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1 Introduction

Higher-spin gravity in three dimensions has furnished a fruitful arena for exploring
holography-based techniques which are useful for understanding quantum gravity. In this
case, the holographic duality lies between a three-dimensional bulk quantum gravity the-
ory (of the Vasiliev type) [1] and two-dimensional CFTs with higher spin symmetry. In
this paper, we work in the context of a well-known proposal by Gaberdiel and Gopakumar
which relates three-dimensional higher-spin gravity to Wy minimal models which admit
coset descriptions [2-4].

As developed in recent literature, such a higher-spin AdSs/C FT, has two main variants
which are defined via two distinct manners of adopting the large central charge limit. The
first one, as indicated in the original seminal work, is known as the 't Hooft limit where
N and level k are infinite with A\ = N/(N + k) being fixed. An unresolved subtlety is that
there are states in the dual CFT which have conformal weights ~ 1/N that do not decouple



and which, as far as we know, have not been matched to sensible objects in the bulk. The
second variant as proposed in [4, 5] involves keeping N fixed while performing an analytic
continuation A — —N. In this limit, the spectrum matches on both sides of the duality
but the CFT is in a non-unitary regime, and it remains to see whether quantum effects in
the bulk could be consistently understood even in the face of non-unitarity beyond such a
semi-classical limit.

In exploring the AdS/CFT dictionary, despite the above puzzles, there has been con-
crete and interesting progress made in comparing the bulk and boundary descriptions such
as the emergence of W algebras in asymptotic symmetries [6, 7] and in particular for the
purpose of this paper, the matching of correlation functions [8, 9]. Correlators involving
purely higher spin currents were checked to match, a result which reflects the presence of
higher spin symmetry on either side of the holographic duality. Three-point functions of
the form OO J) (where O refers to the operator dual to the bulk scalar and J (5) the spin-s
current) were shown in [8] to match and a class of four-point functions in [9] which involve
two scalar operators and two conical defect operators were also remarkably shown to be
precisely identified on both sides. Another class of examples which is of direct relevance
to our paper concerns the two-point function of operators belonging to the dual thermal
CFT in the presence of a higher-spin deformation. This has been shown in [10] to match
to the boundary two-point function in a bulk containing a black hole carrying a spin-3
charge [11]. Indeed, the bulk gravity theory contains higher-spin generalizations of the
BTZ black holes defined rather abstractly by holonomy conditions along the contractible
cycle in a solid torus bulk topology [11, 12]. In ordinary three-dimensional gravity, the
holonomy condition admits a natural geometric interpretation related to picking a quo-
tient of the underlying thermal AdS3, but in the higher-spin narrative, one may need to
extend the notion of spacetime geometry to gauge-invariance of the Vasiliev theory (see for
example [13] for a highly interesting recent development).

Our work here builds on the seminal results in [14] and [10] which we now summarize.
In [14], the authors studied scalar fluctuations in the background of a spin-3 black hole. In
the bulk theory, the scalar field is part of a tower of many scalar fields, all of them auxiliary
in nature except for the physical one which can be picked out by a trace operation. The
interaction terms between the scalar fields and the gauge field are specified in Vasiliev
theory but to use them to write down the set of coupled equations for the physical scalar
field could be a non-trivial task. The work in [14] took the linearized equation as the
starting point, and solved for the bulk-boundary propagator with the known spin-3 black
hole Chern-Simons connection. This was worked out for the specific value of A\ = % for the
technical reason that the higher-spin algebra in this case can be conveniently parametrized
by a set of harmonic oscillators. Further taking the bulk point to a point at asymptotic
infinity (p — o0), the boundary two-point function was then shown to agree with the
thermal correlator for dual CF'T operators, at linear order of the spin-3 chemical potential.

In [10], the scalar master field equation was solved to first order in the potential for
arbitrary A and in the infinite p limit, to second order for some cases of A = —N. The
caveat is that the partial differential equation for the scalar perturbation turns out to be
rather cumbersome and without any hindsight, it may not be clear how does one go about



seeking an explicit solution. In [10], the CFT calculation was smoothly performed to yield
a prediction for the boundary two-point function. This was performed to second-order.
Presumably, the first-order result could be used to guess a good ansatz for the bulk-
boundary propagator for arbitrary A but the second-order correction to the bulk-boundary
propagator was not derived. In the infinite p limit, for A = —N (and further extended in [15]
for arbitrary A by an analytic continuation of the integer), one can resort to elementary
finite N matrix operations and thus some second-order corrections were explicitly presented
and nicely verified to match with the dual CFT’s computation. A main result of this paper
is the derivation of the bulk-boundary propagator to second-order which can be checked
to match precisely with the dual CFT’s correlator at the boundary.

As explained in [10], the dual CFT quantity is the torus two-point function of a scalar
field residing in the large ¢ spectrum of the minimal models with the free action being
deformed by a holomorphic higher-spin operator. At m™ order in perturbation theory (of
the higher-spin potential), holographic duality leads one to match the integrated correlation
functions of ¢¢ with m spin-3 fields over m copies of the torus. Working in the high
temperature regime implies that we can invoke a modular transformation to obtain the
correlators by working in the vacuum sector. Matching of the first-order correction relates
to conformal symmetry on both sides of the duality and normalization of the higher-spin
charges, whereas to second-order the matching is sensitive to the form of the classical Wxo[A]
algebra and involves computation of some four-point functions involving higher-spin fields
and the scalar field.

In this paper, we will furnish an independent derivation of the bulk-boundary propaga-
tor directly in the context of the hs[\] algebra that governs the bulk gravity theory, without
resorting to any A = — N analytic continuation. We do so by using an infinite-dimensional
matrix representation of hs[A] that follows naturally from an infinite-dimensional matrix
representation of sl(2) for arbitrary spin once we allude to the universal enveloping algebra
construction of hs[\] viewed as a subspace of the quotient U(sl(2))/(Ca — 3(A2 — 1)) where
(5 is the quadratic sl(2) casimir. The usefulness of this representation of hs[\] was first
concretely mentioned and explored in [9] where it was invoked to compute pure AdSs scalar
propagators and those of chiral deformation backgrounds. We will apply this method for
the spin-3 black hole, giving a bona-fide hs[)A] calculation to obtain the bulk-boundary
propagator, up to second-order in the higher-spin chemical potential. From it, we can
take a simple limit to get the boundary two-point function and thus we obtain the corre-
lator at second-order at arbitrary A which we verify to be identical to the CFT calculation
presented in [10].

We also apply this method to a black hole with spin-4 charge. This solution was first
explicitly constructed in [16] (see [17] for some discussion of a spin-4 black hole in sl(4) x
sl(4) Chern-Simons theory). We compute its bulk-boundary propagator to first order in
the higher-spin chemical potential, and demontrate that it matches with the CF'T result at
the boundary. Unfortunately, there is a proliferation of terms in the bulk calculation of the
second-order correction to the bulk-boundary propagator which we are unable to manage
efficiently nor simplify to obtain the boundary two-point function, although for future
purposes, we express it in a closed form in terms of elementary integrals in appendix A. On



the CFT side, we generalize the calculation in [10] to the case where the dual CFT with
Weo[A] is deformed by a holomorphic spin-4 operator. We match the correlators on both
sides to first-order in the higher-spin potential and present a calculation of the two-point
function up to second-order in appendix B.

With regards to future work along these lines, we hope that our work has also shed light
on the computational feasibility for similar computations (such as those recently discussed
in [18]) with arbitrary A without relying on the analytic continuation A — —N. This is
relevant whenever one considers the 't Hooft limit of the higher-spin holographic duality.
The plan of our paper reads as follows. We begin by reviewing some basic aspects of
higher-spin black holes, bulk-boundary propagators, scalar master field equation in Vasiliev
gravity, the basic techniques which we employ to compute the propagator and how we relate
these bulk observables to boundary correlators in the dual CFT. In section 3, we proceed
to compute the bulk-boundary propagators up to second-order in higher-spin potentials
for the spin-3 black hole, and up to first order for the spin-4 black hole. In section 4, we
present the dual CFT computations to match the scalar correlator and finally in section 5,
we summarize our findings. The appendices A and B collect some technical results related
to the second-order corrections to the scalar propagator for the spin-4 black hole in both
the bulk and boundary theories.

2 Some preliminaries

2.1 Higher-spin black holes and the scalar master field equation

We begin by briefly discussing the notion of higher-spin black holes (please see [12] for
a more extensive review). In the absence of the master scalar field, the massless and
topological sector of the three-dimensional Vasiliev gravity theory is described by Chern-
Simons theory based on the product of two copies of the infinite-dimensional Lie alge-
bra hs[A] which is equipped with an associative lone star product which we denote as
x. Let A, A denote two independent elements of hs[\]. The background 3-manifold is
a solid torus homeomorphic to the Euclidean BTZ black hole and we adopt coordinates
pE (—00,00),2~ z+2w ~2z+421T,Z ~ Z+ 21 ~ Z+ 277, such that z, zZ parametrize the
boundary torus. We can pick a gauge such that a flat connection for the black hole reads

A(p,z,Z) =b"lab+ b7 1db, A(p, z,Z) = bab~ ! + bdb™? (2.1)

where b = /', with V2 being the Cartan element of an sl(2) subalgebra of hs[A], and
the connections (a,a) being constant with vanishing a,,a,. With this ansatz, the flat
connection condition reduces to [a.,az] = [a,,az] = 0. By demanding the Wilson loop
wrapping the Euclidean temporal circle to be gauge-conjugate to that of the BTZ, one can
derive the hs[A] x hs[A]-valued Chern-Simons connections for any higher-spin black hole
by solving the eigenvalue constraint equations

Tr(w") = Tr(wiry), w=2m(TA, + TAs3), n € 7. (2.2)

In [16] and [19], the connection components were solved via a perturbation series in the
higher-spin chemical potentials after imposing an integrability condition related to the



thermodynamics of the black hole solutions. At A = 0,1 where the putative CFT’s W[\
admits a free-field realization, the thermal partition functions can be matched on both sides
of the holographic duality (see for example [20, 21] for a deeper discussion on higher-spin
black hole thermodynamics, etc.).

We now turn to discussing scalar bulk-boundary propagators. A salient feature of
higher-spin gravity of Vasiliev type is a consistent coupling of matter fields to gravity. Let
a master field - containing both the physical and auxiliary scalar fields be denoted by C.
This is a spacetime scalar transforming in a twisted adjoint representation of the algebra
hs[A] following the equation

dC+AxC—-CxA=0 (2.3)

at the linearized level. The physical scalar field ® can be obtained by a trace operation
and we can write ® = Tr(C). (We will discuss the trace in greater detail shortly. ) Thus,
given some flat connection as the background, in principle, one should decouple the various
auxiliary fields and derive a generalized Klein-Gordan equation for ® - as was done very
nicely in [10] and [22]. As first explained carefully in [10], we can use the gauge covariance
of various fields to arrive at a convenient ansatz for C. Under a gauge transformation, the
fields transform as

A= g la(d+A)xg, A= gl x(d+ A) xg, C—g'xCx*y. (2.4)

From the gauge where A = 0,dc = 0, ¢ being the master field in this gauge, a gauge
transformation yields the fields in (2.1), with

A=gldg,A=gldg,  g=e™"D, (2:5)
and the physical scalar field then reads
O(p,z,2) = eSP Ty [e‘A*c*e[\} ) A= b_l*a“x“*b,/_\ = b*dux“*b_l, (2.6)

where A = 1 £ X is the conformal dimension of the dual scalar operator. It was argued
in [14] that choosing ¢ to be a highest weight state of hs[)] is equivalent to the higher-spin
generalization of the delta-function boundary conditions for the bulk-boundary propagator
in pure AdS3 gravity. Writing the Euclidean line element as ds? = dp? + €?’dzdz, the
ordinary bulk-boundary AdSs propagator reads

AdS A e’ =
QEMC BB (p 2 7)==
+ (P, ) T 672p+ ‘Z—Z”Q )
where the choice of sign + indicates the standard and alternate quantization. In the higher-
spin case, this is manifest in A = 1+ A. From now on, we shall stick to the positive sign for
definiteness. To relate to the dual CFT, one sends the bulk point to the boundary, taking
the p — 400 limit. For the higher-spin case, the bulk scalar correlator in the background of
a higher-spin black hole was studied in [14] and [10] and the correlator at the boundary was
matched precisely with the two-point function of a scalar operator in the CFT with W [A]
symmetry, and deformed by the corresponding higher-spin operator associated with the



black hole’s higher-spin charges. More generally, it was explained in [9] that solving (2.3)
involves choosing a representation of hs[A] for the gauge fields and master field. In this
work, we take the fields to live in the fundamental representation, noting that in particular
for such a setting, the physical scalar field and its excitations are dual to the CFT’s (f;0)
primary and its descendants.

The aim of this paper is to demonstrate, using higher-spin black hole backgrounds as
illustrative examples, that the scalar propagator in (2.6) can be computed using an infinite-
dimensional matrix representation of hs[A]. This was first noted in [9] and we followed one
of the future directions stated in that work to realize the computation for higher-spin black
holes’s propagators. In [10], the CFT’s two-point function was derived up to second-order in
the higher-spin potential with the derivation hinging upon the form of the classical Wy [)\]
algebra at large central charge. But the bulk’s correlator was not computed for general .
Similar to related conclusions in recent literature, the main approach was to compute the
bulk’s scalar propagator in sl(N) x sl(N) Chern-Simons theory and then conjecture that
one can pass on to A — —N via an analytic continuation. In this paper, we will derive
the bulk scalar propagator directly in hs[A] theory up to second-order and we found that
it matches with the CFT calculation.

Finally, it is known that in the defining representation, the highest weight state ¢ can
be viewed as a projector and in an infinite-dimensional matrix representation, it reads
¢ = Diag(1,0,0,...), with which the bulk-boundary propagator then reduces to a simple-
looking matrix element )

D(p,z,2) = 2P (1|ele A1), (2.7)

Next, we will review the derivation of (2.7) and discuss how it can be computed explicitly.

2.2 An infinite-dimensional matrix representation of hs[A]

The higher-spin hs[\] algebra is an infinite-dimensional Lie algebra that admits a simple
description as a subspace of a particular quotient of the universal enveloping algebra of
U (s1(2)) which we review below (see for example [9, 23]). The parameter X yields a family
of such an algebra of which generators we denote as V,?, s > 2, |n| < s. In particular,
VO% 1 generate an sl(2) subalgebra under which V;J has spin s — 1, i.e.

[VW%,V;] =(—n+m(s—1))V?}

m+n*

The physical implication for the higher-spin field theory is that the bulk fields valued in V]
have spacetime spin s. The structure constants can be expressed in terms of hypergeometric
functions and Pochammer symbols but we will not display them here since we do not
require them explicitly. From now, let’s denote the sl(2) generators by Jy = V027 Jir = Vi21.
Consider the following quotient of the U(sl(2)).

Bl =UGI)/(Com i), Co=J— {Je ), p= (=1 (28)

On the other hand, the generators of hs[A] can be written as

n+s—1)!

Ve = (—1)8—1—”( @5 2] oy [T [T, T ), n>2 (2.9)

s—1—n terms

n



while the remaining V is a central element which we can regard as the identity element.
Thus, we can write
Blu] = hs[\| @ C (2.10)
with C corresponding to the identity generator.
The algebra’s product is called the ‘lone-star’ product. It turns out to be isomorphic
to an ordinary matrix product in an infinite-dimensional matrix representation of hs[\]
which follows from the following infinite-dimensional matrix representation of sl(2).

A1

= —’[’TL7

(JO)mm = (V()z)mm 9
(J+)m+1,m = (Vf)mH’m = —v—(A+m)m,
(T )mm = (VA1) s = V—(A +m)m. (2.11)

where m = 1,2,...,00. There is a certain trace operation (see [10, 24]) that one can define
for these matrices which reads
1 M 1
TrX = _AanHA;ij, Tr(J;, J-} = —5 (N~ 1),
{J-H J—}traceless = g{J—a J—l—} + gJO = {J.,., J—} + g()‘ - 1)1- (2‘12)

Below, we list down some BCH identities which are crucial in helping us navigate through
the matrix algebra.

in (2,/c c,)
cliote T pemendi =T — s (2aren) o+ S AVEC) (e gy, (a3
€ 0e cos (2y/cyc=) Jo + S e (crdp —edo),  (2.13)

= sin (2/cyc-) Jo
- L~ cos (2 C+C—) (C+J+ — C_J_) s (214)

C_

€c+J++67J7J+e—C+J+—67J7 — J+ _

2C+
eCrdrte—Joj omexdy—eJd- _ 7 4 °* sin (2y/cyc=) Jo
CyC—
1 —cos(2,/cyc_
+ 2( Ve (et g —cJo) (2.15)
c_
et Jr=AJo) _ ATy —InAgo —A T (2.16)

where

At
A3 = sech®\/AL)_, Ar = ———tanh/A \_.
VAL

As we shall see later on, we need to take matrix elements of the following form

66J_ Jk1Jk2 ce Jk €BJ+.

n

Let’s begin with an illustrative class of examples and consider [ef‘] - JkJmef8J+] 1+ Writing
e~ J;,CJme'B‘Lr = e~ Jpe e/~ eBlre=BI+ I ePI+ = Z” eiB%JieEJ— eBJ+ Jj, we then find

eJ_ BJ. _ Y eJ_ _BJ. )
Tidom ﬂ - [Jl +J] , 2.17
/A Z]: B | Jie eI | (2.17)



where

1 0—e 1 —B0
vl =221 & |, B~ 0 10 (2.18)
0 01 —-28 5% 1
and

] 1

e e ] = 2(1= B+ 1)2,
11

[Joee‘]*eﬂjﬂLr b e(1 Be) (A+2) (>\+1)2,

7 1
[Joeet L] = 2B(1— BT+ 1)

[J_eEJ—eBJ+J+:H (1= Be)" MDA+ 1)(1 + Be(A +1)). (2.19)

Then the nine matrix elements can be straightforwardly computed to read

[eﬁ‘]‘ Jgeﬁ‘h”- = L

. (1= B80T N+ 2) (1+ A+ 221+ \) +28e(3+ )

W |

e o] = L= BTN N B+ A+ Be(1+ 1)

2
e 0T e4] =251~ 5 EIAL A (1 + A+ Be(3 +2))
e T doe®] —%e(l — ) TV N) (1 + A+ Be(3+ 1))

[ p2ePn] =1 - I+ N @+ )

eJ_ B8J+
JoJ_ePl+
[e + € J11

Be(1 = Be) 3N (1 4+ A) (1 + Be+ A)

eI d0e?] | = —éeﬂ — BTN+ N) B+ A+ Be(1+ 1))
[JLJ;im@”;l:(1—6@“}*N1+Aﬂ1+6dl+A»
[&Lﬁ£h¥1 B2(1— BTN 1 A) 2+ ). (2.20)

For other matrix elements containing higher powers of the sl(2) generators, the problem
reduces to finding [Jy, Ji, . - - Ty, eT=ePTr a0, . I, ] 117
from (2.19) by invoking the si(2) algebra and taking suitable derivatives. For example, we

which can be derived recursively

find the following formulae useful.

S O R P (i
T L | (2:21)
[Jreft-Tme e ] = W (A" (L +AAy)” O (2.99)

which can be derived by taking derivatives of

- I(A+1 _
Ay = i (A . .23



Back to the bulk-boundary propagator, in such an infinite-dimensional matrix representa-
tion, the highest weight state c is a projector that reads ¢ = Diag(1,0,0,...). Substituting
this into (2.6), it reduces to the matrix element

D(p, z,2) = e2(1|ele 1) (2.24)

We can then attempt to use the results of this section to evaluate this explicitly. Below, we
will study the case where the Chern-Simons connection can be written as a perturbation
series in the higher-spin chemical potential. This pertains to classical bulk solutions which
can be viewed as higher-spin deformations of solutions in pure gravity. In particular, in
this paper, we wish to compute the scalar propagators in the background of higher-spin
deformations of the BTZ black hole of which Chern-Simons connection can be computed
order by order following a prescription in [19] to ensure consistent gravitational thermody-
namics for them. The crucial aspect of computational feasibility lies in the fact that the
Chern-Simons connection for the background contains only terms linear in the sl(2) gen-
erators. The higher-spin corrections can then be expressed (at least in terms of integrals)
to any order in perturbation theory.

2.3 Some comments on the perturbation series for higher-spin deformations

Let us consider perturbation about an ordinary gravitational background for which we
denote its Chern-Simons connection as A(©). (Henceforth, all bracketed superscripts refer
to orders in perturbation theory.) We denote scalar bulk-boundary propagator as ®© and
the higher-spin chemical potential as ce. A general higher-spin deformation involves another
non-vanishing chemical potential & that couples independently to the anti-holomorphic
Chern-Simons connection. For simplicitly we will set it to be zero. The results that we
obtain in this paper can be generalized to a non-zero a straightforwardly. Expanding
about a, we write ®(p, 2, 2) = 0 (p,2,2) + >0 ®M(p, 2,2), A(p,2,2) = A (p, 2, 2) +

> oA (p, 2,%), Mp,z 2) = A0 (p,z z). Up to second order, the propagator reads

®(p, z,2) = eITNP _e]\e_A}

11
— (1 N)p —eﬂe—(AO+aA1+a2A2)}
11

= (1HNp | A (e_AO + ai

d2
e ™ azo + aze_A]ao)} +0(®)  (2.25)
do 1

da?

where the derivatives of the matrix exponentials read

d 1 d !
A A _ _/ dwe Mt o LN = _/ dp 6—WA AL wA® ,—A0
da 0 da 0
(2.26)
2 1
%Q_AM:O — / ds ( _ 2€_SAO A26SAO€_AO _ (C;dae—s/\bé:o) AlesAoe—AO
0
- e—sAOAI ie(s—l)A| > (2 27)
do a=0 - '



In this paper, we will be primarily interested in the higher-spin black holes first dis-
cussed in [19]. Now, there are other higher-spin black holes alluded to in [25] and [22].
These were shown to be gauge-equivalent to the ones of interest in this work. Recall that
the Chern-Simons gauge fields are pure gauges A = g 'dg, A = g 'dg. With a further
gauge transformation via (h, h), the physical scalar field reads

D(p,z,2) = ™ eohhle e (2.28)

1’
In [22], (h,h) were derived up to first-order in the higher-spin chemical potentials. One
can similarly compute the scalar propagator in the higher-spin black holes of [25] and [22]
perturbatively by using the techniques in this section, since at each order, the expressions
for (h,h) are just some polynomials in .J’s.

2.4 Simple examples: bulk-boundary propagator of the BTZ black hole and
chiral deformations of AdS3

Before we compute the propagator in the background of a higher-spin black hole, it is
instructive to use the above procedure to compute the propagator in the background of
the BTZ black hole. The Chern-Simons connections in this case read

1 _ 1 _
a = <J+ + 47_2J_> dZ, a = <<]_ + 47__2J+> dz. (229)

This gives rise to the BTZ metric in Kuclidean signature
2 2 2T 2 | 12 2 or\? .. -2 -
ds® =dp° + - (Ldz” + Ldz°) + | e* + - LLe P | dzdz, (2.30)

where £ = —k/(877%),L = —k/(8772) are the left and right moving components of the
boundary stress-momentum tensor with 7 being the modular parameter of the Euclidean
boundary torus. The black hole horizon is located at pnoi. = —log(477)/2. The scalar
bulk-boundary propagator is known to be

Glp.2,%) = < ¢’ )>1+A. (2.31)

e=2 cos() cos(5) + 477 sin(£ ) sin(

S

Let’s check that (2.31) can be expressed as a matrix element. This will serve as a good
consistency check of our computational approach. For the BTZ, the connections imply
that we need to compute the matrix element

@BTZ(p’ 2, Z) — ep(l-f—)\) [€a+J+—a7er&+J+—(~17J7:| n (232)
where
—Pz -pP
a_ = —ePz, a, = %, ay = —elz, a_ = 647_22. (2.33)

From (2.16), and the relation (Jp)11 = —12, we find (2.32) to simplify to (2.31).

~10 -



We should mention another worked example for which the propagator can be computed
to all orders in the higher-spin potential and which was already done in [10] - the chiral
spin-3 perturbation of the AdS3; vacuum. The connections read

a=Jidz —pVidz,  a=J_dz (2.34)

where p is constant. From the viewpoint of holography, this is the dual to a deformation of
the boundary by a dimension (3,0) operator W(z) with constant coupling, schematically,
6Scrr = p [ d?2W(z). The higher-spin black hole solution with chiral charge is a finite
temperature version of this solution. For this background, we note that

A=elz]p — pe*zJd, A=efz, (2.35)
and that the propagator can then be computed straightforwardly as

D(p, 2, 2) = ellHVP |2 meraliruetr Tt |
11
o

2p5 72
= (13 [Z J—JWM)]
11

|
—0 S!

(14 2)p i (uzer)? (A +2s)!
5 st (14 e2rzz)tHA+2s

_ <€p>micn <(“’"364p)2>n on = nl(i FA),(2.36)

1+ e?r|z|? 1+ |z|%e?

as first derived in [10]. However, for the spin-3 black hole with non-zero temperature, the
propagator at arbitrary A wasn’t computed in a similar fashion. We now proceed to study
this case, demonstrating that the techniques in this section are sufficient for us to compute
the bulk-boundary propagator.

3 A derivation of the scalar propagator in a higher-spin black hole back-
ground

In this section, we will derive the bulk-boundary propagator and by taking p — oo, the
boundary two-point functions in the background of spin-3 and spin-4 black holes. We will
give explicit expressions up to second order for the spin-3 black hole and first order for the
spin-4 case.

3.1 Spin-3 black hole

For the spin-3 black hole, the hs[A] X hs[A] Chern-Simons connection reads

2
Ve TR o
k 2k
o
az = —; (az * Clz) |traceles57 (32)
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with the charges being (up to second order in «)

_ Kk k 2 A2 4
L= oy + Y- (A —4d)a” + O(a”), (3.3)
k
W = ~3 50 + 0(a?), (3.4)
7
U= 367-8a +0O(at). (3.5)

We refer the reader to [19] for the derivation. Up to second order,
Z
—J-=2ZTJ + —J_, (3.6)
,Qp 5
Al — v 72 e
: ( 65 - ) 7 T
= e? J? P2 E{J J }+%J2 (3.7)
6T4 - 16T4 STz \3v T 0 ’ '

T (A2 4) _ e
2 _ 3p 713 p - 2 3
AT=2 (36786 T > <675{J+’J_} T ‘] )

, ] !
[ -z 2-32\ 5 2 )
‘ [ o T s ) e

1
A’ = z(ePJy 4 e p4
1
( 2pJ+ J2 A7 2{J+7 J}traceless)

‘N\NI

_ 1 i Z
A =z <€pJ_ + €p47_2J+> = ZTJ_ + ﬁl]—’—’ (38)

where we have defined

N

— z
T = 1e”, T = Te’, Z = —,

)

S W

and have set the anti-holomorphic chemical potential to vanish. Using (2.13), (2.14)
and (2.15) in section 2, we can write

e N JieN =N k(s 2) 0, (3.9)
where, representing the coefficients Cf(s,Z) as matrix elements of C, i = {1,2,3} =
{07 +7 _}

cos(sZ) —Tsin(sZ) %
C = sin(sZ) 1+cos(sZ) _cos(sZ2)71 . (310)

2T ) ST
—2T'sin(sZ) 2T%(1 — cos(sZ)) (HCOQM

To complete the calculation at each order, using (2.16), we are then left with linear com-
binations of the matrix elements

AR 7\ 1+
<sec 2> (sec ) X [eE‘L JidjJg .. .eﬂ‘]+] (3.11)

where € = 2Ttan§,,8 = —2T tan %
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3.1.1 First order correction

For first-order correction, we need to compute

1 1
—/0 ds e N AL e = 2N D7, Z)/ ds CF(s, Z)C (s, Z) JxIm

ij 0
1 — —
_ / ds B (s, 7, ) Judm = —BY™(Z, Z)Jodm,  (3.12)
0
where
VA Z _ Z A
DB = 2 D?=-Z2D¥=D¥=-_"_ Dl =", 3.13
674 1674’ ’ 1272’ 3772 ( )
Then, we simply take the matrix elements
. B 0 7 1+ 7 14+ B
N B Z, Z) Ty T e Ll = <sec 2) <sec 2) x B¥™(Z, Z) |eT= Ty e+ .
(3.14)
Let us now determine the coefficients B*™(s, Z, Z), B¥™(Z, Z),. They read
B"(s,7,2) =Y D" (2,2)Cf(s, Z)C]'(s, Z) (3.15)
,J
and B(Z,2) = fol dsB (s, Z,Z) reads in matrix form
Ztoeng () - e sin(§) — e sin'(3)
—sint(2)  1(6(Z - Z) — 8sin(Z) +sin(22)) Z_ZcoslZ)sin(Z)
Lot sin (4) SR s (3(Z = 2)+ (44cos(2) sin<Z>() |
3.16

We now have all the ingredients to compute the first-order correction. Assembling every-
thing, we have

A+1)(A+2)

1272 (cos (%) cos (%) +4TT sin (%) sin (%))2

X [cos2 g (sinZ + (2—cos Z)(Z — Z))

oW (p, 2,2) = P77 (p, 2, 2)

—4TTsinZ (2(1 — cos Z) +sin Z(Z — Z))

_ Z _
+ 167272 sin? 3 (3sinZ + (24 cos 2)(Z — 2)) (3.17)

This was derived in [10] in a rather different spirit,! where a generalized Klein-Gordan
equation was extracted by decoupling various components of the linearized master field
equation (2.3). It was not clear how to systematically seek solutions to the PDE that
emerge but the conjectured dual CFT correlator that should be identified with the infinite

'We thank Eric Perlmutter for a couple of helpful email exchanges on this issue when [10] first appeared.
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p limit was calculated, and presumably this allowed them to arrive at a plausible ansatz that
could be checked to solve the PDE. We should mention that another seemingly different
method of obtaining the first-order bulk-boundary propagator was presented in [22] where
a relation to the spectrum of quasi-normal modes was emphasized.

The boundary two-point function can be obtained by taking the infinite p limit,
which yields
(1+ N2+ A)2sinZ + (2+cos Z)(Z — Z)

) 1 o1 BTZ >
Jim @W(p,2,2) = lim P (p, 2, 2) x 25in? £ ’
(3.18)

2
where ®B7Z denotes the corresponding correlator for the BTZ black hole.  This
was first derived in [10] where it was nicely related to the CFT three-point function

(W(z1,21)0(22, Z2)p(23,Z3)). We will not review the relevant CFT derivation here, but
in section 4 and in appendix B we will perform a CFT derivation of the boundary two-

point function in first and second-orders of the spin-4 chemical potentials respectively.

3.1.2 The second-order correction

We now proceed to computing the second-order correction which involves calculating

d2 _ 1 _oAO 0 _AO d _ 0 _AO
Se A|a:0 — ds | 2¢ sA A26sA e A + [ =e SA‘OJZO AlesA e Al
0

do do
+ e*sAOAlie*(lf‘S)Aywo . (3.19)
do -
We note that
d _
@e—sAyazo = B (=52, —5Z) JyJme "N’ (3.20)
d _
%e(s_l)A]azo = B ((s = 1)Z, (s = 1) Z) JpJmel> DOV, (3.21)

Thus, the second and third terms in (3.19) can be expressed respectively as
1
(—/ ds B"(—sZ,—sZ)BY (s, Z, Z)> Jidm i Je (3.22)
0
1
<—/ ds Ci(s,Z)Ci(s,Z)B™ ((s — 1)Z,(s — 1)Z) B*™(s, Z, Z)) JidmJiJie . (3.23)
0

We are then left with computing matrix elements of the form

(T Ty JiTje | = e B8 e, . (3.24)

which can be handled using the techniques presented in section 2. On the other hand, the
first term of (3.19) takes into account the second-order correction to the Chern-Simons con-

s | W—4)Z 7732\ 5 Z )
A =e™ [_WJ_ + W Jo — @{J—‘”J_} s (325)

nection
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and upon using similar techniques, we can simplify fo ds e M A2e507 t6 read
) > CL(s)C (s, 2)CF (s, 2)J; ;i

! N -7z . 77 — 37
22N (s, Z)J; it
/0 @ ( 127° > s, 2)Ji+ < 3677
0,7,k
Z (2
— <6T5) QZCO 5, Z)CL(s, 2)JiJj + Y _ CL(s, 2)C{ (5, Z)C\ (s, Z) JiJ; Iy
h,hk
After performing the s-integration, we are again left with matrix elements of the form
[ I J.J, Jieﬁ‘]*Ll = Pel BT [JpqueJ*eﬁiJ*J,,Ll,
[ el JkJmeﬁJJf} = eiﬁﬁl [Jpee‘]‘eﬁ‘]+ Jr] .
11 11

Assembling all the terms together, after some simplification, we found that the second-order

contribution to the bulk-boundary propagator can be expressed as
PN+ 1(N+2 (m)(z,Z)(TT)™
8 (p, 2,7) = BB%(p, 2, ) AT DAL DI ( NIT) (3.26)
T (cos (%) cos ( ) +4TT'sin (4) sin (%))

where the f’ s read
Z 4
()\+4) (A—13) cos [2] sin[Z]?

FO
144
- ((—4+A> [2]4< (45 0)+ (14 cos[Z])sin[Z]> (z-2)
_ 2;8<COS[§T( (144 7A+2%) =4 (A42) (2A+11) cos[Z]+ (A +2) (/\—H)cos[ZZ])) (Z-2Z)
= —% (cos [fr ( 2 (10+5A4)?) cos [g] +2 (10+5A4)?) cos BZD sin {ﬂ sin {ﬂ
-2 <cos [§]3< 94—39A—5X%+ (144+15A+)?) cos[Z]> sin {i sin [§]2> (Z-2)
+ cos ET( 3 (1449 +A?) cos {ﬂ+(2+3)\+>\2) cos[ 5 Dsn {ﬂ sin [g] (Z—Z)2>7
1o — %( 196— 99— 11X2 4 (76-+ 45\ +5) cos[Z]) sin® Z sin [2}2
_ % ((—4 (224150 +2)2) + (284337 +5)2) cos[Z]) sin[Z]? sin[Z]) (Z — Z)
+%( 3 (144 7A+A2) + (24 3A+A2) cos[27]) sin[Z]2(Z - Z) (3.27)
o =2 (8+6)\+)\2)sin{ rsm[Z] sin{ rsm[Z]
- % (cos {Z} (744452 +TA\%+ (22+27A+5A%) cos[Z]) sin Ersm [gr) (Z-2)
+ N cos | 5| (Le2ns L) cosfz])sin Mgsmmw—zﬂ (3.28)
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jo=-2 <(4+)\)(13+3)\+(5+3>‘) cos|Z]) sin [erm ED

[\]

-4
+ %(44—)\)(84-2)\—!-005[2]4—)\ cos[Z]) sin [g] sin[Z](Z—Z) (3.29)

_g ((9 (14+TA+A?) + (88+60A+8A?) cos[Z]+ (2+3A+A?) cos[2Z]) sin {ﬂ > (Z-2)2.

Both first- and second-order contributions to the bulk-boundary propagator are evidently
periodic under (Z,Z) ~ (Z + 2nZ,Z + 2rZ) which is a simple consistency check for our
results. As first noted in [10], this comes from the fact that the higher-spin black hole is
defined with reference to that of the BTZ which is a central element of hs[A]. From (2.2),
we can see that the scalar propagator is periodic as such. Since T' = 7e”, we see that only
the term f®*)(Z, Z) remains relevant for the boundary two-point function which reads

p—r00 p—00 25674 sin? % sin? %

(3.30)

This expression was derived from the dual scalar correlator in the dual CFT in [10] but
the boundary two-point function from the bulk’s viewpoint was only computed for some
integer values of A and not for arbitrary values as we have derived here. This was extended
to arbitrary A in [15] where the computation relied on the analytic continuation from an
integer as well. In both [10] and [15], the second-order contribution to the bulk-boundary
propagator as computed in this section was not derived.

Higher-order contributions to the bulk-boundary propagator are in principle calcu-
lable, and the computational feasibility depends on the number of terms of the form
[ee‘]— Ty ey - - - kaeﬂj+]1l that fall out of the perturbative expansion. As we have seen
in the first two orders, the coefficients of these matrix elements involve elementary inte-
gration over polynomials of trigonometric functions. Below, we study another higher-spin
black hole - that which is deformed by a spin-4 chemical potential. Unfortunately, we are
only able to study it explicitly at first order. The second-order term can be expressed
easily in closed form just as we have done in the spin-3 case. The problem that arose was
the proliferation of terms for which we could not find an obvious way to simplify.

3.2 Spin-4 black hole

The higher-spin black hole in hs[\] theory with spin-4 charge was first introduced explicitly
in [16]. We will however adopt a different normalization for the higher-spin fields. The
Chern-Simons connections read

1 3(A2 —9)(\2 — 4)a? 7T(A\2 —19)a? 1102
a+:J++<+< )( >a>J+<a ( >a> 3, 1la®

472 40078 2077 400710 - T 4007127
a 3N -7
a_ = —; (ai’traceless + 207_2a+> . (331)
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Note that ai is originally traceless. We are keeping terms up to quadratic order in .
Again keeping to the same notations as in the spin-3 case,

1
0_
A0 = <J++4 2J)
J3 _ 1 53N\ _7 1
1_ 3p _ 3
Al =e¢ Z<20 6) e3P <J++472J> + g (J+ 7 2J>],

302 —9)(\2 —4) 7(A2 —19)a?\ 4 1
VA A
< 40077 / 40079 T2+ oo 7~

_ [3)\2 —7JE . 1 ((A2)2J§ —|—J§ (A2)2 + (Ag) JE (A%))] (3.32)

40079 202279

The derivation proceeds as before and thus we will skip most details. After some straightfor-
ward algebra and invoking the techniques of section 2, we find that the first-order correction
can be written in the form

A A+2)(A+1)
oM (p,2,7) = BBTZ (p, 2, %) ( +3)7( +2)(A + ZS )k
73 (cos % CoS % +4TT sin sin 2)
(3.33)
where the various terms read
_ 1 . 72 47
SO (Z,Z) Esm?cos 5((Z Z) (cosZ—4)+3sinZ),
_ 1 . Z Z _ Z 3Z Z 3Z
(1) ZginZ cos2 2 _ Z _ 22 in 2 i 22
S (Z,Z) 20 sin 5 cos 5 (3 (Z Z) <3cos 5 cos 5 > 27 sin 5 + 5sin 5 ),
. 6 Z Z . Z _
s (2,2) = —x cosgsin2 §Sin§ ((Z—-2) (cosZ+2) —3sinZ),
_ 4 Z _ 37 zZ Z 37
3) S aind 2 _ 24 2 2 11an 22
SY(Z,Z) = 15 sin 5 (3 (Z-2) (cos 5 +9cos 2) 27sin 5 11sin 5 ) (3.34)

In the infinite p limit, only the term containing S® contributes. The boundary two-point
function reads

lim @Y (p,z,z) = lim ®BT%(p, 2, 2) (3.35)
p—00 p—r00
(A+3) (A +2) (A+1) _ 37 Z Z 37
Z -7 — — |2 ——11 — .
(16) (15) sin® Z79 3( ) | cos 5 +9cos 5 7sin 5 sin 5

We will reproduce this expression shortly from the perspective of the dual CFT deformed
by the appropriate higher-spin chemical potential.

As mentioned earlier, we find that the second-order contribution to the propagator
contains a large number of terms for which we are unfortunately unable to simplify, even
in the limit of infinite p. For all it is worth, in appendix A, we express the bulk-boundary
propagator in a closed form that is slightly more explicit than (3.19). For the spin-4 black
hole, analogous to the spin-3 black hole, we find that the bulk-boundary propagator can
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be cast in the form

6
0 (p,2,2) = O (p, 2, 2) — SV (2,2) (TT)",
T6 (cos % cos % +4TT sin % sin %) n=0
A+3)(A+2)(A+1)
G )

up = (3.36)
In the infinite p limit, only the term containing V() contributes. In appendix B, we will
nonetheless furnish a dual CFT calculation (following the spin-3 calculation in [10]) that
by virtue of the holographic duality, gives a prediction for V). Another approach to
computing this boundary two-point function from the bulk directly might be to apply the
methodology of [15] to this case. As mentioned earlier, this would rely on the validity of
performing an analytic continuation from some integer to arbitrary .

4 Boundary two-point functions from the dual CFT

Finally, we proceed to examine the scalar propagator from the perspective of the putative
dual CFT which has a W[\ symmetry and which is deformed by holomorphic higher-
spin currents.

0ScrT = i/dQZ w(z,2)U(z) (4.1)

where U (z) is some higher-spin current (we will take it to be a spin-4 current in this section).
The gravity background is that of the BTZ black hole deformed by a chemical potential
for the higher-spin charges so the CF'T resides on its boundary torus parametrized by the
complex coordinates

(2,2) ~ (2 4+ 277, Z + 270T). (4.2)

The holomorphic chemical potential is defined by taking u = «/7. The torus can be
realized on the complex plane as an annulus with its boundaries identified. The deformed
two-point function is then the torus correlation function

Tr (G(21, 21)(z2, )eSrmglo—digho i ) (4.3)

where ¢ is the scalar primary operator in the CFT with h = h = %()\ + 1). Switching
to annulus coordinates w = €**, and invoking the usual transformation property of quasi-
primary fields, at first order we then have
K o VW " _ o\ Lo— _Lo—<
— 7T/d vgwlwluthTr (U(v)qb(wl,wl)qﬁ(wg,wg)q 072G 0 24). (4.4)
We are interested in the regime of high temperature, and thus we perform a modular
transformation to take 7 — —1/7. In the high temperature, the leading contribution

arises from the vacuum state and this yields (from now, we denote the boundary two-point
function by ®p)

@g) = —Ziw?w?w%wg#hﬁr%fdvv31n(vv)<U(v)¢(w1)¢(w2)>o, (4.5)
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where the subscript zero implies the correlation function on a two-sphere, and we have
invoked Stokes’ theorem and adopted a regularization scheme (see [10, 26] ) where

= Oln(v0). (4.6)

S| =

The contour is taken along the holes cut around the insertion points w2, although as
explained in the spin-3 calculation in [10], there are regular parts along the annulus’s
boundaries which could be shown to vanish with the use of (4.6). By virtue of the fact
that U, ¢, ¢ are quasi-primary fields, the 3-point function is fixed to read

4
Ufwig

(U(v)p(w1)p(wa)) = (4.7)
wifwig (v — wi)* (v — wa)*
where u¢ denotes the spin-4 eigenvalue [23]
A+1A+2)(A+3)
= ) 4.8
uf 50 (4.8)
From (4.5), we thus have
' 1 3In(vo)
BV = 1Y gy 2htz2n UYL %dv v ' 49
B o L2 H2T whw?h (v —wi)*(v —we)t (49)
The contour integral has poles at w; and we and can be easily performed to yield
3¢)BTZ 312 3
@g):W[(llsn +27 1n2z)—3(72—7_'2) <cos;z+9(:os722>]
(4.10)

where we have taken z; = 2,29 = 0,w; = €7, wy = 1, following our convention for the
bulk-boundary propagator in the earlier sections.

Incidentally, we can also derive the 3-point function by a slightly longer route which
is relevant for computing the 4-point function later. We need the OPE between the spin-4
field and the scalar field in the large central charge limit. It reads

Uod)(wr) | U-1d)(wn) | U-2d)(wr) | (U-sd)(w)

U(v)p(wr) = (v —wq)? (v—wq)? (v —w;)? (0 —w1) (4.11)
where
Uogp = uy¢,
U_14 = %()\ +3)(\ +2)99,
U_2¢ = %(A + 3)8%9,
U-sé = 0", (4.12)

These relations were worked out in section 5.3 of [27] by deriving the null vector structure
up to level three in the 't Hooft limit of the minimal models. The contour integral can
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be straightforwardly computed around the poles of the integrand. From the poles at wi,
we obtain

u 02 a3 _
fdv v3In(ov) ((v — Ll)4 + (A ‘EZ})(_)‘;‘jgawl + ;)(\v+—31)1111;; + " _w;}l) (P(w1)d(w2))o

— w008, + 30+ 3ok, + 2O+ O+ 2Durd +us | Gwn)otun)

[5O3k, + 0430+ 20 + ] (Glun)olun) (113)
where
(G(wn)(ws)) = wiz"wi;™", (4.14)

The poles at wo contribute analogously, and putting the two terms together we obtain
the expression (4.10). This is precisely the expression obtained via the bulk calculation
in (3.35).This entry of the higher-spin holographic dictionary anchors simply upon con-
formal invariance and choosing a suitably normalized higher-spin eigenvalue of the scalar
operator in the dual CFT.

5 Discussion

In this paper, we have explored some aspects of three-dimensional higher-spin holography
by studying scalar fluctuations in the background of higher-spin black holes, with the main
novelty being an independent derivation of the bulk-boundary propagator using an infinite-
dimensional matrix representation of hs[A] algebra from its construction as a quotient of
the universal enveloping algebra of si(2). This evades the need in previous literature to
perform an analytic continuation from some integer to A, and furnishes a class of examples
relevant for the study of the 't Hooft limit of higher-spin AdSs;/CFT, holography. The
bulk-boundary propagators are computed for black hole solutions (in hs[A] x hs[A] Chern-
Simons theory) deformed by spin-3 chemical potential up to second-order in the spin-3
potential. Taking the bulk-point to the boundary, we verify that the second-order correction
of the boundary two-point function matches that of the corresponding dual CFT’s scalar
correlator as computed in [10]. At this order, such an identification of the entries of the
holographic dictionary goes beyond constraints imposed by conformal invariance, and is
sensitive to the form of the classical W[A] algebra involving spin-3, spin-4 fields, the
energy-momentum tensor and their descendents.

We also applied this method to understand the scalar propagator for a black hole with
spin-4 charge. The bulk-boundary propagator was computed to first order in the higher-
spin chemical potential. On the CFT side, we generalize the calculation in [10] to the case
where the dual CFT with W [)\] is deformed by a holomorphic spin-4 operator. We match
the correlators on both sides to first-order in the higher-spin potential. Unfortunately, we
encounter a huge number of terms in the bulk calculation of the second-order correction
and were not able to extract the boundary two-point function from them. Nonetheless,
the method that we use allows us to express it in a closed form in terms of elementary
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integrals. We find that the corresponding dual CFT computation is doable and we present
the complete and explicit two-point function up to second-order in appendix B.

Overall, we hope that our work has shed light on the computational feasibility for simi-
lar computations, such as the calculation of hs[A]-valued Wilson lines as recently discussed
in [18] without relying on the analytic continuation from some integer to A\. Our work
may also be useful for exploring fluctuations in other classical higher-spin backgrounds
such as the conical spaces of [28], or black holes in higher-spin supergravity theories as
discussed in [29-31]. Beyond computing boundary two-point functions, the technique pre-
sented here would be useful for studying Witten diagrams and the role of conformal blocks
in higher-spin holography as recently advocated in [32, 33].
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A On second-order contribution to the bulk-boundary propagator in the
spin-4 black hole background

In this section, we’ll make (3.19) more explicit for the spin-4 black hole. Writing

N =F(2) -+ F (2, 2)J2 + F(Z,2) JadpJcTade
A =GY(2)J; + GY¥(Z, Z) Jiji,
1
Bi(s,2.2) = (U(Z)Ci(s. Z), BUZ.Z) = / dsBi(s, 7, 7)
0

1
B9 (s,2,2) = G"™(Z,2)C{(s. 2)Ch (5, Z)Cp\(s. Z), BINZ,Z) = / ds B7*(s, 2, 2),
0

the second-order correction to propagator is the sum of the contributions due to the
first- and second-order corrections to the Chern-Simons connection which we denote as
[6A®A26_A0] , [eAq)A1e_AO] respectively, with

11 11

1 .
Dp2 = —2 / ds F(Z)C'(s,2)J; + F~~(Z,2)C" (s, Z2)C (5, Z)C" (5, 2) J; T Jx
0

+ fadee(Z, Z)CZL(S’ Z)Cg(S, Z)C?(S, Z)Cé(S,Z)C;n(S,Z)JzJje]leJma (Al)
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1
By = / ds [B'(s2,52)B (s, 7, 7) + B'(s, 7, Z2)B™(—sZ, —sZ)Ci (s, Z)] JiJ,;
0

Bi*(s7,s2)B\(s, Z,Z) + B(sZ,s2)B(s, Z, Z)

+ BP"((1—5)Z,(1 — 8)Z)B(s, Z, Z)Cg(s, Z)C(I;(s, Z)Cl(s, Z)

+B"((1—8)Z,(1 —8)Z)Cl(s, Z2)B*(s,Z,Z) | J:J; Ty

+ |Bi*(s7,52)B"™" (s, Z, Z)
+BPI"((1—9)Z,(1 — S)Z)Cll)(s, Z)Cy' (s, Z)Cy! (s, 2B (s, 7, Z)
X JiJj I I Jm I (A.2)
Although the integrals are elementary, we were unfortunately unable to simplify the huge
number of terms present. For the purpose of obtaining the boundary two-point function,
another possibility would be to study if the method of [15] enables a more manageable

computation for this higher-spin background. Nonetheless, we now proceed to furnish a
dual CFT calculation that should match this bulk correction in the infinite p limit.

B Second-order correction from four-point functions in the dual CFT

The second-order term involves a four-point function and it reads

85—~ s ulutuabr O § dor § deatnoro)n(eoe)ofe (U (00U 2o wn)6(wa))

(B.1)
Relative to the first-order calculation, the second-order one is more involved and relies in
particular on the OPE between two spin-4 fields which reads?

6Y (v2) n 30Y (v2)

Ulon)U(v2) = (v1 —w2)? 1)1—712)
v2) aU(vg) )
36 o0*U U
o0 [ (v1—v2) 4 203, +361)12 (v2) + (v2)
14N4 2T (v9) aT (v2) | 3 &°T(v2)
v12 v52 10 ’U%Q
1 PT(vp) 1 9'T(vg) | 1 T (vy)
15 o3, 84 02, 560  vio
+... (B.2)

where Y,U,T are spin-6, 4,2 fields and we have omitted terms which can be ignored in
the large ¢ limit. They include composite fields and quantum corrections to the classical

*We essentially deduce this OPE from section 3.3 of [23] and [34]. The result in eq.26 of [35] was
also useful.
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Wh-algebra. The constants read

8 384
nag = —0>(A\? —19), Ny = ———o*(\2 —4)(\* - 9) (B.3)

15 85
where o is some arbitrary constant which we can fix by comparison to the bulk gravity
result. The four-point function can be computed using the above OPE as well as that

between the spin-4 field and the scalar field, i.e.
l{l{é(ﬁ—i—@cﬁ—l—UUqbqb. (B.4)

Consider the contribution coming from the UU OPE, and in particular the two terms
involving the spin-6 field Y. Up to other multiplicative terms, we need to compute the in-

tegral
d2U2 dzvl 3 3

[ E2Emig (5 + 222 (v ea)dtonotusio (B3

v2 U1 V1o V12

We perform integration by parts for the second term to remove the derivative 9,, and
then for both terms integrate over v; first, using Stokes’ theorem after replacing 1/v; with
In(v101). This gives us

d21}2 5 -
[ 205 (00w olwn)). (B.6)

The three-point function (Y (v2)@(wi)p(ws)) can be obtained by using the fact that they
are all quasi-primary fields. It reads

6
y Ug w12
Y = , B.7
(¥ ) )o0a)) = e (it (B.7)
where ug is the spin-6 eigenvalue which we determine® to be
1
u6:—ﬁ()d—5)()\+4)()\—|—3)()\+2)()\+1). (B.8)

The other terms arising from the spin-4 and spin-2 fields can be handled similarly, and
together with the other factors, we find that the second-order correction reads

a2

O = — - BTA8(27m) x

uvu — 87

2In(v 3] )
<3u6w‘f2 % dvs q v3In(v2v2)  Tnausy ]{ dvs v3In(va02)

v2 — wi)(v2 — w1)] [(v2 — w1) (v — w2)]*

3h voln(vev
- Tguts f duy e 2>, (B.9)

10 Vg — w1)2(v2 — 'l,UQ)

where
hT2hf2h

oB1Z _ (W1w1wa)

2h,—2h )
Wig Wig

(B.10)

3We follow section 4 of [23], computing the spin-6 eigenvalue by expressing V¢ in terms of a polynomial
in Jo and other terms which annihilate the scalar field.
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and each of the line integrals can be computed to yield

fd g 210 “2”2) S = —2mi {2+ (“’1*3“’”111 (“’2@2)} (B.11)
(va—w1)?(vy—ws) Wiy Wiy w101
v3ln(vaty) —27i 3 3
d’UQ 2 = 22(’(1.) —w )+54w1w2w12
7{ [(v2—w1)(vy—wp)]"  Gwly |7 7

W W . .
+ 61ln (w2w2> (w‘f+wg+9w1w2(w1+w2))
1W1

v51n(vavo —27i
fd’()g[( bt ) _ 2

Uz—wl)(w—wl)]ﬁ Slw %%

4 (137 (w? —w3 )+ 1625w wa (wi —w} ) +2000wiws (w1 —ws))

W W
+ 120In (2021I12> (w} + w3 425wy wa (wi + w3 ) + 100w w3 (wy +ws)) | .
11

(B.12)

Just as in the first-order computation , we take w; = €’*,ws = 1, and we have from the
Wick contraction of the two spin-4 fields

2
o), = L pBIZ6 [hl () (2= cot T (7 — 27))

h 5 3
- [ <137 sin % + 1625 sin g + 2000 sin Z;)

) 3
- 30 <cos % + 25 cos % + 100 cos Z;) (21 — 27‘)]

hs(X) . 32T 2T
+ s T ( (22 sin BN + 54 sin 2)

2
o 32T 2T
— 6(21 — 27) <0082+9cos2> > +... (B.13)
where the A—dependent coefficients read
) = 2B (04 1)(A2 = 9)(A2 — 9)ot
425
ha(N) = A A+ 4)(A A+2)(A+1
o) = —5ors A+ B+ A+ B) A+ (A +1),
7
hz(\) = 900(/\2—19)()\+3)()\+2)()\+1) (B.14)

with o being an arbitrary constants. The various constants descend from the precise form
of the classical Wy [\] algebra involving the relevant higher-spin fields. We are also taking
the large ¢ limit. We are now left with evaluating the Wick contractions

Uﬂlz_xb - UU|_¢Z<,1> (B.15)
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They can be computed straightforwardly via the OPE (4.11). Define
3 _
Dlwy) = Infuyin) [wlawl + 3O Butoh, + 2O+ O+ Durd + s | G0)
The contribution due to the two contractions is then given by

a? 1

— 7(w1w1w2w2)hT2h+6?2h [D(wl) + D(’UJQ)]2 W (B.17)

Taking wy = €%, wy = 1, it reads after simplification

(I)(z) :&2¢BTZTT6 L
ve 2 11520 sin® &7

— 3cos % (22f5(N) cos 227+36 f6(N) cos z7+2f7(N)) (ZT—ZT)> +6sin 27 (291 (A) cos 2zt

4(A+3) sin % (sin %(2]"1 (N) cos2z7+8f2(N) cos 2z7+6f3(N))

+ 36g2(\) cos z7’—|—g4()\)> (27—27)—9(2g5(X) cos 32743696 () cos 227 +18g7(\) cos z7
+ 498@))(272%)2] ; (B.18)

where the A—dependent coefficients read

= g3(\) = 132 4 211X 4 102)% 4 1173,
564 + 457X + 104X + 7A3,
= 51432 + 27526\ + 5052)% 4 3263,

g1(A
g2(A

(M)
(M)
ga(A)
g5(A) = 6 + 11X + 622 + X3,
6(\) = 54 4 51X 4 1422 4+ A3,
gr(\) = 1242 + 801\ + 16222 + 1113,
gs(A) = 5922 + 3331\ + 64217 4 413
(M)
(A)
(M)
(A) =
(M)
(A) =

<

fi(\) = 422 + 543\ + 12122,

f2(\) = 3748 + 1977\ + 209)2,

f3(X\) = 6862 + 2583\ + 281)\2,

f5(0) =(A+1)(A+2),

fo(A\) = 94 4 61X + 7A\2,

fr(X) = 4286 + 1569\ + 163)2. (B.19)

The overall second-order correction is then the sum of (B.13) and (B.18), i.e

o = o) + o). (B.20)
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