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1 Introduction

One of the most remarkable property of string theory is, perhaps, that its non linear
sigma model formulation on different backgrounds may define the same string theory at
the quantum level. This property is known as “duality”. The transformations between
equivalent backgrounds can be packaged in some groups of gauge symmetry. It is well
known, for instance, that D = 11 supergravity, or the effective action of type II string
theory, compactified on a d torus T¢ (T@ 1) has an E4(R) duality, for d < 10, see [1]
and references therein. For the full compactified theory on 7' it is conjectured that Eqq
could be the duality group [2], which actually could be a symmetry of the full M-theory,
independently of the compactification [3].

The bosonic D = 10 supergravity, whose field content is the metric g,, the Kalb-
Ramond field By, and the dilaton ¢, has a non manifest O(10,10) symmetry. This sym-
metry is known as T-duality. The T-dual covariant description of this supergravity theory
is based on two different but related approaches. On the one hand double field theory
(DFT) [4], earlier versions of DFT can be found in [5-8] and [9], which describes string
backgrounds in terms of fields on a doubled twenty dimensional space transforming under
the O(10,10) group. On the other hand generalised geometry [10, 11] which unifies the
local diffeomorphisms and gauge transformations of the 2-form on a generalised tangent
space T'M @& T* M which has a natural O(10, 10) structure.



In DFT all fields and parameters are required to satisfy the section condition or strong
constraint. This implies that they depend on only ten coordinates and, therefore, lo-
cally DFT is equivalent to generalised geometry. The strong constraint can be locally
relaxed [12-14]. Some works in the direction of understanding, from the world sheet per-
spective, the origin of the strong constraint and its possible relaxation have appeared in
the literature [15-17]. However, the geometric interpretation of this relaxed theory is still
not clear.

In the context of the exceptional groups the generalised geometry approach was first
presented in [18] to describe the U-duality invariant Ey theories with d < 7 and later deve-
loped in a series of papers [19, 20] and [21]. The extended field theory, as the counterpart
of double field theory, was first presented in [22, 23], for d = 4,5 and for d = 6,7 using
the F1; non linear formalism in [24]. The geometric counterpart of DFT for the E7 group
in d = 7 was developed in [25]. In this work the relation between the four dimensional
gauged maximal supergravity theory [26] and the U-duality extended E; x RT theory was
pointed out. More recent applications of the Ey x RT generalised geometry can be found
in [27, 28]. For other extensions and applications of DFT and the extended field theory
see [29-31] and [32].

For d > 8, some extended-like works have appeared in the literature. In [33], using
the non linear realization of the Fg group, the authors were able to write the supergra-
vity action restricted to eight dimensions including the dual graviton field but not the
gauge transformations of this. In [34], starting from the extended Fy x RT generalised
Lie derivative, with d < 7, it was attempted to complete it using the tensor hierarchy
mechanism [35-37], to get the eleven dimensional transformation. Also, it was shown that
even the generalised transformations, beyond seven dimensions, have a gauge structure,!
some obstructions of consistency and covariance came out at some given level (at the level
of the tensor hierarchy which corresponds to the adjoint representation of the E; group).
This is the reason why for the Eg group the algebra of the generalised Lie derivative does
not close when naively the Eg-series (d < 7) of generalised Lie derivatives is extended to
Eg [38]. For the Eg group the fundamental and the adjoint representations are essentially
the same representation.

In this line, what is called Exceptional Field Theory has been developed in [39, 40]
and [41]. This theory uses the By x RT with d < 8 gauge transformation but embedded in
eleven dimensions. The tensor hierarchy mechanism is not enough to achieve the closure
of the algebra, thus a mysterious compensating field has to be added to compensate its
failure. This new parameter does not fit in the fundamental representation of the algebra
of the exceptional groups. Hence, this parameter lies in a new direction on the extended
space, which is equivalent to say that the Ej-generalised tangent space gets larger. Some
issues of this approach are discussed in section 3.

In d = 8, the dual gravity and higher dual fields become relevant. The dual graviton, for
instance, is described through a field with a mixed symmetry A g) whose gauge parameter
is a mixed symmetry tensor 7(; 7. The conventional gauge field theories seem not to work

!See [38] for a discussion about it for all Fy with d < 7.



for this kind of fields. For this reason a consistent generalised geometry or extended
description based on the Eg x R™ group can not be found yet in the literature.

In this paper we present the Eg x RT generalised Lie derivative. This one could be the
base for establishing the generalised geometry description of the d = 8 U-duality theory
and perhaps going beyond the d = 8 case. The generalised Lie derivative, in components,
is given by

(LM = ePopVM — fAM AP GOpeQV N + 0pe" VM — fMP 5V €. (1.1)

The crucial difference with [41] is that ¥ is not an independent parameter but is given by

1

Yp= —
=50

Fr Qe (1.2)
where f;% are the structure constants of eg and the derivative only has components
in eight directions, as well as the field Qpg? in the index P. Actually, this field is a
generalised connection on the 8-dimensional manifold, see [20] for the definition of the
generalised connection in this context.

On the other hand, all gauged maximal supergravity theories in lower dimensions
can be constructed making no references to string theory or D = 10,11 supergravity.
This kind of theories are consistent upon the tensor hierarchy mechanism. The most
general theories of gauged maximal supergravity are those where the trombone symmetry is
gauged [42]. In these theories the gaugings are distributed over some given representations
of the exceptional groups, including the fundamental one. Comparing to those supergravity
theories that come from a reduction of the D = 11 supergravity, it seems, the former have
more gaugings than the ones that can be obtained from the latter.

This mismatch can be fixed adding more fields than those that D = 11 supergravity
has. In fact, adding to it an infinite number of fields, starting at the fourth level of the Fq;
algebra, it is possible to get all gauged maximal supergravity theories [43, 44].

In this paper we will focus on the three dimensional gauged maximal supergravity
whose duality group is Fg x R*, where the R™ factor is associated with the trombone
symmetry. We start by establishing the correspondence between the gaugings (fluxes) and
the generalised Lie derivative in eight dimensions. Concretely, the fluxes are defined as the
coefficients of the expansion of the generalised vector £Lg < Ep in the frame Eg, namely

Le;Ep = Fis°Ec (1.3)

which holds for all E; x RT with d < 7. We will proceed by assuming (1.3) also holds for
d = 8. Finally, we will suggest how the d = 8 generalised transformation can be lifted to
eleven dimensions.

The paper is organised as follows. In section 2 we make a summary of some previous
results regarding the F7 x RT generalised Lie derivative and the fluxes. Then, with the aim
of making contact with the generalised geometry approach, we present the SL(8) and SL(7)
decomposition of the F7 group and the generalised Lie derivative. In section 3 we review
the known approaches regarding the Eg x RT generalised transformation. We introduce a



detailed Eg group-theoretic analysis and then perform the SL(9) and SL(8) decomposition
of the known d = 8 generalised transformation. Based on the decomposition and the lessons
learnt from the E7 x R* case we move to the construction of the Eg x Rt generalised Lie
derivative and then we check its consistency and compatibility. The section 4 is dedicated
to discuss the possible lifting of the d = 8 generalised transformation to eleven dimension.
The summary and conclusions are presented in section 5.

2 E7XR+

2.1 Summary of previous results

In this section we are interested in exploring the extended E7; x Rt generalised transfor-
mation and the obstructions to lift it to eleven dimensions. The obstructions, for doing
this extension, come from some ambiguities in the writing of the dual diffeomorphism in
d =7 and the closure of the algebra. We will show that they can be avoided if instead of
starting with the extension from E; x RT one starts from the Eg x RT group in d = 8.
Discussions on how to build the Eg x RT extended transformations and the implications
for the generalised geometry are presented in the next section.

Our starting point will be the generalised F7 x RT transformation [25, 38] which in a
given local generalised patch reads

(V)M = (LV)M = ePopVM —AM (P oopeQV YN = (LeV)M Y M NP oope@V Y (2.1)

where V and ¢ are generalised vectors. All E; x RT generalised vectors are weighted such
that V = e 2V, being V a pure E; generalised vector and e 22 = det(e). M =1...56 is
an index in the representation space of E7 (fundamental representation). L is the ordinary
Lie derivative on the generalised E-tangent bundle, that locally can be seen as

E~TM&ANT*M & ANT*M & (AT*M @ ATT* M), (2.2)
AMNPQ = 12P(adj)MNPQ — %6%55, (2.3)
YMPo=—AMyPo+ 680N (2.4)

and
PiodinTo = Kap(t)NM (t) " a=1...133 (2.5)

is a projector P,qj) : 56 x 56" — 133 = adj(E7) being t® the generators of the algebra
ey and K, the Cartan-Killing metric. In terms of the seven dimensional objects the
generalised vector can be identified with

V=(v, w2, 05, T1,7)) (2.6)

where v is a vector, wy is a 2-form, o5 is a 5-form and 7 7) is a tensor with a mixed
symmetry. The transformation (2.1) satisfies the relation

[‘Cfl’ﬁé}v = Eﬁglgzvv (27)



provided the section condition holds
QPQap &® 8Q = P(adj)MNPQap (= GQ =0 (2.8)

which implies
YMNPQaM ®0dp =0, (2.9)

where Q79 is the symplectic invariant. The relation (2.7) ensures the Leibniz property and
thus the covariance of the generalised Lie derivative. The most effective way to see that,
is writing the generalised Lie derivative as the bracket

Le=1¢ ], (2.10)

Then it is easy to see that the Leibniz property implies

&1, [&,V]] = [[&1.&]. V] + [&, [&,V]] (2.11)

which actually is

(& (& V]] = [& [6 V] = [[6.&] V] = [La La |V = Log eV (2.12)

There are at least two known solutions of the section condition [25]. Here, we are
interested in making contact with the generalised geometry approach [20], for this reason
we only focus on the SL(8) decomposition of (2.1). In this decomposition, the derivative
Ja, can be viewed as an object (a section) of E* (the dual generalised tangent bundle)
through the embedding

1 .
Ou = <8o¢ = ia[aB] ) a[a,ﬂ] =0, o1l = 0) (2.13)

where the hatted indices run from 1 to 8 while the unhatted ones run from 1 to 7. This
embedding is a solution of (2.8).
Given a generalised parallelisable manifold [28] it is possible to pick a global generalised

frame E z on the generalised tangent space and define the so called generalised fluxes,?

Lp,Ep = Fis°E¢. (2.14)

Using (2.1) it is possible to prove that Fz BC belongs to the representations dictated by
gauged supergravity [26], F' € 56 + 912.

In what follows we display the proof that F'; BC is in the 56 + 912 representations of
the E7 group. The interest in doing this, is because of one may take advantage of this
result to propose a general principle to build the generalised transformations which holds,
not only for Ey; x RT with d < 7, but also for the Fg x RT group and perhaps for d < 11.

In curved indices, the fluxes can be written as [25]

1
FMNP::QMNP_mzamDﬂH%QRMS+§QRMR$} (2.15)

%In general F55¢ is not a constant.



where .
Qv = ExomEs" = O (to) v + Qur® (ta) v (2.16)

with Q% = 9prA and (to)ny = —dn' is the generator in RT. In terms of the projec-
tors PR,y : R1 X Ry — R;, where R; = 56, Ro = 133 and Rg = 912 are the three first
irreducible representations of the E; group [45],

8

Prseyn” Ry = 0 )™ (ty) T (2.17)
1 12 4

Poroyn® iy = ;51@51? - )™ (to) ™ + §(ta)MK (to) k™,

(2.15) can be written as

Fun® = Ps61912)m" BQrb(t)nt + ANra ok (2.18)
+ 0 (to) N — aPraap” N sQR (to) 1r®
or [42]
Fun® = 0m(ta)n" + (8Puay)” v ar — 08017 ) 5 (2.19)

We have defined the embedding tensor © ;% as
a __ aR b
Om" = TPoionm® bR (2.20)

and

1 . i 1 1
Iy = _iEMA€2A8P(672AEAP) — _iEMAvPEAP (221)

is the gauging associated to the trombone symmetry. For E; x R

19
Psero12)m” b = TPo12yn® Ty — ?P(S(S)Ma Ry, (2.22)

A= % and a = 12. In fact, taking properly the projection P, yrq)1" R, according to
gauged supergravity, (2.18) is valid for all E; x RT with d < 7. In the next section we will
take (2.18) as a conjecture valid for all d < 11 and as a first test we will use it to build the
generalised transformation for the Eg x RT case.

2.2 The SL(8) decomposition

The fundamental representation of E; breaks into the SL(8) group as 56 = 28 + 28. The
index M breaks according to A
VM = (V¥ v ) (2.23)

where & runs from 1 to 8, also the components of the generalised Lie derivative (2.1) read
(LM = (L), (LeV) s (2.24)
The adjoint representation breaks into the SL(8) group as 133 = 63 + 70

VO= (Va?, Viayan)s  Va® =0. (2.25)



The generators in the SL(8) decomposition® take the simple form [46]

~ ~ ~ ~ ~ ~ 1 ~ ~ ~ . N N
(tar ™ azas ™% = 0L S22 — géﬁiéﬁizii = —(ta,")?% 5, (2.26)
1
(td1...&4)31m@4 = ﬂedl...d4.‘.34 (2.27)

(tA . )ﬁl--ﬂ4 _ 5@1---@1

Q1...04 °

The Cartan-Killing metric is given by

Kab (Kéaﬁlém& 0 ) (2 28)
0 ear..a .
124143
where
N ~ ~ ~ 1 N ~
Ka,Ma, =3 <5§§ o — gag 52 ) : (2.29)

Having the decomposition of the Cartan-Killing metric and the generators one can
compute the components of (2.5) involved in (2.1), these are

Pézl%élﬁ?%%élé? - (tﬁl&l) A1/5’2d1d2 (K_l)m&lm&z (tﬁz&Q)élég%% (2.30)
Pa16affaAniadids _ (tﬁlmm)aldzéﬁ (K~ 1)prpadnos (t(}lum)%%g@
plsshidniit: - (i, 51) gy iy (B )PP (t0,...50) 1120152

Payan P12 o = —(t5,%)a,0,"1 P2 (K1) 5,726, (85,725, 5,71

After a long computation the two components of the generalised Lie derivative in the 28
and 28 representations are given by

(ﬁﬁv)&lob — £ﬁ1ﬁ2aﬁlﬁ2‘/&1d2 + 2‘/;51@16/31&15@261 _ 2vﬁ1&20ﬁ1&15&1&1 (2.31)
L 416081 Bainded16 p1p2 176G
_ Zemamﬁ’lﬁz’ywz 1 2V3132a’y1&2£3132 + aﬁlﬁ2€f7102va1a2
(‘Cév)dlfm = §ﬁ1ﬁ28ﬁ1ﬁ2 Viras + 2Vﬁ1dlaﬁé2ﬁ2€ﬁlﬁ2 - 2Vﬁ1d28d1ﬁ2€ﬁ1ﬁ2 (2‘32)
- 6V,01P2 3[,31/325@1@2} .

The next step in the construction is to look at the SL(7) decomposition and then make
the correspondence between the E7 and the seven-dimensional objects, i.e.

VO(S _ Vaﬁ = Was (233)

(0%
1 1
yeb = 560['871'"75‘771...75 Vas = ﬁeﬁlmmTa,Bl.nﬁ??

3We take the generalised Kronecker delta defined as 5511?; = 5&11 65’; 1 and the alternating tensor

Py — py B

€ay...ap Gp...Gpt



where the unhatted indices run from 1 to 7. Looking at the unhatted components of (2.31)
and (2.32) we get

(EV’V//) (L/U//U”)a (234)
(LV’V”)OHOQ (Lv/wﬂ)alaz (Lv"dw )0‘10‘2
(/CV/V//)OKI a5 (Lv’oﬂ)oa .5 (Lv//dU Jan...a5 — (w// A dw/)al'”as
7! 7!
Ly V) apr . pr = (LT )apy. 7 — T(j!wg[ﬁl(d‘j/)ﬁz-ﬂ?] B Tm(dw,)a[ﬁl@gg’&-ﬂﬂ :

Let us make some remarks about the last two terms of (2.34). In order to write the
generalised Lie derivative independent of the coordinates® we need to write these two terms
in a coordinate-independent way. We note that

7 :
161 Walsn (40))8. pr) = €a” (tegw” N do")s15,.. 50 (2.35)

where e; and e? are some frames on T'M and its dual on T*M respectively. Defining the
function j as
G, AMT*M @ APT*M — AT*M @ A" PT* M (2.36)

where (-,-) has been explicited just to point out the fact that j is a function with two
inputs. This can be written as

Jo) = (e ) A, (2.37)

notice that although the frame appears explicitly in the definition it is well defined and is
independent of the coordinates. Collecting the information and plugging it in (2.34), the
generalised Lie derivative can be written in a coordinate-independent way as [20]

(Ly VY = Ly” (2.38)
(£V’ V”)2 = vaw” — Lv//dw/
(Ly V") = Lyo” — vyndo’ — " A dw’
(Ly V") = Ly7" = j(w",do") = j(du',0").

Given (2.38) a natural question that arises is, whether this transformation works beyond

seven dimensions. The first we note against a possible lifting is that the last two terms
in (2.38) can be written, in seven dimension, in two equivalent forms. For example,

j(do', ") = 1o, dw’ A" (2.39)
and
egdw’ N " =€ (tey (dw' A o") + dw' A teyo") (2.40)
this implies
j(dw', 0"y = j(o”, dw'). (2.41)

*Notice that the three first lines of (2.34) can be straightforwardly written in a coordinate-indepen-
dent way.



We have been able to do that since the first term of the right hand side of (2.40) is identically
zero only in seven dimensions. If the manifold had a higher dimension the latter result
would be completely different. Consequently, if an extension were possible a reasonable
doubt would exist, since we would not be sure which one of both expressions in (2.41) is
the correct one beyond seven dimensions. The same happens with the other j-terms. In
the next section we will see how the Leibniz property for (2.38) is satisfied only for n < 7,
giving us another proof that a lifting from seven dimensions is impossible.

2.3 Consistency conditions

Consistency conditions of the transformation (2.38) can be condensed in a single expression
like (2.7), the antisymmetric part of this expression is called closure of the algebra while
the symmetric part is the Leibniz identity. To compute the Leibniz property for (2.38)
we introduce the A operator which provides an elegant way to check the properties of
covariance of the generalised objects. It is defined as [25, 34, 47]

A¢ = Le —6¢ (2.42)
where the § operator is defined through the relation
0V = LV (2.43)

Notice that the latter relation only holds if V' is a generalised vector, for example, on a
generalised connection I'

5T # LT, (2.44)
also that 6¢(0pV) = 0p(0¢V) = Op(LeV) but Le(0pV') # 0p(LeV). Using the A operator
we have noticed that

Av(EV/V”) = [ﬁv, ﬁv/] V" — ££VV’VH- (2.45)

Hence, the generalised Lie derivative (Ly+V") could be identified with a generalised vector
only if (Ly+V") transforms property, namely if

Ay(Ly V") =0, (2.46)

which actually implies the Leibniz property.
Explicitly we get

(Av(Ly V) = ([Lv, Ly V" = Ly V") (2.47)
= "y (te;dw A do’ — te,dw’ N do) — " Adw' A dw

the three first components of Ay (Ly/ V") are identically zero. Notice that in seven dimen-
sions there are no consistency issues since every term in the right hand side of (2.47) is or
comes from an 8-form. What is clear is that, beyond seven dimensions, the Leibniz prop-
erty does not hold. Let us stress some facts which will be helpful to address the extension
beyond seven dimensions. Notice that in (2.38) the ¢,» and T(’M) terms are missing in the



fourth component, also that the right hand side of (2.47) is a (1,7) plus an 8 tensor. These
facts are giving us an indication that to achieve the closure of (2.47) for d > 7, rather than
introducing a new parameter lying in a new direction of the generalised tangent space, the
transformation (2.38) has to be completed with the proper ¢,» and T(’N) terms.”

To avoid the inconsistencies in the lifting of (2.38) to d = 11 we will move to the
Eg x RT group. In this case the Leibniz property does not hold from the beginning but,
as we will see, there is at least one case where it is possible to move forward to achieve the
consistency of the transformation.

3 Ejg x Rt

3.1 Summary of previous results

The Eg x RT is trickier since from the beginning one of the two known transformations [38]
does not close and the other [41] needs a new parameter to compensate the failure of
the closure of the algebra. The uncomfortable part of the latter mentioned approach is
that this new parameter gives rise to a new degree of freedom which is not present in the
Eg x RT field content, neither in the Ey; group decomposition. Let us briefly review these
two approaches and then present the SL(9) decomposition of the Eg x RT generalised Lie
derivative.

The proposal of [38] to the generalised Lie derivative for the Eg x RT case has the
same form as in (2.1) but with AM Ny given by

AMNPQ = 60P(adj)MNPQ — 5%55. (3.1)

In the Eg group the fundamental and the adjoint representations are essentially the same

representation. The generators of the algebra can be written as
()" == MNP (3.2)
where fM P are the structure constants. The generalised vectors are weighted as follows
VM = 28y, e 22 = det(e), (3.3)
where V is a pure Fyg generalised vector, and the generalised Lie derivative reads
(LeV)M = P0pVM — Kap fAM n fBY 00pe9V N + apeP VM. (3.4)
This transformation does not satisfy the Leibniz property, its failure is given by
(Ae, (L V)™ = ([Ley, La]V — Lee,e,V) Y = 1M 5 117 q0,0pe 2V, (3.5)

The second proposal introduces the parameter ¥. According to [41], the generalised
transformation is given by

(LesyV)M = &P0pVM — Kap fAM N PP Q0peQV N + 0pctvM — fPM sV N (3.6)

°The 7(, 7 component for d > 7 is a (1,7) + 8 tensor, this will be clarified in the next section.

,10,



The X p parameter is called “covariant constrained compensating field” and has to satisfy
some constraints. Essentially, these constrains are the same the derivative Op satisfies.
The transformation of the new parameter is fixed by demanding the closure of the algebra,
see [41],

Siomr = =28 yONAY + 250Ny — 285 0u Ay n + fNrL Al OmdnAf . (37)

Let us comment about some issues of the transformation (3.6). When one defines a
generalised Lie derivative, consistency requires it to be independent of the choice of the
vector components. As an example,5 one can see that in (2.38) it is possible to turn
off whatever components of the generalised vector V' and/or V", then check the Leibniz
property (2.47), and it will still hold. In this line of thinking, we could compute the
Leibniz property of (3.6) with the following choice (£1,%1) = (£1,0), (§2,22) = (&2,0) and
(V,5) = (V.0

([Leroy L] = Leg, o e0)(V0)- (3.8)

It is straightforward to see that the Leibniz property will fail since
(LM = (LM, (3.9)

notice that the transformation of the right hand side is (3.4) and this one does not satisfy
the Leibniz property.

We want to stress that when one considers the generalised vectors as (V, ) any generic
truncation of the components of these vectors should form a subalgebra of the algebra of
the generalised Lie derivative, as happens for all Ej-exceptional geometries, with d < 7.
The consistency of the transformation holds for all vectors in this generalised tangent space
with components (V, X)) and not for a subset of these vectors that excludes the vector (V,0).
This fact gives us a clue that the new parameter 3 could not be an independent one. If it
were the case, (as we will see, it is not an independent parameter) one of the consequences
is that this parameter does not induce a new degree of freedom as in [41].

3.2 The SL(9) decomposition

Before preforming the SL(9) decomposition of the Es x RT generalised transformation
we need to introduce some group-theoretic analysis about the Fg group and its represen-
tations [33, 48]. The fundamental (or adjoint) representation of eg has dimension 248,
thus one may take the generators as the structure constants (3.2). A vector VM with
M =1...248, decomposes into SL(9) as

M _ (1sa _ 1/laBd)] . & _
v = (Vv sV V,V[dw), V% =0 (3.10)

SParticulary, we could take V = (v, w, 0, 7), V' = (v/, &', 0, 7/) and V" = (v, w”,0, 7), hence
([/_‘,V,,CV/]V” - £LVV/V”)4 =—w'ANdw' Ndw=0,ind="T.

— 11 —



where the hatted indices run from 1 to 9. The algebra [tM, tN] = fMN P

of the Fg group
in the SL(9) decomposition is:

[t%5,875] = mt‘l — 83175 (3.11)
[ t'yl 3] 35[71157273]01 _ %5€Yt’3’1~~ﬁ3 ,
[t B U A = [71 vzw} 3+ 352 A3
)
[tal a3 tﬂl 3] _ 0102035152/33717273t s
[ Q.-G 51 ] 3! 06106206351525371“/2%75%m%'

From (3.11) it is possible to read off the structure constants:

& Bs _ <G b B3 &1 séa O3
75, 0™ = 05205,000 — 051052527 (3.12)
&1 G2h2vs . _ &2 52“22]641 . 1 1 0(2[3’2%
f B1 a3 P393 3 B1 5&3,6’3'?3 3551 5&353%’
a1 . G3fPs¥s _ Gy §G3B393 2 501 5630373
F™ 1 aofiois 5[a25ﬁmwl + 3 b1 axfade’

apiyn B3 cla1fr 4]

fab 1&2&&2&3 185[0425627}60‘3 )
fdlﬁl’?ldzéf}’zdsés’?s — _lealﬁwlazﬁz%ds@%
3! '

1
f&131’?1d25’2’y2d353’% - 56&151’7161252’?2&353’73 ’

Having the structure constants we are ready to compute the Cartan-Killing metric,
defined as

1
KAB _ @fAKLfBLK ) (313)
After a very long computation we get
Kézlﬁl d2/§2 0 OA
AB a181y1
KAB = 0 OA 6‘5(3[232@2 (3.14)
0 657722
a1
where
Ka,P1a,? = 6260 — 55; 5 (3.15)

and the identity takes the simple form

Ko 0 0
B _ a1 b1
0q = 0 5&252’72 q : (316)
0 0 513!2@2’72
a1

Notice that 52 = 248.
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To have a better idea about what is going on with the transformation of the Eg x RT
group we follow the discussion performing the SL(9) split of (3.4), but first we will show
how the derivative d, can be viewed as a section of the dual generalised tangent bundle.
The partial derivative breaks according to

O = (02,0, .., 99%7) = (9:°,0,0) (3.17)

aBy

and h
07 = 0.°=0., 0’ =08,"=0. (3.18)

This embedding is a solution of the equations (section condition) [38, 41]
KMNoy @y =0 (3.19)
ANy @ On =0
(fA pfA Q—2(5(M(5 ))8M®8N—O
which implies
YMNPQaM ®0dp =0, (3.20)

where the Y tensor is defined as in (2.4), but now adapted to the Eg x R case.
A very tedious calculation leads to the three components of the generalised transfor-
mation of the Eg x R, the first one is given by

(LeV)% 5 = E%900, VO 5 — VO 500, E% + 0a, €% 5 VO 5 (3.21)
+ aéfélgva . algoq Avag + 8é1£alvoc .
9 & a & &
+ 65[(11‘/5171]5 G2 15/6171] - 65 [ 165171] 2V0¢1,3171

+ 66[&1a253171 0626/[3&1 V/Bl’Yl]Oé _ 6538[(11&2531@1]@2 Va1,31’y1 ’

and as expected
(LeV)%% =0. (3.22)

The other two components are given by

(ﬁgv)mﬁl’h — faaav&1ﬁ1’?1 — 39 5[&1‘/31’?1]& + aagavdbéﬁ’yl (3.23)
a3 §0b1in g G cBaala
-V [a265272]a38 ¢

1 w
+ — (01P19182B272d3593 i

12 & 303210 Vers B

and
(LeV) g puan = §70aVa, piar T 3Vaias, Doy €Y = 3008, V, Bsngo T 008" Va, 5., (3.24)

- B(Vaoq [g gyla]g + Ve 718[0465 &9 + V 871§a1a]9)

1
e R R BaAoary as B
+ 126952?26&151’71@3[33’?380‘5 4 )
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VM SL(8) repr

Vg =0 8
Voo — oo 28
Vot = _ L IBafsarasg 56

Vo, = %690471...77(75’71'“77 + Ay 63+1
V81828s = 569%'"785615253771~~’78 o6
VP1B29 — %6961’320‘1"'0‘66971"'ngal...aﬁ,'yl...'yg 28
V9’Y _ ﬁﬁgo‘l"'as69’81"'Bsf'y,al...as,ﬁy..,@s 8

Table 1. SL(8) decomposition of Fs.

notice that the indices @i, 51 and 41 in the parenthesis of the expression (3.24) are fully
antisymmetrised.

The next step, as in the E7 x RT case, is to look at only the unhatted components
(SL(9) — SL(8)) and then associating them with their corresponding eight-dimensional
objects. Associating the components of an Eg generalised vector in the SL(9) representation
and the components in the SL(8) decomposition is more difficult than for the E7 group
since the fundamental representation of eg has dimension 248. From table 1 it is possible
to see the relation between these two representations, also that the generalised tangent
bundle, locally, is

E~TM & AN*T*M & A°T*M & (AT*M @ A"T*M) (3.25)
O (A*T*M @ A*T*M) & (AT*M @ AST*M) & (AT*M @ (A*T*M)?),

see [49] for a discussion about this. Now a generalised vector is represented in compo-
nents’ as

V=(v, wa, 05, Ta7) T Mgy, €3s)> E6.8) 0 E188)) - (3.26)

As a first check, we will write down explicitly, in terms of the SL(8) fields, the Fg x R™
transformation up to the dual diffeomorphism. This is the reason we will present only the
components of the generalised Lie derivative that correspond with the first line of (3.25),
or the four first lines of table 1. The local expressions of the remaining components of
the generalised Lie derivative are quite complicated ones and highly non covariant. We
consider that they will give no relevant information for the subsequent analysis. However,
we want to stress that despite we will not present this components, we are not ignoring
the other 92 generators since they are fully considered in (3.21)-(3.24) which is the full
expression, so far, of the generalised Lie derivative.

"Notice that TIBv1..y7]=0"
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The three first components (LeV)%, (LeV)aian9 and (LeV)*14293 can be straightfor-
wardly computed, getting
(L V") = (L") (3.27)
(LviVaraz = (Low")aras = (tordw’)ara,

(ﬁvaﬁ)al...ag) = (Lvlall)al...a5 - (Lv”do-/)al.“ag, - (w// A dwl)al...ag) .

As in the E7 x RT case these three components can be written in a coordinate-independent
way. The (LV)®s component is quite hard to compute but at the end we get

1
(EV/VH)aﬁ - ﬁewl'“w <(Lv/7—”)6m"% a 821””(827'&771”'77 + 8/8A/ﬂ"/1---”/7 B aﬁA:m---w)

) 1

- ](W”’ dgl)ﬁﬂl---“ﬂ + Z(w” A da,)ﬁ’ﬂ---“ﬂ
) 3

- j(dw’, U//)Bmmw + g(dwl A 0/1)571-~~“/7>

8
+ 5% (LU,A” a gvup(aﬂAlpw---w + aBAgzwl---w)falwmw
1 Vi / 1 / "
+ ¥ Ndo' — ﬂdw Na' ), (3.28)

where the underline indices are fully antisymmetrised.

Let us point out some facts about (3.28). First, we have explicitly separated the
reducible representation 64 — 63 +1 — L7 + LA. Notice that if d = 7 we recover the
expression of the fourth component of the generalised Lie derivative (2.38). Ignoring for
the moment the A transformation we have

(‘CV/V,/)/3771~~’Y7 = (LU’TH)/D’,’YLJY? - S'UHp(aﬁTé,’h...'w + aﬂA;Wl---W B aﬁA;WL--W?)

. 1
- J(w//7 dU/)ﬁfYLu’W + Z(w” N dU,),B'yl...'w

. 3
— jldw', 0" ) gy yr + g(dw' A" gy mn - (3.29)
Now, it is easier to check (Ly/V")iq ;. 4]

getting a coordinate-independent writing of (3.29) is impossible since the equivalent term
to —(tyrd) in (3.29) is

= 0. On the other hand one may see that

1 / / /
— 80T 1.y + O8Ny e — 0Ny 57

(3.30)

and this term has a coordinate-dependent writing, namely, this term is not a tensor. It
is one of the reasons why the covariance can not be achieved in the Eg generalised Lie
derivative. Notice that the terms in the parenthesis of (3.30) are exactly the transformation
predicted [50, 51] for a tensor with a (1,8) mixed symmetry, on a linearised background.

This is not the end of the story, in the next section we will see that as long as the theory
is defined on a generalised parallelisable manifold the transformation can be consistently
defined in d = 8 and perhaps extended to d > 8.
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3.3 Building the F3 x RT generalised transformation

To built the Eg x RT generalised transformation the starting point will be (2.18), but
adapted to this case. The most general theory of gauged supergravity in d = 3, where
the trombone symmetry is gauged [42], needs, for consistency, gaugings living in the
1 + 248 + 3875 representations of the Fg group. Taking that into account, the proposal,
for the Fg fluxes, is as follows

Fun' =Payzasiasrsyn” TQrP (ta)n" + Ay oY (3.31)
+ Q0 (to)n " = aPpaap” N sQR" (to) ar”,

where, given (3.3),
Q' =20 A, (3.32)

notice that all indices are denoted by upper case. To fix IP’(1+248+3875)MA Ry we need to
know explicitly the projectors to each representation, these are given by [42]
1
P NP _ L sNsP .
T = 55000G (3.33)
1
Possyu" g = @fANMfAPQ

1
14

1

1
540y — %5%55 + 1

1 1
Pasrsyn’ @ = ?SfAPMfANQ - %fANPfAMQ + K™ Kqur -

Then P(1,24843875) can be written as a linear combination of these projectors, i.e.

P(14248+3875) = a1 1) + a2Pasg) + a3 Pzgrs) - (3.34)

The coefficients a; can be fixed demanding Fy;n (or in planar indices Fz Bé) is the gene-
ralised transformation® (3.4) with all vectors being frames, i.e. (EAEAEB)M = FABCE@M.
We see that taking a1 = 62, ao = —30, a3 = 14, A = 1 and a = 60 the fluxes can be
written as

FipCEM = EzP0pEgM — faM AT g0pEsCERN + 0pE " EgM (3.35)
+ K]QQPQ(tP)JMEAIEBJ.
From the right hand side of (3.35) it is possible to read off the generalised Lie derivative.

The next step is to extend the transformation to general vectors and not only on
frames, namely F; — £ and Ez — V, getting

(LV)M = P0pVM — fAM AP Q0pEOVN + 0pcP VM — fME V9. (3.36)

It is remarkable that we have obtained a generalised Lie derivative that has the same form
as the one presented in [41] but in our transformation ¥ is not a parameter, this can be
written by means of a connection as

1
60

$We know (3.4) is not a well defined transformation, but from the SL(9) decomposition (3.27) and (3.28)
we already know (3.4) is close to the right one.

Sp=—fr"1Qpr"¢’ (3.37)
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where we have used Qprl = QPQ(tQ)KL, we recall Qpyl = EKAGPEAL. Furthermore,
the index P is one that corresponds to a derivative, hence it is straightforward to see that
under the section condition X p behaves as the derivative dp does. Also, due to the fact that
f% 1 and Qprl have weights A = 0 and A\ = 1 respectively, X p has zero weight. Moreover,
one can see that this is the only transformation that can be built without introducing
further parameters or degrees of freedom on the manifold. Also, by construction (3.36) is
consistent with gauged supergravity in three dimensions. Regarding this statement, now
we are able to write the generalised fluxes (3.31) as in [42],

1
FMNP = @MA(tA)NP + <2(tA)NP(tA)MQ — (5};5%) 19@ (3.38)

where
On” =Prissrsyn” Fur” (3.39)

is the embedding tensor in the 1 + 3875 representations of the Fg group, and the gauging
associated to the trombone symmetry is written as

Opr = —Ey e 0p(e 22 EF) = —EyAVpE;”, (3.40)

we recall that Ez7 = e 2AE 47 In general, provided © w? and Y are not constants in
this context, Fis N7 is not a constant.

In order to write the generalised transformation we have introduced the generalised
Weitzenbock connection which is defined in terms of the generalised frame as in (2.16). the
generalised frame encodes the degrees of freedom of the theory,” for this reason, no further
fields or parameters are needed to get a well defined transformation. However, something
interesting is happening, since now the parameters and the degrees of freedom will be
mixed in the transformation, as happens in closed string field theory (CSET), see [52] for
a discussion on gauge transformations in CSF'T.

Let us, conjectural and schematically, discuss this statement in this context. DFT
or GG, for instance, can be seen as a consistent truncation of CSFT [4, 53, 54]. This
truncation is performed in such a way that the truncated algebra of CSFT closes off-shell
and the truncated gauge parameters transform in the fundamental representation of the
O(d, d) group. Hence, the parameters can be regarded as generalised vectors transforming
under the action of the O(d, d) group.

In the exceptional generalised geometries one expects that something similar takes
place, and it would be desirable to identify these geometries with a consistent truncation
of some string field theory (SFT). In fact, in all exceptional geometries for d < 7 the
parameters (generalised vectors) transform only in the fundamental representation of the
exceptional group. In d = 8, from the generalised Lie derivative (3.36), one can see that the
generalised vectors also transform restricted to the fundamental representation which at
the same time is the adjoint representation of the Eg group.'® This means that, in the same

9In general the frame is the degree of freedom of the theory but there is one special frame which can be
written in terms of ea, As, Ag, A(l’g), A(3yg), A(6‘9>, A(l’gyg%

19We recall that in generalised geometry the parameters (generalised vectors) belong to the fundamental
representation of the group, while the degrees of freedom belong to the adjoint one.
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way that the field degrees of freedom need the parameters to transform, the parameters,
in the Fg case, need the field degrees of freedom to transform.
In CSF'T usually the algebra of the gauge parameters is represented as follow

(01,06, ]| W) = O¢,p ()| ¥) + (on-shell = 0 terms) (3.41)

where |¥) is the string field containing the excitations of string and, it is said, {12(V) is a
field dependent parameter. Translating it to our case, the equivalent to the truncated string
field should be the generalised frame FE i, strictly speaking, it should be a combination of
certain components of the frame. The equivalent to the parameter £12(¥), in our language,
should be the generalised transformation 55152 = ﬁglfg, (3.36), which is a field dependent
one. The equivalent Eg x R expression to (3.41) should be
(Lo Lo Ba= Ly, ¢, Ba, (3.42)

which is the Leibniz property of our theory. These facts are showing an intriguing analogy
between some hypothetical SF'T (truncated) and the exceptional approach, beyond the
consistent truncation of DFT [4, 53, 54], which is worth exploring, and maybe relate this
SFT with some theory based on the Ej; group [2].

To know the full form of the fourth component of the Eg x RT generalised transfor-
mation, we need to know the SL(8) decomposition of fM¥ ¥ pV Q. Taking into account

Sp = (25% 455, 2977) = (£;%,0,0), (3.43)
where
0 o B =35, T =%5=0, (3.44)
and (3.12) we get
1 1
MV = ((257;“ — Sagzpw) + 30555070, 0) : (3.45)

The final expression for the 63 4+ 1 component can be read from (3.28) plus the terms (3.45),
with 25 = %fJKLQ@KLV/J.
3.4 Consistency conditions and compatibility

Leibniz property. Now we proceed to check that the generalised Lie derivative (3.36)
satisfies

851 (ﬁ,gQV) = ‘CA& (ﬁfz V) ) (346)

as in the E7 x RT, this relation establishes the covariance of the generalised Lie derivative
with respect to itself, we will continue calling it “the Leibniz property”. We write the
generalised transformation as

(LM = (L)Y — fMPo5pV @ (3.47)
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where (LV)M s (3.4) and the failure of this to satisfy the Leibniz property is given
by (3.5). Applying the Agl = ﬁgl — 551 operator, where 551 is defined through the relation
0e,V = ﬁglV, on the generalised Lie derivative ﬁgQV we get

(Ae, (L, V))M = fMP o (6¢,Xop — Le, Xop — Ok &l Sop (3.48)
+ fx! 10p0sE €5 — 0pS1k €S ) VE.

From the above expression we can see that the Leibniz property implies'! (notice no anti-
symmetrization is needed)

351 Yop = L£122P + 8K§{<22p — fKJ[8p8J§{§2K + 81321[({5{. (3.49)

As we will see, from the compatibility with the transformation 351 Y9p computed using that
¥ is given by (3.37), (3.49) is the right expression for the ¥ transformation.
In the computation of the Leibniz property we have used the identity

FPuS fpntCr ® CL = Cy @ Cy + Cy @ Cly (3.50)

where, in our case,

Cy = (C’Bé‘, 0,0) = (C5%,0,0), (3.51)

but in general the only that is required for (3.50) to hold is that C' and C’ are solutions
of (3.19), which implies that the Leibniz property holds for any solution of the section
condition. This identity has been proven in [41], also one can see that the identity is a
consequence of the last line of (3.19) which can be proven from (3.12). Another useful
identity that follows from (3.50) is

Lf-NPZNPVM = fIM](ajsz + 8PEIP)VJ (3.52)

where, in our case,
ZNP = (Zﬁd P7 07 0) = (Zﬁg P7O70) . (353)

Compatibility. If ¥ were an independent parameter we should check that the Leib-
niz property also holds to this new component of the generalised vector, i.e. we should
check that

551 (‘6522) = ‘Cfl (‘6522) ) (3.54)

as usually this checking is performed in the tensor hierarchy mechanism [34]. However as
> actually is not an independent parameter the consistency check becomes a compatibility
check.

Having a notion of generalised Lie derivative it is possible to define the generalised
covariant derivative V. In general for some generalised connection I' it is written in an
local generalised patch as

Vau VY = oy VN 4Ty NVE. (3.55)

1T thank Martin Cederwall for pointing me out that the Leibniz property, in the sense (3.46), can be
achieved rather than only closure of the algebra, and therefore covariance. Also for sharing his unpublished
notes with me and specially for let me use his result (3.48) concerning the Leibniz property in the Es case.
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Demanding that ¥,V transforms as a tensor with respect to the generalised transfor-
mation (3.36) we get

0, Taii™ = Le, Tarc™ + fa k FAY Q0n0pER + NP kOSip — 0mOpET oK (3.56)
where ﬁglf is denoting the tensorial part of the I' transformation. Using

Bz =Wy iPEBpN = oy Eg"N + Ty N E", (3.57)

where W, 17 is the generalised spin connection (notice that it is defined as in the Riemann
geometry but Vs is the generalised covariant derivative) it is easy to prove that

(O¢, = Le) D™ = —(0¢, = Le))2nrr™ (3.58)
Using (3.58) and (3.56) we get
0e Q™Y = Lo, Q™ — fa¥ i fATQ000pEY — FNT kOMS1p + OnOpel 0N . (3.59)

In particular (3.59) also holds for Q5. Now, contracting with fr¥ L, using (3.13) and
1% =0 we get

s (L 5 s (1 -
(5&1 <60f[KNQMKN§£> = Le¢, <60fIKNQMKN§£> _fIPQaManfzfé-i-@MEHfg (3.60)

or, from (3.37)
O¢, Sonr = Ly Sonr — frl@dndpelel + ovSired (3.61)

where, due to the fact that 3 has zero weight, we have
Le,Yons = LeySonr = Ley Sonr + Op&d Sonr . (3.62)

Notice that (3.61) is exactly the same expression (3.49) we computed through the Leibniz
property, therefore our check of consistency and compatibility has been achieved. We want
to stress that in the computation of the Leibniz property as well as in the compatibility
check we have only used the fact that all fields satisfy the section condition (3.19) and
the computation has been performed without assuming the particular embedding (3.17)
and (3.18). Therefore, our analysis is also valid for other solutions of the section conditions
in particular the one relevant in type IIB supergravity presented in [41].

4 FEleven dimensions

4.1 From Eg x RT to eleven dimensions

To go further from eight dimensions we could take as the starting point the generalised
Lie derivative presented above. Before we discuss this statement we will expose a few facts
about the generalised Lie derivative on the groups E; x RT, with d < 7.

On the one hand, the three first lines of the generalised Lie derivative (2.38) satisfy
the Leibniz property not only for d < 6 but also for all d. When the algebra is extended
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with the fourth line of (2.38), the consistency of the generalised Lie derivative gets reduced
to d = 7. On the other hand, the covariance of the Eg x RT generalised Lie derivative
does not depend on the dimension of the manifold, hence this transformation satisfies the
Leibniz property for all d. However, we have to be very careful, since the transformation
depends on having a well defined generalised parallelisable manifold and for d > 8 we can
not claim its existence since these kind of manifolds have not been studied yet.

For d > 8 the U-duality groups are infinite dimensional, thus a generalised frame E 57
on these groups would be an infinite set of infinite-dimensional vectors. To write explicitly
the full Weitzenbock connection QpnF = ENAGME AP in terms of the degrees of freedom
would be trickier, since an infinite sum is involved in its definition. Regarding this fact,
recently there appeared two interesting papers [55, 56] which based on them could be worth
exploring how to go beyond eight dimension within the approach displayed in this work.

Finally, we are confident that under the SL(d) decomposition and proper truncation
(in particular the SL(11) decomposition and proper truncation of Ej;) an extension of the
Es x RT generalised transformation to d > 8 could be possible.

5 Summary and conclusions

In this work we have constructed the Fg x Rt generalised transformation which is concep-
tually different to the one presented in [41]. Remarkably, its consistency is not subject to
any compensating parameter, thus only the parameter and the degrees of freedom of the
Eg x RT group are involved in the transformation. Although no compensating fields are
needed, the generalised Lie derivative seems not to have a covariant coordinate-independent
writing. This could be a problem for the covariance of the theory. However, when the theory
is defined on a generalised parallelisable manifold a consistent transformation is achieved
upon the introduction of the generalised Weitzenbock connection.

The extended E; x R* generalised approach was used as a laboratory. In particu-
lar, we present the SL(8) and SL(7) decomposition of the extended generalised E7 x RT
transformation, obtaining perfect agreement with [21]. From the SL(7) perspective we
computed the consistency conditions, which indeed are the closure of the algebra and the
Leibniz identity, and we analysed under what conditions the transformation is consistent.
As expected, in seven dimensions there is no problem with the generalised Lie derivative.
However, beyond seven dimensions the Leibniz property does not hold, hence an extension
from d = 7 is impossible.

Working out explicitly the F; x RT fluxes definition, it was possible to show that they
can be written as a combination of the projectors to the 56 + 912 irreducible representa-
tions of the F; group acting on the Weitzenbock connection, plus terms associated with the
conformal factor. In fact, it is valid for all E; x R™ with d < 7, where now the projection is
on the correspondent R; + Rg irreducible representations of the FE; group. Interestingly
enough, the same expression can be written for d = 8, but the only difference with the
other exceptional groups is that Rg is a reducible representation of Fyg.

Using the lessons learnt from the E; x RT case, we moved forward to the Eg x R*
one. We presented the full d = 8 generalised transformation, written in terms of the fun-
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damental indices of the Fg group and splitted in indices of the SL(8) one. Consistency
and compatibility were checked, showing that the transformation of ¥ can be computed
through the consistency conditions or using its own definition in terms of the vector pa-
rameter and the Weitzenbock connection. Actually, this is a non trivial statement and its
checking strengthens the arguments presented here.

We shall now stress some facts about what is called Exceptional Field Theory (or
its counterpart Double Field Theory) and Generalized Geometry. EFT and DFT are
formulated in a coordinate-dependent way. This does not mean that they do not make
sense. It is well known that upon solving, properly, the section condition, locally these kind
of theories are equivalent to generalised geometry, which is a well defined and covariant
theory, whose consistency does not depend on any choice of coordinates.

In this paper we restrict our attention to give, as good as possible, a definition of
generalised Lie derivative for the g generalised geometry, restricted to eight dimensions.
Then, based on the fact that the consistency of the generalised Lie derivative presented
here does not depend on the dimension of the manifold, we conjectured that this derivative
could be taken as the starting point to describe the full geometry of the M-theory in eleven
dimensions.

The attempt of [41] was to describe the geometry of the eleven dimensional M-theory,
however, the starting point, there, was a generalised Lie derivative which is not covariant,
which means that the approach only works locally. Here we presented a refined version
of the generalised Lie derivative presented in [41]. To avoid some consistency issues that
appears in the Eg case a new local parameter was introduced in [41], the point is that this
new parameter gives rise a new and undesirable local degree of freedom. As in our approach
no new parameter is needed, no further degree of freedom is needed to have a well defined
gauge transformation, thus the above conjectured extension to eleven dimensions will not
need any further parameter neither any further degree of freedom to be well defined.

We want to emphasize that the generalised Lie derivative presented here seems not to
be a covariant object, unless, the manifold is a generalised parallelisable one. However if
the attention is restricted to this kind of backgrounds then it is possible to give a good
definition of generalised Lie derivative with only the field content that corresponds to the
one that the Eg group admits.

There are several unanswered questions. Maybe, the two ones who need to be impe-

ratively answered are,
e [s it possible to go beyond the generalised parallelisable manifold?

e [s it possible to get a coordinate-independent writing of the fourth component of the
Eg x RT generalised transformation?

Probably the answer to the first question gives us a clue to answer the second one. The
only place where we used the information, apart from the flux definition, that the manifold
has to be a generalised parallelisable one is in the compatibility check. Notice that (3.61)
only needs (3.59) which indeed is (3.56). Thus given a general connection on a general
manifold seems to be sufficient for the consistency conditions to hold. The point is that
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having a general connection with the proper transformation is just a necessary condition.
One requirement for the consistency of the generalised Lie derivative is that X p has to
satisfy (3.43). In terms of a generalised connection, ¥ should be

1

= @fJKLFPKLf‘]- (5.1)

Xp
The above expression implies that to give an Eg x RT generalised transformation on a
general manifold, this one has to be equipped with a non zero and section-projected in its
first index generalised connection. Concretely,

Vi = (Va?,0,0) = (V,”,0,0) = (Vq,0,0) (5.2)

or
YMNPoVu @ Ve =0. (5.3)

This means that the section condition should be extended to the covariant derivatives. The
relation (5.3) would have strong implications on the definition of the generalised torsion,
curvature and Ricci tensors.

The answer to the second question is more elusive. One possibility could be that on a
general manifold the generalised transformations takes the following form

V)M = PVpVM — My AT GV peRVN 4 VeV (5.4)

for some general generalised connection. Then by some mechanism or imposing certain
conditions like the torsion free one, (5.3) etc; (5.4) reduces to (3.36). However, the meaning
of these constraints as well as the definition of the torsion tensor, in this context, in not
clear for us yet.
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