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1 Introduction

It is a well-known fact that in a two-dimensional CFT the Casimir energy on the cylinder
is related to the conformal anomaly coefficient c. This is proven by performing a confor-
mal transformation to flat space accompanied by the transformation law of the energy-
momentum tensor. The Casimir energy can also be extracted from the partition function
Z on 5’/13 x S1in the limit of infinite radius of the circle, 8 — oo,

Z e PB4 E:—%. (1.1)

There have been attempts to generalize these results to CFTs in higher dimensions, see for
example [1]. However, there may be no general universal relation between Casimir energies
and conformal anomalies in higher dimensions due to the existence of finite counterterms
that render the result scheme dependent [2].

The situation is more promising for SCFTs. For 4d N/ =1 SCFTs with a Lagrangian
description, it was observed in [3, 4] that one can extract the conformal anomalies a and ¢
from the partition function on Sé x 83, The latter may be computed by supersymmetric
localization. The result is

Z=ePEI, (1.2)
where s
2 2 (w1 + wo)
E=2(a— = (3¢ — 2a) 20 1.
50— 0)(wr +un) + 5 (30— 20 T (13)

and I is the superconformal index [5, 6]. The parameters w; and wy determine the ge-
ometry of §% and the background R-symmetry fields that must be turned on to preserve
supersymmetry.

The function E gives the leading behavior of the partition function in the g8 — oo
limit, as in two dimensions. This result was further clarified in [2, 7] where it was shown
that there are no finite counterterms and E is scheme-independent. The relation (1.3)
was further studied in [8] where the authors discussed a holographic interpretation of this
result.! We refer to the quantity F and its cousins for SCFTs in other even dimensions as
the supersymmetric Casimir energy.

The purpose of this paper is to propose a simple universal formula for the supersym-
metric Casimir energy F in terms of the 't Hooft anomalies for continuous R-symmetry
and flavor symmetries. Since conformal anomalies are related to R-symmetry anomalies
by supersymmetry we will recover the result in (1.3) in a limit. Specifically, we propose
that the supersymmetric Casimir energy in D (even) dimensions is an equivariant integral
of the anomaly polynomial Ap2,%> which we write schematically

Ep = / Aps. (1.4)

1See also [9-15] for related work on how the superconformal index or partition function of 4d N = 1
theories encodes various anomalies.
2See [16] for a pedagogical exposition on anomalies and the anomaly polynomial.



Here we work equivariantly with respect to a maximal torus of the global symmetry algebra
commuting with the supercharges preserved by the partition function Z. The equivariant
parameters are related to the expectation values of background vector multiplets for these
symmetries, or equivalently the chemical potentials of the superconformal index I. This
proposal is explained in more detail in section 2.

In sections 3, 4 and 5, we perform numerous checks of our proposal for SCFTs with
varying amounts of supersymmetry in two, four and six dimensions, with and without
Lagrangian descriptions. We believe this provides ample evidence for our conjecture. We
hope to return to proving the conjecture in future work.

We conclude in section 6 with a summary and a collection of open questions. In
appendix A we summarize some basic facts about equivariant differential forms and equiv-
ariant integration. Appendix B is devoted to a discussion of the properties of various
special functions that appear in our calculations.

2 Generalities

The superconformal index of an SCFT in D dimensions is defined as a trace over the
Hilbert space H in radial quantization,

1(8)) = Trp(—1)Fe Q@2 At (2.1)

where F'is the fermion number, @) is a supercharge, and t; are the generators of the Cartan
subalgebra of the superconformal and flavor symmetry algebra commuting with @, see [5, 6].
The real parameters v and §; are called chemical potentials. By a standard argument, the
superconformal index is independent of the parameter v and can be expressed as a trace
over the subspace H¢g C H of states saturating the unitarity bound {Q,Q'} > 0, that is

I(Bj) = Tryg (—1)Fe 23 Aty (2.2)

The superconformal index therefore receives contributions from short representations of the
superconformal algebra that cannot combine into long representations. As a consequence,
it is invariant under all deformations of the theory that preserve the supercharge @, and
in particular under marginal deformations of the fixed point.

If the superconformal fixed point appears at the endpoint of a renormalization group
flow triggered by a deformation of a free theory, the superconformal index can be evaluated
in the free theory as a Plethystic exponential of the single-letter index. The Plethystic
exponential of a function f(z) with a Taylor series expansion around z = 0, f(x) =
>0 o anx™, is defined as

with an obvious generalization to functions of many variables. The single-letter index only

receives contributions from the elementary fields of the free theory and their derivatives.
The Plethystic exponential then sums the contributions from all “words” built out of the



elementary fields. In a gauge theory, one should include only the contributions from gauge-
invariant states. This can be accomplished by introducing additional chemical potentials
for the gauge symmetry, which are then integrated over. The superconformal index can
thus be viewed as a series expansion in e %,

A closely related object is the partition function of the theory on S' x SP~1 preserving
the same supercharge (). The details of the supersymmetric background will of course
depend on the dimension D and the amount of supersymmetry involved. Typically, the
partition function depends on the radius 3 of S! and a number of parameters p; describing
the metric on SP~! and expectation values of background R-symmetry and flavor vector
multiplets. The partition function Z(/3, i1;) can often be computed exactly by supersym-
metric localization using the supercharge ) and typically takes the form of a matrix integral
of 1-loop determinants and in some cases non-perturbative contributions.

It is intuitively clear by cutting the path integral on S' that the supersymmetric
partition function Z(3, uj) should be closely related to the superconformal index I(/3;).
Indeed, it has been demonstrated in a number of examples, that?

Z(B, ) = e PEWI 1)), (2.4)

where 3; = fu; and E(p; ) is a finite Laurent polynomial in the rescaled chemical potentials
;- The extraction of this result often requires careful regularization of 1-loop determinants
and/or re-summation of infinite number of non-perturbative contributions to the localized
path integral Z (3, 11;).

The function F(ju;) can be interpreted as a supersymmetric Casimir energy and should
be physically meaningful. Indeed, given that the superconformal index I(f;) is a series
expansion in e 4 it can be extracted from the supersymmetric partition function in the
limit of infinite radius of S,

B,
E(pj) = = Jim a5 18 Z(B, 1) - (25)

The supersymmetric Casimir energy F(p;) is a finite Laurent polynomial in the p;, whose
coeflicients are particular linear combinations of the anomaly coefficients for conformal,
R-symmetry, and flavor symmetries used in the construction of the partition function.
The purpose of this paper is to propose that the supersymmetric Casimir energy in
even dimensions can be extracted directly from the anomaly polynomial of the theory.
We conjecture that E(u;) is an equivariant integral of the anomaly polynomial Apo over
RP. We work equivariantly with respect to the Abelian symmetry group generated by the
charges t; commuting with ). The equivariant parameters are the corresponding chemical

3With 4d N = 1 supersymmetry, it was reported in [4] that there could be a physically meaningful
contribution to the exponential at order O(87"). However, it was subsequently explained [2] that this is
absent when regularizing in a way that is compatible with the relevant supercharge ). We expect similar
statements in two and six dimensions. In any case, the presence of such terms would not affect our conjecture
regarding the supersymmetric Casimir energy E, which is the coefficient of the O(3) term.

“In supersymmetric theories the conformal anomalies are related by supersymmetry to R-symmetry
anomalies.



potentials p;. We can write this as

Bu) = [ Apsa. (2.6)
I
Note that for this conjecture to make sense we must view the anomaly polynomial Apys as
an equivariant characteristic class on R”. In equivariant cohomology, it is quite natural to
have equivariant forms whose degrees are greater than the dimension of the manifold and
whose equivariant integrals are non-zero. We refer the reader to appendix A for a summary
of equivariant characteristic classes and equivariant integration. Numerous examples will
be considered below.
In the remaining sections, we will test this conjecture extensively for a number of
SCFTs with and without Lagrangian descriptions in two, four and six dimensions.

3 Six dimensions

3.1 N =(2,0) supersymmetry

The six-dimensional (2, 0) superconformal algebra is 0sp(8*|4). This superconformal alge-
bra has the maximal bosonic subalgebra s0(2, 6) Gusp(4). We denote the Cartan generators
of the six-dimensional conformal algebra s0(2,6) by (A, hi, ho, hg). The generator A cor-
responds to dilatations and (h1, ha, h3) to rotations in three orthogonal planes in RS. We
denote the Cartan generators of the R-symmetry algebra usp(4) = so(5) by (r1,72).

The supersymmetry generators can be labelled Qzll’;f%hg with the indices taking the
values :I:%. To simplify notation we will write + instead. There are sixteen Poincaré
supercharges consisting of the supercharges with hihohs < 0. The remaining sixteen
supercharges with hihohs > 0 are the conformal supercharges. In radial quantization,
conjugation reverses the sign of hy, ha, hs, r1, 72 and so interchanges Poincaré and conformal
supercharges.’

The superconformal index in six dimensions was introduced in [17]. Here, we will
define the superconformal index using the supercharge @ = QT1_. A different choice of
supercharge will lead to an equivalent superconformal index. This supercharge generates
an su(1|1) subalgebra with

{QaQT} =A—-2(r1+r2) — (h1 +ha+ h3). (3.1)

The superconformal index counts states in short representations of the superconformal
algebra annihilated by @ and @, which therefore saturate the unitarity bound

A > 2(7”1 + 7"2) + h1 + ho + hg. (32)
The superconformal index is defined by

T +7‘

T = Try, (—1)F H Pt e (3.3)

®We work in Euclidean signature and thus the conformal algebra. is s0(1,7).



X hi ho hs T | T2
) 0| 0|0 |1]0]|p/aees
6 | oo ool pvaas
++ | L | L | 1|11 _
++— | 2 2 2 | 2 | 32 92
++ 1 1 1 1 1

Yiti | s | 73| 3 | 3|3 —qgs
++ 1 1 1 1 1

Yiir | -3 3 | 3 | 3|3 —9293
W | 31 5| 5|33 019243

Table 1. The fields of the (2,0) tensor multiplet saturating the bound (3.2) and their contributions
to the superconformal index. Note that there is a contribution from a fermionic equation of motion,
denoted schematically by 0. Recall also that A(¢) =2, A(y) =5/2 and A(H) = 3.

where Hg is the subspace of the Hilbert space in radial quantization that is annihilated
by @ and Q'. The four combinations h; + % (ry + r2) (with j = 1,2,3) and 75 — ry form
a basis for the space of linear combinations of Cartan generators commuting with ). The
corresponding fugacities are denoted ¢1, g2, g3 and p. For convergence we assume that |q;],
lg2|, and |g3| < 1. F' is the fermion number, which we can define by F' = 2h;.

3.1.1 Tensor multiplet

The tensor multiplet is a free theory consisting of a 2-form gauge field B with self-dual
curvature H = dB = xH, fermions w;llz‘; hs with the same quantum numbers as the Poincaré
supersymmetry generators with hihohs < 0 (and unrestricted values of r;2), and five real
scalars ¢ in the fundamental representation of so(5).

Since the tensor multiplet is a free theory, the superconformal index can be evaluated
by enumerating contributions to the single letter index and then summing contributions
from all words using the Plethystic exponential. Combining the contributions shown in

table 1, we find that the index is

(p+ P VI RB + (19205 — (192 + ¢2q3 + q1G3)
(1—=q1)(1 —q2)(1 —g3)

Note that the denominator factors in the single letter index arise from summing up the

I= (3.4)

action of holomorphic derivatives on the single letter contributions.

On the other hand, the supersymmetric partition function of the tensor multiplet on
St x 8% is conjectured to be captured exactly by the partition function of 5d ' =2 SYM
on S% with gauge group U(1). In order to relate the parameters appearing in the two
partition functions, we define

g = e Pwi, p=em (3.5)

The parameter 3 > 0 is the radius of the circle S*, which determines the 5d gauge coupling
by the formula ¢?> = 273. The parameters wj become squashing parameters for the metric
on S® and m is a real mass parameter for the adjoint N' = 1 hypermultiplet inside the
N = 2 tensor multiplet.



The S° partition function Z was computed in [18] using supersymmetric localization.
The result was found to be proportional to the superconformal index I given in equa-
tion (3.4) with a pre-factor that may be interpreted in terms of a supersymmetric Casimir
energy. The result is®

Z=ePEMT, (3.6)

where . . )
2 2 2, 2 2 2 2
E(l)——w[ala2—;wiwj+4<;wj—01—02)} ) (3.7)
is the supersymmetric Casimir energy. In writing this expression, we defined new chemical
potentials o1 = % Zj wj—m and og = % Zj wj+m, which are the chemical potentials conju-
gate to the R-symmetry generators r1 and ro in the definition of the superconformal index.
In other words, the superconformal index (3.3) is written as Try,, (-)Ff e P wihitioara)
together with the constraint o1 4+ 02 = >, w;. We use the notation E(1) since this is the
contribution to the supersymmetric Casimir energy from a single M5-brane.
Now let us compare the supersymmetric Casimir energy (3.7) with the anomaly poly-
nomial of the free tensor multiplet (one M5-brane) [19],

1

= 5 [P (VM) — pa(TM) + L ( (N M) — po(TAD))°) (3.8)

As(1) 1

In this expression, TM and NM denote respectively the tangent and normal bundles to
the six-manifold M where the brane is supported, and p;(V') is the j-th Pontryagin class
of a real vector bundle V', which is a polynomial of degree 2j. It is clear that the structure
of the supersymmetric Casimir energy is mirrored in the anomaly polynomial.

To make the connection precise, we extend the anomaly polynomial (3.8) to an equiv-
ariant form on R® with respect to the U(1)* action generated by the combinations of
bosonic generators appearing in the superconformal index. There is a single fixed point
at the origin of RS. Therefore, the equivariant integral of the anomaly polynomial can be
computed using the fixed point theorem. This amounts to replacing the Chern roots of
T'M with the chemical potentials w; and those of NM with o,, and then dividing by the
equivariant Euler class at the origin. Explicitly, we have

pl(NM)—>J%+aga pl(TM)Hngza (39)
J

p2(NM) — o202, p2(TM) — Zw?w? : (3.10)
1<j

Making these replacements and dividing by the equivariant Euler class e(T'M) = wjwows,
we find

E(1) = _/Agu), (3.11)

in agreement with our proposal (up to a conventional minus sign in the definition of the
anomaly polynomial).

5The notations here and in reference [18] are related by w1 = 1+a, wa = 14+b, wg = 1+c and 5% = i—mQ.

We have relaxed the relation a + b+ ¢ = 0 imposed in [18].



g Tq dg hy ¢;
Ay_1 | N—-1 N2 -1 N 2,3,...,N
Dy N N(2N —1) | 2N -2 | 2,4,...,2N —2 and N
Eg 6 78 12 2,5,6,8,9,12
E; 7 133 18 2,6,8,10,12,14,18
Eg 8 248 30 2,8,12,14, 18,20, 24, 30

Table 2. The rank 74, dimension dg, dual Coxeter number h;’ and exponents {{;}i=1,.. ,, of the

.....

simply-laced Lie algebras.

3.1.2 Prediction for interacting theories

Having confirmed our proposal for the free tensor multiplet, we can now make a prediction
for the supersymmetric Casimir energy of the interacting 6d N = (2,0) theories. The
interacting theories are classified by a choice of simply-laced Lie algebra g.” The group
theoretic quantities associated to the simply-laced Lie algebras that we need in what follows
are summarized in table 2.

The anomaly polynomial of the interacting theory is [20-22]

NM
Ag(g) = rg Ag(1) + dg4 hg % )

(3.12)
where 74, dg and hg/ are the rank, dimension and dual Coxeter number of the simply-laced
Lie algebra g, respectively. We should mention that, as far as we are aware, this formula
for the anomaly polynomial is conjectural for the E-type theories.

Performing the equivariant integral as explained above, we arrive at the conjecture
that the supersymmetric Casimir energy of an interacting (2, 0) theory is
oios

B(g) = - / As(g) = 7o E(1) — dg hY (3.13)

970 24 wiwows
where F(1) is the supersymmetric Casimir energy of the Abelian tensor multiplet theory
given in equation (3.7).

This prediction is very difficult to check because there is no Lagrangian construction in
six dimensions that could be used to evaluate the partition function. Instead, we will use
the conjecture that certain protected observable of the interacting 6d N = (2,0) theories
on a circle are captured by computations in 5d maximal SYM [23, 24]. In particular, we
suppose that the supersymmetric partition function on S* x S® is equivalent to the partition
function of 5d maximal SYM on S° with an appropriate identification of parameters. The
latter can be computed by supersymmetric localization which reduces the path integral of
the theory to a matrix integral [3, 18, 25] (see also [26-30] for related work). In practice, the
resulting matrix integral cannot be evaluated explicitly for general values of the parameters,
at least with present technology. In what follows, we will consider two simplifications of
the problem that overcome this obstacle.

"One can of course also take direct sums of interacting theories and free tensor multiplets.



3.1.3 Chiral algebra limit

We first consider a special limit of the superconformal index introduced in [18, 31] where the
matrix integral arising from localization of the S° path integral can be evaluated explicitly.

This limit is
p— Va192/qs, (3.14)

or equivalently

1
m — §(w1 + wy —ws) . (3.15)

In this limit, the superconformal index and partition function preserve a second supercharge
Q:[jr_, which ensures additional cancellations in the matrix model and leads to a dramatic
simplification of the result. This limit plays an important role in the “chiral algebra”
construction of [32] and therefore we refer to it as the chiral algebra limit.

Let us first focus on the interacting theory of type Ax_;. The S x S° partition
function is captured by the S° partition function of five-dimensional maximal SYM with
gauge group SU(N). In the limit (3.15) the partition function reduces to the matrix integral

2
_ 27 2
e Bwiwaws Zz a;

1 dN—t
o N ¢ H [4 sinh l(ai — aj) sinh l(ai —aj) (3.16)

(wiwa) 2 i< w1 ) n(2mi/Bwg)N -1
where ) . a; = 0 and 7(7) is the Dedekind eta function. Since the instanton contributions
(the part of the integrand involving the Dedekind eta functions) are independent of a;, the
matrix integral is a sum of Gaussian integrals and can be evaluated explicitly. Remarkably,
the result is proportional to a Plethystic exponential

Zay = q -1/ PE T4

, (3.17)

where
(w1 + w2)2

cay_, = (N —=1)+ N(N?—1) o,

(3.18)

For a general simply-laced Lie algebra, the S! x S° partition function is expected to
be given the following generalization of equation (3.17)

1 r
Z = q /*PE [ q‘i] , 3.19
- ; (3.19)

where
(w1 + ws)?

Vv
cqg=Tq+dgh
g g L

(3.20)

and {/;} are the exponents shown in table 2. This formula can be checked by explicit
computation which can be performed for the theories of type Ay_1 and Dy. The result
is conjectural for the E-type theories since the instanton contributions are unknown. This
expression is the vacuum character of the JV-algebra of type g with central charge ¢4 found
in [33]. In the limit w; = wy = 1, corresponding to a round five-sphere, this result can be
interpreted in terms of the “chiral algebra” construction [32].



The supersymmetric Casimir energy extracted from the partition function (3.19) is thus

w3

E(g) = —5r¢q- (3.21)

It is simple to check that our prediction (3.13) for the general supersymmetric Casimir
reduces to this formula in the limit (3.15). It is also interesting to note that the super-
symmetric Casimir energy of the six-dimensional theory (3.21) is proportional to the usual
non-supersymmetric Casimir energy of a two-dimensional Toda CFT of type g with central
charge (3.20).

3.1.4 (General parameters

The 6d supersymmetric Casimir energy can be extracted from the S xS partition function
in the limit that the radius of S! becomes large, 3 — oco. Therefore it is not necessary
to compute the full partition function in order to extract the supersymmetric Casimir
energy. In this section, we will attempt to compute the supersymmetric Casimir energy
with general parameters turned on by focusing on the § — oo limit.

We will focus exclusively on the 6d theory of type g = Ay_1. We will assume that
the S' x S partition function is captured exactly by the partition function of 5d SU(N)
maximal SYM theory on S° with gauge coupling

g =2np, (3.22)

and for convenience, we set the radius of S° to 1. Then the supersymmetric Casimir energy
in 6d is identified with the strong coupling limit of the free energy in 5d. In 5d terminology,

the statement is )

longsﬁ—g—E—F-w as g — 0. (3.23)
T

To compute the leading behavior at strong coupling, we will first include only the classical
and 1-loop contributions to the partition function, for a moment forgetting the contribu-
tions from instantons saddle points. Later, we will argue that instantons give a certain
correction to the free energy by comparing it with the conjectured free energy and with its
special limit considered in the previous subsection.

Similar computations have been performed before in the literature for the large N free
energy of the S° partition function [25, 34, 35]. These references considered the parameter
regime where the instanton contributions are suppressed, and thus the partition function
becomes a simple matrix integral involving only classical and 1-loop contributions. We
will compare our result with their free energy and see a perfect agreement at large N. In
particular, the instanton corrections to the free energy in our result begin to appear at
order O(N), which is subleading in the large N expansion. This is therefore consistent
with the expectation that the instanton contributions are suppressed at large N.

The exact partition function Zgs can be computed using the technique of supersym-
metric localization [3, 18, 27, 28, 30]. The path integral localizes to constant vacuum
expectation values for the scalar field (¢) = a in the NV = 1 vector multiplet. In addition,
there are singular instanton saddle points localized at the three fixed circles of the Killing

~10 -



vector 2?21 wj h; generated by Q2. As described above, we will first omit the instanton
contributions. The full perturbative partition function takes the form [18, 30, 36]

. 1 dVN"lq ___2x2 : .
Zgs(m, @, B) = v | e Foriams O T 201, (a,m, @). (3.24)
(wiwg) 2 : -1

The integration is over the scalar vev a in the Cartan subalgebra of SU(NV) (in our conven-
tions a is real) and (, ) denotes the inner product on the Cartan subalgebra normalized
such that the norm of all simple coroots is 2.

The 1-loop contributions factorize into three fixed point contributions Zgoop where i
labels one of three fixed points on the base of the Hopf fibration S° — CP2. Collecting the

three 1-loop determinants, we obtain

112 - (1 sty L Sty .
S3(m) Ss(m + 1a;j|0) Ss(m — ia;;|d) ’

1>7

where i = /—1, a;; = a; — aj, and m = m + LTS Here S3(2|) is the triple-sine
function whose definition and properties we summarize in appendix B.

We will now evaluate the integral (3.24) in the strong coupling limit, 5 — oco. If we
assume that the vector multiplet scalar vev a is very large while other parameters remain
of order one, we can approximate the triple sine function as

n(a)==+1 T

L. S8 3
log S3(iale) ~ =~ —W’<|al3i12(w1+w2+w3)|a12

1
—5(w%%—w%%—wg+3w1w2—|—3wz(,u3+3w3w1)]a\ (3.26)

i
:':7

1 (w1 +wz+w3) (wiwe +waws +w3w1)> .

If we further restrict the scalar a; to a Weyl chamber where a; > a; for i > j, then the
perturbative partition function can be approximated as

ZS5 = /[da] e_wligwii f(a,d)',m)7 (327)
where
T N 1
fla,@,m) = 2 Z + 5 D (2ai)° — (a5 +12)° — (a5 — 11n)?)
i=1 i>7 (3.28)
m(wi +ws+ws 0'10'2
(1 5 )ZZJ+O/BO Z aij‘i‘o(ﬁo)-
i>] =1 >3

One can evaluate this partition function using the saddle point approximation. Note that
the saddle point solution exists only when o109 > 0 since the scalar a; are already ordered.
Assuming o109 > 0, we find the solution

0 = P12
J 4

(2 =N -1), (3.29)

- 11 -



which is consistent with our assumption of large a; at large 5. Plugging this into the
partition function, we finally obtain

(N2 —1)Noio3
24 wWiwoWws

—log Zgs = —f3 +0(8%, (3.30)

and hence
(N2 —1)No2o3

Epert(ANfl) = - 24 w1 W3

(3.31)

We emphasize that this is the result for the supersymmetric Casimir energy we obtain by
removing the instanton contributions to the 5d partition function.

We can now compare this result with our conjecture for the general supersymmetric
Casimir energy (3.13). For type g = Ax_1 equation (3.13) reduces to

N2 —1)Noio3
24 wiwowsg

B(Ax1) = (N - D)E(1) - (3:32)
Clearly, we find agreement between our perturbative result (3.31) and the second term in
the right hand side of (3.32). The first term is (N —1) copies of the supersymmetric Casimir
energy of a free tensor multiplet. It is tempting to conjecture that this is the contributions
from instantons. More generally, we can conjecture the instantons in the 5d computation
to contribute rgE(1) to the supersymmetric Casimir energy E(g). Although we could not
perform a complete calculation including instantons, we view the harmony between the
general formula in (3.13) and the perturbative result in (3.31) as strong evidence in favor
of our conjecture.

Finally, we mention that our result is consistent with the large N free energy computed
in [25, 34]. The instanton corrections are indeed suppressed at large N, appearing at
O(N) compared to the leading perturbative contribution at O(N3). We also find that
the conjectured instanton correction, i.e. the first term on the right hand side of (3.32),
is consistent with the exact result in the special limit (3.15). In this limit, the instanton
correction to the free energy becomes

w3

TgE(l) — _Tgﬂ'

(3.33)
In the previous section, we saw that the instanton contribution in the special limit simplifies
to n(2mi/Pws)"e. After performing the modular transformation, one can easily check that
the exact instanton correction to the free energy in the limit 8 — oo is precisely the
formula (3.33). Furthermore, it also agrees with the exact instanton correction of the
abelian U(1) 5d SYM at strong coupling, computed in [18].

3.2 N =(1,0) supersymmetry

The 6d N = (1,0) superconformal algebra is 0sp(8*|2) with bosonic subalgebra so0(2,6) @
usp(2). We denote the conformal generators as above and r is the Cartan generator of
the usp(2) = su(2) R-symmetry. There are eight chiral Poincaré supercharges in the two-
dimensional representation of usp(2), which we denote by Qh, ho.hs With hihohg < 0 and
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r = i%. In addition, there are eight conformal supercharges with the opposite chirality,
hl h2h3 > 0.

We will define the 6d A/ = (1,0) superconformal index using the supercharge Q =
QY __. This generates the subalgebra

{Q, Q" = A—dr — (hi+ha+h3). (3.34)

There are three Cartan generators h; + r commuting with this supercharge and we will
introduce fugacities g; for them. The superconformal index is defined as

3
I =Ty, (D) [[ " . (3.35)
j=1

Unlike N = (2,0) supersymmetry, A" = (1,0) superconformal theories can have non-trivial
global (non-R) symmetries. The exponent f above stands for the Cartan generators of the
global symmetry algebra and z is the corresponding fugacity.

3.2.1 FE-string theories

A large class of 6d N = (1,0) SCFTs have been argued to exist using F-theory construc-
tions [37] as well as constraints from anomaly cancellations [38]. Here, we focus exclusively
on a simple class known as ‘F-string’ theories. In M-theory, they appear on the worldvol-
ume of N coincident M5-branes embedded in an end-of-the world brane with Fg symmetry.

As the transverse space is R* x R we expect an internal symmetry so(4) ~ su(2); x
su(2)y rotating the R* directions. We identify the first factor su(2); with the usp(2) R-
symmetry in the superconformal algebra, while s1(2)2 becomes an additional global sym-
metry. The E-string theories also correspond to small Fg instantons in Fg x Eg heterotic
string theory and are expected to have an Eg global symmetry [39-41].

The anomaly polynomials of E-string theories have been computed in [42] (see also [43]
for more general N' = (1,0) theories). Expanding in powers of N, the anomaly polynomial
takes the form®
N° N? <AZ p2(NM)

AEngfree(N) = 7P2(NM) + 7€(NM)A4 + N 7 - o

5 + Ag(l)) . (3.36)

where Ag(1) is the anomaly polynomial of a free N' = (2,0) tensor multiplet (3.8), e(NM)
is the Euler class of the normal bundle, and A4 = %(pl(NM) +pi(TM) + Tr FQ). The
two-form F' is the background curvature for the Eg global symmetry. The subscript “free”
implies that it involves the free hypermultiplet contribution.

We now compute the equivariant integral of this anomaly polynomial. We can recycle
computations involving T'M and NM from the previous section, by the replacement

3 3
1 1
0'1:251(;,}]'—/‘67 0'2:2510,}]'—{—/‘67 (337)
J= J=

8The tensor multiplet anomaly polynomial Ag(1) from equation (3.8) and Is in reference [42] are related
by As(l) = —Is+ w
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where p is the chemical potential for the su(2)s global symmetry and » Wi 18 the chemical
potential for the R-symmetry su(2);. In addition, we have chemical potentials my, ..., mg
for the Fg global symmetry. The equivariant integral of the anomaly polynomial on R is

N3o202 N26109
A N) — 193 _ 2, 2 29 2
/ Bu-tiree( V) bwiwows  Swiwaws [01+02+;% ! ;ma

N L/ s 2 2 2 ’ oio3
" oo [32 ("1*“2+Zj “i “Za m) T or (3.38)
Lo o AN 2,2
+4<0'1+02— E wj) +oio5 — E wiwj]

J 1<j

The E-string theories do not have a Lagrangian construction in 6d. However, upon
circle compactification, it is believed that they have a low-energy description in terms of
5d N =1 SYM with Sp(2N) gauge group, an antisymmetric hypermultiplet, and Ny = 8
fundamental hypermultiplets [44, 45]. The non-trivial Wilson line along the compactified
circle breaks the UV Eg global symmetry to SO(16) symmetry in 5d. It is expected that
the full Eg global symmetry is restored in the UV limit of the 5d gauge theory by strong
coupling dynamics involving non-perturbative effects.

We are not aware of a limit analogous to the one in section 3.1.3 for the E-string
SCFTs and thus we proceed as in section 3.1.4 and compute the free energy of the 5d
theory on a squashed S° in the strong coupling limit and compare it with the anomaly
polynomial. As in section 3.1.4, we first compute the free energy contribution only from the
perturbative partition function and later make a conjecture for the instanton correction.
The perturbative partition function takes the following matrix integral expression:

. N/
_ i (a,a) « HeEroot S3 (1~(€7a)zu) (339)

ZE5 (mg, @, B) = /[da]e 9wiwaws
S5 as W S+1 .
Hal_l pPER, 53 (mtl +1(p,

a)|)

where the primed function is defined for zero modes such as S5(0)’ = lim,_, S3(x)/z. This
theory has 8 fundamental hypermultiplets with mass mq,...,mg and an antisymmetric
tensor hypermultiplet with mass mg = u. We have defined shifted masses m, = m, +

%. R, stands for representations of the hypermultiplets.

We can evaluate the matrix integral in the strong coupling limit g — oco. If we assume
again that the scalar a takes a large saddle point expectation value, then the integral

reduces to

473 ~
— a,id,mq
75 - / [da] ¢ FPenigus T @5 ma)

a2 8 (3.40)
fa,@ma) = 5 Z + fv(@) + fanti(a, ) + Y fruna(a, mp)

b=1
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where,

1 Y & 1 Y &
— E 3 E 3 0

6 i>7 i=1
e 1/ ) £
fanti(a, p) = —EZ la; + a;j|® — 3[,u2 — 4(Zwk> ] la; £ aj] — §|ai +aj|| +0(g"),
i>j L k=1
e 1/ ) £
fomatasm) = ~4 3 [lasP =3[t~ 1 (L) [l - Shal| + 016 an)
=1 L k=1

are the contributions from the vector multiplet, the antisymmetric hypermultiplet, and the
fundamental hypermultiplets, respectively. To simplify the expression, we have defined

€= Zw +3)  wiw; . (3.42)

1>7

We have also used the shorthand notation: |a £+ b|™ = |a + b|™ + |a — b|™. One can easily
see that the cubic terms cancel, while the remaining terms reduce to

f(a,cU, ma) =

Za ﬁamz las + a] — ﬁji [i(i“”f)Q mz] as] +§§: lai] + O(¢") .

i>7 7,:1 b=1 k=1 i=1
(3.43)

We now choose a Weyl chamber in which a; > a; for ¢ > j and a; > 0. The solution of the
saddle point equation is

a; =

8
16 = [20102 i—1) Zmi + Zw + Zw]wk] (3.44)

=1 i>k

This solution makes sense only when all masses are much smaller than the w;’s

Inserting this solution back into the partition function, we find the free energy of the
E-string theory when g2 — oo

N3222

g oio N2g%oi0 3 8
2 102 2 2 2 2
W + w; + 2
2Umwiwows  32mwWiwows [01 72 Z J E :mb}

—log Z% = —
(3.45)

Ng2
_967TW1WQ0)3[ |:01+U2+Zw +2Zmb:| 0102 +O( )
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We now identify the 5d gauge coupling with the radius of the 6d circle by g = 4xj.
Note that this differs by a factor 2 from the relation in the N' = (2,0) case. With this
identification, the perturbative contribution to the supersymmetric Casimir energy is

3.2 2 2 3 8
E o =— 172 _ 01+02+E wj+2g my,
6(,4}1(,4}2(,4}3 8w1w2w3 — b—1
j= _

(3.46)
N 3| 2, 2 - 2 - 2 ? 2 2 0
o 4[01 +02+;wj —I-Q;mb} —o202| + O(g°).
A comparison with the equivariant integral (3.38) shows that
Egsgrt(N) - N/A8<1) = _/AE'8+free(N) . (347)

Therefore we find agreement of our perturbative computation with the prediction for the
full supersymmetric Casimir energy of the E-string theory up to a correction N [ Ag(1),
which is —N times the contribution from a free tensor multiplet (3.7). We view this as
strong evidence in favor of our prediction. As in section 3.1.4, full consistency requires that
the correction

inst —

EEs — —N/Ag(l), (3.48)

is the contribution to the supersymmetric Casimir energy from instantons.

4 Four dimensions

4.1 N =1 supersymmetry

The four-dimensional N/ = 1 superconformal algebra is su(2,2|1), which has a maximal
bosonic subalgebra su(2,2) @& u(1). We will denote the Cartan generators of the conformal
subalgebra su(2,2) by (A, hi, he), where A is the dilatation generator and (hi, he) generate
rotations in two orthogonal planes. The u(1) R-symmetry generator is r.

We define the N/ = 1 superconformal index using the supercharge with quantum num-

bers h1 = hy = —% and r = 1. This supercharge generates the subalgebra
t 3
{QaQ}:A_hl_h2_§7'7 (4.1)

and the Cartan generators commuting with the supercharges Q and Q' are h; + 5 and
ha+ 5, together with the Cartan generators f of any flavor symmetry. The superconformal
index is defined by

I= TrHQ(—l)th1+%qh2+%af, (4.2)

where H is the subspace of states in radial quantization that saturate the unitarity bound
A—hy—hy— %r > 0. We have introduced fugacities p, ¢ and a respectively for the Cartan
generators hy + 5, hg + 5 and f. For convergence we assume that [p|, |¢| < 1.
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4.1.1 Lagrangian theories

For an N' = 1 SCFT that has a weakly-coupled Lagrangian description in the UV, the
superconformal index can be computed by enumerating gauge invariant operators in the
UV and then identifying the correct IR R-symmetry.

Let us consider a theory with a compact semi-simple gauge group G, flavor symmetry
F', and chiral multiplets transforming in a complex representation R of G x F. We introduce
an additional fugacity ¢ valued in the maximal torus Tz C G. The superconformal index
is then a matrix integral

1= [l A)- 2™ 7(0). (4.3)

where

A= T[a-¢)a-¢ (4.4)

is the Haar measure on G. The notation At denotes the set of positive roots and |W| is
the dimension of the Weyl group.

The integrand in (4.3) consists of contributions from vector multiplets and chiral mul-
tiplets, which may be computed as Plethystic exponentials of the single-letter indices. The
contributions are

IMa — p —
Ivm:PE[ 2pq-p—q_ Xadj(g)},

(1-p)(1—2q) |
™ — PE Z (pq) 3 ¢Par’ — (pg)t~ "3 ¢ Pa" (4.5)
(p9)ER (1-p)(1-q) :

where Xaqj(¢) is the character of the adjoint representation of G and (p, p’) are the weights
of the representation R of G x F. r, y is the u(1) charge of the chiral multiplet at the IR
fixed point, which can be determined in a given theory by anomaly cancellation and/or
a-maximization [46].

The partition function of a Lagrangian N = 1 theory on S' x S3 may also be computed
using supersymmetric localization [4]. The parameters of the S! x S3 partition function
are related to the parameters of the superconformal index by

Buwi

p=e 7%, qg=e P2, a=e (4.6)

where 8 > 0 is the radius of S', (w1, ws) are squashing parameters for the geometry of
S3, and m are expectation values of background vector multiplets for flavor symmetries.
Similar to the superconformal index, the path integral on S' x S reduces to a matrix
integral

7= / [dq] - A(Q) - 2™(¢) - Z™(¢) (4.7)

where ¢, = e™#% with z, ~ 2z, + 271/ is the gauge holonomy around S'. The integrand
is a product of 1-loop determinants from the vector multiplets and chiral multiplets, which
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take the form of infinite products over KK-momenta around S' and require careful regular-
ization. In reference [2] (see also [13]), a (-function regularization scheme compatible with
the supercharge () used in localization was proposed and we will employ this regularization
scheme in what follows.
The regularized 1-loop determinants for the vector multiplets and chiral multiplets
take the form
Zvm — e BET pvm Zem = BB pem, (4.8)

where IV™ and I°™ are the contributions to the superconformal index given in (4.5). As

shown in reference [2], the functions appearing in the exponentials are?

E™ = Zf<<z7€>+W1;WQ>7

ces . (4.9)
cm 1 2
R S CY RN R VR IS}
(p,0")ER
where 5 ) )
U wi + w
F(uw) et Bl (4.10)

- 6001002 24 Wi

and (, ) denotes the canonical pairing between a Cartan subalgebra and its dual. In a
consistent theory, there are no cubic or mixed 't Hooft anomalies for the gauge symmetry
G, meaning that the total contribution £ = EV™+ E“" is independent of the gauge chemical
potential z. The prefactor e #¥ can then can be pulled outside the matrix integral and the
S1 x 83 partition function is directly proportional to the superconformal index, Z = e #FT.
The function E is the supersymmetric Casimir energy on S' x S3.

We shall now identify £ with the equivariant integral of the anomaly polynomial of
the corresponding N/ =1 SCFT. In four dimensions, anomalies arise from massless chiral
fermions coupled to background gauge fields. For a chiral fermion in a representation R of
the group K, the six-form anomaly polynomial is

Tr(F%)  pi(TM)

Ag = [A(TM) - Tx(e")], = g (), (4.11)

where A(TM) is the A-roof genus of a four-dimensional manifold M, py(T'M) is the first
Pontryagin class, and F' is the curvature of the associated K-bundle corresponding to
the representation R. The subscript |¢ means we extract the six-form component in the
polynomial expansion in the curvatures.

We consider M = R* and work equivariantly with respect to K x U(1)? where U(1)?
are the rotations generated by (hy,hs). We introduce equivariant parameters m for K
and (w1, ws) for U(1)? and evaluate the equivariant integral using the fixed point theorem.
There is a single fixed point at the origin of R*. Therefore, the equivariant integral amounts
to replacing the Chern roots of the characteristic classes by the corresponding equivariant

°In reference [4] there were additional contributions in the exponentials at order O(87"'), which are
absent in the regularization scheme introduced in [2].
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U(l); | U2 | U(L), | F |G

w1 Wy Loy '2“"2 m | z

Table 3. Equivariant parameters in the 4d N' = 1 superconformal index.

parameters, and dividing by the equivariant Euler class at the origin, e(T'M) = w;j wq. For
the characteristic classes appearing in (4.11) we have

pi(TM) — wi+ws  Te(F") — Y (m,p)" (4.12)
PER

Therefore the equivariant integral of the anomaly polynomial is

w? + w?
/A N Z [6w1w2 2i:1wz <m’p>] =D f((m.p)) (4.13)

PER

where the function f(u) is defined in (4.10).

Now we consider the case relevant for the ' = 1 superconformal index where we take
the K-bundle to be a product of the gauge group G, a global symmetry group F', and the
R-symmetry U(1),, K = G x F' x U(1),. The corresponding equivariant parameters are
summarized in table 3. The contributions from fermions in vector and chiral multiplets are:

e A vector multiplet contains a chiral fermion in the adjoint representation of G with
U(1), charge 1.

e A chiral multiplet whose lowest component has U(1), charge r contains a chiral
fermion with charge r — 1.

Summing these contributions to the anomaly polynomial, we find that its equivariant

integral is

/A6 Zf( “1+“’2> 3 f(zp ,p’>+(rp,p,—1)w1;r“2). (4.14)

e€A (p,p")ER

This is exactly the supersymmetric Casimir energy E, i.e. the sum of the two terms in (4.9).
We therefore conclude that for N' =1 SCFTs realized by Lagrangian theories in the UV,
the supersymmetric Casimir energy is an equivariant integral of the anomaly polynomial.

Note that the anomaly polynomial encodes potential contributions from cubic and
mixed 't Hooft gauge anomalies, as well as global anomalies. If they were present, F
would contain terms cubic or quadratic in the gauge holonomy z, which would violate
the periodicity z, ~ 2, + 27i/8 and imply that the holonomy integral in the S x $3
partition function is ill defined. This is consistent with the fact that the superconformal
index computation for a theory with broken gauge or R-symmetry does not make sense.
For a consistent theory, F is independent of z.
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4.1.2 Example: N =1 superconformal QCD

Before writing a general expression for the supersymmetric Casimir energy, we consider
a concrete example. Let us consider N' = 1 SQCD with G = SU(NV,) gauge group and
F = SU(N¢)1 x SU(Nyg)2 x U(1) p flavor symmetry. The theory has Ny chiral multiplets
@ in the fundamental representation and Ny chiral multiplets Q in the anti-fundamental
representation of SU(N,). The quarks @ and Q have +1 and —1 baryon charge respectively,
and R-charge r» = (Ny — N.)/Ny.

To simplify our expressions, we find it convenient to introduce the notation

1
o= 5(&)1 +wa), (4.15)

for the chemical potential conjugate to U(1),. With this notation, the supersymmetric
Casimir energy, or equivalently the equivariant integral of the anomaly polynomial, is

given by
N,
S (= — 25 + o)3 w% + w% (Ne — 1)o
B _ N He— T 4.16
L [ 6 wiws 24 wyiwy (7= 2+ o) + 12 ( )
i#]
Ne Ny 3 2., ., 2
(zi+mj+b+(r—1)o)° wi+w;
- my b (r— 1
P3|l g+t 1)

i=1 j=1

Ne Ny oo
+ZZ[ Zi—b+(r—1)‘7)3_w%+wg(mj—2¢—b+(r—1)0)],

6&)1(.02 24&)1&)2
i=1 j=1

where m; and m; (subject to > ,m; = > m; = 0) are the chemical potentials for the
flavor symmetries SU(Nf); and SU(Ny¢)2 and b is the chemical potential for U(1) g

Let us now expand this formula and identify the contributions from the various anoma-
lies that can occur. It is straightforward to show that

Ny Ny
k
wiwe E = ((r —1)Ny + N,) Z 16112771?4‘%277@?
=1 i=1 i=1
f Ny Ny i
+ k11r02m? + k22r02m? + 1{?1135’2277%2 + ko2p bzﬁl? + %0122
k ky
+ %03 24( 2+ wdo, (4.17)
where
N,
k111 = k222 = N, ki1y = koor = (r — 1)?C ,
N,
kiip = koap = 767 kppr = 2(r — 1)NyN,, (4.18)
kerpr = 2(r —1)®NyN. + N2 — 1, kyr = 2(r — 1)N;N, + N2 — 1

are the cubic and linear 't Hooft anomaly coefficients for currents labeled by the corre-
sponding subscript, i.e. k115 is the cubic anomaly coeflicient from a triangle diagram with
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two SU(Ny); and one U(1)p currents. The first term on the right hand side of (4.17) is
quadratic in z and corresponds to the quadratic gauge anomaly from the SU(N.)? x U(1),
triangle diagram. Indeed, this term vanishes with the correct R-charge assignment r =
(Ny — N¢)/N¢. The remaining terms on the right-hand side of (4.17) encode all non-
vanishing global anomalies for this theory. Each anomaly is described by a triangle dia-
gram with a current at each vertex. The coefficient k, corresponds to the triangle diagram
involving a U(1), current and two energy momentum tensors.

4.1.3 General formula

Suppose that we have a 4d N' = 1 SCFT with U(1)g superconformal R-symmetry and
global symmetry F' = [[, F, x [[; U(1); where U(1); are Abelian flavor symmetries, and
1, Fu is a semi-simple flavor symmetry. Expanding the general expression (4.11), we find
that the supersymmetric Casimir energy is

k k k k
Jo /Aﬁ _ TrT 0_3 + rrl 0’277’L[ + rlJ ompmy + IJK
60.)10.)2 2w1w2 20.)10.)2 60.)10.)2

Tab
2w1w20<ma,mb> + w22m1<ma,mb>
Ky 2 2 2 2
_ 4.19
24w1w20( i+ w3) 24w1u)2m](w1 +w3), (4.19)

where kapc and k4 are the cubic and linear 't Hooft anomalies. When the theory has a
Lagrangian description one has kapc = Trf(ABC) and ks = Try(A) where the trace is
over the chiral fermions f in the theory. Notice however that the anomaly polynomial is
also applicable and useful for interacting theories without a known Lagrangian description.
Note that if the flavor symmetry contains SU(N) factors, there may be additional cubic
anomaly terms which we have omitted from (4.19).

Note that the relation between the conformal and 't Hooft anomalies in a 4d N =1

theory is
9 3 9 5

372k7‘7‘7" - @ Ty c= Ekrrr - 372]97‘ .
In the absence of flavor symmetries, or after setting the chemical potentials for any flavor

a =

(4.20)

symmetries to zero, one can use the relation (4.20) to reproduce the following result for
the supersymmetric Casimir energy'’

z(3c - 2a)7(w1 +wp)?

2
E=—(a—-
(a C) (w1 + wg) + 57 102

. (4.21)

which was derived in reference [2, 13].

4.2 N =2 supersymmetry

The 4d N = 2 superconformal algebra is su(2,2|2), which has the maximal bosonic subal-
gebra su(2,2) @ su(2)g ® u(l),. The Cartan generators of the conformal algebra su(2,2)
are denoted as in the previous section, while the R-symmetry generator in the Cartan of
su(2) g is denoted by R and the superconformal R-symmetry u(1), by 7.

10T his result also agrees with the SUSY Casimir energy in [4], up to O(8™") terms.
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We will define the superconformal index using the supercharge ) with quantum num-
bers hy = hy = —%, R = % and r = —%. This supercharge generates the commutator

{Q,Q"} =A—hy —hy—2R+7, (4.22)

and a linearly independent basis of Cartan generators commuting with @ are hy —r, ho —r
and r + R, together with the generators f of any flavor symmetry. The superconformal

index is defined as
I= TrHQ(—1)th1_rqh2_rtr+Raf, (4.23)

where H is the subspace of states in radial quantization that saturate the bound A —h; —
ho — 2R +r > 0. We have introduced fugacities p, ¢, t and a for the Cartan generators
commuting with Q. For convergence we assume that |p|, |q|, [t], [pg/t] < 1.

4.2.1 Lagrangian theories

In this section, we will focus on 4d N' = 2 SCFTs that have UV Lagrangian descriptions
constructed from N = 2 vector multiplets and hypermultiplets. We consider a theory
with semi-simple gauge group G, flavor symmetry F, and hypermultiplets in a complex
representation R of F' x G. For simplicity, we will not consider the possibility of half-
hypermultiplets.

Introducing an additional fugacity ¢ valued in the maximal torus T C G, the super-
conformal index can be expressed as a matrix integral

= [1dq-A@) - 7m0)- T™(0). (4.24)

where the Haar measure was defined in equation (4.4). The contributions to the integrand
from vector multiplets and hypermultiplets are

1" =PE K— 1 f 1 E PR fqu)t(: Q)>Xadj(o] | (4.25)
] :

E{ Vit — pq/\/

(L=p)(L—q)

i — Z (e +(Pa)

p)ER
where X,4j(¢) is the character of the adjoint representation of the gauge group G and (p, p’)
are the weights of the representation R.
We now compare the superconformal index with the S x S3 partition function. To
make the connection, we introduce chemical potentials
p=e P q=e Pz, t=e, a=ePm (4.26)

It is also convenient to define o =~y — > jwj so that the superconformal index becomes

= TI“HQ(—I)F —B(3; wih; +7R+ar+mf) (4.27)

In the S' x S3 partition function, w;j becomes squashing parameters, m are expectation
values for background flavor vector multiplets, and ~, o are the background expectation
values of background R-symmetry vector multiplets.
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The partition function of a Lagrangian N' = 2 theory can be computed by viewing it
as an N' = 1 theory with distinguished flavor symmetries due to the extra R-symmetry.
The contributions to the integrand from the 1-loop determinants of vector multiplets and
hypermultiplets are

Zm — =PE™pvm  ghm _ —BE" 7hm (4.28)
where
B = o > e+ Ty 4o+ o).
e
hm 1 / 2, NH, 9 2 2 (4.29)
E™ =0 2 Z ((ps2) + (o', m)) +ﬂ(0 —wi —wj) |,
(pp")ER

where ny = dim(G) is the number of vector multiplets and ny = dim(R) is the number of
hypermultiplets. It is again illuminating to express the exponential contributions in terms
of the function f(z) defined in equation (4.10). We find that

B =y [f(()\,z>—;+;> +f<<>\,2>—;—;>]v

A€ad]j

= 5 1t o 5) (=t - omy + 5 ).

(p:p)ER

(4.30)

It is straightforward to identify the terms in (4.30) with the contributions from the
fermions in the hypermultiplets and the vector multiplets to the equivariant integral of
the anomaly polynomial. The contribution to the equivariant integral of the anomaly
polynomial from a single fermion in a 4d A/ = 2 supermultiplet is

f(<p7 Z) + <p/7m> + ’I”(’y — W1 = w2) + R’Y) ) (431)

where p is the gauge weight, p’ the flavor weight, and (R, r) are the R-symmetry charges of
the fermion. The contributions from vector multiplets and hypermultiplets are as follows:

e From the vector multiplet, we have a pair of chiral fermions with (R, r) = (:l:%, —%)
for each weight A of the adjoint representation.

e From the hypermultiplet, we have a pair of conjugate fermions with (R,r) = (0, %)
for each weight (p, p') of the complex representation R.

Summing the contributions from all fermions 1, the supersymmetric Casimir energy
can be written

07 Try(rR?) | o Try(r’) o(wi+wd) Try(r) o ZT¢<P¢’m>2, (4.32)
wiw2

E—
wiw2 2 wi1w2 6 Ww1w2 24 2

This formula can be expressed in terms of the representation R of G x F' as follows

1 . o0+ w1 + w)? 1, .. . U(UQ—W%—Wg)
E=—- + — R)—
g dim(R) " 24(d1m( ) — dim(G)) o

(4.33)

g g
+ > kron (1, mp) + > " kprymimy,
2 Wi b 2 w12 7

~ 93 -



where, in order to express the flavor symmetry anomalies, we have unpackaged the flavor
symmetry as a product of simple and Abelian factors F' = [[, F}, x [[; U(1);. The numbers
ky and kr; are the 't Hooft anomaly coefficients for the triangle diagrams U(1), x Fb2 and
U(1), x U(1)r x U(1) respectively. Explicitly, we have

e The U(1), x F? anomaly is
Kb = Z T(R§-b)) : (4.34)
J

where we decompose R — @jRgb) into irreducible representations of the simple factor

Fp, and T(’Rg-b)) is the index of the representation normalized so that the index of
the adjoint representation is the dual Coxeter number h".

e The U(1), x U(1); x U(1); anomaly is

krry = Z Q§I)Q§J)7 (4.35)
J

where the summation j is over hypermultiplets and q](-]) is the charge of the j-th

hypermultiplet under U(1);.

4.2.2 General formula

Based on the Lagrangian computations, or the generic form of the anomaly polynomial
with 4d A/ = 2 superconformal symmetry, we can now make the following prediction for
the supersymmetric Casimir energy of a general 4d NV =2 SCFT,

1 2 2_ 2 2
B— 7(0_2a)a(0+w1+w2) +(c_a>0(0' wi — w3)
2 wWiw9 wiw2

(4.36)

o o
+ > ko (mp, my) + > " krrymimy,
4W1WQ b 4 (%) T

where, as above, the summation b is over simple factors and I is over Abelian factors of the
flavor symmetry group. The anomaly coefficients a, ¢, k,p and k.7 are defined directly in
the conformal field theory in terms of correlation functions of the R-symmetry and flavor
symmetry currents.

In a Lagrangian theory,

1 . ;
c—a= 5 (dim(R) — dim(G)).

1
c—2a= ~1 dim(R),

(4.37)

and k,pp and k,r; are defined in equations (4.34) and (4.35) respectively, in which case we
reproduce (4.33).
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4.2.3 Example: N = 2 superconformal QCD

As an illustration of a Lagrangian theory, we briefly consider N' = 2 superconformal QCD,
that is, SU(N) gauge theory with 2N fundamental hypermultiplets. This theory arises
in class § from a sphere with two maximal and two minimal punctures and has flavor
symmetry (at least) SU(N) x SU(INV) x U(1) x U(1). We introduce corresponding chemical
potentials y;, z;, by and ba.

The supersymmetric Casimir energy is found to be

N? —10(0 +wi +ws)? +N2+1a(02—w%—w§)

E(N) = —
8 wiWwo 24 Wi1w9

N (4.38)

N g 2 2 N2 g 2 2

- : A AL S v A

+ S o ;(y + 20+ 5o BB,
which agrees with (4.36) since

_Llonr g _Lone_s k =N kyy = N? 4.39
C—g( - )7 a—ﬂ( - ), SU(N) = 4V, U(1) = . (- )

This agreement was of course guaranteed by the general construction of section 4.2.1. A
much more non-trivial check would be to compute the supersymmetric Casimir energy of
a theory without a known Lagrangian construction.

4.2.4 Example: T3

We now want to test our conjecture for the supersymmetric Casimir energy with a “non-
Lagrangian” example. We consider the 73 theory with Eg flavor symmetry discovered by
Minahan and Nemeschansky [47]. This theory arises in class S by compactifying the 6d
N = (2,0) theory of type Ay on a sphere with three maximal punctures [48]. The flavor
symmetry manifest in this construction is SU(3)? C Eg.

The superconformal index of 73 has been computed by exploiting consistency with
S-duality in reference [49]. The same idea can be used to compute the supersymmetric
Casimir energy. In duality frame (1) we have SU(3) superconformal SQCD. In duality
frame (2) we have a fundamental hypermultiplet of SU(2) coupled to T3 by gauging an
SU(2) € SU(3) at one puncture. This is illustrated in figure 1.

We introduce chemical potentials a and b for the U(1) symmetries at the two minimal
punctures and z; and y; for the SU(3) symmetries at the two maximal punctures. In duality
frame (1), we further introduce chemical potentials x; for the SU(3) gauge symmetry. The

— 95—



SU(3). SU(3), v

U(1)s

Figure 1. S-duality transformation relating SU(3) superconformal SQCD to a T3 coupled to a
fundamental SU(2) hypermultiplet. Subscripts correspond to chemical potentials in main text.

supersymmetric Casimir energy is

3 3
E(l)_ZZf[a—i-Zi—l'j‘F;]+f[—a—zi—}—xj+;:|
i=1 j=1
3 3 . )
o (4.40)
3 3 . . ) :
+;j§::1f|:$i—l’j+2+2:|+f|:$i—$j—|—2_2:|

3] ~53)

As a consistency check, it is straightforward to see that this expression is independent of
x1, zo and x3 (here it is important that x; + o + z3 = 0).

In duality frame (2), we introduce the chemical potential e for the SU(2) C SU(3)
being gauged and a chemical potential s for the U(1) symmetry of the hypermultiplet. The

supersymmetric Casimir energy in this frame is

E(Q)—f[e—i-s—i-a]+f[e—s+a]+f[—e+s+a} —I—f[—e—s—i—a}

2 2 2 2
o o o v o v
2 + = + -~ 2+ = — — 2442 — 24—
+f[e+2+2]~l—f[e+2 2]4—]”[ e~|—2+2}+f[ et 3 2}
o o
—+ = ——=|+F 4.41
1|5 +3] w153+ (.41)
where E7; is the supersymmetric Casimir energy of 7.

We now want to compute E7; by setting E(;) = E(3). To compare the expressions,
we note that the non-manifest SU(3) chemical potentials of the T3 theory are given by
{wi, we, w3} = {r+e,r—e,—2r} where r = —%(a—l—b). Furthermore, we have s = %(a—b).
With these identifications, we find

3
3 o 50(0c+w +w)? 1lo(0? —w? —wi)
Er == Zpyldzt) — < — L2 4.42

(ER Y ;(wz tut ) 8 Wiws + 24 Wiws (4.42)
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Note that the dependence of the flavor parameters is

> Wyl + =) = (m.m)?, (4.43)
1<j
where m is the chemical potential for the Eg flavor symmetry. The expression in (4.42)
is in precise agreement with the conjecture (4.36) using the known conformal anomalies

13 41

c= % and a = 34, and flavor anomaly kg, = 3.

4.2.5 Schur limit and chiral algebras

Finally, we consider a particularly simple limit of the 4d A/ = 2 superconformal index in
order to make contact with the work [50] on chiral algebras. This limit may be reached
from our general construction by setting ¢ = t. The combinations of Cartan generators
appearing in the definition of the superconformal index now commute with an additional
supercharge, leading to dramatic simplifications. In particular, the superconformal index
depends only on q.

It was shown in [50] that the superconformal index becomes the character of the
vacuum representation Vj of a 2d chiral algebra,

I(q) = Try, (¢"), (4.44)

whose 2d central charge is related to the 4d conformal anomaly by
coa = —12c. (4.45)

Let us now consider the same limit of the supersymmetric Casimir energy, by setting

v = wsy. From the general formula (4.36), we find that the supersymmetric Casimir energy

now depends only on ¢ (we turn off chemical potentials for flavor symmetries in this section)
and in particular

e PE = ¢°/2, (4.46)

Combining with the superconformal index, we find that the S! x S3 partition function is
Z = Try, (gFoe2a/2) | (4.47)

which reproduces the character of the vacuum representation, but now including the con-
formal anomaly prefactor that is necessary for good modular properties. This may be a
hint towards interesting “modular” properties of the full S' x S2 partition function of 4d
N = 2 theories with general fugacities.

4.3 N =4 supersymmetry

As a final example in four dimensions, we consider N' =4 SYM with gauge group G. This
theory has su(2,2|4) superconformal algebra whose bosonic subalgebra is s0(2,4) x 50(6) g.
In this section, we denote the Cartan generators of the R-symmetry as (Ri, Ra, R3).

We will define a superconformal index with a supercharge Qfll,f?& = Q__" giving
the commutator {Q,Q'} = A — hy — ho + Ry + Ry + R3. The superconformal index will

count the protected states commuting with this supercharge.
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The superconformal index is defined as

N=4 Tr(i1)Fe_ﬂwlhl_BWQhZ—BmlRl_ﬂm2R2—ﬁm3R37 (4.48)

where wi 2,m1 23 are the chemical potentials for the four Cartan generators commuting
with @ and thus they are subject to the constraint wi + we + m1 + ms + mg = 0.

The S! x $3 partition function of the A = 4 theory is computed in [6] from the UV free
theory Lagrangian using a localization argument. Taking into account the regularization
factors carefully, the partition function can be written as

ZN=4 = BBV pN=4, (4.49)
where
_ mi1mom,
EN=4 = g 1208 (4.50)
2w1ws

The supersymmetric Casimir energy is again equivalent to the equivariant integral of
the anomaly polynomial. The AN/ = 4 vector multiplet contains 4 chiral fermions carrying
the following R-charges:

R Ry I3
1 1 3
al-b -4
et - -}
wl-b 4 -

The equivariant integral of the anomaly polynomial can be easily performed with these
R-charge data, and one obtains

4
_ da w (Wi 4w mimams
AN=4 _ o ML TR g e 4.51
/ 6 1w Z [ 6 24 s (451)
=1
where p; are weights of the spinor representation of SO(6) R-symmetry, i.e. u; = %,

—mji—ma+m3 mi—mo—ms3 —mi+mo—m3
2 2

p2 = s py = TR iy =
supersymmetric Casimir energy in (4.50).

. Indeed, this result agrees with the

5 Two dimensions

5.1 N =(0,2) supersymmetry

We consider the superconformal index (or “flavored” elliptic genus) of 2d N' = (0,2) SCFTs.
At the end of the day, we want to compute the superconformal index in the “NS sector”.
In this case, we define the superconformal index with respect to the supercharge @ (some-
times also denoted as G~ in the super-Virasoro algebra, see for example [51]) in radial

2 —
quantization, which satisfies the algebra [2Lg, Q] = [R, Q] = Q and

{Q,Q"Y =2Lo — R, (5.1)
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where 2Lg = A —J is a combination of the scaling dimension A and the angular momentum
J, and R is the U(1)r R-charge.

The 2d N' = (0,2) superconformal algebra has a one-parameter family of automor-
phisms, parametrized by an element e?™ € C*, where 7 is conventionally known as the
“spectral flow parameter”. The corresponding one-parameter family of generators are

o 1 1\? 1
L8=L0+<77_2>R+cg<77_2>7 R”Z“if(”‘z)’ Q=G (52)

which form the subalgebra

203, Q"] =2mQ,  [R",Q"] =Q", (5.3)
and
(@@} =22y - 2+ 1P - 7). (5.0

where cp is the right-moving central charge. We refer the reader to [51] and references
therein for full details of the N' = 2 superconformal algebra.

The spectral flow parameter 1 interpolates between the “R sector” at n = 0, and the
“NS sector” at n = 1/2. Fermions in the R sector have periodic boundary conditions in the
J-direction in radial quantization, while those in the NS sector are anti-periodic. Clearly,
the Hilbert space in radial quantization depends on the parameter . We find it informative
to keep the parameter n and specialize to the NS sector by setting n = 1/2 at the end of
the computation.

The superconformal index is defined as

I = Try, (—1)"¢"a’, (5.5)

where 2Lg = A + J, and f are Cartan generators of any flavor symmetry, and g = e*™"

and a = e2miv

are the corresponding fugacities. The trace is taken over the subspace H,, of
the Hilbert space in radial quantization with spectral parameter 1 and annihilated by Q".

Using the BPS condition, the index can be rephrased in a rather different form as
I= Tan(—l)Fq‘”%af, (5.6)

which turns out to be useful to identify the equivariant parameters for the corresponding
symmetries.

In our definition of the superconformal index, we have parametrized the fugacities in
the way that is most commonly used in the literature. To conform with the notation used
throughout the rest of the paper, we can alternatively write 2wit = —3 and 27iu = —f3u’.
This will become important when we make contact with the equivariant integral of the

anomaly polynomial.

5.2 Path integral evaluation

If the SCFT in question admits a UV Lagrangian, the superconformal index admits a path
integral formulation on a torus of complex structure 7, which has been evaluated using
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supersymmetric localization in [52, 53] (see also [54]). The torus is parametrized by a
holomorphic coordinate w = o7 + 709 with two periodic real variables o1 ~ o1 + 27 and
09 ~ 09 + 2m. Thus w is periodic with periodicity w ~ w + 27 ~ w + 277. We regard the
o1 and o9 as “space” and “time” coordinates respectively.

The path integral is defined with boundary conditions of the fields along the spatial
circle o1. As usual we give all bosonic fields ¥ g periodic boundary condition. On the other
hand, the boundary conditiond for fermionic fields \1’13; depend on the chirality + and the
spectral parameter 7:

\I/B(Ul + 271',0'2) = \113(01,02),
‘111%(01 +27m,09) = ei%i"\I/f(al, 09) . (5.7)

In addition the boundary conditions along the time circle oo are twisted by the flavor
chemical potentials.

Let us consider a 2d N = (0,2) theory with gauge symmetry G and flavor symmetry
F together with chiral and Fermi multiplets transforming in representations R°™ and Rf™
respectively. In order to simplify the computation in what follows, we temporarily turn off
the chemical potentials for the flavor symmetry F. We will also set the R-charge of chiral
and Fermi multiplets to zero. Both of these parameters can easily be reinstated at the end
of the computation.

With these assumptions, the Lagrangians for the chiral and the Fermi multiplets are
given by (see for example [52])

L7 = ~46Du Dt + §(Fio +1D)6 + 207 Dut™ = 14T — A G+ GXTu,
L = 20" D)™ + EE+ GG+t — Y™, (5.8)
while the vector multiplet Lagrangian is

L™ = Tr | F% + D% — 23t DAt — ZI3Fat ] (5.9)
T2

where
Dy = O — iAw + ——f . (5.10)
279

The full action is then invariant under the supersymmetry variation

S = —iety™, )~ = 2ie" Dy,
5 = —iety™, 0~ =2ie " Dy, (5.11)

for the chiral multiplet (¢, ™) and

5¢+ =e " G+ietE, oG = 26+Dw¢+ — 6+wg ,
syt = etG+ietE, 6G = 26" D™ — 4y, (5.12)
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for the Fermi multiplet (4", G), and

1 .- - _
§A,= §(e+A+—€+A+), At = —iet (P12 —iD), §(Fia—iD) = 2iDg(e" A1),

0Az=0, SAT=iet(Fia+iD),  §(Fia+iD) = —2iDg(e"A")  (5.13)

for the vector multiplet (A,, A*, D). Here ¢ = >, 9, <5 aE(¢’ and the (¢;,1; )’s are chiral
multiplets. We should give the boundary conditions for the supersymmetry parameters
and the fermion AT in the vector multiplet as

+( = T2t (51 0y), Moy +2m,09) = e 2™\ (01, 09),  (5.14)

e~ (o1 + 27, 09)

so that they are compatible with the supersymmetry variation rules. Note that the chiral
multiplet has a nontrivial fermion mass term proportional to the parameter n in the above
Lagrangian, but this term can be absorbed by background gauge fields of U(1)z and flavor
symmetries.

The Lagrangian above is known to be Q-exact and therefore we can use it as a defor-
mation term for localization. The 1-loop determinant of this Lagrangian around the saddle
points will then yield the exact partition function. See [52, 53] for details.

To compute the 1-loop determinants we first expand the scalar and fermion fields in
terms of their Fourier modes as

n+7vm w+ 7L+T27n I}

- imo—ino -
- m,n - m,n 2
o(w,w) = g Cmpe T2 = g Cmn€ 272

m,neEL m,nez
TW—TW n+7vm n+rm -
E b 17701 1mc71 inog _ § : b;"’)_m nei 279 7]@* 27y w+ 275 w)
b
m,neL m,nEL
TW—TW n+7m n+rm —
— —inoy 1m01 inog __ 2 N~ o, Wt W
Z bm, Z bm ne 22 e ?m2 ER
m,ne’ m,ne’
TW—TW n+7vm n+rm
E b —ino1 lmal inoy _ E b+ e 279 776 27y w—+ 279 w. (515)
m,neL m,neL

One can easily check that this expansion respects the boundary conditions along ¢ and
09. The twisted boundary condition along the time coordinate o2 can be implemented by
turning on the background holonomy for the flavor symmetry.
With this at hand the computation of the 1-loop determinant is straightforward. For
the chiral multiplet, we find
H H n+7m— (z,p)
PER m,neEL n—i—?m o <u’p>) (n+7—m - <Z,p>)

:H H n+7m—<z,p))71, (5.16)

PER M,nEZ

where z denotes the gauge holonomy. For the Fermi and vector multiplets, we find

= H H (n+71m+71n—(2p),

PER M,nEZ

:H H (n+71m— (z,¢)),

eEAmneZ

(5.17)
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where the prime on the infinite product in Z¥™ indicates that the zero modes at m =n =0
for the Cartan elements are absent.

The results take the form of infinite products, which need to be regularized. We will
employ the two-step regularization scheme introduced for the 4d S! x .S3 path integral in [2].
When applied to the 2d computation this regularization method treats the two Kaluza-
Klein towers of modes along o1 and o9 separately. Thus we expect that this regularization
is compatible with the supersymmetric localization, but we will not attempt to prove
this here.

We first regularize the infinite product over the KK-modes m along the spatial circle
using (-function regularization. The result for the chiral multiplet is simply

el;[mg[n( >’1>rl<1—”_f’p>‘1>7gzﬂ
_m(l () (5.18)

- I

PER™ neZ 1—eé?

where the second equality is obtained from the identity in (B.12).!!
Using the eta and theta functions defined in appendix B and their modular properties,
we can rewrite this 1-loop determinant as follows:

gem _ H ewi(—%—(z,m?)/’r "7(7_)

peRem 01(7[(z. p))
27r11'ECm H H 27r1 (z,p) q ) 1(1 - e—271'i(z,,o)qn—1)*17 (520)
pPERTM n>1
with .
- % f|emo+s). (5.21)
peRcm
where we define the function )
z 1
= — — —. .22
=% o (522)

Similarly, we regularize the Fermi multiplet 1-loop determinant as

Zfm _ 27r17-Efm H H 27r1 (z,p )qn—n) (1 . 6—27ri(z,p>qn—1+17) 7
n>1 peRim
Efm = Z f[ z/T,p) ( - 77)} (5.23)
pGRfm
1YWe also regularize the infinite product Hm,nez 1/7 using (-function regularization such as
2
Hx:x(Hx) =g — peine — (5.19)
meZ m>0

for any nonzero constant x.
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and the vector multiplet determinant as

Zvm _ e27ri7'E"’m H(l o qn)QTg H (1 - e27ri(z,e>qn) (1 o 6727ri(z,e>qn71) 7

n>1 ecAt

I, o [<z/7, e+ ;] , (5.24)

eeA

where 7y is the rank of the gauge group. The prefactors E", E fm and EY™ are the
contributions to the supersymmetric Casimir energies from the corresponding multiplets.
Note that the spectral parameter n does not appear in the results for the vector and chiral
multiplets, whereas it remains in the determinant for the Fermi multiplet, as expected.

As a preliminary observation, let us consider the supersymmetric Casimir energies of
a free chiral multiplet and a free Fermi multiplet. We find,

1 1 1-
Ecm:_ij Efm(n)zi_n( 7]) ]
12 12 2

The first equation reproduces the expected vacuum energy for a chiral multiplet. The

(5.25)

result for a Fermi multiplet depends on the spectral parameter 1. For Ramond (n = 0)
and Neveu-Schwarz (n = %) sectors, the expected vacuum energies are

1 1
R AL — NS : pim—__—
R 12 S 24’

which agree with the second formula in (5.25) at n = 0 and n = 1/2.

(5.26)

Let us now return to our gauge theory and reinstate the flavor chemical potentials and
non-zero R-charges. At this point we restrict ourselves to the NS sector and so set n = 1/2.
The contributions from chiral, Fermi and vector multiplets, are then

Rcm/ 1
Eem Z f[<z/7'7p>+<u/7—’p/>+p7p2+}7
(p,p")ERM™
Rfim,
(p.p")ERI™
EVm Zf|:<z/7‘, €> + ;:| .
[SISAN

As we discuss in more detail below, in a consistent theory the sum
E=E™ 4 g™ pvm (5.28)

is independent of the gauge chemical potential z and gives the total supersymmetric Casimir
energy. We now want to compare this to the equivariant integral of the anomaly polynomial.
The anomalies in two dimensions are captured by a four-form anomaly polynomial Ay.
For a complex left-moving Weyl fermion transforming in a representation R of the group
K, the anomaly four-form is given by
_ Trr(F?)  pi(TM)

Ay = [A(TM) - Trg(e")], = 5 T (5.29)
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R
1 I _u
2 u =

Table 4. Equivariant parameters from 2d A" = (0,2) superconformal index.

where A(TM ) is the A-roof genus of a two-manifold M with a first Pontryagin class
p1(T'M), and F is the field strength for the group K. A right-moving Weyl fermion comes
with the same anomaly four-form but with overall negative sign, i.e. AX = —AF = A,.

The non-compact scalar ¢ in the chiral multiplet minimally coupled to the gauge field as
in (5.8) has no holomorphic current, so that it does not contribute to the ’t Hooft anomaly.
Moreover, ¢ has equal central charges c;, = cr and thus it does not contribute to the
gravitational anomaly. Therefore we only need to take into account fermion contributions
both for chiral and fermi as well as vector multiplets. They are

e From the chiral multiplets, we have a right-moving fermion with R-charge oy 1
for each weight (p, p') € R°™.

e From the Fermi multiplets, we have a left-moving fermion with R-charge Rf)n;, for
each weight (p, p') € R™.

e From the vector multiplet, we have a left-moving fermion with R-charge +1 for each
root of G.

We will evaluate the equivariant integral of the anomaly four-form on R?. One can
identify the equivariant parameters for the symmetries with the chemical potentials in the
superconformal index (5.6) as in table 4. Summing the contributions from the fermions
listed above, it is straightforward to reproduce the contributions to the supersymmetric
Casimir energy in equation (5.27).

The anomaly polynomial also encodes the quadratic and mixed gauge 't Hooft anoma-
lies. Correspondingly, the putative supersymmetric Casimir energy can include quadratic
and linear terms in the holonomy z of the gauge fields. If these terms were present, the
periodicity z ~ z+1 ~ z+ 7 will be violated and the path integral would be ill-defined. To
have a consistent theory, the quadratic and mixed gauge 't Hooft anomalies should vanish.
This involves the correct assignment of R-charges for the matter multiplets, which can
be achieved by c-extremization [55, 56]. Then, in a consistent theory, the supersymmetric
Casimir energy depends only on the background flavor holonomy and can be pulled outside
of the gauge holonomy integral.

5.3 General formula

We now want to write a general expression for the supersymmetric Casimir energy of any
2d N = (0,2) SCFT. Let us unpack the flavor symmetry into Abelian and simple factors,
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F =1[,F» x[1; U(1);. Then the generic form of the four-form anomaly polynomial is

k k
Ay = ﬁcl ]-“R Zﬂcl (Fr)ei(Fr) —|—Z—cl (Fr)en(F)

0 (5.30)

k
+Zk Chg — fpl(TM)

The anomalies coefficients &k, krgr, krr and kjy; are defined directly in the SCFT by cor-
relation functions of the appropriate currents, see for example [55, 56]. The quadratic
gravitational and R-symmetry anomalies are related to the left and right-moving central
charges by k = ¢y, — cg and krr = —3cg respectively.

Let us denote the fugacities for the Abelian flavor symmetries U(1); by e~ 2™ and
those of the simple factors by e 2™ (valued in the Cartan subalgebra of F). After
equivariant integration of A4, we find that the supersymmetric Casimir energy of a general
2d N =(0,2) SCFT is

1

FE = §kRR + - Zkij[ + = ;kjjm[mj + = Zk (Mg, me) — ﬂk (5.31)

In a Lagrangian theory

k= Trf('y) kR[ = TI‘f(’}lR q[) k[J = Trf(’yq[qJ) ka = Trf(’yTaTa) (532)

where R is the superconformal R-charge, ¢; are the charges with respect to U(1);, T, are
the Cartan generators of F,, and the traces are over chiral fermions and + is the chirality
operator: v = +1 for a left-moving fermion and v = —1 for a right-moving fermion. These
are the standard 't Hooft anomalies from bubble diagrams. In a Lagrangian theory, it is
straightforward to show that the result in (5.31) agrees with the expression (5.28) we found
before for the supersymmetric Casimir energy.

6 Discussion

It seems that the most important question is to actually prove, on general grounds, that
the supersymmetric Casimir energy in even dimensions is equal to an equivariant integral
of the anomaly polynomial. We hope to return to this question in future work. It should
be noted that the equivariant integral seems similar to the “replacement rule” of [57-60].
It is tantalizing to explore this connection further.

Let us mention a few more questions that stem from our work:

1. We expect that there is a generalization of our results to supersymmetric Casimir
energies on manifolds S x M with M other than M = SP~!. Two prominent
examples for which this can be explored further are the 4d superconformal index on
the Lens spaces M = L(p, q), studied in [61-64], and the partition functions with M
some 5d Sasaki-Einstein manifold, analyzed in [65, 66].
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2. It is usually stated that there are no anomalies in odd dimensions. For three-
dimensional theories with at least N' = 2 supersymmetry however there is a subtle
anomaly which was pointed out in [67, 68]. For these theories on S! x S? there are
also prefactors akin to e P, which appear to encode the aforementioned anomalies.
It would be interesting to understand whether there exist any characteristic classes
whose equivariant integrals reproduce these factors. A preliminary investigation sug-
gests that the Atiyah-Patodi-Singer n-invariant will play a role. A generalization
along these lines to supersymmetric theories in five dimensions will also be interesting.

3. In 2d, the contribution of the supersymmetric Casimir energy to the 72 partition
function is crucial to ensure the correct modular properties. It is unclear what is the
generalization (if any) of modular invariance to theories in higher dimensions. There
are some tantalizing hints from the Cardy formula in four and six dimensions [69],
which involve the 5 — 0 limit of the partition function (whereas the supersymmetric

12

Casimir energy controls the § — oo limit). We hope our results may help to

elucidate the connection between these limits.

4. Cardy’s formula in 2d CFTs relates the leading free energy in the high temperature
limit, 8 — 0, to the Virasoro central charge. Analogously, high temperature limits of
the superconformal indices in 4d and 6d are conjectured to be fixed by anomalies of
SCFTs [69]. One may wonder if the 5 — 0 asymptotics of the partition function can
also be identified with an equivariant integral of characteristic classes. A suggestive
observation in this direction is that the leading term in the 4d superconformal index
in the limit § — 0, as presented in equation (4.5) in [69], can be written as the
equivariant integral of the 1st Chern classes of the global symmetries. There may
also be a similar formula in six dimensions. It is desirable to further understand these
results.

5. It is often interesting to study the supersymmetric Casimir energy in the presence of
superconformal defects. In the case of 6d N' = (2,0) SCFTs, the relevant calculations
in the “chiral algebra” limit are presented in [71]. For general parameters, it may
also be possible to extend the 5d partition function computations of section 3 to
include defects using results from [72, 73]. The 4d N/ = 2 superconformal index
in the presence of various kinds of defects has also been computed in [54, 74-76],
which may provide a starting point. Since superconformal defects have an associated
anomaly polynomial, there may be a natural extension of our conjecture to this case.

6. Given the relation between partition functions, indices and anomalies, it should be
possible to formulate a-maximization in four dimensions [46] and c-extremization
in two dimensions [55, 56] in terms of a statement about supersymmetric partition
functions. Since the superconformal R-symmetry in three dimensions is determined
by maximizing the partition function of the theory on S3 [77], this will put the

12See also [9, 70] for related work on the modular properties of the 4d superconformal index.
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“maximization” principles for SCFTs in two, three and four dimensions on a more
equal footing.

7. Since the supersymmetric Casimir energy has an N2 (in 4d) or N? (in 6d) scaling with
the rank of the gauge group it is natural to expect that it should be also accessible
by a holographic calculation. This was already discussed to some extent in [2, 8]
in four dimensions, but the precise holographic interpretation is not yet clear and
deserves further study. It is tantalizing to speculate that there might be a connection
between the supersymmetric Casimir energy for N'= 4 SYM computed in section 4
above and some physical quantity for the Gutowski-Reall black hole [78, 79] and its
generalizations [80, 81].
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A Equivariant characteristic classes and integrals

In this appendix, we will present a brief review on the equivariant characteristic classes and
equivariant integration. A more detailed review of this material can be found in [82-84].
First, consider a compact Lie group G acting on a manifold M and take the maximal torus
Ta. The equivariant cohomology is then a cohomology defined with the twisted de Rham
differential

de =d+€qtx, , (A.1)

with the equivariant parameters €, and the torus elements X, € Tz. Here a runs over the
dimension of the torus action T¢. Unlike the ordinary de Rham differential, the twisted dif-
ferential d. is no longer nilpotent, but satisfies dz = ¢,Lx,, where Lx, is the Lie derivative
by X,. The G equivariant form « is a cohomology element given by d.a = 0.
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As an example, we will analyze the equivariant characteristic classes on a four manifold
R* with a Lie group G = U(1). Extension to the other symplectic manifold and general
Lie groups would be straightforward. We will introduce equivariant parameters wi o for
the U(1)? rotations on two orthogonal planes in R* and a for the U(1) action and define a
Lie vector field such as

X = wi(210z — 210:1) + w2220z, — 23023) + aLly( - (A.2)
We then define the equivariant de Rham differential with this vector field as follows
de=d+1x . (A.3)
The manifold R* has a natural symplectic form
w =dz Ndz] +dza Ndz; (A.4)

which is d-closed, i.e. dw = 0, but not equivariantly closed by d.. Using the moment map
p = wi|21|? + we|22|?, we define the equivariant symplectic form

2 3
€—u+w:6—u<1+w+lg'+g'+...>‘ (A.5)

Since d¢(pu 4+ w) = 0, this symplectic form is equivariantly closed.
One can construct the equivariant curvature 2-forms using this symplectic form. For
example the curvature for the U(1) group can be written as

F=ae F, (A.6)

This is a equivariantly closed normalizable 2-form on R* and vanishes when a — 0, as
desired. Similarly, the Riemann curvature 2-form associated with the tangent space T'M
can be written as the following equivariant form

R=(wiel Ne? +waed net)e m T (A.7)

where e’ are the orthonormal basis on TM. This is a form-valued 4 x 4 antisymmetric
matrix.
We are now ready to perform the integral of differential forms using equivariant local-

ization. The Duistermaat-Heckman (DH) formula tells us that!?

1 olp
0o o= 2, -

where p runs over all fixed points of X. «, is the O-form component of « evaluated at the
p’th fixed point and e(T'M)|, is the 0-form component of the equivariant Euler class at p.

In the main text we are interested in evaluating equivariant integrals of anomaly poly-
nomials. Let us illustrate how this works for the anomaly 6-form on R*

1 1 . 1 Tr F3 TM)Tr F
e [ 4= e | Aol = o [ [T - PO )

3n the main text, we will redefine integrals as ﬁ [ — [ and omit the (2m) ¢ factors.
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where A(R) is the equivariant A-roof genus associated with the curvature R and Ch(F)
is the equivariant Chern character of F. In our case, the vector field X has a single fixed
point pg on R* at z; = 2o = 0. Hence, by the DH formula, the integral simply reduces to

1 1 Tr F3 TM)Tr F
. / 6= T o pl( ) (AlO)
(2m) e(TM)|p, | 6 24 .
The equivariant Euler class is the Pfaffian of the curvature 2-form R, and thus
e(TM)|p, = wiws . (A.11)
From the curvature 2-forms F' and R defined above, one obtains
Tr Flp,, = a, Tr F3),, = a®, (A.12)
and
1 2 2 2
pl(TM)‘Po = —§T1“R ‘po =wi +w;y. (A'l?’)

Plugging these values into the DH formula, we compute the equivariant integral of the

1 a’ (w? +wd)a
— | Ag = Bt Bt T A4
(27T)2 / 6 6001002 24w1w2 ( )

anomaly 6-form as

B Special functions

In this appendix, we will summarize several special functions used in the paper. The
Dedekind eta function is defined as

n(r) =g [[a-q", (B.1)
n=1

where ¢ = €2™7. It has the following modular properties:
n(r+1) =e™"n(r),  n(=1/7) = V=irn(7). (B.2)
We define the Jacobi theta function as
o
01(r|2) = —ig" By P T (1 — (A = yg™) (1 =y~ '), (B.3)
n=1

with y = e?™*. The modular properties are
01(r + 1|2) = €491 (r]2),  O1(=1/7]z/7) = =iV =it "=/ 7H, (1]2) . (B.4)

The Barnes’ multiple zeta function is defined by the series [85]
. 1
S,u; @) = )
Gl ) Z (u+nwi + -+ + npw,)?

N1y Nr

(B.5)
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for s,u € C and Re(s) > r. Choose w; € C with j = 1,...,r that are linearly dependent
over Z. We will often use the notation & = (w1,...,w,). We will assume that Re(w;) > 0
and Im(w;) > 0. In the context of supersymmetric partition functions these quantities will
be complexified squashing parameters. The function obeys the recursion relation

G(s,u+wjswi,..,wp) — G(s, uywi,y . wp) = —Goa (S, wywi, .00, Why -y wr), (BL6)

with starting point (y(s, u;w) = u~* which allows analytic continuation to Re(s) < r except
for simple poles at the points s =1,...,r.

The values of the multiple zeta function at s = 0 are given by the multiple Bernoulli
polynomials by the formula

Gr (07 Uus; ‘D) = TBT,T‘ (Ua (,3) ) (B7)
where -
xreux :Cn
_ = By (u,wi,. .. ,wp)— . (B.8)
Ty~ 5w’
The Bernoulli polynomial B,.,(u,ws,...,w,) is a homogeneous polynomial in the variables
U, w1, ...,w, of degree r, divided by the product wi...w,. These polynomials play an

important role in the relationship between the superconformal index and the partition
function on St x SP~1,
Now we define the Barnes’ multiple gamma function by

I, (usw) = exp (0¢(s, u;w)/9s)|s=0 - (B.9)

This obeys the finite difference equation

D(uywi, ..., wy)

Ir(u+wjswi, .. wyp) = , (B.10)

FT_l(u;wl, ce ,L:}j, ce ,wr)
with initial condition T'g(u) = u~'. For example I'y (u;w) = w*/“T'(u/w)/v/ 27w is relevant
for the hemisphere partition function in two dimensions with radius w = 1/7.

There are two kinds of infinite product formulae for the Barnes’ multiple gamma
function that are important for our purposes. Firstly

1 S /41 i U T u i
— e2j=17miu /il 1 ei=1(—mg) /i B.11
() I (1+55) B
n1,...,npr=0
where we have used the shorthand notation 7 = (ni,...,n,) and Yrj are some constants
like the Euler gamma. The product is understood to omit the zero mode ny = --- =n, = 0.

This formula arises in evaluating one-loop determinants in the partition function on S* x
SP=1 There is an important formula involving infinite products

i e imr+1(0,u;1w)

1 o 627ri(u+n1w1+---+nrwr) — — = B12
H ( ) L1 (u; 1, 0) g (1 — w51, —&) ( )

N1y, Npr=0
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which is relevant for relating the partition function on S' x SP~1 for D even to the su-
perconformal index. The appearance of the Bernoulli polynomials in the exponential is of
fundamental importance here.

The multiple sine function is also defined as a regularized infinite product [86, 87]:

— HZO nT:O(z + ("U : ﬁ)
ST(Z|W) ~ T7o00 e —= =\ (—1) " (B'13)
I oz (m2+ @ -7

The multiplet sine functions have another infinite product representation which turns out
to be useful in the main text. If r > 2 and Im(w;/w;) # 0 for ¢ # j, we can write them as

Sy (21@) = =7 e G T (s ) &)

k=1
) r
—)r 1T B (26 -1, —1\(r—2
= BB ) T] ()
k=1
where Ty = e?ﬂiz/wk’ (Tk: — (627riw1/wk’ L 7627riwk_1/wk7 627Tiwk+1/wk’ L. 7627riwr/wk)‘
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