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ABSTRACT: We propose a brane-world setup based on gauge/gravity duality in which the
four-dimensional cosmological constant is set to zero by a dynamical self-adjustment mech-
anism. The bulk contains Einstein gravity and a scalar field. We study holographic RG
flow solutions, with the standard model brane separating an infinite volume UV region
and an IR region of finite volume. For generic values of the brane vacuum energy, regular
solutions exist such that the four-dimensional brane is flat. Its position in the bulk is
determined dynamically by the junction conditions. Analysis of linear fluctuations shows
that a regime of 4-dimensional gravity is possible at large distances, due to the presence of
an induced gravity term. The graviton acquires an effective mass, and a five-dimensional
regime may exist at large and/or small scales. We show that, for a broad choice of po-
tentials, flat-brane solutions are manifestly stable and free of ghosts. We compute the
scalar contribution to the force between brane-localized sources and show that, in certain
models, the vDVZ discontinuity is absent and the effective interaction at short distances
is mediated by two transverse graviton helicities.
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1 Introduction and summary

Effective quantum field theories for low-energy interactions are a general framework ad-
dressing observable physics from particle physics to cosmology. While typically successful,
they have so far failed to address the cosmological constant problem, [1] (see also [2, 3]
and [4] for an updated review and references within). Indeed our main dynamical the-
ory underlying cosmology, General Relativity (GR), and those of particle physics, namely
quantum field theories in flat space-time, seem to be incompatible when it comes to vac-
uum energy.

Experiments (such as the Lamb shift [5] or the Casimir effect [6]) indicate that any
particle will give zero-point energy contributions to the vacuum energy, [7]. These con-
tributions scale with the fourth power of the cut-off, which can be as high as the Planck
scale, the generically assumed UV cut-off of any QFT. On the other hand, vacuum en-
ergy couples to gravity as an effective cosmological constant, which by Einstein’s equations
gives rise to a non-zero space-time curvature. If we assume the existence of supersym-
metry broken at some scale Agygsy, then the cosmological constant is expected to be of
order O(A%; gy ). Experiment states that such a scale must be quite larger than a TeV and
therefore supersymmetry cannot solve the cosmological constant conundrum.

For illustration purposes, we may simply consider the contributions to zero point energy
due to the electron: this provides a contribution to the vacuum energy of order O(mg).
According to the principle of equivalence for GR any form of energy gravitates. Due to
covariance, the vacuum energy gravitates as a cosmological constant.

Gravitationally, a positive cosmological constant will seed a de Sitter space-time with
a finite distance (curvature) scale, the de Sitter horizon scale! (in the static frame). This
scale is inversely proportional to the square root of the cosmological constant. Putting
in the numbers for the vacuum energy due to the electron, would tell us that the size of
our Universe is comparable to the earth-moon distance, as Pauli was amused to note back

LA negative cosmological constant instead would give finite life-time for the universe.



in 1920 (see references within [2]). Needless to say that the Universe will become a lot
smaller if we allow for heavier particles and higher UV scales or phase transitions in the
Universe (which will also provide a cosmological constant due to the energies of the broken
symmetry phase).

The experimental prediction, measured via gravity and cosmology, is the observed size
of the accelerating universe, which gives a different answer. Given the present size of our
observed universe, the observed vacuum energy is of order O((1073eV)%).

We are allowed to change/renormalize the value of the cosmological constant by a bare
gravitational cosmological constant (cc) which can be added to the GR action. For this
to work, our bare cc must be such that it exactly switches off QFT contributions to a
renormalized value, the observed value of the cc. This involves an enormous fine-tuning
which is the (first) cosmological constant problem in its “classical” formulation. This
fine-tuning has to be done throughout the later history of the universe, for each time the
vacuum energy appears, a bare value should be there to switch it off almost exactly. To
this embarrassing fine-tuning between theory and experiment one has to add the second
problem of radiative instability of the vacuum: the cosmological constant will receive higher
loop corrections to each order spoiling the fine tuning undertaken for the first problem.
In many respects, this is a harder problem-one which has to be solved not only in the
gravitational but also in the QFT sector (for recent progress see the sequestering proposals
by [8-10]).

The cosmological constant problem may be also pointing to a shortcoming of GR
and there has been some effort to approach the problem from the viewpoint of modified
gravity theories [15] in four space-time dimensions. One idea which has been proposed is
to introduce in the gravity sector some new degree of freedom, usually a scalar field, which
can absorb vacuum energy contributions throughout the later evolution of the universe
leaving space-time curvature unchanged.

Any mechanism by which the cosmological constant is adjusted dynamically by some
extra degree of freedom is what is generally referred to as self-tuning (or self-adjustment)
of the cosmological constant. More generically, we will refer to a model as self-tuning if
flat four-dimensional space time is a solution to the gravitational field equations for generic
values of the vacuum energy.?

Most recently, the idea of self-tuning has been formulated in a subset of four-dimensional
scalar-tensor theories [13, 14]. In this setup, named Fab Four, the scalar field can eat up
any cosmological constant without fixing any of the parameters of the theory whilst space-
time curvature remains flat. For a cosmological setup for example, the scalar field is time
dependent for a locally flat Milne space-time. The presence of integration constants allows
zero curvature solutions whatever the value of the cosmological constant and without any
fixing of coupling constants of the theory. In other words, the cosmological constant is
fixed by the scalar field solution and not the theory, thereby realizing the self-tuning idea
or self-adjustment mechanism.

2For some ideas associated to a quasi-spontaneous breaking of conformal invariance see [11, 12].



In this work we propose a framework which implements the self-tuning mechanism
using the brane-world idea, i.e. higher dimensions [15-19] and also, crucially, holography.

In the brane-world scenario [20-23], our four-dimensional universe (brane) is embedded
in a higher dimensional bulk. Ordinary matter and gauge fields are constraint to propa-
gate only on the brane, but gravity propagates in all dimensions and the brane interacts
gravitationally with the higher-dimensional degrees of freedom. The extra dimensions may
remain undetectable from present day experiments, if for example their size is sufficiently
small or the bulk is sufficiently curved.

In the original brane-world model of Randall and Sundrum (RS) [23] with a single
brane, the latter was embedded in a five-dimensional anti de Sitter space-time. In order
to have a flat brane solution to the field equations, a fine tuning was necessary between
the brane tension, interpreted as world-volume vacuum energy, and the (negative) bulk
cosmological constant. This was the brane-world version of the cosmological constant
problem-flat solutions are not generic in the presence of vacuum energy. They are on the
contrary very finely tuned. Brane-worlds were generalized in various directions and such
generalizations are reviewed in [15-19, 24-26].

It was a natural step to try and implement a brane-world version of the self-tuning
mechanism: the idea was that the brane vacuum energy due to matter may curve the bulk,
but leave the four-dimensional brane (our universe) flat. It was initially noted [27, 28]
(see also [29, 30]) that a non-trivial bulk scalar field could indeed relax the fine-tuning
for the cosmological constant on the brane in a 5 dimensional brane-world setup. This
idea was also implemented in 6 dimensional space-times, or co-dimension 2 [31-37], for
more generic gravity theories [38-40] or both [41]. Indeed the dynamical nature of the
scalar introduced integration constant(s) that did allow for a flat brane solution without
fine tuning of the brane tension. The 5 dimensional self-tuning solutions though had an
important shortcoming: they had a naked singularity in the bulk space-time at a finite
distance from the brane [27-30]. When this did not happen, the gravitational interaction
on the brane was not four-dimensional, [30]. Various other related setups were analyzed,
leading eventually to instabilities or hidden fine tunings [31-40].

It was also realized that various brane-words in AdS space-time have a holographic
interpretation, [42-45]. This opened a new perspective on the relevant physics as it is
mapped into QFT dynamics. The holographic correspondence provides a nontrivial map
between gravity/string theory dynamics in the bulk and QFT dynamics at the boundary.
Moreover it can be considered as a UV-complete definition of quantum gravity, [56]. The
study of holography for 20 years has revealed many novel features of QFT especially in
the strongly-coupled regime, as well as novel features of gravity and its connection to QFT
thermodynamics and hydrodynamics. The rules of the game have been understood in many
more contexts than the original N=4 sYM theory example and numerous successful checks
have been done.

When it comes especially to cosmology, holography suggests several intriguing dual
views encapsulated in the several versions of the de Sitter/(p)CFT correspondence, [46-50]
which has been also extended to general cosmological flows, [51]. These look different from



the brane-world cosmology that is driven by moving branes® and rolling vevs, [52, 55] , but
they may have a deeper connection.

In the rest of the introduction we describe the structure and holographic motivation
for the brane-world self-tuning setup we study, and we present a summary of our results.

1.1 Emergent gravity and the brane-world

An important realization of the self-tuning setup is suggested by the holographic ideas on
emergent gravity. This is a setup where the interactions of the Standard Model (SM),
including gravity, are generated by 4d conventional QFTs. For this to work, we need in
the simplest setup three ingredients, [56]

e The gauge theories and other interactions of the SM.

e A large-N, strongly coupled and stable 4d QFT y that will generate the gravitational
sector (this may be a non-abelian gauge theory where N is the number of colours).

e A theory of bifundamental “messengers” that will couple the QFTx to the SM by
renormalizable interactions. Therefore the messengers must be charged under both
gauge group of the SM as well as the QF Ty gauge group. They must have large
masses, of order A (the UV cutoff scale).

At energy scales E < A the messengers can be integrated out and the SM is directly
coupled to the operators of QFT . These operators involve the universal conserved stress
tensor of QFTx as well as many other operators. An appropriate linear combination of
the stress tensors becomes the universal metric that will couple to the SM fields, and
diffeomorphism invariance will be an emergent feature. This is were gauge/gravity duality
comes into play.

Rather than using the four-dimensional description above, we will now assume the
existence of a holographically dual version of the strongly coupled QF Ty in terms of
classical gravity and other interactions in a 5-dimensional bulk space with a (UV) near-
AdS boundary. In this language, four-dimensional diffeomorphism invariance is manifest
and is a consequence of the overall energy conservation.

The SM is weakly coupled at E = A and therefore its coupling to QFT 5 follows the
semi-holographic setup: it can be represented by a 4-brane embedded in the bulk geometry
at the position corresponding to the cutoff scale induced by the messenger mass.

Therefore, in the gravitational description the setup is that of a SM-brane embedded
in the QFT N bulk gravitational theory. The bulk fields of the gravitational sector couple
to the SM fields on the brane. An important ingredient of this coupling is the induced
action for the bulk fields on the brane. This is generated by the SM quantum effects that
will induce a non-trivial action for the bulk fields. Since the SM fields are localized on the
brane, the same applies to this induced gravitational action.

In general, bulk operators that are not protected by symmetries will obtain brane
potentials that will scale as the fourth power of the cutoff scale A. For the bulk operators

3The (equivalent) time dependent brane world perspective was undertaken in [53] and the connection
to [52] was explained via Birkhoff’ s theorem in the presence of branes in [54].



that are protected by symmetries, like the graviton, possible conserved currents (giving rise
to graviphotons) and the universal instanton density (giving rise to the universal axion)
the corrections start at two derivatives, and scale as A2, [56].

The framework of emergent gravity from 4d QFTs described above therefore can be
modeled in the gravitational picture with a 4-d SM brane embedded in the bulk space-time
generated by the QFT . In this paper we will simplify this effective description by keeping
track of two basic bulk fields: the metric as well as a single scalar. With this field content
the action we will consider, up to two derivatives reads,

S = Shulk + Sbrane; (1.1)

where
1
Sbuk = MF! /dd“w\/—g [R — 59" 0aplhp = V(9)| . (1.2)
1
Sbrane = MS™! / dz/=y {_WB(S@) = 52B(0)7" Dupdue + Usp(p)RY | (1.3)

where g, is the bulk metric, R is its associated Ricci scalar and 7, R are respectively
the induced metric and intrinsic curvature of the brane. We have kept the dimension d
above general although our main concern is for d = 4. We expect M;lfl ~ N2.

The above action is the most general two-derivative action in Einstein-scalar theory
which preserves the full group of bulk diffeomorphisms (including those transverse to the
brane, since the latter is allowed to fluctuate). All we assume initially for the bulk poten-
tial is that it has a maximum supporting a (stable) AdS solution. We will be interested in
(fully backreacted) solutions in which the scalar field evolves in the bulk radial direction
(transverse to the brane), interpolating between an infinite volume asymptotic AdS bound-
ary region where ¢ approaches the maximum of V (), and a region with asymptotically
vanishing volume element, with the brane separating the two. In the dual field theory
language, the scalar corresponds to a relevant operator of the QFT x, and the solution to
a renormalization group (RG) flow driven by this operator. The large and small volume
regions correspond respectively to the UV and IR of the RG flow. This structure is rep-
resented in figure 1. Although the overall volume of the bulk is infinite, our model allows
regimes in which gravity behaves as four-dimensional, as an effect of the localized Ricci
scalar term on the brane in equation (1.3). This gives rise to a quasi-localized graviton
resonance as in the DGP model [57].

As we will eventually conclude, in this framework, and with the insights from the
holographic perspective, it is possible to avoid all the drawbacks of previous brane-world
self-tuning constructions. Holography provides an important guideline in organizing the
space of solutions. Furthermore, the IR endpoint of the RG-flow can be singularity-free
if the scalar field approaches another AdS extremum (in this case a minimum of the po-
tential). Moreover, some mild singularities are acceptable because they can be resolved.
Furthermore, the holographic interpretation naturally requires an infinite volume region in
the UV. As we will see, this is crucial for the self-tuning mechanism: any solution which
has finite volume on both sides of the brane must necessarily be fine-tuned.
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Figure 1. Sketch of the Holographic RG-flow solutions, with the brane acting as the interface
between an infinite volume UV region and a finite volume IR region. The coordinates z* are
world-volume four-dimensional coordinates on the brane-world, u represents the holographic radial
direction.

In general, self-tuning models are severely constrained by Weinberg’s no-go theorem [1],
which essentially states that in any local theory with dynamical gravity, preserving local
Poincare invariance, and whose solutions are determined by a local action principle, self-
tuning cannot work.? The framework we present here avoids this theorem, and this has
a clear interpretation in view of holography: each solution contains quantities (the “vevs”
of the dual operators) which are not determined by extremizing a local action, but rather
by a regularity condition which relates the UV and the IR, and has no classical analog in
local field theories.

Given this input from holography it is now instructive to check our action ingredients
from the brane world perspective. For a start, our brane will be an asymmetric one,
separating an infinite volume UV region and a finite volume IR region. Asymmetric self-
tuning models were studied early on by [30], but these did not include an induced gravity
term. Secondly, given that the overall volume of our brane model is infinite, there will not
be a localized zero mode graviton fluctuation on the brane (as it is the case instead for the
classic RS model [23]). This is in turn where the induced gravity term plays an important
positive role for the phenomenology of our model providing a quasi-localized graviton zero
mode in the tensor fluctuations, by the same mechanism well-known in a flat bulk [57].

The particular role of asymmetry [58, 59], combined with the induced gravity term
were realized in [60] where dark energy models were constructed (but this time, without

“In the case of Fab Four, the scalar breaks Poincaré invariance thus evading Weinberg’s no-go theorem [2].



a bulk scalar). In the latter paper it was also realized, however, that the positive role
played by the induced gravity term in the tensor fluctuations, was negative® in the scalar
fluctuations: there, it was found that the induced gravity term contributed to a scalar
ghost whenever a spin 2 zero mode was mot present in the spectrum. This was because
without a bulk scalar field, dynamical scalar fluctuations only existed on the brane, but
not in the bulk. This is where the bulk scalar in our model plays an essential role: it also
contributes in the scalar sector allowing, as we will see, for the absence of scalar (but also
tensor) fluctuation pathologies.

1.2 Results and outlook

In this setup we consider solutions to the classical equations of motion for g, and ¢ that
correspond to Lorentz-invariant saddle points of the dual QFT p, as described by the action
Sbulk- The presence of the SM brane in the geometry is taken into account by the Israel
matching conditions.

Our goal in this paper is to first examine the existence of solutions to the bulk equations
which are holographically acceptable (either with regular bulk geometries or with good IR
singularities) having a flat induced metric on the brane. This is the essence of the self-
tuning mechanism: although there is a non-trivial vacuum energy (or cosmological term)
on the brane, the metric of the brane universe is flat.

We find that holographically acceptable solutions generically exist. In these solutions,
the brane is placed at a specific equilibrium position g in the bulk, which is determined
dynamically by solving Israel’s junction conditions. @~ We show that one can generically
find an acceptable equilibrium solution in the vicinity of a zero of Wp, for a generic bulk
potential V(¢). Thus, the existence of self-tuning solutions is generic in this framework.

The next question we investigate is: is this equilibrium position stable? More specif-
ically, are the fluctuations around this solution regular (not ghost-like) and stable (not
tachyonic)? Connected to this question is also the following: what kind of interactions
such fluctuations mediate on the brane world? Is gravity similar to observable gravity? Is
the equivalence principle upheld?

We derive the fluctuation equations around the equilibrium brane position, for general
bulk and brane potentials. There are two sets of propagating modes. One is a spin-two
mode associated to the 5d graviton. We find that the equations it satisfies are similar to
the DGP scenario, [57] with the important difference that in our case the bulk geometry
is non-trivial.

We calculate the propagator that controls the interaction of sources on the SM-brane.
This propagator is DGP-like at short enough distances but is a massive propagator at long
distances® The reason for this is the behavior of the bulk to bulk propagator on the brane.
At short enough distances it vanishes, with the same behavior as in flat space. But at long
enough distances it asymptotes to a constant that is determined by the bulk geometry. It
is this different behavior that is responsible for the mass at long distances.

Sliterally opposite in sign!
5This behavior was seen before in a DGP framework with a codimension higher than 1 thick
brane, [61, 62].



The framework presented here has a rich gravitational phenomenology, displaying sev-
eral different potential signals of long- and short-distance modified gravity. The graviton
propagation is four-dimensional at both short and long distances, and also has a mass.
Depending on parameters, a five-dimensional phase may appear at intermediate distances.
The effective four-dimensional gravitational coupling constant is controlled by the induced
Einstein term on the brane, and the mass of the graviton is controlled by the same quan-
tity and by the geometry around the equilibrium position. We lay out the conditions for
constructing specific models in which the modified gravity regime falls outside the scales
probed by current observations. This includes having an arbitrarily light graviton in a
technically natural way.

The analysis of the scalar fluctuations is more involved.” There is a single gauge
invariant scalar fluctuation in the bulk, but two invariant ones on the brane. We derive
the dynamics of the scalar fluctuations and we formulate it as matrix Sturm-Liouville
problem. This formulation enables us to derive sufficient conditions for the fluctuations
to be manifestly regular (not-ghostlike) and stable (not tachyons). We also construct the
brane-to-brane scalar propagator, which takes the form of a matrix coupling two kinds of
sources: the trace of the stress tensor, and the scalar “charge”.

We do not address here a full discussion of the phenomenology of the scalar sector. This
is an important aspect, because it leads to constraints from fifth-force and violation of the
equivalence principle. Moreover, it is important to investigate how the non-linearieties of
the theory modify the gravitational effects beyond one-graviton exchange, as these can lead
to stringent constraints on scalar-tensor theories (as was analyzed by [66] in the context of
“Fab Four”-like theories). However neither the linearized scalar-mediated interaction nor
the non-linear effects are universal, and they can manifest themselves at different scales in
a model-dependent way. Thus this discussion must be carried out in specific models and
is beyond the scope of the present paper.

Our results are encouraging but constitute only the tip of the iceberg. There are several
further tasks that must be accomplished before this setup is physically acceptable.

e A detailed analysis on the dependence of the observable parameters (4d Planck scale,
mass of the graviton) from the inputs (nature of bulk QFT, UV couplings and the in-
duced brane cosmological constant) must be made in order to assess which ingredients
provide a physical answer.

e The massive graviton has, generically, a vDVZ discontinuity, [64, 65]. Finding the
associated Vainshtein scale, [67, 68], is important in order to understand the viability
of the setup. It is important to note that the theory of the massive graviton is an
effective theory near the equilibrium position and for this reason is not subject to the
standard constraints on massive graviton theories. Such constraints are stringent if
the theory only a contains a massive 4d graviton and no other gravitational degrees
of freedom, [69]. On the other hand, consistent theories containing massive gravitons
like KK theory and string theory/holography have appropriate couplings to avoid

"For an earlier discussion of scalar fluctuations in brane-worlds with a bulk scalar, see [63].



such direct constraints, [48, 70]. Similar considerations have also been addressed in
scalar-tensor theories of the “Fab Four” type in [66]. In that work it was shown that,
requiring non-linearities to screen extra scalar modes around spherically symmetric
solutions, together with the validity of effective field theory at the observed scales,
puts non-trivial constraints. In the present context, to answer the same questions
one would have to analyze solutions with spherically symmetric brane sources, and
investigate how the non-linear scale interplays with the other bulk and brane scales,
and it is not easy to “guess” whether the constraints will invalidate the framework.
This is an important but complex study, and will be left for a future work.

It is interesting that this setup always provides for a massive graviton on the brane.
It has been observed that the cosmological evolution driven by a massive graviton
is similar to an effective cosmological constant M3A ~ m3M%, [17, 18] which is
the right size to explain the observable cosmological constant. Whether there is a
connection between these two observations remains to be seen by analyzing the full
cosmology of the theory.

Although the conditions for “healthy” scalar fluctuations have been derived, more
details need to be known about the forces mediated by the scalar excitations. The
fact that there are two possible scalar excitations on the brane indicate that there
are generically two charges associated to the scalar interaction. The nature of the
scalar force, its range and its couplings to observable matter must be elucidated, as
a function of the inputs: the localized action and the bulk dynamics.

The existence of a flat 4d-space-time solution which accommodates a large brane vac-
uum energy while allowing for reasonable gravitational interactions, does not fully
solve the problem. One should investigate how one arrives at such a solution dynam-
ically. For this one first needs to investigate alternative solutions with maximal sym-
metry but where the induced brane-world metric is positively or negatively curved.
The final step is to derive the full time-dependent evolution equations for the system
brane+bulk.

The issue of radiative corrections to the framework we discuss in this paper is im-
portant. The bulk gravitational theory has both higher derivative corrections (that
are controllable at strong coupling according to AdS/CFT intuition) and loop correc-
tions that are controllable at large N. The induced brane action for the bulk fields
is expected to be generated by brane-field quantum effects and all such effects are
assumed to be included in the brane potential two-derivative terms. There can be
higher derivative corrections that we have neglected here. They will provide correc-
tions to the matching conditions that are not IR relevant. In the worst case scenario
they can affect the scale my4 that controls the onset of massive brane gravity.

The full time-dependent dynamics of the system must be derived and analyzed. This
is tantamount to analysing the cosmological evolution of the setup. In particular
this is important in order to verify the naive expectation where the brane starts at



early times in a bulk position near the boundary and far away from the “equilibrium”
position . The ensuing evolution towards this equilibrium position can be mostly
driven by the brane cosmological constant giving therefore a period of brane inflation.

Approaching ¢q the effective cosmological constant becomes smaller and smaller and
the brane evolution is driven more and more by the energy densities on the brane.
These expectations are reasonable and should be verified. An interesting open prob-
lem is to assess what can act as dark energy in this setup. Several possibilities can
be investigated already within this framework, due to the presence of scalar modes
(including the brane position) which may act as quintessence or leave a residual
cosmological constant if the brane is slightly displaced from its equilibrium position.

e [t is important to stress that the brane cosmological constant is not a fixed potential
of the bulk fields but also depends in general on brane-field order parameters (exam-
ples for the SM are the Higgs field or chiral symmetry condensates). This intertwines
interestingly with the self-tuning mechanism and in principle allows both an accom-
modation of phase transitions into the relaxation mechanism but also the possibility
that the solutions to the CC Problem and the Electroweak hierarchy problem are
intimately connected.

e The fact that gravity is generically 5 dimensional off the brane world indicates that
there may be a period in the evolution of the (brane) universe where there is an
exchange of energy between the SM-brane and the bulk, [62]. Such an effect can
affect the cosmology on the brane.®

This paper is structured as follows.

Section 2 presents the model, the vacuum solutions, and the self-tuning mechanism
arising from Israel’s junction conditions. We give a review of the geometry of holographic
RG flows and what makes for holographically acceptable singularities. We show that self-
tuning junctions are generically present for a wide variety of brane and bulk potentials,
and we give concrete examples with and without an IR singularity.

In section 3 we lay the ground for the analysis of linear perturbations around vacuum
solutions, and identify the relevant bulk and brane perturbations, as well as their gauge
transformations. After fixing the gauge we derive the linearized bulk field equations and
junction conditions for physical scalar and tensor perturbations.

Section 4 is dedicated to the analysis of tensor modes, and in particular to the calcu-
lation of the tensor-mediated interaction mediated between sources localized on the brane.
We compute the tensor brane-to-brane propagator and discuss its different regimes, and
discuss the associated phenomenology at different scales.

In section 5 we analyze scalar perturbations. We write the gauge-fixed linearized
junction conditions in terms of a single scalar perturbation, and show that the bulk equation
plus junction conditions can be written in terms of a vector-valued Sturm-Liouville problem
with Robin boundary conditions. We discuss the stability of the background solutions and

8This phenomenon has been investigated in phenomenological brane setups in [45, 80, 81].
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give sufficient conditions for the absence of ghosts/tachyons. We compute the scalar brane-
to-brane propagator which enter the scalar-mediated interaction between brane-localize
sources, and we speculate on a class of models free of the vDVZ problem.

Several technical details are left to the appendix. In appendix A we give a classification
of the different possible types of junctions; appendix B relates the boundary values of the
fields at the brane with the asymptotic behavior in the UV, in particular the UV coupling
for the relevant operator driving the flow in the dual field theory. In appendix C we review
Weinberg’s no-go theorem and describe how it is avoided in our framework. Appendix D
contains the technical details of the linear perturbations around the vacuum. Finally, in
appendix E we give details about the large- and small- momentum asymptotics of the bulk
Green’s function, which is one of the ingredients entering in the brane-to-brane propagator.

2 The self-tuning theory

We consider a scalar-tensor Einstein theory in a d + 1-dimensional bulk space-time
parametrized by coordinates z¢ = (u,x*). We consider a d-dimensional brane embed-
ded in the bulk parametrized by coordinates x* . The most general 2-derivative action to
consider reads,

S = Sbulk + Sbrane (21)
where,
d—1 d+1 1 ab
Shule = M, /d z\/—g [R = 597 0a00pp = V(p) | + Scn, (2:2)
1
Sbrane = Mgil /ddm\/ - |:_WB(90) - 523(@)’)/}“/8“(,08”@ + UB(CP)R('Y) ey (23)

where gg, is the bulk metric, R is its associated Ricci scalar and v, RO are respectively
the induced metric and intrinsic curvature of the brane while V(¢) is some bulk scalar
potential. Sgp is the Gibbons-Hawking term at the space-time boundary (e.g. the UV
boundary if the bulk is asymptotically AdS).

The ellipsis in the brane action involves higher derivative terms of the gravitational
sector fields (¢,vu,) as well as the action of the brane-localized fields (the “Standard
Model” (SM), in the case of interest to us). Wg(¢), Zp(¢) and Up(p) are scalar potentials
which are generated by the quantum corrections of the brane-localized fields (that couple
to the bulk fields, see [56]). As such, they are localized on the brane. In particular,
Wg(p) contains the brane vacuum energy, which takes contributions from the brane matter
fields. All of Wg(¢), Zp(p) and Up(y) are cutoff dependent and generically, Wg(p) ~ A%,
Zp(p) ~ Up(p) ~ A? where A is the UV cutoff of the brane physics as described here. Its
origin was motivated in subsection 1.1.

2.1 Field equations and matching conditions

The bulk field equations depend only on V(¢) and are given by:

1 1 1 (1
Rap = 5900 R = 502005 — 59ab <2ng8c908ds0 + V(w)) : (24)
ov
9 (V=99™0p) — — =0 2.5
(x/?g b<p> R (2:3)
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The brane, being codimension-1, separates the bulk in two parts, denoted by “UV” (which
contains the conformal AdS boundary region or more generally, in non-asymptotically
AdS solutions, the region where the volume form becomes infinite ) and “IR” (where the
volume form eventually vanishes, and may contain the AdS Poincaré horizon, or a (good)
singularity, or a black hole horizon etc, as we will discuss in section 2.3.2). We will take
the coordinate u to increase towards the IR region.

Denoting ggbv, ggf and YV, o the solutions for the metric and scalar field on each

IR
side of the brane, and by [X} Uy the jump of a quantity X across the brane, Israel’s

junction conditions are:

1. Continuity of the metric and scalar field:

lly =0 [l =0 29

2. Discontinuity of the extrinsic curvature and normal derivative of ¢:

K K} IR 1 5Sbrane |: a }
_ - n -
uv — Yuv v \/T’V Sy ) aP oV \/j’}/ g s

where K, is the extrinsic curvature of the brane, K = v*K,,, its trace, and n? a

IR 1 5Sbrane

(2.7)

unit normal vector to the brane, oriented towards the IR.

Using the form of the brane action, equations (2.7) are given explicitly by:

R 1 1
(K], = |57 + Un0IGI) — Zi(e) (D10t~ 570106
+ (VHW’J"VS)VS” - Vfﬁ)v(ﬂ)) UB(w)} : (2.8)
wo(z)
IR dWg dUg 1dZp 1
D = |—2 - 2R 4+ _ 22 (9p)? — —8, (Z o, 2.9
oy, = |2~ GEE 4 3 00R ~ au Caviag)]| L e9)

where po(x*) is the scalar field on the brane.

2.2 The Poincaré-invariant ansatz

We consider the case where the bulk space-time has d-dimensional Poincaré invariance,
so that the solution would be dual to the ground state of a Lorentz-Invariant QFT. The
brane will be embedded at specific radial distance ug so that the induced metric is a flat
d-dimensional Minkowski metric. In the domain-wall (or Fefferman-Graham) gauge, the
metric and scalar field (on each side of the brane) are:

ds? = du® + AWy, dztdz” v = p(u), (2.10)

We use the notation: p
— = 2.11
du ? ( )
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and we denote by (Auv(u), puv(u)) and (A (u), ¢r(w)) the bulk solution in the UV and
IR regions, respectively. The brane sits at a fixed value ug and we define:

Ay = A(uyp), w0 = p(ug). (2.12)

Only ¢g (not ug) is a gauge-invariant quantity.” The induced metric on the brane is
_ ,2A0

Yur = €7 Ny -
With the ansatz (2.10), the field equations (2.4)—(2.5) become equivalent to:

. 1 . 1

d(d —1)(A)* — 5(@2 =—Vip), A= —m(@?- (2.13)

These equations can be cast in a first order form by defining UV and IR superpotential
functions Wyvy () and Wig(p) [29], such that:

1 _ dWuyvy

A = —— W ; = 2.14
uv(u) 2(d — 1) uv(p(u)), Puv(u) dg (p(u)) ( )
. 1 . dWrr
() = ~ gy Win(e(u), fim(n) = T o). (25)
The scalar functions Wyvy g are both solutions to the (gauge-invariant) superpotential
equation:
d o 1 (dW\?
_ (=) =V 2.1
4(d1)W+2<d<p> v (2.16)

The choice of W determines the geometry on each side, up to the choice of an initial
condition (A, ¢s) , which only affects a shift in A (i.e. an overall choice of scale of the
d-dimensional theory). These boundary conditions have a clear interpretation in the bound-
ary QFT dual to the bulk gravitational theory: A, sets the scale of the boundary Minkowski
metric of the dual QFT while ¢, determines the UV coupling constant of the scalar oper-
ator O(zx) dual to ¢. On the other hand W is invariant under bulk diffeomorphisms. The
superpotential equation (2.16) implies an inequality

(W(¢)l = B(¢) =24/ ———V(¢) (2.17)

which also defines the function B(¢) that acts as a lower bound on the space of solutions
of the superpotential equation, [73].

The continuity conditions (2.6)—(2.7) simply state that A(u) and ¢(u) are continuous
across the brane:

Ayy (uo) = Arr(uo) = Ao, puv(uo) = ¢ir(uo) = ¢o- (2.18)

Therefore, only one initial condition (A, ¢.) must be imposed, for example in the UV. The
interpretation of these initial conditions is holographically clear and it will be discussed in
greater detail in subsection B.

9By gauge invariant we mean invariant under bulk diffeomorphisms.
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The non-trivial matching conditions are the ones imposed on the first derivatives, (2.8)—
(2.9). Indeed, the extrinsic curvature and normal derivatives of ¢ are given by:

K., = A62A77W, Ky —ywK =—(d— 1)/162‘417”,,, nOqp = . (2.19)

The junction conditions can be cast in a gauge-invariant form using the superpotentials
W on each side of the brane: making use of the expressions (2.14)-(2.15) for A and ¢, as
well as (2.19), equations (2.8)—(2.9) simply become statements about the jump in the
superpotential and its derivative across the brane [30]:

Wir — Wuvl,, = Wa(¢o) (2.20)
dWir  dWyy dWp
- — B (), 2.21

To summarize, the full system of bulk and brane field equations boils down to two bulk
equations, (2.16), relating the two super potentials Wi and Wyy to the bulk poten-
tial V, and two matching conditions relating the bulk and brane superpotentials to-
gether, (2.20), (2.21). Before explaining the logic we will use in picking the relevant solu-
tions to these equations (which will be the subject of section 2.4), we make a digression on
holography and the properties and interpretation of the UV and IR parts of the geometry.

2.3 Holographic interlude

In a bulk theory allowing for a holographic interpretation, not all bulk geometries are
on the same footing. Below we summarize the structure of the “UV” (i.e. large volume)
and “IR” (small volume) regions of the bulk geometry, and their interpretation in the
holographic dictionary.

2.3.1 UV region

First of all, we will consider only UV-complete solutions, i.e. those containing a region
which extends all the way to an asymptotically AdS boundary where e4 ~ e %! — +oc0.
The presence of such a region on one side of the interface is a crucial ingredient of the
self-tuning mechanism: this is because, as we will discuss below in more detail, generic
solutions in this region flow to the UV fixed point independently of the particular value
Wuv(go) which solves equations (2.20)—(2.21). Therefore, we do not need to fine-tune the
UV side of the solution.

The asymptotic UV region usually corresponds to the scalar field asymptoting to a
maximum of the scalar potential. A given potential may allow for several UV fixed points,
but one can restrict the boundary conditions of the gravitational theory to pick one of them:
indeed, the choice of UV boundary conditions is part of the definition of the holographic
theory. This includes not only the choice of the UV extremum, but also the boundary
conditions on scalar fields, the boundary induced metric, etc.

Even with these restrictions, there always exist an infinite number of solutions to the
superpotential equation in the UV, which satisfy all the correct boundary conditions at
leading order in a near-boundary expansion, and differ by subleading terms.
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In fact, there exists an arbitrary integration constant Cyy to the superpotential equa-
tion which parametrizes a continuous family of nonequivalent solutions which get closer
and closer to each other as one approaches the extremal point of V. For a recent detailed
discussion of the solutions to the superpotential equation, see [73]. All these solutions
asymptote the same AdS geometry, and they are all regular close to the boundary of AdS.

To be more explicit, such a “UV” AdS solution is realized near a maximum of bulk
potential (say at ¢ = 0),

— m2
V(g ~- 2D

a bttt (2.22)

The constant term fixes the asymptotic AdS length ¢, and the mass term fixes the dimension
of the corresponding operator'? by:

d Am20?
A:2<1+ 1+”;2>. (2.23)

We assume —d?/4 < m? < 0 so that 2 < A < d and the operator is relevant. The
superpotentials corresponding to (2.23) all have the form, for ¢ ~ 0:

20d—-1) d—A

Wuv(e) = 7 + go—i—...—I—CUV(pﬁ(l—I—...)—i—O(go%). (2.24)

where the dots indicate analytic higher order terms, and Cyy is an undetermined constant.
Solving for the scalar field and scale factor via equations (2.14), one finds:
d—A Civl A A
AW ~ e () ~ go (Ee“/ﬁ) + Lgo(d*m (Ee“/z> ,  u— —o0, (2.25)
(2A —d)

where gg is one more integration constants which, importantly, does not appear in the
superpotential. In the equation above, the factors of £ are inserted to absorbe the appro-
priate mass dimensionality of gop and Cyy (d — A and one, respectively) while keeping ¢(u)
dimensionless.

We now describe how the solution above is interpreted in the holographic dictionary.

e The scale factor diverges as ¢ — 0, signaling an asymptotically AdS region with
conformal boundary at u = —oo, where the scalar reaches the “UV fixed point”

p=0.

e Both leading and subleading terms in the scalar field vanish as we go to the boundary
(u — —00), signaling that the fixed point is an attractor.

e The constant gg controlling the leading term in the scalar field near-boundary expan-
sion represents the coupling of the dual operator O(z) associated to ¢ in the dual

10We assume here what is called “standard” form of the holographic dictionary. For operator dimensions
A such that d/2 — 1 < A < d/2, there is an “alternative” definition of the theory which is obtained by
replacing A <> (d — A) in equation (2.23). We will not discuss this case further.
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field theory in the far UV. In other words the UV CFT is deformed by a term of
the form:

Ssource = /dda: 900(x). (2.26)

Notice that gy does not appear in the superpotential, but rather is generated by the
boundary conditions one imposes at the AdS boundary (extreme UV limit of the dual
field theory).

e Similarly, one has to fix asymptotically the boundary conditions for the leading term
in the metric. With a generic ansatz of the form,
ds? — du® 4 e~ 2u/* ('y/(g,) +.. ) , u — —00, (2.27)
7,(3,) represents the metric of the space where the UV CFT is defined , and it is also
fixed by boundary conditions at the AdS boundary. In particular, in the solution we
are considering, the CFT lives in flat space-time with Minkowski metric. It is crucial
that neither gy nor 7;(2,) are fields with respect to which we have to extremize the
gravitational action, but they are part of the definition of the dual field theory.

e The subleading term in the near-boundary expansion of ¢ in equation (2.25) is con-
trolled by C'yy. In the dual field theory, this term corresponds to the vacuum expec-
tation value of the operator O:

A

(0) = Cuvt g (2.28)

We see explicitly from equations (2.24) and (2.25) that the integration constant Cyy enters
only at subleading order, and all superpotentials get closer and closer to each other as
i — 0, independently of Cyy. In other words, no matter what initial conditions we pick
for Wyy away from ¢ = 0, the solution is attracted to the same asymptotically AdS
boundary at ¢ = 0. This also implies that the initial condition W(0) = 2(d — 1)/¢ is
ill-defined because it does not fix the solution.

2.3.2 IR region

The situation is conceptually different in the IR. The difference between the UV and the
IR is that not all solutions reaching the IR are regular, and not all of them are acceptable,
but only those obeying some restrictions. The others are to be considered as “spurious”
solutions of Einstein’s equations which are unphysical from the holographic point of view,
i.e. they do not correspond to a true state (saddle-point) in the dual field theory.

More specifically, a solution is acceptable in the IR if it belongs to one of the two
classes below:

e IR-regular solutions;

e “Good” IR-singular solutions (near the boundary of field space).
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Below we will explain what characterizes these two classes. The crucial point is that,
as we will explain, independently of the choice of V(¢), there is at most a finite number of
IR-acceptable solutions of the superpotential equation.!!

Before we delve into the classification of IR solutions we note that, on the IR side
of the brane, eventually e — 0. Indeed, by definition, going towards the IR the scale
factor is decreasing. We will discard the presence of an IR brane (or “hard wall” in the
holographic lore) cutting off the small volume part of the geometry, and at which A reaches
a finite limit. This case suffers from the same problems as in non-computable singularities
that we will discuss below (i.e. it is neither regular nor acceptable). On the other hand,
assuming there is no hard wall, the scale factor cannot approach a non-vanishing constant
asymptotically, without the theory violating the null energy condition (this can be seen

using A = —(¢)% < 0).

Regular solutions. These are solutions in which the curvature invariants are all finite as
e — 0. In practice, in a co-dimension-one setup, the only asymptotic behavior compatible
with regularity is:

AW~ emu/tr u — 400 (2.29)

where we approach the Poincaré horizon of an AdS space-time with curvature radius /iR.
This corresponds to both V(¢) and W (¢) approaching a finite constant:

d(d—1)

2(d — 1)
7 '
IR

V= - , W — 2 (2.30)
IR
Since the asymptotic geometry approaches AdS, we are again in the presence of an asymp-
totically conformal theory. However, now this is in the interior of the space, where the
scale factor approaches zero asymptotically. Therefore this CFT is found in the IR limit.
The actual IR limit of the scalar field, ¢rr, may be finite (in which case the dual theory
flows to an IR conformal fixed point at a finite value of the coupling), or it can be infinite
( runaway AdS behavior, [71, 72]).

An important difference with respect to the case of a UV fixed point is that solu-
tions W (¢) reaching an IR fixed point are isolated points in the space of solutions of the
superpotential equations and are not part of a continuous family. In other words, an in-
finitesimal deformation (in the space of solutions) leads to missing the fixed point and

flowing elsewhere while typically becoming singular in the process.

Acceptable singular solutions. Putting aside the AdS IR asymptotics described above,
all other cases e — 0, lead to an IR naked singularity where we have additionally that
¢ — +o0o. However, some singularities may be acceptable from holographic arguments
or gravitationally if there exists a way of resolving them. The presence of a (classical
curvature) singularity in holography may be interpreted as follows:

1. The solution does not describe a semiclassical saddle point. These are what are
customarily called “bad” singularities in holography, [74].

1YWe exclude from the discussion here the case of flat directions in the dual QFT.
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2. The singularity appears because we have not included all possible relevant degrees
of freedom. If we include them then the singularity is resolved. Examples of such
resolutions exist both by re-including KK states of the bulk theory, [85, 86], or in
more complicated contexts stringy states, [87, 88]. Such resolvable singularities are
usually called “good singularities” in holography, [74].

A criterion for a “good” (i.e. resolvable) singularity was proposed by Gubser in [74]. It
postulates that the solution admits an infinitesimally small deformation which may cloak
the singularity behind a regular black hole horizon. In this way, “heating up” slightly the
theory, in principle, cloaks the naked singularity without a drastic change to the solution.
For a concrete example, take the case of our bulk action (2.2) with a specific Liouville

potential V(¢) ~ exp bg. In this case the general solution with the relevant planar (d — 1)-

symmetry is known [82]. It is found that black hole solutions exist only for b < ,/dZ—_dl,

otherwise solutions have an uncloaked naked singularity. This agrees with the postulated
criterion (2.33) as we will see in a moment.

There is additional evidence concerning solutions with “good” singularities. The cal-
culation of correlators involves the solution of the fluctuation equations with appropriate
boundary conditions. There are two possibilities:

e The behavior of correlators at finite energy does not depend on the resolution of the
singularity. This case is realized if in the associated Sturm-Liouville problem only
one of the two linearly independent solutions is normalizable at the singularity. In
this case the boundary condition (normalizability) fixes the correlator uniquely. In
mathematical terms, an equivalent statement is that the corresponding radial Hamil-
tonian is essentially self-adjoint. We will call such “good” singularities computable
or IR-complete. Such a singularity resolution was encountered early on in higher
co-dimension brane world models [75], in [76], and in the holographic context in [77].

e The behavior of correlators at finite energy does depend on the resolution of the singu-
larity. This case is realized if in the associated Sturm-Liouville problem both linearly
independent solutions are normalizable at the singularity. In this case one needs an
extra boundary condition, (which is supplied by the singularity resolution). In math-
ematical terms, an equivalent statement is that the corresponding radial Hamiltonian
has an infinity of self-adjoint extensions determined by extra boundary conditions at
the singularity. Therefore, without an explicit resolution of the singularity the cor-
relators cannot be computed. We will call such “good” singularities non-computable
or IR-incomplete.Examples of such cases are described in detail in [71-73].

There are many examples where IR-completeness fails, but the most straightforward
is the example of a hard wall, i.e. an IR-brane that cuts-off the small volume region of the
geometry: in this case, all solutions of bulk wave equation are trivially normalizable at the
wall, but different boundary conditions lead to very different spectra. IR-incompleteness
does not necessarily mean that the holographic model is unphysical: rather it hints that
with the present ingredients we do not have enough information to compute any observable
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without embedding it into a more complete theory (a higher dimensional bulk geometry
or a string theory). For convenience, to make sure the five-dimensional description we are
using is predictive, we require IR-completeness. This puts a restriction on the asymptotics
of the bulk potential at infinity as we discuss below.

It can be shown (see e.g. [73]) that the IR-completeness criterion always implies Gub-
ser’s criterion. Both imply a bound on the growth rate of the potential in the IR. We
suppose for definiteness that the potential grows asymptotically as:

V(p) ~ —Vaexpbp,  b>0, Vo > 0. (2.31)

It is useful to define the quantity:

Q- Q(dd_ 5 (2.32)
Then:
1. Gubser’s criterion requires
b <2Q (2.33)
2. IR-completeness requires:
b<2 6(dd+_21) (2.34)

One can check that (2.33) is stronger than (2.34) for any d > 1.

This is not the end of the story: the conditions in equations (2.33)—(2.34) are not
sufficient as they refer to the potential but not to the solution itself. Indeed, whether or
not the singularity is acceptable according to one or the other criterion depends on the
behavior of the superpotential at infinity which characterizes the solution. Analyzing the
superpotential equation one finds two types of asymptotic solutions corresponding to the
potential behaving as in equation (2.31):

1. A continuous family, whose asymptotic behavior is independent of the parameter b
in (2.31):
We(p) = CexpQp, ¢ — +0o0, (2.35)

where C' is an arbitrary positive constant.

2. An isolated solution with a milder asymptotic behavior:

b
Wilp) = Wosexp g, 9 = +00, (2.36)

The parameter W, in this case is fixed, and given by:

| 8V
Weoo = o (2.37)

Due to equation (2.33), one sees that the special solution W, in equation (2.36) grows
more slowly than any of the solutions in the continous family,'? (2.35).

12More generally, the special solution is characterized by the property Wi () ~ /V () as ¢ — +oo.
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Figure 2. Schematic view of the solutions of the superpotential equation that reach ¢ — +o0o. The
curve W, represents the special solution. The curves labeled C; through Cg are different curves
belonging to the continuous family, and they grow exponentially faster than W,. The function B
defines the boundary of the forbidden region as defined in equation (2.17).

It turns out that only the isolated solution W, () with special asymptotic behavior (2.36)
satisfies Gubser’s criterion and, in case (2.34) is satisfied, also IR-computability.'3

A sketch of the superpotential solutions in the IR is given in figure 2.

The conclusion therefore is that there is at most a finite number of solutions that have
an acceptable behavior in the IR: those that reach an IR fixed point at a minimum of V,
plus the special singular solution (2.36) that extends to infinity in field space. However all
of them may flow to the same UV. Therefore, imposing IR-regularity picks one or a few of
the many solutions which flow to the same asymptotic AdS boundary.

2.4 The self-adjustment mechanism

In the context of brane-worlds, the self-tuning paradigm [27, 28] appeared shortly after
the original Randall-Sundrum (RS) model with one or two branes [23] embedded in AdS
space-time.

In the original RS model, one has to fine-tune the tension of the brane with the bulk
cosmological constant in order for the embedded brane geometry to remain flat. Any
detuning of the brane tension, resulted in an effective inflation (or deflation) of the brane,
therefore to an effective cosmological constant acting on the brane, [89, 90]. The fine tuning
of the brane tension, in the context of the brane-world, is the translation of the well-known
fine tuning of the cosmological constant. Therefore this is the brane-world version of the
big cosmological constant problem [1].

It was noted that including a scalar field in the bulk geometry would introduce extra
freedom in the solutions, which relieved the brane to bulk fine-tuning condition [27, 28].

13In particular, even if we relax IR-computability, there is still only one solution satisfying Gubser’s
criterion.
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Unfortunately, this simple resolution did not come without problems of its own. We will
scrutinize this in more detail, as it is central to our discussion.

The equations at the heart of the self-tuning mechanism are the matching conditions
for the superpotential we wrote at the end of subsection (2.2):

Wir — Wuvl,, = Wa(¢o) (2.38)
d IR d uv d B
Wip _ diW _ W50, 2.39

where both Wyvy (@) and Wig(¢) are solutions of the superpotential equation,

d o 1 /dW\?
_ S () v 2.4
™ s (a) = (240

There are two possible ways of looking at these equations and what they constrain, and
these result in the “old” self-tuning solutions (which generically lead to bad IR singularities)
and holographically-motivated self-tuning, where the IR singularity disappears or if it still
persists, it is of a good kind.

Old self-tuning. This is the case discussed in most general terms by Csaki et al. in [30],
who consider essentially the same class of actions as the one here, apart from the induced
Einstein and kinetic terms on the brane. They arrive at the same equations (2.38)—(2.39)
and do a counting of integration constants which can be summarised as follows:

1. Each of the two functions W™ and WUV solves the first order equation (2.40), and
therefore each one is determined modulo an integration constant CVV, C'R;

2. For a generic brane potential W (), the two matching conditions (2.38)-(2.39) fix
CUV, C™® for any generic value of ¢q (2.18).

In other words g is a free integration constant which self tunes with an arbitrary value
of the brane tension while the brane remains geometrically flat. The effective cosmological
constant of the brane is zero'* independently of the brane-world tension and of the couplings
in the action. This indeed gives self-tuning solutions, but the heart of the problem is that
a generic value of C'® will result in a solution in the confinous family (2.35), which has an
unacceptable IR singularity. This was the case for all explicit solutions considered in [30]
(when V is given by a cosmological constant or an IR exponential potential), which indeed
are in the continuous branch (2.35). On the other hand, the special solution (2.36) was not
considered. Moreover, ¢g appears as a modulus of the solution.

Holographic self-tuning. According to the rules of holography, summarized in the
previous subsection, the perspective on the choice of integration constants is different:

1. The IR constant C™ should be fixed by demanding that the IR singularity is absent
(Poincaré horizon in AdS) or it is of the good type.

14By effective we mean the one measured on the brane by measuring the expansion of the brane universe.
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Typically there is only one such solution to eq. (2.40) (or at most a discrete set).
According to this point of view, the solution W™ should be fixed once and for all
to be the regular one, or the one with special asymptotics (2.36) in the case of an
IR-exponential potential,'® before we impose the matching conditions (2.38)—(2.39).

2. Once W'R is fixed by regularity , equation (2.38)—(2.39) will determine 1) the integra-

CUV

tion constant in the UV superpotential; 2) the brane position in field space, ¢g.

Therefore, demanding IR regularity fixes the brane position. This is desirable, as it is
likely that the old self-tuning setup still leaves some light radion-like modes in the spectrum,
since the brane position (in ¢ space) looks like a modulus. On the other hand, since the
good values of C™® are (generically) at most discrete, in the holographic version there is no
continuous deformation parameter in the space of solutions to the superpotential equation
plus matching conditions.

Notice that CYV contains information about the v.e.v of the operator dual to ¢, so
the presence of the brane is changing the v.e.v’s with respect to the solution with no brane
in which WYV = WIR_ On the other hand, we are still free to choose the UV sources,
which are encoded in the UV boundary conditions of equations (2.14) for the metric and
the scalar field.

We will now rewrite the matching conditions in a way which makes the philosophy
explained above algebraically manifest. Equations (2.38) and (2.39) can be rewritten in
such a way that one can obtain a solution without knowing anything about the behavior
of the UV superpotential: the latter can be eliminated from the equation and one is left
with a single equation that determines ¢q from V() and the IR solution alone.

In fact, we solve (2.38)—(2.39) for WUV () and 9,W Y (¢o),

W (gg) = W (o) = WP(go)  0,W"V(p0) = (0,W™ = 9,W5) (o),  (2:41)

and then use the superpotential equation (2.40) for WUV to arrive at an equation for
o only:
Q? 1 <alI/VIR aw?®

-G (W) W) 5 (T -

? d
— Vo), Q=]—" (2.42
) = Vi T 242

This equation contains as input only the model data (the bulk and brane potentials) and
the IR solution, which is fixed by IR regularity. Once we solve it for ¢g, we can obtain
WYV (gp) from (2.41). This in turn can then be used as an initial condition for the UV
superpotential equation, and it fixes WYV () completely.'®

We pause here to clearly explain on how the adjustment mechanism of the cosmological
constant is realized in this model and what we mean by self-tuning.

A self-adjustment mechanism is one in which it is not necessary to pick special values of
the parameters of the model in order to obtain a solution to the field equations in which the
4d metric is Minkowski. Here, the model parameters are the bulk and brane potentials,

150r more generally, for an arbitrary potential, the one with large-o asymptotics Wi (@) ~ 1/V ().
'5The sign ambiguity in dW7 /dy is fixed by the sign of d(W™ — W?5)/dy at the interface.
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and these include the 4d vacuum energy (which is contained in the @-independent part
of Wg(y)).

The standard CC problem can be stated by saying that for generic values of the
parameters (in particular, of the 4d vacuum energy plus bare cosmological term), flat 4d
space is not a solution.

In our model on the other hand, for arbitrary potentials V' and WP in the bulk and
brane, such that they allow a solution of equation (2.42), the “UV” side of the geometry
adjusts itself dynamically, for given Cyy and ¢g, so that flat space is a solution for the 4d
metric. As we discussed in section 2.3, generic initial conditions for Wyy at g (as long as
Wuy > 0, as we will discuss in section 2.5) connect to the same large volume AdS region,
therefore any of these Wyy gives rise to a regular geometry satisfying the same boundary
conditions. From the boundary field theory perspective, they differ only in the vacuum
expectation value of the operator dual to ¢, which is encoded in the integration constant
which fixes Wyy. This integration constant, (or in the field theory language, the v.e.v. of
the operator in the UV CFT), is the extra parameter which is not fixed by the bulk field
equations and which is responsible for the self-adjustment to flat space. Stated differently,
the UV geometry adjusts itself in order to be glued to the regular IR solution through the
interface, whatever the parameters at the interface are. We will give another picture of this
mechanism in purely 4d terms in appendix C when we discuss Weinberg’s no-go theorem.

This is not the end of the story, however. As we will see in the next sections, even
though we may have solutions generically, not all solutions are acceptable: as we will see
in the next section, the solution which we have called Wyvy does not always connect to an
asymptotically AdS region, but sometimes it actually describes a different IR geometry,
in which case the self-tuning mechanism does not work. Furthermore, one has to impose
some phenomenological and consistency requirement: the existence of 4d gravity at the
observed distance scales, which will be discussed in section 4.2, and the stability of the
solution (absence of ghosts and tachyons) (see section 5). These requirements may restrict
the range of allowed parameters in the potentials, but do not introduce a need for tuning
independent parameters.'” In any case, this has now become a problem in model building
(finding a set of bulk and brane potentials such that there is enough room for realistic
physics) rather than a conceptual fine-tuning or naturalness problem.

We end this section by discussing the relation between the integration constants of the
bulk gravitational equations and the parameters which define the dual field theory.

For a given choice of bulk and brane potentials in the action (2.2)—(2.3), any specific
bulk solution of the form (2.10) depends on two sets of integration constants:

(a) The two integration constants entering Wyy and Wig by IR regularity, and the
equilibrium value (.

(b) The integration constants that determine the scalar field and metric profile by inte-
grating equations (2.14)—(2.15). These include the scale factor at the interface, Ao,
as well as the brane position ug.

7This, on the contrary, is the case in the RS model, in which two a priori independent constants — the
bulk cosmological constant and the brane tension - need to be related to each other.
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As we have discussed, the integration constants in the first set are all fixed'® once the
action is given: either by regularity (Wig), or dynamically via equations (2.41) (Wyy and
©0). On the other hand, integration constants in the second set (b) are not fixed by any
quantity entering in the action: rather, they are completely fixed by the choice of the UV
coupling gg, which is part of the definition of the dual boundary theory:

A_
A(u) — - o(u) = go exp <u> , U — —00, (2.43)
oy lyv

where A_ = (d—A), A being the dimension of the operator dual to ¢ in the UV field theory.
As it is shown in appendix B, one can find a simple relation between the integration
constants at the brane, and the UV coupling go:

- A
go = €A_AO (eA(C'DO)/ng) s (2.44)

where A(pg) depends only of integration constants in class (a) (and depends on neither Ag

nor go):
o1 1 w(Woy  2(d- 1)
Alpo) = 1 logpo + 5D /0 <W6v Ao ) : (2.45)

2.5 Consistent self-tuning solutions

As we have seen in section 2.4, once the IR solution Wig and the brane potential Wp
are fixed, the interface position ¢y and the UV superpotential Wyy are determined by
the two equations (2.41). In this section we summarize the different possible qualitative
behaviors at the intersection, depending on the sign and the size of the brane potential at
the interface, Wg(po). A detailed discussion is given in appendix A.

The first qualitative distinction comes from the sign of Wyv(pg), which is given by
the sign of Wig — Wp at the interface:

A. Wyv(eo) > 0. In this case the scale factor is monotonic as we cross the interface,
like in figure 3 (a). The solution on the left of the interface (v < wp in our conven-
tions) flows to the UV asymptotic region, and approaches the AdS boundary where
e — +o0, independently of the precise value of Wuv(eo) (recall our discussion in

section 2.3.1 about the asymptotically AdS UV region being an attractor).

Notice that since Wyy(pp) must be in the allowed region, i.e. |[Wuv(¢o)| >
B(po), defined in (2.17). Positivity of Wuyv(po) automatically implies
that W5(po) < Wir — B(go).

B. Wyv(¢o) < 0. In this case on the other hand the interface is a local maximum for
the scale factor, which decreases on both sides of the brane, as in figure 3 (b). The
junction connects two solutions of the “IR” type, and no asymptotic UV boundary
region. In order to be acceptable, the solution on both sides has to coincide with
the “special” IR solution which is either regular or have a good singularity. Since

18Up to possible discrete choices: if multiple solutions are allowed, these however are always isolated
points in the space of all possible choices of integration constants.
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Figure 3. The behavior of the scale factor e as a function of the holographic coordinate u, in

the two cases Wyy > 0 (left) and Wyy < 0 (right). (a) In case A, the junction connects an IR
and a UV region. (b) In case B, the junction is a maximum of the scale factor and connects two
IR regions.

the special IR solution is unique, this happens only if the brane potential satisfies
the condition Wg(pg) = 2Wi(¢o), i.e. the junction is symmetric.'® This is an extra
condition which requires fine-tuning of the brane potential against the bulk. This
is the generalization of the usual RS fine tuning of the bulk vs. brane cosmological
constant.

We therefore arrive at the following statement:

A solution to the matching condition implements the self-tuning mecha-
nism only if: (2.46)
Wg(po) < Wir(po) — B(yo)-
On the other hand, as we will see, one of the results from the analysis of scalar fluctu-
ations in section 5 is the following:
A sufficient condition for stability is:

(2.47)
WB ((po) > 0.

However, one can relax (2.47) and check stability on specific models case-by-case.

Notice that the r.h.s. of equation (2.46) is necessarily positive since W (pp) < B(pp) is
in the forbidden region. Therefore, the safest possibility is that both (2.46) and (2.47) are
satisfied at the same time.

We will now show that for a very broad class of brane potentials Wg(y), solutions of
the junction conditions exist which can self-tune away any large amount of vacuum energy
and satisfy 0 < Wg(po) < Wir(po) — B(vo).-

First, we expect the function Wp(¢) to scale (in units of the UV AdS radius) as

T3w(@) (2.48)

9More generally, there may be a finite number of special IR solutions, in which case the bulk may be
asymmetric across uo but still requires one of the tunings Wg(po) = Wi (o) + W5 (po), where Wi and
W5 are the two IR-special solutions on the left and on the right.
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where A is the cut-off on the brane, M the 5-dimensional Planck scale and w(yp) is a
dimensionless function independent of A (we may expect a mild dependence on A in w(yp)
but for simplicity here we ignore this possibility). For a given class of functions w(y), self
tuning is successful if:

1. asolution ¢y > 0 to equation (2.42) exists without assuming A to be small or without
tuning the parameters in w(yp),

2. the solution satisfies the condition (2.46). If in addition it satisfies also condi-
tion (2.47), the solution is manifestly ghost-free.

We now argue that, for the two conditions above to be satisfied, it is enough to ask
that w(p) have a zero at some finite ¢ = @, with positive derivative:

w(p) =0, w'(p) > 0. (2.49)
As we will show, under these conditions:

1. we can always find an equilibrium position, which sits in the vicinity of ¢, for any
value of A in a continuous range

0 <A < Apax (2.50)
in which both conditions (2.46)—(2.47) are satisfied.

2. The maximum allowed value Ay scales like [V (3)]Y/®8. In particular, for a potential
which has an exponential behavior at large ¢, Anmax scales exponentially with the
position of the zero of w(y):

b3
V(SO) — Vo exp bCP = Amax X exp FSD (251)

With a small amount of tuning in the parameters of w(y) (which may even be natural,
as we will discuss below) we can achieve ¢ > 1 and self-tune away a large vacuum energy.

The argument goes as follows. Suppose @ is such that w(g) = 0. If we go arbitrarily
close to ¢ = @, no matter the value of A we reach a region where Wp <« Wig. In this
region, we can define a function €(y¢) such that:

Wi(p) = Wir(p)e(v),  elp) <1, (2.52)
Inserting this expression in equation (2.42) and linearizing in €(y), we find:

Vi) + 1 (o) <o) =0 (2.53)

where we have used the fact that Wig solves the superpotential equation (2.40). We now

expand equation (2.53) with respect to ¢, close to @. Since €(@) = 0 by assumption,

_ A w'(g)
M3 Wir(p)

elp)=elp—p)+0O ((4,0 — @)2) , €1 ) (2.54)
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Equation (2.53) becomes, in this approximation, a linear equation in ¢ which is solved
by setting:
2

po=p- 2| (2.55)
Because we have taken V < 0, and because WigR is a monotonically increasing function,
then ¢g > @, and Wg(pg) > 0 by our assumption (2.49). Moreover, at pg, Wig — Wp ~
Wir(1 — e(¢0)) > B(yo) as long as €(pp) is small. Thus Wpg(¢p) is in the range which
satisfies equations (2.46)—(2.47).

Thus we have shown that an acceptable equilibrium solution exists for any value of A,
provided €(¢) < 1. This condition however does depend on A, since € = Wg/W = Atw/W.
On the other hand the value of the equilibrium position (2.55) is independent of A, since
we have assumed that @ itself does not depend on A. Thus, if A is too large, the value
©o in equation (2.55) will fall outside the region where € is small, and the argument will
break down. We can put a bound on how large a A we can sustain by using the linearized
approximation for € around @, where:

A* w'(p) 9p(Wik)

= — I . 2.56
M3 Wig  (—4V) le=p (2.56)

(o) =~ €1(po — @)

Thus, the condition € < 1 translates into a condition for A. If we suppose ¢ > 1, enough to
be in the asymptotic exponential region for the potential, and use equations (2.61)—(2.63),
the condition is:

exp(bp/8)
(w'(@)) /4’

Thus Apmax can be made very large if the zero of w(yp) sits at large .

ASApax=C c

<M6voo (2Q)* - 62) v (2.57)

8 b?

2.6 Concrete examples

To end this section, we will present two concrete examples where the self-tuning mechanism
is at work. They are presented for illustrative purposes and we will not try to develop them
into fully phenomenologically acceptable models. Constructing a model that satisfies all
the stability constraints and leads to an acceptable phenomenology is beyond the scope
of this paper, although all the phenomenological requirements will be however explicitly
specified in sections 4 and 5, and will further constrain model-building beyond what we
discuss in the two examples below.

Here we will limit ourselves to showing that stable, self-tuning models with arbitrary
large 4d vacuum energy do exist.

In section 2.6.1 we present an example based on a polynomial bulk potential. In this
case the IR is non-singular, but at the equilibrium solution the brane has negative tension.
Thus equation (2.47) is violated and one cannot exclude the presence of ghost scalar modes,
and further analysis is required.

In section 2.6.2 on the other hand we will show a class of “safe” self-tuning models
that satisfies both requirements (2.46)—(2.47) for a very large range of parameters, including
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Figure 4. The superpotential from the UV (¢ = 0) to the IR (¢ = 1). The UV-IR matching is at
o = 0.65. On the vertical axis, the superpotential is measured in units of the UV AdS radius.

very large contributions to the (bare) vacuum energy. These are based on the existence of
a solution close to a zero of W (¢), discussed in the previous subsection®’

2.6.1 Case study I: an IR-regular model

To construct a model which is free of bulk singularities, we consider a potential with three
extrema at ¢ = 0, fo:

V(p) =—-12+ ;<cp2 — 1)2)2 — f (2.58)

Each extremum supports an AdS fixed point, and we will be interested in flows that start
in the UV at ¢ = 0 and end in the IR at ¢ = v. We have set the to unity the UV AdS
radius. For concreteness we also set v = 1. The regular IR solution is the one that flows
to the AdS fixed point at ¢ = 1. We take the brane potential to be:

Wi () = wexp[yy]. (2.59)

Depending on the values of w and v one may find solutions to the matching conditions
in the interval 0 < ¢ < 1. For instance, we use the following values:

w=-001,7y=5 = ¢y=0.65. (2.60)

The superpotential is displayed in figure 4, and the scalar field profile in figure (5). In
order for the matching condition (2.42) to have a solution in the range (0,1), with this
model we need wp negative, which is not manifestly ghost-free. Thus, although it is free of

20The main difficulty in constructing a manifestly ghost-free self-tuning model, i.e. one that satisfies
0 < W(po) < Wir(po) — B(po), is that the special solution Wir(y) has the same scaling behavior as B(¢p)
for large ¢, and all solution lying between Wir and B(yp) follow very closely Wig, then eventually stop
(bounce) before reaching infinity. Thus, the strip 0 < Wg(po) < Wir(po) — B(po) is very narrow. However,
the class of models we present in section 2.6.2 admits generically at least one solution falling in this strip.
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Figure 5. The scalar field profile as a function of the holographic radial coordinate. On the
horizontal axis, we have used the conformal coordinate r = [ e~“du. In this coordinate, the AdS
boundary is at 7 = 0, and the (regular) IR horizon, is reached as r — 400, where (r) approaches
the fixed point value g = 1. The solution is obtained by fixing the initial condition at the
interface, A(¢g) = 0. The position of the interface is ro = 0.99.

bulk singularities, before using this model for phenomenology one has to check the absence
of ghosts explicitly by computing the spectrum of scalar fluctuations. This problem will
be absent in the class of models discussed in the next subsection.

2.6.2 Case study II: a class of stable self-tuning models

The main problem with the model in the previous section is that ¢ has a finite range
between the UV and the IR, and all solutions overshooting ¢ = 1 have bad singularities.
Hence, the equilibrium condition (2.42) may not have solutions in this range, or the solution
may violate the condition (2.46). Here we present a class of models which does not have
this shortcomings, and such that the junction is self-tuning and manifestly ghost free for a
wide range of parameters.
We investigate a model in which ¢ has infinite range: the UV fixed point is still at
¢ = 0 but the IR is reached as ¢ — 4+00. The potential we choose is:
Vip)=—-12 — (AM_A) - bQ) 2 _ v} sinh? by (2.61)
2 4 2
where we have set fyy = 1 and d = 4. This potential is monotonically decreasing, behaves
at large ¢ as —(V1/4) exp(by), and it supports solutions with acceptable singularities for
b < 2/2/3 sincein d =4, Q = /2/3.
The coefficient of the quadratic term was chosen so that m? = A(A — 4) and the
dimension of the dual operator is manifest. For definiteness, we choose:

Q 1 /2
T=5\3 A=3 Wi=1 (2.62)
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Figure 6. The unshaded part of the graph is the region of parameter space (A, @) where a flat,
manifestly stable (i.e. with Wg(pg) > 0) solution to the junction condition exists. This graph was
obtained numerically using the bulk potential of the form (2.61) with parameters given in equation
(2.62), and brane potential of the form (2.64).

but their precise values are not important (as long as b < 2Q, 2 < A < 4 and V; > 0.
With such potential, all solutions to the superpotential equations that extend to 400 are
singular, and the special solution with a good singularity has asymptotics:

2 b
WIR ~ (| ——=——-—5 exp 790,

B0 12 ® — 400. (2.63)

As an example which follows the logic described in section 2.5, consider a polynomial

function Wp () which has at least one zero at ¢ > 0, with positive derivative:?!
2
Wa(p) = A [—1 2y (f) ] . (2.64)
s s

The parameter s controls the position of the zero. Based on the discussion in section 2.5,
we expect to find a stable solution in the vicinity of @, for all values of A up to a maximum
value on s.

This is indeed what happens: we have solved numerically the superpotential equation
for Wir, imposing IR asymptotics as in (2.63), and solved the equilibrium condition for s
in a range between 10 and 2000, for which ¢ ranges between 15 and 3200. We always find
an acceptable (stable) equilibrium position close to @, for values of A outside the shaded
region in figure 6. We see from that figure that, for a given value of ¢, stable flat solutions
exit for large ranges of the vacuum energy scale A: the latter can be as large as 10%° for
@ ~ 2500 (which a tuning of s of only 1 in 10%).

21For simplicity, here we have suppressed the bulk Planck scale M compared to equation (2.48). It can
be reistated by letting A — A4/M3. A and M are dimensionless since we have set fyv = 1.
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3 Linear perturbations around flat solutions

In order to assess the phenomenological viability of the framework we developed in the
previous section, it is crucial to address two important points:

1. The model must reproduce the standard four-dimensional gravitational interaction
between matter sources, at least in a broad enough range of distance scales to be
compatible with observation.

2. The vacuum equilibrium solution (flat defect at a fixed bulk position wuy) must be
stable.

In this and the following two sections we will address these points at the level of linearized
perturbations around the vacuum solution.

Although the analysis of bulk linear perturbations in general Einstein-dilaton theories
is known (see for example [84] for a discussion), to be self-contained we briefly reproduce
it in this work. On the other hand, a full treatment of linear fluctuations in an asymmetric
brane-world with a general brane action like the one in (2.3) has not previously appeared
(to the best of our knowledge). The detailed calculations are presented in appendix D.
Here we report the main definitions and final results.

3.1 Bulk perturbations

To set up the study of linear perturbations, it is convenient to work in conformal coordi-
nates, such that:

ds* = a*(r) (dr* + nudatdz”) , a(r)dr=du , a(r)= eAr) (3.1)

A prime will denote derivative with respect to r, a dot with respect to u. Einstein’s
equations and the junction conditions in these coordinates can be found in appendix D.

We introduce perturbations of the metric and scalar field, on each side of the brane,
in the form:

ds?® = CLZ(T) [(1 + 2(b)d7‘2 + 2A,dx"dr + (N + h,w)dx”dx”] ., p=0(r)+x (3.2)

where the fields ¢, A, h,., X depend on 7, z,, and are treated as small quantities. We further
decompose the 5 dimensional bulk modes into tensor, vector and scalar perturbations with
respect to the 4 dimensional diffeomorphism group,

Ay =W + AL, by = 20 + 20,0, B + 200, V) + hyu (3.3)
with 8“AZ = 8”Vf = 8“BMV = BZ = 0. All indices u,v are raised and lowered with the
flat Minkowski metric 7, .

Therefore, we have one bulk tensor iAzW, two bulk transverse vectors (AZ,VHT ), five
bulk scalars (¢, 9, x, W, E) (plus one brane scalar, describing brane bending as we will see
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later). At the linearized level, general coordinate transformations (ér,dz") = (&5, gH*€,)
act as gauge transformations, under which:

sp= - L so= — () - L

§B= —¢ -¢&, E = —¢, ox = — @&, (3.4)
SAT = — (&), SV = -¢)
5Py =0 (3.5)

where we have introduced a decomposition of the diffeomorphism parameter &, in its
transverse and longitudinal components, i.e. §, = f;‘f + 0,€ with 8“5;{ =0.

The tensor mode h,, is gauge-invariant, and gauge symmetry plus constraints allow to
eliminate the two vectors and four of the bulk scalars. The remaining physical bulk scalar
can be identified with the gauge-invariant combination:

1
C=1v——-x (3.6)
z
where z(r) is the background quantity:
agp’
2= (3.7)
The bulk gauge-invariant fluctuations satisfy the second order equations:
~ a/ ~ ~
hZJ/ + (d - 1)5}7’;“/ + 8paph/w =0 (38)
a’ 2
"+ [(d - 1)5 + 22] ¢+ 09, = 0. (3.9)

These two equations must be solved independently on each side of the interface, and the
solutions must be glued using the linearized junction conditions, to the discussion of which
we now turn.

3.2 Brane perturbations and first junction condition

We consider the perturbations in the brane position, which adds one more scalar pertur-
bation which is localized on the interface and couples to the bulk scalar modes via the
perturbed Israel matching conditions (2.8)—(2.9).

The brane is described by an embedding X4 (c®) where X4 = (r, z#) and o® are world-
volume coordinates. We choose the gauge o = z/4y, so the embedding is completely
specified by the radial profile r(z#). We consider a small deviation from the equilibrium
position rq:

r(at) =ro + p(at) (3.10)

The brane scalar mode p represents brane bending. This is an additional scalar mode
which only has dynamics in the tangential directions to the brane, and no bulk dynamics.
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The fluctuations on the brane are the brane bending mode plus those induced by the
bulk perturbations. In particular, the induced metric and scalar field on the brane are
given by:

!/

a i ,
Yuv = a% ("7W + hyw + 2a377uvp) . =@+ X+ Gop (3.11)

Above, and in what follows, a subscript 0 refers to background quantities evaluated at
the unperturbed brane position rg. The last term in each of the two equations above,
comes from expanding the background solution around the equilibrium position rg, using
equation (3.10).

The first junction conditions (2.6) (i.e. the continuity conditions for the scalar field
and induced metric), are given in terms of the scalar and tensor perturbations by:
a’]UV

[qp +%p| =0, [x + @64 T, [E] o, [EW} T (3.12)

=0
UV IR uv

Notice that if p # 0, neither ¢ nor x are continuous and neither is the gauge-invariant
variable ¢ defined in equation (3.6). In fact, its jump equation is also gauge-invariant, as
we will discuss below, after introducing gauge-invariant brane quantities.

3.3 Gauge fixing and second junction condition

Under the linearized diffeomorphisms (3.4) , the brane-bending mode transforms as:

Sp(a) =& (ro, m). (3.13)
It is useful to introduce the new bulk scalar variables:

a'(r)

$r0) =+ S0 pa), 1(ra) = x+ ) (3.14)

These variables are continuous across the interface, as it is clear from equation (3.12), and
their value at the brane is gauge invariant, as can be seen by combining the transforma-
tions (3.4) and (3.13):

0] =[] =0 800) =dr0) =0. (3.15)

Therefore, on the brane we have one gauge-invariant induced tensor mode h,, () and two
gauge-invariant scalar modes 1(rg), ¥(ro): we can think of one of them as induced from the
bulk mode ¢, and the other as being the invariant version of the brane-bending mode. The
jump condition for ¢ can be read-off from its definition (3.6) and equations (3.14)—(3.15):

45 = [25] s o0

The fact that both ¢ and its derivative (as we will see shortly) are discontinuous across the
brane makes the dynamics of scalar perturbation more complex to treat than for tensor
modes. The latter are continuous with discontinuous derivatives, a situation which can be
described in the standard way with a d-function potential at the interface.
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To proceed further, it is convenient to fix the gauge completely. If one wishes, one

2 and

could choose the gauge p = 0, in which the brane sits at its unperturbed position?
the fields ¢ and x are continuous. This however does not make the bulk variable zeta
continuous, because equation (3.16) is gauge-invariant.

On the other hand, it is useful to work in a gauge which maximally simplifies the

equations in the bulk. We make the gauge choice:
x=B=0. (3.17)

In this gauge one can solve the bulk constraint equations for ¢ and E in favor or v, and
be left with the only bulk fluctuation 4, which coincides with (.

The full derivation of the remaining junction conditions is detailed in appendix D. As
a result, we summarize below the bulk equations and matching conditions for tensor and
scalar modes, in the absence of brane sources (these will be added in the next subsections).
Below we specialize to the physical value d = 4. Here and in the rest of the paper we define:

Uo = Up(vo), Zo= Zp(¢o)- (3.18)
Tensor modes. We have,
~ a/ ~ ~
Wy + 3Ehjw + 0°0,hy, = 0 (3.19)
.~ 1IR ., IR o G
[hw} =0 [hw} oy = ~Uo0 0y (ro). (3.20)

where Uy = Up(gpo). Equation (3.19) must be solved independently on the UV and IR
sides of the interface, and the results matched using the junction conditions (3.20). The
continuity condition was obtained in the previous subsection. For the derivation of the
second junction condition, see appendix D.3.

Scalar modes. With the gauge choice (3.17), the bulk equations and junction conditions
can be written in closed form in terms of the variable 1) and the brane-bending mode p
(for a detailed derivation, see appendix D.4):

a 2
QP” + <3a + 22> wl + 8“8,@ = 0, (3‘21)
[7/ oy = 0 MIR [ (3.22)
PPy T A UVSOP, '
2 IR ,
=y — (2% [ H @ 1 (dUB\ L ous
Lw-uv_(ao [a,}UV 0", ¢+ap +a0 i nga oup;  (3.23)
IR - @ . afl @ ey,
[z¢_UV = —6 i (p0)0" 0y | Y + P + aoa 0y — My ) &'p; (3.24)
where: i
— CW_?, ~ 2 d2WB d2W
= My=a (CW(SOO) - [dgo? Nk (3.25)

22The brane is not flat though, since the induced metric still receives contributions from the bulk fluctu-
ations, as it is clear from equation (3.11).
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All quantities on the right-hand side are evaluated at the unperturbed brane position. No-
tice that the perturbations enter on the right hand side only in the continous combinations
U (ro) and X(ro), defined in equation (3.14). On the other hand, the junction conditions
above imply that both ¢ and v’ are discontinuous at the interface.

To simplify the junction conditions, we can eliminate p on the right-hand side of
equations (3.23)—(3.24), in favor of the jump in v, by solving equation (3.22):

_ _ Y]
@'(ro)p = WER (3.26)

Using this result, it is easy to show from the definition (3.14) that:

; [ 4]
P(ro) = : (3.27)
[2]
In the two equations above, and in the ones that follows, we use the notation | | as a

shorthand for [ 1%, to indicate the jump of a quantity across the interface.
Using these results, equations (3.23)—(3.24) become relation between the left and right
functions and their derivatives:

== (], o (e e
21 =0 (25 - [5]) 25 - (R l) o (329

An efficient way to deal with this kind of boundary value problem will be developed
in section 5.

4 Tensor perturbations and induced gravity

We now concentrate on the analysis of the tensor modes, whose dynamics are described by
equations (3.19)—(3.20) and investigate to what extent these can reproduce the standard
observed gravitational interaction between brane matter sources.

In theories with extra dimensions, one way to obtain four-dimensional gravity is to have
normalizable massless (i.e. satisfying 8“8ufng = 0) modes. However, the system (3.19)-
(3.20), generically, does not admit such normalizable massless modes, unless the infrared
is IR~incomplete [71, 72, 77]. This is intuitively clear because the volume of the bulk
is infinite on the UV side. This is unlike what happens e.g. in the RS model, where the
asymptotic region containing the AdS boundary is cut-off, and the volume is finite, allowing
for zero-modes.?

An alternative way that four-dimensional gravity on a brane can arise from a higher-
dimensional theory is through the DGP mechanism of brane-induced gravity [57], in which
the gravitational interaction is the result of the superposition of infinitely many bulk modes

ZFor the sake of completeness, we note that one can have normalizable zero modes in infinite volume
if one accepts IR-incomplete singularities [77]. However, even in this case one needs to impose fine-tune
boundary conditions at the singularity. We will not consider this possibility further.
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which give rise to a long-lived quasi-localized resonance on the brane. In this case, the
standard gravitational interaction is reproduced at short distances.

In this model we have the right ingredients for the induced gravity mechanism to be
at work: indeed, the junction conditions for tensor modes (3.20), are of the same form as
in the DGP model in flat space.?* Moreover, at distances shorter than the bulk curvature
scale, the second term in the bulk equation (3.19) can be neglected, therefore we can
expect the DGP mechanism to work as in flat space. In the rest of this section we will
explicitly confirm this expectation, and discuss in detail how the gravitational interaction
is reproduced (and modified) at different scales.

To investigate the gravitational interaction between brane sources, we must introduce
brane-localized matter, which we assume couples to the induced metric and possibly to the
dilaton field at the brane:

S = /dd-r \/’?Em(Vuua@Dia(PO) (4'1)

where 1); denotes collectively the matter fields (which we assume to be trivial in the vac-
uum). The matter stress tensor is then:

2 0Sm
VA O ()

We assume the matter stress tensor to be conserved in the vacuum, 0*T), = 0. The

Ty (z) = (4.2)

junction conditions including the stress tensor as a source are (see appendix D.3):

] = i = e AP,y — e 0L
I R s e ™
where the source is given by

. 1 10,0

T,uzz = T,ul/ - gnNVT + g gzl/T, T = T]‘U‘VT#V, (44)

and it is conserved and traceless, 8“TMV = npt¥ T#V =0.
The field equation (3.19) and the matching condition (4.3) can be obtained by varying
the following quadratic action:

S = —;M?’/ddaﬁdregA(T) [(8ri1)2 + ((9Mi1)2] - ;MSU()(BQAO/ ddx(auﬁf

r=rQ

—e24o / dlz T(x)h(z), (4.5)

in which we are temporarily suppressing the tensor indices.
The field equation resulting from the action (4.5) is:

34 3 34 24 5 e
o, (e Wam) + [e ™) 4 Upe?4o5(r — ro)] Oudh = o(r = ro) T (4.6)

24Tn the DGP scenario in flat bulk space, Up must be hierarchically large compared with the bulk Planck
scale. This is difficult to achieve in controlled frameworks like string theory, [61, 78].
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In this way we have written in compact form both the bulk field equation and the junction
conditions in a single equation. In order to solve it, we use the same procedure followed
in [57] in flat space and in [62] in AdS: we define a scalar Green’s function G(r,z;7’,2’),
such that:

[&63‘4(”& + [e?’A(T) + U062A05(r — ro)} 8M0“} G(r,z;r',2)
= 6(r —rg)6%(x — 2). (4.7)

Then, the solution of equation (4.6) is given by:

2A0

Py (2, 77) = 61\43 /dd:U’G(r,:U;ro,x’)TW(m’), (4.8)

where we have reinstated the tensor indices. The interaction mediated between brane-
localized sources is found by inserting the expression (4.8) back into the action (4.5):

e4Ao

203

Sint = /d4x d*a’ G(ro, z;m0,2") (T’W(x)Tm,(x') - ;T@)T(ﬂ)) (4.9)
where we have used the transverse and traceless property of ﬁuy. Notice that the tensor
structure is appropriate for the exchange of a massive tensor mode. In the next subsection
we will describe in detail the generic qualitative behavior of the brane-to-brane Green’s
function appearing in equation (4.9).

Notice that equation (4.9) does not yet describe the gravitational interaction measured
240 -
Therefore, the distance measured by the z-coordinate is not the one measured on the brane

by flat-space observers on the brane, since the induced metric on the brane is v, = e

with the standard flat metric ds?> = dx - dz. To translate equation (4.9) into standard
coordinates, one must write it in a covariant way and carefully keep track of all the constant
warp factors. This final step will be performed in the next section, where we identify, among
other things, the effective four-dimensional Planck scale.

4.1 The bulk and brane propagators

To find the Green’s function appearing in equation (4.9), we Fourier transform
G(r,x#;10,0) with respect to z# to G(r,p;ro), change 9*9,, — —p?* in equation (4.7) and
look for a solution of the form:

G(Tap; TO) = D(pa T)B(p) (410)
where D(p,r) is the bulk Green’s function, and it solves the equation:
0,e*40, — M| D(p,r) = —8(r — o) . (4.11)

This equation must be solved imposing normalizable boundary conditions at the UV and
IR ends of the radial direction, so that the perturbation (4.8) represents a state in the
theory (an excitation above the vacuum) and not a change of the theory itself by a UV

— 37 —



deformation. IR normalizability on the other hand amounts to a regularity requirement
for the perturbation.
Inserting the ansatz (4.10) into (4.7), and using (4.11), we find an algebraic equation
for B(p), whose solution is:
673A0
Ble) = 1+ [e Uy D(p,m0)] p*°

Inserting the above result in equation (4.10), we obtain the brane-to-brane propagator in

(4.12)

momentum space:

~ _ D(p,ro)
G cpe) — 340 ’ 4.13
(ro,piro) = = 14 [e=4o Uy D(p,70)]p? (4.13)
Notice that, if there exists a regime in which
e~ U D(p, o) > 1, (4.14)

then the brane-to-brane propagator is approximately 4-dimensional, i.e. oc 1/p?, indicating
that it is possible to recover the standard four-dimensional interaction.

Below, we analyze the general features of the propagator (4.13), but we postpone the
discussion of the physical scales observed on the brane (these include the effective four-
dimensional Planck scale and the crossover scale) to the next subsection.

The detailed behavior of the brane-to-brane Green’s function is determined by the
function D(p,r) evaluated at ro. We will show below that the inequality (4.14) is always
satisfied at large enough p?, and always violated at small p?, regardless of the details of
the bulk theory. We will be focusing on the Euclidean propagator, therefore taking p? > 0.

To gain some insight on the behavior of D(p,r), we may look at the small and large
momentum limit of equations (E.3)—(E.6). The transition scale between these two regimes
is determined by the bulk curvature at the interface, Rg ~ W (¢p): for p > Ry we can
neglect the derivative of A(r) and treat equations (E.3)—(E.6) as in flat space-time; for
p <K Ry the curvature term dominates, and we can expand the solution as a power series
in p?. Below we discuss these two regimes in more detail.

The detailed discussion of the behavior of D(rg,p) for large and small momenta com-
pared to Ry is carried out in appendix E, where it is shown that:

1
27 p >> ROa

Dirgyp) = { 2P (4.15)
do + dop? + dyp* +...  p < Ry,

The coefficients d; are explicitly computed in the appendix E.2, and are given by:

T0 ,
do = €3A0/ dr’e=3Auv (), (4.16)
0

1"

d2 — —€3AO /7'0 d,r/efg)AUv(’r‘/) /TO drlle.?)AUv(T'N) /7' d,rlllef3AUV (T"/) (417)
0 r’ 0

To 0 T
d4 — 63A0 / dT'/CigAUV(T/) / dT“(ZsAUV (T“) / dT///€73AUv(T'/")
0 r 0

’
iv

X/TO e3Auv (™) /T dr?e—3Auv(r’) (4.18)
r 0

"
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Figure 7. The function D(rg,p) as a function of momentum, compared with 1/2p. This graph
is obtained numerically from the specific example with AdS UV and IR asymptotics presented in
section 2.6.1. The scales on both the horizontal and the vertical axis are in units of the UV AdS
length. The transition scale 1/r, (solid line) is about 4 (in UV-AdS units).

One may be worried that the expansion (E.10) could break down at some finite order (or
even at leading order) due to non-analyticity as p> — 0: after all, in flat space, D(p, 7o) ~
p~! as p> — 0. However, as shown in appendix E.3, this cannot be the case and at
least the first two coefficients (4.16)—(4.17) are always well defined in holographic theories.
More specifically, the small-p expansion is analytic if the bulk spectrum of normalizable
eigenmodes has a mass gap. Otherwise, the expansion breaks down and some non-analytic
terms generically appear. However, as we show in appendix E.3, this happens at an order
higher than p* (except in the case of a regular AdS IR fixed point, where the first non-

analytic term is of the order p*logp).

The behavior of the bulk propagator, obtained numerically in the specific example

discussed in section 2.6.1, is sketched in figure 7.

Having determined the properties of the bulk spin-2 Green’s function, the tensor mode
brane propagator can be obtained from equation (4.13). However, in order to relate that
expression to the actual gravitational interaction measured by brane observers, we have
first to translate it in physical coordinates on the brane. Indeed, equations (4.9) and (4.13)
are expressed in terms of coordinates x# (and the associated momenta p,), but in these
coordinates the induced metric on the brane differs by the Minkowski metric by a scale

factor e24o0:

Vw = €400, (4.19)

In order to rewrite the results in a transparent way in physical coordinates, it is convenient
to first write equation (4.9) in a manifestly covariant way, and then change the embedding
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coordinates of the interface?® to:
y' =t g =e Mp,,  2tp, =yl (4.20)

Introducing the appropriate factors of e, the manifestly covariant form of equa-
tion (4.9) is:

1 1
Sint = Ve /d4$ﬁ/d4$/\ﬁG(7’07x;7’07x/) <’Y“p7w - 3’YW'Y'W> Tuu($)Tpa($/)’
(4.21)

where:

dip - .
G(To,l’;’l“o,l‘/) :/(27:)9‘16:(740’]9’ ro)ezx“pu’ (422)

and G(ro,p;ro) is given in equation (4.13). Performing the change of coordinate (4.20)
and writing everything in momentum space, we obtain the interaction between two brane
stress-tensors at physical momenta ¢? in physical brane units:

4
S = [ hiGi) (Tl (o) - (). (4.29

where now the physical brane-to-brane propagator in momentum space is:

eflo D(q, 79)
2M3 1 + ¢2e4UgD(q, o)

Ga(q) = . D(q,r0) = D(e™q, ). (4.24)

In deriving equation (4.24) one must carefully take into account an extra factor e*4 arising
from the measure in the Fourier transform in terms of ¢ rather than p.

There are several crossover scales, which we discuss below, governing the qualitative
behavior of the full brane-to-brane propagator G4(q).

1. The crossover scale my: with respect to physical momenta, the crossover (4.15)
between large and small momentum behavior of the bulk propagator is now given by

e~ Ao
Dig.ro)~{ 24 e ~ AR 42
q,7r0) ~ , me &2 e 0- (4.25)
d0+q262A0d2—|—... q < my

where Ro ~ W (gp) is the bulk curvature scale close to the interface.
We define the associated distance scale r, = 1/my.

2. The DGP scale re:
Te = —; (4.26)

25We might have as well done a coordinate transformation in the whole bulk, but this would have affected
the asymptotic metric and would change the definition of the UV sources in a non-universal (i.e. solution-
dependent) way. Therefore, we prefer to keep working in the coordinates (2.10) in the bulk and rescale the
brane coordinates only.

40 —



This scale arises within the large-¢q regime of the bulk propagator, g > m;. In this
regime, using the first line of equation (4.25), equation (4.24) can be approximated by:
~ 1 1

Galg) = —5773 - el (4.27)
C

This is DGP-like [57], with the scale 7. given in (4.26). This scale sets the transition
between a five-dimensional regime and a four-dimensional one:

1 1
) Tapg 1Y
FOEE S (4.28)
“amg A<
with the four-dimensional effective Planck scale given by:
M2 = 2r. MP. (4.29)

We stress that the crossover in equation (4.28) takes place only if 7. < ry, since the
approximation equation (4.27) holds only for ¢ > 1/r,.

The dimensionless ratio between the measured 4d Planck scale and the DGP scale is
given in terms of the parameters of the model as:

3/2
roM, = <M4U°> (4.30)

In particular, notice that it only depends on ¢y and not on the integration constant
Ay, therefore equation (4.30) is independent on the UV coupling go.

. The graviton mass scale mgy, which we define below. Below this energy scale, the
brane propagator becomes approximately constant as a function of q. As we will see
momentarily, this scale plays the role of an effective graviton mass.

The scale my arises in the small-q regime, g < my, in which we can use the small mo-
mentum expansion (second line of equation (4.25)) for the bulk propagator. Stopping
at O(p?) in this expansion, we obtain from equation (4.24):

~ 1 1

G ~ < 4.31
W= e ro  S™ sy

The graviton mass scale my, and the effective Planck scale Mp in this regime are
given by:
—Ap - AOd
m2 c M2 = M3U, <1 - H) . (4.32)

g = eA0dy ’ p
Ui (1=

. The massive gravity crossover scale my4 This scale governs the regime in which
the brane propagator can be approximated by a massive graviton one. For this to
be the case, the O(g*) terms in the expression (4.31) must be negligible compared
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Figure 8. Graphical representation of the different regimes (depending on momentum) of the
brane-to-brane propagator, in the case r; > r.. In this example, we have chosen to set the massive
gravity transition scale my < 1/r4, therefore it is only below my4 that we have a four-dimensional
single-particle-like propagator.

to the O(¢?) term: in such a regime, the graviton exchange mimics the interaction
mediated by a massive graviton with mass mg,. Using the small-¢ expansion from
equation (4.25) in the definition (4.24), we find:

1 e~ Ao e40dy
Gulq) = — 1 (1-
4(q) 2M3U0< T, T4 ( d3Us )
Lt 63A0d7% _ eSAoﬂ +0(¢%) o (4.33)
T\ B, Bu,) ")

Demanding that the ¢* term be negligible with respect to the ¢ term, we find that
the “massive graviton” approximation (4.31) holds at momenta:

o4, (doda — e~ d3Uy)
(d3 — dody)

q<my, mi (4.34)

To analyze the overall qualitative behavior of graviton exchange as a function of the
distance scale, we must distinguish two situations: r; > r. and r; < r.. As we will see, the
behavior in these situations is DGP-like and massive-gravity-like, respectively.

o 1y > 1. (figure 8)
In this case we can broadly distinguish three regimes:
1. ¢ > 1/r.: the interaction mimics four-dimensional massless gravity?® with
Planck scale given in by (4.29);

2. 1/ry < q¢ < 1/r.: this is an intermediate DGP-like five-dimensional regime
approximated by equation (4.27);

3. ¢ < 1/ry: the interaction matches onto a massive-graviton type exchange, with
mass mgy given in (4.32). In particular, it mimics a massive graviton for all
momenta g < my (see equation (4.34 )

o 1y < 1 (figure 9)

In this case, there is no DGP-like regime, and the relevant transition scales are my
(defined in equation (4.34)) and 1/7:

26By massless here we refer to the 1/q2 behavior of the propagator, not to the tensor structure, which
for tensor modes is always the one of a massive graviton, see equation (4.23).
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Figure 9. Graphical representation of the different regimes (depending on momentum) of the
brane-to-brane propagator, in the case r; < r.. In this example, we have chosen to set the massive
gravity transition scale my > 1/r¢, thus the transition across ¢ ~ 1/r; goes directly to a four-
dimensional massive propagator.
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Figure 10. The effective brane-to-brane propagator for r; > r.. The vertical lines are from left to
right: 1/r, (solid), my (dotted), 1/7. (dashed). All quantities are measured in boundary AdS units.

1. ¢ > 1/ry: we have massless 4d propagation with Planck scale given again by
equation (4.29).

2. my < q < r¢: higher derivative corrections (resulting from higher powers of ¢?
in the propagator) are important.

3. ¢ < my: the behavior is that of a massive graviton propagator with mass my
and Planck scale M, given in equation (4.32).

Notice that if m4 > 1/ry, we have a four-dimensional single-particle behavior in
the entire range of momenta. This situation is schematically represented in figure 9.
Also, if mg < 1/r; < my, the propagator can still be well approximated by a massless
propagator all the way down to momenta g ~ m,.

The behavior of the brane-to-brane propagator in the two cases (r. < ry and r. > 1)
is shown in figure 10 and 11, respectively. In those figures we compare the various limiting
form of the propagator (massless, massive and DGP-like) to the result obtained numerically
in the IR-regular example in section 2.6.1. In those figures, we can see explicitly the
transitions discussed above.
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Figure 11. The effective brane-to-brane propagator for r; < r.. The vertical lines are from left to
right: 1/r. (dashed), m, (dotted), 1/r; (solid).

4.2 Gravity phenomenology

In this subsection we will identify the phenomenologically interesting regimes which can
be acceptable in the context of the class of models described in this paper, as a function
of the model parameters. These are the regimes where the one-graviton exchange is well
approximated by a 1/¢? potential over the distances at which Newtonian (or Einstein)
gravity describes observation accurately.?”

Before we analyze such regimes, it is important to make the dependence on all the
parameters of the model explicit. Following the discussion in section B, these include not
only the brane and bulk (super)potentials which determine g, but also the UV coupling
go which determines Ay, the warp factor at the brane, via equation (B.15).

First, we extract the explicit dependence on Ay of the expansion coeflicients dy and
dy and dy4, entering equation (4.32) and given in equations (4.16)—(4.18). As shown in
appendix E.2; the result takes the form:

di = €_A0Di((p0) (4.35)

where the coefficients D;(pp) are independent of Ay. Furthermore, in appendix E.2 we
show that the magnitude of the coefficients D; is controlled by the bulk curvature close to
the junvtion, and we have roughly:

1

0

2THere we limit ourselves to the linear regime. One will still have to check what happens in the non-linear
regime, in particular the fate of the extra massive gravity mode and of the vDVZ discontinuity.
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We can now rewrite equations (4.32) in a way that makes the dependence on Ay

explicit:
1 -, M3 240D
m? = ., M= Mo ( S 2) : (4.37)
UyDo (1 — eUOODl(?Q) 2 UoDy
DDy — e 240Uy D}
m2 = 240 02 7€ 070 (4.38)

D2 — DD,

Using these results we can write the relevant scales discussed in the previous section
in terms of the bulk scale at the brane and UV coupling:
e Transition scale (between the large and small momentum behavior of the bulk
propagator, see equation (4.25)):
1

m=—=e R, (4.39)
Tt
e DGP scale: 1 0
=_ =" 4.40
Me T Us ) ( )
e Planck scale: in the DGP regime:
M? ~ M*Up; (4.41)
In the massive gravity regime:
- 3 €2A0
M?>~ M°Uy (1 ; 4.42
et (14 ) (4.42)
e Graviton “mass”:
Mg = T A (4.43)
01 + UoRo

e Massive gravity crossover scale (below which the interaction mimics a massive
graviton, see equation (4.34))

m2 ~ e 2AR2 4 AR, (4.44)

We will now translate some of these parameters in the language of the 4d dual field theory:

e On general grounds, we expect:

A2
Up = 4754(0), (4.45)

where A is the UV cutoff of the theory on the brane and u(yg) is a dimensionless
function which is model-dependent. This is the scaling one expects for the induced
correction to the 4d curvature term in the action (2.3).
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e The bulk curvature and Planck scale are expected to be related by the 5d holography

relation:
M N2/3

Ro  LuvWuv(go)
where N is the number of degrees of freedom of the UV CFT. Equation (4.46)
can be justified from the large-N scaling (M/fyv)? = N? and from the fact that

Wyv(0) = 6/¢yy. For a given choice of potentials, and for N large but fixed, we can
28

(4.46)

trust our results as long as the curvature is small in Planck units.“® Therefore, at

the point ¢y where the brane sits, we must demand:

Wuv (o)

1
oW N2/3 4.47
Wov (0) gluv uv(po) < ( )

Since the superpotential is a monotonically increasing function, this means that for
any finite N there is a limit to how much we can push the brane position to large .

e As discussed at the end of section 2.4 (and shown in more detail in appendix B), the

warp factor is related to the UV relevant coupling gg by the relation:
el = gé/A’ lyy eAleo) (4.48)

where A(yp) is given in equation (B.14) and is generically of order one. Thus, for
fixed ¢g, large (small) scale factor at the interface translates into large (small) UV
coupling in AdS units.

e Finally, as discussed in the introduction, we must keep in mind that our holographic
setup is supposed to be an effective description of the physics below the UV cutoff A,
which is given by the scale of the messenger fields which couple the Standard Model
to the holographic degrees of freedom. Therefore, in the discussion that follows,
ryv = 1/A will always be the short-distance cut-off.

In view of the results presented above, in the next two subsections we will analyze three
possible regions of parameter space which make gravitational interactions phenomenolog-
ically acceptable at the observed scales (roughly from sub-millimeter scales up to cosmo-
logical scales, to stay on the safe side). This will result in further constraints on model
parameters beyond those analyzed in section 2.5-2.6, which were arising from requiring
self-tuning (plus manifest stability of the background).

4.2.1 DGP scenario

In this scenario, r; > r., and the distance scales we observe must all be smaller than
both the transition scale r; defined in equation (4.39) and the DGP scale (4.40). We have
ordinary gravity at scales:

Lobservation < Tc (< Tt). (449)

The situation is summarized in figure 12.

Z8More precisely, if we think of the gravity dual as the low-energy approximation of a full string theory
setup, we must require that Ro be smaller than the string scale, which in perturbative string theory is
parametrically smaller than M.
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Figure 12. The horizontal direction represents the hierarchy of distance scales in the DGP scenario.
The regime corresponding to the observed massless 4d gravity is represented in green. At distances
of the order r. we have a large-distance transition to the five-dimensional regime.

For this scenario to be compatible with observation, if we want to be conservative (i.e.
Lobservation 18 of cosmological size), we need the dimensionless quantity:

A

MUO>3/2 ~ <M>3u3/2(g00) (4.50)

Myre = < 1

to be at least of order 10°°. This can be achieved with a large cut-off scale? (compared to
bulk Planck scale M) and can be enhanced if the equilibrium position is in a region where
the function u(p) is parametrically large.

The assumption r; > r. translates into:

UoM Wyv(¢o)
N2 A S (4.51)
0

C_AO U()RO ~

where we have used the relations (4.46)—(4.48). The quantity UpM must be large by
equation (4.50). This can be compensated by N being large. Moreover we can choose the
UV coupling go to be large as well (in AdS-length units).

In this scenario, since we “live” below the transition scale r;, it does not matter what
the other scales (related to massive gravity behavior) are, since they will be relevant only
for physics at distances L > r;. Thus the first modification we observe as the scales go
larger is a transition to a 5d regime above the scale r. = Uy.

At small scales on the other hand, in this scenario gravity is modified only below the
short-distance cut-off ryy = 1/A.

4.2.2 Massive gravity scenario 1

Suppose we still have r; > r., i.e.
e~ Ry < 1, (4.52)

but that the scales we observe are beyond 7, in the massive gravity regime. Then the DGP
transition is irrelevant as
Te < 14 < Lobservation- (453)

In this case, r+ must be a short distance scale for gravity modification. At distances larger
than 7, we observe normal gravity if we are between the distance scales:

1 1
< Lobservation < (454)
my My

29Tn the holographic setup discussed in [56] this translates into a large mass for the messenger fields.
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Figure 13. The horizontal direction represents the hierarchy of distance scales in the “massive
gravity 1”7 scenario. The regime corresponding to the observed massless 4d gravity is represented
in green. Gravity is modified at short distances at the scale r;, below which it becomes five-
dimensional, and at large distances at the scale 1/m,, above which it becomes massive.

Indeed, at distances smaller than mzl there will be higher derivative corrections to the
graviton propagator, whereas at distances larger than mg, the gravitational interaction
saturates. Therefore we need 1/m4 to be a microscopic distance scale and 1/my to be a
cosmological one.

From equation (4.44) we notice that:

ma ~ e OR, (1 + 6_2A°U0R0)1/2 > my (4.55)

Then, the massive gravity scale my is generically at least as large as the transition scale
my, and the left side of the inequality (4.54) is automatically satisfied in the regime (4.53).
The situation is summarized in figure 13.
The ratio of the graviton “mass” to the 4d Planck scale is obtained from equa-
tions (4.42)—(4.43):
mg Ré/ 2 1

9 = < 1079 (4.56)
Mp M3/2U0 L+ 5(2);\200

This condition is required if we want the transition to massive gravity to happen on cos-
mological scales.

Furthermore, we have to demand that the transition scale m; be at least above the
inverse (tenth of) millimeter:

R 1
M e=4o v o> 10 (4.57)
T M ()
0

Notice that the denominators of equations (4.55) and (4.57) contains the combination:
e*4 /(UgRo) = ey /re. (4.58)

Although r;/r. > 1, the right hand side of the above equation can be large or small
depending on the warping, thus we have two possibilities:
e large warping i.e..
Te

efo > ¢ (4.59)
Tt

In this case, we can drop the “1” in the denominators and we obtain for the graviton

mass:

m2 &~ e 2Ry = m] (4.60)
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Figure 14. The horizontal direction represents the hierarchy of distance scales in the “massive
gravity 2” scenario. Similarly to the “massive gravity 1”7 scenario (figure 13), at distances larger
than 1/my we have a transition to massive gravity. However there is no short-distance modification
until below the cut-off scale ryv.

As a consequence, it is impossible to satisfy equation (4.54): there is no room for the
several orders of magnitude of massless 4d gravity we observe.

e small warping i.e..

edo < e (4.61)
Tt
In this case we have )
m—g = e 2Ry = e Aor /1y (4.62)
my

Therefore, to have a large separation between m; and m, we need a very small
warping. The conditions (4.55)—(4.57) simplify to:

ﬂg MN\? (buyWuv ()2 1 < 107%° (4.63)
M320, A u(po) NP |
M/ A udr2(pg) gyt N2

Both conditions above can be satisfied in a technically natural way for N large if for
example A/M and u(pp) are also large and go is small in AdS units.

4.2.3 Massive gravity scenario 2

Alternatively, we can have r. > ry, i.e.
e MRy > 1. (4.65)

In this case we are in the type of scenario represented in figure 11: there is no DGP
transition to a five-dimensional regime. Again, the massive gravity crossover scale my is at
least as large than m;, therefore at distances larger than r; we are in the massive gravity
regime. At distances shorter than r; on the other hand we are in the four-dimensional part
of the DGP regime. Thus, this scenario reproduces the observed gravitational interaction

at all scales satisfying:
1
ruv < Lobservation < —, (466)
myg

The situation is summarized in figure 14.
If we want to be the theory to be manifestly ghost free (see the discussion in the
section 5.2), we need RoUy <

~

1. This can be compatible with equation (4.65) only for
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small warping, e° < 1. From equation (4.43) we deduce that the graviton mass and 4d
Planck scale are approximately:

~ R
2 3 2 0
Mp ~ M UO, mg ~ 70, (467)
and a conservative observational constraint that this be of cosmological scale is

mg Ry’ ~<M>2(£UVWUV(¢0))1/2 1

M, u(o) N1/

9 = ~ < 10790 4.68
NI, M0, (4.68)

A

i.e. the same constraint as equation (4.63). In this case however there is no short-distance
constraint analogous to (4.64), since gravity is “normal” at small distances (less than r)
down to the UV cutoff.

5 Scalar perturbations and stability

We now turn to the analysis of linear perturbations in the scalar sector. The relevant modes
are defined in equation (3.2)-(3.3), in which we keep only the bulk scalar perturbations
¥, E, ¢, plus the brane-bending mode p defined in equation (3.10). We fix the gauge
X = B = 0 everywhere (bulk and brane).

As we saw in section 3 (see also appendix D.4 for more detail), after solving the
constraints for E and ¢, and after eliminating the brane-bending field p, one is left with
only the scalar mode v, which satisfies the bulk field equation (on each side of the brane):

/ !/ /
nn (32 T 22) W MO =0, 2= aa—f, (5.1)
and the matching conditions:
’ 6 dUp [z 9] 1 2072 [¢/]
== | - —(z,0 - ,
[=¢'] <a0 do o ] ag (ZO awM [z=1]’ (5:2)

o )05 (22

ag a ap do

)
BL=" o3

where [X] = X — Xyv denotes is the discontinuity of any quantity X across the brane,
and O = 00,0,

One way to handle these matching conditions is to split the field ¢ in two parts,
Yuv = Y(r < rg) and YR = P(r > r9), and to write equations (5.2)—(5.3) as a matrix-like
boundary condition for iyy and YrRr:

Yy _ " Yuv
@) ez

where I'; o are two 2 x 2 matrices given explicitly in equation (D.78) and which depend
only on background quantities. It is useful to introduce a two-component wave-function in

the whole bulk,
_ [ Yuv(r)
= (wmm ) )
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Then, we can write the problem in compact form as an asymmetric Sturm-Liouville
problem with boundary conditions at rg:

Oy [B(r)0,¥] + B(r)0,0"¥ = 0, r#1T0 (5.6)
8,0 (1) = (rl Ty 8“8u)\11(7“0), (5.7)

where we have introduced the matrix:

B<r>=<ewweér”r) 0 ) PO =), (58)

eQBIRO(r —70)

and z(r) was defined in equation (3.25). The wave-functions defined on the “wrong” side,
i.e. Yr(r < ro) and Yuyv(r > rp), are unphysical.

Therefore, we have two Sturm-Liouville problems, one on the left and one on the right,
with some generalization of Robin boundary condition which couple left and right modes
at the interface.?"

In the following subsections we will investigate stability of the background solution

under scalar perturbations, and discuss the conditions such that:

1. the theory does not propagate ghosts, i.e. modes with the wrong sign of the kinetic
term;

2. the theory does not have tachyons around the flat solution, i.e. unstable modes that
grow exponentially with time.

The strategy we will follow will be to decompose the 5d-bulk modes into the corresponding
tower of 4d mass eigenstates (which we assume discrete for simplicity, but this generalizes
easily to a continuous spectrum), and to check for the absence of ghosts and tachyons in the
usual 4-d sense. In order to do this, we have to write the effective action of the 4d modes.

5.1 Action for scalar fluctuations

The starting point to write the action for the 4d modes is the 5d action for scalar fluc-
tuations. This can in principle be computed by expanding the Einstein-Dilaton action
to quadratic order, using the background equations, and eliminating the redundant fields
using constraints and gauge fixing. This is a very tedious calculation, but one can short-
circuit it by noting that there is a unique (up to a multiplicative constant) quadratic action
whose variation gives equation (5.6) plus the boundary conditions (5.7):

S5 = —% / d4ar[ / dr [0r W B(r)o.w + 0,01 B(r)0 v

+UT (1) 2Ty W(rg) — 9,07 (r) X1y 8”\11(7“0)] (5.9)

30Tf the matrices T'y 2 were diagonal, we would have one independent Sturm-Liouville equation with Robin
boundary conditions at r = ro on each side.
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where we have introduced the matrix:

_e2Buv(ro) 0
Y= 0 2Bin(ro) (5.10)

Varying the action (5.9) gives both the bulk field equations (5.6) and the matching condi-
tions (5.7) (from integrations by parts plus the variation of the localized terms).

The value of the prefactor C' in equation (5.9) is irrelevant for now,! but its sign is
crucial to decide whether there are ghosts in the model. However, it is well known that
the Einstein-Dilaton theory we started with, described by the action (2.2)—(2.3), has no
bulk ghost scalar modes, and the one physical bulk scalar perturbation is healthy. This
knowledge fixes the sign of the bulk kinetic term to be the correct one, therefore we conclude
that C must be positive. In the rest of this section we will set C' = 1.

We will now evaluate the action on a “Kaluza-Klein” mode with 4d mass eigenvalue
m?2, of the form:

U(r,zt) = U(r)p(x), (5.11)

where the radial wave-function ¥ satisfies (for r # r9):

- B_ldi; <B(7“)d\g£ja)> = m2U(r), r# 1, (5.12)

plus the boundary condition (5.7). Inserting the KK ansatz (5.11) in the action, and
using the boundary conditions, we arrive at the effective action for the four-dimensional
mode ¢(x):

1
Sy = —5/\/ / d*z (0"¢0,¢ + m?¢?), (5.13)
where
N = dr e*Bovyd,, + / dr 2Py — Wi (rg) S0y W(rg) (5.14)
r<ro r>r0

The action (5.13) describes a four-dimensional scalar mode with mass m, and for it not to be
neither a ghost nor a tachyon we must require that the two conditions hold simultaneously:

ON >0, ii)m®>0. (5.15)

5.2 No ghosts

We first consider the condition A/ > 0. The radial integrals in (5.14) are manifestly positive,
so the only constraint comes from the localized term. Using the explicit form of the matrix
I's in equation (D.78), after some algebra the condition N > 0 becomes:

[z4]
0</dr\1ﬁ8\p + (% —%)K( ) ) (5.16)

31'We will be concerned with the value of C' when we couple the scalar mode to a source in a later
subsection.
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where we have defined:

2 0 _GngB WB
K=a vl 7=66—7—— —-Uy]. 5.17
0 —6% Zo ’ < WirWuy leo 0) (5:17)
¥o

Therefore, it is sufficient that the matrix K in equation (5.15) have positive eigenvalues for

N e

They are both real since the matrix I is symmetric. In addition, they are both positive if

the no-ghost condition to be satisfied. The eigenvalues are given by:

Zo+ T (Zo + 70)? du
2 0 0 0 o) N B
)\:I: = Qy 9 + 4 T()Z() 36 7dg0

both conditions below are met:

d
T0 > 0, Z()TO > 36 (UB
dep

%)2. (5.19)

Recall that for the coupling of the induced gravity term, Uy > 0, for the spin-2 modes
not to be ghost-like at short distances. Note that for the scalar perturbations this term
contributes with the wrong sign and this agrees with the observation made in [60].

The first condition in equation (5.19) implies, among other things, Wx(pg) > 0, i.e.
the brane has positive tension. This is not surprising, as negative tension branes that are
allowed to fluctuate usually lead to ghost-like modes or tachyons [79]. Similarly, the second
condition demands that Zp > 0, meaning that the scalar field brane kinetic term should
have the correct sign.

Notice that (5.19) is not a functional constraint, i.e. it does not need to be satisfied
for arbitrary value of y: it only needs to hold at the stabilized brane position.

The relations (5.19) are useful sufficient conditions for the absence of ghosts. They are
not necessary, since even if they are violated, equation (5.16) may still hold thanks to the
positive contribution to the bulk term. However this has to be checked by performing the
fluctuation analysis. On the other hand, the relations (5.19) are very simple and depend
only on background quantities.

5.3 No tachyons

We now consider a solution of equations (5.6)—(5.7) which is a 4d mass eigenstate, i.e.
9,0V = m?¥. This implies that ¥ satisfies the radial eigenstate equation (5.12), with
eigenvalue m?. The model has tachyonic instabilities if the radial operator (5.12) has
negative eigenvalues.

We now multiply both sides of equation (5.12) by U' and integrate over the radial

direction:

m U PO gy + / ew%&] =— | wov(@PVy) — [ dm(ePmug)
r<ro r>rg r<ro r>rg
(5.20)

— 53 —



Integrating by parts and using the boundary conditions, as well as the mass shell condition
0,0t = m?, we find:

m2/8w2 = /(\IJ’)TB(\I/’) + Ul (rg) (T + m?T2) U(ro). (5.21)

The first term on the r.h.s. is positive, therefore (recall the definition of A in equa-
tion (5.14)):
m?N — Wl (rg) X1 ¥ (rg) > 0. (5.22)

Using the explicit form of I'; from equation (D.78) and the definition (5.10), we find:

=it (1) 5

which leads to a lower bound on the eigenvalues:
m2N > a* M2 ]2 /[1/2])>. (5.24)

This implies that, if there are no-ghosts (N > 0), then the absence of tachyonic instabilities

d2W IR
-l = > 0. (5.25)
%0 dp uv

is guaranteed if:

~ d*Wpg
2 _
M= dp?

This is a “positive mass squared” condition for the effective brane mass.

5.4 Scalar-mediated interaction

In this section we derive the interaction between two brane sources mediated by the ex-
change of the scalar modes, at the linearized level.

The action including localized sources can be obtained by adding to equation (5.9)
the linearized version of the brane-matter action (4.1), keeping only scalar modes. The
corresponding sources at linear order are:

2 dSh, _ 0Sn,

Ty =———2m0 =20
! N 3

We will assume TH" is conserved, therefore it does not couple to the E-mode in the

(5.26)

decomposition (3.3). Then, we keep only the metric perturbation v, which will couple to
the trace of the stress tensor, T' = n*"T},,.
The resulting action is:

S = —Af / d%[ / dr [&AIITB(T)@T\I/ —|—8M\IJTB(1")8“\I/}
+ 0T (rg) Ty W(rg) — 8,91 (rg) XTIy 8“\11(7“0)]

+ / dix etoutT (5.27)
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where we have introduced the vectors:

- b(r e 240
@:(iér(?;) T:< OT). (5.28)

We have fixed the overall multiplicative constant C' in the quadratic part of the action (5.27)
by demanding that the bulk term matches the Einstein action expanded to quadratic order.
In writing the last line in equation (5.27), one has to take into account that the brane is
at r = ro + p: expanding around the equilibrium position, one finds that only the gauge-
invariant, continuous combinations 1 = (ro) + A’(ro)p and x = x(r0) 4+ @(ro)p enter.

We now rewrite the sources in terms of ¥ = (¢yy, ¥1r). Using equations (3.26)—(3.27),
we find:

T RIRZUV £ -
=Py, P=- an v | (5.29)
[2] 1 1
The source term in equation (5.27) becomes then:
Ssource = /d4$64A0 \IJTJ J = ({]UV> = PTT (530)
IR

The bulk equation is still given by (5.6), but the matching condition (5.7) is now
modified by the addition of the sources:

Oy [B(1)0,¥] + B(r)0,0"¥ =0, r 1 (5.31)
0, W(rg) =TW w1 [ =T +T%0"0 5.32
W (ro) =T (ro) + e =T +T20"0,. (5.32)

where the matrix ¥ is given in equation (5.10).

To compute the interaction between sources on the brane, we will write the bulk-to-
brane Green’s function associated to equations (5.31)—(5.32), i.e. we look for a solution (in
momentum space) of the form:

W(r.p) = Glr.r:) T2 (53)
where G(r,mo; p) is a 2 x 2 matrix propagator satisfying:
—0, [B(2,9(r,ro;p)] + PPB(r)G(ryroip) =0, 147 (5.34)
9 G(r, o3 p) W I'G(ro,r0;p) + 57" (5.35)
To solve equations (5.34)~(5.35), we take G of the form:
G(r,ro;p) =D(rip)H(p), D= (DUE)/(T) DH({)(T)> : (5.36)

where H is a constant 2 x 2 matrix and the diagonal matrix D(r;p) satisfies the bulk
equation:
— BO?D — 9,B0, D+ p*BD =0, r#rg, (5.37)
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with normalizable boundary conditions in the UV and in the IR. Since the upper and
lower part of D are independent functions on r < rg and r > rq respectively, we are free
to choose any (non-vanishing) boundary condition at ry for each of them. A convenient
choice is:
D'(rg) = -5} (5.38)
where ¥ is defined in equation (5.10).
With the ansatz (5.36)—(5.37), H must satisfy the algebraic matrix equation:

[D(r0:p) = TD(ro; )| H(p) = =7 (5.39)

which can be solved by inverting the left hand side. Then, with the boundary condi-
tion (5.38), the brane-to-brane scalar propagator G(p) = D(ro;p)H (p) is:

G(p) = [T+ (@) o) (5.40)

This is the matrix version of equation (4.13), the matrix XT" in the denominator being the
quadratic form governing the brane-localized terms.

By inserting the solution (5.33) back in the action we obtain the interaction mediated
by scalar modes:

St = —~ [ L9 1106 @ T(- 5.41
int 2/(27[_)4 q s\q q)v ( . )
where:
€4A0 _
Gola) = 5775 [PHE (I} + e240¢2Ty) P14 P! D_l(ro;q)P_l} . (5.42)

The above expression is now expressed in terms of the physical momentum observed on
the brane, ¢ = e 9p, and we have rotated back to the basis of stress-tensor and dilaton
charge sources, (5.28).

We can simplify equation (5.42) by noticing that the first term in the parenthesis is

nothing but the matrix XI', expressed in terms of the basis (¢(rg), x(r0)), and we can
read-off its expression from equations (D.80) and (D.81):

-1 240 2 1 a4g,y2 (0 O 44 70 _GddLsf 2
PTIS (T + €*¢°Ty) P71 = e*oM P il Y z | (5.43)
do

7o

In order for the model to be viable, one must carefully examine the strength and the
range of the coupling to matter, and compare it with current constraints on fifth forces
and violations of the equivalence principle. We will postpone this discussion to further
work, where we will explore in more detail the phenomenology (and viability) of concrete
realisations of the framework. Here, we limit ourselves to observe the following important
features:

1. The scalar modes that couple to the dilaton have a mass controlled by M 2 which is
determined by the second derivatives of the bulk and brane potentials at the interface.
This can be large as it is expected to scale as A*. On the other hand, the modes
which couple to the trace of the stress tensor, and which come from the gravitational
sector, have a mass which is controlled by the D~!(rg,0), as in the case of the spin 2.
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2. Similarly, the normalization of the propagator (i.e. the strength of the coupling) is
roughly controlled by the two eigenvalues of the second term in equation (5.43), given
explicitly in equation (5.18). If these are large, i.e. if both 75(r0), Zg(ro) > Up(ro),
these modes may have weaker couplings to matter than the spin-2 modes.

For a full phenomenological discussion one must provide a specific model of the coupling
of the dilaton to brane matter, diagonalize the propagator matrix and take into account
the mixing between the modes. This goes beyond the scope of the present work.

5.5 On the presence of the vDVZ problem

We will not attempt here a complete discussion of the phenomenology related to the scalar
mode exchange. However, we close off by briefly discussing a point which is worth pointing
out: the possibility that the exchange of the light scalar modes (those which correspond
to the zero eigenvalue of the mass matrix appearing in equation (5.43), and couple to the
trace of the stress tensor) may naturally cancel that of the longitudinal component of the
tensor modes at scales where the interaction looks effectively four-dimensional. If that is
the case, the interaction will be completely similar to the exchange of massless gravitons
with only two helicities, i.e. the van Dam-Veltman-Zakharov problem [64, 65] would be
absent at the linear order.

Consider the total interaction between two brane stress tensors, to which both the
tensors and scalars contribute, over distances larger than the inverse mass of the “heavy”
scalar modes, corresponding to the non-zero eigenvalue in equation (5.43), with M =~
A. Beyond this scale, the scalar contribution reduces effectively to the exchange of the
light modes and we can ignore the effect of the scalar charge O of the source, defined in
equation (5.28). Although this is not completely equivalent, we can simplify the discussion
by simply setting the scalar source O = 0 in equation (5.28). This leaves the coupling to
the stress tensor trace (the upper component of 7') in equation (5.41).

Now suppose that the momenta are in the “DGP” regime, where the “bulk” contribu-
tions (i.e. the last term in equation (5.42) for the scalar, and the “1” in the denominator
of equation (4.24) for the tensor) are negligible. Then, the total exchange between two
stress tensors, mediated by the tensor and the light scalar modes, gives the approximate
potential:

V@) =~ i (T@T"(-0) = JTEQOT0)) + 53 TH@T-0)|.

2 | 2M3U, 2M3rp #
(5.44)
where we recall the definition (5.17):
Wp )
T 6(6 —Uy ). 5.45
0 < WinWov lge (5.45)
Now suppose that:
Wg
—_— < Uy, = 19~ —-6Up. 5.46
WirWuv lgo 0 0 0 (5.46)
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Then equation (5.44) becomes approximately:

V@ =~ | i (TP (-0 - TE@OT-0))| . M= )
q [2M, 2

i.e. the scalar mode changes the 1/3 into 1/2 in the tensor structure, which becomes that of
a massless graviton with two transverse polarizations. We have already seen this mechanism
in brane-world models supporting localized massless gravitons, in which the brane-bending
mode cancels the extra longitudinal polarization of the would-be five-dimensional graviton
zero mode [91]. The novelty here is that the same mechanism is reproduced at the level of
quasi-localized resonances, in the regime where the DGP mechanism is at work.

The left-over interaction from the light scalar, i.e. the first subleading term in the
approximation (5.46), takes the form:

~ 1 Ti@Ty(=q)
2M2Z, q?

5V (q) Up > M}, (5.48)

, Mz = M} (
®o

WuvWir
Wp

where the last inequality follows from the assumption (5.46). If Wg(¢p) < 0, this mismatch
can be seen as the exchange of a healthy (i.e. non-ghostlike) light scalar with a coupling
much weaker than gravity. Depending on the scales in the model, this can be made invisible
in precision tests of the equivalence principle.

The price to pay in this situation is that we have to relax the sufficient condition 75 > 0
which would automatically make the model ghost-free: although there are manifestly no
ghosts in the high momentum regime, one still has to check that this situation persists at
all momenta, both in the 5d and in the massive gravity regime, when the tensor and scalar
modes decouple because of the differences in the tensor and scalar bulk propagators.

The absence of ghosts is equivalent to the requirement that the quantity (5.14) is
positive for all modes. This question can be addressed using a spectral representation
for the propagator, and checking for violation of positivity of the corresponding spectral
density.>? This leads to the conclusion that, if we cancel the linearized vDVZ discontinu-
ity at large momenta to reproduce equation (5.47), this necessarily introduces ghost-like
modes.?? Indeed, consider the spectral representation for the effective 4d Euclidean scalar
propagator:

+00
p(s)
G = / ds . 5.49
(o= [ as (5.9)
The spectral density p(s) is essentially given by the quantity A/, computed for m? = s, in
equation (5.14). Stability requires p(s) to be non-negative for all s > 0. On the other hand,
to cancel the vDVZ discontinuity, in the relevant momentum range where the propagator

32Tn the recent work [92], this formalism was used to constrain self-tuning models. In fact, the reasoning
in [92] applies to theories featuring “degravitation” of the cosmological constant, in which the coupling
of (effective) gravitons to vacuum energy vanishes, and a change in vacuum energy has no effect. This is
stronger than self-tuning, and it is not the case in our framework, in which a change in the vacuum energy
does have an effect (it changes the background solution) but it does not contribute to the 4d curvature.
33We thank Massimo Porrati for an illuminating discussion on this point.
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behaves as 1/q¢? we must have:

1 1 1

G4(Q) = _6 QMSU()? (550)

which is incompatible with equation (5.49) in which p(s) is non-negative.
Therefore, the resolution of the vDVZ problem must be sought at the nonlinear level.
We leave this for future work.
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A The different types of junctions

In this appendix, we analyze the different possible qualitative behavior at the intersection,
depending on the sign and the size of the brane potential (and its derivative) at pg. As
we have seen in section 2.4, once the IR solution Wig and the brane potential W are
fixed, the interface position ¢o and the UV superpotential Wy are determined by the two
equations (2.41).

We begin with some preliminary considerations.

1. First, we have to fix some discrete ambiguities. Notice that the superpotential equa-
tion (2.40) is invariant under W — —W, thus there is a two-fold degeneracy of
solutions. We fix this ambiguity by choosing Wi > 0. Since there is the flow equa-
tions have the symmetry (u, W) — (—u, —W), fixing the positie sign of W implies by
equation (2.15) that the coordinate u increases as A(u) decreases, i.e. that u increases
towards the IR.

2. Notice that the matching conditions (2.7) are written assuming the same direction of
the normal on both sides of the interface, therefore the direction of v does not change
as we cross the brane.

3. The function W (p(u)) is a monotonically increasing function of u:

d

oW (p(w) = oW (p(w) = (¢)* (A1)

Therefore in crossing the interface from the IR to the UV, we have to continue the
solution in the direction where W decreases, because this is the same direction in
which u decreases. This is explained in figure 15: the arrows indicate the direction
of increasing w (which is the same as increasing W), and at the interface the arrows
must point away from the brane on one of the solutions and towards the brane on
the other.
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Wuv Wiy
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Figure 15. The figures above show the allowed ways of joining two solutions of the superpotential
equation at the interface. The arrows indicate the direction of increasing u, which coincides with
the direction of increasing W. The junction must be such that the arrows on the IR solution point
away from the brane, whereas those on the UV solution point towards the brane. In terms of ¢,
this condition can be realized on opposite sides of the point ¢ = g when W{;,, > 0 (left figure), or
on the same side, when WY}, < 0 (right figure). The dotted lines indicate how the solutions would
continue past the interface.

4. Finally, notice that in the (¢, W(y)) plane there is a forbidden region, where no solu-
tion to the superpotential equation (2.40) exists: it is the region where W’ becomes
imaginary. Indeed, for W’ () to be real, W(pg) must satisfy:

Wil > Bleo),  Blo)= Y2 (A2

where @ = /d/2(d —1). This condition in particular must hold for Wyvy(¢g) =
Wir(¢o) — Wga(po). This implies that there can be no solutions to the matching
condition such that |[Wir(po) — Wa(vo)| < B(po). This fact will be used later.

We will now analyse the full geometry we obtain depending on the value of Wp and its
derivative at the interface. We must distinguish three cases.

Al. WB(QO()) <0

In this case, Wyv (o) > Wir(vo) > 0 and the structure of the full solution is as shown
in figure 16. The sign of WY, is fixed by the sign of W]y — W} at the interface. If
W'(pp) > 0, the solution can connect directly to the UV at ¢ = 0 (figure 16 (a) ).
On the other hand, if W{};, < 0, then by the junction rules shown in figure 15 we
must follow Wyy for increasing ¢ (i.e. on the same side of the interface in field space
(figure 16 (b)). As shown in the figure, the solution will eventually reach the curve
B(y) where it can be glued continuously (as described in [73]) with a solution with
W' > 0, which will in turn flow to the UV fixed point.
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Figure 16. Sketch of the global behavior of the superpotential in case A1, when W < 0. The left
figure corresponds to the case W{;,(¢o) > 0, whereas the right figure corresponds to W,y (¢0) <
0. In the former case, the UV solution connects directly to the fixed point at ¢ = 0. In the
latter, it continues past g and goes to the UV fixed point after a bounce at some ¢ > . The
shaded area corresponds to the forbidden region —B(y) < W (p) < B(y), where B(y) is defined in
equation (A.2).

Wip) Wig)

J

—‘_\‘_\—\.

__%
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I

—~

(a) b)

Figure 17. The behavior of the full solution in case A2, i.e. Wg(pg) > 0 and Wyv (o) > B(wo).
The left and right figures correspond to Wiy (o) > 0 and Wi}y (o) < 0. In the latter case, like in
the analog situation in case Al (figure 16 (b)), the solution bounces at ¢ > g before reaching the
interface from the right.

A2. 0 < Wg(po) < Wir(po) — B(wo)

In this case, we have B(pg) < Wyy(po) < Wir(¥o), and depending on the sign of W’
the structure is essentially the same as in case Al, except that the UV superpotential
starts lower than the IR superpotential (see figure 17).

B. Wx(po) > Wir(po) + B(yo)

In this case Wyy(po) is negative. The two possible behaviors across the interface
corresponding to either sign of Wi (o) —Wg(¢o) are represented in figure 18. Notice
that as we cross the interface into the “UV” region, we are forced to follow the
superpotential to more and more negative values. However, now A(u) =-W >0,
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Figure 18. The behavior of the superpotential in case B, when Wig (o) — Wr(¢o) < —B(¢o)-
Contrary to cases Al and A2, in this case the solution does not connect to the UV on either side of
the interface. Rather, the interface joins two “IR” (i.e. finite-volume) regions (hence both branches
are labeled IR in the figures). Without fine tuning, at least one of them will have an unacceptable
singularity.

thus the scale factor actually increases with u, and the maximum value is attained at
the interface: thus this solution does not connect to an asymptotic AdS boundary,
but it connects two finite-volume regions with asymptotically vanishing scale factor
(i.e. two regions of the IR type). For generic brane potential, the solution will be
singular, i.e. the interface will not connect two IR~acceptable solutions. For this to
happen, we need a fine-tuning of the bulk and brane potentials, i.e. we need:

Wg(po) = 2Wir(o)- (A.3)

This fine-tuning is the asymmetric version of the similar fine-tuning of the brane
tension to the bulk cosmological constant in the one-brane Randall-Sundrum setup.

Based on the discussion above, solutions of type B do not have an asymptotically
AdS large-volume region (thus the holographic dual is not UV-complete) and they do not
realize the self-tuning mechanism. This leaves cases A1 and A2. Following the discussion
in section 5, if Wpg > 0 the model is manifestly ghost-free. Thus, case A2 is safe, whereas
in case Al one still has to check the absence of ghosts explicitly.

B The holographic parameters and the integration constants

In this appendix we show how choosing the integration constants for the metric at the
interface is equivalent to fixing the UV data at the AdS boundary.
To this end it is convenient to rewrite the metric in conformal coordinates:

ds? = A (dr® + nydatda”) o = (1), du = e dr, (B.1)
In these coordinates, (2.14)—(2.15) become:

Auvv dW, d
A _67 ! JAuv uv / o

— 62 —



and similarly in the IR. We have to choose initial conditions for equations (B.2), and this
can be done in two equivalent ways:

1. At the interface: there, the value ¢ = g is fixed by the superpotential matching
equations. Then, the free integration constants of equations (B.2) are ry (the position
of the interface) and Ag = A(ro).

2. At the AdS boundary. This makes the holographic interpretation of the integration
constant transparent, since in holographic theories, fixing the near-boundary behavior
of the metric and scalar fields fixes the geometry and the couplings of the dual field
theory in the UV. Conventionally, the boundary is set at » = 0. This fixes one of
the two integration constants. Then, the asymptotic form of the metric and scalar
field are:

exp A(r) = KUTV (1 + 0(7“2)) , o(r) = gorA*(l +0(r)), r—0, (B.3)

where A_ = d — A and %, = d(d —1)/V (¢ = 0). The quantity go appears as
the second integration constant, and it represents the value of the relevant coupling
deforming the UV CFT.

The two ways of fixing the integration constants are equivalent, and we will show below
how one can translate from one to the other. In particular, we will show how, once the
equilibrium position ¢ is fixed, the choice of the UV coupling gg, determines both rg and
Ap. This allows to translate the dependence on Ay into a dependence on gg, which is a
physical parameter of the UV theory.

We start by integrating equations (B.2), on the UV side, with respect to ¢:

Ao () = A 1 /30 Wuv ) /Lp i e—Auv () (B.4)
= — , T =710+ _—, < 0, .
10AVAR"2 0 2(d — 1) i dWoy Jde ¥ 0 SOdWUV/d ¥ < ¥o

where Ay and 7y are arbitrary integration constants. Given Ay and 7, one can in principle
invert the relation between r and ¢ and obtain Ayy(r), puv(r).

With equations (B.4), we have fixed the solution completely by choosing the integration
constants (Ag,ro) at the brane. The boundary of AdS in this solution corresponds to
setting® ¢ = 0 in equations (B.4). If we want to adhere to the usual conventions in which
the boundary is at 7 = 0 in conformal coordinates, then we must choose:

/@0 i e—Auv(®) B5)
rog = — .
=)y Vawov/de

This equation fixes the (coordinate) distance from the boundary to the brane, in terms of
the bulk metric. With this determination, equation (B.4) becomes:

/ do ¢ Aovte (B.6)
. 6
Wiy (@

34We supposed that the UV AdS fixed-point to be at a maximum of the potential situated at ¢ = 0, see
section 2.3.
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We can extract the dependence on Aj of the result (B.5) by using the expression for
A(y) in equation (B.4):

ro=e¢ w0£ex 1 ? Wuv(p)
" o Wiv(®) p< 2(d—-1) /% dW{JV(@)>‘ (B.7)

To connect Ay with the UV boundary data go appearing in equation (B.3), we need

the asymptotic behavior of ¢ close to the boundary. This can be read-off by taking the
¢ — 0 limit of equations (B.4). Close to ¢ = 0, the superpotential Wyy has the form
characteristic of a UV fixed point,3>

2(d—1) A_ , d(d—1)
Wyv o~ ——— + — . luyv = (| —— B.8
uv oy T uv V(0) (B.8)
Then, from (B.4), the scale factor behaves as:
1 _
where A is a constant, defined by:
o 1
A = lim [AUV(@ + ——logyp| . (B.10)
©—0 _
Using equation (B.8) and (B.10) we can write r(¢) for ¢ — 0 from equation (B.6):
Y] N %) ~1/A_ _
r(p) ~ AUVe_A/ dpF—— = tyye Ao/, (B.11)
- 0 ¥
which we can invert for ¢(r) close to r = 0:
. A A
o(r) ~ gor=- gpo=|;- (B.12)
uv

We want to relate the constant A defined in equation (B.10) to the integration constant
Ap defined at the brane, appearing in equation (B.4). This can be done by writing the
limit in equation (B.10) as:

o 1 ° Wuy 1/¢1 1
A=lim |4y — — [ B.13
;E"b[ 0 2(d—1)/¢0 Wiy T A ), o TABY (B.13)

Since the above expression is finite, we can put the second and third term under the same
integral sign and take the limit by replacing ¢ with zero: in doing so, we find the desired
relation between Ag and A:

_ _ - 1 1 o (WA 2(d—1
A= Ao+ Alpo), A(po) = Eloggo() + 2(d—1)/0 <WEX - (A_go )> . (B.14)

35In special cases the flow maybe driven by a vev and A_ — A .
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Notice that A(¢g) depends only on quantities appearing in the action, which determine
both ¢ and Wyy via the matching conditions plus IR regularity.
Using equation (B.14) and (B.12) we can finally relate Ay to the UV data gy and the

equilibrium position:
a o A\
go=e""7° : (B.15)

luv

In holography, AdS boundary conditions are specified by fixing go: by equation (B.15) this
fixes Ag (and thus completely fixes the geometry), since the quantity in the parenthesis
is determined dynamically from the matching equations at the interface. The coordinate
position of the brane is also fixed by equation (B.7).

C Avoiding Weinberg’s no-go theorem

Any claim to have a working self-adjustment mechanism for the cosmological constant has
to be confronted with Weinberg’s no-go theorem [1] (see also [60] for an updated review
and discussion). Below, we review Weinberg’s theorem and we show how our framework
avoids it.

Weinberg’s argument starts from the following assumptions. Consider a model based
on an action of the form:

Slois vl = [ d'5L01,70). )

where the Lagrangian density £ depends on the four-dimensional metric v,, plus other
fields generically denoted by ¢; (which may be scalars or tensors with respect to the four-
dimensional Lorentz group).

Now suppose the field equations that one obtains stemming from the action (C.1) have
a solution which preserves rigid space-time translations x#* — x* + o*. The field equations
in this case reduce to:

or _, oL
67;w ’ 8¢z

We will suppose that the two equations above hold independently.?® On such a solution,

0. (C.2)

the fields are constant and diffeomorphism invariance is broken to rigid space-time GL(4)

transformations, under which:
o — Myz”, e = Ve MM, L — Ldet M. (C.3)
Using these transformations properties one can easily show that, under an infinitesimal
GL(4) transformation M =1+ 6 M:
oL oL
OL=Tré6ML = @5@' + Wm/ (0OMyy, + 0M,,) (C.4)

36Weinberg also considers the case when the two equations are proportional to each other, i.e. when

, L oL
7+ W*Ef(@)a@

This is not the case in the model under consideration, and will not be of interest here.
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We now solve the field equations for the fields ¢; and set their values on-shell:

oL -
90r 0 = bi = i, (C.5)
Then, equation (C.4) implies:
oL 1 -
—_ — i g -
=L S L= VaV(d) (o)

where Vg (¢;) is some function that depends on the fields ¢; only. Finally, the metric field
equation is:

0L
OV

which generically will not be satisfied unless the parameters in the Lagrangian obey one

= %WV”V%H(@) =0 (C.7)

relation, i.e. they are fine-tuned.

Now we will reproduce this line of reasoning in the holographic setup and show where
the loophole lies. First, we have to bring the problem in the same form as in Weinberg’s
argument. To this end, we will reduce the problem of extremizing the original action (2.1)
to a purely 4d problem with an effective action of the same form as in equation (C.1),
where the only remaining dynamical variables are the induced metric and scalar field on
the interface, v, (uo), #(uo). To do this we first extremize the bulk action, on each side of
the interface, but without imposing the matching condition.

On each side, we take an ansatz of the form:

ds® = du® + eA(T)ny?,)dm“dm“, ¢ = p(u) (C.8)

where fyffl],) is invariant under space-time translations (this is a slight generalization of the

solution (2.10) ) and coincides with the metric of the UV dual CFT (cfr. equation (2.27),
therefore it is fixed by the UV boundary condition, as we discussed in subsection 2.3.1.
One can show that the action, evaluated on such solutions, is a total derivative:

S == [ ato5O [ au S [AOW (o)) (©9)

Using this result, the on-shell action reduces to the sum of three boundary terms:

e Two finite boundary terms coming from each side of the interface,

Suv = 64A(“°)/d4l‘\/’y(0)WUv(¢o), SIr =€4A(“0)/d4$ YOWir(¢0). (C.10)

where Wyy and Wi are the solutions of the superpotential equation on each side (in
particular, as we have discussed in section 2.3, Wiy is fixed by regularity). To write
equation (C.10) we have assumed continuity of the metric and the scalar fields.

e A divergent boundary term Syy coming from the boundary of AdS, which can be
renormalized by supplementing the original action with appropriate counterterms.

— 66 —



The counterterms do not depend on the solution (C.8) . After renormalization is
carried out, one is left with [83]:

%o = / da\[1OCyygy 2 = / d*z\/7©(0)go, (C.11)

where in the second equality we have used equation (2.28). Notice that this con-
tribution does not depend on Ay nor ¢g. One may have expected also a boundary
term from the far IR, but this always vanishes if the solution is IR-regular or has an
acceptable IR singularity.

So far we have “integrated out” the bulk but we have not yet solved the field equations
for the metric and scalar field at the interface. The effective 4d action for these variables is
the sum of the terms in equations (C.10) and (C.11), plus the world-volume action (2.3):

Seft[Ao, ¢o; Cuv] = /d49€ W(O)C'Uvgg/dfA (C.12)

+/d4x\/%e4‘40 [WIR(W) — Wuv(po: Cuv) — Wg(wo)

This action depends on the dynamical variables (¢(ugp), A(ug)); on the fized quantities go

and 'y,(g,) which are part of the definition of the UV CFT; and on the extra free parameter

Cyv. Notice that we should not vary the effective action with respect to gg nor ylg(,l) nor Cyvy
(in particular the first line in equation (C.12) is a constant, independent of the dynamical
variables.

Extremizing the action with respect to the dynamical variables (¢g, Ap) gives back the
matching conditions, (2.20)—(2.21), as expected.

We can now compare the action (C.12) with the one assumed in the no-go theo-

rem, (C.1). First, notice that the Ay equation of motion is essentially the same as (C.7):

Verr (Ao, ¢o; Cuy) = et [WIR(SOO) — Wuv(po; Cuv) — WB(‘PO)] = 0. (C.13)

Contrary to equation (C.7) however, this equation determines the extra parameter Cuyy
(which does not appear in the full definition of the model, neither in the bulk nor on the
brane nor on the boundary) and does not require fine-tuning between the model parame-
ters. This is where the no-go theorem fails: it assumed that the action depends only on
dynamical variables, determined by their own field equations, and that there are no extra
free parameters. This is true for weakly coupled field theories. Here however the quantity
Cyv is not a dynamical variable but it is determined in a different way: on the gravity
side, by insisting that the UV solution, through the matching conditions at the brane,
glues correctly to the fixed IR-regular solution; in the dual field theory language, it is the
strong coupling dynamics which determines the value of the VEV of the operator in the
UV. These are affected also by the low energy degrees of freedom. Indeed, it is natural
that the presence of the brane-world degrees of freedom at intermediate energies affect the
UV value of the VEVs and the running of couplings, but not the bare UV coupling go.
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D Linearized bulk equations and matching conditions

In this appendix we derive the perturbed equations and matching conditions for the tensor
and scalar modes. We restrict to the physically interesting case of a five-dimensional bulk,
i.e. from now on we set d = 4. We use conformal coordinates in the bulk, such that the
unperturbed metric and scalar field are:

ds® = a(r) (dr2 + nuydx“d:z”) , v =p(r), (D.1)

where 7, = diag(—,+,+,+). We denote derivatives with respect to r by a prime.
The background Einstein equations are, in these coordinates:

2 " 2 "
P a a N2 a a
—aV(ip)=3|2—+— =6(2— —— D.2
V() <a2+a>,<¢> ( ) (D.2)
or in terms of the superpotential:
/ a*n / dn

a = — s @ :a%. (D3)

The brane is located at the equilibrium position rg. All quantities with a subscript 0 are
evaluated at ¢ (e.g. ag = a(rg) etc).
We write the perturbed 5-d metric and scalar field as:

ds® = a?(r) [(1+ 2¢)dr? + 2A,dxtdr + ( + hyw)dzt, dz"] , (D.4)
¢ =o(r)+x, (D.5)

where the quantities ¢, A, hy,, x are functions of r, z# and will be treated as small per-

turbations around the r-dependent homogeneous background. We further decompose the

metric perturbations in a scalar-tensor decomposition:3”

Py = 20 0 + 20,0, E + hyyy, A, = 0, W (D.6)

where the tensor perturbation ilW is transverse and traceless: 8“;1“” = h‘,ﬂ = 0. Unless
explicitly stated, all indices are raised and lowered with the flat Minkowski metric 7.

D.1 Perturbed bulk equations

In the bulk, the system contains one tensor perturbation iAlW and (before gauge-fixing) five
scalar perturbations (¢, ¢, W, E, x). The components of the linearized Einstein tensor are:

a’ a a
Gl = 124" +30"0u1) — 3 0"0u(W — E'), G = 30 — 30,1 (D.7)
1

/ / " "
QU _ | —3/( 37/ ! 0q i " a ., a a 50
Gl = 2[& (ahw) —|—88ph,w}+3nw,[¢ +3a¢ a¢+2aw 2a¢

—0,0, [w to— (W—FE) - 32/(W - E’)} . (D.8)

3"We set to zero the transverse vector modes AE and V#T appearing in the general decomposition (3.3),
since there is no physical vector in the bulk, and these modes decouple.
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The linearized Einstein equations are then:

a1 6Spunlg, o]\
G = M3 <b , D.9
ab VG o 0g® (D9)

where the right hand side is the linearized matter stress tensor obtained from the variation
of the matter bulk action in equation (2.2). At linear order, Einstein equations do not
couple tensor and scalar modes and we can discuss the two sectors separately.

Tensor modes. Since there are is no tensor-like matter, the transverse-traceless part
of the right hand side of equation (D.9) is identically zero (this can be easily checked
explicitly). Therefore, the linearized field equation for tensor modes fLW is obtained by
setting to zero the first square bracket in equation (D.8), and it reads:

Or (0 ) + a*0 Dy = 0. (D.10)

Scalar modes. Keeping only scalar modes, the perturbed Einstein equations (D.9) are,
to linear order:

!/ /
(rr) 4%w+wm¢—%wmmh4m

=59N ~ Gk 3V @9 (D.11)

() Z/¢ ' = %@’x (D.12)

(u#v) 2¢+¢—(W—E’)’—3CZ(W—E’):0 (D.13)
(=) W35 - L2y 2

IRCI (G PR NIR 7 N

where the right hand sides are the explicit form of the linearized matter stress tensor
appearing in equation (D.9). We also have the perturbed Klein-Gordon equation (which is
not independent of equations (D.11)—(D.14) , but it can be useful to work with):

_ A2V
(KG) 0=a3 (a3x/)l + 0"0ux — aQWX
22— G 4y’ — PO 0, W — B (D.15)

de

These equations contain five scalar perturbations, but we can impose two scalar gauge
conditions plus two scalar constraints (this will be discussed in detail in appendix D.4).
These leave one physical scalar bulk fluctuation, which can be taken to be the gauge-
invariant combination:

Cra) = 0ra) = (et 2= (D.16)
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From equations (D.11)—(D.14) one can obtain a single second order equation for the {(r, z*),
which reads:

Oy (a*220,¢) + a*220"9,( = 0. (D.17)

Regardless of the gauge fixing, one can arrive at equation (D.16) by solving equation (D.12)
for ¢ and equation (D.11) for 09, (W — E’) in favor of x and ®, and inserting their
expression in equation (D.15).

Equations (D.10) and (D.17) describe the full system of linearized perturbations in
the bulk.

D.2 Brane perturbations and linearized junction conditions

In order to write the linearized Israel matching conditions (2.8)—(2.9) we need to write the
perturbed induced metric, normal vector, and extrinsic curvature, to linear order, in terms
of the metric perturbations (D.4)—(D.6), plus the brane-bending mode p(z"). The latter is
defined by perturbing the embedding equation:

r(zt) =19 + p(z), (D.18)

where rq is the unperturbed equilibrium position.
The normal vector n* and induced metric YAB = gAB — nanp are, to first order in
perturbations:

n = a " (ro+p) (1= ¢, —Au = 9up), (D.19)

YapdXAdXP = a®(ro + p) (A, + Oup)drdz” + (N + by )dztdz”],.  (D.20)

It is convenient to explicitly expand to linear order in p the prefactor a(rg + p) in equa-
tion (D.20), and to write the perturbed induced metric as:

/

~ ~ a
Vv = CL% (77#1/ + h;w) > h,uu = h,uz/ + 267277#14)- (D.Ql)
The scalar field perturbation at the (perturbed) brane position is:

o(r(z")) = @o + x + Gop (D.22)

In equations (D.21)—(D.22) all quantities are evaluated at rg, the unperturbed equilibrium
position.
From equation (D.21)—(D.22) we can deduce the continuity conditions (2.6) to linear

order: /

ah 1R , IR
[h“” + 27”“’@7)/)] o 0, [%p + X}

=0. D.23
oy (D.23)

Notice that the bulk metric and scalar field perturbations are not continuous at the
brane, unless one chooses a gauge where p = 0. This is not the most convenient choice to
deal with bulk perturbations, however. We will come back to the gauge fixing problem in
appendix D.4 when we discuss in detail the matching conditions in the scalar sector.
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The linearized junction conditions are given by (2.8)—(2.9). On the right hand side,
in addition to the brane action Sprane in equation (2.3), we allow the possibility of some
localized matter:

Sioe = ShranclVs ¢] + Sim, &m:/faﬁQM%M@ (D.24)

The localized matter fields 1; (which may include the Standard Model fields), are taken
to be trivial in the vacuum. We assume the matter fields are minimally coupled to the
induced metric but may have a direct coupling to the dilaton ¢ evaluated on the brane.
The localized matter stress tensor is defined as:

2 0Sn,

Ty=—— D.25
22 \/,7 6,)/’[“/ ( )
We also define the “dilaton charge operator” O of the localized matter as:
1 65,
— (D.26)

VY e
With these ingredients, the perturbed matching conditions are derived by linearizing
both sides of the two equations:

R 1 0SbranelYs ¥] 1) 1

K, —v.,K = | =1 ——=T., D.27

ks 1 0Sbrane[7s ¢ W 1
%04 = 1 — —0x. D.28
[(n 90) LV <\ﬁ 50 > 30X (D.28)
In order to proceed, we need the components of the extrinsic curvature K g = Vang.

They are:
K., =0, K= a (A, +0Oup), (D.29)
1

Ky = d'(ro+ p) [(1 = @)1 + hy] + a(ro) [thw — 0 (Ay) + 8up)] . (D.30)

Notice that A, appears only in the combination A, + 0,p.
Using the scalar-tensor decomposition (D.6), the left hand sides of the matching con-
ditions (D.27)—(D.28) are, to linear order in the perturbations:

(1) i .
(KW — 7WK> = —3ay, [(1 — ¢+ Z—?p + 2@[1) N + 20,0, F + hw/]
0
1-
+%L%fﬁmw+@@—mﬁﬁﬂﬂ—W—my(Dm
. o a
(n aso) = ag* {«pa + X'+ ¢op — a—gsof)p - %4 . (D.32)

The right hand sides of equations (D.27)—(D.28) are obtained by linearizing the ex-
pressions on the right hand side of equations (2.8)—(2.9). For this, we need the linearized
expressions of the brane Ricci tensor for the induced metric in equation (D.21):

~ /

1 ~ 1 ~ ~ a
R() = =500l — 500N, + 0Dy s = s + 267277“”,). (D.33)
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Decomposing hy,, in tensor and scalar components as in equation (D.6), the above expres-
sion becomes:

Rl(]l) — _%aﬂapﬁ,w —(20,0y + 1,,0°0,) <¢ + ng) (D.34)
whence:
RO = —%apap <w + “%) , (D.35)
ag ap
G() = —%aﬂaph,w — 2(0,0y — Nu0°0,) <¢ + ng> . (D.36)

Notice that the longitudinal component E of the metric perturbation drops out of the
Ricci tensor.

We can finally obtain, to linear order in the perturbations, the expressions on right
hand sides of equations (D.27)-(D.28):

1 5Sbrane[77 (P] ) _ 1 2 7

+2 w+a—6 o (x + @op)
Nuv Gop W077;w X T $Pop

1 . /
—Up [28”8,,11,”, +2(0,0y — 1L, 0°0,) <1/1 + Zzp)]

dU
~(2) 00— 1u20,) (x+ ) (37)
0
1 5sbmneh,go])<” (d%) <d2W3> ,
— =) = (=2 ) + (=57 - -
(ﬁ S5 de ), d? O(X #07)

_Zogu o)+ 8 (UBY g ag
aga au(x+g00p)+ag<dw )08 O z/H—aOp (D.38)

The brane matter stress tensor and dilaton charge appear as inhomogeneous source terms
in equations (D.27)—(D.28).

In the following two subsections we will decompose the junction conditions in their
tensor and scalar components, respectively.

D.3 Tensor junction conditions

Since tensor and scalar modes are decoupled at linear order, to study the tensor modes it is
enough to set all the scalar modes to zero in the equations found in the previous subsection:

p=W=90p=E=p=0, hu=hu. (D.39)

The continuity equation across the interface, equation (D.23) becomes simply
~ IR
[hw} =0 (D.40)

i.e. tensor modes are continuous across the interface.
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The tensor (i.e. transverse and traceless) part of the second junction conditions is found
by imposing (D.39) in equations (D.27) and (D.37) , and moreover by keeping only the
transverse traceless component of the matter stress tensor, defined by:

. 1 10,0, 1 0r0° 2 20,0, 0°0°
T,Ud/ = TNV — gT]uI/T + g g2 T + g'f}uy?Tpg - ﬁﬁ(uapTy)p + ggT?Tpo- (D41)

where T = T, and 0? = 0"0,,. We will assume the matter stress tensor to be conserved,
in which case the expression above reduces to the first three terms only:
. 1 10,0,

T,ul/ = THV — g?’]/_“jT + g 62

T. (D.42)

Setting all modes to zero except iLW in equations (D.31) and (D.37) and replacing 7}, by
Tuw equation (D.27) becomes:

IR 1 .

. A 1 - 1 -
—3a6h,w + ia(]h;“j = ia%WOhHV — §U08p({‘)phlw — MTHV. (D43)

uv
Notice that the first term on each side cancel thanks to the continuity of fLW and to
the background matching condition since, in conformal coordinates and for d = 4, o’ =
—a’*W/6, and [W]IR, = Wy by equation (2.20). This leaves the simple jump condition for
the first derivative (plus the source term):

. 1IR . 1 .
ao [, oo = Vo0 Ophy = 55T (D.44)

D.4 Scalar junction conditions

The relevant modes are defined in equation (3.2), in which we keep only the bulk
scalar modes,

b X, Ay=08.B, hu = 2., +20,0,F, (D.45)

plus the brane-bending mode p(x) defined in equation (3.10). Unlike the tensor modes,
these fields are not gauge-invariant. Rather, they transform as follows under an infinitesi-
mal scalar coordinate transformation (dr, x#) = (£€°, g*0,€):

CL/

CL/
o= — —¢& §p= — (&) — =&
a a
dB= —¢ —¢&° SE= —¢ (D.46)
5X: _@/657 5,0265(7"0,1’)-
It is convenient to partially fix the gauge:
B=0 (D.47)

by an appropriate shift {(z,7). This leaves a residual gauge freedom with parameters
€ (x,7) and r-independent &(z#): a ¢5-transformation can be compensated by an appro-
priate £(r, z) to leave the condition B = 0 unchanged, and only ¢ affects B. Therefore we
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are still free to do radial gauge-transformations and r-independent space-time diffeomor-
phisms and keep this gauge choice.

In this gauge, setting the brane sources to zero,® the first matching conditions (2.6)
become:
uv IR
I

@*(ro + p) (20 +20,0,E) | (D.48)

—0, [- } —0
@(ro+p) +x Uy

Expanding the scale factor and the background scalar field profile, these are equivalent to
the following continuity conditions:

N NSO o

where we have defined the new bulk perturbations:

b(r,x) =+ A(r)p(x), K(r,z) = x+¢'(r)p(x), (D.50)
where A" = d'/a.
The gauge-invariant scalar perturbation (3.6) has the same expression in terms of these
new continues variables: o

In general however ((r, z) is not continuous across the brane, since the background quantity

s =15] : %(ro) (D.52)

Notice that this equation is gauge-invariant since, under a gauge transformation:

A'/@ jumps:

5)2(“ $) = _@/<T) [55(7’, l’) - 65(7’0,1’)] ) (D53)

therefore x(rp) on the right hand side of equation (D.52) is invariant.
It is convenient to fix the remaining gauge freedom by imposing:

x(r,x) =0. (D.54)

To do this, one needs different diffeomorphisms on the left and on the right of the brane,
since ¢’ differs on both sides. The continuity for ¥ then becomes the condition:

puv(z)@uy(ro) = pir(z)@rR (ro) (D.55)

i.e. the brane profile looks different from the left and from the right. This is not a problem,
since equation (D.55) tells us how to connect the two sides given the background scalar
field profile.

In the gauge (D.47)—(D.54) we have:

(=1 =1 —Ap, X(ro) = @' (ro)p. (D.56)

38The localized sources will be added back at the end of this section.
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This makes it simple to solve for ¢ using the bulk constraint equation (in particular, the
ru-component of the perturbed Einstein equation (D.12):
!/ "

¢ = 2,1// = gﬂﬂ/ + <a - a> p (D.57)
a a

a a

where it is understood that this relation holds both on the UV and IR sides.
In the gauge x = B = 0, we can write the second matching conditions (D.27)-(D.28),
using equations (D.31)-(D.32) and (D.37)-(D.38):

R 1 IR
[ —3d’ (21/’ Muv + 28uaVE> + 5“0(95/)2/7 Nuv + a0 (0u0y — 1, 0% 05 (E/ - P) }
uv
a®(ro) . a®(ro) dWpg »
=5 Wi (¢o) (277;11/7/’ + 28N&,E> v + 9 W 2 Nuv PopP
~ dU _
—2UpB (o) (auau - nuvaaao) Y — T; 2 (auau - nuuapap) (‘P()P) ) (D.58)
95/ i (95/)2 95//) —/ B
=¥+ < el
[a’ 6a’ ag’ UV
PWg| ZB(#0) a0 6 dUB| .5,
ngZ tpo(p 1Y + a2 @ 8 80/) - ? dg@ 4,008 aaw (D59)

Using the background matching conditions (2.20) and (2.21), as well as the defini-
tions (2.14)—(2.15) in conformal coordinates,

a’ 1 » dW
- _ W =qg— D.

one can see that the first two terms on each side of equation (D.58) cancel each other, and
we are left with an equation that fixes the matching condition for E'(r,x):

IR Uy - 1 (dUp\ _
E - ] = 920 ——(E5) & D.61
[ . S (o) (dSO >O<pop (D.61)
Equation (D.59) fixes the discontinuity of /. Tt is convenient to write the equations
for 1[1 and p in the form:

7] =0 #e] =0 (D62
uv ’ uv ’ :
., IR
R A 6 dU, A
[“0 2 w’] = | (%ara, - aa3) o - O (m)a“am] (D.63)
a a a dy
uv ro
where we have defined the brane mass:
IR
d2W (—/)2 a =1
2 _ b ' ¥
= — = — . D.64
Mb CL(T‘O) d(pZ 0 ( 6 o ¢,> . ( )

Using the background Einstein’s equations (D.3) this can also be written as:

/ n1IR 2 2 IR
Mz:[a_“] +a<dWB—[dW} ) (D.65)

a d]yy dp? de? |y
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(to see this, use (D.2) and take a radial derivative of eq. (D.3) to write
@" = ad*W/dy + d'/a).

We can eliminate £ from equation (D.61) by acting with 0#0,, on both sides and using
Einstein’s equations (D.11) and (D.12), with x = 0:

2 n

Oy + % <2‘12 - a) w’} . (D.66)

a
OF = ——
a a

Notice that the combination multiplying 1)’ can be written as (a/a’)(@")?/6 using (D.2).
The bulk equation (3.9) for ¢ (= % in this gauge) on both sides of the brane is:

a’ 2!
o (35 +25) v v o= 067

where z = @a/a’. We can also write it in terms of ¢ using (D.56).
To summarize, we arrive at the following equations and matching conditions, either in

terms of 1:
a’ 2
1/)” + <3a + 22> @Z/ + 3“(%1# == O, (D68)
" @ 1% Sl =0 D.69
[w_UV——[W]UVw, [sop}w— ; (D.69)

(12 ¢/2 /‘ IR 2U0 a1IR a/ 1 dUB /
r_ _ (20 _|& 0 a 1 (dUp . |
[a/2 6 luv < a [GI}UV) <”¢+ ap) +CL0 < do >090 P (D 70)
(I@/ /- IR 6 dUp a ZB(SO()) S\
V= ) Bl et B My e (DTD)

0
_ R
ap’ ~ 2 d*Wg
b = a

d2W
d?

dep? uv

) . (D.72)

Notice that these equations have 6 free parameters: 4 in the bulk (two integration
constants for equation (D.68) in the UV, and two in the IR) and two brane parameters
(p on each side). From these 6 we can subtract one: a rescaling of the solution, which
is not a true parameter since the system is homogeneous in (p, ). There is a total of 4
matching conditions, plus 2 normalizability conditions if the IR is confining, or only one
if it is not. Therefore,in the confining case, we should find a quantization condition for
the mass spectrum, whereas in the non-confining case the spectrum is continuous and the
solution unique given the energy. The goal will be to show that such solutions exist only
for positive values of m?, defined as the eigenvalue of 0. To see this, one must go to the
Schrodinger formulation.

To put the matching conditions (D.69)—(D.71) in a more useful form, it is convenient
to eliminate pr, g altogether using equations (D.69):

o = = (D.73
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These can be solved to express the continuous quantities 1&(7"0) and ¢'p which appear on
the r.h.s. of (D.70)—(D.71) in terms of ¢uy 1r only ([z] = zr — zyv for any quantity x):

oy _ 24 9]
Yo =y /2]

Using the above identifications, equations (D.70)—(D.71) become relation between the left

' (ro)p = — (D.74)

and right functions and their derivatives:

[2¢'] = _i‘gjj WOD[T;]M - alo (ZOD - a%MQ) [B_b]l] (D.75)
2.7 _ U r1a [z4] 6 dUp ]
[22] = 6 (2@0 [a’D B T (D.76)

Since the left hand side is in general non-degenerate, these equations can be solved to give
Y} and ¢y as linear combinations of ¢;, and ¥R, i.e. one can put (D.75)-(D.76) in the

(wﬁv(”)) ) = (I'1 + 120", (WV(TO) ) (D.77)

general form:

Y1r(70) 1r(70)

where the matrices I'y and I'e are given by:

=2 2 2
r - agM —ZR AR
1= [2]2 2 L2 )
UV AUV

. 1 ~12am | Zocfy 6o (22 +1) 4o L, M 2oy
N 0 0
> 7 [2Pao \ —6zuy (2 41) 9z 2V 4 7052 1220y &E | — 5 — Zy22 ’
0 2uv |\ Zn T do + 7075, T 4020y 2UV 4y 0 020V
%o ¥o
(D.78)
where ) )
~ d WB W WB
MP="TB IS =6 (60— —Tp). (D.79)
dp? g dy WirWuv leo

D.5 Gauge-invariant action for scalar modes

Here we show that the action for the scalar perturbation, equation (5.9), can be written
in a gauge-invariant form. To this end, we show that the action depends solely of the
gauge-invariant bulk variable ¢ and gauge-invariant brane variables 1[1(7"0), X(ro).

First, notice that equation (5.9) was obtained in the gauge x = 0 in the bulk. In
this gauge, the scalar quantity 1 coincides with the gauge-invariant variable { (see equa-
tion (3.6)). Therefore, the bulk part of the action (first line in equation (5.9)) can be
written in a manifestly gauge-invariant fashion by replacing the 2-component object ¥
with Z = (¢r, Cuv)-

Next, we consider the localized terms in the second line of equation (5.9). Using the
expressions for I'y and 'y in equation (D.78) and after some tedious algebra we obtain, for
the first localized term:

2]
ol o o\ ([ &
wT(ro)EFIW(ro):agM2(% _[1[%)(0 2) [[L : (D.80)

T/
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and for the second:

7o —Gng ['Eﬂ/}’]
_ 2y P ® z
8u\I/T(7“o)EF26“\II(m)—a%(%(—[[z]} ——[{/}Z]) it P
de {g, 0 (1/2]
(D.81)

where 7y was defined in equation (D.79).
From equation (D.73) we observe that the components of the 2-vectors entering the
above matrix products coincide, in our gauge x = 0, with the gauge-invariant combinations:

- [1[1/}/}2] = X(ro), [Tj]}} = ¢(ro) (D.82)

i.e. the gauge-invariant dilaton and metric trace on the brane.

E The bulk propagator for tensor modes

The bulk propagator D(p,r) is defined by equation (4.11). It must satisfy normalizability
conditions at the asymptotic AdS boundary (UV) and in the deep interior (IR). Here,
normalizability is to be understood as square-integrability with respect to the appropriate
integration measure, i.e.

/e(d_l)A\\II\Q < 0. (E.1)

The bulk propagator D(p,r) can then be written in terms of normalizable UV and IR
eigenfunctions of the radial operator ,e(@149,, with “energy” determined by p?:

\I!g\),(r) r <1
D(p,r) = (E.2)
\I/g{) (r)y r>m

where Wyy and Vg satisfy the equations:

[are(d—l)AUV(T’)ar _ e(d—l)Auv(r)p2] \1;8?\)/ -0 (E.3)
[8Te(d—1)A1R(r) 8, — e(d—l)AIR(T)pQ] vl = (E.4)
and the matching conditions:
W0 = Wt E5)
g - ow] = )

The matching conditions (E.5)—(E.6) follow by integrating equation (4.11) on a small in-
terval across the interface.

The mode functions in equation (E.2) are normalizable in the UV and IR, respectively.
The solution therefore has four integration constants and four conditions (two normalizabil-
ity conditions plus two matching conditions) that fix the wave-functions uniquely (notice
that the system is not homogeneous, and does not have a rescaling freedom).
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E.1 Large-p behavior

At large Euclidean p?, we can approximate the bulk equations as in flat space, neglecting
the derivatives of A(r),
o2u®) (1) = p2u®P) (1), (E.7)

For small r, the AdS boundary acts as an infinite barrier and imposes a vanishing wave-
function at r = 0 (this is equivalent to normalizability in the UV). In the interior, assuming
the IR is reached as r — 400,%” the solutions for positive p? are real exponentials, and for
normalizability we require the solution to be vanishing as r — +oc.

The solution satisfying appropriate boundary conditions (vanishing in the IR and for
r — 0) and matching condition at r¢ is:

inh —pro
‘11%:{) _ MRPTo e P, \118)\), . sinh pr, p=/p? (E.8)
p
For large prg, we observe that:
1
D(p,rg) =~ 3 pro > 1 (E.9)

like in flat space.

E.2 Perturbation expansion for small-p

For small p, the bulk propagator has the form of an expansion in p?:
D(ro,p) = do + p°dy + p'ds + ... (E.10)

where the coefficients d; can be computed perturbatively in p? solving equation (4.11)
iteratively. We concentrate on the case d = 4.

e O(p%): setting p = 0 in equations (E.3) and (E.4), we can integrate them immediately
and find:

‘I’g)\)/ = C%?()IV / e 3wV () gy’ 4 Cé(,)()wv ‘I’ﬁ){) = Cf?I)R / e 3Av (M ay! 4 Cé,I)R
’ " (B.11)
Normalizability implies C{3y = C\% = 0. The matching conditions (E.5)-(E.6)
determine the values:

T0 ,
Cf,I)JV = 3o, CéOI)R = 340 /0 e~ 3Auv () g/ (E.12)

)

Therefore, to lowest order in small p:
r ! ro /
\I!g)\),(r) = €3AO/ e 3Auv() gyt \IISQ (r) = egAO/ e 3Auv () gy (E.13)
0 0

and we find: o
D(0,7) = do = *° / e 3Auv () gy ! (E.14)
0

39This is the case for example when the IR geometry asymptotes to an AdS interior. A full classification
of the possible IR geometries in a general Einstein-dilaton theory, can be found in section 4 of [73].
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O(p?): to the next order, we write:

v~ w0 4 p2e®) el gl g 2 (E.15)

The corrections to the wave-functions at order p? satisfy the equations:
o (Mo wR ) = AWy <y (E.16)
Oy <63AIR(T)8T\I/§I2_{)> = e3AIR(T)\I/§%) r>rg. (E.17)

The matching conditions for ¥ are:
v o) = v 0), (097 (o) = (29) (r0) (E.18)

as follows from equations (E.5)—(E.6) and from the matching conditions at order pV.
Integrating twice equations (E.16)—(E.17), the general solution with normalizable
homogeneous parts are:

/

\I’g\)/(T) :/0 dr/e_sAUV(T/)/O dr’/\llg\)/(rﬂ)eiafluv(r”)

+C5y / dr'e=3Auv () (E.19)
0

‘I’E?_{)(T) :/ dr/e—3AIR(T/)/ drl/\ljgoR)(T//)e3AIR(r“)
0 To
+cl) / dr’ ¢34V () (E.20)
0

Imposing the continuity conditions (E.18) at r = r¢ we find:

T ,
C’[(JQ\), = —/ dr’\I/%?\),(r')egAUV(r ),
0

To
/ dT/€73AUv(T'/)
0

Inserting this result into equation (E.19) we find:

/

O+ /0 "o (S (Ba21)

2
Cir)

r / 7-0 12
\Ilg\),(r) = —/ dr’e—34uv(r )/ dr”\I/%?\),(r”)e‘gAUV(’" ). (E.22)
0 r’

Recall that do = \11%2\),(7"0): evaluating equation (E.22) at » = r¢ and using equa-
tion (E.13), we obtain:

d2 — —€3A0 /TO drlef?)AUv(T‘/) /TO dr//63AUv(T‘") /T dr///ef.?)AUv(TW). (E23)
0 r’ 0

O(p*™) One can continue the above procedure iteratively: the wave-functions at order
2n satisfy the equations

8, (63AUV(T)8T\I/8\7;)) _ €3AUV(7')\I/EJ23_2) r<ro (E.24)
o, (eBAIR(T)aT\I,g{”)) _ 63A1R(T)\I;g{”—2) r> 7. (E.25)
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and must be continuous, with continuous derivative, at rg. This system of equation
is identical to the one we have solved at order p?, and the solution is as follows:
T T0
v () = - /0 dr'e=3Avv () / A" () BSA ) (.26)
7,./
The coefficient ds,, is obtained by evaluating the above expression at ¢ and consists
of 2n 4+ 1 alternating integrals:

To 70 T
doy,, = (_)n€3Ao/ drle_3AUV(7"1) / dr2€3AUV(T2) / dr36_3AUV(T3) o
0 1 0

- / gy PAUV(an) / P T ) (E.27)
0

T2n—1

We will now extract the explicit dependence on Ag of the expansion coefficients ds,. This
can be achieved by writing Ayy as a function of ¢ as in equation (B.4),

A _ _ 1 v Wuy
uv(p) = Ao+ Auv(vo, @), Auvv(po,p) = TNd—1) ). dWoy/dp (E.28)
®o

and by changing variables to ¢ in all the integrals (4.16)—(4.18), using the identity (valid
for 0 < o < pp and 0 < r < rp):

dp _ vy Wuv (E.29)

dr dy
The result takes the form:

d; = e~ D;(¢o) (E.30)

where the coefficients D;(¢g) are independent of Ay but depend only on the superpotentials
and the equilibrium position ¢q:

Do /800 p e—3Auv(po,¢") -
= — 31
0 QOO) 0 90 W/ ( ) ( )
Da(0) /sood e—3Auv(po.¢") /@od , e3Auv (#0.0 ”)/ p e 3AuV(2oe) (£.32)
2(¢0) = — R P P T N 2y e C U
0 Wuv( ) % WU\/( ") Jo W[/JV(SD”/)

and similarly for D4 (o).

Therefore, the expansion coefficients of the bulk propagator at low momenta all scale
as e~ times a function that depends only on the bulk potentials.

Notice that, for fixed g, the exponential e AUV appearing in the integrals, is bounded
between zero and one, and:

e~ Avv(oog) L]0 920 (E.33)
L= 0.

As a consequence, the scale controlling D; is approximately the bulk curvature R at the
interface, encoded in the superpotential factors in the denominators:

Ro ~ Wuv(vo), (E.34)
and we have, roughly:
1
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E.3 Regularity of the small-p expansion

Here we discuss if and at which order the expansion in p? used in equation (E.10) may
break down.

First, consider the case when the bulk theory has a confining IR. In this case the
spectrum of normalizable eigenmodes is discrete, and the bulk Green’s function D(p,r)
can be expanded in terms of the eigenfunctions of the bulk radial operator:

In
D(p,r) = —_—— E.36
0 =X (E:36)
where f, are some constants and m,, are the “eigenvalues” for the radial kinetic operator,
that is:
0340 h (1) + 34 m2 (1) = 0 (E.37)

In this case, it is clear from equation (E.36) that the small momentum expansion is regular.

Things are more subtle if the bulk theory has no gap, but rather it has a continuous
spectrum starting at m = 0. This is the case either if the theory reaches a conformal
fixed point in the IR, or if ¢ reaches infinity but the superpotential grows slower than
exp v with 42 < 1/6 [71, 72]. In both cases, the IR is reached as the conformal coordinate
r — 400, where the scale factor behaves as:

eAm) Ti r— 400, z>1 (E.38)
The constant z is related to the steepness of the bulk potential, with z = 1 corresponding
to AdS asymptotics in the interior (thus to the case of a conformal IR fixed point). For
more details, the reader is referred to [71, 72].

The small-p behavior is expected to be governed by the far IR of the theory, i.e. by the
behavior of the geometry as » — oco. In this region, the bulk wave equation simplifies to:

B (r) — %h'(r) — ph(r) = 0 (F.39)

This approximation is valid in the asymptotic region where the metric can be approximated
by (E.38), and is independent of the value of p. The solution of equation (E.39) which is

normalizable at infinity is:

143z

UR(r) = cr(p)r 2 Kits: (pr) (E.40)

where K is the modified Bessel function which is exponentially vanishing at infinity, and
cir(p) is for the moment unknown.

For fixed large r, but for p < 1/r, we can also expand equation (E.40) for small
argument:

1432
2

[1 + a1r?p? + O(r4p4)] + Bp%rpr?’z [1 + aor’p® + O(r4p4)} } ,
(E.41)
where oy, and 8 are some fixed constants arising from the expansion of the Bessel

URr(r) ~ cr(p) {Pf

function.
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We can compare equation (E.41) with the small-p expansion of the IR wave-function
ViR given in equation (E.15). To lowest order in this expansion the normalizable IR wave-
function is a constant (see equation (E.12):

w0 — o), (E.42)

This is consistent with the fixed r, p — 0 limit of equation (E.41) if the momentum
dependence in cg(p) is fixed to be:

3z+1

cr(p) =COp 2. (E.43)
Inserting this expression back in equation (E.41) we find, at small p and large r:

UiR(r) ~ Co {(1 +ar’p? + O(r4p4)) + B(pr)i+3? (1 + agp®r? + O(r4p4))} (E.44)

1432 prefactor. Thus, we

The only source of non-analyticity in the above expression is the p
have a regular expansion in p at least up to the order 1+ 3z > 4. The larger is z (and the
faster the scale factor vanishes), the further the non-analytic terms arise in the expansion.
The coefficients ds,, are well-defined and finite as long as 2n < 1 + 3z. The earliest the
expansion can fail is at 2n = 4 for z = 1, with the appearance of terms p*logp which are
familiar for massless fields in asymptotically AdS space-times.

Notice that we may evade the above argument, and have a singular limit of D(p,r) as
p — 0, only if we somehow lose the constant solution (E.42). This is the case, for example,
in the Randall-Sundrum type matching: if we impose Z symmetry at the brane, then the
matching condition (E.6) to lowest order in p becomes (OT\I/%;) )(r9) = —1/2 which is not
obeyed by the constant solution. This signals a singularity of the propagator as p — 0,
which indeed turns out to be the massless pole associated to the graviton zero mode in
this theory. However, in our case we can only find the solution (E.12) to the matching

conditions, thus the expansion makes sense up to order 1 + 3z.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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