PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: July 6, 2015
REVISED: August 13, 2015
ACCEPTED: August 26, 2015
PUBLISHED: September 21, 2015

Corner contributions to holographic entanglement
entropy in non-conformal backgrounds

Da-Wei Pang

Mathematical Sciences and STAG Research Center,
University of Southampton, Southampton SO17 1BJ, U.K.

E-mail: d.pang@soton.ac.uk

ABSTRACT: We study corner contributions to holographic entanglement entropy in non-
conformal backgrounds: a kink for D2-branes as well as a cone and two different types of
crease for D4-branes. Unlike 2 + 1-dimensional CFTs, the corner contribution to the holo-
graphic entanglement entropy of D2-branes exhibits a power law behaviour rather than a
logarithmic term. However, the logarithmic term emerges in the holographic entanglement
entropy of D4-branes. We identify the logarithmic term for a cone in D4-brane back-
ground as the universal contribution under appropriate limits and compare it with other
physical quantities.

KEYWORDS: Gauge-gravity correspondence, AdS-CFT Correspondence, Holography and
condensed matter physics (AdS/CMT)

ARX1v EPRINT: 1506.07979

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP09(2015)133


mailto:d.pang@soton.ac.uk
http://arxiv.org/abs/1506.07979
http://dx.doi.org/10.1007/JHEP09(2015)133

Contents

1 Introduction 1
2 Non-conformal D-branes 3
3 Corner contributions for D2-branes 5
4 Corner contributions for D4-branes 7
4.1 Cone c9 7
4.2 Crease k x R? 9
4.3 Crease ¢; x R} 11
5 TUniversal contributions 13
5.1 Universal terms for D4-branes 14
5.2 Comparison with other quantities 15
6 Summary and discussion 17

1 Introduction

The entanglement entropy (EE) has been playing an increasingly important role in a variety
of research areas, including condensed matter physics [1], quantum information [2] and
quantum field theory [3, 4]. In quantum field theory the EE of a subsystem A is defined
by Sgg = —Tr(palogpa), where p4 is the reduced density matrix of A, given by tracing
out the degrees of freedom in the complement of A in the total density matrix. It is a
formidable task to evaluate the EE in conventional framework, while an elegant method
that relates the EE and area of minimal surface was proposed in [5, 6], dubbed as the
holographic entanglement entropy (HEE). In the static case, the HEE of a subsystem A is
given by

Area(y) ’ (1)

4G N

where « is the bulk minimal surface whose boundary is homologous to that of A. The

SEE =

formula (1.1) holds in the large N limit, where the bulk theory is Einstein gravity coupled
to various matter fields. Proofs of (1.1) were performed in [7] for a spherical entangling
region using conformal mapping and in [8] for a general entangling region using Euclidean
quantum gravity. For reviews of HEE, see [9, 10].

The EE in the vaccum of a d—dimensional scale invariant field theory with a smooth
entangling surface is given by [11]

Frd—2 H _ 0
Spp = = +...+F+(_1)%sd+ﬁ+--~ for odd d, (1.2)
-2 2 p 52

d—2 H
SEE:W—F.”—FW—F(_M z sdlog§+const+ﬁ+--~ for even d, (1.3)



where H is the size of the entangling region and ¢ is the UV cutoff. The leading terms
in both expressions exhibit the celebrated ‘area law’ [12], while s; is an H-independent
constant, which gives the universal part of the EE. It is expected that the information of
the subsystem is encoded in s4.

If the entangling region is singular, new universal contributions to the EE will arise.
For example, consider a three-dimensional CFT with the entangling region containing a
single opening angle 2, the corresponding EE is given by [13]

H H o
SEE = X—alog <5> +53+0<H>’ (1.4)

where the coefficient of the new logarithmic term a is a function of the opening angle
a = a(2). Generalisations to higher-dimensional singular surfaces were extensively in-
vestigated in [14], where it was observed that more universal terms emerge as spacetime
dimension increases. Recently the authors of [15, 16] considered the universal corner contri-
butions in 2 + 1-dimensional CF'Ts in the presence of finite N corrections as new measures
of the degrees of freedom and compared those contributions with other physical quan-
tities. In particular, they conjectured the following relation holds for any CFTs with

K 2 3\*

where k is determined by a(2) in the limit of Q — 0,

holographic duals,

. I
dim a(Q) = &, (1.6)

and C'r is the central charge determined by the two-point function of the stress tensor for
a d-dimensional CFT,

(T () Ted0)) = ST )
Tapea(x) = %(Iac(x)ldb(x) + Tog(2)Ip(2)) — $5ab5cd,

Lp(x) = 8y = 27252, (1.7)

A more surprising conjecture for 2 + 1-dimensional CFTs is

2
CiT = %, (1.8)
where o is determined by a(Q2) in the  — 7 limit,

lim a(Q) =~ o(r — Q)% (1.9)

Q—m

It has been shown that (1.8) holds in both free field theories and holographic calcula-
tions [15-17]. For recent developments see [18-21].

In this paper we study corner contributions to holographic entanglement entropy in
non-conformal backgrounds, aiming at exploring if similar universal contributions emerge
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Figure 1. Examples of singular surfaces: (a) a kink in 2+ 1-dimensions; (b) a cone ¢;; (¢) a crease
k x R

in non-conformal theories and to what extent such contributions provide measures of the
degrees of freedom for the underlying quantum field theory. Our analysis is carried out in
the lower-dimensional descriptions of non-conformal D2- and D4-branes, where these branes
can be taken as exact solutions of Einstein-scalar theories. For D2-branes the singular
entangling region is a kink k, as shown in figure 1, while for D4-branes three different
singular entangling surfaces will be considered: a cone cs, a crease k x R? and another
crease ¢; x R!. Unlike 2 + 1-dimensional CFTs, the universal logarithmic contribution to
the EE of D2-branes does not exist, while for D4-branes logarithmic contributions of the
form log(0/H) persist. The coefficients in front of such terms depend on both Q2 and H,
which is not surprising because conformal invariance is lost in this background. However,
we still refer to the coefficients that are inversely proportional to H as ‘universal’, in a
certain abuse of nomenclature. We also compare such universal contributions with other
types of universal contributions arising from the EE of a strip and a sphere, as well as
thermal entropy. We observe that comparing to the counterparts in CFT5, the ratios of
the universal contributions in D4-brane backgrounds take smaller values. This behaviour
may be interpreted as the decrease of degrees of freedom along the RG flow.

The rest of this paper is organised as follows: in section 2 we briefly review some funda-
mental aspects of non-conformal D-branes, which also provide backgrounds for subsequent
analysis. The corner contributions for D2-branes are evaluated in section 3, where we find
the new term due to the corner exhibits a power law behaviour rather than logarithmic.
The corner contributions for D4-branes are extensively discussed in section 4, including
the cone ca, the crease k x R? and the crease ¢; x R!. In section 5 we identify univer-
sal contributions of the form log(é/H) and compare the corresponding coefficients with
other physical quantities. Finally we summarise our results and discuss the implications in
section 6.

2 Non-conformal D-branes

In this section we review some fundamental aspects of non-conformal D-branes for further
discussions. The solutions describing N coincident extremal Dp-branes in string frame are
given by [22]

P P
ds?, = Hp1/2<—dt2+2dx?> +H;/2 Z dx?,,
=1 m=p+1



Hy,=1+ Z’iﬁf}ﬂ : d, = 27" (7;]))
ef — HI()3fp)/4’ (2.1)
where gyy denotes the Yang-Mills coupling. In the decoupling limit
o =0, U= L/ = fixed, g%y = fixed, (2.2)

«

the solutions become

(T-p)/2
ds?, = o (gi]M F( dt? + de ) (2.3)
LIV DN s QYM\/deU(p_g)/Qdﬁg_p> :

U(7 p/2

_ 2 d. N (3_1’7)/4
e? = (2m)2 P2y <9®47_1;> , (2.4)

Both the curvature and the dilaton should be small if the supergravity solutions are
trustable, which leads to

1 < glg < NYTP) 1 20 = g4 NUP™2. (2.5)
For the cases of interest, the above conditions become

GNP <« U < g2y N for D2 — branes,
Nt < @yl N3 for D4 — branes. (2.6)

Non-conformal Dp-branes can be effectively described as exact solutions of p + 2-
dimensional Einstein gravity coupled to scalar [23, 24],

2
5= ]\f(;i?’”/d”“\/fg [R— %(6@)2 + V(@)
V(@) = L0 p)(7 - p)NIrert, -
_2V200-p), 23 L V2 -3)
\/15(7_19) ’ T—0p ’ p(g_p)’

where ¢ denotes the dilaton in ten dimensions. The above theory admits the following
solutions

2 p 2
. R
s, , = (Ne®)2Mp | L <— dt2+§:d2>+ e

(p—7)(p—3)
2(p—5)

1 U p—
¢’ = N(gYMN)2(5 » (R) ; (2.8)
2(57 p) 2
~ -p
f(u)—1—<“°) , R=_—".
U 5—p



For simplicity we will neglect all numerical factors from now on, and as a result, the
corresponding D2-brane metric is given by

dsh, = — 1+ [1(—dt2 + da? + dx3) + d’ZQ] (2.9)
P2 (R N2 (22 ' SRR '

while the D4-brane metric reads

2 4
VoruN | 1 dz?
=1

Note that the solutions are conformal to AdS) 2.

3 Corner contributions for D2-branes

In this section we consider corner contributions to the HEE in D2-brane background, whose
dual field theory is 2 + 1-dimensional supersymmetric Yang-Mills theory. We will see that
unlike 2 4+ 1-dimensional CFTs, the universal logarithmic term does not exist. Instead, the
corner contribution exhibits a power-law behaviour, which disappears when the entangling
region is smooth.

For convenience we rewrite the formula (1.1) as

Area(y)
4G N

Qs

— 2 —
=4rKN*Area(y), K = @)

Sep = (3.1)

The corner in the boundary field theory is parameterised by (p,6), where p € [0, H], 0 €
[—Q,Q]. The corresponding minimal surface is also characterised by (p,#) and the radial
coordinate z is parameterised by z = z(p, #). Hence the induced metric reads

1
(Fors V) PTP

The HEE is given by

AT K N°/3 1

Iym

dsig = [(1+ 22)dp® + (p° + 2%)d6> + 22" 2dpd6) . (3.2)

We can extract the equation that determines the minimal surface from the above expression,

7
pz(p? + 22" + pz(1 + 2?): + <3p + 222’) 52

7
+ (Bp + zz’) (1+2?)p? — 2pz22'2' =0, (3.4)
where 2’ = 0,2, % = Ogz. Note that since the metric is conformal to AdS and the boundary
is flat, it is still appropriate to parameterise z = ph(f) as in [14]. As a result, the equation

of motion (3.4) becomes

. . 1
h(1+ h*)h + §h2 +ht §Oh2 + g =0. (3.5)



To solve the equation of motion we impose the following boundary conditions: first we
require h — 0 as § — £Q; next we introduce hg such that h(0) = hy at § = 0 and note
that A(0) = 0, which means that hg is the maximum value of h(6); finally we introduce the
UV cutoff at z = § and cutoff € in the angle such that at z =, h(Q2 —€) = §/p.

It can be seen that the equation (3.5) admits a conserved quantity

1 2\7/6 1 2\2/3

Ky = — =
hT/33/1 4 h2 + 2 hi/®

which allows us to solve for A using the fact that h decreases near the boundary and h

should be negative

VIF R (14 k23 — BBES

h=- WK,

(3.7)

Therefore the HEE turns out to be

STKNO/3 H qp 2 ] :
SbE = ——573 /5 4/3/e d0h7/3\/1+h2+h2. (3.8)

Iym /ho P

In order to extract the divergent terms in the HEE, it would be convenient to rewrite the
integral in terms of h

SrKNO/3 H dp o/p 1 / .
= - _r 2 2

932(/13[ /ho P ho

By using (3.7) one can expand the integrand of A in the limit h — 0,

1 / . 1 1
]:Lh7/3 1 + h2 + h2 ~ *W — §K2h7/3. (310)

Hence the double integral in (3.9) can be expressed as

H 5/p
dp/ 1
I —/ o dh——, 3.11
' 5/ho P73 e h/3 (3-11)
where " 5/
dp / P < 1 1 ! >
I = — dh | —= + —=\/1+h2+h2). 3.12
! /MO e h7/3+hh7/3\/ +h? + (3.12)

Our next task is to figure out divergent terms in the HEE. It is easy to see that the
divergent contributions in the second term of (3.11) are given by

3H 3
46473 hst/3” (3.13)
To obtain the divergent terms in Iy we first integrate I; by parts
3 §/H
h=-s /ho J(h)dh — 361, (3.14)



where

1 1 / :
- S 2 2
J(h)_h7/3+hh7/3 1+ h% + h%,

I :/ —=J(h)|, _., . 3.15
2 5/ho P73 ( )|h—6/p (3.15)

We can reexpress [s by introducing g = §/p, which leads to
1 po/H s
I, = —5i /ho daq ' J(q). (3.16)

Then we expand the above integration around § = 0,
L= —— Od 37 )+£ 37(q)| o (3.17)

Since J(q) ~ ¢"/3, the divergent term in I is given by

B 1 Od 13 57/3
IQ = _W e q9q J(Q) - H11/3' (318)

Finally the divergent terms in the HEE for D2-branes are collected as follows

STKN°/3 [ 3H 3 o 1
= 1BI(g) — —

It can be seen that the first term in (3.19) also exists in smooth entangling regions [25, 26],

however the second term in (3.19) is a new divergent contribution, due to the exis-
tence of the corner. We may conclude that the universal logarithmic contribution in
2 + 1-dimensional CFTs does not persist when conformal symmetry is broken. In the
next section we will see that logarithmic contributions re-emerge in certain cases in
D4-brane background.

4 Corner contributions for D4-branes

In the previous section we have seen that the universal corner contribution log(H/d) in 2+1-
dimensional CFTs does not exist in D2-brane background, in which conformal symmetry
is broken. However, as we will see in this section, the same logarithmic contribution
can be restored in D4-brane background. We will consider three different cases of corner
contributions: a cone ca, a crease k x R? and another crease ¢; x R'. The logarithmic
contribution will appear in the first and the third case.

4.1 Cone cs

In this case the induced metric is given by

2 _QYM\/N

dsing = 25/2 [(1+2"%)dp® + (p° + £%)d0” + 222" dpdf + p* sin® 0dQ3] (4.1)



which results in the following form of the holographic entanglement entropy

9 p*sin? 0
Spp = 4nK Qg% N3 / dpdf——=—/p? + p?2"% + £2. (4.2)
z

We can easily obtain the equation that determines the minimal surface from (4.2),
which reads

p?sin0z(p? + 2%)2" + p?sinfz(1 + 2)% — 2p? sinfz22'2
+5p?sin 0(22 + p*(1 + %)) + 2 cos 022(2% + p*(1 + 2?))
+psin@z2/ (422 + 3p%(1 4+ 2?)) = 0. (4.3)

Since the D4-brane metric is conformal to AdSg, we can still parameterise z(p, 0) as z =
ph(0), hence the equation (4.3) has a simpler form

3htsin@ + 5sinO(1 + h?) + 22 sin O(4 + h?)
+2cos Ohh(1 + h? + h?) + h(1 + h?)sin h = 0. (4.4)

Under this parametrisation the HEE becomes

H d/p 102 -
SEE ZSWKﬁzNgg%M/ d'g/ dn>t 0\/1+h2+h2. (4.5)
d/ho 1Y ho hh5

To extract the divergent parts of the HEE, we have to expand the integrand of & near

h = 0. For later convenience let us introduce y = sin 8, which leads to

. \/1—y2 .
h=->*—->-h
y'(h)

where the prime denotes partial derivative with respect to h. Then the equation (4.4)

1
= —E(yy’2 +(1—yH)y"),

becomes
h(L+1*)y(1 —y*)y" — yy' (5 + 2h° + (5 + 8h% + 3h")y")
+hy?(4+3(1+h%)y?) — 2h(1+(14+h*)y™?) + (5 + 20%) Y%y — 2hy* =0, (4.6)
and we can solve it perturbatively near h = 0 with the following solution

1 1
y =sin — 7508 Qcot Qh? — @(5 + cos 2Q) cot? Qesc Qht + O(hS). (4.7)

In order to obtain the behaviour of h near h = 0, we introduce f(h) = h, h = ff', hence
the equation (4.4) takes the following form

h(1+ D)y ff +2h/1 — 23 + yf2(5+ 2h?)
+2h(1 + h*)\/1 —y2f + (5 + 8h* + 3h*)y = 0, (4.8)

and we can obtain the solution of f near h =0

2tan 2
f=- :Zl +ZcotQh+--~. (4.9)




Combining (4.7) and (4.9), the expansion of the integrand in (4.5) near h = 0 turns

out to be,
sin?Q 3cos?Q  cos?Q
— — O(h). 4.10
h® * 8h3 16h +0() ( )
We can separate the divergent parts of the HEE as follows
Sgg = STK QN3 g2\ (I + 1), (4.11)
where
H
d
I = / e / dhJ(h
/ho ho
sin® 6 sin?Q  3cos?Q cos? )
J(h) = V1+h24+h2+ — 4.12
(h) hhb thE h? 8h3 * 16h ’ (4.12)
and
I — /H dp /5/” ( sin? 3COS§Q B cosQQ>' (4.13)
5/ho P2 o 8h 16h

After some algebra we arrive at the divergent part from I

ho

th (h), (4.14)
5 ho
as well as the divergent terms from I,
H?3sin? Q B sin? Q 7 3H cos? n 3cos? Q n cos? Q log & + ho cos? (4.15)
1200 4nds 1652 Shod | 16H ° 160 '

Finally we collect all the divergent terms

1268~ 1602 T 16m H

1 /hy o 3cos? ) sin?Q / ho
= (2eos20 - —ho [ dhJ(h 4.16
3 (16 T s Jq (M) | (416

H3sin?Q  3Hcos2Q  cos?Q 1)
SEE| 45, = 87TK92N3Q%M[ log ( )

where the logarithmic term log(d/H) is apparent. The first term in (4.16), which is propor-
tional to 1/6%, also exists when the entangling region is smooth [25, 26]. The other terms,
including the logarithmic one, are due to the presence of the corner. We will discuss the
logarithmic term in more detail in the next section.

4.2 Crease k x R?

In this case the induced metric is given by

2 \ eyl
S

ha =53 (1 + 2?)dp* + (p* + 2%)d6* + 22'2dpdf + da§ + daf] (4.17)

which leads to the following expression of the HEE

Spg = 4r K N3g3,L? / dpdf— \/p + p22'2 + 32, (4.18)



where 234 € [0,L]. We can derive the equation that determines the minimal surface
from (4.18)

pz(p? 4 252" 4+ pz(1 + 2% + (5p + 222) 32
+(5p + 22") (1 + 2/?)p? — 2pz22'% = 0. (4.19)
Here we still parameterise z = ph(#), which results in a simple form of (4.19)
h(1 + h*)h + 5h* + h? + 6h? + 5 = 0. (4.20)
It can be seen that the equation (4.20) admits a conserved quantity

(1+h2)52  (1+h3)?

Vit Rzh2 g

Using the fact that k decreases near the boundary and i should be negative, we obtain

V1+h2\/(1+h2)* - h1OK?
hP K, ’

K,

(4.21)

h=— (4.22)

hence the HEE turns out to be

H
d
Spg = SWKNgg%ML2/ pf/ dG—\/l + h2 4 h2. (4.23)
d/ho €

To extract the divergent part of the HEE, we rewrite the integral over h
Spg = 8STK N3g3\L? /H dp /W dh.i\/ 14 h2 + h2. (4.24)
5/ho 03 hh?
Using (4.22) the integrand of h in (4.24) can be expanded as
1

¥ 1+ h2+ h? ~ —5 - 7K4h5 (4.25)
hence the double integral in (4.24) becomes
I — / o / " (4.26)
5/ho P~ Jho
where . i 5/p 1 .
I, = / / ( —\/1+h%+ h2) . (4.27)
§/ho P~ Jho hh5
We can easily obtain the divergent contributions in the second term of (4.26)
- 3};53 (4.28)
To evaluate the divergent terms in Iy, we first integrate I; by parts, which gives
1 o 5
I = 33 /ho J(h)dh — g[g, (4.29)

~10 -



where

11
J(h) = ﬁ+hh5\/l+h2+h2

H dp
I, = / —J(h)|, .« . 4.30
2 6/ho ,04 ( )}h—é/p ( )

Next let us introduce ¢ = ¢§/p and rewrite I as

1 (5/H
b=y [ dadIla) (4.31)
0* Jn,

We can expand the above expression around § = 0,

1 5
Iy=-5 U dag*J(q) + 0D gy + o |- (4.32)

Since J(q) ~ ¢°, we can easily arrive at the following result
y

1 3 K
I, = —5a dqq J(q) — ik (4.33)
Finally we collect all the divergent terms
SpE| 4, = 8TKN?gyy L L /Od 3J()—i (4.34)
EE | gy m gym 167 355 \ a9 J\q ho )l .

Comparing (4.34) with (3.19), we can see that the divergent part of the HEE for this case
exhibits a similar structure as that for D2-branes: the first term in (4.34) also exists when
entangling region is smooth, while the second term takes a power law behaviour, which is
due to the presence of the corner.

4.3 Crease c; X R?

In this case the induced metric takes the following form

mmg%fRHﬁWMW+AWwamﬁm%#wﬂv@w

in which the HEE becomes

in 6
Sgg = 872K g2 N3L / dpdﬁps;l VpE+ p222 + 22, (4.36)

where we have set x4 € [0, L]. We can derive the following equation for the minimal surface
from (4.36)

P2z(p? 4+ 222" 4 pP2(1+ 2%)5 — 2p%222' 2 + 5p° (3% + p?(1 + %))
+2 (cot 02° + 3pz2" + p? cot 02(1 + 2%) +2p°2*(1 + 2%)) = 0. (4.37)

- 11 -



We can still parameterise z = ph(€) similar to previous examples, which leads to a simpler
form for the equation

h(1 + h?)h + cot Ohh® + (5 + h?)h?
+cot Oh(1 + h?)h + 2h* + Th? + 5 = 0. (4.38)
Furthermore the HEE can be expressed as

/ho P

5/p 9
Spr = 16m2K N3g2y, L / / Ly h2 + i, (4.39)
ho

The subsequent analysis is parallel to that in section 4.1. First let us introduce y =
sin §, under which the equation (4.38) becomes

h(1+ h*)y(y?* — 1)y + yy (5 + 70 + 2h*) + h(y® — 1)
+h(1+h*) (1 —2y%)y* + 5+ hH)y(1 —y*)y’ =0.  (4.40)

We can solve the above equation perturbatively near h = 0 and obtain the following solution

1
= sinQ — = cos Qcot QR + —— 20 -1 2Qesc Qb?
y = sin 8cos cot Qh” + 102 4(5 cos 9) cot” Q csc Nh

sin Q(—15 4+ csc? Q 4 11esc Q + 3esc® Q)% log b

L3
4096
+y6h® + O(h®), (4.41)

where yg is an undetermined constant. Next let us introduce f(h) = h, h = ff, the
equation (4.38) turns out to be

R(1+ h2)yff +hv/1— 322 +yf2(5 + 2hn?)
+h(1+h?*)\/1—y2f + (5+ Th* + 2ht)y = 0, (4.42)

and the perturbative solution of f near h = 0 is given by

4tanf)  T7csc) +sin )

_ 3
F= h + 8 cos (2 ht fsh

—% tan Q(3 4 csc? Q) (5 + 3csc? Q) log hh® + O(h?), (4.43)

where f3 is again an undetermined constant.
Combining (4.41) and (4.43), the expansion of the integrand of h in (4.39) near h = 0
turns out be

by b3 b
s + 3 + — h + bphlogh + O(h), (4.44)

where

bs = —sinQ, by = icochotQ,

32
3 2
by = 5048 cos Q2 cot Q(—19 + 3 csc” ), (4.45)
3
= 125 — 116 cos 20 + 15 cos 49 Q cot? .
bn 65536( 5 6 cos 202 + 15 cos 4Q2) csc? 2 cot

- 12 —



Therefore the divergent parts of the HEE can be separated as

Sgg = 16m° K N3 g3 L(I1 + I), (4.46)
where
H
d
I = / ap / dhJ(h
8/ho P” Jho
sin? 0 : bs b3 b
h) = —\J1+h2+h2— 2 - = hil 4.4
J(h) T +h? + 5T T (4.47)
and

T dp 5/” 5 b3 b1
I, = / / < + ) . 4.48
§/ho P Jho B h (4.48)

r? 1,
dhhlogh = ——- + Sh*logh = 0

as h — 0, it does not contribute to the divergence.

Note that since

Next we can obtain the divergent part from Iy

2’?2 / dhJ(h), (4.49)

as well as the divergent terms from I

bsH? 1, logd b1

——— 4+ =bg—— — log §
ot 2% 2H2
1 [ bs bs b1,
— | == — zbslog(Hh — ——=hi). 4.
t53 <4h% 3 log( 0)+4 1 ) (4.50)
Finally we collect all the divergent terms
bsH? 1. logé b o
— 2 3.2 5 g 1
SEE‘div = 167'(' KN gYML|:_ 854 + 5[337 — ﬁlog(ﬁ)

b (2~ Dhlos(Hho) + 2~ Ui +1h2/0th<h) (4.51)
52 4h3 3 10g 0 4 90 b -\

Comparing (4.51) with (4.16), we can find two similarities: the leading term is proportional
to 1/6%, which also exists when the entangling region is smooth; the divergent part also
contains a logarithmic term log(§/H). The divergent term proportional to 1/62 in (4.16)
remains in the present case with a more complicated coefficient, while the 1/§ term in (4.16)
disappears. More interestingly, the result (4.51) contains a new divergent term log §/52,
which does not exist in (4.16).

5 Universal contributions

Our results in the previous section indicate for cone ¢z and crease ¢; x R, the expected
logarithmic term log(é/H) does exist. However, the coefficients in front of these terms
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are dependent on both € and the size of the system H. It is natural for the coefficients
to possess dependence on H, as conformal symmetry is broken. However, here we still
pick up the term proportional to 1/H as the universal contribution, in a certain abuse of
nomenclature. The reason is that the universal contributions identified in previous results
are also proportional to 1/H [25]. Moreover, the corresponding coefficient takes a finite
value in the limit  — 0. We also compare the universal contribution with that in the
HEE of a strip, a sphere and the thermal entropy.

5.1 TUniversal terms for D4-branes

In [15, 16] the authors considered x and o defined as follows as central charges

K
lim a(Q) ~ =, lim a(Q) ~ 2 - 0)% 1
lm o(@) = &, lim a(Q) ~ o(n/2 - Q) (5.1)
For non-conformal cases, even if we cannot find quantities that respect the above limits,
we should pick up the one with better behaviour. First let us recall the term proportional
to log(d/H) when the entangling region is a cone cg,

) 1
SEE univ = e, (€2) log (H)’ 0, () = ﬁW2KN?’g\2(M cos? Q. (5.2)

If we take the same limits, we obtain
1 s 2 ™
QCQ(Q)Nﬁa‘SQ—)07 QCQ(Q)N 5_9 aSQ—>§.

For the case of ¢; x R!, the logarithmic term is given by

J

b
SEE univ = dcq «r1(£2) log <>7 qclle(Q) = _8772KN3982(ML71

= (5.3)

H

Upon taking those limits, the coefficient b; becomes

9 3 (m 2 s
~ 0 ~N—— == Q —.
b1 Spasas S0 i Tgg (2 > wETy

From the above analysis we can see that although both of the coefficients of the loga-
rithmic terms satisfy the desired property in the Q — 7/2 limit, however, neither of them
satisfies the expected one in the 2 — 0 limit. Furthermore, the coefficient for the case
c1 x R! diverges as Q — 0, while that for ¢y remains constant. So we will take the term in
co as ‘universal’

2K

)
SEE wniv = KE IOg <H>7 KE = {cy (O) =

and will compare it with other quantities in the next subsection.
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5.2 Comparison with other quantities

For convenience in this subsection we will express every quantity in terms of the dimen-
sionless effective coupling (2.5), so the universal contribution for ¢y in D4-brane back-
grounds reads

2
T —
kp = KN%g%(H™). (5.5)

The first quantity that we would like to compare is the universal contribution to the HEE
of a strip in D4-brane background, where the corresponding induced metric is given by

\/ Q%MN

4
B (1+2")d2* + Z da?

=2

d812nd = (56)

Here we have set x1 = z(z) € [-1/2,1/2], z; € [0, H],i = 2,3,4. The HEE is expressed as
1
Sggp = STK N3g3\ H? dzz—5\/1 + 22, (5.7)

which admits the following conserved quantity

Z'/

1
SVI+a2 2

where z; denotes the turning point of the minimal surface in the bulk spacetime. Intro-

(5.8)

ducing t = z/z;, we can express the boundary separation length

l 1 1o

- = | dt———— 5.9

: /0 L (5.9)
and the HEE

’ ldtil 5.10
0 t5y/1— 10 (5.10)

in terms of Gamma functions. Then the universal contribution is given by [25, 26]

H
t

5

m\* oy (TG
SEE univ = —Rstrip <l> y  Rstrip = 32777/2]9]\[2935([{ 1) <F( L;) ) . (511)

10

Comparing (5.11) with (5.5) we arrive at
5
. (3

Fwn _ g0/ (16D} 0334031, (5.12)

The second quantity is the universal contribution to the HEE of a sphere with the
following induced metric

2
v/ G N
VI [(1 + p2)de? + p2d02] (5.13)

ind 25/2
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where p € [0, H] and p(0) = H. The HEE is given by

3
Spp = 4rK N3Gy [ d22ov/1+ 072, (5.14)
z
which leads to the following equation of motion
—32(1+ p™) + p(=5p — 5p + 2p") = 0. (5.15)

In order to extract the divergent terms in the HEE, we need the solution near z = 0,
which is
322 452° 45
8H 512H3  4096H®

This result enables us to expand the integrand in the HEE

p(z)~ H Ologz +pe2® + - . (5.16)

H? 27TH 135

— - e 5.17
25 3223 * 2048H z * ’ ( )
and obtain the universal contribution [25, 26]
1) 45 _
— Rsphere log E’ Rsphere = TQSWQKNQQEH(H 1)' (518)
So the ratio of Kgphere OVer kg reads
I 45
fisphere _ 29 _ 1.703125. (5.19)

kg 64

The third quantity we would compare is the thermal entropy, which can be evaluated
in near extremal black D4-brane background

2 N 2 4
1=1

We can easily obtain the temperature and entropy

T = T 0= ArK N3 g3nzg s (5.21)
which leads to the following relation
s=cpT*, cp=4nKN%g%(T)(27/3)°. (5.22)

Therefore we obtain the ratio of cg over kg

= — % —< 7 5.23
e 3 () 2 (HT) (5.23)

Note that since the black D4-brane is near extremal, the temperature is very low such that
9%(T) /g% (H ') takes a very small value, while the constraint (2.5) still holds.
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For comparison, let us the counterparts for CFT5. When the entangling region is cs,
the universal contribution to the HEE is given by [14],

S8l = 16K N21%g5(Q) log <£I> : (5.24)
ca
where ¢5(Q2) is determined by numerical fit,
log|gs| = —logsinQ — 2.1. (5.25)

In the limit 2 — 0, we can extract the universal contribution

K 1)
S5 univ = 55 log <H> . ks~ LIGK N?72, (5.26)

On the other hand, the universal contributions to the EE of C'F'T5 for a strip and a sphere
H\* 26 (%)
S5,strip = —K5 strip () ,  KR5,strip = 7KN27T3 ( 8

are [6]
4
) 5.27
l 3 F(é)) ( )
3
S5,sphere = K5,sphere = 4KN27T5/2F( - 2> ) (5‘28)
while the entropy density and temperature obeys
47)d
ss=cspT?, csp = (54)KN2. (5.29)
Hence we arrive at the following ratios for C F'T5,

Bostrip o ().0449457, Zosphere g sug55 B o 95 9187. (5.30)
K5 R5 K5

It can be seen that the first two ratios are larger than the counterparts for D4-branes. For
the third ratio, note that it is reasonable to take g% (T)/g%;(H ') < 1, so the third ratio
is also larger than that for D4-branes.

A possible interpretation for this behaviour may be as follows: we consider the ac-
tion (2.7) as the IR limit of AdS gravity coupled to relevant deformation ®. The asymp-
totic UV geometry is still AdS while the IR geometry is given by (2.10). As claimed in [16],
these universal quantities can characterise the degrees of freedom of the system, so it may
be expected that the ratios also do the job. Our results indicate that as we go from the
UV to the IR, the values of the ratios decrease, which might be seen as an analog of the
celebrated c-theorem.

6 Summary and discussion

New universal contribution of the form log(§/H) to the HEE arising from singular surfaces
has been observed in various dimensional CFTs, as investigated in [14-16]. One may
wonder if terms of the same form still emerge when the background is non-conformal,
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and if they do exist, to what extent they are ‘universal’. In this paper we study corner
contributions to the HEE in non-conformal D-brane backgrounds. To be specific, we focus
on a kink k in D2-brane background, as well as a cone ¢y, a crease k x R? and another
crease ¢; X R! in D4-brane background. We observe that unlike 2 + 1-dimensional CFTs,
the logarithmic contribution disappears for D2-branes, whose dual field theory is 2 + 1-
dimensional supersymmeric Yang-Mills theory. There exists a new divergent term due to
the presence of the corner, which exhibits a power law behaviour instead of logarithm.

Furthermore, the logarithmic term emerges in D4-brane background for the case of a
cone ¢y and a crease ¢; x R!. However, the coefficients in front of such terms are dependent
on both the angle €2 and the size of the subsystem H. We explore the behaviour of the
coefficients in the limit of Q@ — 0 and @ — 7/2 respectively and find that even though
both of them obey the expected property, being proportional to (7/2 — Q)% as Q — 7/2,
the coefficient for ¢; x R! diverges as 1 /Q3 and that for ¢y becomes a constant in the
limit of 2 — 0. Neither of them shares the property for CFTs that it is proportional to
1/ as 2 — 0. We take the logarithmic contribution for ¢z as ‘universal’ in the sense
that it is proportional to 1/H, which agrees with other universal contributions to the HEE
identified in previous investigations. We also compute the ratios of the coefficient of the
universal term with that of the HEE of a strip, a sphere and the thermal entropy in D4-
brane background, and compare the results with those for C FT5. The values are smaller
that those for CFT, which might be viewed as an analog of the c-theorem.

One may relate the existence of logarithmic terms in D4-brane background to its
connection with M5-branes, since D4-branes are obtained by dimensional reduction in one
of the worldvolume directions of Mb5-branes. Therefore it would be reasonable to expect
that the HEE of D4-branes inherits some features of that of M5-branes. Actually in [14] it
was observed that for a crease co x R!, the logarithmic term takes the following form
(7—9cos29)co‘5291 . < ) >

log
Seaxkl X 256 H

= (6.1)

which possesses a similar form as (5.4). If R! is taken as the compactification direction
of Mb-branes, it may be possible that the HEE shares the same structure in the resulting
D4-brane background. On the other hand, if we dimensionally reduce M2-branes along one
of the worldvolume directions, we arrive at fundamental strings rather than D2-branes,
hence the HEE would exhibit a different behaviour.

Our discussions are purely holographic in the sense that all the quantities were cal-
culated in the dual gravity background. It would be interesting to see if the universal
contribution can be re-derived from field theory considerations. Very recently exact results
for corner contributions to the EE and Renyi entropies of free bosons and fermions in 2+ 1
dimensions were obtained in [17], where it was found that the quantity o defined in (1.9)

and the central charge C obeys
2
g _T
Cr 24’

which agrees with the conjecture proposed in [15, 16]. Therefore it would be desirable to

(6.2)

investigate higher dimensional backgrounds and check if a similar relation can be derived,
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in particular in non-conformal backgrounds. A plausible way is to generalise the analysis
in [27] and study subsequent implications on D4-branes.
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