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1 Introduction

Two dimensional conformal field theory (CFT) [1] is relevant in statistical physics while

studying second order phase transitions, and it is also an important building block in String
theory [2]. An important example of CFT is Liouville field theory (LFT) [3] which is a
bosonic field theory with exponential interaction. This theory is endowed with the spin two

conserved currents that are the holomorphic and anti-holomorphic components of the stress

energy tensor. The Fourier components of these currents obey the Virasoro algebra. There



are more general CFTs which in addition to the spin two currents include also conserved
currents with higher spins [4]. The corresponding symmetry algebra is called W algebra.
Important examples of theories that enjoy W symmetry are Toda field theories. These
theories generalize LFT to the case of several interacting scalar fields.

As a first step on the way of constructing a full fledged quantum theory it is instruc-
tive to investigate its quasi classical limit. In both Liouville and Toda theories one can
distinguish three types of quasi classical limits. These are mini-superspace, heavy and light
limits. All three are the large central charge limits. They differ from each other by the
behavior of primary fields under consideration. The primary fields are given by the vertex
operators V,, = e/*?. In the light limit we choose ov = nb and send b to zero. Thus we take
the large central charge limit keeping the conformal dimension finite.

The AGT correspondence [5] connects 2d conformal blocks in LFT to the Nekrasov
Partition Function [6-8] of the four-dimensional A/ = 2 supersymmetric gauge theories.
The AGT correspondence is a powerful tool not only for deriving correlation functions in
2d CFTs but also for studying gauge theories by applying CFT methods. The Nekrasov
partition function can be represented as a sum over Young diagrams [6, 8, 9] which ac-
cording to the AGT correspondence can be used to compute conformal blocks in 2d LFT.
In [10] the U(N) Nekrasov partition function in the light asymptotic limit was considered.
It was proved that in this limit for a specific choice of fields in the Nekrasov partition
function contribute only Young diagrams whose number of rows does not exceed (N — 1).
This simplification makes it possible to write an explicit formula for the partition function
in this limit. After applying AGT duality a large class of Wy light conformal blocks for
arbitrary N’s has been obtained.

N =1 super Liouville field theory (SLFT) [11] is an important example of N' = 1
super conformal field theory (SCFT) [12-15]. In [16, 17] an AGT like correspondence
between the A/ = 1 SLFT and the U(2) super-symmetric gauge theories living on the
space R*/Zy is given.

Besides the spin two conserved currents (energy-momentum tensor) SLFT includes also
spin 3/2 currents (the super-currents). These currents generate super conformal symmetry
which in 2d is described by the Neveu-Schwarz-Ramond algebra [12, 14, 15]. If upon
encircling a field by the super-current an extra multiplier —1 is produced, one refers to this
field as a Ramond field. Those fields which are local with respect to the super current are
called Neveu-Schwarz fields.

In this paper different A/ =1 SLFT blocks in the light limit are derived by using the
above mentioned duality between super Yang-Mills theory and 2d SCFT. We obtained
that in the case of SLFT the analysis of the light limit is more subtle and complicated
compare to the bosonic Lioville theory. In particular we found that in the light limit to
the conformal blocks contribute not only one row diagrams. For instance the instanton
partition functions that correspond to the conformal blocks with four Ramond fields also
get contribution from the diagrams, like those in figures (3(b)) and (3(c)) below.

The paper is organized as follows. In section 2 the expression for the instanton partition
functions of N' =2 SYM on R*/Z; [19, 20] is reviewed. In section 3 we bring known facts
for =1 SLFT and its light asymptotic limit that will be useful for us. In subsection 4.1



the map between N = 1 super Liouville conformal blocks and N' = 2 SYM on R*/Z, is
given. In subsection 4.2 the rules for the light asymptotic limit are written. In section 5 we
present new results on various partition function in the light limit. In section 6 by using
these partition functions we give the corresponding conformal blocks in the light limit.
In appendix B some technical points on the instanton partition function of SU(2) gauge
theories on R*/Z, are reviewed. In appendix C we proved that in the light limit to the
instanton partition function contribute only the Young diagrams depicted at figure 3 and,
in appendix D computations of these partition functions in the light limit are given.

2 The partition functions of N'=2 SYM on R*/Z,

Let us consider ' = 2 SYM theory with a U(2) gauge group on the space R*/Z. The
instanton part of the partition function for this theory can be represented as (see [19, 20])

(01.02) L(0) ~(1) =) _ (41,42) ~0) ~(1) ~2)) 2
Z(ui,uz),(vl,w)(a ,arv’,a ‘Q) = Z F?(Ui,uzg),(vl,w) (a ,a"v’,a )q 2 . (2.1)
(v}

The sum goes over the pairs of Young diagrams Y7 = (V{1 Y5”) colored in chess like order.
To each diagram one ascribes a Zs charge ¢;, ¢ = 1, 2 which indicates the color of the corner
and takes values 0 or 1 (white or black correspondingly). |Y] is the total number of boxes

in Y7 and Y5, and ¢ is the instanton counting parameter. Let us clarify our conventions
50’1’2) 1(1) are expectation values

on gauge theory parameters a , © = 1,2. The parameters a

of the scalar field in vector multiplet. Without loss of generality we will assume that the
“center of mass” of these expectation values is zero

1
g — = (oW 4 N _
a 5 (al + a, ) 0, (2.2)

since a nonzero center of mass can be absorbed by shifting hypermultiplet masses. Fur-
(0)

thermore a, (al(-z)) are the masses of fundamental (anti-fundamental) hypers.

The expansion coefficient of the instanton partition function (2.1) is given by

. (a1,2) (5(0)7 il 6(2))

Y (u1,u2),(v1,v2)

2
i=1j=1 Zyy(qi, 0l Yi | Qjﬂg-l),Y‘)
where
Zyp(z,a,A | y,b,pu) = (2.4)
I (@ =b—elus) +e2(1+ Ax(s) ]I (@ = b+ e+ La(s) = e24,(5))
SEA* sEp*

Here €1 and e are the Q2-background parameters. We will use the notation € = €1 + €.
Ax(s) (La(s)) is the arm-length (leg-length) of the square s towards the Young diagram A,
defined as oriented vertical (horizontal) distance of the square s to outer boundary of the
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Figure 1. Arm and leg length with respect to the Young diagram whose borders are outlined by
dark black: A(s1) = =2, L(s1) = =2, A(s2) =2, L(s2) =3, A(s3) = =3, L(s3) = —4.

Young tableau A (see figure 1). A*, u* are subsets of boxes A and p respectively such that,
a box of A (u) belongs to A* (p*) if and only if the replacement

€e,ea—= 1, a—=z b=y (1=1,2) (2.5)

in the first (second) multiplier of (2.4) results in 0 (mod2) (remind that u; and v; (i = 1,2)
take values 0 or 1). For more details see appendix B.

According to the duality between ' = 2 SYM on R*/Z and N' = 1 SLFT these
partition functions are directly related to four point conformal blocks in N’ = 1 SLFT.
Before describing this relation let us briefly recall few facts about A/ =1 SLFT itself.

3 Known facts on N/ = 1 SLFT and its light asymptotic limit

Super-Liouville field theory is a supersymmetric generalization of the bosonic Liouville the-
ory, which is known to be the theory of matter induced gravity in two dimensions. Similarly
SLET describes 2d supergravity, induced by supersymmetric matter. Super-Liouville field
theory on a two-dimensional surface with metric gq is given by the Lagrangian density

L= %Qabﬁaﬁﬂaw + %w% +Y0U) + 2ipb e’ + 2mpht e (3.1)

There are two kinds of fields in 2d N/ = 1 SLFT called Neveu-Schwarz and Ramond fields to
be specified below. The symmetries of the theory are generated by the energy-momentum
tensor and the superconformal currents

1
T = =5 (090 — Q¢ + YY), (3:2)
G = 1(pIp — Qo). (3.3)
Commutation relation of the Neveu-Schwarz-Ramond algebra are
[Lyms Ln] = (m — 1) Lpsn + %m(mz — Dot (3.4)
m — 2k
[Lmy Gk] = 9 Gm—i—k ’ (35)
c(,s 1
{Gk, Gl} =204 + g k* — Z 5k+l , (3.6)



with the central charge

cp = g +3Q?%, where Q =b+b7'. (3.7)

Here L,, and Gy are the Laurent series coefficients of the currents 7" and G respectively.
For the Ramond algebra k and [ take integer and for the Neveu-Schwarz algebra half-
integer values.

It is known that in the Neveu-Schwarz sector at the light asymptotic limit the symmetry
algebra reduces to the finite subalgebra generated by Lo, L+1, G112 only. Notice that for
this subalgebra the central extension terms in (3.4) and (3.6) disappear. For the mentioned
values of m and [ (3.4)—(3.6) is obviously closed. For the Ramond sector its light asymptotic
limit is more subtle and needs to be clarified yet.

NS primary fields ®,(z,%) in this theory, ®,(z,2) = e**?) have conformal
dimensions

ANS = %OZ(Q —a). (3.8)

Introduce also the field that is the highest component of the NS superfield build from &,
D5 (2,2) = G_1)2G_1)2Pa(2,2), (3.9)
with dimension
ANS = ANS £ 1)2, (3.10)
and as well as the Ramond primary fields defined as
RE(z,2) = 0% (2, 2)e?®?) (3.11)

where o is the spin field with dimension 1/16. Thus the dimension of a Ramond operator is

r_ L 1 5_
A= 16 + 2a(Q a). (3.12)
4 N = 1super Liouville conformal blocks and their relation to the N’ = 2
SYM on R*/Z,

Let us schematically denote by (¥;(00)W2(1)¥3(q)¥4(0))av conformal block of ¥;, i =
1...4, fields with intermediary field ¥ of conformal weight AY.

Four point blocks where all four fields are bosonic primaries ®; with conformal weights
A,, are connected with the Z;,s partition function in the following way (see [17])

0208 00y = €T THATAYI (1 )V (@4 (00) B3 (1)1 () B (0)) ans (4.1)

and for A = A + %
A{VS_,’_AéVS_ANS

oo = g (1= 0V (@a() By ()1 (@) P2(0)) s (42)




The index ¢ shows that the number of black and white boxes (the number of boxes in
both diagrams together) are equal and the index ¢ show the number differ by one. In the
expressions (4.1) and (4.2) U is given by

U= (6] (Q — 043) . (4.3)

We will see that in the light asymptotic limit U is just one. So in this limit the corresponding
partiton function gives the four point conformal block for bosonic fields.

Let us look at the (R®PR) type conformal block. According to [16] this conformal
blocks are connected to the instanton partition function in the following way

Oz(o 1)

000y = aAFHATTEAT (1 = ) (U= A= Ram At M) (B (00) By (1) (g) RS (0)) p(4.4)

Now let us look at the (RRRR) conformal blocks [16]. For the partition functions with
equal numbers of black and white cells

209 1oy @ = (1= @) (Gaey(@H-(0) + Gaey (@ H (@) (4.5)
20D o (@ = (1= @) (G (@ Hy(0) + Ga (@)1 (0) | (4.6)
200 (@) = (1= )V (Gae (@F-(a) + Cugy (@) F- (=) . (4.7)
20D 10y @ = (1= @) (G (@ F(a) + G (@) Fi (~a) ) - (48)
For the partition functions whose numbers of black and white boxes differ by one
2000 0@ = (1= @)V (G (@) H () + Gsl@)(q)m(q)) , (4.9)
*Z51) 0@ = (1= @) (Cae)(@H-(a) + Cap) () H-(@)) | (4.10)
2 on@ = (1= 0 (Cup)(@Fi(a) + G (@Fi(-q)) . (411)
201 0@ = 0= 0" (Gae)@F-(0) + Gapy (@ F-(~)) . (412)

Here Hy, F4, Hy and Fy are related to the conformal blocks containing four Ramond
fields, for their definition see appendix A. G(q) and G(q) are certain conformal blocks of
the su(2), WZW model, which are given by

Gg) = (1—q) 3\/ (1+v1=4). (4.13)
Gl = -0 2 (1-vica). (414)

Below is given the map that connects the gauge parameters of the instanton partition
functions for N' = 2 SYM on R*/Z, to the primary fields in the A' = 1 SLFT confor-
mal blocks.
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Figure 2. On the left: the quiver diagram for the conformal SU(2) gauge theory. On the right:
the diagram of the conformal block for the dual V=1 SLFT .

4.1 The map relating partition functions to conformal blocks

First of all, the instanton counting parameter ¢ gets identified with the cross ratio of inser-
tion points, as already anticipated in formulas (4.5)-(4.12), for CFT block. The Liouville
parameter b is related to the Q2-background parameters via

b= \/g (4.15)

The map between the gauge parameters (2.1) and conformal block parameters can be es-
tablished from the following rules (see figure 2). First define the rescaled gauge parameters

40 _ af AW 4 e Y (4.16)
bovae L Jae! T Jae! '

where i = 1, 2.
Then

e The differences between the “centers of masses” of the successive rescaled gauge
parameters (4.16) give the charges of the “vertical” entries of the conformal block:

e The rescaled gauge parameters with the subtracted centers of masses give the mo-
menta of the “horizontal” entries of the conformal block:

A 40) = (yi+ <a1 _ Cé?) : (4.18)
Az(l) _AM = (_)i+1 (a . g) :

Using (2.2) and (4.16)—(4.18) we obtain the relation between the gauge and conformal



parameters:

(0) ,
T = () o
(1)
G ()it <a — g) ; (4.19)

(2)
a,; — (_)i+1 <O¢4 . g) +as.

4.2 Light asymptotic limit of the gauge parameters

In this paper we are interested in so called “light” asymptotic limit i.e. the central charge
is sent to infinity (i.e. b — 0) while keeping the dimensions finite. It follows from (3.8)
and (3.12) that to reach this limit one can simply put

a = bn; op = bn;  where =15 2; 4, (4.20)

by keeping all the parameters n finite. If we exchange o with ) —« the conformal dimension
remains the same (see (3.8) and (3.12)), so for a3 we can take as its light asymptotic limit

Q — a3 =bn (4.21)

By taking the limit in this way we get rid of the U(1) factor defined in (4.3). Us-
ing (4.20), (4.21) we can rewrite the AGT map (4.19) as

az(p) = (=)™ (61771 - %) — €172 (4.22)

az(l) _ (_)iJrl (617] _ %) : (4.23)
. €

aZ(?) _ (_)erl (61774 _ 5) +e—ens. (4.24)

5 Partition function in the light asymptotic limit

We have shown in appendix C that for the light asymptotic limit only a restricted set of
Young diagrams contributes to the instanton partition function. This set varies depending
on the charges and the differences of black and white cells of the related Young diagrams.
Below are given all pairs of Y7 and Ys for which the coefficient of the instanton expan-
sion (2.1) is non zero in the light limit. In order to compute these coefficients for a given
pair of diagrams Y; and Y one makes use of (2.3), (2.4), (4.22)—(4.24) and then goes to
the light limit € — 0. The results are given below (detailed calculation for some of the
coefficients can be found in appendix D).



5.1 Partition functions corresponding to conformal blocks with four Neveu-
Schwarz fields

The expansion coeflicient OF(%]’ ’[;)))7(070) does not vanish in the light asymptotic limit if Y5 is

a empty Young diagram and Y] (see figure 3(a)) has only one row with 2k boxes, where k
can be zero or any positive integer. It is equal to

0 (0,0) (%(77—774-1-?73)) (%(77 771-1-?72))
°F (5.1)
(0,0),0,0) — k! (n),
For more details see appendix D. Inserting (5.1) in (2.1), we derive
0,0
0700 0.0)(@) = 2Fi (A, Biniq) . (5.2)
Here A and B are
1 1
A=§(77—771+n2) andei(n—n4+n3), (5.3)
and 9Fi(a,b;c;x) is the hypergeometric function. It has the series expansion
o~ (2)k (D)
oFi(a,b;c;z) = Z ARTE 2k | where (Wp=ulu+1)...(u+k—-1). (5.4)
= Kl )k
In the case of F((ol 01)) 0,0) for some set of pairs Y7, Yo one gets large coefficients of order

%. Thus one should take into account these pairs and neglect those pairs whose contri-

butions are of order O(1) or bigger. An analyses quite similar to the one presented in the
appendix C, shows that Y5 should be an empty and Y7 must have a single row with 2k + 1

boxes (see figure 3(a)).Their contribution is

¢ R0 1 G—m+n+1), Gh-—m+m+1)), (55)
(0,0),(0,0) — €169 2 k! (77)k+1 )
After inserting it in (2.1), we will get
¢ (11 _ 1 va 1 1 .
LZ(070)7(070)(Q) = E% 2F1 <A+ §,B+ §7n+ 1,(] . (56)

5.2 Partition function corresponding to the conformal block with two Neveu-
Schwarz and two Ramond fields

The coefficients of 2" )( 0) do not vanish in the light limit if Y5 is empty and Y7 (see

(0.0).(0
figure 3(a)) is a diagram with only one row with 2k boxes. Their contributions are
oo GO=mtmn+1), (G0h-—m+mn+1),
F(O 0),(0,0) — | 1 (5'7)
K(n+3),
The corresponding partition function is
0 (1,0) _ 1 L L
LZ(0.0),(0,0)(@) = 2F1 <A+2,B+27"7+2,q : (5.8)
The case of 021 is more subtle. Its coefficient do not vanish if Y] (see figure 3(a))

(0,0),(0,0)
is a one row diagram with 2k boxes and Y5 (see figure 3(b)) is a one column diagram with

2m boxes. Here one should consider the cases m = 0 ans m # 0 separately:



e when m =0

opon) _ GO=n+n), (=0 +n?)), (5.9)
L5(0,0),(0,0) — k! ("7+ %)k ' '
e when m # 0
1 1 (2)
0 (0,1) _ 1 (53 (=2 +29)), (5 (n =0 +0®)),
L0000 = 3T k -1, . (5.10)

The corresponding instanton partition function is

1 tanh ! q 1
LZ((S,’é)),(o,O)(Q) =P <A,B;n+ 2;q) + \/a(\f)ZFl (A,B;n - 2;q> . (5.11)

5.3 Partition functions corresponding to conformal blokes with four Ramond
fields

°F ((8 10)) (0,1 differs from zero in the light asymptotic limit if Y7 (see figure 3(b)) is a single

column diagram with 2m boxes, and Y; (see figure 3(a)) a single row diagram with 2k
boxes, where m and k can be zero or any positive integer. Their contribution is

9FOY (1/2),\* (G — 774+773)) (3 (n—m +m)), (5.12)
Its instanton partition function is
2
200 o (@) = —K(q)2F1 (A, Bimiq) - (5.13)

K (z) and E(x) are complete elliptic integrals of the first and second kind correspondingly.
They can be expressed in terms of the Gauss hypergeometric function, as

11 T 1 1
K(x) = 2F1<2 2,1,1:) and FE(z)= §2F1 <2,—2,1,x> (5.14)

In the case of °F ((10’ ’(;))),(1,0) for pairs of Young diagrams Ya, Y7, with Y2 empty and Y] (see
figure 3(c)) possessing one column with 2m boxes and other 2k columns with only one box,
one gets large coefficients of order é in the light limit. In total Y; consists of 2m + 2k
boxes. These pairs give the main contribution. These terms are

9pOO €2 (D) 3) GO =m0 +1), GO —m +n2+1)), (5.15)
10,10 = ¢ (m — 1)im! Ky (74 1), -

Its partition function is given by

E(g) - K 1 1
((fjg)),(l,o)(q) _ 2By = X)) 2k (A + 5, B+5in+ 1 q> : (5.16)

0z
L €1 ™ 2 2

~10 -



<L>F(((;)7 ’10))7 (1,0) differs from zero if Y3 is empty and Y} is a one row diagram (see figure 3(a))

with 2k boxes. Their contribution is

QF(O 0) ( (N —na+mn3+ 1))k (%(77—771 +772))k (5.17)
(0,1), (1,0) (77 . :
Its instanton partition function is given by
0,0 1
%Z((O,l)),(l,O)(Q) = o[ (A,B +5m Q> . (5.18)

<>F ((O 0)) (0,1) I8 1ot zero if Y5 is empty and Y; (see figure 3(a)) is a one row diagram with
2k boxes. Their contribution is
OF(O 0) ( (n—m +772+1))k (%(77—774+773))k (5.19)
(1,0),(0, 1) (77 . :
Its partition function is given by
0700 oy om (A4 B (5.20)
L (10)(01) 281 9’ q - .

In the case of F(( )) 0.1) for some set of pairs Y7, Y one gets large coefficients of order é in
the light limit. These coefficients will give the main contribution in the partition function.
These terms are obtained when Y5> is empty and Y7 (see figure 3(c)) has one column with
2m + 1 boxes and 2k columns with only one box, the total number of boxes is equal to
2m + 2k + 1. They are given by

2
$piy €2 (3), N\ GO—m+m+1), GOH—m+n+1), 5.21)
0.1),(0,1) — m! —2nk! (n + 1), ’
For its partition function, we receive
Z(L1) € \f 1 1 .
(01) (0,1)(‘1) Tamm K(q) 21 <A+2,B+2,77+1,q . (5.22)

’F((1 1)) (10) differs from zero if Y5 is a one column diagram (see figure 3(b)) with 2m+1

boxes and Y; is a one row diagram (see figure 3(a)) with 2k boxes. Their contribution is

L (3 ) GO=m+m), (& 0—m+m)
’F<(1101>)<10> (2+2m)(1—|—2’m)< 12n'> : : 3k!k(?7)2k 6

For the corresponding instanton partition function, we will get

20E(q) — K
L ((1,0)),(1,0)(‘]):— ( (qu\/a ()

2F1 (A, B;n;q) - (5.24)

- 11 -



Both ’F((llol)) (0.1) and F((0 1))(1 o) do not vanish if ¥ is empty and Y} (see figure 3(a))

is a one row diagram with 2k + 1 boxes. Their contributions are

1) GO—m+m+1), (3—na+m)),, o5
(0,1),(1,0) = (), , (5.25)
0F(11) _(%(77—771+772 )k+1(% n— 774+173+1))/,c (5.26)
F oo kL (n)y,
Their partition functions are
¢ ;0D B A+t B4
LZ01),0.0)(@) = 77\/52]-'?1 T +Lin+1q (5.27)
A 1
‘Z((llé))(o 1)(‘1):g\/§ 2 <A+1,B+2;n+1;q> : (5.28)

6 Conformal blocks for N/ = 1 SLFT in the light asymptotic limit

Applying (5.2) and (5.6) to (4.1) and (4.2) we will get the conformal blocks with all four
fields being NS in the light limit:

(®4(00)P3(1)®1(q)P2(0)) 5 ws = g2 71"V oF (A, Bymig) (6.1)
g2 (=@ —n) 1 1
(4(00)P3(1)@1(q)P2(0)) 5 ns = p 2 Fy (A +5 Bt q> . (6.2)

These results are in agreement with [21].

By applying (5.11) for (4.4) we get the conformal blocks with two R fields and two
NS fields

<R§r(00)<131(1)<1>4(q)R§(0)>£R _ q%(ﬂ—n<3>—n<4))(1 _ q)—%(n(l)_n(2>_n(3)+n<4>_1) (6.3)

1 tanh™' (,/q) 1
><<2F1(AaBa77+27Q>+\/62F1<A7B,77—27Q> )

where the intermediate field is a Ramond field.

As it was already mentioned the conformal blocks with four R fields are expressed in
terms of Hy, Hy, Fy, Fi. Their connection to the instanton partition is given in (4.5)—
(4.12). Applying (5.13)-(5.28), we can derive them (see appendix (E.1)-(E.8)). Their
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. . . . o 2 .
expressions get slightly simplified when one takes ¢ = sin“(¢) with ¢ € (0, g)

cos( L sin?(t))—cos sin? 2,B+1m+1;sin?
HE (sin(1)) = 2 (£)(E(sin2(®)) (t)KinL{/%Fl(Aﬂ,Bﬂ,nH, ®)) 7 (6.4)
L (sin?(1)) = _2sin(t)(cos(t)K(sinZ’(i)/);fé;ﬁ%)\)/%é7B+§;n+1;sin2(t)) 7 (6.5)
HE(sin?(1)) — sec(;)(cos(t)K(sm2(t>)ﬂ+§§isrz;(t))) 2 F1 (A, Bimisin® (t)) ’ (6.6)
ﬁf(sinz(t)) _ csc(é)(Cos(ﬂK(sinz(t))ﬂ—ggzisr(l;(t)))gFl(A,B;n;sin2(t)) , (6.7)
Ff(SmQ(t)) _ sec(;)(n(cos(t)ﬂ)QFI(A,B+;;n;si;:$20T$in2(t)QFI(A+1,B+;;n+1;sin2(t))) L (6.8)
t 1 p.o.gin2 _ Bain2 1 . .qin2
FE(sin? () = sec(2)(n(cos(t)ﬂ)QFI(A+2,B,77,SI;%m (t) 2F1 (A+3, B+ 1+ 13sin’ (1)) . (6.9)
Fi(- i) - S BB O ) o1
R e

Summary. With the help of the AGT like correspondence between SU(2) N = 2 super-
symmetric gauge theories living on R*/Z5 space and two dimensional A" = 1 SLFT pro-
posed in [16, 17], analytic expressions are found for the various four point super-conformal
blocks in the light asymptotic limit. Namely we have found light blocks when:

e all four insertions are NS fields see (6.1), (6.2);
e two of the insertions are NS and the other two are Ramond fields see (6.3);

e all four are Ramond fields see (6.4)—(6.11).

The first result of the list above is not new, it has been found in [21] via a direct, CFT
approach. The remaining cases, to my knowledge, are analyzed for the first time and could
be helpful for better understanding of the subtleties of the light limit in Ramond sector.
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supported by Armenian SCS grant 15T-1C058.

A Super Liouville conformal blocks of four R-fields

Here, following [16] we define the functions Hy, Fi, Hy and Fy, which are used in the
main text. The OPEs for two Ramond fields can be written as

Ry (2)R5(0) = 24721782 N " 2NN 44 (A1)
N=0

Rf(2)RE(0) = 22721722 3 " 2NNy ) (A.2)
N=0
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In the NS sector at level zero there is only one state, namely the NS primary state of
dimension A. Thus |N;++) states are proportional to this NS state

0; 42) = 7410) - (A.3)
By definition

|IN;++) £|N;——) if NeZ

IN;+) = (A.4)

|IN;+—) Fi|N;—+) itNeZ+1/2
In this notations
|0;+) =T1]0) where T'y =(y4+£7-). (A.5)

Hy, Fy, Hy and Fy are related to the conformal blocks with four Ramond fields in the
following way (below ¢ is the cross ratio of insertion points)

1 1

Fy = N(N;£|N; +); Hy = N(N:+|N;F), (A6

E = N:E()l.“q (N;£|N;£) £ = LTS N:%lmq (N;£|IN;F),  (A6)

- (—i) N - 1 N

Fy = q (N;x|N;%); H. = qg (N;x|N;F), (A7
TiT,: N_El 3 ( ! ) LTy El 3 ( | ). (A7)

=5,5m =55
where conformal blocks are divided by I'1 so that if one takes the normalization (0|0) = 1,
then the expansion of F starts as 1 + F41q + .... For more details and explanation the

reader should consult [16].

B Restriction rules

Let us look at (2.4). To see whether a box of A\(u) is in \*(u*) or not we replace
(0) )

[ i

€1, € — 1 a’ —uy a; — g a§2) —v; (1=1,2) (B.1)

and evaluate a factor corresponding to a box of A (p). If the result is equal to 0 (mod?2)
then the chosen box belongs to \*(u*) otherwise not. Let as apply this constraint for each
of the bifundamentals appearing in (2.3):

;1)7}/3'), a box s € Yj is also in Y]* iff

u; +q; + 1+ Ly(s) + Ay, (s) = 0 (mod 2). (B.2)

e For be(uz~,a§0)7® | gj,a

e For be(qi,al(l),Y; | vj,agg), @) a box s €Y is also in Y;* iff

¢ +vj+1+ Lg(s)+ Ay, (s) =0 (mod 2). (B.3)

e For be(qi,az(l),Y} ‘ q; 7CL§‘1)7Y}):

a box s € Y; is also in Y}* iff
¢ +q; + 1+ Ly;(s) + Ay,(s) = 0 (mod 2), (B.4)
a box s € Y} is also in YJ* iff

qj +qi + 1+ Ly,(s) + Ay;(s) = 0 (mod 2), (B.5)

where 7,5 =1, 2.
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C Proof of the restrictions on the Young diagrams for %Z((g,’g)),(o,o) and

O rz(0,0)
£Z(0,1),(0,1)

Here we prove, as we mentioned in section 5, that in the light asymptotic limit contribute

only diagrams depicted in figure 3. We will give all details for the cases of %Z(((()):g)),(o,o)
and %Z((g’%) 0,1)" The proofs for the other cases are quite similar. Let us compute the

factors in (2.3).
Inserting (4.22) and (4.23) in (2.4), we obtain for the first factor of the numerator
in (2.3):

be(uhag())v %] | qj, a’g‘l)a Y]) = (Cl)
i+1 1 F 1
H e | () n-g -2+ (-) =5 + Lg(s) + 1
seY;”
)+ i+l
+€2<ij(s)+( ) 2( ) >>
In the same way the second factor of the numerator in (2.3) is given by
Zos(giral™, Yy | Uj,a§-2)7®) = (C.2)
it+1 1 j 1
H e | (—) 77_5 + (=) 774—5 +n3— Lg(s) —1
SEY*
VL oyl
+€2<AYZ.(S)+( ) 2( ) ))
and for the denominator of (2.3) we will get
1 1
Zys(gival), Y | Qj,ag- \Y)) = (C.3)

1

oy
+er (AYZ-(S) L o) i 1> >

11 <61 (((—)”1 — (-)HY) (77 — ;) +1+ Lyi(8)>

sEYj*
+e (—AYj(S) Lo ; (_)i+1> ) .

The instanton expansion coefficients (2.3) are proportional to ). We will show that N > 0
for all pairs of Young diagram, except those depicted in figure 3. This means that all other
diagrams do not contribute in (2.1) in the light limit (e; — 0).

Note that in (C.1) for some boxes from Y;* the coefficient in front of ez vanishes.
Denote the number of such boxes by nj. Similarly the numbers of boxes of this kind
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Figure 4. The left diagram shows that there are Y; 1 boxes such that Ay, = 0 (painted gray). The
numbers are the leg-length of this boxes towards the empty diagram. The right diagram shows that
there are Y; o boxes with Ay, = 1 (painted grey) and again the numbers are the leg-length of these
boxes towards the empty diagram.

Yipn=2m | Yi1=2m+1 Yip=2k | Yio=2k+1 Yor=20 Yy =2[+1
up+q=even | ngy=m | ngg=m+1 |ug+q =even | nip==~ nyg =k uz +q2 =even | nyz =1 nyz=101+1
u; + ¢ = odd nyp=m nii=m up+qr=odd | mpo=k | mpop=k+1 | up+q@=o0dd | nyz3=1I nyz =1
vi+q=even | ngy=m | ngr=m+1 | va+q =even | ngy ==~k ngo =k vy 4+ q2 =even | ngz =1 ng3=1+1
vy + q1 = odd ng1=m ng1 =m va+q =odd | ngo=k | noo=k+1 | va+q=o0dd | nogz=1 na3 =1

Table 1. Depending on ¢;, u; and v;, n; and ny take different values. One can get them form this
table by n1 =n1,1 4+ n1,2 + 11,3 and ngy = no1 + N2 + N2 3.

in (C.2) and (C.3) are denoted by ny and ng respectively. It is obvious that
N =nq + no — ns. (C4)

First we explain how to compute the number n;. As we mentioned already, (C.1) is
proportional to €; whenever the term proportional to €5 vanishes. This occurs when

()= 5 (P = ("), sey;. ()

Note that the chosen box s belongs to the same diagram towards which its arm-length is
evaluated, hence the arm-length must always be positive or zero. From (C.5) we can see
that the only possible values for ¢ and j that give positive or zero arm-lengths in (2.3) are:

i=1  i=1  Ay(s)=0; (seYy), (C.6)
ji=1 i=2; Ay, (s) =1; (seY), (C.7)
j=2; i =2; Ay, (s) =0; (s€Ys). (C.8)

(C.6) implies that only the boxes that have zero arm-length contribute to n;. It is obvious
from the left diagram of figure 4 that there are exactly Y7 boxes in Y; for which the
arm-length vanishes (here and below we denote by Y; , the number of boxes in the k’th row
of diagram Y;). But not all these boxes obey the restriction (B.2), which can be written as

ur+q +14+ Lg(s) =0 (mod2), Ay,(s)=0 (se€Yi). (C.9)

From the first picture of figure 4 one can see that Ly(s) = —1,-2,...,—-Y;1. Using
this we obtain the number of boxes in Y7 ; which are in Y}*, denoted by n1;1. The results
are presented in table 1. Correspondingly, the number of boxes satisfying (C.7) with unit
arm-lengths in Y] is equal to Y7 2, and finally, the number of the boxes obeying (C.8) with
zero arm-lengths in Y5 is equal to Y5 1. But not all of Y; 2 and Y51 boxes are in Y;* and Y5
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respectively. We should impose also the constraint (B.2). With the same steps one can get
the number of boxes in Y|* and Y5" denoted by n; 2 and nj 3 correspondingly. The results
again are summarized in table 1. Obviously

ny=mny1+n2+nis. (C.10)

Now let us compute na. From (C.2) we see that the term proportional to ez vanishes if

1 , .
Ayi(s) =5 () = (=) sev (C.11)
where again the arm-length is towards its own diagram. This means that it is always

positive or zero. Therefore

1 =1; j=1 AYI(S) = 0; (8 € Yl); (C.l?)
i=1; j=2 Ay, (s) =1; (seV); (C.13)
i =2; Jj=2; Ay, (s) =0; (s €Ys). (C.14)

Again in the Y; diagram there are Y7 ; and Y; 2 boxes with zero and unit arm-length and
Y51 boxes in Yo with zero arm-length (see figure 4). All the boxes that contribute to no
must obey (B.3). The results is displayed in table 1.

Let us calculate n3. In (C.3) the therm proportional to ez vanishes if

Av(s) = 3 (07 = (P 15 (seh), (C15)
Ay =5 (P - (e, (C16)

Again both arm-lengths should be positive. This implies

i=1; j=2 Ay, (s) =0; (s e 1), (C.17)
j=1; i=1; Ay, (s) =0; (s e V1), (C.18)
j=1; i=2; Ay, (s) =1; (s eYr), (C.19)
Jj=2; i=2; Ay, (s) = 0; (s € Ya), (C.20)

Let us apply the constraint (B.4) and (B.5) for the boxes defined above. The result is

s €Y; with Ay, (s) =0is also in Y{" if g2 +¢1 + 1 + Ly, (s) = 0(mod 2); (C.21)
s € Yy with Ay, (s) =0 is also in Y{" if 1 + Ly, (s) = 0 (mod 2); (C.22)
s € Yy with Ay, (s) =1 is also in Y{" if g2 + g1 + Ly, (s) = 0 (mod 2); (C.23)
s € Yy with Ay, (s) =0 is also in Y5 if 1 + Ly, (s) = 0 (mod 2), (C.24)

Let us denote by n3; j = 1,2,3,4 the number of boxes that obey (C.21)-(C.24) corre-
spondingly. Obviously

ng =mng1+n32+n33+nsg. (C.25)
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It is not difficult to see from (C.21)-(C.24) that n3; obey the constraints

For both Y11 =2mor Y11 =2m+1, nz2 <m; (C.26)
For both Y271 =2l or }/271 =204+1, n3.4 <l (0.27)
n31+mnz2 < Yi. (C.28)

The first two constraints are a consequence of (C.22) and (C.24) respectively. The third
constraint can be seen from (C.21) and (C.22).

The case OF(((? ’(;))) (0,0)" From the above analysis it is obvious that /N depends on the parity
(odd or even) of the numbers Y7 1, Y12 and Y3 ;. We will consider each case separately.

1. If Y11 =2m, Y12 = 2k, Y21 = 2. Using table 1 for n; and ny and (C.27), (C.28) for
n3 we will get

ni+no=2m+2k+2l, and n3 <2m+2k+1. (C.29)

Substituting this into (C.4) we obtain N > [. In the light asymptotic limit ¢, — 0
the contribution of a pair of diagrams for which N > 0 is negligible compared to the
case with N = 0. Thus we are interested in pairs of diagrams for which [/ = 0. This
means that Y21 = 0. Recalling that Y5 is the number of boxes in the first row of
Y5, we obtain that Y5 is an empty Young diagram.

Using (C.23) we can express n3 3 in terms of Y7 o and get n3 < 2m + k thus, N > k
and k =0, Y12 = 0, hence Y5 is a one row diagram with 2m boxes.

2. Y171 = 2m, Y1,2 = 2]{;’ Y271 =2l+1
ny+mno =2m+ 2k + 20 + 2 and nz < 2m+ 2k +1 (C.30)

so that N > [+ 2 and thus N > 0. The contribution of these pairs in the instanton
partition function (2.1) is negligible compared to the first case where we had pairs of
diagrams with N = 0.

3. IfY11=2m,Y12o=2k+1, Yy =2+ 1 then
ny+ng=2m-+2k+20+2 and n3 <2m-+2k+141 (C.31)
so, N > 0 and in this case there is no contribution.
4. Y11 =2m, Y12 =2k +1, Yo1 = 2] then
ny +ng =2m+ 20 + 2k and ny <2m+2k+1+1 (C.32)
so we have two possibilities [ = 0, 1 that may give a non positive V.
(a) When [ = 0 Y3 is empty, then by using (C.23)

ny +ng = 2m + 2k and ny <2m+k. (C.33)
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It seems that for & = 0, which is Y2 = 1, one may have a contribution in
the partition function. For this case we are able to calculate n3 precisely us-

ing (C.21)-(C.24). The result is n3 = 2m — 1. This means that in fact N =1,
thus we get no contribution.

(b) When [ = 1, a careful examination shows that N > 0, therefore no contribu-
tion too.

5. Y11 =2m+1, Y12 =2k, Yo1 = 2l then
ni+ng =2m+ 2+ 2k + 21 and n3 <2m+1+2k+1 (C.34)
so N > 0, no contribution.
6. fY11=2m+1,Y12=2k, Yo =2+ 1 then
ny+mne =2m+2+ 2k + 20 + 2 and ny<2m+1+2k+1 (C.35)
so N > 0, no contribution.
7. IfY1i1=2m+1,Y12=2k+1, Yo1 = 2] then
ny+no=2m-+24+2k+ 21 and ny<2m+1+2k+1+1 (C.36)

Thus the only possibility is { = 0. This means that Y21 = 0 so Y3 is an empty Young
diagram.

Using (C.23) we can see that ng < 2m + 1 + k which means that N > 0, thus no

contribution.
8. IfYi1=2m+1,Yi20=2k+1, Y51 =20+ 1 then
ni+mne=2m+2+2k+20+2 and ny<2m-+1+2k+1+1 (C.37)
so N > 0, no contribution.
We conclude that Y3 is empty and Y; is a one row diagram with even number of boxes.
The case QF((&B),(OJ).

1. If Y11 =2m, Y12 = 2k, Y21 = 2l. Using table 1 for n; and ny and (C.27), (C.28) for
n3 we will get

ny+ne=2m+20+2k, and ng <2m+2k+1, (C.38)

[ =0 and Y3 is an empty diagram. By using (C.23) we can express n33 in terms of
Y12, thus we get ng < 2m + k , hence k = 0, Y12 = 0 so, Y7 is a one row diagram
with 2m boxes.
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2. Y171 = 2m, YLQ = 2k, }/271 =2l + 1
ny +ng = 2m + 2k + 21 and n3 <2m+2k+1, (C.39)

thus, [ = 0, Y2 ; may be possible. Using (C.23) we get that n3 < 2m+k, hence k = 0.
One can check that when Y7 has one row with even number of boxes and Y5 one
column with even number of boxes then NV = 0. So this kind of pairs do contribute.

3. IfYi1=2m,Y12=2k+1, Yo =2+ 1 then
ny+ng=2m-+2k+24+21 and nyg <2m—+2k+1+1, (C.40)
N > 0, no contribution.
4. Y11 =2m, Y12 =2k+1, Yo =2l then
ny +ng =2m + 2k + 2+ 21 and n3 <2m+2k+1+1, (C.41)
thus, no contribution.
5. Y11 =2m+1, Y12 = 2k, Y51 = 2I, then
n1+ng =2m+ 2+ 2k + 21 and ny <2m+1+2k+1 (C.42)
S0, no contribution.
6. fY11=2m+1,Y12=2k, Yo =2+ 1 then
ny +ng = 2m + 2 + 2k + 21 and ny <2m+1+4+2k+1 (C.43)
so N > 0, no contribution.
7. IfY1i1=2m+1,Y12=2k+1, Yo1 = 2] then
ny+mng =2m+2+4+2k 42421 and ng<2m+1+2k+1+1 (C.44)
N > 0, thus no contribution.
8. IfYi1=2m+1,Yi0=2k+1, Y51 =20+ 1 then
ny+ng=2m+2+2k+2+2] and n3<2m-+1+2k+141 (C.45)
so N > 0, no contribution.

We have shown that in the light asymptotic limit to the instanton partition function con-
tribute only Young diagrams considered in cases 1 and 2. Combining these two cases we see
that Y7 is a one row diagram with even number of boxes and Y3 is a one column diagram

with even number of boxes.
1,1)
0,0),(0,0

Y5 have large expansion coefficients of order é These cases are similar to the ones we

Some instanton partition functions (for example ’Z(( )) for some set of pairs Y7,

discussed above but here we should take into account the pairs with N = —1 and neglect
the ones with N > —1.
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S1 52 83 | e S2k—2/S2k—1 S2k

Figure 5. The bold line corresponds to Y5 - an empty diagram; the thin lines indicate Y7 - a one
row diagram.

D The calculation of OF(((?(%) 0,0) and OF(((;)IO)) ©,1)

0 p(0,0)
(0,0),(0,0)"
figure 3(a)) is a one row diagram with even number of boxes. Let us look at

be(ago), | agl),Yl). By using (C.1) we will get

Let as calculate } As we know from appendix C, Y5 is empty and Y7 (see

Zyp(a, 2| ol Y1) = T] (ex (=m —m2 —n+2+ Lo(s)) +e2) , (D.1)
SGYQ*

where we used the fact that the arm-length Ay, (s) = 0 when s € Y;*. One can see from
figure 5 that Lg(s1) = —1, Lg(s2) = —2 ... Lg(sor) = —2k. If a box of Y] is also in
Y] we must use (B.2) which, in this case can be written as 1 + Ly(s;) = 0 (mod2). We
see that the leg-lengths must be odd numbers so, Y7* = {s1,s3,...52j_1,...,52,—1}. Thus
Lg(s2j—1) =1 —2j where j =1,..., k. Inserting this into (D.1) we will get

k

Zys(ad, @ | otV V1) =[] (er (=i —m2— 0 +3 - 2) + e2) . (D.2)
j=1

The next step is to take €; — 0. The result is

Zos(af), @ | af, V1) S5 (D.3)

all the other bifundamentals are derived with the same steps. Here are the results:

k

Zop(a”, @] ot ) =S e T m = —n+2-2)) 5 (D.4)
7j=1

€ 0

Zyp(al v1 | 0, @) S22 (—en)k (D.5)

0 k
1 2 — .

Zyp(af), Y1 |0l @) S ] (~m+ms+n—2+2j) . (D.6)

j=1

To get the light asymptotic limit for the denominator of (2.1) one must use (C.3) and the
constraint rules (B.4) and (B.5). The result will be

Zyp (0, @ | ag”,yl) a0, k. (D.7)
k
Zyp(at" 11 | 0y, @) H 21 — 2+ 2j) (D-8)
0 k—1
Zyp(ai? Vi [afD,¥1) 970 (e T 2 +24) - (D.9)
§=0
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Now taking the product of (D.3)—(D.6) and dividing it to the product of (D.7)—(D.9) one

gets (5.1).

Now I will derive F((o 1))( -

As we know from appendix C, Y3 is a Young diagram

with only one column (see S(b)) containing 2m boxes and Y; a one row Young diagram
(see 3(a)) with 2k boxes. The bifundamentals are derived in the same way as in the first

case. The results for the numerator of
Zig(ay, 2 | a5, ¥2)
Zyp(al, @ | oV, Y2)
Zyp(ay”, @ | afV 1)
Zip(al”, 2 | af?, V1)
Ziy(a5”. Yz | a3, 2)

be(aé1)7 Y, ’ agz)v Q)
be(a§1)7Y1 ’ a§2)7 Q)

be(agl), Y: ’ agz), %)

and for the denominator:

be(ag Yo | a1 7Y1) az,

Zyp(ay), Yz | af) Vo) 225

Zos (@) Vi | af) Y1) 2
Ao,

be(ag Y| a2 7Y2)

by dividing the numerator to the deno

(2.3) are:
m

20 (e [](2i - 1);
=1
m

20 (e [](2i - 1);
=1

e1—0  k

—_— 62 3

k
€ 0 .
S5 F L —me—n+2—2)) ;

j=1
m
20 e [ - v);
=1
m
a2 e T2 - v);
=1
e1—0 (—GQ)k;

k
0 .
L T n— s+ s — 2+ 25)
=1

m

—€9) 65”H2Z,
m
H2z

2

k
62 61H2]a

m
21—1
=1

m

k
H (2n—2+2j) [J2i-1),

=1

minator one gets (5.12).

E H,., H,, F,, F, without variable exchange

H(g) = 2 VI—q+1(E(q) — vT=gK(q)) oF1 (A+ L, B+ 5in+1;¢9)
_ €1 ﬁﬂnm
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(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)

(D.21)

(E.1)



croy e VVI—aH1(1-9*5 /g (VI =K (9)+E(g) 2Fy (A+3, B+3;m+15q)

L
HZ(q) = €1 V2 (—g+vT—q+1) ;
(E.2)
HE(g) = V2y/VT—q+1(1 - 9)*® (VI —qK(q) + E(q)) 2F1(A B;n;q) (E3)
e T (—qtvI—q+1) : :
fl(g) = V2VVT =g +1(VT=qK(q) - E(q)) 2F1(4, B;m; q) (4
o /T avd ! -
FE(q) VI—a+10 - ©5)

q ey
Vo (—q+vI=q+1)
1 1
(n(\/l—q+1> o F (A,B+2;n;q> — AqaFy <A+1,B+2;n+1;q>> ;

Ly VVT—a+10 -9
F_(Q)_x/in(—q+m+1) (E.6)

1 1
(77( 1—q+1> 2F1<A+273377§Q>_BQQF1<A+2,B+1§77+1§Q>>7
- VI—q+1(1—¢q)38®
V2 (—qg+vI—q+1)
1 1
(A(\/l—qul) 2F1<A+1,B+2;77+1;q>—n2F1<A,B+2;77;q>),

~ _ VVI—q+1(1—-q)%%/q y E8)
- V20 (=g +vI—q+1) '

1 1
(B (\/1—(]4‘1) 2F1 <A+2,B+1;77+1;q> —772F1 <A+2,B;n;q>) .
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