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1 Introduction and summary

One of the greatest achievements in string theory is the discovery of the integrability of the

classical string sigma model on AdS5 × S5 background [1].1 The integrability of the string

is based on the existence of the Lax connection that leads to the existence of the infinite

tower of conserved charges. However as was stressed in [6] the integrability means that

we have infinite tower of conserved charges that are also in involution which means that

they Poisson commute with each other. On the other hand even if the theory possesses

Lax formulation, there is a well known problem in determining the Poisson brackets of

the conserved charges due to the existence of non-ultra local terms in these Poisson brack-

ets. One possibility how to resolve this problem is in the prescription of regularizing of

these problematic brackets that was known from the work by Maillet [7, 8], for alternative

possibility, see recent work [9, 10].

As is well known string theories contain another extended objects, as for example Dp-

branes, NS5-branes, etc. It is also well known that Type IIB superstring theory is invariant

under S-duality that maps theory at week coupling to the theory at strong coupling and

where for example fundamental string is mapped to D1-brane.Then we can ask the question

whether integrability is also preserved under S-duality. Of course, this is very difficult

problem in the full generality due to the fact that it is not clear whether classical description

can be applied when the coupling constant is strong. On the other hand we would like

to see whether D1-brane, that propagates on some group manifold, possesses integrable

structure as fundamental string does. The goal of this paper is to answer this question.

We study D1-brane on the background where string propagating on given background is

defined by principal chiral model that is well known to be integrable. On the other hand the

dynamics of D1-brane is governed by Dirac-Born-Infeld action with presence of the gauge

field so that the integrability of given theory has to be checked. We explicitly construct

corresponding Lax pair in case of D1-brane on the group manifold and show that obeys the

flatness conditions on condition when all fields obey the equations of motion. We further

1For recent review of integrability in the context of string theory, see [2–5].
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proceed to the Hamiltonian formalism and calculate the Poisson bracket between spatial

components of Lax connection and we find that it has the same form as in case of principal

chiral model with exceptions that coefficients depend on the momentum conjugate to the

spatial component of the gauge field and we also find that the resulting Poisson bracket

contains the constraint that corresponds to the gauge invariance of given theory.

As the next step we proceed to the analysis of the integrability of D1-brane on the

manifold that could be described as Wess-Zummino-Witten model which means that there

is non-trivial bNS field. We determine corresponding Hamiltonian for D1-brane and deter-

mine its constraint structure. Then we construct Lax connection that obeys the flatness

condition when all fields are on shell. Note that the parameters in the Lax connection, that

were determined from the requirement of its flatness, depends on the constant (on-shell)

value of the momenta conjugate to the spatial component of the gauge field. When we

proceed to the Hamiltonian formalism we perform the of-shell extension of this expression.

Then we calculate the Poisson bracket between spatial components of the Lax connections

and we find that it takes the same form as in case of the WZW model with the excep-

tion that now the parameters depend on the momenta conjugate to the spatial component

of the gauge field and also it is proportional to the secondary constraint that forces this

momentum to be spatial independent.

In summary, we find that D1-brane possesses the same integrability as the fundamental

string on given background. The fact that D1-brane is integrable could be considered as

the first step in the analysis of the more general configurations of D1-branes on group

manifold. More explicitly, it would be very interesting to discuss non-abelian DBI action

for collection of N D1-branes on given background [11]. We can expect that when we have

collection of N D1-branes that are far away that the resulting theory should be integrable

since it effectively reduces to the collections of N abelian D1-brane actions. However it

would be nice to see what happens when we move these branes closer. In this case we can

expect that the integrability is lost. We hope to return to this problem in future.

The organization of this paper is as follows. In the next section 2 we consider D1-brane

as principal chiral model and determine corresponding Lax connection. In section 2.1 we

calculate the Poisson brackets between spatial components of Lax connection. In section 3

we consider D1-brane as WZW model. Finally in section 4 we determine Hamiltonian

formalism for given theory and calculate the Poisson bracket of spatial components of Lax

connection.

2 D1-brane on group manifold

Our goal is to show that D1-brane on the group manifold defines an integrable theory. Let

us consider following D1-brane action

S = −TD1

∫

dσdτ
√
− detA , (2.1)
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where

Aαβ = gαβ + 2πα′Fαβ ,

gαβ = gMN∂αx
M∂βx

N , Fαβ = ∂αAβ − ∂βAα , xα ≡ (τ, σ) , (2.2)

and where D1-brane tension is equal to

TD1 =
1

gs(2πα′)
, (2.3)

where gs is constant string coupling constant. When we consider group manifold G we

presume that gMN has the form

gMN = E A
M E B

N KAB , (2.4)

where for the group element g ∈ G we have

g−1dg = E A
M TAdx

M , (2.5)

where TA is basis of Lie Algebra G of the group G. Finally xM are coordinates on the

group manifold G. Now from this definition it is clear that we can write gαβ as

gαβ = JA
α JB

β KAB , (2.6)

where

Jα = g−1∂αg = JA
α TA , JA

α = E A
M ∂αx

M . (2.7)

It is useful to rewrite the D1-brane action into the form

S = −TD1

∫

d2σ
√

− det g − (2πα′)2(Fτσ)2 , (2.8)

where det g = gττgσσ−gτσgτσ. Now the equation of motion for Aτ , Aσ that follow from (2.8)

have the form

∂τ

[

2πα′Fτσ
√

− det g − (2πα′)2(Fτσ)2

]

= 0 ,

∂σ

[

2πα′Fτσ
√

− det g − (2πα′)2(Fτσ)2

]

= 0 (2.9)

and consequently we obtain

2πα′Fτσ
√

− det g − (2πα′)2(Fτσ)2
= Π , (2.10)

where Π is a constant. In order to derive the equation of motion for JA
α let us consider the

variation of g as δg = gδX, δX = δXATA. Then we obtain

δJA
α = JB

α f A
BC δXC + ∂αδX

A , (2.11)

– 3 –
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where f A
BC are structure coefficients of Lie algebra G defined by [TA, TB] = f C

AB TC . Then

we find that the equations of motion for the current JA take the form

∂α

[

JA
β gβα

det g
√

− det g − (2πα′)2F 2
τσ

]

= 0 . (2.12)

Deriving both equations of motion for JA
α and Aα we can now proceed to the construction

of the flat current for D1-brane on the group manifold. Before we do it note that when

we consider equations of motion we demand that all fields are on-shell. This fact however

implies that we should replace Fτσ in (2.12) with the value that follows from (2.10) so

that (2.12) simplifies considerably

∂β[J
A
α gαβ

√

− det g] = 0 . (2.13)

This result suggests that it is natural to consider the flat current in the same form as in

case of the fundamental string moving on the same group manifold. Explicitly, we consider

flat current in the form

Lα =
1

1− Λ2
[JA

α − Λǫαβg
βωJA

ω

√

− det g] (2.14)

or in components (using ǫαβ = ǫτσ = −ǫστ = 1)

Lσ =
1

1− Λ2
[JA

σ + ΛgταJA
α

√

− det g] ,

Lτ =
1

1− Λ2
[JA

τ − ΛgσαJA
α

√

− det g] , (2.15)

where Λ is spectral parameter. Then we calculate

∂τL
A
σ − ∂σL

A
τ = − 1

1− Λ2
JB
τ JC

σ f A
BC (2.16)

using equations of motion for JA
α and Aα. On the other hand we have

LB
τ L

C
σ f

A
BC =

1

1− Λ2
JB
τ JC

σ f A
BC . (2.17)

Collecting there results together we find

∂τL
A
σ − ∂σL

A
τ + LC

τ L
D
σ f

A
CD = 0 . (2.18)

In other words we have shown that the Lax connection is flat which is the necessary

condition for the theory to be integrable. As the next step in the proof of the integrability

we determine the Poisson brackets between spatial components of Lax connection and show

that it has the right form for the existence of infinite number of conserved charges that are

in involution.

– 4 –
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2.1 Hamiltonian analysis and Poisson brackets of Lax connection

In this section we develop the Hamiltonian formalism for the action (2.8) and calculate the

Poisson bracket between spatial components of Lax connection. First of all we determine

momenta conjugate to xM , Aα from (2.8)

pM = TD1

gMN∂αx
Ngατ det g

√

− det g − (2πα′)2(Fτσ)2
,

πσ = −TD1

(2πα′)2Fτσ
√

− det g − (2πα′)2(Fτσ)2
, πτ ≈ 0 . (2.19)

Using these results we find that the theory possesses two primary constraints

Hτ = pMgMNpN +
1

(2πα′)2
πσgσσπ

σ + T 2

D1∂σx
MgMN∂σx

N ≈ 0 ,

Hσ = pM∂σx
M ≈ 0 . (2.20)

On the other hand the bare Hamiltonian has the form

HE =

∫

dσ(pM∂τx
M + πσ∂τAσ − LD1) = −

∫

dσπσ∂σAτ (2.21)

and hence the Hamiltonian including all constraints has the form

H =

∫

dσ(λτHτ + λσHσ +Aτ∂σπ
σ + vτπ

τ ) , (2.22)

where of course the requirement of the preservation of the constraint πτ ≈ 0 gives the

secondary constraint

G = ∂σπ
σ ≈ 0 . (2.23)

We are not going to determine the algebra of constraints which will be performed in the

section devoted to the analysis of D1-brane on the group manifold with non-zero NS-NS

two form. We rather express the spatial component of the flat current Lσ as function of

the canonical variables

LA
σ (Λ) =

1

1− Λ2



E A
M ∂σx

M − Λ
KABEM

BpM
√

T 2

D1
+
(

πσ

2πα′

)2



 . (2.24)

Now using the canonical Poisson brackets

{

xM (σ), pN (σ′)
}

= δMN δ(σ − σ′) ,
{

Aσ(σ), π
σ(σ′)

}

= δ(σ − σ′) (2.25)

we obtain

{

LA
σ (Λ), L

B
σ (Γ)

}

=
Λ+ Γ

(1− Λ2)(1− Γ2)
KAB 1

√

T 2

D1
+
(

πσ

2πα′

)2

∂σδ(σ − σ′)−

− Γ

(1− Λ2)(1− Γ2)

KAB

(T 2

D1
+
(

πσ

2πα′

)2
)3/2

πσ

(2πα′)2
Gδ(σ − σ′) +

– 5 –
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+
1

(1− Λ2)(1− Γ2)

(Λ + Γ)
√

T 2

D1
+
(

πσ

2πα′

)2

E D
M f A

CD KBC∂σx
Nδ(σ − σ′) +

− ΛΓ

(1−Λ2)(1−Γ2)

1

T 2

D1
+
(

πσ

2πα′

)2
KBDf A

DC KCFEP
F pP δ(σ−σ′) (2.26)

using

∂NE A
M − ∂ME A

N + E B
N E C

M f A
BC = 0 ,

f(σ′)∂σδ(σ − σ′) = f(σ)∂σδ(σ − σ′) + ∂σf(σ)δ(σ − σ′) . (2.27)

Now we demand that the expression proportional to the delta function is equal to

− (ALC
σ (Λ)−BLC

σ (Γ))f
A

CD KDBδ(σ − σ′) . (2.28)

Comparing (2.28) with (2.26) we determine A and B as

A =
Γ2

(1− Γ2)(Γ− Λ)
√

T 2

D1
+
(

πσ

2πα′

)2

,

B =
Λ2

(1− Λ2)(Γ− Λ)
√

T 2

D1
+
(

πσ

2πα′

)2

. (2.29)

In other words we find the final result

{

LA
σ (Λ), L

B
σ (Γ)

}

=
Λ+ Γ

(1− Λ2)(1− Γ2)
KAB 1

√

T 2

D1
+
(

πσ

2πα′

)2

∂σδ(σ − σ′)−

− Γ2

(1− Γ2)(Γ− Λ)
√

T 2

D1
+
(

πσ

2πα′

)2

LC
σ (Λ)f

A
CD KDBδ(σ − σ′)−

− Λ2

(1− Λ2)(Γ− Λ)
√

T 2

D1
+
(

πσ

2πα′

)2

LC
σ (Γ)f

A
CD KDBδ(σ − σ′)−

− Γ

(1− Λ2)(1− Γ2)

KAB

(T 2

D1
+
(

πσ

2πα′

)2
)3/2

πσ

(2πα′)2
Gδ(σ − σ′) . (2.30)

We see that this Poisson bracket has similar form as in case of the principal chiral model

even if the coefficients in front of Lσ on the right side of the Poisson bracket depend on

the canonical variable πσ and the right side of the Poisson bracket contains the secondary

constraint G ≈ 0. On the other hand the presence of this constraint implies that πσ does

not depend on σ on the constraint surface G ≈ 0. Further, the equation of motion for πσ

implies that it does not depend on τ as well. In other words πσ is constant on shell that

physically counts the number of fundamental strings.

3 D1-brane on the background with non-trivial NS-NS field

In this section we consider more general possibility when D1-brane is embedded on the

group manifold with non-trivial bNS field. In other words we consider the background that

– 6 –
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corresponding to the fundamental string as WZW model which is integrable. The presence

of this field modifies the action in the following way

S = −TD1

∫

d2σ
√

− det g − ((2πα′)Fτσ + bτσ)2 , (3.1)

where

bαβ ≡ bMN∂αx
M∂βx

N = −bβα (3.2)

since bMN = −bNM . Now the equation of motion for xM has the form

−∂α

[

gMN∂βx
Ngβα det g

√

− det g − ((2πα′)Fτσ + bτσ)2

]

+
∂MgKL∂αx

K∂βx
Lgβα det g

2
√

− det g − ((2πα′)Fτσ + bτσ)2
+

+
((2πα′)Fτσ + bτσ)

√

− det g − ((2πα′)Fτσ + bτσ)2
∂MbKL∂τx

K∂σx
L −

−∂τ

[

bMN∂σx
N ((2πα′)Fτσ+bτσ)

√

− det g−((2πα′)Fτσ+bτσ)2

]

+∂σ

[

bMN∂τx
N ((2πα′)Fτσ+bτσ)

√

− det g−((2πα′)Fτσ+bτσ)2

]

=0 (3.3)

while the equations of motion for Aτ , Aσ take the form

∂τ

[

(2πα′)Fτσ + bτσ
√

− det g − ((2πα′)Fτσ + bτσ)2

]

= 0 ,

∂σ

[

(2πα′)Fτσ + bτσ
√

− det g − ((2πα′)Fτσ + bτσ)2

]

= 0 . (3.4)

These equations imply

(2πα′)Fτσ + bτσ
√

− det g − ((2πα′)Fτσ + bτσ)2
= Π , Π = const . (3.5)

Now with the help of the solution of the equation of motion for Aα given in (3.5) we obtain

that the equation of motion for xM takes the form

√

1−Π2∂α[gMN∂βx
Ngαβ

√

− det g]− 1

2

√

1−Π2∂MgKL∂αx
K∂βx

Lgβα
√

− det g+

+ΠHMKL∂τx
K∂σx

L = 0 ,(3.6)

where

HMNK = ∂MbNK + ∂NbKM + ∂KbMN . (3.7)

To proceed further note that in case of the WZW model HMNK obeys following relation

HMNKEM
AE

N
BE

K
C = κfABC , (3.8)

where κ is a constant. Then we can write

HMKL∂τx
K∂σx

L = κE A
M fABCJ

B
τ JC

σ . (3.9)

– 7 –
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Using this result we finally find that the equation of motion for xM has the form

√

1 + Π2KAB∂α[J
B
β gβα

√

− det g] + ΠκfABCJ
B
τ JC

σ = 0 . (3.10)

Let us consider Lax connection in the form

LA
τ = AJA

τ +B
√

− det ggσαJA
α ,

LA
σ = AJA

σ −B
√

− det ggταJA
α , (3.11)

where parameters A,B will be determined by the requirement that the Lax connection

should be flat. Explicitly, we have

∂τL
A
σ − ∂σL

A
τ = −AJB

τ JC
σ f A

BC +B
Π√

1 + Π2
κf A

BC JB
τ JC

σ (3.12)

using the equation of motion for xM and also ∂τJ
A
σ −∂σJ

A
τ +JC

τ JD
σ f A

CD = 0. At the same

time we have

f A
BC LB

τ L
C
σ = (A2 −B2)f A

BC JB
τ JC

σ . (3.13)

Then the requirement that the Lax current should be flat leads to the equation

A2 −B2 −A+
κΠB√
1 + Π2

= 0 . (3.14)

If we presume the solution in the form B = −ΛA we find

A =
1

1− Λ2

(

1 + Λκ
Π√

1 + Π2

)

, B = − Λ

1− Λ2

(

1 + Λκ
Π√

1 + Π2

)

. (3.15)

It is important to stress that the values of A and B were determined on condition when

all fields obey the equations of motion which implies that

Π√
1 + Π2

=
(2πα′)Fτσ + bτσ√

− det g
. (3.16)

Then it is natural to propose off-shell form of the flat current when we use (3.16) in (3.11)

so that

LA
τ =

1

1− Λ2

(

1 + Λκ
(2πα′)Fτσ + bτσ√

− det g

)

(JA
τ − Λ

√

− det ggσαJA
α ) ,

LA
σ =

1

1− Λ2

(

1 + Λκ
(2πα′)Fτσ + bτσ√

− det g

)

(JA
τ + Λ

√

− det ggταJA
α ) . (3.17)

Clearly this current is flat which is necessary condition for the integrability of D1-brane

theory on the group manifold with non-zero bNS field. However we have to also show that

the Poisson bracket between spatial components of the Lax connection (3.17) has the right

form in order to ensure an infinite number of conserved charges in involution.

– 8 –
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4 Hamiltonian formalism

In this section we calculate the algebra of Poisson brackets of Lax connection for the model

defined in the previous section. To do this we have to develop corresponding Hamiltonian

formalism. From the action (3.1) we find

pM=TD1

1
√

− det g−((2πα′)Fτσ+bτσ)2
(gMN∂αx

Ngατ det g+((2πα′)Fτσ+bτσ)bMN∂σx
N ) ,

πσ=
TD1(2πα

′)((2πα′)Fτσ + bτσ)
√

− det g − ((2πα′)Fτσ + bτσ)2
, πτ ≈ 0 . (4.1)

Using these definitions we find that the bare Hamiltonian is equal to

HE =

∫

dσ(pM∂τx
M + πσ∂τAσ − L) = −

∫

d2σπσ∂σAτ (4.2)

while we have two primary constraints

Hτ ≡
(

pM − πσ

(2πα′)
bMK∂σx

K

)

gMN

(

pK − πσ

(2πα′)
bNL∂σx

L

)

+

+T 2

D1gMN∂σx
M∂σx

N +
(πσ)2

(2πα′)2
gMN∂σx

M∂σx
N ≈ 0 ,

Hσ ≡ pM∂σx
M ≈ 0 . (4.3)

Then the extended Hamiltonian has the form

H =

∫

dσ(λτHT + λσHσ +Aτ∂σπ
σ + vτπ

τ ) , (4.4)

where λτ , λσ, vτ are Lagrange multipliers corresponding to the primary constraints. Fur-

ther, the requirement of the preservation of the primary constraint πτ ≈ 0 implies the

secondary constraint

G = ∂σπ
σ ≈ 0 . (4.5)

Now we proceed to the analysis of the stability of the primary constraints Hτ ,Hσ. In fact,

after some algebra we find

{

Hτ (σ),Hτ (σ
′)
}

= 8

(

T 2

D1 +

(

πσ

2πα′

)2
)

Hσ∂σδ(σ − σ′) +

+4

(

T 2

D1+

(

πσ

2πα′

)2
)

∂σHσδ(σ−σ′)+
8

(2πα′)2
πσGHσδ(σ−σ′) . (4.6)

We see that this Poisson brackets vanishes on the constraint surface Hσ ≈ 0 ,G ≈ 0. In the

same way we find

{

Hσ(σ),Hτ (σ
′)
}

= Hτ∂σδ(σ−σ′)+ ∂σHτδ(σ−σ′)+
1

(πα′)2
πσ∂σx

MgMN∂σx
NGδ(σ−σ′) ,

(4.7)
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where again right side of this Poisson bracket vanishes on the constraint surface. Finally

we obtain
{

Hσ(σ),Hσ(σ
′)
}

= 2Hσ(σ)∂σδ(σ − σ′) + ∂σHσ(σ)δ(σ − σ′) (4.8)

and we again see that this Poisson bracket vanishes on the constraint surface. Collecting

all these results we find that the constraints Hτ ≈ 0 ,Hσ ≈ 0 are preserved during the

time evolution of the system and no further constraints are generated. Now we are ready

to proceed to the calculation of the Poisson bracket between spatial component of the Lax

connection that expressed using canonical variables has the form

LA
σ =

1

1− Λ2



1 + Λκ
πσ

2πα′

√

T 2

D1
+
(

πσ

2πα′

)2





(

JA
σ −

−ΛKABEM
B

1
√

T 2

D1
+
(

πσ

2πα′

)2

(

pM − πσ

2πα′
bMN∂σx

N

)

)

. (4.9)

Then after some calculations we obtain
{

LA
σ (Λ, σ), L

B
σ (Γ, σ

′)
}

= f(Λ)f(Γ)f A
FE KEBKFCEM

C

(

pM− πσ

2πα′
bMN∂σx

N

)

δ(σ−σ′) +

+f(Λ)f(Γ)
πσ

2πα′
κf A

EF KFBJE
σ δ(σ − σ′)−

−(h(Λ)f(Γ) + f(Λ)h(Γ))f A
EC KCBJE

σ δ(σ − σ′)−
−(h(Λ)f(Γ) + f(Λ)h(Γ))KAB∂σδ(σ − σ′)−

−
[

h(Λ)
d

dπσ
f(Γ) + f(Λ)

d

dπσ
h(Γ)

]

KABGδ(σ − σ′) , (4.10)

where

f(Λ) =
1

1− Λ2



1 + Λκ
πσ

2πα′

√

T 2

D1
+
(

πσ

2πα′

)2





Λ
√

T 2

D1
+
(

πσ

2πα′

)2

,

h(Γ) =
1

1− Λ2



1 + Λκ
πσ

2πα′

√

T 2

D1
+
(

πσ

2πα′

)2



 , (4.11)

and where we used the fact that

∂σf ≡ df

dπσ
G . (4.12)

We again demand that the expression proportional to the delta function on the right side

is equal to

− (ALC
σ (Λ)−BLC

σ (Γ))f
A

CD KDB (4.13)

so that we find

A =
h(Γ)

√

T 2

D1
+ ( πσ

2πα′ )2

Γ2

Γ− Λ



1− κΛ
πσ

2πα′

√

T 2

D1
+ ( πσ

2πα′ )2



 ,

B =
h(Λ)

√

T 2

D1
+ ( πσ

2πα′ )2

Λ2

Γ− Λ



1− κΓ
πσ

2πα′

√

T 2

D1
+ ( πσ

2πα′ )2



 . (4.14)
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In summary we obtain following form of the Poisson bracket between spatial component

of the Lax connection

{

LA
σ (Λ, σ), L

B
σ (Γ, σ

′)
}

=

= − h(Γ)
√

T 2

D1
+( πσ

2πα′ )2

Γ2

Γ−Λ



1−κΛ
πσ

2πα′

√

T 2

D1
+( πσ

2πα′ )2



LC
σ (Λ)f

A
CD KDBδ(σ−σ′) +

+
h(Λ)

√

T 2

D1
+( πσ

2πα′ )2

Λ2

Γ−Λ



1−κΓ
πσ

2πα′

√

T 2

D1
+( πσ

2πα′ )2



LC
σ (Γ)f

A
CD KDBδ(σ−σ′)−

− (h(Λ)f(Γ) + f(Λ)h(Γ))KAB∂σδ(σ − σ′)−

−
(

h(Λ)
d

dπσ
f(Γ) + f(Λ)

d

dπσ
h(Γ)

)

KABGδ(σ − σ′) . (4.15)

We see that the right side of this Poisson bracket has similar form (up to terms proportional

to the primary constraints G) as in case of WZW model. More explicitly, we find that it

depends on the expression π
2πα′ which is constant on-shell and determines the contribution

of the fundamental strings to the resulting tension of the bound state of D1-brane and

fundamental string and also to the coupling with bNS two form. However the fact that

the Poisson bracket between spatial components of the Lax connection takes the standard

form implies that D1-brane on the group manifold with non-trivial NS-NS two form is in-

tegrable and possesses infinite number of conserved charges in involution, after appropriate

regularization of the Poisson bracket (4.15).
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