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1 Introduction and summary

The Ryu-Takayanagi area formula [1, 2| seeds many recent insights from quantum in-
formation into quantum gravity. This formula calculates the entanglement entropy of a
field theory region as the area of a minimal surface in the gravity dual, generalising the
Bekenstein-Hawking entropy.

Building on work by Casini, Huerta and Myers [3], Lewkowycz and Maldacena have
constructed a derivation of the Ryu-Takayanagi formula. This derivation, called ‘general-
ized entropy’ [4], uses the replica trick in field theory and its gravity dual, which is in the
Fuclidean quantum gravity regime.



In this context, the replica trick defines entanglement entropy S as the n — 1 limit
of Rényi entropies S,,. Using Fuclidean techniques, the S,, can be related to field theory
partition functions on conically singular manifolds [5]. The conical singularity has support
on the entangling surface that bounds the partition whose entanglement is being calculated.
The period of the cycle contracting on the entangling surface is 27n, and the conical
singularity is absent when n = 1.

In a CFT, conformal symmetry can be used to send this entangling surface to infinity.
Doing so leaves behind an Euclidean field theory geometry with a non-contractible cycle.
This makes the setup analogous to that of thermal field theory. When these thermal states
have black holes as gravity duals, arguments from FEuclidean quantum gravity apply. An
area law emerges as a Gibbons-Hawking derivation of black hole entropy [6] — in which
regularity of the bulk Euclidean geometry for all values of the temperature (the period of
the thermal cycle) plays a central role.

[3] implemented these ideas for a spherical entangling surface in the vacuum of a CFT
in flat space. This conformally maps to the Euclidean thermal hyperboloid, whose gravity
dual is well known — it is the hyperbolic black hole [7]. Entanglement entropy in the flat
space picture is related to thermal entropy in the hyperboloid, in which case it is dual
to black hole entropy. Using Bekenstein-Hawking for the thermal case, a Ryu-Takayanagi
area follows for the entangling one.

[4] extended this picture to more general states and entangling regions. This involves
field theory geometries for which the entangling cycle no longer generates a symmetry, and
thus the connection to thermal physics weakens. The subtleties of the replica trick become
more prominent, and the analytic continuation of the dual geometries to non-integer values
of n, relevant for the n — 1 limit, is less direct and needs to be discussed in detail.

Both [3] and [4] work in ‘hyperbolic frames’, in which the boundary conical singularity
has been mapped to infinity. The primary goal of this paper is to carry out explicitly the
construction in the ‘entangling frame’, in which case the conical singularity of the boundary
at n # 1 remains within sight, but nevertheless has a regular gravity dual. We will exhibit
in detail these geometries, and discuss how exactly gravity in the bulk dynamically regulates
boundary conical singularities.!

The new geometries are regular Euclidean solutions of the Einstein equations with
a negative cosmological constant, subject to the boundary condition that the geometry
induced at the conformal boundary has a conical singularity on a specified surface. To
make analytic progress, we will find these geometries perturbatively in a double expansion
in the distance and strength of the singularity, (n — 1). The distance is measured in units
of the smallest lengthscale characterising the geometry of the background and surface
supporting the singularity. We focus on the case of five bulk dimensions for convenience.
An extension to general dimensions would be very interesting.

These geometries encode the vacuum polarisation of holographic conformal field theory
due to conical singularities on general surfaces. Although strictly speaking there is no
Fefferman-Graham expansion because the boundary metric is singular, we will extract an

!The fact that such bulk geometries are regular was emphasised in [8] and [9].



expectation value for the stress tensor. In our approximations, and ignoring contact terms,
the stress tensor is traceless.

The Fuclidean action of these bulk geometries relates to Rényi entropy S,, that we
extract to first order in (n — 1). We find that, contrary to the entanglement entropy term
Sy, the first order term does not have an area law. Also, in precise agreement with [10],
the logarithmic divergence of the first order term turns out to have a different structure
from the entanglement entropy one.

The specific way in which gravity regulates these singularities impacts the generali-
sation of the Ryu-Takayanagi formula to theories with higher derivatives. This formula
extends Wald’s black hole entropy to setups without U(1) symmetry. For theories with-
out explicit derivatives of the Riemann tensor in their lagrangian,? it takes the schematic

form [12, 13]:
OL %L K?
S_/aRiem +/za: (8Riem2>a T e (1.1)

where L is the gravity lagrangian, K is the extrinsic curvature, and ¢, are coefficients

characterising how exactly the conical singularity is regulated in the bulk (this is reviewed
in section 7). We will see below that they differ from a minimal prescription.

The rest of this paper is organised as follows. Section 2 reviews the Casini-Huerta-
Myers construction and exhibits that Euclidean hyperbolic black holes can be written as
smooth gravity duals to straight conical singularities. In the rest of the paper we will deform
this cone away from straightness and explore the consequences of its gravity dual. Section 3
reviews the construction of Fermi-like coordinates adapted to codimension two surfaces, and
the natural implementation of the replica trick in these coordinates. Section 4 constructs
explicitly the gravity duals, and is the core of the paper. There are many ways to deform a
surface away from straightness (equivalently, many ways to squash a cone [14]), and, after
a general overview, we proceed in a casuistic way. To the order of Riemann curvature, this
results in thirteen subsections analysing different such deformations.® Section 5 summarises
the results regarding the vacuum polarisation induced by these singularities, and section 6
explains how to reproduce the results of [10] regarding logarithmic divergences of Rényi
entropies in CFT. In section 7 we discuss the consequences of section 4 for the entropy
formula of theories of gravity with higher-derivative interactions. We conclude in section 8.

2 Hyperbolic black holes and boundary cones

This section reviews some aspects of the Casini-Huerta-Myers construction [3] and hyper-
bolic black holes. It also serves to set notation and discuss coordinates that we will be
using throughout.

2See [11] for a more general case.

3We take some advantage of conformal invariance in the boundary to reduce the number of cases from
2418 to 1 4+ 13. Sections 6 and 7 only use the results of subsections 4.1 and 4.11-4.14, and some readers
may want to focus on these.



Consider the Rényi entropy of a 4D conformal field theory in the vacuum across a
straight plane.* The replica trick maps this quantity to the Euclidean partition function
on the conically singular geometry:

ds® = r2dr® + dr® + d¢ dC T~ T+ 210, (2.1)

where we took complex coordinates ( = o' + i0? on the entangling plane, at » = 0, and
the geometry is singular for n # 1 because of the period of 7.

A convenient way to write cone metrics uses complex coordinates also in the plane of
the cone. Define z = r1/"¢'™/" This is a good complex coordinate when 7 has the period
in (2.1), and the cone becomes

ds® = (22)" 'n2dzdz + d¢ dC, (2.2)

which can be obtained from Euclidean space by the ‘quotient’ z — 2".
This conical geometry (2.1) is conformal to the Euclidean thermal hyperboloid S* x H:

dr? + d¢ dC

ds? = dr? + 5 , T~T+ 20, (2.3)
r

which is regular for all periods of 7.
If the CFT has a GR gravity dual, the geometry dual to the partition function on (2.3)
is the hyperbolic black hole [7]:5
dp? odr? +d¢ d¢ 2(p3 —1)

A5 = g5 AT £ P TEEE f(p) = g 1= RS )

where

14+ 1+ 8n? _1_n—1
dn B 3
The metric at the boundary, at p — oo, is (2.3). 7 closes smoothly at p = p;, when

ph = +0((n—1)%) . (2.5)

7 ~ 7 + 27n. Hence this is a good holographic dual to (2.3). The geometry becomes AdS
when n = 1, when the temperature is 1/27 in units of the radius of the hyperboloid.
Boundary conformal transformations are implemented by large diffeomorphisms in the
bulk, so there is a change of coordinates that writes the geometry (2.4) as the gravity dual
of the conical singularity (2.2), [9]. To leading order in (n — 1), one such diffeomorphism is:

p—>\/1+x<1+i>n;1 <1—;m)+0((n—1)2)
r—>P\/1+1:(1+313>n;1 (1—;(?;31)) +0((n-1)?%

n, z
i~ log Z 2.6
T g8 (2.6)

1CGiven a density matrix p — for instance, constructed by restricting the vacuum to a subset of degrees
of freedom A, p = tr 4|0)(0] —, its Rényi entropy is defined:

Sn =

T log (trp™) .

SExcept in selected places, we work in units of the AdS radius, £ = 1.



where

x = (Z;)n (2.7)
Now (2.4) reads:
5 2(n—1)\ dp? 2(n—1) n2(1+x)n771dzd2
ds_(1_3 1+x>p2+<1_3 1+$> p2/n
1(n—1)\ d¢dC
+ (1+3(7f+x)> ;C +0((n—1)?% . (2.8)

In these coordinates the boundary is at p — 0. Its geometry is indeed conically

singular, because for p — 0:
1(zz)" n?
Gzz — §T )

and we recover (2.2) as the boundary metric. The axis of the cone extends into the bulk

(2.9)

in a regular manner: at fixed p, as zz — 0,

1 2 n?
G2z — 5 <1—3(n—1)> W’ (2.10)

(n—1)
1+z
small everywhere for small (n — 1). At fixed p, eq. (2.8) is a regularised version of the

are bounded corrections that remain

a constant, and thus regular. The factors of

boundary conical singularity, to which it tends far from the axis, x > 1. Therefore,
eq. (2.8) is a boundary conical singularity that gravity dynamically regularises in the bulk.

3 Fermi coordinates for field theory replicas

Following the program of generalized entropy [4], we will find the gravity duals to cones on
entangling surfaces and backgrounds more general than the plane in flat space.

One can take coordinates adapted to a generic surface by shooting geodesics orthogonal
to it. In an expansion near such surface the metric can be written as:

ds® = ('yij + [2/{ Kij.z + I£2Qijzzzz + /Q2Qijzgz:2 + c.c.]) dotdo? + 2k Aiz(Zdz — zdz) do?

— =K"[Rizzz2 —c.c.] (Zdz — zdz)dai + (1 + 2K2RZ5Z322) dzdz + O(HB) , (3.1)

where, as above, we parametrise the transverse geodesics in complex coordinates: z, Z.
The objects v;j, K;j., Qij.z, etc., characterise the embedding and background geometry
on the surface and may depend on its coordinates ¢*. c.c. stands for complex conjugation
within the square brackets. k is a small book-keeping parameter counting powers of the
distance to the surface in units of the characteristic lengthscale of the geometry. As in
the previous section, it is convenient to take complex coordinates also in the surface and
analogously expand around their origin. By appropriately constructing these coordinates,
one can eliminate A;,z and its symmetrised first derivatives at the origin, as well as the



Christoffel symbols of the induced metric «;;:

ijdo'do? = d¢d¢ — %,&R«—Cf (Cd¢—¢ dé)2 +O(K?),
2 Ajzzdo’ = —K*Fg,-(Cd¢ — CdC) + O(K%), (3:2)

where x now also keeps track of the distance to the origin in the surface, (¢ = 0. R0
denotes components of the background Riemann tensor, and R;jx; refers to the Riemann
tensor of 7;; — the intrinsic curvature of the 2z = 0 surface.

A convenient feature of complex coordinates is that trace and traceless elements of
symmetric tensors are readily distinguished. For example, K.z, belongs to the trace of
K;j;., whereas K¢, belongs to its traceless part.

The use of these coordinates on entanglement entropy calculations in field theory was
pioneered in [15, 16], and [17] for Rényi entropy. We expand to O(k?) because we are
interested in effects due to Riemann curvature. The Riemann tensor of (3.1)—(3.2) at
(¢ = 2z = 0 is fully captured at this order, and reads (setting x = 1):

Ry = Ry* — 4k F KV — 4k F K,

Riji” = 204K,

Rijzz _ Fijzz _ QK[ik:sz]kz

Rizjz _ % ijzz _ Qijzz + KikZKij

Rizj» = Ki* . Kjr, — Qijzn (3.3)

R;..z and R.z,s coming directly from (3.1).

Only some combinations of the above objects transform covariantly under conformal
transformations. When working with CFTs, one may take advantage of such symmetries
to eliminate non-covariant elements. For example, one can choose to eliminate the trace of
the extrinsic curvature K.z, as well as the intrinsic Riemann R .z, and the traces Q ¢,z
and QC(_zz‘ For reasons that will be clear, we will drop K@Z but will keep the R and @s to
keep track of the topology of the surface (via Gauss-Bonnet) and as a device to check the
conformal covariance of our results. One check of such covariance will be the appearance
of the trace of the projection of the bulk Weyl on the entangling surface:

7] vo 8
Wi =77 Wiwpe = 3 (2Qcgaz = Rezaz = Regee) - (34)

Now, as earlier, replicating around the zz = 0 surface is implemented by z — 2". We
will then be after the gravity duals of partition functions of CFTs on

ds®> = (’yij + [2/@' Kij.2" + szijzzzQ" + /{2@7;]‘25(25)” + c.c.]) do'do?
4 .
+ <2n Ainz — §I€2 [Rizzz2" — c.c.]) n(z2)" N (zdz — zdz)do’
+ (1 + 267 Roz2(22)") n?(22)" Tz dz + O(K%) (3.5)

with ~;; and A;.z as in (3.2).



2™ is multivalued for generic n, and so (3.5) is a geometry only for n a positive integer
(in particular, only then ds? is continuous for z in the complex plane). We will nevertheless
treat n as a real number, expand ds? in powers of (n — 1), and speak about a CFT in (3.5)
for real n. This is tantamount to speaking about a CFT on an ‘analytic continuation
of a geometry’, and it is an abuse of language. Quantities of interest for n € R should
be thought as being analytically continued from n € Z, as Rényi entropies in the replica
trick. The usefulness of this picture is that it picks the right analytic continuation for the
quantities of interest [4].

4 Gravity duals of squashed conical singularities

This section is the core of the paper, where the regular gravity duals to (3.5) are spelled
out, to first order in (n—1) and to second order in k. We start by giving an overall picture
of these geometries and their properties.

The expansion in x is a derivative expansion, and for this reason our results may
be reminiscent of other such expansions in gravity, as fluids/gravity [18, 19] or black-
folds [20, 21]. The strategy is to deform the boundary metric in (2.8) in the expansion
of (3.5). This generically does not solve the Einstein equations by itself, and one needs
to add a small correction to that end. We then solve for this correction subject to the
boundary conditions of normalisability and regularity.

The notion of bulk regularity we are alluding to at non-integer n is not a standard
one if there is squashing. The metrics we will call ‘regular’ have 1/r divergent curvature
invariants at the bulk axis,% but (i) these divergences drop from the field equations, and
(i) they are altogether absent at integer m. Condition (i) is the usual AdS/CFT bulk
regularity at integer n, while (i) picks the right analytic continuation of the bulk metric to
non-integer n [4]. In a sense, this is the closest we can get to the usual notion of regularity
for n € R.

We will assume that all the non-trivial dependence of the corrections is in the dimen-
sionless = of eq. (2.7). The geometry then does not have any more dependence on the
angle in which we approach the singularity other than the one following from the index
structures in (3.5). This reduces the equations for the corrections to ODEs. To leading
order in (n — 1), our notion of regularity at the bulk axis, z = 0, boils down to the expand-
ability of the metric in non-negative powers of zw and 275 [22];" and that for g.; such
expansion has a constant term, (2.10). This gives smoothness at positive n € Z. Assuming
dependence just in x implies replica symmetry — a discrete rotational symmetry in the
plane of the cone, z — z e/ for k € Z,,.8

5These singular invariants are on top of the multivaluedness discussed above, that extends into the bulk.
In the presence of replica symmetry, multivaluedness can be eliminated by a quotient by that symmetry.
This returns a regular boundary and a conically singular bulk, that still has the same 1/r divergent curvature
invariants.

"That is, expandability in positive powers of zZ and (2z near the bulk axis, at z = z = 0 and finite p.

8Since we construct them by z — 2", the boundary metrics are automatically replica symmetric, but

)nfl

the bulk could break the symmetry spontaneously [22].



This dependence on = implies covariance under diffeomorphisms in the surface, that
we will maintain explicitly. This is a useful principle when writing ansatze for the bulk
corrections, because it forbids appearances of the surface coordinates ¢ other than the
ones in (3.2).

The geometries we will find are exact in x = (22)"/p?. Given this and the expansion
in powers of k, the range of p — the holographic radial coordinate — needs also be small
in units of the boundary curvature. This means that the expansion in x is also an expan-
sion around the conformal boundary. The solutions we will write down are then analogs
to Fefferman-Graham expansions, but for conically singular boundary metrics. For this
reason, the field theory properties we will extract from them are approximate and belong
in a UV expansion.

We will also further fix the gauge by requiring that the metric has no derivative cor-
rections at the axis in the legs involving dz. That is, e.g., that there are no k corrections
to eq. (2.10). As a gauge choice, this does not affect the geometry. Its advantage is that it
is straightforward to read the geometric properties of the bulk axis.

To illustrate this language, we now describe how the solution (2.8) would look like if
we were finding it in this way. Starting from AdS in Poincare coordinates, and introducing
a cone in the boundary by z — 2", we would write

ds?

_ d7p2 n n?(zz)" dzdz n d{;lgt .

P? P? = Ddsi+ 0 ((n =17, (4.1)

with ds? a small correction. Taking the ansatz

dp? n?(zz)" tdzdz d¢d¢
s = fp(0) "5 + foz(t) —"5—— + fee(x) =5, (4.2)
p P p
Einstein equations plus boundary conditions give:
2/3
fop(x) = 1izx
2/3 1
(1) = = tlog (1+ =
f2z(zx) 1+x+og<+x>
1/3
() — 4.
fgg(x) 1ta’ (4.3)

which is indeed the O(n — 1) expansion of (2.8). While the 14%93 terms are clearly regular
at * — 0 and normalisable at * — oo, the log term may look problematic at the axis.
However, this log is exactly what is needed to balance the zero of (2z)"! in (4.1), so that
we are left with the finite result of eq. (2.10). The key point is that the (2z)"~! and the log
can be grouped into (1 + a:)nTil of eq. (2.8), exhibiting the desired contrasting behaviours
at small and large x — the axis is regular in the bulk but not in the boundary.

We will find similar log divergences below, and we will have to interpret whether they
reflect singular behaviour or not. They may just indicate that the ansatz following from
replicating at the boundary does not capture a specific regular behaviour near the bulk axis.

Sometimes this can be anticipated, like for g.z above. Consider, e.g., the case of F¢,; z dz.



After replicating, this term is accompanied by a factor of (22)"~! at the boundary. In
the bulk, a minimal replica symmetric ansatz near the axis does not have such factor, and
we may expect that this is the behaviour chosen by dynamics [12, 13]. For these cases,
appropriate factors of (1 —i—a:)nT_l in the bulk ansatz can offset the appearance of logarithms
in ds?. We will anticipate so in a few cases below, except for the R.z.; and Qs cases;
exhibiting their logarithms will be useful for understanding regularity in the more delicate

case of K¢, Kz

Each term in the expansion in x of (3.5) needs its own derivative corrections. For
readability, we will present all these contributions separately. It is straightforward to put
them together.

We will start in 4.1 with the O(k) corrections, due to traceless extrinsic curvature —
we remind the reader that we exploit conformal symmetry in the boundary to drop the
trace of the extrinsic curvature. We will then move on to O(k?) terms. Some of these
are seeded by squares of extrinsic curvatures, and others are sourced linearly by x? terms
in (3.5) — including those implicit in the derivatives of the extrinsic curvature.

We will present the O(x?) contributions in an order that groups them by their tensorial
character in the parallel and transverse coordinates ¢ and z. In 4.2 we present the correction
due to K¢, ¢, which might be called the 3|1 contribution, because it has three holomorphic
indices in ¢ and one in z.% In 4.3 we present the correction due to Fez.z, that may be called
axial-axial because it is antisymmetric in both pairs of indices. In 4.4 we move on to the
2|2 term, Q¢¢z.; followed in 4.5 and 4.6 by the 0|2 ones, Qeczr and Ko K, 2|0 in 4.7,
Qcczz; 4|0 in 4.8, K¢ Keez; and 1]1 in 4.9 and 4.10, K¢ and Rez.z. The last four
contributions 4.11-4.14 are the 0|0 ones: RCECC_’ R.s.z, Q@Zz and KCCZKEEE‘ The last one
has the subtlest log structure, and its regularity has consequences for the splitting problem.

Sections 6 and 7 only use the results of 4.1 and 4.11-4.14, and some readers may want
to focus on these.

Had we not used conformal symmetry to drop the trace of the extrinsic curvature,
there would be five more cases at second order: Kz, o, K¢, Kz, Keg, Koz Keg, Keczs
and KCC_ZKCCE'

Reality implies that any geometry containing, e.g., the 0|2 correction K¢, K, ¢, must
also contain the corrections leading to the 0|0 correction K¢¢, Kzrz. We will leave the latter
implicit when displaying the results for the former, which means that formally we will be
writing down complex metrics. This is just an artefact of the presentation in terms of ¢
and z tensor behaviour.

For all cases we will present the expectation value of the stress tensor due to the
particular squashing of the cone. This is obtained by conventional holographic methods
(see section 5 for more details, discussion, and a comprehensive expression for (T7)).

9Sections 4.2 and 4.8 follow automatically from 4.1 and covariance in the ¢ coordinates, but we still
present them separately for book-keeping.



4.1 K¢

Before replicating, the boundary metric for this term is:
ds} = d¢dC + 2k K¢,z dC? + dz dz + O(K?) . (4.4)

We replicate by z — 2", leading to the bulk ansatz:

ds? = <1—2(”_1))dp2

3 1+z ) p?

2(n—1)\ n2(1 —l—x)%1 dzdz
+(1-2

3 14+ p2/”
. (1 Ll 1)> ¢ dé + 2% QKCCZz”dCQ

3 1+x p
+ k(n —1)ds? + O (/{2) +0 ((n— 1)2) , (4.5)

with
2212

K2|1
ds? = Kee. £ ()

et (4.6)

In (4.5) we choose K¢, to multiply the same H% factor as g.¢ for later convenience, but
that is not significant, as these factors are precisely what f?'l(x) is designed to discover.
Notice that, since ds% is linear in k, it has to be proportional to K¢¢.; and, since this
is traceless, it can only seed a d¢? leg if we want to avoid explicit appearances of ¢ —
which we do because of covariance in the entangling surface. The important feature of this
ansatz (4.5) is that the boundary metric, at p — 0, is different from the one in (2.8) by the
factor of K¢¢,2" of (3.5).
K2[1

Finstein’s equations lead an ODE for fCC (z), whose normalisable solution is:

FE (@) = Crean (313 — log <1 + i)) : (4.7)

with Cgo)1 an integration constant. 1/ is singular at the axis, and regularity sets Ca; =0.
Restoring the AdS radius ¢, the stress tensor reads!?

3 - — 52 7,2 2752
(T) = W; (d( dC + K Keea2"dC? + (22)" ! (_dz iz + Zd"«‘;“lz»
+O0(K) +0 ((n—1)%). (4.8)
4.2 Keeze

This term follows directly the one we just analysed, from covariance in the ¢ coordinate.
Its boundary metric is, before replicating

ds3 = d(dC + 26> Ko C 2d(? + dzdz + O(K?) . (4.9)

The O(k°) term agrees with [23]. The O(k) term agrees with [10].

,10,



The bulk dual is

d32—<1—§(n_1)>dp2

1+z ) p?
2(n—1) n2(1+x)n7_1dzd2
+(1-2
3 1+ p2/n
(14 L= 1)) dCdC + 267 Keea 2"
3 1+ p2
+k*(n —1)dsi + O (k%) + O ((n — 1)%) , (4.10)
with ,
K31 2Z’ndC
ds? = Kego Cf17 (@) e (4.11)

Einstein’s equations lead the same ODE for fg?'l(x) as for fggm(a:), and we pick the
regular solution: fgz?"l(x) =0
The contribution to the stress tensor reads

Bn-1) -1
(T) = MG (K2 Keese ¢ 2MdCP) (4.12)

and follows from (4.8) by K¢c. — K¢¢z ¢ ¢, as dictated by covariance in (.

4.3 FCEZE

The boundary metric for this term is, before replicating,
dsy = d¢dC + dzdz — K*Fyz,5(2dz — 2d2) (¢ dC — (d¢) + O(k?). (4.13)

After z — 2™, a natural ansatz for the bulk is:

ds® = (1 2<n_1)> dp”

314z 2

P
2 (n—1)\ n? (14+2)" dzdz —n (1+2)"7 K*Fg.z(2 dZ—Z2d2) (¢ dC — (dQ)
+{1-2
< 3 l—i—x) p/m
1(n—1)\ d¢dC
+ <1+3 14+ > p?
+ k*(n —1)dsi + O(k*) + O ((n — 1)) , (4.14)

with _
(zdz — 2dz)(¢d¢ — ¢ dQ)
p2/n

dst = Fee,z [172%() : (4.15)

n—

Notice the factor of (1 + x)v*l, anticipating different behaviours of the Fiz,; term in

the boundary and bulk axes. In the boundary, we require the (22)"~! behaviour from the

replica trick (3.5); in the bulk, a minimal guess suggests (2z)°.

The normalisable solution we find is:
1 1
iaa(x) = CFaa (:L‘ - log <1 + $>> 5 (416)

and it should be set to zero because it is not regular at the bulk axis = — 0.
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The O(k?) contribution to the stress tensor coming from this term is:

Bn—1) K Fe.:

T =~ maear 2 (2" (22 = 2d2)(C dC = C dO).

4.4 Qc¢zz

This one comes from

ds} = d¢d¢ + dz dz + K*Qcc.22dC? + O(K?) .

Then,
_ 2
ds*=(1- g(n D v
3 1+x ) p?
2(n—1) n2(1+$)n771dzd2
+(1-2
31+« p2/n
e 1(n—1)\ dCd¢ + r*Qecz2”"dC?
3 1+zx p?
+ &%(n —1)dsi + O(k*) + O ((n — 1)?) ,
with

Z2n

2|2
ds? = Qeean [ (a;)?dgz‘.
The normalisable solution to Einstein equations is:

@22, _ Cqap
fCC (.%') .’E2 9

which regularity sets to zero.

The contribution to the stress tensor vanishes:
(T)=0.
4.5 QCC_ZZ
This one comes from
ds? = (1+ QHQQ@ZZZQ)(K d¢ +dzdz + O(K?).
Then,

1_g(n—l) n2(1+x)nT_1dzd2
3 1+=x p2/mn
2(n—1) 9 2"n 2" tdzdp
—(1=2 4 Aol
< 31+x> " p
1(n—1)\ (1426*Quz..2°") d¢d¢
(14 :
3 1+2 p

+ k% (n —1)ds? + O(x*) + O ((n— 1)2) )

— 12 —

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)



with

dsl—-mQQ;z (me2<>d 2 R @) (2)" " e ds £ ) dC dC + SR @) Bz dp)
(4.25)

This case has new features compared to the previous two.

First, (4.24) has a x? term in the dp dz leg that remains finite as n — 1. This term does
not change the boundary metric and therefore is a bulk response to Q;¢, ., even before intro-
ducing any conical singularity. Its origin is, in fact, well known. In the Fefferman-Graham
expansion it is the Shouten term,'! which is indeed non-zero for (4.23). As explained in the
opening of this section, our gauge demands that g., vanishes on the bulk axis. This places
this Shouten term in the dpdz leg (in Fefferman-Graham coordinates this would have had
a dz? leg).

Second, the scalar character of Q¢ in the ¢ directions allows for many more terms
in ds? compared to earlier. In fact, covariance would also allow for a dz? leg that we have
not written down. As it turns out, a gauge transformation can move this correction from
the dz? leg to dzdp, and, as explained, our gauge fixing places it in the latter.

There are two normalizable zero modes to this ansatz:

0127,y _ o2 (1 1
Q02 () = —201 <$+>

1:2
Qo2 o2 (1 1
12w = (34 5)
0[2
Qo \_ G~ 1 o (L 11
2z ( ) - 4 ,172 + Cl ($ 2 .T2
oj21
PP(2) = "=, (4.26)

and they are banished by regularity at the axis.
The regular solution we find is:

4
QOI2 "9 <1 +x 1—|—$) >
Q | 2 1 1
e 9< 1+ 1—|—a;) >
Qo 2/ 1 2
(@) =5 <1+ o (1+x)2)
fR(@) =0. (4.27)

" The Fefferman-Graham expansion of AAdS spacetimes reads, for small p [24]:

dp® g (p, x)dztdz”
R A 91 (P 2) = g1 (@) + D g (@) + -
g = ) OR,, — %(O)gw) is the Shouten tensor of the boundary metric (for boundary dimension

d > 2). Notice that the Fefferman-Graham expansion is a derivative expansion, so the expansion in x has
a FG character.

,13,



The contribution of Q¢¢,, to the stress tensor is:

Bn—1) K2Quz,. 2" ol . 2%dz? 4 37%d22
()= % o (dg ¢ + (22) (—4dz dz + 2)) . (4.28)

2Z
4.6 KggzKEEz
This one comes from
dsj = dCd( + 2k (Keea2 d¢® + Kgz,2d(?) + dzdz 4+ O(k%) . (4.29)

Then,

2(n—1)\ (1+ x)n%1 n?dz dz
p2/n

—1) 9 2"n 2" dzdp
_z= 7 Koo Kor 202 O20F
31+x>8” SRR P
1(n—1)\ dCdC + 2k (K¢c.2"d¢? + Kz, 2"d(?)
+ 1+
3 1+x P>
+ k*(n — 1)ds} + O(r*) + O ((n — 1)) , (4.30)

with
dS% _ QKCCZKECz% (fK0|2( )d + fK0|2( )(ZZ)n_ledZ
+ £8P (@)d¢ dC + FEOR (o )gdzdp> . (4.31)

Again, the third line in (4.30) comes from the Shouten tensor, and there is no dz? leg
because of gauge fixing.
Discarding the same zero mode as earlier, (4.26), the regular solution we find is:

2 ([ =7 4
fKOIQ( ) = 5 (1_1_3: + (1+$)2>

K0|2 1 T 4
f (z) = 9<1+x (1+:c)2>

KO|2 1 10 8 1
_ =— (7 - — — log(1
= (@) 9:c< e Uraz) mloslta)
4
FEO2(2) = Zlog(1 + ). 4.32
zp T

The contribution to the stress tensor:

Bn—1) KKKz, 2

(T) = A7 G(22)%" 9

n _ 2472 2052
(—5d§d§+(zz)”1 <17dzdz— Tz ¥ 3027dz >>

(4.33)
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4.7 Q=

This one comes from

dsp = dC dC + 26* Qo222 dC* + dz dz + O(K?) . (4.34)
Then,
_ 2
w = (1o 2= D)
3 1+2 P
n—1 n—1
2(n—1)\ [n?(14+2) » dzdz+2k*Qccsz (1+a) » 2Zd(? 9 9
1—- 9 _
* ( 3 1t ) 2/ +267Q¢czzdC
1(n—1)\ d¢dC
1 _
" ( " 3 1+x ) p?
+ k3 (n —1)dsi + O (K°) + O ((n — 1)?) , (4.35)
with
ds? = 2Qcc.s f 0 (2)d¢?. (4.36)

Again, notice a Shouten correction in the brackets. Notice also that we have anticipated a
change of behaviour of Q¢¢.z from the boundary, (2Z)", to the bulk axis, 2Z.

fg?'o(a:) = 0 is the regular solution we seek. There is also one singular normalisable
zero mode:

1
FE0 (@) = 0@ <1 — (1 +z)log <1 + x)) . (4.37)
Stress tensor contribution:
63(71 — 1) —IQQQCCZE(ZZ)H

T) = d¢?. 4.38
() AnG(zz)* 3 ¢ (4.38)
4.8 KCCZKCCE
This one comes from
dsy = dCd( + 2k (Keeoz + Keez2) dC® + dz dz + O(k?) . (4.39)
Then,
ds* = l—g(n_l) d7p2
3 1+ax ) p?
2(n—1)\ n?(1 —|—3:)n7_1 dzdz
+11-=
3 1+=x p2/n
1(n—1)\ d¢ d¢ + 2k (Keez2™ 4+ KeezZ") d¢?
+(1+
3 1+x p?
+r*(n —1)dsi + O (kK°) + O ((n — 1)?) , (4.40)

but ds? = 0 because the four legs in ¢ of K. K¢cz would force at least two contractions
with ¢, which clashes with covariance in (. This case, as the one in 4.2, follows from the
one in 4.1.
Therefore,
(T)=0. (4.41)
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4.9 chz’c_

This one comes from

dsh = d¢dC + 2k K¢, ¢ C 2dC? + dz dz + O(KP) . (4.42)
Then,
_ 2
ds®> = (1— 2n=1) dp”
3 1+xz ) p?
2(n—1) n2(1—|—a:)n7_1dzd2
+11-=
3 1+=x p2/n
1(n—1)\ dCd +2k*K -, ¢ (2™ d(?
+ 1+7(” ) 4¢d¢ ez S ¢
3 14z p2
"d¢d
+ % (n—1)dst + O (+°) + O ((n = 1)%) , (4.43)
with s
n— z"

Notice a Shouten correction in the fourth line.
There are two normalisable zero-modes:

K11 1]1
FE @) = o

Kl1, \ oAl 011\1

> (4.45)

We set C1l|1 = 0 for regularity at the axis, and 021|1 = 0 with the gauge condition g., = 0
at the axis.
The regular particular solution is:

K11 1 =z
1@ = 57 (4.46)
K11 1 1
=—14 - . 4.4
Jo @) =141 (4.47)
Stress tensor contribution:
Bn—1) _“2KCCZ,€Zn = 2 -1 (3 - .
(T) = G G <C d¢* + (z2) (22 dzd¢ —2zdz dC)) . (4.48)

The first of these terms follows from covariance in (4.8). The rest are new.

4.10 Res.z

This one comes from

~ 4
ds? = d¢Cd¢ + dzdz — §I€2Rczz5 2(2dz — zdz)d¢ + O(K?). (4.49)

,16,



Then,

_ 2
3 1+x ) p?

L 1_2(n—1) n2(1+x)n7;tldzd§

3 14z p2/”

1(n—1)\ d¢dC

14 =

+( T3 1+a;) p?

2(n—1)\ 4 , z”nZ(l—l—x)nT_l(Zdz—sz)dC
-\ 1-5 e RCZZZ

31+z )3 2/

"dpd

+4/§2R(zz,§z I;OC

+Kk3(n—1)ds?+ 0O (/@3) +0((n— 1)2) ,

with
Rijla, \2"(Z2dz —2dZ)d(  .Ri|ia
ds? = R¢saz <f . | (x) 2/ + fep | (x)

p

Notice a Shouten correction in the fourth line.

There are two normalisable zero-modes:

1|1a
Rifla,  _ 1C}
f z (CC) - 6 :173/2

1|1a
Rijla, , C
pr (z) = r1/2 +

1|1a
02
T

1|1a

2"d( dp

).

(4.50)

(4.51)

(4.52)

We set C|"" = 0 for regularity at the axis, and 021 1 With the gauge condition g, = 0.

The regular particular solution is:

Rljla, , O 1 arctan \/x
foo (@) = 6z (1 TN >

Rl|la 4 1 arctan \/x
Jep (@) 31+z N

Stress tensor contribution:

B(n—1) K2R¢,.z 2"
<T> - \2n -
ArG(22) 36

This one comes from

ds} = d¢ d¢ — %n%m (Cd¢ - ¢dQ)* + dzdz + O(x?) .

,17,
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(4.54)
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Then,

2( 4 dp?
2 _ 4 k202
d5_<1 31+ )1 ] 2
+

( 2n—1> (1+x) ndzdz

3 1+ua p2/m
1)\ [dCd = LR gee (CdC — ¢ dl)? ,
(1 +3 71’+ - [ 3 <;<; + 267 R oz dC dC]
+ k3 (n —1)dsi + O ((k2)*) + O ((n —1)?) , (4.57)
with
ds? = 2Rz ( RS (@)dp? + £ () (22)" dz dz + f1E (0)dC dg‘) L (459)

Notice again Shouten corrections within the brackets (see footnote 11).

There are two normalizable zero modes to this ansatz, that we will omit henceforth —
also for the three other 0|0 cases that follow. They look

£ () = 209 — 27" (log & — 1)

0[0 0[0 0[0
fCC‘_ (x) = —CQ| +C1| log x

WOy = -4 cM010g 2. (4.59)

C’O‘O = 0 with the gauge condition of no corrections in k to g,z at the axis, and C?‘O =0
with regularity. Notice that 00|0
in, e.g., the dzdz leg. This leg has no x? term surviving the n — 1 limit, so no candidate

# 0 would result in a logarithmic divergence at the axis

to absorb the logarithmic divergence in a change of behaviour of the exponent, as is the
case for the logarithmic divergences that we have been allowing.

The regular solution is:

2 5) 2
R¢ _ _
op (T) = o <10 T + i+ 101log(1 +:1:)>

fCPEC() - <— o + 2 2—1010g(1—|—:z:)>

21\ 1+z  (1+2)
1 4 4
s =55\ 101og(1 . 4.
Stress tensor contribution:
Bln—1) K" Reg R [ DT
N - - ()7 2tz . (461
< > 47TG(ZZ)2n 18 <(<d< CdC) 3 (ZZ) (Z dz” + z°dz )) ( 6 )
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4.12 R.z.z

This one comes from
ds? = d¢dC + (14 262R.z.z 22)dz dz + O(k?) . (4.62)

Then, after replicating, we write the following ansatz

2(n—1) 8 dp?
ds*> = (1-= 1+ —K?Roz5p? | —5
o= (35 g

n—1
n

2(n—1) n? (1 +x) (1 + 252R2525(22)”) dzdz
+(1-2
( 3 1+«x ) p2/n
L= 1)\ [dedl ;
—|—<1+3 1+x> |: p2 — 2K Rzgzgdgd<:|
+ k3 (n — 1)ds] + O(k*) + O ((n — 1)?) , (4.63)

with
ds? = 2R.... ( Be(2)dp? + f7 () (z2)" Ve dz + 1 (2)dC d&) . (4.64)
As earlier, Shouten corrections appear in brackets. Notice that we have not written down

n—1

(14 x) = factor in the R,z,s factor second line, even though we anticipate it. The reason
for not writing it will be clear in section 4.14.

The regular solution we find is:

2 13 7
Rz
L — 17log(1
oo () 27( +2 (142 7log( +x)>

-1 13 7
[ (z) = <—18 + 5 — 17log(1 + x))

T o7 14z (1+42)
1 5 14 1
Rz
Y =—(-9-— 171og(1 | 14+—. 4.
L2 (x) 27( 9 1+$+(1+x)2+ 7log( +:1c)>+:c og( +x> (4.65)

Notice the appearance of the logarithm, that could be absorbed in the ansatz by writing,
instead of R,z.z(2z)" in the second line of (4.63), R.z.z2z (1 + a:)n;poHTfl_ Thus, this

logarithm does not reflect singular behaviour.

Stress tensor contribution:

B(n—1) K’R.z.:(22)" ~ o _ 4722d22+22dZ?
(T) = G (a7 3 <2d§ d¢ + (2%) <—dz dz+9z2>) . (4.66)

413 Qz.z

This one comes from

dsy = (1+4r°Qz,222)dC dC + dz dz + O(k%) . (4.67)
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Then, after replicating,

3 1 —i—x
2(n—1)\ (1+z)" " ndz dz
* (1 ; § 1+zx > p2/n
n - ]- 1+ 4’% Qggz2<zz> ) dCdE
* ( 31+ > p?
+ k*(n—1)ds? + O(k )+0((n— 1)?), (4.68)
with
453 = 4Qcz.: (fL @) dp? + F2 (@) (22)" Yz dz + [ (@)dc T ) (4.69)

Notice agaln the Shouten correction inside the brackets, and the absence of a likely
(14 2)" % factor in the third line of (4.68).
After discarding the singular zero mode of (4.59), we find the regular solution:

Q0|0 2 _ ) 2 -
fop " (x) = 77 (10 1+:U+(1—|—x)2 1010g(1+$)>

Qo0 \ _ . 2 _ 1
f (x) = 77 (27 + 5 — 10log(1 + x)) + xlog <1 + x)

14z (1+4+=z)
Qlo(,y - L (__4 ! 101og(1 4.70
D) =g~ + gy 00E(+0)). (4.70)

The apparently singular log in f?c—om(x) can again be absorbed in the ansatz (4.68) by

replacing Q.. (#Z)" in the third line by Q.¢,- 22 (1 + x) 7 anL )

The contribution to the stress tensor:

Bn—1) —22Qcz,2(22)" o1 22dZ% + Z2d2?
(T) = Gz 3 <d§ d¢ — 7( Z) 22> . (4.71)
4.14 KCCZKC_EZ
This one comes from
dsj = dC d( + 2k (Keea2 d¢® + Kg.2d(?) + dzdz 4 O(k%) . (4.72)
Then,
3 1+xz ) p?
2(n—1)\ o(1+z)n
+< 3 1+ >” a2
1(n—1)\ [dCdC + 2k (Kee2"d¢? + Kgg2"dC?) ) _
! <1+3 [ > [ P’ A R R dods
+ k*(n — 1)ds] + O(k*) + O ((n — 1)?) , (4.73)
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with

K0|0 _\n— _, (Kop =
ds? = 2Kce. Kes (Fa0(0)dp? + £27° (@) ()" dz dz + fE0(wpacac) . (a.70)
The x2p? terms correspond to the Shouten correction to AdS if we were using FG coordi-
nates. This just depends on the boundary geometry and appears at n = 1.

Discarding the zero mode of (4.59), we find:

2 1
Kolog,y — 2 [ _ 4
o (x) 3 < 5+1+$+log(1+az))

Koy L ! _ 1
f«— () = 3 ( 16+1+w—l—log(1+x)) 4xlog(1+x)

1 2 1
K002y = 5 <—2 + o~ los(1+ x)) + 2z log (1 + x> . (4.75)

As advertised at the beginning of the section, regularity at the bulk axis now appears
to be subtler, as there are no obvious terms with which to absorb these logarithms into
(1+ x)nT_l factors.

It helps to notice, however, that the logarithms appear in the same legs as for the two
previous cases (4.65), (4.70). They can then be cancelled by adding them to the current

case, fine-tuned as

Rz = _2KCCZK§§27
Qecsr = 2K K (4.76)

leading to a regular solution. This solution implies, however, that whenever KooKz is
not zero there will be a part of R.,> and ngzz that is not accompanied by the (1+ x)nT_l
factors, unlike in sections 4.12 and 4.13. This part, unlike the rest, will have a factor of
(22)"~! near the bulk axis.

In practice, this amounts to absorbing the logs in (4.75) by adding to the ansatz (4.73)

the following:

— n—1
2 2 2 o _ _ n=1l on—1 d(dc n2(1+x)T dzdz
ds” = ds” + 25" K¢, Kz ((zz)” —z2zZ(1+x) » pn ) (4 R 2 2/
(4.77)
Thus, the logs in (4.75) are not signalling singular behaviour. We will elaborate on this in

section 7.

The contribution to the stress tensor reads:
B(n—1) 9 - _1(2 1 22d2? 4 2%dz?
T = ——— - (—r" K. K7 (22)") [ —2d( d Z)" —dzdz + - —"————— .
(1) = i (K Kage()") (-2 G4 (o2 (s 5
(4.78)
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4.15 Summary

In this section we have written down explicitly smooth gravity duals to all possible squash-
ings of a boundary cone, to the order of Riemann curvature — with the exception of those
involving the trace of the extrinsic curvature, that we set to zero without loss of generality
using conformal symmetry.

It is a rather lengthy section because of its exhaustiveness. The cases we have not
written down explicitly follow straightforwardly from the ones presented by exchanging
¢ < ¢ and/or z ¢ 2.

In the remainder of the paper we will discuss the consequences of these bulk geometries
and benchmark them against known features they should reproduce.

5 Vacuum polarisation

In the preceding section we presented the vacuum polarisation (T') induced by a squashed
conical singularity in 4D holographic conformal field theory. This expectation value of
the stress tensor was obtained by conventional holographic techniques [24], which for us
simplify to reverting to Fefferman-Graham-like coordinates and selecting the coefficient of
the p* term (see footnote 11).

However, strictly speaking the bulk geometries of this paper do not have well defined
Fefferman-Graham expansions, because the boundary metric is singular. It is then nec-
essary to explain in which sense the method used calculate this vacuum polarisation is
conventional and valid.

Let us first recall one aspect of the boundary metrics (3.5). These are obtained by
‘quotiening’ the regular ones in (3.1), by z — z™. The quotient is, away from zz = 0,
locally a change of coordinates. As such, it does not alter local properties of the geometry,
as the curvature. Hence, the Riemann tensor is regular away from zz = 0. However, the
quotient does introduce singular, delta-like, contributions to the curvature at the origin —
the tip of the cone.

Up to these contributions and the multivaluedness discussed at the end of section 3,
the boundary geometry behaves regularly, and one can formally develop the Fefferman-
Graham expansion and extract a stress tensor. But one needs to bear in mind that the
stress tensor calculated in this way ignores contact terms.

As emphasised in the beginning of section 4, the (T') we have extracted should be
thought of as belonging to a UV expansion. Indeed, notice that it diverges at the origin as
n—1

7.471

(T) ~ (T)o + k™ (T)1 + £*r*™(T)2 + O(k*)) + O ((n — 1)?) | (5.1)
where we momentarily reverted to polar coordinates r? = 2Z.

The (T')j, contributions we have presented are all local functions of the geometry. Such
local probes are characteristic of UV expansions.!> The r — 0 divergences conform one
such expansion. Generically, one also expects there to be finite, non-local dependence on

2For example, UV divergences of regulated partition functions are local functions of the geometry.
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the geometry (as, say, in the ratio of two characteristic lengthscales), but these are missed
in the expansion in k, because it is around a point. In Fefferman-Graham language, this
is concordance with the fact that the range of p needs to be small in units of .

For reference, we now collect the full expectation value of the stress tensor:

3n—1) | =1 o 2.2 | .22
(T) = M){ <%~jd0’d03 + (zz)”_1 (—dz dz + zdz—i—zdz))

A7rG(2z)?" | 6 2Z

K . n( 2 K Z_nd 2
IQ|: CC=% C—g e C+c.c.]

otz 1y oo 5 F

— K (22)""(2dz — 2dz)(¢d( — ¢ dC)

i _ z2n B 272 52,2
1 K2 Q“g (d( ¢ + (z2)" (—4dz dz + 2W>) teec

Koo Kz, 2™ ] 2052 1 3052452
g “% <_5dg ¢ + (27)"! (17dz gz — 74z ;302 i )) —i—c.c.]

i 2z z)"d 2
_ 2] 9 %@ C+Qﬂ

(K, e2d _
— K2 Cc'z’ézc(zé)”_l <;’z dz — 2z dz> +(C+ C.C.:|

Ressz2d i
+ K2 CTZC(,zz)”*1 (8Zdz+13zdz) + ( <> ( + c.c}

R ot
2 2(7444 (22)2(n—1)(z2dz2 + Z2dz2)

2222(22)" = 4 72422 2472
%—nzfi——ﬁfflf 2d¢ d¢ + (22)" ! Cdedz 4 SO ECE
3 9 2z

) Fas AL 3 2d72 72d 2

_ 2 Qce.z(22) dCd(—§(z§)”*1z z +72 z
3 9 2Z

_ _ 2 1 =2 2 2 752
— K2 (Ko Koes + C 6 C) (22)" <—2dg dC + (22)" <3dz 4z + Zdzm))

6 zZ
- 0(53)} +0((n—1)%), (5.2)

which is traceless. We have left implicit that the metric on the surface v;; may have intrinsic
curvature, and that the extrinsic curvature may have dependence on the position on the
surface. This expression may be seen as encoding a number of response coefficients of the
field theory to the presence of the squashed cone.

Not having fixed the conformal frame completely, we can perform the sanity check
that this stress tensor transforms covariantly under Weyl rescalings.!® Consider the case
in which only the following squashing is turned on: R.z.: = 2Qc:.z = % This is
conformally flat:

dsj = [1+ k*22] (d(d{ + dzdz) + O(k?) . (5.3)

'3The conformal anomaly gets activated at O(k?) (O(k?) in the contact terms), so it plays no role here.
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The stress tensor induced by the introduction of the cone on (5.3) (by z — 2™) can be read
from (5.2). Its dependence on k also displays conformal flatness:

1 Bn—1) —1 S Z22dz? + 22dz?
() = [1 n nQ(zZ)"] 47ré’(z§)2)” 5 <%jdf’zd03 + (2 <_dz dz ,:,z))
+O(K*) + 0 ((n—1)?), (5.4)

providing a check of the good conformal covariance properties of (5.2). Similarly, the other
two locally conformally flat cases, Recee = —Rezez and Q@ZZ =% 0, can also be seen to
follow from the one without bending, x = 0.

6 Logarithmic divergences of holographic Rényi entropy

The metrics dual to squashed cones reproduce the results of [10] regarding logarithmic
divergences of Rényi entropy for holographic CFTs.

Entanglement entropy is known to be UV divergent in field theory. This divergence
is due to correlations across the entangling surface between infinitely many short distance
degrees of freedom. It is therefore localised around the entangling surface. Taming it with
a short distance cutoff, it reads, for the vacuum of a 4D CFT [25]:

Area

— @ 2,4 ¢ - glidta_yy g 2
§ =5 +<27T/Rﬁd J+27T/<K{”}GK Wi, )ﬁd J>loge—i—..., (6.1)

where the area and the integrals are on the entangling surface. R is the Ricci scalar of
the induced metric ;;; Wijij is the contraction of the projection of the Weyl tensor on
the surface; and Ky, K {i}a is the contraction of the square of the traceless part of the
extrinsic curvature. The last two are conformal invariant.

While the coefficient of the area term is sensitive to the choice of cutoff, the logarithmic
divergence is not. It therefore has a physical character. a and ¢ are the central charges —
the logarithmic divergence can be derived from the conformal anomaly, when the latter is
written as the logarithmic divergence of the regulated effective action [25].

Rényi entropies are conjectured to have a similar UV behavior [26]:

2 2

_ f;(:) /‘/Vijijﬁcﬂo-) loge+.... (6'2)

Sn =+ <fa(n) /Rﬁd20+ fb(n) /K{Z]}QK{U}GWCZ2U

There are known relations between f,(n) and f.(n) [17, 27], but less is known about f;(n),
apart from f,(1) = ¢. Free field theory results prompted the conjecture that fy(n) =
fe(n) [28]. However, this relation fails for holographic theories [10]. The method of [29]
applied to our metrics for duals to squashed cones reproduces this failing. This method
builds on [9] and [4] to argue that a certain derivative of Rényi entropy with respect to the
index n is given, for theories holographically dual to General Relativity, by the area of the

n20, <n7—l 15n> _ IWZ(SXIS)_ (6.3)

bulk axis:
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This formula is analogous to the fact that, in thermodynamics, the thermal derivative of
the free energy is the entropy.'* In General Relativity, this entropy is an area.

We thus need to calculate the area of the bulk axis (at zz — 0) of the metrics of
section 4. Given that these metrics are precise to O(x?) and O(n — 1), we can extract the
curvature contributions to the Rényi entropy to first order in (n — 1).

Given eq. (2.8), O(x?) contributions to the area of the axis can come only from 9cé
and g,, at 2Z = 0. These are non-zero only for the 0|0 cases studied in sections 4.11-4.14.
There is a class of such contributions that remains finite in the n — 1 limit — the Shouten
terms. In this limit, S, in (6.3) becomes just entanglement entropy. Therefore, the Shouten

terms determine the shape dependence of entanglement entropy [30, 31].

(n—1)
14z
factors of (2.8), that do not vanish at the axis; and from the fact that the functions

n (4.60), (4.65), (4.70) and (4.75) do not vanish at x — 0. Collecting all terms, one gets
the following area density at the axis:

Ro=- / 2 34 Koo Kees + Keez Kgr 22
+ zzzz< 3_|_27(n_1)> + ¢Cz Cﬁzp ¢Cz ¢¢z <—4—|—3(’I’L—1)>)ﬁ

+O0(x*)+0 ((n—1)%), (6.4)

At O(n — 1), there is an interplay between the Shouten terms multiplied by the

where we include the K¢cz Kz, contribution that was left implicit in section 4. Its presence
follows from covariance. From this, a ‘Rényi entropy density’ follows by integrating in (6.3).
This density is to be integrated in the three directions that span the axis: p, ¢ and (.
Performing the integral in p from a cutoff p = € inwards, and using (3.4), we get

<1 - 1)) /Rﬁd%

<1_ ”_1>/K{U} Klida /5 i2q

(1n1>/W”“\fd2 ]loge

+O0(K*)+0((n—1)%) . (6.5)

Sn = 16Ge /ﬁ J+16G

Notice that the area divergence does not have a correction in (n — 1). In fact, it is easy
to argue that in holography such area divergence does not have dependence in n, as this
divergence follows from the leading term at small p of g,, and g.¢, and these do not change
under z — 2.

Upon restoring units of £ and using that a = ¢ = m/3/8G, (6.5) reproduces [10]. For
this theory, indeed, f, # fe.

“Here, Rényi entropy is analogous to thermodynamic free energy, not thermodynamic entropy.

— 25 —



7 Splitting problem and singularity resolution in the bulk

This section discusses the impact of the analysis of section 4.14 on the holographic en-
tanglement entropy formula of higher-derivative theories of gravity. We will conclude, in
precise agreement with [32], that the ‘splitting problem’ has a non-minimal solution in a
class of theories, resulting in a slightly different entropy formula from previously antici-
pated in [12, 13]. This difference is visible only beyond curvature squared interactions,
and does not impact the entropy of Lovelock nor f(R) interactions. We include a brief
but self-contained description of the entropy formula for higher-derivative gravity and its
splitting problem.

The application of generalized entropy to higher-derivative theories of gravity results in
a new holographic entanglement entropy formula. For the class of theories with a lagrangian

depending on the Riemann tensor but not on its derivatives,®

I= /L(Riem) V9 d°x + Boundary terms, (7.1)
this formula is

oL L KiinKps
=2 WE R Sz 2
o 7T/ {6Rz,522 i 8? (aRziZjaRzkzl>a Qo + 1 } ﬁd . (7 )

Here R.z.z, R.i.j, Ki;. and their complex conjugates refer to an expansion of the type (3.1)

around the bulk entangling surface, at zz — 0. This surface is what we called the ‘bulk
axis’ in previous sections. In contrast to the use of the expansion (3.1) in section 3, 7 and
§ now run over three values, that in the coordinates of that section would be ¢, ¢ and p.

The first term in this holographic entropy formula is Wald entropy [33], and the second
one can be thought of as a correction to it. Wald entropy was constructed on bifurcation
surfaces of event horizons, which necessarily have vanishing extrinsic curvature. The en-
tropy of (7.2) applies also to situations in which the extrinsic curvature may be non-zero.

To explain the meaning of the sum in « in (7.2) we need to discuss some details of the
application of generalized entropy to the class of theories (7.1). This application involves
evaluating actions of bulk geometries' that regulate conical singularities. The prescription
of [12, 13] for the sum in « assumes a ‘minimal’ regulation, of the type discussed below
eq. (4.3). Here minimal means that, in an expansion around the axis (at zz = 0), the
metric of the regulated cone takes the form:

ds® = (’Yij‘f‘ [2n Kijzzn+/€2QijzzZ2n+H2Qij2222+C.C.]) do'do? +2k Aiz(Zdz — zdZ) do*
4 .
- 5112 [Riz2z2" — c.c] (2dz — zdz)do’ + (1 + QHQRZgngZ) dzdz 4+ O(K?). (7.3)
This follows from taking (3.1) and promoting any holomorphic factors of z and dz that

are not paired with antiholomorphic ones to 2™ and d(z") = nz""'dz, respectively. This

5For continuity with the rest of this paper we consider five bulk dimensions, although the applicability
is more general.
'SRather, actions of ‘analytic continuations of geometries’ (see comments after eq. (3.2)).
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achieves a replica symmetric metric (7.3) that is regular at the axis for integer n, and for
which the exponents in z differ minimally from the ones before replicating (3.1).

The entropy following from the evaluation of the action of such cone-regulating geome-
tries involves integrals of the type

00 2
rh 2 1
li n 1 2 2qa(n—1) —r _ - 4
im O ; (n—1) <r2> r e rd’r—2 , (7.4)

n—1

o +1

where we used polar coordinates r = v/zZ. The role of the exponential function is to
localise around the axis, and this function could be replaced without change in the r.h.s.
by any other regulating function, interpolating smoothly between 1 at the origin and 0 at
infinity — e.g., H%

The integral in eq. (7.4) is dominated by a logarithmic divergence at the lower end
as n — 1. That explains the independence from the regulating function. The outcome is
sensitive to the details of the expansion of the geometry around the axis, that are encoded
in the g, in (7.4). g, parametrises n—dependence in the power of r in the integrand,
reflecting n—dependent exponents of z and Z in the geometry (7.3).

Terms in the expansion (7.3) that are accompanied by different powers of z and z
contribute differently to g,. That is what the sum in « in (7.2) captures. In this for-
mula we need to decompose the second derivative of the lagrangian in monomials of the
curvature, that a labels. These monomials are, however, not in the background Riemann
tensor, as may appear natural for L(Riem). Rather, its constituents are the quantities
appearing (7.3), in terms of which one can write the Riemann tensor (3.3): Riju, Kij-,
Qijzz, Qijzz, Rizzz, Fijzz and R.z.z (and complex conjugates). Each monomial « is then
assigned a value of ¢4, and the sum is performed with the Tlﬂ weight. Constituents of
a contribute additively to g, with a weight that depends on the exponent of z and z that
they are accompanied by around the axis of the regulated cone. For the regulation of (7.3),
o is contributed 1/2 for each Kjj, and R;..z, 1 for Qj.., and 0 otherwise.

Note, however, that exchanging, e.g., the zZ factor accompanying R.z.z in (7.3) for
(zz)™ would also achieve a regular replica symmetric metric, although with a different
weight of this term in (7.2). Now, R,z would contribute 1 to ¢,, instead of 0. The
obvious such ambiguities are in terms with a zZ pair in their indices: Qij.z, Fij.z, Rizzz
and R.z.z; although there may be more [22]. These ambiguities have been called ‘the
splitting problem’ [32].

A lesson that follows from the analysis in section 4.14 is that, in General Relativity,
the expansion around the bulk axis does not take the form of eq. (7.3). Rather, the Q¢izz
and R,z terms look:!”

ds? = ...+ 45" [Qlcézz 27+ 2 (Ko Kes + Ko Ke.) (25)”} d¢ d¢
+26% [R;,- 22 — 2 (Keeo Kz + KeezKee,) (22)"] dzdz + -+ + O(x®), (7.5)

'"The new terms compared to eq. (4.76) follow from covariance. Strictly speaking, eq. (7.5) is not

n—1

dimensionally correct. To avoid clutter, we omit the factors of p?> n that would render it so. These are
finite at the bulk axis.
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with

Qs = Qeges — 2 (Koo Kegs + Koz Keg.) (7.6)
ez = Razez +2 (KggzKC‘C‘g + KCCEKEEZ) . (7.7)

Notice that upon taking n — 1 the extrinsic curvature contributions cancel and we re-
cover (3.1).

Let us for a moment discuss what is the o’ —covariant version of eqs. (7.6) and (7.7).
Recall that, in this section, ¢* encompasses ¢, ¢ and p. This is irrelevant for the second
term, that can be written

Rz = Rezez + %Kiszij,E, (7.8)
because for the configurations we studied in section 4, K,;. = 0. Notice also that in this
section Kj;, can not have a trace — as the Ryu-Takayanagi surface is a minimal surface.

For Q' a similar argument implies that the covariantisation should read:

Qijoz = Qijez — Koy Kjiz — Ky K. (7.9)
Equivalent expressions for the analogs of Q" and R’ were found in [32] by solving the
18

Einstein equations around the bulk axis.

Since the factors of (22)" in (7.5) are different from those in (7.3), we conclude that
the splitting problem has a non-minimal solution in General Relativity. This translates
into the o sum of (7.2) meaning something different than it would in the minimal case
of (7.3). Now, « labels monomials in terms of Rk, Kijz, Qijzzs ngzg, Ri..z, Fij.z and
R...-; instead of Qij-z and R,z.z. Explicit factors of Kj;, and R;..> still contribute 1/2 to
do; Qij-- contributes 1; and the rest, including Q/CC_zE and R/, contribute 0.

This may appear irrelevant, since the lagrangian of GR has a vanishing second deriva-
tive in the Riemann and therefore no splitting problem; its entropy is just the area. How-
ever, this splitting does have consequences for the entropy formula of theories that contain
perturbative higher-derivative corrections to General Relativity. For these corrections there
is a splitting problem, and the splitting is fixed by the leading result — the GR one we
just discussed.

This affects Riem” interactions for k& > 3, but does not have consequences for Lovelock
interactions, because in those % does not depend on Qcézz nor R.z.z;' or for
f(R) interactions, for which the second derivative vanishes identically.

As an illustration of the consequences of this resolution of the splitting problem,

consider . \
L=- 56 ypa O'Tw ‘rwlw )\2 . 1
R S R Rys R+ OV (7.10)
For this theory (leaving implicit the O(A\?)):
0L 3
X (0uReek + O Reizt) 7.11
OR:izjORzkz 8 OutBEsja + Ok Rsiz) (7-11)

13Tn comparison to that reference, we have used conformal symmetry to eliminate the trace of the extrinsic
curvature.

19This comment is non-trivial only when the bulk dimension is D > 6, when the Lovelock term of order
> 2, and thus with a splitting ambiguity, becomes non-trivial.
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where the 3 is a symmetry factor and there is a factor of 22 from three ¢g**. From here
we get
L
aRzizjaREk‘Zl

and with the splitting of (7.5):

Z( L ) Kij.Kijz
— \OR:izjORzkz1 ), Qo +1

z

K z
:—3AZ 22) 7;(1%“4

K9, KM; = “3\R, e Ko Kees + ¢+ € (7.12)

1

o «

KooK ;
[e3%

Kee:Kee _
- —3)\2 < Feeor = Queas — 2K442K552> rl ‘4 (¢el

(0%
) _
= —3A <FCCz2 ~ Qs ~ 2K<<zK<<z> KoKz 0 €

—3A ( 2t K<<zK<<;z) Kee:Kzz: +C < (+ 0V, (7.13)

in agreement with [32]. This could be simplified further using the Oth order back-

ground eoms (Einstein’s).2’

For the second line we have used eq. (3.3), and for the
third, (7.6). In the fourth line we summed over a with the splitting we have discussed,
and in the fifth and sixth we have used egs. (7.6) and (3.3) again. For the ‘minimal split-
ting’, we would perform the sum in « directly from the second line, getting in the end
—3A (Rz@g — KCCZKE&) Kee:Keez + C ¢, for which the K* term is a different tensor
structure altogether.

8 Outlook

This paper has described the regular GR duals to CFTs on squashed cones. These metrics
show how bulk gravity regulates a conical singularity in the boundary. We have worked to
first order in the strength of the cone (n — 1), and to second order in k, parametrising an
ultralocal expansion around the cone. Going to second order allows sensitivity to Riemann
curvature — although only within a UV expansion.

A quantity that follows from these geometries is (the UV expansion of) the vacuum po-
larisation in the presence of these cones (5.2), up to contact terms. This stress tensor bears
some resemblance to those of fluids/gravity, and one can interpret its many coefficients
as response coefficients to the squashing of the cone. The number of such second-order
coefficients is large compared to [19] because the entangling surface breaks O(4) symmetry

20We have used the simplification K¢, = 0; the Ryu-Takayangi surface is extremal in General Relativity
(A=0).

— 929 —



to two planes (parallel and transverse). Since we did not take full advantage of conformal
symmetry, three of the contributions to (5.2) can be generated via covariance under con-
formal transformations, as we saw in section 5. For closure, it would be interesting to write
down the missing contact terms, that may be interpreted as defect degrees of freedom.

Our setup should not be confused with that of holographic entanglement entropy
across surfaces with singular shapes [34]. In that setup, the background boundary metric
is regular.

The metric of a conical singularity at the boundary is simple both in complex coordi-
nates (2.2) and in hyperbolic ones (2.3). (2.3) has a simple gravity dual for all values of n,
eq. (2.4), while for (2.2) we have worked only to leading order in (n—1), (2.8). It is natural
to suspect that there should be a simple gravity dual to (2.2) for all values of n, and a
correspondingly simple generalisation of our results non-linearly in n. Such generalisation
would be applicable, e.g., to negativity as the n — 1/2 limit [35]. We plan to investigate
this elsewhere. It should also be possible to generalise the results of this paper to other
bulk dimensions, and to other theories of gravity.

The detailed mechanism by which the bulk regulates the boundary cone is in agreement
with [32]. There, this structure was derived by solving the finite part of Einstein’s equations
around the Ryu-Takayanagi surface (the infinite part gives that the surface is minimal [4]).
That suggests that the addition of matter may change the detailed regulation, and therefore
the solution of the splitting problem we presented in section 7. It may be interesting to
explore this possibility, and whether it impacts the log divergence of Rényi entropy we
discussed in section 6 — perhaps there is after all a gravity dual for which fy(n) = f.(n)
is realised.
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