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1 Introduction

Recently, a significant progress has been made in the computation of the structure con-
stants of planar A’ = 4 SYM by integrability techniques. The use of integrability to tackle
this problem was initiated mostly in the papers [1-3] and culminated in a non-perturbative
proposal formulated in [4]. This conjectured all-loop solution is grounded on a very stringy
picture. The three-point functions are represented by a pair of pants corresponding to
the well known idea of the splitting of a string into two other strings. Upon cutting open
this pair of pants one is left with two hexagons patches with their edges identified. The
hexagons are then regarded as a sort of fundamental objects that inherit information about
the initial and final states. In particular, in the integrability language the external states
are characterized by a set of parameters named Bethe rapidities and as a consequence the
hexagons form-factors are functions of these rapidities. Eventually in [4] it was possible
to bootstrap completely the so-called hexagon form-factors mostly by symmetry consid-
erations. Once they are known, the structure constants can be obtained by gluing a pair
of these hexagons and the final outcome is expressed in terms of sums over partitions of
the Bethe rapidities of each operator. Several checks of the hexagon program predictions
against the perturbative data were already made in the original paper [4]. Additional checks



were made both at strong and weak coupling in [5-10] providing very strong support for
the correctness of the hexagon solution to the structure constants problem.

In this paper, we concentrate on operators sitting in the closed su(1|1) sector which is
the smallest sector containing fermionic excitations and consider their asymptotic three-
point functions. This means that we take all the lengths involved to be large. In the
hexagon language, the finite size corrections are controlled by the mirror particles and thus
we can safely neglect them in this regime. One of the goals of this work is to check the
predictions of the hexagon program for fermionic correlators against the perturbative data.
We have found perfect agreement in all cases considered provided we include some ad hoc
partition dependent additional signs in the hexagon program. This rule differs from the
original proposal of [4], which already included some put-on signs to cohere with data, and
we do not have a convincing geometric explanation for their origin.

In the section 2, we express the su(1|1) primary operators in terms of some polarization
vectors and directly compute the most general tree-level structure constant involving three
of these operators. We prove that the result admits a determinant expression depending
on the Bethe rapidities parametrizing the excitations of the three operators. In general,
the result of a three-point function is a sum of many inequivalent tensor structures [11-
13]. However in all cases considered in this work there is only one tensor structure (and
consequentially one structure constant) and therefore it will be omitted everywhere. We
refer the reader to [14] for details.

In the section 3, we apply the hexagon program for the su(1|1) sector. Firstly, the
case of one BPS and two non-BPS operators is considered. We prove by deriving recursion
relations that the relevant hexagon form-factors for computing the structure constants in
those cases can be explicitly evaluated and have a completely factorized form at all loops.
Interestingly, the matrix part of these hexagon form-factors can be viewed as a partition
function of a certain six-vertex model at any loop order. This fact is only true for operators
in the su(1]1) sector. A similar setup but with operators in the su(2) sector was considered
in the appendix K of [4] and the hexagon form-factors are domain wall partition functions
of a six-vertex model only at tree-level. This is the expected result because at tree-level
the three-point function reduces to an off-shell scalar product [15-17]. In addition, we take
the strong coupling limit of our results for the structure constants in the so-called BMN
regime. Surprisingly, we show that the leading contribution to the structure constants can
be written as a determinant for any number of excitations.

The case of three non-BPS operators is also studied in the section 3. In [14], the one-
loop structure constants for specific three su(1|1) operators were computed both by finding
the two-loop Bethe eigenstates and by evaluating all the relevant Feynman diagrams. We
have checked numerically that the hexagon program reproduces the results of [14]. The final
answer for the structure constants in the hexagon program is given as a sum over partitions
of three sets of Bethe rapidities (one for each operator) of the product of two hexagons form-
factors. It is clearly a quite demanding task to explicitly compute them for a large number
of excitations. It is very likely though that this solution can be further simplified at least for
some cases. Three instances where such simplifications were attained are the determinant
expressions of section 2 and subsection 3.2.2; the final expression for the structure constants
of three su(1|1) operators of [14] and the results of [10] in the semiclassical limit.



2 General tree-level structure constants in su(1|1)

In this section, we consider the most general configuration of operators in the su(1|1) sector
of N'=4 SYM. There are different embeddings of su(1|1) in the full superconformal group
and they can be conveniently parametrized through some polarization vectors. This has a
resemblance with the studies made in the su(2) sector presented in [18].

The R-charge index contractions in the three-point functions considered here are nicely
accounted by the scalar products of the polarization vectors. It then remains to compute
the dynamical part which is the most interesting one. At tree-level, we make full use of
the fact that these operators are described by free fermions and we are able to derive a
determinant expression for the structure constants.

2.1 Polarization vectors for su(1|1)

In order to parametrize the external operators in the three-point function, let us start by
introducing a pair of polarization vectors Z, and W,, where a = 1,...,4 are su(4) indices,
satisfying the following normalization and orthogonality conditions

2°Z, =1, W*'W,=1, Z°W,=0, W%Z,=0, (2.1)

with the bar standing for the usual complex conjugation Z¢ = (Z,)*.
A state in the su(1|1) sector is built out of a scalar field ¢ and a fermionic field ¥ that
we define in terms of the above polarization vectors by

= Z, Wy ™, W=Wo*— Z°, (2.2)

where ¢ and ¢ are the scalar and fermion fields of A" = 4 SYM and we have omitted the
Lorentz index « of the fermions, as we fix it once and for all to take the value a = 1. We
now want to show that the fields @ and ¥ form a representation of the tree-level algebra.
For that let us define a supercharge Q as follows

Q=27Qy+ W"Q;, (2.3)

where QY is the standard bare supercharge that generates the usual supersymmetry trans-
formations on the fields

(Qf . 9™ = Gque — 05U, Q4 vE] = 0uFf (2.4)

where F g s the self-dual field-strength. We then observe that the relations Q® = ¥ and
QV = 0 hold which imply a su(1|1) representation.

A general su(1|1) primary operator can then be defined by specifying a pair of vectors
(Zy, W,). For example, an operator O with N excitations and length L is defined by

O(Z,W) = > Uy gy T(P. W WD), (2.5)

ni no
1<ni<..<ny<L

where the dependence in the polarization vectors is hidden in @ and ¥ and v is a wave-
function (we are omitting the su(4) index a to simplify the notation).



The contraction of the R-charge indices between two given scalar fields parameterized
by (ZM, W) and (2?3, W) respectively, gives the following contribution

(@M g2y = Z((ll)Wb(l)ZC@)WUg?) ($abed)

= det[{zM, WM, z@) W@y (2.6)
= (12).
Analogously, we have that the contraction of a scalar #(1) and a conjugate scalar ¢ is
given by
<45(1)q3(2)> Z(I)Wb(l)Z(Q)C Ww@d <¢ab¢cd>
1 7 a vy, 7 T a
= zOwY (Z<2> Wb _ Z@b 2 ) (2.7)
= (12).

= (z{V —wh)(z®e —WwRa) (2.8)

The setup we will be considering in this section is formed by three operators of the
type (2.5), each one characterized by a pair of polarization vectors (Z®), W®) for i =
1,2,3. Moreover, in order to have a non-zero structure constant, we conventionally take
the operator Os to have the antichiral fermions, that is

0y(Z W@y = 3 e @@ .. 0@ o® @) (29

N1,N2,0 N, n no
1§7L1<..A<TLN2SL2

We will now make use of this parametrization of the operators to compute the tree-level
structure constants.

2.2 Tree-level three-point functions as a determinant

At tree-level, the wave-function 1) associated to the operator O; is given by the standard
Bethe wave-function for a free fermion system that follows from the requirement that it
diagonalizes the one-loop su(1|1) Hamiltonian! (more details can be found in [14]). It is
given by

%gil),m,...,mvi — Z (_1)P eXp(ip((,Zl),(l)nl + ip((:}))(z)ng +...+ ipff,),(Ni)nNi) , (2.10)

P
where P indicates sum over all possible permutations op of the elements {1, ..., N;}, and
(—1)% is the sign of the permutation. In addition, the momenta satisfy the Bethe equations

MOysS
ePili =1, (2.11)

!t is simple to use the one-loop perturbative results of the appendix B of [14] to show that the one-loop
dilatation operator acting on operators built out of ¢ and ¥ for a general polarization vector reduces to the
usual su(1]|1) Hamiltonian, i.e. it is proportional to the difference of the identity and the superpermutator
as expected.



Figure 1. This figure illustrates the Wick contractions for the computation of the tree-level three-
point function in the most general su(1|1) setup. The dashed (solid) lines correspond to fermions
(scalars) propagators. It is clear from the figure that one should multiply the three wave-functions
corresponding to each of the operators and perform a sum over the positions of the fermionic
excitations. In our conventions, all the operators are oriented clockwise.

The tree-level structure constant is simply given by the product of the three wave-
functions with the positions of the excitations of each operator summed over, see figure 1
for clarity. Concretely, we have the following nested sums to evaluate

_ § : (1) (2 (3)
0123 - R le—an +1,...,L1—n1+1wn1,...,nN1,l12+m1,...,l12+mN3 ¢l237mN3+1,...,l237m1+1 )
1§n1<..‘<nN1§112
1§m1<...<mN3§l23

(2.12)
where R includes the contribution from the R-charge contractions and the normalization
factor and reads

LiLoL3

R = NONNG)

(13)113[32] N3 (32) s =N [1 9] N1 (12) 2= M1 | (2.13)
where N is the norm of the wave-function ¥ and l;; is the number of contractions
between operators 7 and j.

Given that the wave-functions in (2.10) are completely antisymmetric in all their ar-
guments, we can extend the sums in (2.12) at the price of introducing a trivial overall
combinatorial factor. Plugging their explicit expressions, we are left with

(_1)P+Q+S

C
DD D oA (219

{ni}Ami} P,Q,S

N1 N3 z’p(l) (1-na) ip(2) e ip(z) (li2+my) ip(S) (las—my-+1)
X HH@ P(Np—atl) e 's(a)"® e S (N1 +b) ePa(Ng—b+1) 7
a=1b=1

where we have simplified the wave-function of the operator O by using the Bethe equations.
Note that the sums over n; and m; are not ordered anymore and run through the full range
1 <n; <lipgand 1 < m; < loz. It is now simple to perform the sums over n; and m; as



they are geometric series. This results in

(2) (1) (2) (3)
0123 P+Q+S N1 N 1—¢ (pS(a) “Pp(Ny+1- a))l e (pS(N1+b) “PQ(Ng+1- b))l23_1
Z N1|N3 111 @ M x

; - (3)
P.Q,S a=1b=1 e Wela) _ *’pP(N1+1—a) e*’pS(Nﬁ—b) —e PQ(Nz+1-b)
(2.15)
It is not hard to recognize this expression as being, apart for some signs, the definition of

the determinant of a Na by Ny matrix formed by two blocks namely,

Ny (Ny—1) N3(N3—1)
oo RS S (o] e

with the blocks being

. ei<p§2)*p(kl)>112

1 _ o -
Cjk - —ip<2) 1 -]_17"';N27k1—1,...,N1’
I, 2.17
i@ _ (3 (2.17)
3) € Z(p‘ P )123 _
Cjk: @) (3 j=1,...,No, k=1,...,N3.

e P — e

This is the main result of this section. In what follows we will consider a few limits of this
expression.

Extremal limit. In the extremal limit Lo = L; + L3 which implies that I3 = L3 and
l19 = Ly. Inserting these conditions on the previous formula, it gets simplified once we use
the Bethe equations and both blocks get a similar form

1— eipg'Q)Ll 1— eipg'Q)Ll

(2.18)

(1 _ G _ _
Cjk - _ip® o Cjk - _ip® 3) °
e i — ey e P _ emipy
It immediately follows that this is a Cauchy matrix and one can use the Cauchy determinant
formula to obtain

3 Ng (kk) N1 N3
, o kﬂl [I f Hl [1 f
o N z L 1>7 1=1j5=1
Chaz = R(—l) 3 H (1 D; 1) NN 21) N, N , (2.19)
I1 Hlf H Hf
717 J Zf =
where we have defined
) gl k™ 20)

In addition to this, the extremal case gets modified by the contribution coming from the
one-loop mixing of the single-trace Oy with the double-trace operators. The calculation of
this extra piece is outside the scope of the present paper and we leave it for future work.



Reduction to the formula of [14]. Another limit where the determinant (2.17) gets
factorized is the configuration considered in [14]. In that setup, one sets log = N3 which

leads to
3 Nk ok
Ny o knl 1;[ fgz )
— _ ipi L2 =1J<t
|Chas| =R H(l e )N2 | (2.21)
=1 IT 11 fi;
i=1j=1

where fgcm) was defined in (2.20).

3 Hexagon program for fermionic correlators

In this section, we will compute three-point functions of operators containing fermionic
excitations using the hexagon program of [4]. This method generates all-loop predictions for
the structure constants which as we will see match the results of the previous section when
expanded at leading order. Firstly, we will briefly review the definition of the hexagon form-
factor. We then show that the relevant hexagon for the three-point function of one BPS
and two non-BPS operators in the su(1]1) sector has the interpretation of a domain wall
partition function of a certain six-vertex model. We further prove that it has a completely
factorized form to all loops. We perform checks with the available data for fermionic
correlators and point out the need of some additional relative signs when the two hexagon
form-factors are combined together to form the three-point function in order to get a match.

3.1 Fermionic hexagons

The fundamental excitations of an operator in the hexagon program transform in the
bifundamental representation of a centrally extended su(2|2) x su(2|2) algebra. They are
labeled by two indices (A, A). In our conventions, these indices take the values 1 to 4 with
a = 1,2 being bosonic indices and o« = 3,4 fermionic ones. Throughout this section we will
be considering fermionic excitations which carry both one bosonic and one fermionic index.

The hexagon form-factor in the string frame with N excitations with rapidities u; in
one physical edge (see figure 2) of the hexagon is given by [4]

A1B1,...,ANB B B A A
hstllring N N(ul,...,uN):(—l)f I |h(ui,uj)<XNN---X11|8’X11---XNN>7 (3.1)
1<J

where f =3 j grad(B;) grad(A4;) and grad means the grading of the corresponding index
being equal to zero for bosonic indices and to one for fermionic indices. In the formula
above, S is the su(2|2) S-matrix in the string frame [19-21] with the overall multiplicative
constant set to one and (XA,XA) are states in the fundamental of su(2]2) x su(2]2). In
appendix A we present the explicit form of the S-matrix used here. In order to evaluate
the matrix part of the hexagon form-factor, one uses

B ' A A : '
O XD XY oy = B pANBY (3.2)



—2q 2y | —dy, —dy
up up Wy wy vy Uy

Figure 2. When computing three-point functions using the hexagon program, we only need to
consider the hexagon form-factor with excitations in a single edge, say the red edge in the figure.
When more than one operator is excited, some of the excitations on the red edge will be mirror
transformed. In the figure we identify the rapidities of the corresponding mirror transformed exci-
tations by the upper symbol . This corresponds to having moved them from the red edge to other
edges of the hexagon. In particular an even number of such mirror transformations move them to
other physical edges, represented in green and blue in the figure. The particular edge where they
end up depends on the sign and number of mirror transformations applied to them. The conventions
we use here are illustrated in the figure.

and the only nonvanishing components are
i=—pt=1, pM=_p® = (3.3)

Finally, the function h(u,v) is defined by

hu v):wqj—azgl—l/x;wj 1
; i :
T — 2 1 —1/zdxd o(u,v)

(3.4)

The variables x are Zhukowsky variables satisfying z,, + 1/x, = u/g with g the coupling
constant and 2 = z(u £ %). Moreover, o(u,v) is half the dressing phase of [22].

When computing a three-point function, we first transfer all the excitations of the
three operators to one of the physical edges of the hexagon, see figure 2. This is done
by performing successive mirror transformations on the excitations of certain operators.
These mirror transformations correspond to an analytic continuation of the hexagon in the
rapidities of the corresponding excitations. In appendix A we present the transformation
that the hexagon form-factor undergoes by this analytic continuation for the fermionic
excitations. In addition to this, we will compare the predictions for the structure constants
obtained using the hexagon program with the available weak coupling data. In order to
perform these checks, we first do the computations using the string frame where the mirror
transformations are implemented in a simple manner and then map the result to the spin-
chain frame [23, 24]. The two frames are related by a phase depending on the momenta of
the excitations and that is described in appendix A.
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s N/

Figure 3. (a) We represent the tree-level configuration used in this section. The operator O; (Os)

contains ¥ (¥) excitations, Os is BPS and it has no excitations. (b) The hexagon form-factor used

b

in this section contains two types of excitations associated to the two non-BPS operators. A set of
those excitations (v;) are mirror transformed four times to the right (hence the minus sign in —4+)
and end up in the physical edge belonging to the operator O;. Alternatively we could have started
with the excitations in the top edge with the positions of w; and v; reversed and performed two
mirror transformations on the v; to the left. The first option is used in the main text as it makes
the matrix part simpler.

3.2 All-loop factorization for 1 BPS and 2 non-BPS operators

In this subsection, we compute the structure constants of two non-BPS fermionic opera-
tors and one BPS operator using the hexagon program. We will further provide a closed
expression for the hexagon form-factors in a completely factorized form.

The non-BPS operators are in the su(1|1) sector and contain a single type of fermionic
excitations. To fix the conventions, we choose a setup of three operators in which the
operator O has the excitations ¥ = X3i, the operator O, has the excitations ¥ = XM and
the operator O3 is BPS, see figure 3(a).

In order to use the defining expression for the hexagon form-factors of (3.1), we need
to move all the excitations to the upper edge of the hexagon. There are two possible ways
of moving the excitation in the second physical edge to the upper edge. One can perform
either one crossing transformation? or minus two crossing transformations. We will choose
the second possibility, see figure 3(b), for reasons of simplicity as will become clear below.
Under this double crossing transformation, the fermionic excitations get their sign flipped
according to the formula (A.16) of appendix A. Taking these signs into account, we get
that the central object of the three-point function for this setup is the following hexagon

2A crossing transformation corresponds to two mirror transformations. We denote a mirror transforma-
tion of a function f(u) by f(u”).



form-factor which we denote by hy, g, .7, and reads

_ " —4 :

by w0y = (—1)NHh(uz-,uj) h(v, W,vj 8 Hh(ui,vj ") X [matrix part],
i<y 2%

[matrix part] = (X;L;]M e Xif‘”X}iN e quu |S ’X31 e XzNX3;4v e Xi;fh) . (3.5)

Recall that we evaluate this form-factor in the string frame normalization. When
we will later compare with data, we will then map it to the spin-chain frame using the
conversion factor in formula (A.18). As an illustration, let us first compute the simplest
case namely hy 5 (u,v). We find

Cd i
h@@(u? U) = _h‘(u7 v 47)<X3*4’7 X?lL‘ ) |X3 X?ﬁ‘l“r) = _WKMF‘W ) (36)

where? the S-matrix element K is defined in the appendix A. Moreover, we have used the
following properties of the dressing phase to write h(u,v=*7) in terms of h(v,u),

(1= 1/afay) (1—ay/zy) 1
(1—ag/2s) 1 —1/afay)’ o(u,v) = . @37

Let us consider now the general case when there are N excitations ¥ in the upper edge

o(u®,v)o(u,v) =

of the hexagon and N excitations ¥ in the second physical edge of the hexagon. Using the
formulae (A.13), we can immediately write the pre-factor in front of the matrix part in
expression (3.5) after the inverse crossing transformation of the set of rapidities {v}, to get

ST B, ) TIR  B(vi, v5)
N
Hi,j h(Ui,Uj)

One way of evaluating the matrix part above is to first scatter the excitations X‘Zi

P, . o)y By = (—1) X [matrix part]. (3.8)

among themselves to put them in descending order. We can then scatter them with all
the other Xzi,éw. According to (A.1) this scattering will in general produce several terms
where the indices can either be conserved or get swapped. Due to the one particle form-
factor (3.3), the only non-zero S-matrix element occurs for the case where all the excitations
to put them

Xzi swap their indices with Xi,zh. Finally, we scatter the resulting Xi_,M

in descending order as well. The first and last step of this procedure where excitations of
the same species scatter among themselves results in a trivial factor as the only S-matrix
element playing a role is D;; = —1.

Interestingly, the non-trivial part of this scattering process turns out to be equivalent
up to a phase to the computation of a partition function that resembles a domain wall
partition function of a certain six-vertex model as illustrated in figure 4(a) with the six
nonzero vertices of figure 5.

The fact that we have a six-vertex model at any value of the coupling is remarkable and
it is not true in general for other sectors. In the appendix K of [4] for example, two non-BPS
su(2) operators were considered and they only have a six-vertex model at tree-level.

*Similarly we have hgy (u,v) = —hy5 (u,v).

~10 -
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Figure 4. (a) The partition function appearing in the computation of the matrix part of the
hexagon form-factor. The vertices at any value of the coupling are given in the figure 5. (b) The
procedure to prove the relation IT of Py goes as follows. Inserting an additional vertex to the
bottom of the partition function grid, it is possible to move it to the top using the Yang-Baxter
equation with some rapidities crossed several times and remove it. The result is proportional to a
grid with the two columns swapped. A similar procedure can be used to prove the relation IIT of

Py but this time the procedure involves two neighboring lines.

Figure 5. The nonzero six vertices used for computing the partition function and their respective
weights which are equal to the components of the string frame S-matrix, see appendix A.

3.2.1 Factorization of the domain wall partition function

In this subsection, we will derive a closed expression for the partition function of figure 4
valid at any value of the coupling constant. We will denote the partition function by
Pn ({ui,...,un},{v1,...,vn}). From the properties of the S-matrix, we can immediately
infer the following relations

L Pl({ul}’ {1)1}) = Ku1v1—47 y
IL. PN({U}’ {vla <o Uy Uil e oy UN}) = _AUz"Ui+1 PN({U}a {1}1, cey Vi1, V5000 UN}) s

I Py({ut, .- s tigt, - un b {v}) = —Auu Po{ur, - wign, wi, o unt, {v}) .

The relation I simply follows from the fact that for N = 1 the partition function
reduces to the weight of the third vertex given in figure 5. The relations II and III follow

- 11 -
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Figure 6. The new six nonzero vertices. They are used to evaluate the domain wall partition
function DWy ({u}, {v}).

from using repeatedly the Yang-Baxter equation® and the vertices in figure 5 as illustrated
in figure 4(b) (see also [25, 26]).

As a first step to compute this partition function, we can use the previous properties to
immediately infer its dependence on the phases of momenta eur, Pt and Yug» Yo, Where

Yu = 1/i(xy — x3}). Consider the top horizontal line. It is not difficult to see that the only
allowed vertices on that line are the first, third and fifth of figure 5. Moreover, the third ver-
tex always appear only one time for each configuration on that line. Once it is used, then the
whole line gets frozen. This vertex is the only among the allowed ones for the top line that
depends on the momenta p,,,, and 7,, . Therefore we can determine that the dependence of
the whole partition function on these quantities comes from the weight of the third vertex.

A similar analysis can be performed on the first vertical line. The only allowed vertices
are the first, second and the third ones and again the third vertex necessarily appears only
one time in every configuration on that line. Analogously, given the weights of these three
vertices, we deduce that the dependence of the partition function on p,, and ~,, comes
solely from the weight of third vertex in the first vertical line.

Combining these observations with properties II and I1I, we can determine the depen-
dence of the partition function on py, , Py, , Yu, and 7, for every k and it reads®

N
7>N<{u},{v}>—H[—me5’“”’“(“/2)65“““”“ DWx({uh, {o}),  (3.9)

k=1 Uk

where DWy ({u}, {v}) is a domain wall partition function with the same boundary condi-
tions of figure 4, but with the six vertices of figure 6 (it is possible this time to drop the
—4~ from v everywhere).

Naturally, the domain wall partition function DWy ({u}, {v}) inherits the properties
of Py ({u},{v}) with small differences. We list them below,

L DWi({w}, {or}) = Za—tu

+
Ty —Tuy

“In order to apply Yang-Baxter to this case, one should apply crossing transformations to some of the
rapidites because the variables v; appear as v, b

5The dependence on the phases ¢P%i and e could be also derived using the map between the spin-
chain frame and the string frame presented in appendix A since the spin-chain frame S-matrix does not

depend on those phases.
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var — Ty,
II. DWN({U},{U}) = L ¢ DWN({U} {vl,...,vi+1,vi...,vN}),

To; i+1 _I'Uz

:UJ — Ty
III. DWx({u}, {v}) = ul_“ ~DWn({u1,. .., uit1, Ui, ..., un},{v}),

+1_z

V. DW({uh (o])] ., = (DY ERE NI Dy ({u) (o)),

Property I is again trivial and follows from the weight of the third vertex of the figure 6.
Properties II and III are consequence of the Yang-Baxter equation and can be shown in
a similar fashion using the procedure described in figure 4(b), but this time using the R-
matrix built out of the vertices of figure 6. Such R-matrix satisfies the unitary condition
and the Yang-Baxter equation.

Property IV is a consequence of the weights of the vertices. In the square lattice of
figure 4, there are only two allowed vertices at the intersection of the lines {uy,vy}. The
vertex with weight proportional to z7 — z;} is zero when z} = xf . So there is only
one possible nonzero vertex at this intersection and it is not difficult to see that the lines
corresponding to uy and vy are frozen in this case and the fourth property above follows.

The solution for DWy ({u}, {v}) is given in a completely factorized form as follows®

N N N
Dwmu},{v}):H(m et | (ARl | CAEenl | AT R CAT)
ij TV ;) i=1 j>i j>i

We will now prove that the solution given above is unique. The proof is by induction.
One can immediately see that the expression above satisfies the property I above. In
addition, inspecting the weights of the vertices of figure 6, we see that the domain wall
partition function has the form

N 1

DW({u}, {v}) = (a7, =200 [ ] e g({uy, {v}), (3.11)

i Vi T UN)
where g({u}, {v}) is a polynomial of degree (N —1) in z;} . Suppose that DWy _1 is known.
Using the property II and the result of property IV, we can derive recursion relations for
at . = axf for i =1,...,N. These are N conditions that uniquely fix g({u},{v}) and
consequently the domain wall partition function.

The result for the domain wall partition function’ that we have just proven enables us
to find an expression for the partition function Py ({u},{v}) which is proportional to the

matrix part of the hexagon form-factor of (3.8). Substituting Py ({u}, {v}), we get that

1 TI ) P (i ;)
HDJ hmw(uw u;) Hi>j hw@(% vj)

5We were informed by O. Foda that the factorization of the S-matrix element has also been independently

hwl...wm@l...@v({u}a {v}) = (3.12)

observed in an unpublished work by O. Foda and Z. Tsuboi.
"Other instances where one can find factorized domain wall partition functions are [27] and [28].
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Using a similar reasoning, one can also derive the form-factor hg, g, |w, . w,- That
simply amounts to exchanging ¥ <> ¥ on the right hand side of the expression above. This
is the main result® of this section. In what follows, we proceed to the computation of the
full three-point function.

3.2.2 The three-point functions

We consider now the full three-point function in the setup of figure 3, in which the exci-
tations of the operator O; and Oy are parametrized by the set of rapidities {u} and {v}
respectively. We will be working in the asymptotic regime where all the lengths involved
(both L; and l;;) are large and all the finite size corrections can be neglected. According to
the hexagon program, the asymptotic three-point function of these operators at any loop
order is given by

asym 2 N
(C; (N )) _ [Tisy pow (i) pro (vi) « B(N)?, (3.13)
ooo H (det Byld)yj H Sgu (1]1) (y“yy))
Y=u,v 1<J
with
B(N) = U_z:{ }(_DX wy,y (a0, @) wy,, (B, B) hay o 0.5, (2 ) h@---@lél‘%"w\al(& @) .
BUB={v}
(3.14)

Moreover, Cooo is the three-point function of the three BPS operators obtained when
N =0 and it is a constant combinatorial factor. The function py(u) is the measure and
as explained in [4] its square root gives the correct normalization of the one-particle state
in the hexagon program. It is defined by

1

= . 3.15
() residue hy g (u, v) (3.15)
u=v
The phase ¢, in (3.13) is given by
. . Nl
e'%ui = et T (= Seuqany (uj ur)) (3.16)
i#]

and the phase ¢, is defined similarly. The determinant of the derivative of the phase ¢, is
the usual Gaudin norm.

The hexagon form-factors appearing in (3.14) are evaluated in the spin-chain frame
and they are nonzero only when |a| = |3]. Moreover, w; are splitting factors, generically
defined for a partition v U of a set of rapidities {w} by

wi(7y,7) = H ar(wj) H Seuiy(wy, wi) | with a(w) = P (3.17)

wjEY w; €Y ,1>]

8The result (3.12) was derived in the string frame, however using the map between the spin-chain frame
and the string frame it is possible to show that it holds in the spin-chain frame as well.
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In the spin-chain frame normalization, the all-loop spin-chain su(1|1) S-matrix is given by

Stalspin [XT'X3") = —(5%2)* Atz]spin X3 XT1) = SawauX3'x11) s (3.18)
where
up —ug +14 (1 —1/27x5)? 1 zi —x]
S92 (ur, ug) = : 172 , A =21
(S12)" (u1, ug) ulqufZ(l—l/xfxg)Q o2(uy, up) 12|sp1n fziffir

The expression (3.14) explicitly depends on the two lengths I3 and ;2. It is possible to
use the Bethe equations for the operator O; (the unusual signs below appear because the
excitations are fermionic),

Ny

aLl(uj)H(—Ssu(m)(uj,ui)) = 1, j = 1,...,N1, (3.19)
7]

and rewrite it in terms of the length [15 only. After that, one gets at tree-level the scalar
product of two off-shell su(1|1) states.

In the expression (3.14) above, (—1)% accounts for some sign differences between the
two hexagons involved in the structure constant. It was already noticed in [4], that such
signs were important in order to get a match with both weak and strong coupling data.
The empirical rule found there was to include the factor (—1)M, where M is nothing but
the total number of magnons of the second hexagon (equivalently M = |a| + |3|). In a
similar way, we have found the need of introducing additional signs to get an agreement
with the tree-level data. In total, we have that

= |a|N . (3.20)

Note that M should be always even in order to get a nonzero hexagon so that (—1)™ does
not introduce any sign.

The two particle fermionic hexagon form-factor is related to Sg1)1). By explicitly
evaluating the hexagon form factors for N = 1 in the spin-chain frame, one can check that
the following identity holds

hW@(u? U)
W = Szu(lu)(%”)- (3'21)

This identity reflects the Watson equation for form-factors which is, by construction, auto-
matically satisfied by the hexagon ansatz. Using this relation, we can write the three-point
function in a more concise way. Given two sets p, = {u1,...,u|,, |} and py, = {v1,..., v},
let us introduce the notation

'Lppu H ezp u;) , hy—,w Pus pv H hg,|y—, Ug, v] (3.22)
h;\‘f’ Pus Po) HhWW u“vﬂ h;w Pus Po) H hgzw Ui, U] (3.23)
i>] i<j
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The equation (3.14) can then be rewritten as

o Z - eiPalistipzliz h§|w(a a)h &W(ﬁ B)hg g (a, B)hg (B, @)
o) hi (@ @hi (B, B)hg g (s )b 5 (B, B)hg,, (@, a)hg,, (B, 8)
BUB={v}

(3.24)
Let us now further expand on the comparison with data. In subsection 2.2, a determinant
expression for the three-point function of three generic su(1|1) operators at tree-level was
derived, see (2.16) and (2.17). This result, more precisely C123/R with N3 = 0 and with a
suitable normalization of the wave-functions, can be compared with the tree-level limit of
B(N). One way of finding the relevant normalization of the wave-functions is by comparing
the two results for the simplest case N = 1. In this section, all the hexagon form-factors
are evaluated in the spin-chain frame and at order ¢°, one has

1
h?\@(uvv) = _h@W(uu U) = ) Ssu(1|1) (uia uj) =-1, (325)

u—v

and
B(1) = 1 (1- ez eip(u)lls) ) (3.26)

u—v

Using the Bethe equation for the operator Oy, it is not difficult to see that the result
above agrees with the result for Cho3/R given in (2.16) if we multiply this later by the
normalization factor N'(u) x A (v) where N is given by

N(u) = Vi(e?® —1). (3.27)

In this way, we have found the correct normalization of the wave-functions to compare
the two results. We should then multiply the wave-function given in (2.10) by these nor-
malization factors for all rapidities. One can now evaluate B(N) for different values of
N and check that in fact it reproduces the results obtained from the determinant for-
mula. Alternatively, one can directly compare the complete Ci23 given in (2.16) computed
with standard normalized wave-functions with the properly normalized structure constants
computed with the hexagon program as in (3.13).

We have seen that the factor B(V) of the tree-level structure constant can be written
as a determinant, which is directly related to the fact that the scalar product of two off-
shell su(1|1) states can also be written in the form of a determinant, see also [29, 30]. This
property appears to be special to su(1]1) and it is currently not known if such determinant
expressions exist in the other rank one sectors, namely su(2) and s[(2). A natural question
is whether B(V) can still be written as a determinant (or in another computationally
efficient form) when loop corrections are included. We have not found a full answer to
this question, but in what follows we will show that at strong coupling leading order such
simplification exists and the result can be indeed expressed in the form of a determinant.

Strong coupling limit. As a prediction for a direct strong coupling computation of the
asymptotic three-point functions considered in this section, we consider the large coupling
limit of (3.24). There are several regimes in the kinematical space and here we focus on
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the so-called BMN regime for which the momentum scales as p ~ 1/g and the rapidities
scales as u ~ g. Using that in this regime

+ L Ty Pu
w =Ty E

+0(1/¢%), (3.28)

T

and the leading expression for the dressing phase, i.e. the AFS dressing factor of [31, 32],
it is simple to derive that

\/Pu Pv LyZy
hgp(u,v) = = —————+ 0(1/g%). (3.29)

When we plug this expression in (3.14) and use the fact that
Sauny(u,v) =~ =1+ 0(1/g), and Li~g, (3.30)

where the condition on L; is necessary in order for the operators to satisfy the Bethe
equations (3.19), we obtain after a little massaging that the factor B(N) contributing to
the strong coupling structure constant can be expressed as

- X y\ParPs ivalstingis 950 9 957 g
B(N) = Hpuipvixuixvi Z (_1) (_1) aTE gthatisTpsn gaﬁga‘fé ) (331)
i=1 aUa={u}
BUB={v}
where (—1)%« is defined as the sign of permutation of the ordered set {u} which gives aUa.
In this expression, we use that g*% = [[  (zy, —2y,) and ¢2% = [[ (2w, — 2u,)-
uiéa,ijﬂ Us,Uj EQ
i>7

This formula can be finally recasted as the following determinant

iPu;l13+ipy l12
1—e" J

N(N—1)

B(N) - (_1) 2 Hlpuipvixuiwvi 1;}321\]
1=

— (3.32)

7

— (L-Uj

To compute the properly normalized structure constant of (3.13) in the strong coupling
limit, we also need to find the leading contribution both of the measure py(u) and the
Gaudin norm at large coupling. Using the result (3.29) for Ay, (u, v) and the definition of
the measure py(u) of (3.15), it is not difficult to see that

Ouy

puw (u) =i +0(1/g). (3.33)

PuZy
The Gaudin norms can be evaluated using the definition of the phases ¢, given
in (3.16) and the Sgy(1)1)(u, v) of (3.30), leading to
N
det auz¢u] = H auipuiLl + 0(1/9N+1) ’ (3'34)
i=1
and the result for det 0,, gbvj is analogous to the one above with both w; and L; replaced
by v; and Lo respectively.

The strong coupling limit of the structure constants Cesy " (N ) of (3.13) can then be
obtained by assembling together these results. By analyzing how these several contributions
scale with g, it follows that the structure constants are of order O(1) in the coupling for
any N.
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Figure 7. The product of two hexagons is the core of the three-point function. We divide each
set of excitations in three partitions and distribute them over the two form-factors. Two out of
the three sets are mirror transformed which is equivalent to transfer the excitations to the other
physical edges.
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3.3 The 3 non-BPS case

In this subsection, we will compare the results for the three-point functions of three su(1|1)
non-BPS operators obtained in [14] at one-loop order by a direct perturbative calculation
with the results predicted by the hexagon program. This constitutes a rather nontrivial
test of the hexagon program.

In [14], we have considered a setup consisting of three operators in the su(1|1), where
07 was made out of Z = ¢3** and ¥ = wézl and O was made out of the corresponding
conjugate fields Z = (Z)* and ¥ = (¥)'. The third operator O3 was chosen to be a certain
rotated operator in order to have a non-extremal three-point function. More specifically

1 i
Os= e 2 Ul RPN T(Z 0 2)
BT icni<<nn,<Ls

(3.35)
where 1) is the wave-function depending on the momenta of the excitations ¥. Here
R?, are the su(4) generators with a,b =1,...,4. For all operators O;, L; and N; are the
corresponding length and number of excitations.

At one-loop level, the corrections coming from both the wave-functions and Feynman
diagrams were computed in [14]. This latter correction turned out to be encoded in the
form of some splitting operators to be inserted on top of the tree-level contractions. When
combined both corrections together we have found a remarkably simple factorized result
given by

kﬁul;[gf( ]( ) m WL, T2 @ (1)
Coee =C T )>kHl [1—<yk )2 TL (-5 ))] : (3.36)
1=175=1 J
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. . i () . i , .
where we are using the notation y,(;) = €%, with {p,(;)}g;l being the set of momenta
characterizing the excitations of the operator ;. The normalization factor C and f are

3 L \/?
CZH(N@)

1=

F(s,8) = (s — 1) [1—g2<5+t—1—s—1—t+2>] .

given by

3
1
Lt (V1) 424 ,
= (3.37)

2\t s s
with +; being the anomalous dimension of the operator O;.

In order to compare the perturbative calculations with the results of the hexagon
program, we have to properly normalize the wave-functions (. One way of finding the
correct normalization is to use the results of the previous subsection for two non-BPS
operators when N = 1 and match it with the corresponding one-loop three-point function.
Since the wave-functions only contain local information of each operator, they ought to
be the same for any three-point function within the same sector. In order to compute
the three-point function of one BPS and two non-BPS operators at one-loop we make use
of the splitting insertions for fermions obtained in [14]. Once the comparison with B(1)
of (3.14) at one-loop order is made, one finds that the two results agree if the one excitation
wave-function is normalized as

ipny 3 — 1 (e*ip — 1)
V) =N e™, with  Np) = Vi —sm g

(3.38)

In the case of more than one excitation the normalized wave-function is obtained by mul-
tiplying it by N (p;) given above for all the excitations i.

We want now to access this three-point function within the framework of the hexagon
program. In order to match our previous setup, we choose the set of excitations as follows:
the physical edge associated to the operator O; contains N; excitations of type ¥ = Xgi’
the edge corresponding to Oy has Ny excitations of the type ¥ = XM and remaining
physical edge has N3 = log = No — N7 excitations of type ¥ = X?’i. For details about the
construction of operators in the hexagon formalism, we refer the reader to the appendix
B of [4]. The relevant hexagon form-factor to be considered contains three sets of type of
excitations. Accounting for the mirror transformations illustrated in figure 7, and given
three generic sets of rapidities {u;}2\", {w;} 1 and {v;}2", it reads

N N Ny

———

Ny+Ny1,31,...,31, 13,...,13, 24,...,24 —2v —4y
vTRwh (ur,...,wy o0 ), (3.39)

b{u} fwh for = (—1)

where we are using the notations of (3.1) and the sign (—1)"*+Nv comes from the cross-
ing rules for the excitations as described in appendix A. The full asymptotic three-point
function is then built out of this hexagon form-factor through

Ny No N3
asym Wi Yi Wi
(CY(W)Q _ L ) I oo 1 e < C(N1,N3)2,  (3.40)
Cooo H (det 8%- ¢yj H Ssu(1|1) (yu y]))
y=u,v,w 1<J
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where Cooo is a constant combinatorial factor equal to the three-point function of the three
BPS operators obtained when N; = N3 = 0. The functions pw(u) and ¢, were defined
in (3.15) and (3.16) respectively. Finally,

C(NlaN?)) = Z (*1)X Wiy 3 (a,&) wl12(ﬁ75) wl23(5> 5) haﬁﬁ hS,a,B ) (3'41)
aUa={u}
pup={v}
SUs={w}
with the splitting factors given in (3.17). Upon expanding C(NN1, N3) above up to one-loop
we have found that it matches with the properly normalized® results referred to above,
once X is taken to be'?
X =|6|N1 + |@| N2 + || N3 . (3.42)

Note that once again this differs from the rule advocated in [4] and mentioned in the
previous section. It is desirable to have a deeper understanding of the origin of these
relative signs between the hexagons.

4 Conclusions

In this paper, we have studied the three-point functions of operators in the su(1|1) sector,
i.e., containing a single type of fermionic excitations. We have managed to parametrize
the most general configuration in this rank one sector by a sort of polarization vectors and

showed that at leading order the structure constant!'!

can be expressed in the form of a
determinant. In a particular limit, such determinant reduces to an off-shell scalar product
of su(1]|1) Bethe states.

We have then applied the hexagon program of [4] to study all-loop correlators in
this sector. We have started with the case of one BPS and two non-BPS operators. We
have shown that the relevant hexagon form-factor can be identified with a domain wall
partition function of a six-vertex model defined by some entries of the su(2]2) S-matrix.
This property appears to be specific for this sector and in particular, it is no longer true for
other rank one sectors, where only at tree-level such identification can be made. A peculiar
feature of the domain wall partition function we have found here is that it completely
factorizes, see (3.12), and its computation becomes rather economical. We then assembled a
pair of such completely factorized hexagon form-factors to compute the structure constants.
Upon expanding it at leading order in the coupling constant we have checked that it
matched precisely with our tree-level prediction once we include a relative sign factor
between the two hexagons. This is an addition to the prescription put forward in [4], where
it was already noticed the need of including some relative signs when the two hexagons
are multiplied. This particular point certainly needs a clarification. The expression for

9Equivalently, one can compare the data given in (3.36) using a standard normalized wave-functions, i.e.
¥(n1) in (3.38) with A(p) = 1, with the three-point function obtained using the hexagon program given
in (3.40) including the prefactor in front of C(N1, N3)2.

10WWe point out that this choice for X is not unique with the amount of data we fitted. A more thorough
study with a larger number of excitations might narrow the space of solutions for X.
HThere is a single conformally invariant tensor structure for any of these configurations [14].
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the structure constants is given in (3.24) and one interesting limit of this expression is the
strong coupling limit which is a prediction for a future string theory computation. We
showed that in the BMN regime the structure constant admits surprisingly a determinant
expression for any number of excitations. An interesting future direction that comes out
of our results is to investigate the possibility of writing the full three-point function at
finite coupling in a way that circumvents the computationally costly sums over partitions
of Bethe roots. This is generally hard but within this particular setup where the hexagon
form-factors are explicitly known, it might be a good starting point. Equally interesting
is to take the classical limit of our result, for L, Lo, N1, No — oo with L;/N; fixed. Such
limit for operators within the su(2) sector was recently considered in [10].

We finally studied a particular configuration of three non-BPS operators in the same
setup previously studied in [14] up to one-loop. We have managed to check that the
structure constant computed from the hexagon program nicely reproduces the perturbative
data of [14] once we include some relative signs between the two hexagons. This additional
feature is analogous to the previous case. The one-loop structure constants computed
in [14] have a completely factorized form even at one-loop. This raises hopes that it might
be possible to find an all-loop simplification coming out of the hexagons. We hope to
address this question in the future.
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A The string frame su(2|2)-invariant S-matrix

In this appendix, we set our conventions for the string frame su(2|2)-invariant S-matrix.
As explained in the main part of the paper, we evaluate the hexagon form-factors in the
string frame and use the map between the frames to translate the results to the spin-
chain frame when comparing with the available data. The string frame S-matrix obeys the
standard Yang-Baxter equation and its action on the states does not produce Z markers.
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The S-matrix has the following nonzero matrix elements (¢! = €15 = 1)

b b 1
S1alxix) = Al + Bualxx + §Cl2eab€aﬁlxgxf )

1
S1alx$x5) = Dialxd™ X + Enax ™y + §F12€a66ab|xgxli> ,

S12lx1x2) = Gi2|x2 x1) + Hi2[x5x1)
S12IX$x3) = Kia[xSxb) + Liaxbxg) (A.1)

where using the definitions

— g [ _ - ipy - iry
77z:77( 2_7:131‘):64 Z(xi —.’E:_), nm=mez2, N =1n2€ 2 , (A2)
the matrix elements are
+ _ — ~
A = %%» (A.3)
Ty — X1 T2
s —ay 1—1/zyaf o5 — 27\ 7
pa=Bo0 (1o mnn on ) By (Ad)
Ty — ] 1—1/z5z) x5 —xy ) M2
2m172 1 Ty — ]
Cg = — , A5
2 ivfad 1—1/of2d 25 —af (A.5)
Dy =-1, (A.6)
1-1 +,— .+ _ .t
1—1/z52] z; — )
L (A9)
Mz Ty Ty L —1/xyay zy —
+ o+
G2 = %@, (A.9)
Ty — Ty M
+ _ —
Hyy = %ﬂa (A.10)
Ty — Ty M2
+ _ — ~
Ky = %@, (A.11)
Ty — Ty M
Lyp = @@ (A.12)
Ty — Xy 12
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One of the reasons to evaluate the hexagon form-factors using the string frame S-
matrix is the fact that all the branch cut ambiguities of the function 7; can be resolved by
the variable z parametrizing the rapidity torus [20, 33, 34]. This means also that there is no
ambiguities when one performs crossing transformations. The way the variables transform
will be explained in the next subsection. Using these crossing transformations, we have
checked that the hexagon form-factors have all the expected properties such as invariance
under cyclic rotations and consistency between all possible ways to move all the particles
to a single physical edge. Using the variable z corresponds to choosing a branch for the
square roots in 7;.

A.1 Mirror transformations of fermions

The prescription to evaluate the hexagon form-factor in the case where not all the physical
excitations are in one edge is to perform crossing transformations and move all of them
to a single physical edge. The string frame su(2|2) S-matrix is a meromorphic function
when written in terms of a complex coordinate z parametrizing the rapitidy torus. A
crossing transformation, denoted by 2y in what follows, corresponds to shift z by half
of the imaginary period of the torus. The transformation of the matrix elements of the
S-matrix under crossing can be deduced using the following transformations

1
ni — JQT ) "7% T 4 ) - E ) (A13)

i € €

where 7; is defined in (A.2). In addition, it is also necessary to know how the fundamental
excitations transform under crossing. According to appendix D of [4], the fundamental
excitations decompose as follows under the diagonal psu(2|2)p symmetry preserved by the
hexagon

XABu) = xPw) xBu). (A.14)

Moreover, one can also find in the appendix D of [4] the relations
a( 27) — O 2y « 27) — O, 2y A15
X (u X)), XMW = XM (w ). (A.15)

Using the above equations, one can deduce the transformations of the fundamental excita-
tions. For example, one has'?

Xaa ﬁ Xaol’ Xad ﬁ _Xoa'z7 Xaiz __2;/ _Xad’ Xad __2>'Y Xad- (Alﬁ)

A.2 String and spin chain frames

In this paper, we compared the predictions for the structure constants obtained using the
hexagon program with the available weak coupling data. Thus, it will be convenient to use
the spin-chain frame instead of the string frame. There is a map between the excitations
in one frame to the other and our strategy will be to evaluate the hexagon form factor in
the string frame using the definitions and crossing rules given above and apply the map

12We thank Shota Komatsu for informing us about the transformations of the fermionic excitations.
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to the final result. Choosing the spin-chain frame parameters conveniently,'® the map for
derivatives D, scalars ¢ and fermions ¥ is [4, §]

Dstring = Dspin ; éstring = Zégpspinzé ) !pstring = Zi!pspinZi ) (A17)

where Z is the Z marker.

As a consequence of the map above, the hexagon form-factors computed in the string
frame can differ from the ones computed in the spin-chain frame only by a phase that
depends on the momenta of the excitations. Using both the rule to pass the Z markers from
the right to the left of an excitation and replacing the Z markers on the left of all excitations
by their eigenvalues, it is possible to derive an expression for this phase, see [4] for details.
In this work, we are interested in operators with fermionic excitations, so we are only going
to give the expression for the phase in this case. The expression is a generalization of the
one in [4] for scalars and the derivation is similar. (gonsider that the upper edge of the

hexagon has Ny physical excitations with momenta p,”’. In addition, consider that the next

(2)

physical edge moving anticlockwise has N» excitations with momenta p;™ and the remaining

J
physical edge has N3 excitations with momenta p,(f). For this configuration, one has

1 2 3
h(N17p£ )7 N27p§' )7 N37p§€ ))string = Fp(l)Fp(2)Fp(3) X (A18)
Xe—%[P(l)(N1+N3—N2)+P(2)(N2+N1—N3)+P(3)(N3+N2—N1)] h(thgl);N%pf);N37p](€3))spin7
where h means hexagon form-factor, P is the total momentum of the excitations i and
Ni ) L
—J NI S
Fp(i) = He 7 (Nit3—3) (A.19)
j=1
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