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ABSTRACT: We consider supergravity in twelve dimension, whose dimensional reduction
yields eleven-dimensional, ITA, and 1IB supergravities. This also provides the effective field
theory of F-theory. We must take one direction as a compact circle, so that the Poincaré
symmetry and the zero-mode field contents are identical to those of eleven-dimensional
supergravity. We also have a tower of massive Kaluza-Klein states to be viewed as the
wrapping modes of M2-branes. The twelfth dimension decompactifies only if other two
directions are compactified on a torus, restoring different ten dimensional Poincaré sym-
metry of IIB supergravity, whose missing graviton is provided by components of the rank
three tensor field. This condition prevents us from violating the condition on the maxi-
mal number of real supercharges, which should be thirty-two. The self-duality condition
of the IIB four-form fields is understood from twelve-dimensional Hodge duality. In this
framework T-duality is re-interpreted as taking different compactification routes.
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1 Introduction

This paper tries to tie up the loose ends of what have been known separately about duality
relations of superstrings and supergraivities. We are particularly interested in the com-
pletion of IIB supergravity [1]; First we consider a possibility to embed it into a certain
higher dimensional supergravity. This turns out to require twelve dimension in total, in
which the existence of supergravity is challenging. Also we want to concretely elucidate
its T-duality to ITA supergravity. Although T-duality relation between type ITA and IIB
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Figure 1. Relation among superstring and supergravity theories. The IIB theory can be interpreted
to be obtained by compactifying the twelve-dimensional theory on torus. This T-duality holds
between the two string theories if we remove the common directions.

supergravities compactified on circles is known [2-9], we do not know which physics gives
rise to such rules.

The formulation of superstring theories led us to discovery of a number of ten dimen-
sional supergravity theories as the corresponding effective field theories. It has been soon
realized that, between two possible supergravity theories of thirty-two supercharges, type
ITA supergravity action can be obtained by dimensional reduction of an eleven-dimensional
one, which is unique [10]. The latter has less number of multiplet fields and simpler form of
interactions, at the price of introducing an extra dimension. Dimensional reduction from
a simpler, if not more fundamental, theory has become a central paradigm, and many fea-
tures of realistic models are understood as geometric properties of extra dimensions [11, 12].
For example, four-dimensional models describing our world are hoped to be obtained from
a higher dimensional supergravity in a simpler form [13-20]. A natural question now is
whether we can also obtain the other supergravity of type IIB by dimensional reduction of
a higher dimensional theory.

It is well-known now that type IIB superstring theory is more deeply understood as a
dimensionally reduced one from F-theory with two more dimensions, for the following rea-
sons [21]. In the Einstein frame where the graviton kinetic term is canonical, the effective
theory of IIB supergravity action entertains SL(2, R) symmetry, and kinetic terms for scalar
fields take forms of those of moduli fields of two extra dimensions. By string quantization
the duality group reduces to SL(2,Z), which coincides with the symmetry of a torus [24].
It is F-theory that identifies these two symmetries; the complexified field 7 of axion and di-
lation is identified as the complex structure of the torus, which depends on ten-dimensional
spacetime [21, 22]. Now the problem is translated to find such twelve-dimensional theory
fully. Compactification of this twelve-dimensional theory requires understanding on the
graviton components in the internal dimensions.

Any attempt to construct twelve-dimensional supergravity with full Poincaré symmetry
immediately faces obstacles. First, there is a classification on possible supermultiplets [25].
The maximal number of real supercharges, or supersymmetry generators, is thirty-two.
In four dimensions, this brings the helicity-(—2) state of a graviton to a helicity-2 state,
resulting in superpartner fields of gravitino and set of vector, scalar, spinorial fields. This set



of supersymmetry generators and multiplets are best understood as dimensional reduction
of simpler generators in higher dimensions. The maximal number of spacetime dimensions
with one opposite Lorentz signature for the time allowing this spinorial representation
is eleven. Indeed, compactification of eleven dimensional supergravity theory on a circle
gives ten-dimensional ITA supergravity with a (1,1) supersymmetry [10]. The other ten-
dimensional supergravity, IIB, has a (2,0) supersymmetry. We cannot have supergravity
with more supersymmetry generators since otherwise we must have a field with spin higher
than two in four dimensions. No consistent interacting theory with spin higher two is
known possible. This is the reason why we cannot have twelve-dimensional supergravity
with the full Poincaré symmetry. Noting that the Clifford algebra with Lorentz signature
(1,9) is isomorphic to that with (2,10), one may try to construct thirty-two component
spinor in the twelve dimension with two timelike directions [26, 27]. However this is not
what we want but we need (1,11), because the two extra dimensions of IIB theory should
be compact thus space-like.

Then, what would be the form of twelve-dimensional supergravity, if there should exist
a effective field theory of F-theory? The derivation of F-theory from M-theory hints us the
meaning of the twelfth dimension [21, 28, 29]. It is well-known that eleven dimensional
supergravity is a field theory limit of M-theory [30, 31]. F-theory compactified on a torus
T? ~ Slx S; is dual to M-theory compactified on the same torus in the zero size limit, thus
we may expect the same relation also in the effective field theory limit. Lower dimensional
effective actions than than twelve have been studied in this context [32-39].

To be more detailed, T-duality takes one of the torus cycle in the M-theory side, say
S;, to another dual circle S;, in the F-theory side. Since the radii of these circles are
inversely related R, = (?/R,, in the string length unit /s, in the zero size limit R, —
0 of one circle, the other circle S;, becomes decompactified, restoring different Lorentz
symmetry in another ten dimension. Although we cannot maintain twelve-dimensional
Lorentz symmetry fully, each ten- and eleven-dimensional theories are consistent in its own
space. Still, however, F-theory possesses the torus, on which it is compactified to yield
type IIB superstring. In other words, the torus T2 is shared by both theories.

Therefore, although these two circles Sy and S,/ are redundant, it is natural to keep
both circle directions together [1]. Remarkably it turns out that there is no contradiction in
the sense that we cannot see the twelve dimensions fully but only part of dimensions that
we have known, and this ‘closing dimensions’ shall be automatically taken into account
by moduli fields. In this framework, M-theory looks like a dimensional reduction of F-
theory in the decompactifying torus limit, as schematically shown in figure 1. Following
the program, we have presented the bosonic action in ref. [1], which is discussed in more
detail in sections 2 and 3. Another nontriviality comes from the fate of the fields of IIB
supergravity and their interactions. There have been many attempts to suggest possible
terms in various contexts [41-43]. In this paper, we complete the supergravity action up
to linear order of fermions in section 4.

Notation on coordinate indices and gamma matrices:



dimension general local Lorentz gamma matrices

12 M,N,P,... ADB,C,... r4
11 m,n,p,... a,b,c, ... re
10 v, p,... (o S VA ve
9 Vs Py a, By, ... e

Sometimes we underline the curved coordinate when we need to distinguish.

Warning: To ‘derive’ type IIB supergravity starting from a suggested twelve-
dimensional action, we first work in the Einstein frame before section 4, which enables
us to ‘discover’ string as one dimensional tensionful object. From section 4, however, it is
convenient to work in the string frame, whose details are given in the appendix.

2 The twelve-dimensional bosinic action

First we describe the bosonic part of twelve-dimensional supergravity. We should have one
dimension compactified on a circle, so that at best we have eleven-dimensional Poincaré
symmetry. We will see that the massless degrees of freedom matches to those of eleven-
dimensional supergravity.

2.1 Twelve-dimensional action

The bosonic degrees of freedom of eleven-dimensional supergravity are a graviton G,
and a rank-three antisymmetric tensor field C,,,,;,. We lift eleven dimensional supergravity
action to twelve-dimensional one. The three-form field is promoted to a four-form field as

Cmnp($m) — Cmnpy’(xmay/)- (2.1)

having the dependence on the twelfth dimension, which we will call ¥/ hereafter. Also the
graviton G, is regarded as a part of the twelve-dimensional graviton. These can naturally

appear if we have an orthogonal extra dimension with a metric
ds? = GundzMda = Gupdz™da" + r2dy’?, (2.2)

where M, N are twelve-dimensional, and m, n are eleven-dimensional indices. Later we will
come back to the issue of the off-diagonal component along dz™dy’.
We first suggest an action

1 1
2%%25 = /duxdy/\/ -G <R— 2|g5‘2> + 6/C4 NGy NGy, (2.3)

and perform dimensional reductions shortly to consistently match known theories. Here,
R is the twelve-dimensional Ricci scalar made of the metric Gyn in (2.2) and G is its
determinant. The forms are defined as follows

64 = Cg A Tdy/
1
= 57 Conpdz™ A da™ A da? A dy’ 24
4
= ICMNPQCZ:BM Adz™N A dat A dz@)y,

G5 =G, Ardy =dCs Ardy' =dCy + Cs Adr Ndy'. (2.5)



Here the third line means we fix one of the component to be v/, for which we have four
ways to do it. In particular, the definition in the first line of (2.4), written componentwise

Cmnp(xm)r($m7 y/) = Cmnpy’ (xmv y,)7 (26)

suggests that Cg is a native eleven-dimensional field, which is related to the twelve-
dimensional C; through the dependence on ¢/ in 7. There have been attempts to treating
them independent, which would violate the multiplet condition for the eleven-dimensional
supergravity.

The norm and the wedge product are defined as

1
‘Gp|2 _ ngMlNl gMzNz L gMprGMlMQ-..MpGNlNQ...Np7 (27)
1
C4 A G4 A G4 = mﬁmnpy/mg)mg...mlgcmnpy’Gmg..mgGmg.A.mlgdxmden e dx™2, (2'8)

Here €, ..m,, 1s the totally antisymmetric Levi-Civita symbol. Note that G5 is not the
exterior derivative of C;, which is usually the case in dimensionally reduced theories. We
will define k12 soon. It is important to note that the indices assume only eleven-dimensional
coordinates and we have incomplete components for C;. Therefore the action (2.3) has at
best eleven-dimensional Poincaré symmetry. Nevertheless this form is useful, since we may
recover ten-dimensional symmetry in which we include the y/-direction.

Finally, there is an extra term from one-loop contribution

2ml7
one - T C /\I8, 2.9
4

2&12
where Ig is a polynomial only dependent on Ricci tensors, which can be found in [44]

R SRV U S
k“@m4< ww('R)'%w2“R>

The third term in (2.3), of a Chern-Simons type, has a property

12&%25052/@, NGy /\G4:/Cg/\rdy'/\G4/\G4:—/95/\03/\@4, (2.10)

which looks like integration by parts in the end, although what we actually did is to just
follow the definition (2.5) and changed the order of the wedge products. With this, varying
C'3, we obtain the equation of motion for C,

e :—%d(ch@) :—%@ NGy, (2.11)
supplemented by the Bianchi identity
dGs = Gy Ndr ANdy'.
This will not affect the Bianchi identity of G

dG,; = d*C3 =0,



which directly follows from the definition.
Exchanging the role of the two, we also have a dual field strength G

1
Gr = %G5 Ed05—503/\G4, (2.12)

which defines a six-form Cs. Componentwise, we have

1 /1.0
GM1~..m7 = E \% _g€m1---77111?J’gm8n8 g gy gnsn9n1on11y’7 (2'13)

where the indices are contracted by twelve-dimensional metric (3.2). Since the totally
antisymmetric tensor in twelve-dimension has to take one index on y’, Cs cannot have
an index on y/.! Although similar Hodge dual operation is possible in eleven-dimensional
theory as well, this constraint is unique if we embed it in twelve dimension.

2.2 Reduction to eleven-dimension

We compactfy the extra dimension by identifying the coordinate
Y~y +2ne, (2.14)

where / is a length unit. Neverthless ¢ does not appear in the metric because of general
coordinate invariance that always reduces the length scale in the g/-direction.
The Klein decomposition gives rise to infinite tower of fields

gmn Ly Z g[k] m 'ka’/Z’
k=—o00
k m e !
Cmnpy Y Z Cr[n]npy ky M’
’“_;O (2.15)
m k m\ iky’
Grmpay (2™ y) = > Gl (2™,
k=—oc0
T(.Q?m,y,) _ Z T[k](xm)eiky’/ﬁ'
k=—o00

Since we have the invariant ‘geodesic’ radius r as eigenvalue of momentum operator in the
eleven dimensions, each mode has KK mass

(2.16)

In the effective eleven-dimensional action (2.18), we keep the zero mode in the action after
renaming

Conn (™) =G0 (&™), Conp(z™) = (N1 (@), Grmpa(a™) = (r) 7160 (2™,

'In this paper, the curly letters have dependence on the y/'-direction while the printed letters do not.



and truncate the other massive modes k # 0 of masses (2.16) considering small r limit.>
This is consistent with the relation (2.6). These modes will be interpreted as wrapping
mode of M2-branes later.

It should be noted that although the zero modes of C; and G5 consistently give the
eleven-dimensional fields and their field strengths C's and G, it cannot be said that we
could derive the eleven-dimensional fields by reduction. In fact we have defined the former
in terms of the latter by multiplying r(z™,1’). Therefore at best we can check that we have
the correct field degrees of freedom. This is because this dynamics is due to the behavior of
the M2-branes and cannot be completely explained by this field theory limit (for example
in the string picture, this is related to winding string in the T-dual theory).

Now consider the action. The first two terms in (2.3) give

1 1 1 1
— [ d%zv-g (R -~ |g5|2) =— dy’/ d"zv/—-Gr <R - |G4|2> ,
2/@12 12D 2 2/4112 Sl 11D 2
with a total derivative of a function of 7, which can be removed by an appropriate boundary
condition. Further compactification and consideration in lower dimensional theory shall
later require the condition for r. After settling down everything we may consider the
vacuum expectation value of r. With this, we define k12 in terms of £ in (2.18),

2ml(r 1
K12 k11

In this process, we may learn that the definition of G5 in (2.5) is the only possibility to give
the desired kinetic term for C's, while the other seemingly plausible choice G5 = dC; cannot.
Note that the Chern-Simons action (2.10) also gives rise exactly the same factor as in (2.17).
Therefore, we have obtained the bosonic part of the eleven-dimensional supergravity action

1
2638 = /d”:c\/—G <R— ;|G4|2> — 6/03 NGy NGy, (2.18)

The action (2.18) is also regarded as a low-energy, field-theoretical, effective action of
M-theory, in the limit the that the fundamental object of M2-brane becomes pointlike.
Therefore, we should have more irrelevant interaction operators at higher energies. Some
of them are provided by Kaluza-Klein (KK) towers of fields in (2.15).

We have a scalar field r, which may raise two questions. First, this would exceed the
desired degree of freedom of eleven-dimensional supergravity, failing to form the supersym-
metric multiplet. We will see later that this will be related to the other components of
the graviton. Also, it is questionable whether the action is consistent in eleven and twelve
dimensions in the sense that the resulting Einstein equation is solvable. It is known that
simply turning off the scalar in the dimensional reduction of pure gravity is inconsistent [40].
In particular what concerns us is the 3y’ component of the twelve-dimensional Einstein
equation. In our case, we are turning off the vector field while keeping the scalar field,
and this is even possible from pure gravity, as a special case of Brans-Dicke theory [46].

2As long as there is no confusion, we use the same letters C3, G 4 for the twelve dimensional fields
Cs (™), G, (™) and their eleven-dimensional zero modes Cj(z™), G, (z™).



Since we are not dealing with pure gravity, but we have source terms through C; from the
third and the last terms on the right-hand side (r.h.s.) of (2.3), it seems always possible
to satisfy the equation.

3 Reduction to the IIB bosonic action

We cannot obtain IIB string theory by direct dimensional reduction of the twelve-
dimensional theory, which directly yielded eleven-dimensional supergravity, because the re-
sulting ten-dimensional geometry is partially described by components of the antisymmetric
tensor field C4. The notion of graviton should be drastically changed. We shall observe this
feature by taking the following description. Starting from the eleven-dimensional super-
gravity action in the previous section, further toroidal compactification gives a unique nine-
dimensional supergravity action of thirty-two supercharges. It can be understood as com-
pactification of IIB supergravity, whose decompactification is to be described dynamically.

3.1 Nine dimensional geometry

On top of the reduction of section 2.2 to eleven-dimensional supergravity, we compactify
further two dimensions on a torus with a complex structure

T=T7+im. (3.1)
This is done by identifying two coordinates as
r~x 42l ~x+ Ty + 277,

with the length unit £ used in (2.14). The observed lengths are always given in combination
of the metric

ds? = L? (dz + midy + (a, — miby)da)? + L273 (dy — budat)? +r2dy* + g, datdz” . (3.2)

It is the most general metric leaving the 3’ direction orthogonal. Here, the metric compo-
nents a, and b, are now Lorentz vectors in nine dimension, promoting the St isometries
of the x and y directions, respectively, to U(1) gauge symmetries.

In the classical theory, this torus has SL(2, R) symmetry due to diffeomorphism invari-
ance. This is the reason why the coordinate radius ¢ does not appear in the metric (3.2).
If a quantum theory of gravity breaks the scale invariance and set the fundamental length
¢, then we would have just SL(2,Z), generated by 7 — 7+ 1 and 7 — —1/7. This is
what happens in Type IIB string theory or F-theory [24]. String quantization reduces the
continuous internal symmetry to discrete. Now the origin of SL(2,R) symmetry of type
IIB theory is identified as the symmetry of the torus. Thus 7 is also interpreted as the
complex structure and transforms under this modular group. The pair A, B, originate
from the dimensional reduction of C; one of whose coordinates are respectively fixed to be
y and x.



To facilitate calculation, we introduce zwolfbeins [51]. By rewriting the metric (3.2)

L72g., 4+ RyR, + 1,1, R, + 11, R, 0

TRy, + 11, 2+ N 0
=17 L2 , 3.3
Gun R, m 1 0 (3:3)
0 0 0 L=2%?
where R, = a,, — 11b,, I, = —72b, and the bases of the block submatrices are understood,
we obtain
e, 000
—LI, L7 00
A _ w =12 Gun = eteB 3.4
0 0 Or
where nap = diag (—1,1,1,...,1) is a rank twelve c-number matrix. It is useful to define
its inverse,
EY 0 0 0
b (L))"t 0 0
B = ™ VEM =54, 3.5
A o —m(Lr) L0 | emtp B (3.5)
0 0 0 rt

For applying the metric, it is convenient to work in local Lorentz frame by using zwolfbeins,
Capcp = QMNPQE%EﬁEgEg,
Geascp = GrunpEEEY EY BEEY.

Then the fields in (3.6) are invariant under the gauge symmetries originating from the

(3.6)

isometries. In fact, due to eleven-dimensional structure and the block-diagonal form of
the zwolfbein (3.5), we will always consider the case with Eg = Efj,/ = r~L. After the
reduction, in the low dimension, we can recover the curved index structure by multiplying
the vielbein.

3.2 Field reduction and decompactification

The nine-dimensional fields are obtained by reduction of the four-form field and the metric
tensor in twelve dimension, as in table 1. The normalization is more natural if we start
from eleven-dimensional supergravity, but the tensor structure of the four-form field A, is
more natural in twelve-dimensions.

First, a rank two form field in the Neveu-Schwarz-Neveu-Schwarz (NSNS) comes from
the following zero modes

Cowzy = —TBuv,  Guupey = —1Hpwp = =310, By, (3.7)

We are using the standard antisymmetric tensor notation by square brackets [45]. We have
to take L — 0 to decouple the degrees of freedom depending on = and y.
For example, consider

Gapyay = g[wp]zy’EgEgEsE;Eg' + 3g[ﬂvy]wy’E5EEEgE$E3'

" (3.8)
=L (Haﬁ'y + 3b[aH5.y]),



10D field  type 9D components 12D components
A RR (A, AY {ap, 7}
As RR {Awp, Apvy} {r = Cwpy's 7 Crayy' }
By NSNS {BMW Buy} {r—lclwxy/ ) Tﬁlc;m:yy’}
by KK by by
A4 RR A,pry/ Tﬁlc‘uupy/
Ag RR {Au, Ay = — Ay} {r= vy @}
Ay RR A T1
BQ NSNS {_BMV7 B,uy’ = —By/#} {T_Iprmyly b’u}
Ky KK K, r‘lcwyy/

Table 1. Identification of ten-dimensional fields as collections of nine-dimensional fields. The
upper and lower subtables respectively correspond to ITA and IIB supergravity. Indices are nine-
dimensional and y’ denotes the twelfth direction. Componentwise Cpinpy = 7Cronp as in (2.4).
After decompactifying 1 or y directions ten-dimensional Lorentz covariance is recovered. Also
their magnetic dual fields follows from Hodge duality in twelve-dimension [1].

where
Ha,@ = 28[QKB] (39)

The relation in the parenthesis in (3.8) can be recasted as
Haﬁv + 3b[aH57} = Han + 6b[a8/3K7]
= Hogy + 6K[a85b7] + 68[Q(K5b7]) (3.10)
= Hapy + 3K[ahgy)
In the last line, the total derivative is a gauge symmetry of H,g,. Now, the form (3.10)
can be regarded as arisen one from compactification of IIB supergravity

(10)

7Y = H,,, Hfjj? = hyy = 20,by),  ba =By, (3.11)
using the metric
ds* = L2 (dz + 1ydy)® + L2r3dy® + 2 (dy’ + K, dat)? + g datdz” (3.12)

= L2 (dz + mdy)* 4+ L2r2dy® + Glydatdz.

The justification is highly nontrivial, but we observe the following footprints whenever we
perform dimensional reduction as in (3.2).

1. A U(1) gauge boson, usually called KK gauge boson, becomes a component of gravi-
ton in the extra dimension. This means, the ten-dimensional metric is re-arranged
to include the vector field K, = r‘lcwyy/, gauging the isometry in the vy’ direction.

2. Appropriate additional terms for every reduced field coupled with KK gauge boson,
by which the ten-dimensional fields are fully covariant. This condition dictates us to
(from) which direction the (de)compactication takes place.

,10,



3. The tower of the KK states for every reduced field. In this case, we need towers
of gﬁ“y(x”),Bl’jy(:n“),bﬁ(x“),Kﬁ(x“) with exactly the same mass squared k2((r)¢)=2
to each other. They exist because all of them come from the reduction of twelve-
dimensional fields (2.15) with the physical y/'-direction.

What is special in this case of dimensional reduction of twelve-dimensional supergravity is
the following. For the first condition, the KK gauge boson K, did not come from dimen-
sional reduction of higher dimensional graviton a, or b,, but from antisymmetric tensor
field C,pyy. For this, we may interpret that the metric tensor itself is not observable, but
indirectly measurable only by interaction with other fields. This is related to the second
condition: Besides the original y-direction from which we got KK gauge boson b,, we
have shown in (3.10) that the nine dimensional theory has another another y'-direction
to which we can decompactify with K,. We will see later that these two decompactifi-
cations are exclusive. For the third condition, the decompactification does not happen if
we start from ten-dimensional ITA or the eleven-dimensional supergravities, since the KK
states are missing. However they provide at best indirect evidences of the presence of the
limit of uncompact 3’-direction recovering ten-dimensional Lorentz symmetry. The only
plausible option at the moment seems to be the formulation of type IIB string theory in
ten dimensions, independent of the formulation of M-theory.
Now we perform dimensional reduction for Ramond-Ramond (RR) four-form as

— .1 — .—1
A/“/py/ =T CHpr/’ FHV,DUZJI - 43[NAVPU]y/ =T gw,poy/ (313)

but only a part of it: one of whose index is fixed in the 3 direction. Applying the same
procedure, we have

Gaprby = Gupoy BLESELES BY, + 4G, 0y BV ESELEF EY, + 4G,y BV EYELEYEY,
+ 129nyy'ESEEE§E§E§’:
= Flapyoly + 4aiaHgye) = 4DaFprs) + 1201005 Hg)
— Flagysly + 4010 Hasg) — 4bj Fays) + 1200 Kghos) — 1250 K frg (3.14)
= Flapyoly 1 20ja(Hpys) + 3Kghys) + 3flap(Bys) + 2Kb))
— 2bo (Fsna) + 3K 5 f16)) — 3hias(Ays + 2K, az),

where we defined

fag = 28[&‘%}7 hap = 28[abﬁ].
The result shows that we have the same dimensionally reduced structure as in (3.10),
satisfying the above three conditions. Note that the seemingly inverted relations (3.17)

are because they are relations of local flat space. Rewriting the metric into the inverse
zehnbein, obtained from the ten-dimensional metric (3.12)

EX 0
EY = (Ka r1> : (3.15)

— 11 —



we can easily calculate
(10) gy v pp oy’ (10)
Faﬂ’yéy’ - EOéEﬂE’YE(S Ey' FMVPUy' (3.16)
= TﬁlFaﬁv(Sy’y
where the field in the last line is nine-dimensional. Likewise we obtain well-known relations
between antisymmetric tensor fields [47, 48]

(10)
ay’

Aa + 200K g = AN, Bog + 26, Ky = B\ (3.17)

an =TA af 0B

and similar for their field strengths. Therefore, rewriting (3.14) we have

(FOO QA?(}O)H(IO) — 3400 {10 5 p(10) p(10) | g p(10) p(10)

[aBvd]y [a™ " B~9] [aB T Adly y'la” Byd] [aB = ~oly’
1 1
=r <F§1°) = 3ASY AHS 1 OB A F;10>) (3.18)
[aB~ydly’
_ (10
- TF[anS]y”

using the metric (3.12), recovering the total antisymmetric structure. The complete an-
tisymmetric structure comes from total antisymmetrization of C;, and G5, which is only
possible in twelve-dimensional lift. For this special four-form field, we need the other com-
ponent to recover ten-dimensional Poincaré symmetry. Since C; can at best give rank four
field in ten dimensions, we consider its magnetic dual field in the next subsection. Other
components are dimensionally reduced in similar fashion, shown in the appendix.

3.3 Self-duality of the I1IB four-form field

We have seen that the Hodge duality of G5 in (2.12) defined the six-form Cy. In this, total
antisymmetric tensor in Hodge duality relation in twelve-dimension prevented the Cy from
taking an index on y’. With three compactified directions along x,y, %/, the four-form field
Ay is obtained only by fixing two indices of the Cs to be on z and y,

Cuvpoey = Apvpos  Fuvper = 501, Ay per)- (3.19)

Again we emphasize that this Cy is defined through the twelve-dimensional Hodge du-
ality (2.12), or in components (2.13). To perform dimensional reduction, we go to local
Lorentz frame in which v/—G = 1 and G4 = nap. Going to nine dimension and perform-
ing decompactification to ten dimensions, the right-hand side of (2.13) gives what we have
just computed in (3.18)3

1 r(10) ;= g 00 (3.20)

§6a1a2---a9l’yy agaragagy ajo2a3aaas”

Taking into account the factors EX = L™, B} = (L72)~!, the left-hand side (L.h.s.) of (2.13)
becomes

1 9
<Fa1a2a3a4a5 — 5(03 A G4)[a1a2a3a4a5]xy> L 27-2 1 (3.21)

3Note that there is cancellation between r in the definition of 7F 00y and Eg,, in the nine-dimensional
relation, there is another r factor as in (3.18), in going to ten dimension.
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which is a nine-dimensional relation. Componentwise calculation gives
03/\G4|my=—Bg/\F3+A2/\H3+K1/\G4+A3/\H2. (3.22)

It immediately follows that

1 1 ~ wo
_ Félo) . 5‘4(210) A Hélo) + iBélo) A Félo) — F5 (10)

(G 7= %Cg NG 4)
zy
with all the indices different from z,y, /.
Now, different components of the F5 came from different forms C; and Cy, therefore
the Lorentz covariance of the F5 is not trivial. Comparing the 1.h.s. and the r.h.s., we find
that the covariance we need is the same coefficients

r= L%t (3.23)
That is, the new degree of freedom turns out to be not independent. In terms of the
vielbein, we have an emergent component

el = (epel) ™. (3.24)

The condition (3.23) can be only the necessary condition for the relation (3.24), but later
we will see that indeed we need the condition (3.24).

Summarizing, we have defined the four form field A, and its field strength F5 via
twelve-dimensional duality relation and dimensional reduction. This is expressed as

Fo00) — o 7310 (3.25)

where *1¢ is the Hodge dual operator in ten dimension and

=w(10) __ 1 ~(10)
FYU) = T E oy Az N dz? A da? dy’, (3.26)

_ 1 -~
FY °(0 = QFﬁ%)aTda:“ Adz? AdxP Adx® AdaT,

with all the indices nine-dimensional. This only happens in this special circumstance in
which the numbers of degrees are related as

1 87-6-5 7-6-5 7-6-5-4

2°4.3-2.1 3-2.1 4.3.2-1
This is equivalent to ten-dimensional self-duality relation using full ten-dimensional one.

In fact, this means the unprimed version should also hold

FélO) = *10Félo) (327)

where 1
Féw) = EFS/?))UTCMH AdxY AdxP Adx® Ada™ = F;V(lo) + ngo(lo) (3.28)
has the full dependence on ten-dimensions ,...,T=0,1,...,9.. The equation of motion

and the Bianchi identity from this are
dFNY = qio 700 = g0 A 1O, (3.29)

with now the full ten-dimensional index structure.
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3.4 Couplings and scales

Dimensional reduction of the Einstein-Hilbert term goes as follows. We compactify three

dimensions using the metric (3.2)
1
VEGR =\ [~glyrL’m <R(9) = 2(Lm) VA (L) — 57 2(@um)” — 207 VL
1,5 1
—1L2 fo - 4L2722hfw> : (3.30)

Here, f,w = fu — Ahyy. The overall factor becomes rL?m = 1 by (3.23). The last two
terms provides the kinetic terms for the dimensionally reduced components of way’ and
H] ., in (3.11). Using the identity (B.24) in the appendix, this can be recollected as
_ _ 1 -
—929) <R(9) —2r 1V7“ + 47’2 2(8ﬂ7—2)2 — 17'2 2(0#7'1)2) . (3.31)

With the term (B.10), this is nothing but the dimensional reduction of ten-dimensional
type IIB action

\/%T_l <R(10) + T422(au72)2 — 4171_22((9“7'1)2> . (3.32)
with the decompactified metric (3.12).

Identifying that 7 = gﬁé we would require L should be absent in the ten-dimensional
1IB action, which could be expected by counting degrees of freedom. We can show that
the only way to remove L in the action is to absorb r = L™27, Lin the coupling and to
rescale

g0 = 11400, (3.33)

Accordingly, we have , /—gém) =, /—g(lo)L_E’, and R0 — LR(0) yp to a kinetic term
for L. This fixes the ten-dimensional IIB gravitational coupling in terms of the eleven-
dimensional coupling k11, which may be a more fundamental quantity than 12,

1 (2m0)%(ry 27/

= = . (3.34)
2"5%113 2“%2 2“%1

This is also useful in the decompactification limit » — oo, since this can be taken as L — 0
while keeping k11 fixed and the IIB coupling should be free parameter.
The rescaling (3.33) should also rescale the coordinate periodicity as

¢ — L7V =y, (3.35)

in which unit we can naturally convert between IIA and IIB theories in ten dimensions.
The relation between the two radii from (3.12) in the new unit are now

o“ e

Ry = L3/27—2€Su Ry/ = LT% = Ry'

(3.36)

Finally we reduce the Chern-Simons term (2.10). Since this coupling is topological we
do not care about the metric and we keep the general indices. First we note that G5 should
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always have an index on 3/, becoming FY. The other part, C3 A G, should have two
induces on z and y. It has exactly the expansion (3.22). Noting that [ dzAdy = (270)2,

we obtain
(2m0)? 9w ©) 2O 40, 709 9) x ~9) 49, £7(9)
Scsz% 10TF5 N(By ANF37 — Ay NHy” — Ki7 NGy — Ay’ ANHy”)
12
1 -
— [ EE A R - AL 1) @
1IB
1 10)w 10 10
Z%IZIB/Fg ™ A B A FSO)

The integration is done over the remaining ten dimension including the y'-direciton. We
performed integration by parts in the last line.

3.5 Ten-dimensional covariant action

We are now in a position to write down the action of type IIB supergravity in ten dimen-
sion. We obtained it by using compactification and also decompaction of already compact
direction. If we give up covariant formulation, nevertheless the Poincaré symmetry is to be
recovered, the ten-dimensional action can be written as dimensionally reduced form from

the twelve-dimensional one as follows.

1 -
/ e T e e L (3.39)

4kl K12 4“HB

I daV=GG gy = v / dx/—g73 <|H3|2 - —h > : (3.39)
K2 IIB

1z | V=998 = / d0z/= <|F3|2 -z f§5> (3.40)
Wip) Kitp

1

— [ C, NGy /\G4=/F§v/\32/\F3, (3.41)

12"0%2/ 2 %IB
1

TS a2, m( gaﬂwy> (3.42)

1 1 1.
10 2 2 2 2
/d T/ — g7 <R+4(6M72) — 5l _4ha,8_4foz,6’>‘

2"51113

All the fields here are ten-dimensional, so we suppress the superscript (19) appearing in those
fields in the appendix. In particular F} is defined in (3.26). Also, g is the determinant of
the ten-dimensional metric, with which we calculate the Ricci scalar R. We have defined

Fy=Fy— AAHy, F, =dA. (3.43)

It is remarkable that, we do not lose ten-dimensional Poincaré invariance only with
EY, as long as it satisfies self-duality condition (3.27)

- 1 -~ 1 - 1 -
IFF P = SIFF P+ 5| B3 = S5, (3.44)

This is possible because either field contains the full physical degrees of freedom and satisfies
the relation |F} W2 = |F ¥0|2 from the Hodge duality. The last term has manifest covariance,
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but after plugging in the action, the normalization has an extra % factor, as a footprint of
self-dual degree of freedom.
The Chern-Simons term (3.41) has a special property

1 1 ~
/F%V/\BQ/\Fg—/(ng—2BQ/\F3+2A2/\H3>/\Bg/\Fg_/ng/\Bg/\Fg

where we have used the equality F3 A F3 = 0 and done integration by parts. Use the
definition (3.29) FY + FY° = Fs and totally antisymmetric property F¥° A By A Fy = 0.
We have

1 1
— |, NGy NGy =—— | Fs NBs ANF. 3.45
12&%2 / 4 4 4 4'%%[]3 / 5 2 3 ( )

with the full ten-dimensional invariance. We have finally recovered ten-dimensional
Poincaré invariance in the action, but the self-duality condition is lost. We have to impose

the condition after having the equation of motion.

4 The fermionic part and supersymmetry

In this section we embed the fermonic sector and look for supersymmetry transformations.
It turns out that the fermionic degrees of freedom of eleven-dimensional supergravity suffice,
because the components along the twelfth direction becomes emergent, as in the case of
the bosonic counterpart in (3.24).

The most beneficial feature of twelve dimensional, and in general of 4n-dimensional,
embedding is, we can exchange among Majorana and Weyl spinors of all the chirailities just
using the property of the spacetime. Therefore we can exchange between parity preserving
ITA supersymmetry generators with chiral IIB ones in twelve-dimensions.

4.1 Embedding in twelve dimension

We first summarize the properties of spinors for the agreement of notations. The ten-
dimensional Clifford algebra is generated by ten matrices y* satisfying

(v, vPY = 2% 155, P =diag (—1,1,1,...,1) (4.1)

with the rank-32 unit matrix 13o. Under this a Dirac spinor ¢ transforms and can be
expressed in terms of two 16-complex-component spinors 1 and 1o as

_ ("
(%) w

to make up 32 components. Each component is a nine-dimensional Dirac.

We may impose Weyl or Majorana conditions, each of which reduces half the com-
ponents. In ten dimension, both conditions can be imposed at the same time. The Weyl
spinors are eigenstates of the chirality operator

2 10
0= * = 4.3
Y I[Ov <0 _1> : (4.3)
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where 1 is the rank-16 unit matrix. We always have such a basis where y'9 takes this form.
The Majorana spinor satisfies the ‘reality’ condition

Y1\ [
(w;) B (w) | 44

The spinor (4.2) can be readily promoted to an eleven-dimensional Dirac spinor having
now the dependence on ™, m = 0, 1,..., 10, if we use y'" in (4.3) as the eleventh generator
of the algebra (4.1). In this case, only the Majorana condition (4.4) can be imposed.

We should go to twelve dimension, in which a spinor has 64 components, and need
another gamma matrix extending the Clifford algebra. We do this by extending the gamma
matrices as

1 1
v 1 , 1
r“:( Y y“>,oc:0,...,9, re — STV = . (45)

where y* are ten-dimensional gamma matrices. One can see that I'* T TY satisfy the
commutation relations in a similar manner as (4.1). We cannot simply embed eleven-
dimensional spinor v in twelve dimension, because we did not extended y!? to the off-
diagonal block matrix I'*, unlike other y*’s defined in the first of (4.5)

_~,10
( Y ‘Y10> #Fx

Interestingly but not coincidentally the left-hand side is the twelve-dimensional chirality
operator —I,

1

10 9
— / -1
Y o) =T [T = -
Y 0 -1

1

Il
[
=

(4.6)

The remedy follows, if we require I'*W be compatible to ten-dimensional I'U by making
them proportional. Simple identification, however, does not give us a nontrivial embedding.
A good choice is

0 = iI'P. (4.7)

This reduces the number of components to be half

(001

2

i
—ithy

This shows how do we embed the eleven-dimensional spinor (4.2) into twelve dimension with

U= (4.8)

Lorentz signature (1,11). Conversely, the twelve-dimensional spinor (4.8) decomposes into
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11/11 11/11 S;,compactiﬁcation 1/}2
—i) 0
J{TQNS}BXS; comp. S1 comp.

0 0 (] 0
IIB<Z,¢1)+<w2><———f_d—llaT———>IIA<0>—i—(w)

Figure 2. Reduction of an eleven-dimensional Majorana spinor embedded in twelve dimension. In
twelve dimension, a Majorana spinor is converted to Weyl spinor. Going to nine dimension and
performing the decompactification, the gamma matrix structure forces the resulting total spinor to
be a complex Weyl in ten dimension. Each entry 1; or 1, is nine-dimensional Majorana spinor
having 16 real components.

two spinors (4.2) and iy!'? times it, each of which describes the same dynamics, governed
by the same equation.

Imposing twelve-dimensional Majorana condition (A.1) on the the spinor (4.8) reduces
it to be eleven-dimensional Majorana, which is again interpreted as ten-dimensional Ma-
jorana, with purely real ¥, and 1.

Finally, it is always possible to name a coordinate to be y such that the corresponding
~v-matrix in ten- and twelve-dimensions are respectively

(0 -1 —vY 0 | -1
v vy = = . 4.
v e (T0) T (49)
1

In the bosonic part, we have compactified this y-direction (as well as the z-direction) to
have nine-dimensional action. This does a special operation

y (V1) _ [ —it2
Y (wz) - (iwl ) (4.10)

exchanging the chirality of ten-dimensional Weyls. Exchanging the chirality made possible
after compactifying the y-direction, because we do not have ten-dimensional chirality in
nine-dimensions.

4.2 Generalized local supersymmetry transformations

For the fermonic part of the supergravity, we start with the Rarita-Schwinger action for
the gravitino W,

10
1 _

Skrs = I / d"ady’ § iU, I, T,
K12 m,n,p=0
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with the usual Dirac conjugate W,, = \I'InFO with an appropriate choice of I'’ and and
antisymmetrized [-matrices
e = plmpnpel,

We have only eleven-dimensional Poincaré invariance in the beginning. Since we have only
11 derivative terms, time evolution does not ruin the embedded form, and the physics is
the same as eleven-dimensional supergravity. Therefore, from a twelve-dimensional spinor,
which is not fully Lorentz covariant but is only under eleven-dimensional, we can obtain
the following by truncation to ten dimension.

We require the eleven-dimensional local supersymmetry, expressed in terms of the
spinors and gamma matrices embedded in the twelve dimension as above. Then keeping
the half of the components,

€1

&= ,62 — (61> , €1,¢€9 real, (4.11)
1€1 €9
—1€9

we obtain the eleven-dimensional supergravity. Therefore the natural extension is

1_
e, = SET U, (4.12)
="V,
37’ =, ]. = y/
Conpy = =5 € frn ) = =5 Ty ¥y (4.13)
= —BEF[mn\I/p],
1
6\Ijm - <Vm + @(gnpqu’rmrnqu - 12gmnpq?/anq)> g (414)

1 npqr n
- (Vm + @(anqTFmF par 12Gmnqu pq)) €.

The only difference is coordinate dependence, that is all f(x") are changed as f(2™,vy),
while the tensor structure is intact. In this section, the underlined coordinate values are
that of general spacetime, whereas plane coordinates are local flat ones. All the indices are
eleven-dimensional, different from 3/, and € = £TT?. We note that although the degree is
enhanced, there is no extra transformation than those of eleven-dimensional supergravity.
The transformation of zwolfbein takes the form

@ 15 o 15 x 15
56u = §5F \Il,u, (56 = 55]? \Ilg, 56; = igfy\lfg, (415)

T
z

which are merely re-expressing the original rules.

We have seen in (3.24) that the components of the graviton in the y’-direction emerge
from a combination of components in the other directions. Likewise, we do not require the
presence of the component W,/ along the twelfth direction, but it will emerge later after
decompactification. In fact, a would-be independent component ¥,, would have resulted in
an extra component of graviton whose helicity exceeds 2 in the four dimensional language,
which is inconsistent.
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4.3 Supersymmetry transformation in nine dimension

Now we go to nine dimension by compactfying three dimensions as before with the met-
ric (3.2). Eventually we decompactify some of dimensions to obtain ten-dimensional su-
pergravity. As in the bosonic case, we have two different but equivalent presentation of
supergravities in nine dimension, which decompactify in ten dimension to ITA or IIB su-
pergravity.

We consider ten-dimensional Poincaré symmetry including the 1/-direction to have 1B
supergravity. We now choose a supersymmetry generating spinor as Weyl

&= , (4.16)
—1€9

where each €1, e has 16 real components. Since each I, TY, or I'V anticommutes the
rest of the gamma matrices, we can push it to the rightmost to directly act on £. In this
explicit form, we can act any gamma matrices. In nine-dimension, all the components of
the twelve-dimensional spinor form linear combinations. For example,

0
E— €1 — l€g = 8*, Fy'g = _,62 —> 1€] — €9 = 1€, (4.17)
1€1

0

where we have combined two real Majorana spinors into one complex in nine dimen-
sion. Similar relations are shown in (B.23) in the appendix. This shows how the twelve-
dimensional structure selects the spinor, which cannot be seen in ten dimensions.

We have essentially the same form for the transformation of the antisymmetric tensor
fields in ten dimensions. Wae investigate the transformations of the gravitinos

1o L1 iL3% -
LY 6o = | AV, — T'YaﬂauL - T(BF%V’YOL +7%F3) | €
iL3/? ~ ~ L3/?r
- <— 5 (F3va — 7F3) + 5 2 (h2Ya — Yahs) (4.18)

i

H —voH
(3 2%a — Vo 2) 247_2

1 T T I n *
ﬁ(ng)”Ya_'yaHb’)“‘ (3F5’7a + '70415‘3)) €.

1
24L3/21,

_|_
Lt L3 1 i -
L Y25, = [ -2 yro,L — = —FY CHy+ ' Hy — —Fy)e*. (419
2 ( 9 1O T g 5>8+<6 I L, T Tom 3>5 (4.19)

L1 1 iL3/? - 1 -~ 1 i~
L Y25y, = — [ Z—~H9,L+~-TF FY |4 —Hg+ ——— Hy+—TFy | ic*.
by 5 YOy +4 1+ TG 1€+ D 3+ 6L3/% 2+67’2 g | e

(4.20)

Here the decomposition becomes straightforward in the local flat coordinates. Also v,* =
%['ya, ~#]. In this section, Greek indices are nine-dimensional.
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Using the result of subsection 3.2, summarized in (B.7)-(B.9) in the appendix, we
reduce the five-form field strength in (4.14) as

1 —_— . )
4 Gabeay D! = LPFSTY 4 LYV2HD? + LY2 7 T 4 Ly TH DT (4.21)

where we used (I'4)2 = 1 for A = x,y,y’. Note that we have a chirality flipping operator
I'Y from the ten-dimensional point of view. We have straightforward definitions

- 1 - P /

5 = 5 Famoy ™™ = a7, (4.22)
~ 1 -~

Fy = gFaﬂﬂaﬁt (4.23)

and similar definitions are given in (B.16)—(B.22) in the appendix. Going down to nine-
dimension, we need to keep only the 16 x 16 block of the gamma matrices, thus we then
replace all ['* to v* and their antisymmetrized. Although each gamma matrix flips the
chirality, we always have even number of gamma matrices, so that we have only one chirality
thus far.

4.4 Emergent component of the gravitino

Although we did not have the 3’-component of the gravitino in the original theory, this
may arise as follows. First, we have redundant dimensional relation for eZ, in (3.24). From
its supersymmetry variation, we define an auxiliary gravitino component ¥,

ETV U, (4.24)

N |

/ 1
56; = —LTT;(TQ(Sez + 56@ =

By the transformations of the other fields in (4.24) that we already know in (4.15), we have
effectively defined a new component

1
U, = —
Y L37.22

(TY) N1l Wy + TV D). (4.25)

Going to local Lorentz coordinates, we get a simpler relation
U, =TV (I%0, + TV,), (4.26)

using (I‘y/)_l = I'V'. In fact, we do not have covariance along each direction, but this
does not matter because all the directions involved here are compact. Rewriting the form
making the 3’ dependence explicit, we have exactly the same transformation as the other
coordinate, that is eq. (4.18) with the index « replaced by y’. Note that because of the
even number of gamma matrices, we have the same chirality.

Here is where the supersymmetry comes into play. In the bosonic sector, ten-
dimensional Lorentz invariance in IIB space including the g/-direction forced the degree
of freedom ez; to not be independent as in (3.11). The supersymmetry related this field to
V,,. Therefore, we have the same bosonic degrees of freedom in twelve dimension as those
of eleven-dimensional supergravity. All the fields in the twelfth direction are emergent,
along with the graviton in (3.24). This circumvents the no-go theorem by Nahm [25].
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12D supergravity / F-theory

IIB supergravity / IIB superstring

ITA supergravity / ITA superstring

11D supergravity / M-theory

Figure 3. Configuration of twelve-dimensional geometry and our convention of coordinate nota-

tions. The ITA supergravity lives in ten dimension having coordinates (2, ..., 2% y), whereas an-

other combination (z°,...,2%,%') are spann‘ed by the IIB supergravity, each of which has different

ten-dimensional Poincaré symmetry. Only the time direction has the opposite Lorentz signature.

4.5 The IIB supergravity transformations

We go to ten dimension by decompactifying the 3/-direction, whose configuration is shown
in figure 3. To obtain the conventional form, we modify the definition on gravitnos and
dilatinos and perform dimensional reduction again

1
prew /4 (\Ifa + 2rary\py> ;AN o LYY, - TVD,), eV - [T

«
(4.27)
The application of I'Y puts an extra ¢ in ¥,. We will drop the superscript **¥ in what
follows without confusion. The dilatino X is the superpartner of the dilaion 7o and this
redefinition extracts the component.
Going to general coordinates, we have

1
oA =—57" (L7'0uL + i0,A) e (4.28)
<ZI”F§)Y° +iL*?Fy — Hy — L3/272h2> e,

1
4
L=t i iL32 1
51[)M = VM — T’YM’Y &,L + g’YMF] + T 5’)/“ + m(Hg’ya — ’yaHg) g (429)

1 ~ -~ i~ ) "
+3 (%Hs — Hgvy, — L¥?m(hay, — yuhe) — EF?;VOW —iL?¥ 2F?§w> e,

and essentially the same term in the 3’ direction as the last (4.29). Using the results of the
previous section, we obtain ten-dimensional fields out of the nine-dimensional ones

_ 1 - 1 -~ ,
3/2mw __ (10) _ (10) o
L3 F5 = T 5= aFuupay’YWP . (4.30)
~ / ~ 10 ]. ~
s + L32ryhy? =AY = aHﬁ‘})yﬂ”p, (4.31)
1= 3/2 I =00 _ 1 =q0)
T LY = DR = g Eapy (4:32)
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noting that r = L_S/QTQI. Note again in (4.31), hy = 0,0, ' came from KK graviton from
eleven-dimensional supergravity point of view, not from C4. But it becomes the component
of ten-dimensional Kalb-Ramond field of IIB supergravity in the decompactification limit,
as seen in (3.11). Also note that Hs can be rewritten as

1
Hy = Q(Haﬁ'\f + 3K[ah6’y])70¢57’

using the relation (3.10). Also, we have decompactification of gravitons

EfV,e = <E5V# + (Hovyo — WQH2)> €.

1
4L3/27)
Now we consider self-duality of four form field. We have Hodge-like duality for gamma

matrices in twelve dimensions,

: 1
FMl'”M"F _ ﬁEMllizFMg...M12' (4.33)

Fixing one index on the left-hand side to be 3’ and two of the indices to be z and y on
r.h.s. also gives ten-dimensional relation

/ 1
Yul--~u4£y10 = 56“1“.“10‘}//1&--#10’ (4‘34)
where y-matrices are ten-dimensional but the indices do not take 3. This means,
W 1~ 1 ptay’ 10
F5 = ﬁFu1...u4y7/Y *Y
1 - /
- (5!)2Fﬂl~.-N4g'€ulmmyf%mmoy#ﬁ-nmo (4.35)
1~
= QF%MMOYMMMO
=Fy°.
Therefore we again recover covariant form
- 1~ 1~ 1, . 1~
FY = _FY + -FY = - (FY +F¥°)=_F 4.36

with the indices of the last term now running over the full ten-dimensional coordinates
including y" and the overall factor 3.

Finally, we decompose ten-dimensional gamma matrices into nine-dimensional ones.
From the charge conjugation property of twelve-dimensional spinors, introduced in the
appendix,

TV Uppaj = DWyag, [TV =T, TV 0 =Ty

We see that the consistent structure for the ten-dimensional y-matrices reproducing these

, 0 -1
Y v—j 4.37
v =y Z<10), (4.37)

twelve-dimensional ones is
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as in (4.9). Therefore the only possible choice for the remaining matrices is [4]
v¢ =%t «=0,1,2,...,8, vy =vY, (4.38)

with the tensor product on the r.h.s. to make the L.h.s. ten dimensional understood, and
ol = (9}). Thus we have transformations of IIB supergravity to the leading order [51, 52]

0 i i /= . *
) (/\> = _427'27“8”7—01 (g) + 477_2 (F3 +Z7'2H3> o! <€0> ) (4.39)
hy é - € 1 & e
_ 'E ' F 2 (A Hsg — Hyyy — —F4T .
5(0 Vit g F it g Fom ) (o T g\ wHe = Homu = ZFsL J {1

(4.40)

Here the complex structure 7 of the torus defined in (3.1) reappears as axion-dilaton
T = A+ ie~? with the IIB dilaton e~?.

Observe that the dilatino should have the opposite chirality to the supersymmetry gen-
erator, by o' dependence from the ten-dimensional embedding of the gamma matrix (4.38).
On the other hand, gravitinos have the same chirality, because we have always even num-
ber of gamma matrices resulting from even multiple of o'. The chirality is hidden in the
gamma matrix structure, since each gamma matrix flips the ten-dimensional chirality.

Summarizing, without expecting any low-energy theory, the choice (4.16) gave a partic-
ular presentation of nine-dimensional supergravity in the above form. Decompactification
in the 3/ direction gave rise to a chiral theory of IIB supergravity in ten dimension.

This is counterintuitive to the known fact that compactification of a chiral theory
on a torus gives rise to parity symmetric theory. For instance compactificaiotn of four-
dimensional A/ = 1 chiral theory on a torus gives rise to two dimensional (2,2) theory. As
argued [49], nine-dimensional supergravity is chiral, with massive modes which is absent
in this four dimensional analogy. The massive fields are provided by KK modes along 7/-
direction (2.15). In the M-theory limit, this is understood as wrapped modes of M2-branes.
In terms of type IIB language this is winding mode in the dual ITA string. The little algebra
for ten-dimensional chiral massless fields is the same as that of nine-dimensional massive

fields.

5 Reduction to ITA supergravity

Our main focus in this paper lies on IIB supergravity, for which the notations are prepared.
Since the twelfth dimension concretely realizes the T-duality as compactification, it would
be useful to compare the geometry and field contents of the ITA and IIB theory.

5.1 Field reduction

We go back to the nine-dimensional theory and consider the decompactification of the y
direction, which is to be understood as type IIA supergravity. Indeed, it is understood
as compactification of eleven-dimensional supergravity on the circle along the x-direction,
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which is again understood as twelve-dimensional supergravity compactified on the circle
along the 1/-direction

ds® = L_ledx“da:V + L*(dx + Audac”)2 +r2dy?, w,v=0,1,...,9, (5.1)

where we call this coordinate z, gives ITA supergravity. Here the ten dimensional vector
A, = {ay, 71} has 7 as a component in the y-direction, as shown in table 1. We define

-1 _ -1 _
Guvpo =77 Guvpoy' = Fuvpo,  Guver =17 Guvpay = —Hywp.
Then

Goapysy = E&‘EEE$E§E§/ Guvpoy' + E&‘EEE$E§E§/ Guvory’
= EYEREYES Givpo + EYEREYES Guvpr (5.2)
= L*(Fupys — 4Hiupy Ag)),

Since the zwolfbein F has only diagonal component in the 3y’ direction, we can always
convert the antisymmetric tensor fields of twelve and eleven dimensions. Note that we are
using the new metric. Further compactification on a circle in the y-direction, for which
now we can use the metric (3.2), gives

2
oy = L™ (Fapys — 4ajaHp) + AbjaFlrs)y + 12a[abs Hogyy ),
Gapyyy = L1/2751(F[a67}y — ayHapy + 3ajo .y, — 3aybjo gy,
This agrees well with the computations (B.7) and (B.9) in the appendix, with a little
change of notations. The fields having an index on y follows the rule (3.16)
1/2_—1 _ 1/2_—1p(10) _ 72 75(10)
L'V275 Fapyy = RyLY 7 ' Fry) = LPFLp)
All of these reproduce the rules of the dimensional reduction of eleven-dimensional super-
gravity to type IIA supergravity.
In the fermionic sector, we follow the conventional route. First take the Majorana gen-
erator (4.11) and take the first two entries which are eleven- and ten-dimensional Majorana
spinor. Now the ten-dimensional gravitino have a combination from W, so that

new
1
wgew « L—1/4 <\I/a + 2Farxq/x> 7 AReW L_1/4\I/x, <21> — L_1/4 <Zl> (53)
2 2

The dilatino is simply defined as the component ¥, without an extra gamma factor. There-
fore there is no chirality flip.

5.2 Generalized T-duality and decompactification limits

We summarize the relations among supergravity theories, controlled by the shape and the
size of the torus. From the requirement of ten-dimensional Lorentz invariance of type IIB
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supergravity, we obtained the relation (3.23) among the radii of the circles in the z,y, v’
directions. The final metric after the rescaling (3.33) is

ds* = L? (dz + mdy + (a, — b,)dz™)? + L272 (dy — bydat)?

5.4
+ L4y 2dy? + Lt g, dat da?. (5:4)

We have considered the following limits.

e Ten-dimensional IIA supergravity: L — 0,L7s — oo. The complex structure m
should grow faster than L~!, which condition is achieved by L — 0,7 — 0. We have
ten-dimensional metric

dstia = L3m3dy? + g datda”.
We identify IIA dilaton and string coupling as gia = L3/2,

e Eleven-dimensional supergravity: L — oo. With finite 19, the torus decompactifies
and we have r — 0. Using the identification of ITA coupling, the radius of the z-circle
is Lt = g?{jﬁ = grials and the decompactification to eleven-dimensional supergravity
is done in the strong coupling limit gya — oo.

e Ten-dimensional IIB supergravity: L — 0. Keeping 7 finite sends » — oo and
shrinks the torus, whose area is L?¢?>75. The ten-dimensional metric is
1

sdy” + gdatda.

ds?n =
1B 37

Although the extra torus is shrunk, there is axion-dilaton field in the spectrum, so
that we are left with the complex structure as a footprint. The Ké&hler modulus L is
absent in this limit.

These limit shows the T-duality relation between ITA and IIB theories, exchanging the y-
and y'- directions. We thus have obtained and identified the fields, using the ITA radius
L= L%?n,

1 _
guB = 7guA =Ty L A=n
A

Since we have obtained T-duality as different dimensional reduction, we have generalized T-
duality also as exchange. The Kaluza-Klein momenta (2.16) along the y'-direction becomes

wpo KK

- 22 2

(5.5)
winding of M2-brane along the torus of the area (L)2¢.

6 Discussion

We constructed twelve-dimensional supergravity action, whose compactification yields
eleven-dimensional and type IIB supergravity actions. We also obtained supersymmetry
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transformations at linear order of fermions, which agree with the known rules of IIB super-
gravity. Of course, further compactifications shall yield type IIA and type I supergravity
actions, too.

The key observation is that we always have at least one compact dimension. The ten
dimensions in which eleven-dimensional and IIB supergravities respectively live are differ-
ent, and they are distinguished by different compact directions, as shown in figure 3. First
we demanded the twelfth dimension to be a compact circle and be orthogonal to the other
directions. Although we have introduced the graviton component ez: = r(2™,y') in the new
direction, requiring the existence of ten-dimensional Lorentz symmetry of IIB space forces
us to relate eZi with the components of other directions, becoming redundant. Therefore
we have the same degrees of freedom as those of eleven-dimensional supergravity. This is
how we circumvent the no-go theorem by Nahm on the non-existence of the supergravity
with twelve-dimensional Poincaré symmetry with signature (1,11).

In showing this, compactification of some dimensions and decompactification of others
are crucial. There is no direct way to obtain covariant IIB supergravity directly from
twelve dimensions. This is because, the off-diagonal components of the graviton of IIB
theory emerges from components of antisymmetric tensor fields in M-theory Ez’j, = Czy-
This is well-known problem showing the the notion of dimension and fundamental degrees
of freedom is subtle, but solves the problem of obtaining a chiral theory from dimensional
reduction [49]. Note that the metric tensor itself is not a physical observable and in the
low energy we cannot distinguish its interaction from the interaction of the antisymmetric
tensor field, which is sourced by an M2-brane. One way to understand this situation is
to start with three dimensions z,v,%’ compact and to consider various decompactification
limits. Each vacua giving ITA and IIB has different Poincaré symmetry are controlled by
the the moduli of the torus L and 7. However decompactification is not always well-defined
and should be dealt with care. We attribute the existence of the decompactification of the
y/-direction and the existence of ten-dimensional Poincaré symmetry to an independent
formulation of type IIB string theory.

The following summary gives us some insights on the meaning of the twelfth dimension.

The four-form field of IIB supergravity is naturally understood as dimensional reduc-
tion of twelve-dimensional four-form field. Its tensor structure is naturally obtained by
lifting the three-form field C'3 of eleven-dimensional supergravity to twelve-dimensional
C;. It follows that the corresponding source of M2-brane is understood as a three-brane
wrapped on the circle S,/.

Half of the components of four-form field of IIB supergravity is defined by what is
known as self-duality condition in this framework. This condition is imposed to the com-
bination F in our notation, not Fj5. It originates from Hodge duality in twelve-dimension,
which imposes the correct index structure.

Spinorial representation in twelve-dimension shows us how the ITA non-chiral fermion
is re-arranged to IIB chiral ones. It comes from a special property in 4n-dimension in
which Majorana spinor is converted to Weyl. However we have just embedded the eleven-
dimensional spinors in the twelve-dimension while keeping only the eleven-dimensional
Lorentz symmetry.
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We can concretely perform T-duality as dimensional reduction, as shown in figure 1,
and its generalization can be done to the objects of eleven-dimensional supergravity. Al-
though we have known what rules are necessary to convert between the fields of ITA and
IIB supergravities, and could exchange them by hand, this compactification tells us how
to perform 7T-duality to the Lagrangian. Relation between T-dual radii are consequence of
the existence of independent Lorentz symmetry in different spacetime where each super-
gravity lives.

To actually perform T-duality from IIA to IIB, we need a tower of KK states. They
are provided by compactification of the dynamical g/-direction to recover the IIB string
theory in ten dimension. The wrapping modes of M2-brane is now captured as KK fields:
the wrapping number becomes the KK momentum in the 3/-direction. In other words, we
have a way to deal with winding or wrapping of classical strings and membranes in the
effective field theory, which may enable us to capture physics at the self-dual radius.

Although the twelve-dimensional theory has only a complex structure for the extra
torus than ten dimensions in the IIB spacetime, we can make use of this information
explicitly. For example, obtaining realistic string constructed model in four dimensions
requires knowledge of the full eight extra dimensions in the context of F-theory.

In this way we can discover strings and membranes. After decompactification of the
twelfth dimension, the ten-dimensional Poincaré symmetry become nontrivial. Imposing
Lorentz covariance to four-form field gives us a nontrivial condition determining the size
of the twelfth dimension. This should be, because T-duality relates the radii of dual
circles. Also reproduction IIB supergravity by dimensional reduction of twelve-dimensional
supergravity, without extra degrees of freedom sets the string frame, reveals the string
length in terms of a fundamental length. With the relation of radii, we can discover a
classical string solution with the tension.

We hope this effective action can take into account the bulk and gravity action and
facilitates direct calculation of realistic four-dimensional action obtained from F-theory
compactification.
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A Spinors in twelve dimension

We consider twelve-dimensional spinor with Lorentz signature (1,11). The Dirac spinor,
transforming under the Clifford algebra, has 32 complex components. The minimal spinor
here has 32 real components. It can be either Majorana, satisfying the further condition

\IlMaj = B" *Maj (Al)
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with the charge conjugation matrix

-1
. 1 .
B=TTY =i 1 , B"B=1, (A.2)
1
or Weyl, the eigenstate of chirality operator I'
F\IJL = *\I’L, or F\I’R = \I/R. (A3)

Here the matrices Y and T' were introduced in (4.5) and (4.6). These spinors are all
exchangeable, by a special property in 4n-dimension,

() Y 0

Ufaj = ,d)?* — U = i P ,1#2*
Yy (1

—i); —i)3 0

We have the following relataion
DY Wypay = D0y, DV 0L =T0,, IV 0 =05,

Weyl spinors of opposite chirality are complex conjugate

Y1 Py
U= | 2 B |2 | 2w 4 B Y = 0y 1 B O A4
Maj — 0 + 0 =V + L=YRr+ R* ( )
0 0

With Lorentz signature (1,10) we may have minimal spinor with 32 real components,
which is however not of our concern. It is a spacelike torus on which F-theory is com-
pactified to yield type IIB string theory with varying axion-dilator with the Lorentz signa-
ture (1,9).

B Formulae

Here we summarize the formulae appeared in the main text and supplement details of
derivations. We start from nine dimension plus three compact dimensions. We use the
metric in the string frame (5.4), which obtained from the metric (3.2) after the rescal-
ing (3.33). The corresponding inverse-zwolfbein is

LY/2EH 0 0 0
LY?b  L7'7yb 000
M _ 2 A —1\A _ A B
By = _L1/2Za _7172—11—;1 -1 0 , ey =(E" )y, Gun = eyennas.
0 0 0 L3273

(B.1)
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We have tensors in components in local Lorentz frame as in (3.6)
Gabedy' = gmnpqy’E«TEl?EgEgng = GmnpqE;nEgLEng

where we used the definition.

Capry = L2 (Afapyy — 3a1aBpy) + 3ba Ay — 6ai,bsK-)), (B.
Cagxy/ = Bog + 2b[aKﬁ], (B.
Capyy = T3 (Aag — T1Bap + 200 Kg) — 271b K g)), (B.
Cozyy = L7315 ' Ko, (B.

(B.

W W www
SIS IR

Capyony = (rPL*12) " Aagys.

Here we have reflected the 3’ metric component, but these can be regarded as eleven-
dimensional tensors as well, by simply dropping %’ index. And we have the corresponding
field strengths

Gaprsy = L*(Flapyoly — 4aiaHpas) + 4bja Fas) + 121005 Hyg)
= L2(F[aﬁ'y5]y’ + 4Ay/[aH675] - 4By’ [aF,thﬂ

-+ 12Ay/[aK/3 N8y — 12By [a 6]y ) (B 7)
_ /21 p(0) (10) 7 (10) _ 3400 g10) _ 5 p(10) (10) (10) >(10)
= L (Flagyay + 24y10Hpy0) = 34105 Hasyy = 2Byia Py + 3Bjag D)
_ iz (F;vam - %A( 0 5 (O 4 532 0 5 10 >>
[aByoy']
Gapray = L*(Hapy + 3bjo Hpy)
= LY*(Hopy + 3Ko Hg.) (B.8)
N

Gapryy = L?15 (Fapy — T1Hapy + 3apHgy) — 371bjo Hgy))

= LY27y Y(Fopy + 311 Ko Flg,) (B.9)

— 2. —1 (10)

=LY Faﬁv’
Gopryy = (LTQ)—lHaﬁ, (B.10)
= (L) H) (B.11)

Here F O(}ﬁg) =F o(zlﬁ?)? — AHSBOV)' Also

(dc)a,ﬁfyéexy = (T2L272)_1Fa,3766' (B.12)

Since F,p,6, itself does not have reduce into several pieces, there is no associated
decompactification term with K;. Also note that although in the terms involving K, 3/
appears twice but this is not contradictory to the total antisymmetric index structure. The
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combination (B.7), where the y-component is missing, and (B.9) with the y-compoent, can
also give the ITA field (5.2), after using the decompactification field b,,.
The following ‘dual fields’ do not appear in the action.

Oa,B'y&L‘y = L27—2Ao¢,8'y<5 (B13)
(dc)aﬂvéezy - L27'2Fa,8766' (B.14)

The other components of Cs come from the dual field (3.19)
oF /\G4’$y = LQTQ(AQ ANHg — By NFg— A3 NHy — B; /\F4). (B.15)

where |, means we have set two of the components to be z and y, but in C; A G we have
no that restriction. Therefore (dCs — £Cs A G )4y provides the rest of the tensor (3.18),
without the ¢ component. This is in agreement with the self-duality condition for Fy as
well.

Some definitions

F; =+%0.4 (B.16)
Fy = éﬁaﬂ'wy”yaﬁ 7Y = % o5y VP Y0AY (B.17)
By = o Fapys™™, (B.18)
iy = %(Ham + 3bi Hpo )78, (B.19)
H, = % g 7P. (B.20)

A two-form in ITA side can be viewed as three-form in IIB side

!

1 1 1 / / W !
she = Qahy™ = Shayy P (0 2 = ST =YY (B.21)

-1 ;1 N
F5 = 5i(Jsy — Ahpoy )7 = = (fop — Ahag)y*PyY (B.22)

All the gamma matrices here are nine-dimensional.
The eleven-dimensional supersymmetry generators embedded in twelve dimension are

reduced in nine dimension as follows
[7€ — &%, TYE — —ic*, T TYE — —ie*, TIVE —ie, TVIYVE e (B.23)
Some useful relations:
abV?(ab)~! = 2a%(0,a)* + 2~ 2(9,b)* — a 'V?a — b~ 1Vb. (B.24)
In the main text we consider the case a = L,b = L7;. We also have

1
Fb = §(FaF2 —F,T,).
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