh” 7 (ug —u3) H Hez’”"f’“
Hg:1 Hp,z:1005h7r(“§_ulﬂ+1 =1p=1

(C.1)

_i€27ri771'rl 6271'177272 )

X
(]_[pcoshw(u’]’\,2 —71)coshm(ul_,—72)coshnry

which is equal to the partition function of the mirror dual theory

? : Zsinh? 7 (uk —u 2T
/duH T BHdTOé nsl(u Ull,li m1)><<H5 11_[ IEIB /3)E ( Hp 1 )
| 1 coshm uﬂ UB-H

a=1

(C.2)

627Ti7]171 627Ti7]27’2 )

( [1,coshm(ul,_o—71)coshm(uly_,—7o)coshmry
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and Z,q is given in (A.10). Now, let us manipulate the ub-dependent part of Zy4, i.e. the
first line of (C.1)

D P ; P
H 627”“050 e2mm1u0

p

/ d?ug d?sg (5(8(1) + 3(2))62””(5(1))2 sinh 7(2s}) sinh 7 (u — u%))
20 2!

cosh s} Hi’lzl cosh m(ub — ul)

2 2imrs? o ; 1 2
_ / dug gs [ € sinh 725 sinh 7 (ug — ug) G2mis(ub—ud) 2mimy (ub-+u3)
2! cosh s H; 1y coshm(uh —ub)
2 2imks? o 1 2
:/d Uo ds € Slnhﬂ—(uo — uo) 1 <e27ris(ué—u(2)—i) _ eQWis(ué—u%—i—i)) e27rim1(u(1)+ug)
2l coshms H; j—q coshm(uh —ut) 2
2 2imks? o 1 2
_ / dug ds € s1nh7r(u0 - uO) eQm‘s(ué—ug—i)eQWiml(u(lj-i—ug) (C 3)
2l " coshms Hi j—q cosh(ub —ul)

where we used permutation u(l) > ug and s — —s in the second term above.

Integration over any of the real variables, say uj, can be written as an integration on
the complex plane over a contour which goes along the real axis and closes in the upper-half
plane. If one integrates the same function but over a contour shifted by unit distance in the
imaginary direction compared to the previous contour (implemented by simply replacing
u(l) — u(l)—H' in the original integrand), the two integrals will differ by the sum of the residues
that lie between 0 < Im(u}) < . Explicitly one gets

2 2imks? o 1 2
/d Uo € Slnhﬂ-(uo_UO) 27Tis(u(1)7u%7i)€27rim1(u(l)Jrug) (C 4)
2! " coshrs Hi j—q coshr(uf—ul)
2 2irks? o 1,2,
:/d o ds e Smh”(uo_uo‘m) 27ris(u(1)+i—ug—i)627rim1(u(1)+i+ug)
! 2 145 ol 2 .l
2 coshms[[;_; coshm(ud+i—ul)coshm(ud —ul)
2 2imks? o 1,2
Lo Z Res,s i 4y /d o 4o € sinhr (ug —ug) p2mis(ug—ug—i) L2mimi (ug+ug)
ug=uq+1i/2 | 2 p l
o 28 coshms[[;;— coshm(ug—uy)
2 2imks? o 1,2
:_/d Uuo € SlnhW(UO_UO) 27rz’s(u(1)—u3)eQWiml(ué—‘ru%—l—i)
2! cosh7rs]_[}27 1= cosh(ub—ul)
2 2imks? o 1 2
+2mi Z Res iyt 44/ d”ug ds— ¢ sinhr (ug —ug) p2mis(ug—ug—i) L2mimi (ug+ug)
ug=uq+1i/2 | 2 P l :
Py 28 coshms[]; ;— coshm(ug—u)

The integrand in the first term after the last equality is antisymmetric under the simul-
taneous operations u(l) > u% and s — —s and therefore vanishes. Now let us focus on the
part depending on the residues:
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. 2
. d2u0 62””{5 Slnhﬂ_(ué_ug) 2mis(ud —ud—i) 2mimy (ud+ud)
211 Res,i1_,i ., ds e 0m%0 " e 00
uo=uat/2 [ 9l " coshars[2,_, coshm(uf —ul)
1=1,2 p,l=1 0~ U1
/d 2d e27:7\'li82 1 eiws(7i+2u%72u8)eﬂim1(2u%+2ug+i) eiws(7i+2u%72ug)eﬁim1(2u%+2ug+i)
UpaS —
. n 1 . 2_ .2
coshms sinhm(ui —u?) coshm(uZ —ul) coshm(ug —u?)

duods

coshm(ug—2ui) B coshm(ug —2u?)

227rms 677(5*7”1) 62i7rs(u§+u17u0)627rim1 (ulfu%+ug) e2iﬂ'5(u%+u%7u?})62wim1(uifu%+u%)
coshms sinhm(u} —u?)

dug

X -
% coshrs sinhm(ul —u?)

) 12
e2mima (uf— “1>cosh7r(ug—2u§) e2mima (uy “1)cosh7r(u8—2u%)>

coshm (ud —2utl)coshm(u2 —2u?)

. . 2
217”@5 e‘/r(sfml)€27,7rs(u1+ul7u0)627r7,m1u0 1

dug

/ 217”@5 eﬂ(sfml)eins(ufﬁ»u}7ug)627rim1u(2)

X x
cosh7rs sinh7(ul —u?) coshm(ug —2uj)coshm(ug —2u?)
x (cos2mmi (u1 —u?) ((coshm(ug —2u}) —coshm(ug —2ut))
—isin2wmy (ui —u?)(coshm(ug —2ui ) +coshm(ug— 21&)))
2_.1

2imks? - s 2
my=0_ dugdse o o™ 2ims(ud +ui—ud) 2sinhm(ug —uf —uy)
coshms coshm (u3 —2utl)coshm(u2 —2u?)

217”@5 2iﬁ(u%+u%—ug)(s+z/2) 217‘r(u1+u1—u0)(s—1/2)
/duo s———xe"’ <6 . (C.5)

coshms coshm(u2 —2ul)coshm(u2 —2u?)

A quick look at the fourth equality clearly suggests that a non-zero m; breaks the U(2)
gauge symmetry of the node associated with the double arrow. We set it to zero from

here on.®

The integration over real variable s can be written as an integration of a complex
variable over a contour which goes along the real axis and closes in the upper-half (or
lower-half) plane. As before, consider writing the above integral in terms of another integral
with the same integrand but a contour that is shifted by a distance —1/2 in the imaginary
direction, with any pole on the contour being traversed in an anti-clockwise fashion (just
a convention — nothing in the computation below depends on this choice). Therefore, the
first term in the parentheses of the last equation may be rewritten as

621'7”{52 e2i7r(u%+u%fu(2))(s+i/2)
— [ dudds—— x ™ 5 i 5 5
cosh s cosh 7 (ug — 2uy) cosh w(ug — 2uy)
2im(u?+ul —ul)(s—i/2+i/2
— [ duddseimE(s=i/2)? 1 o (5=i/2) e2im(uituy —up) (s—i/2+i/2)
B 0 h(s—i/2 h(ug — 2ut) coshm(ud — 2u?
coshm(s —1i/2) cosh m(ug — 2uy) cosh m(ug — 2uf)
) e2i7ms2 eQiﬂ'(u%—i—u%—ug)(s—i—i/m
+imRes,—_;/9 | duf———— x ™°
s=—1/ Ocosh s cosh7(u? — 2ul) cosh w(ug — 2u?)
s e2i7r(u%+ui—u(2))s

— — | du2dse2imr(s—i/2)? €
/ o sinh7s \ coshm(u? — 2ul) coshm(ud — 2u?)

8m1 # 0 case does not seem to lead to an easy dual interpretation — for example, it breaks the U(2)
gauge symmetry of the node parametrized by {u}}.
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. ) p2imks® . e2im (ui+ui—ug) (s+i/2)
+ imRes,—_i/2 [ dug

cosh s cosh(ud — 2u}) cosh m(u3 — 2u?)
- ir(uul —u2
= / dudse2ims(s—ij2)? _€" gl t s
0 sinh7s \ coshm(ud — 2ui) coshm(ud — 2u?)
+ e /2 / du? ! . (C.6)
cosh(u3 — 2ul) cosh w(u3 — 2u?)

Similarly, the second term can be written as

2

/du2d8 e2imks o 62i7r(u%+u%—ug)(s—i/2)
0™ cosh s coshm(ud — 2u}) coshm(ud — 2u?)

N TP O
_ /du2d8€2im(s+i/2)2 1 r(s45/2) e2im(uf +ug —ud ) (s+i/2—i/2)
0 coshm(s+1i/2) coshm(ug — 2ul) cosh m(ud — 2u?)
N e2i7msQ ein(u%-{—u%—ug)(s—i/Q)
. . dul— s
imRes —i/2 / “0coshs ¢\ cosh m(u3 — 2ul) coshw(u3 — 2u?)
21 2
= /CluQdse%”"‘(“fﬂ'/?)2 e" eHmltui )
0 sinh7s \ coshm(u3 — 2ui) coshm(ud — 2u?)
; 1
. —ikT/2 du2 ) C.7
e / 4o (cosh m(ud — 2u}) coshw(ud — 2u%)) (G.7)
Therefore, we find after adding (C.6) and (C.7)
5
1 / d2U0 62””% Slnhﬂ-(“’%} — u%) 27ris(u[1)—ug—i)
2 2! " coshrs Hi,l:l cosh7(ub — ut)
] s 2im(u?+ul—u2)s
_ _ikT/2 dud 2imks? € inh 72 €
‘ / HUose sinhs o Cosh m(ud — 2ul) coshw(ud — 2u?)
+ je” /2 / du? ! (C.8)
0\ cosh m(ud — 2ul) coshw(ud —2u?) )’

eZiw(u% +ui—ud)s

r=1/2 2 5 im(s—i/2)?
= [ dudd
/ Hoase cosh(ug — 2ul) cosh w(ug — 2u?)

, 1
je /4 | du? C.9
e / 4o <cosh m(u3 — 2ul) coshm(u3 — 2u%)> (C9)
212
sﬁii/? —6i7r/4 / du267iw(u%+uiiug)2 e m(uf+uy—ug)
0 cosh7(u? — 2u}) coshm(ud — 2u?)
+ je” /4 / du? ! (C.10)
cosh7(u? — 2u}) cosh m(ud — 2u?)
2
ug—uftui+uy _im/4 / du2e—im(@3)? erto
0 cosh(ud — ut + u?) coshm(u3 — uf + ui)

) 1
e/ | dud C.11
e / o <cosh m(u3 — 2ul) coshm(u3 — 2u%)) ’ ( )

which leads us to (A.10).
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D Generalities on partition functions and superconformal indices on
S3/7, x St

In this section we list the rules for deforming a partition function on S3 to the 4d index,
which can be thought of as partition function on S x S1. The integration variables s(%) (8=
0,1,3), SZ(/B) lie in the Cartan subalgebra of the gauge group U(1)? x U(2) corresponding to

the framed affine B3 quiver theory (see figure 4)

In order to write the index, we define corresponding fugacities as z(%) = e%is(ﬁ),

: (B) .
22(2) = 2™ " Recall that the superconformal index for a 4d, A" = 2 theory on lens space

L(1,r) is defined as

I
I(p, q,t; z) = Trgs 7, [(_1)F <ptq> pj2+jlqu*jltRef,B(E72j2*2R+R/) Hzlfz (D.1)
7

where the trace is taken over the Hilbert space on S%/Z,, F denotes the fermion number,
J1, j2 the Cartans of the rotation group SU(2); x SU(2)2 ~ SO(4), R the U(1) generator
of SU(2)r R-symmetry and R’ the generator of U(1)g, and f; possible flavor symmetries
(some of which may be gauged).

A crucial difference between the Lens space index and the S3 x S! index is that in the
former case one can turn on non-trivial discrete holonomies along the Hopf fiber of the Lens

(a) ( (H))

space for the gauge (flavor) vector fields — parametrized by integers m;"’ (m,

(@)

gauge (flavor) node a (k) where 0 < m;

for every
< r. For a simply-connected group G (gauge
or flavor), the discrete holonomy V' of the vector field may be represented as elements in
the Cartan of the group G: V = diag(e>™™/7 ... >™™N/T) where N = rank(G). The 4d
index therefore involves a sum over these integers {mz(.a)}.

In terms of indices of AV = 2 vector multiplet and hypermultiplet, the index of a quiver
gauge theory with gauge group G =[], U(N,) and bifundamental and fundamental matter
may be written as

T (pa, 7)) = (D.2)
L § S I R ) (@) 3t@) (m?m) (5) )
- Z H W, (m(a)) H (@)I (Z )Ifund H Ib und Z 1% )
'm(o‘)‘ |=1 e « i=1 27”’21' (B,7)

where {Z(O‘), ﬁl(o‘)} denote respectively fugacities and discrete holonomies of the flavor node
« in the quiver diagram. The individual factors in the integrand may be identified as
follows:

(o)
° I‘(/m )(z(a)) = index of the vector multiplet corresponding to the a-th gauge node
in the quiver diagram and « runs over all gauge nodes in the quiver.
B)
Ié:?un i ! )(Z(’B), 2(") = index of a bifundamental hyper and (3,~) runs over all lines
connecting two gauge nodes in the quiver.
o 7 m(a>)(z(a) 7(@)) = index of a fundamental h t th d d
fund , = yper at the gauge node o and «
runs over all gauge nodes in the quiver.
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Note that in the above formula we have cancelled the Haar measure of the integral
against a similar factor coming from contributions of the vector multiplets to the index.
Accounting for this overall factor, the explicit form for the vector multiplet index is given

o 1—pitlgitl,—1

in terms of elliptic gamma function I'(z; p, q) = [; i20 T s and the g-Pochammer

symbol (z;¢q) = [[120(1 — 2¢') as follows:

I(m(a))(z(o‘)):< "5 p") ¢ q >Na 10 P\~ ([l )= [pm)])
v L(t;pg,p") T(tq"; pa, q")

pEAdj (@)
X ! !
I‘(tp[[ﬂ(m(w)“627”/)(5(“));pq,pr) I‘(tqr—[[l)(m(a))]]e27ri.0(5(a));pq7p7“)
1 1
y . (D3)

F(p[[p(m(a))]]e27rip(s(a));qu pT) I‘(qT—[[P(m(a>)”e27rip(s(a));pq,p’“)

(@)
and [[z]] is defined as x = [[z]] modulo . The product is over all roots of the Lie algebra

. . - (@)
where s;  lies in the Cartan subalgebra of the gauge group at the node a with zi(a) = 27is;
of the gauge group. For an Abelian gauge theory, the contribution of the vector multiplet
index is trivial.

The contributions of the bifundamental and fundamental hyper are given as

m®B m™ g\ 1 {[sp(mP mON=L[sp(m ) m)]]2)
Il()ifund ’ )(Z(ﬁ)’z(’}/)): H H <7> ' (D4)
s=x1peBif(B:7)

% H F(tl/Qp[[sp(m(B),m(V))]]627risp(s(5),s<7)) pq’pr)r(tl/qu—[[sp(m<ﬁ>,m(w)ﬂe%risp(s(@),s(’”);pq’qr)’

I

s=+1

m@ m@®) () ~(a pg 1 [[sp(m @) meN)) = L[sp(m ) ,ml))]]?)
If(und )(Z( )’%{ )): H H (7)4

s=*1peBiflaa)
() () i (a) 3(a) _ (a) (@) ; (a) 3(a)
XHF(tl/Qp[[sp(m Jm )}]627rzsp(s )5 );pq’pr)r(tl/qu [[sp(m{®) m )]]627rzsp(s )3 );pq’qr)‘
s==1

For generic matter in some representation R, the formula for the index is exactly the same
with p now being a weight of the representation R.

E Folding

Folding is a standard operation of converting ADE-type Dynkin graphs into other types
of Dynkin graphs [36]. In the context of four dimensional theories of class S folding was
discussed in [37]. Seiberg-Witten theories with Spin(2N — 1) groups were obtained from
Spin(2N) theories in [38] by a similar mechanism which is discussed later in this section.
An example of folding is depicted in figure 5

In physics context folding of Dynkin diagrams has already been discussed in the lit-
erature. In [39] the authors computed Higgs branch Hilbert series for 3d N' = 4 quiver
theories, which describe moduli space of instantons of BCFG types, by exploiting the fold-
ing technique in order to obtain non-simply laced quivers from ADE type quivers, for which
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Figure 5. Folding D, Dynkin diagram to B3z Dynkin diagram, and then to Gy Dynkin diagram.

the computation was known. Later in [17] it was shown how to compute Coulomb branch
Hilbert series for the moduli space of G-instantons for any simple Lie group G.

Therefore it is not known how to describe both Higgs and Coulomb branches of the
ADHM quiver theories and their mirror duals, e.g. figure 3. Therefore using the results
of [17, 39] and some other developments we can study physics of the non-simply laced quiver
gauge theories (like the left quiver in figure 3) which feature double and triple arrows.? In
particular we should be able to understand what kind of matter fields correspond to those
multiple arrows on the diagram. Also, by using folding technique, we will be able to realized
those fields via gauging of discrete global symmetries of the original quiver theories. These
problems will be addressed in the future publications, however, in the end of this paper we
shall discuss some ideas which should be further developed.

E.1 Classical analysis

In addition we can analyze the dual theories in figure 2 by studying their parameter spaces
of supersymmetric vacua along the lines of [28]. The quiver gauge theory is studied on a
cylinder R? x S]l% of radius R in the presence of the N' = 2* mass deformation parameter
€. After the mass deformation the Coulomb branch of the theory degenerates into a set of
discrete massive vacua whose position is determined by the twisted F-term relations which
now depend on the A/ = 2* mass 1 = ef'™ (see [40] for details). Below we shall analyze the
corresponding twisted F-term relations!'? for 134 and its folded version Eg.

It was shown in [28] that both theories in figure 3 can be obtained by gauging and
ungauging global symmetries in the mirror pair represented by two A-type quivers with
framing depicted in figure 6. After gauging a U(1) C U(2) global symmetry for the theory
on the left one obtains a ]34—shaped quiver as shown in figure 7. Its mirror is the Sp(1)

9If we include affine and twisted affine series then quadruple arrows may also appear.
101 gauge/integrability correspondence [41] they coincide with Bethe Ansatz equations for an exactly
soluble lattice model.
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Figure 6. Mirror dual A3 and A; quivers with framing.
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Figure 7. ﬁ4 quiver with labels.

theory with SO(8) global symmetry. For the latter we can write (see [28])

3 _ _ _
nlo—m no—ntjo nlo—mn

nlri—o mo—ntjo nln-o

12 =1, (E.1)

where we have singled out the contribution from the twisted hypermultiplet with mass 74
in the last term. It is also required that 72 = 1. The canonical momenta are

77_17_11 + 0;
77710-1' + Tq .

2V

2
p2Y =mnmmra, phY =[] (E.2)
i=1

Let us focus on the last term in the above equation. We implement the following scaling
T xTy, H—ax ', x— 00, (E.3)
where we have substituted n with 7. Then the last term above becomes

o — 17T ~
AN &(O' —1T4) (E.4)
T4 — NO T4

12

if in addition we scale po — xus.
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For the A model we have

— (4) _ (5)
T4T3 N2 U T4 no o;
P2 H (5) =1 H D@3 1,
Boi=170; = 12 i=110; — ol
n0® — o 0 ® —no® 1 ® _pe® 6@
H G H 8) ®) ®) 5 = L (E.5)
olh — o j#i 'l 1%‘ —no;” nuz —a;” no — o,
together with the momenta
" A (5)0( )
pt=pmo, pl= T (E.6)

o)

as well as pL = 72 as is required by gauging. Now we need to implement scaling (E.3)
together with po — co as before using 7 instead of 7 for the ¢(¥) node. One has from (E.5)

T4T3H77M2—U —1, HUU )—U ):1’

p“ i=1 —o
170 Sy 101(5) - 770( ) —xflo —zo@
ool e e - - &
Oy " i 05 —N0; N2 — o, 77‘7()_02'
We have implemented some additional scaling
c@® = 2o (E.8)
Finally we gauge the remaining global U(1) by setting similar to [28]
T4T3 T4
T _ T E.9
p,% 73 (E9)

so the first and the second equations of (E.7) become the same and one identifies po = o,

Therefore the Bethe equation for the middle node reads

2 6 _ (1) p1g® e ) 2
EHUQ o U ( o (5)> —1. (E.10)

72 72 ot — o j#i 77710](45) — 1701(5) noe@ — o

We can recognize the contribution from the double arrow in the last term which is a square
of a rational function. One can clearly see that this contribution cannot be reproduced by
integrating out any (bi)fundamental matter, thus it represents a new contribution, which
is certainly non-Lagrangian.

E.2 Chern-Simons terms for the ADHM quiver

In the example in section 1 we compared dimensions of Higgs and Coulomb branches of the
ADHM quivers with SO(8) and SO(7) global symmetry. Here we shall remind the reader
that if one integrates out a single half-hypermultiplet (e.g. to arrive to SO(7) flavor group
starting from SO(8)) the Chern-Simons term with level 1/2 gets generated.
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Let us start with the partition function of 3d N' = 4 SU(2) gauge theory with SO(8)
symmetry on a squashed three-sphere [42] with squashing parameter b

4
Zgs = —S/ds sinh(2mib5)S (e + 2s) - H S (% + (£s — ma)) , (E.11)
a=1

where the integration is performed along the real s line. The integrand consists of the vector
multiplet contribution followed by the product of eight half-hypers. Here 2¢ = b+ b~! and
=+ signs in the integrand show that the product is taken over all possible sign choices. Thus
there are sixteen S(z) functions overall in the half-hyper contribution.

In order to reduce the global symmetry to SO(7) we can gauge discrete Zg symmetry
from the Weyl group of SO(8) by integrating out one of the eight half-hypers. There are
four terms involving my in (E.11). Gauging of Zy symmetry will consist from two steps.
First we break the Zos symmetry by introducing a new mass parameter for two of the above
four terms

S (g + (s — m4)> S (g +(—s— ffu)) . (E.12)

Second, we integrate over my4. Recall that at large values of the argument the double sine
function has the following behavior

S(z) ~ e P22) (E.13)

where Boo(2) = 22 + ez + %. The latter constant will not be important for our
analysis. Given the above asymptotic we have

S (5 % (=5 — i) ) ~ T (MO (E.14)

A trivial Gaussian integration gives the desired SU(2) Chern-Simons term with level xk =
1/2
Zcg ~ s’ (E.15)

F Hilbert series

F.1 Coulomb branch Hilbert series

We can use the Coulomb branch monopole formula [17] to write the Hilbert series for the
ﬁ4 quiver in figure 7 and study the folding trick. On the mirror side we may use the Higgs
branch formula to understand how the global SO(8) symmetry is reduced down to SO(7).

Let us first look at the Coulomb branch of the ]_34. Scaling dimensions of monopole
operators of quiver from figure 7 read

3

20 = Y |my —my| — 2lms — me|. (F.1)

i=1 j=56

After the folding is done we need to identify two nodes, in this case they are nodes 3 and
4 we identify
ms — =2 my — =2 . (FQ)
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The monopole formula then reads

2
2A7:Z Z [mi — my| + Z Img — 2m;| — 2|ms — me| . (F.3)

i=1 j=5,6 j=5.6
The Coulomb branch Hilbert series for the Dy quiver reads [14]

H(t,z1,29,23,24) = Z tASP(t, my,...mg)zy 2ot L8 0 (F.4)

mi,...,me

where Ag is given by (F.1). The Hilbert series can be thought of as a sum over the root
lattice of the Lie algebra weighted by the scaling dimension of the monopole operators A.
The contribution with the lowest value A = 1 contains the following terms

2
21, 22,23, 24, X172, 2322, 2422, Z122%3, X170%4, ZAZ2Z3, Z17223%4, X1%523%4 (F.5)

which correspond to twelve simple roots of SO(8). We can manifestly see the SO(8) triality
which interchanges z1, zo and zs.

Let us now apply the folding trick to the ﬁ4 quiver, namely we apply (F.2) together
with identifying z4 with z3. Then the above nine terms at A = 1 become

2 2 2.2
21, 22,23, R172,23%22, Z1%22%3,%2%3, R1%22%3, Z1%9%3, (F-G)

which correspond to nine simple roots of SO(7). Therefore we were able to verify the
validity of the monopole formula (F.3) by folding.

F.2 Higgs branch Hilbert series

On the mirror side we have Sp(1) gauge theory with eight half-hypers. In order to un-
derstand the transition from SO(8) global symmetry to SO(7) global symmetry one half-
hypermultiplet has to be removed which can be implemented by giving it a large mass. Let
us verify that the number of the degrees of freedom after integrating out the half-hyper
provides the correct matching with the Coulomb branch data given in (F.6). The global
symmetry for the SO(8) theory is parameterized by the 8 x 8 antisymmetric matrix whose
28 nonzero components decompose as 28 = 4+12+12 in terms of Cartan subalgebra gener-
ators, positive roots, and negative roots respectively. Indeed, (F.5) contains 12 terms cor-
responding to the positive roots of Dy. After integrating out the half-hypermultiplet the 21
components of the 7 x 7 matrix decompose as 21 = 3+949, again, in accordance with (F.6).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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