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ABSTRACT: We study actions for massive bosonic particles of higher spins by dimensionally
reducing an action for massless particles. For the latter we take a model with a SO(N)
extended local supersymmetry on the worldline, that is known to describe massless (confor-
mal) particles of higher spins in flat spacetimes of even dimensions. Dimensional reduction
produces an action for massive spinning particles in odd dimensions. The field equations
that emerge in a quantization a la Dirac are shown to be equivalent to the Fierz-Pauli ones.
The massless limit generates a multiplet of massless states with higher spins, whose first
quantized field equations have a geometric form with fields belonging to various types of
Young tableaux. These geometric equations can be partially integrated to show their equiv-
alence with the standard Fronsdal-Labastida equations. We covariantize our model to check
whether an extension to curved spacetimes can be achieved. Restricting to (A)dS spaces, we
find that the worldline gauge algebra becomes nonlinear, but remains first class. This guar-
antees consistency on such backgrounds. A light cone analysis confirms the presence of the
expected propagating degrees of freedom. A covariant analysis is worked out explicitly for
the massive case, which is seen to give rise to the Fierz-Pauli equations extended to (A)dS
spaces. It is worth noting that in D = 3 the massless limit of our model with N — co has
the same field content of the Vasiliev’s theory that accommodates each spin exactly once.
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1 Introduction

Higher spin field theories have recently been the focus of much interest. One of the main
motivations arises from the study of the interacting higher spin field equations found by
Vasiliev [1-3]. They involve an infinite number of higher spin fields on AdS spaces, and
find interesting applications in AdS/CFT dualities [4-10]. For an introduction to these
subjects see, for example, the reviews [11-15] and references therein.

One approach to study free higher spin fields in flat and curved backgrounds is to
analyze the first quantization of relativistic particles. This approach was followed in [16—
18], which focused on massless spinning particles in even spacetime dimensions. In those
references a certain class of higher spin states, defined by the SO(N) spinning particle
action of [19-21], was analyzed in great details. The covariant quantization of the spinning
particles was analyzed in flat and (A)dS spaces to show how well-known higher spin (HS)
field equations would emerge from the Dirac quantization procedure. In addition, the
path integral quantization was used to give a worldline representation of the one-loop
effective action on (A)dS spaces, allowing for the calculation of the heat kernel coefficients
corresponding to the divergencies of the effective action in D = 4.

The standard SO(N) spinning particle action describes massless (in fact, conformal [22,
23]) particles of higher spin in spacetimes of even dimensions. They can be coupled to
conformally flat backgrounds [17], which include in particular (A)dS spaces [24]. However,



in odd dimensions the model is empty. The gauging of the full SO(N) extended worldline
supersymmetry, which is the defining property of the model, constrains the propagating
degrees of freedom to be that of a pure massless particle of spin s = %, but forces at the
same time the spacetime dimension to be even dimensional (this happens for N > 2 i.e.
s > 1). One could gauge a subgroup of the SO(N) symmetry group to describe a multiplet
of spinning particles, a fact which is even desirable within the prospect of introducing
interactions, but that would prevent an extension to curved backgrounds, as the gauging
of the SO(N) charges is instrumental in providing a first class algebra on curved spaces [17].

Here we wish to continue the analysis of HS fields within the worldline approach
and set ourselves to study bosonic massive and massless higher spinning particles in odd
dimensions. We consider the introduction of a mass by dimensional reduction of the SO(V)
spinning particle, and provide some solutions to the problems mentioned previously. By
construction, the emerging model has massive degrees of freedom in odd dimensions only.
Taking the massless limit gives a multiplet of HS particles in odd dimensions. The analysis
of the physical degrees of freedom carried by the particle is performed both through a light
cone approach and through a covariant approach. The latter is accomplished by using the
Dirac quantization method. It shows how the dynamics is described in a gauge invariant
way through linearized curvatures (which may be expressed in terms of gauge potentials
if desired). Having performed the analysis in flat space, we proceed by noting that the
gauge algebra can be covariantized to include (A)dS backgrounds, while keeping it first
class. This provides a consistent model for both the massive and massless cases on (A)dS
spaces. We perform again a light cone analysis to confirm that the particle propagates the
same degrees of freedom as in flat space. A covariant analysis is carried out explicitly for
the massive case, and we find that the covariant Dirac constraints can be reduced to the
Fierz-Pauli equations extended to (A)dS spaces. A similar treatment of the massless case
is more complex, and we content ourself to report the explicit example of s =2 in D = 3.
It is interesting to note that in the massless case and for integer s = % — oo one finds the
same field content appearing in the three dimensional Vasiliev’s theory, where each integer
spin occurs precisely once. The coupling to (A)dS is presumably crucial for having a chance
of studying the interactions carried by the Vasiliev’s model in a first quantized approach.

2 Review of the SO(N) massless spinning particles

We start reviewing the action of the SO(INV) massless spinning particle, that describes a

particle of spin s = % upon quantization. This is mainly to introduce notations, conven-
tions and methods. We consider the motion on a flat (D + 1)-dimensional Minkowski space
Mpy1 and take N even to restrict ourselves to bosonic particles of integer spin s. The

dynamical variables of the spinning particle are given by:
e the cartesian coordinates ™ of the particle on Mpy; (m =0,1,...,D)
e their conjugate momenta p,,

e N real Grassmann variables with spacetime vector indices ¢/ (i =1,...,N)



e the SO(NV)-extended supergravity multiplet on the worldline, whose gauge fields are
made up by the einbein e, the IV gravitinos y;, and the SO(NNV) gauge field a;;.

The phase space action of the model, S = [ drL, is identified by the lagrangian’

, i - 1 , 1 ,
L =ppi™+ §¢im¢§” —e <2pmpm> —ix; (pm%” > — 50 <Z¢§” %m) (2.1)
—_— —_— —_——

H Qi Jij

where H, Q;, J;; denote first class constraints gauged by e, x;, a;j. The kinetic term defines
the phase space symplectic structure and fixes the graded Poisson brackets

{xm7pn}PB = 57? ’ {wgnv¢?}PB = _inmn(sij (2'2)
(other independent brackets vanish). With them one computes the constraint algebra

{in Qj}PB = _2i5in
{Tij, Tit} pp = 0Tt — dirTj1 — 05Tk + 6u Tk

which is first class. This algebra is known as the SO(N)-extended susy algebra in one
dimension, as it contains N real susy charges Q;. They transform in the vector represen-
tation of SO(N) (the so-called R-symmetry group) generated by the J;; charges, and close
on the Hamiltonian H.

In a quantization & la Dirac, the constraint functions C4 := (H, Qi, Jij) become op-
erators that produce the massless higher spin (HS) field equations. One may write them
as CA|R) = 0, where |R) is a vector of the extended Hilbert space. The solutions of these
constraint equations make up the subspace of physical states. The remaining Schrédinger
equation implies that the physical fields do not depend on the time parameter 7. These
constraint equations have the property of being conformally invariant [22, 23], and take the
form of the Bargmann-Wigner equations [25], studied in arbitrary spacetime dimensions
in [26, 27]. Let us describe them. The physical states |R) are contained in a tensor

R1

1 s s
M. Mgy, Y

(2.4)

with s blocks of d = % antisymmetric indices? that satisfies the properties:
(1) it is completely traceless and has the symmetries of a Young tableau with d rows and
s columns (this follows from the J constraints)

(2.5)
Rm%mé,,mfmg ~d
———
S
!The Minkowski metric 1mn ~ (—, 4+, -+ ,+) is used to raise and lower spacetime indices. Indices named
m,n, ... etc. refer to spacetime indices (m,n = 0,1,... D), while those named 4, , . . . etc. stand for internal

SO(N) indices (i,7 =1,...,N).
2We separate different blocks of antisymmetric indices by commas; D 4+ 1 must be even for nontrivial
D+1
2

solutions so that d = is integer.



(11) it satisfies integrability conditions (from half of the Q constraints)

Om R =0, (2.6)

1 1 s
my..mp],...,m3..m

interpreted as Bianchi identities once solved,
(1) it satisfies Maxwell equations (from the other half of the Q constraints)

™R =0 (2.7)

1 1 s
Mmy...Mg,...,M7 ..M

The H constraint is automatically satisfied as consequence of the constraint algebra. These
are geometric equations for free conformal fields of integer spin s, equivalent to the massless
Bargmann-Wigner equations. They are called geometric as the tensors R can be interpreted
as (linearized) curvatures, as we are going to show later on.

To derive these equations it is useful to take complex combinations of the N = 2s
indices and define (for I =i =1,...,s)

1 -7 1
wl \/i (wz wz-i-s) 7/) \/5 (7/}1 1/)z+s) ( )
Their non trivial quantum anticommutators are given by

v, 07"y = n""ef (2.9)

and describe a set of fermionic creation/annihilation operators. In this basis only the
subgroup U(s) C SO(2s) is manifest. The susy charges take the form Q; = ¥}"p,, and
Qf = ¢pI™mp,,. and the susy algebra breaks up into

{01, Q7y=26{1, {91,053 ={Q", 0’} =0. (2.10)

The SO(N) generators split as J;; ~ (J77, J17, T5j) = (Jr7, K1y, K!7), which we normal-
ize as

Tl = —de], Kry=r-by, K =97 (2.11)

(note that J;7 for fixed I = J is a hermitian operator with real eigenvalues). Then, the
SO(N) algebra breaks up into

]
Tr’ Krr) = 0% Kin + 61 Kkr (2.12)
(77, KB = —sK /L — sEcKY '
(Kpg, KK = o5 i — b g — sF a2 + 67 T,/%

with other commutators vanishing. The first line identifies the manifest U(s) subalgebra.
Finally, the remaining non trivial part of the constraint algebra takes the form

(J17, QK] = 0% Q1

[\.7[]7 QK] - _5;('@]

[_IJ QK] _ 5{{@[ 5] QJ (213)
K1y, Q%] =65 Q1 — 01 Qy



We now analyze the constraints in a quantization a la Dirac. The fermionic operators
can be treated using a basis of fermionic coherent states, so that they can be realized by
letting 97" act as multiplication by the Grassmann variables 17", and Yl as derivation by
the Grassmann variable ¢} (i.e. ol = (92)—?; we refrain from denoting operators with a
hat, as no confusion can arise). Using in addition the coordinate representation for the
position and momentum operators, one may describe a generic state |R) of the full Hilbert
space by the wave function

D+1

R(z,9) = (@l ©@NIR) = Y Ry, nona, @ 97 o) gt g (2.14)
A;=0

which contains all possible tensors with s blocks of indices, completely antisymmetric in
each block.
In the chosen representation the SO(NV) generators take the form

9
Oy

_ 0 0
—dé), Kry=vr-vy, KY=_-"-

J_ o .9
Jr° = v W Oy

(2.15)
The operator ;! at fixed I counts the number of fermions 17 of flavor I minus d (this con-
stant arises from a graded-symmetric quantum ordering prescription), while J;7 removes
from the wavefunction a fermion ¢ and replaces it with a fermion 7" (the fermions of
each species antisymmetrize the corresponding indices of the tensor that multiplies them).
In addition, K7 = 91 -y = Y] Nmn 7 acts on the various tensors by adding one index in
the I-th block and one index the J-th block by multiplying with the metric tensor ny,,, each

block being then automatically antisymmetrized. Similarly, K7 = %~% = 65},1 nmn %

computes traces by contracting one index of the I-th block with one index the .J-th block
through the metric tensor. Then, it is easy to see that the corresponding constraints imply

2.16
2.17
2.18
2.19

Jr'|R) =0 (I fixed)
TR =0 (1 £ J)
KYIR) =0
Krj|R) =0 = R traceless.

R = Rony.ongoo gy (2) 0 a1 g

R satisfies algebraic Bianchi identities

LR

(2.16)
(2.17)
R traceless ( )
(2.19)

Similarly, the constraints Q; = (Qr, Q') produce

Qr|R) =0 = R closed (integrability conditions — potentials) (2.20)
Q|R)=0 = R co-closed (Maxwell equations) . (2.21)

The constraint H is automatically satisfied as a consequence of the algebra.

Note that the constraints (2.16) and (2.17) correspond to the generators of the manifest
U(s) € SO(2s). The tensor R solving these equations has s blocks with d antisymmetric
indices each, consequence of (2.16), and satisfies algebraic Bianchi identities of the form

R[ml...md,nﬂ...nd,“. =0 (222)



where [...] indicates antisymmetrization, consequence of (2.17). There is also a symmetry
under an exchange of the blocks. It can be proved by using finite SO(s) C U(s) rotations.
For example, a § rotation in the I-J plane, that implements vy — 1, and ¢; — —r,
implies symmetry under the exchange of block I with block J. Note that the fermionic
Fock vacuum |Q) ~ () is not invariant under [U(1)]* C U(s), as all generators J;! with
fixed I transform it by an infinitesimal phase (J;7|Q) = —d|Q2)). It is the vector |R) in
eq. (2.16) that is invariant. Summarizing, the constraints J77, i.e. those belonging to U(s),
select an irreducible representation of the general linear group GL(D + 1) identified by a
Young tableau with d = % rows and s = % columns, as depicted in (2.5).

The constraint '/ removes all possible traces from this tensor, and produces an
irreducible representation of the Lorentz group SO(D, 1). The constraints due to Ky do
not give new independent relations: they say that pieces equivalent to pure traces must
vanish. The equivalence of Kr; and K7 constraints is not a consequence of the algebra,
but can be viewed as a consequence of a duality symmetry enjoyed by the spinning particle.

Indeed, one can realize the Hodge operator acting in the I-th block by
*r:r & Pt (x1)2=1. (2.23)

The exchange ¢ > 1! maps the lowest state (in the fermionic Fock vacuum) with the
highest state, and so on, and it is seen to correspond to a dualization of the antisymmetric
indices of the tensor R belonging to the I-th block. It is obtained by a discrete O(NV)
symmetry transformation (that reflects one real v; fermion). Denote now *7; = %+ (this
combined transformation can be done within SO(N)). Then

KiglR)=0 = (s Kpy*1s) (k1 |R)) = KRy =0, (2.24)

which implies that R*77) is traceless when contracting an index of the I-th block with
an index of the J-th block. By R*17) we indicate the tensor dual to R in both set of
indices, those of the block I and those of the block J. Using e ~ §...d, one may check
that tracelessness of R*17) implies tracelessness of R as well. Finally, note that the Qf
constraint is a consequence of (2.20) and (2.18), since the [K!7, Qx| = §7.07 — 6L.07.

We have verified that an independent set of constraints is given by (J;7, Qr, K'¥).
They can be implemented in that order to make contact with the Fonsdal-Labastida for-
mulation of higher spin fields (with or without compensators) for the particular spin rep-
resentations carried by the SO(N) particle. Let us review these last steps as well. Gauge
potentials |¢) can be introduced by integrating the Q; constraint as

|R) = ql9) (2.25)

where ¢ = Q19> ...9,. This follows from the nilpotency of the Qj’s together with a
Poincaré lemma stating that the related cohomologies are trivial in Minkowski space (all
closed forms are exact). Then, the constraints J;” are implemented by taking |¢) to satisfy

T’ o) = =617 |9) (2.26)

that fixes |¢) to contain an irreducible tensor under GL(D + 1) with Young tableau of the
form



¢~w4>{

—_—

S

Finally, the remaining constraints X!’ (the trace constraints) implement the dynamical
equations. One computes

K7”R%=ﬁ”m@=w”[—2%+¢&Q’+;Qﬂbﬁ” ) =0 (2.27)

g

where ¢!/ = Qil%q and G is the Fronsdal-Labastida operator® which is manifestly U(s)
invariant (one checks that [7;/,G] = 0). The product of s + 1 Q’s must vanish, so that
one may partially integrate this last equation to obtain the Fronsdal-Labastida equation
with compensators

Glo) = QrQsQk|p'E) (2.28)

where the right hand side parametrizes an element of the kernel of ¢/, and the compensator
|p!/K) has a Young tableau of GL(D + 1) of the form

JIK Ly { 1]

~——
s—3

The gauge symmetries of the Fronsdal-Labastida equation with compensators are given by
1.
olg) = Qule’y,  olp" ) = Sk M) (2:29)
A partial gauge fixing can be used to set the compensators to vanish, and one is left with
the original Fronsdal-Labastida equation

Gl¢) =0 (2.30)

with gauge symmetries generated by traceless gauge parameters. The use of compensators
in this context was discussed in [30-32].

3 Dimensional reduction, massive particles, and massless limit

Massive spinning particles can be obtained by the Scherk-Schwarz mechanism [33] of di-

mensionally reducing the massless model on a flat spacetime of the form Mp x S'. In

D

practice, one gauges the compact direction z”, corresponding to S', by imposing the first

3Tt corresponds to the Fronsdal kinetic operator for higher spin fields in D = 4 [28], extended to higher
dimensions for generic tensors of the Lorentz group by Labastida [29].



class constraint pp —m = 0. Setting 2™ = (z*, zP), pp = (puspp), and Y™ = (Y, 0;) one

obtains in flat, odd D dimensions

L = puat + 5#@%&? + 59191'

1 . 1 . .
—e i(pup“ + m2) —iX; (puwf + m0i> _iaij (“ﬁé%/’ju + 292-«9]') . (3.1)
—_— —_——
H Qi Jij

The constraints satisfy again the same algebra written in (2.3), where SO(N) is manifest.
As shown before, this algebra can be equivalently written as in (2.16)—(2.19) and (2.20)-
(2.21), where only the group U(s) is manifest. The latter form is useful to analyze and
solve the quantum constraints.

3.1 Light cone analysis

Before discussing the covariant treatment of the constraints at the quantum level, let us
present a light cone analysis to calculate and check the number of propagating physical
degrees of freedom.

We define light cone coordinates by z# = (z, 27, 2%) with % = (=1 +2°)/v/2 and
2% the transverse directions, so that ds? = 2dzdxz~ +dxz*dxz®. Note that vectors have light
cone indices such that p™ = p_ and p~ = p,.

One can set 27 = 7 as gauge fixing condition, dual to the mass shell constraint H = 0.
The gauge is well-fixed, as {z T, p? + mQ}PB = 2p_ # 0 (recall that p_ = p™ is assumed to
be invertible in light cone analysis). The constraint p> + m? = 0 is then solved in terms
of py = —zp%(pi + m?), where pi = p%® is the transverse momentum squared. The
conjugate variables (z7,py ) of the phase space are thus eliminated. The parameter z ™" is
taken as the time parameter, and —p, = %%(pi +m?) is the corresponding hamiltonian.

Then, one can gauge fix the Majorana fermions 1/12* = 0. The local susy transforma-
tions act on the Majorana fermions as di;" = {wf,eij}PB = i¢;p™, so that using the
infinitesimal transformations d¢;" = ie;p™ (which are non vanishing) one can set ;" = 0.
The gauge is well-fixed, and indeed {1;", Q;} = —ipTd;; # 0. One may solve the con-
straints Q; = 0 by setting ¢, = —p%(palbf + m#;), and the conjugated variables (¢;", ;)
are eliminated as independent phase space coordinates. The coordinates of the reduced
phase space are now given by (z7,p_), (z% p®), and ¥¢, with lagrangian

o ) i . T . 1
L = p-i~ +pad® + Sitf + 50i0; — QPT@? +m?)

gy (W50 + i0:05) (32)

Jij

One may try to reduce the phase space further, implementing the last constraint ;.
However, this can be done in a simpler way a la Dirac, since it produces purely algebraic
constraints. This implementation proceeds as described previously, when discussing the
massless case in D + 1 even dimensions. Taking into account the unique quantum ordering



of the quantum constraints 7;;, one finds a sum of irreps of the SO(D — 2) group that fill
an irrep of the SO(D — 1) rotation group corresponding precisely to the polarizations of
a massive spin s in D dimensions (in higher dimensions by spin s we mean a multiplet
corresponding to a rectangular Young tableau with s columns and % rows). The corre-
sponding degrees of freedom are counted by using a “factor over hook” type of formula,
and their number is given by

Y,

Dof(D,s) = 7 (3.3)
where
T (s+i—2)1(25 + 2i — 2)! T (s+i— 1) D+1
Yt:iHl 2i—2)(2s+i-2)! Yh:il_[l(i—l)!’ di= == B4

In particular, in D = 3 one finds two degrees of freedom for any spin s > 0. Of course,
this is identical to the polarizations of a massless spin s particle in one dimension higher,
a fact that is rather evident from the dimensional reduction process.

3.2 Covariant analysis

We are now ready to give a covariant analysis, implementing the constraints of the Dirac
quantization scheme. We can partially solve them to make contact with known relativistic
higher spin wave equations, that is Fierz-Pauli in the massive case and Fronsdal-Labastida
in the massless one. This analysis is done intrinsically, i.e. working directly in D dimension,
without considering the dimensional reduction. This is the strategy that we follow once
we extend the model to (A)dS backgrounds. Of course, keeping in mind the dimensional
reduction simplifies a bit the derivation of the field equations in flat space.

Thus, we work in odd D dimensional flat spacetime, with D = 2d — 1, d > 2, and
use the complex U(s) covariant combinations for fermions as defined in section 2, that
now read (¢}, ¢Y*) and (67,07). As before, we represent 1)’s and 6’s as multiplications by
the corresponding Grassmann variable, and 1’s, 0’s as derivatives thereof. We indicate a
generic state of the model by |R), and we mostly work with the wave function R(z,v,0) =
((z| ® (| ® (0])|R), which has a finite Taylor expansion in ¢} and 07, where I =1,...,s.
Since the 6 content will distinguish between different types of spacetime tensors, we find it
convenient to isolate it explicitly writing the state as

1
R(w,0,0) = 3 — B (2,9) O, 0, (3.5)
n=0

with RIt-In .= RlI-In] heing totally antisymmetric in the I indices. Here and in what
follows [...] will always denote weighted antisymmetrization. In the constraints the (1, 9y)
and (0, 0p) parts play different roles: the first performs algebraic operations on the single
tensors contained in R »_ while the second mixes different tensor structures. For this



reason we write the constraints in split form as follows

0 0
I/ J
w18¢”+ I 5, 9J d(SI ‘]I +0180J d(SI,
Kry=dg,+ 0105 =gry+ 6107, (3.6)
}CIJ 82 82 tI‘IJ + 82
8w§‘8wJM 00700 001005
for the SO(2s) algebra operators, and
Qr=vpu+mbr=Qr+mb;, QO =p i*‘mi—Ql—Fmi
rew ’ oyl 001 007’ (3.7)
1 m? '
Z gl
for the supersymmetry part. We named gr; := ¢4, and tr!/ = the D-

- e 81/) Ju
dimensional parts of K7; and K7 in order to emphasize their algebraic meaning. The

algebra of the D-dimensional operators Jj], grs, tr'7, Qr, QF and H is the same as the

massless algebra presented in section 2 in D + 1 dimensions, up to the normal ordering

constant that for simplicity we have not included in J j] = Yl 87%, but we give it here for
J

completeness. The SO(N) part reads

7, T = 6% 0% — 6k gy’

(17, gir) = 0%car + 61 gkr .
[J]J,tr L} — (SKtI'JL 5%trKJ ( . )
lgrs, tr"H) = 455 g1 — (2d = 1) (6 oF — o o%)

while the R-symmetry rotations are given by

I, QK] = 6% Qs
[']I 7 K] 5FQJ

_ 3.9
[tr!”, Qr] = 0%Q" — 65Q7 (39)
91, Q"] =65 Q1 — 67 Q.
and the susy algebra is
{Qr.’y =250,  {Qr.Qs}={Q".Q"}=0. (3.10)

To understand the tensor content of the various R'/» terms we recall that the diag-
onal J’s are number operators that count the numbers Ny, of ¥;’s and Ny, of 0;’s. The
constraints 7, [I R =0, where [ is fixed and not summed, amount then to

(Ny, +Ng,) R =dR .

~10 -



This means that in R we have d antisymmetric indices in the I-th group whenever the 0;
is mot present, while we have d — 1 antisymmetric indices when it is. From the decom-
position (3.5), it is thus clear that R**/» contains n “short” columns* of (d — 1) indices
labeled by I ... I,, and the remaining (s —n) “long” columns of d indices, i.e.

=T
sn

RIIn ® é _ (3.11)

This is covariantly stated by splitting in 6 the 7, IJ R = 0 equation, that reads
(JE — dok) RIvTn () iR Tnaglel — ¢ (3.12)

and looking at its diagonal part. The off-diagonal part of these constraints plays two roles.
First, they enforce GL(D) irreducibility on each R'1/» as a spacetime tensor. They further
tell that, for given n, all the (i) seemingly different R'1I» actually represent the same
spacetime tensor with the same Young tableau, and they only differ in the 1 structure.
To see this it would be much easier to go back to the (D + 1)-dimensional picture, but
we can still analyze (3.12) in a bit more detail. For K # L the operator J% removes a
spacetime index from column L and antisymmetrizes it within column K. Equation (3.12)
can be split in three cases:

e Le{l...I,}: removing an index from a short column, and placing it in any other
column where it is antisymmetrized, gives zero.

o K,L ¢ {I,...I,}: removing an index from a long column and antisymmetrizing it
within a long column gives zero.

o L ¢ {I,...1,}, K € {I,...I,}: removing an index from a long column L and
antisymmetrizing it within a short column K equates it to another R''*» tensor
having a short L column and long K one.

The first two conditions amount to GL(D) irreducibility, while the third says that the
various R1In at fixed n differ only in naming which columns are the short ones, i.e. they
only differ in the 1 species.

Summarizing the whole content of (3.12) we have that, for given n, any Ri-I» is
represented by the same spacetime tensor whose GL(D) Young tableau is obtained from a
rectangular d x s one by removing n cells from the bottom row

RII~--In ~d

4We refer to columns, using a Young tableau language, to denote blocks of antisymmetric indices.
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The entire field content is then given by the s 4 1 tensors {R, RI R ... ,Rll"'lf’}.
Starting from the maximal rank one, R with rectangular d x s Young tableau, one goes
down by removing one by one the cells of the bottom row until R’*!s with rectangular
(d — 1) x s diagram, is reached. This final picture is clear having in mind the dimensional
reduction of a tensor with a rectangular Young tableau.

Having treated the tensor structure of the states of the physical Hilbert space, the
other independent constraints, namely Qr and IC!”, give the dynamics for the system. The
constraints on RI1In read

Qr R 4 m(=) ™ 6yt R0 = 0 5.13)
trKL Rl _ RKLIIn _ () ‘
The first equation gives integrability conditions and, in the massive case, relates higher
rank tensors to the lower rank ones via successive derivatives, while the second equation
enforces trace conditions that contain the truly dynamical equations. The mass parameter
in the integrability condition above gives different physical interpretations to the tensors
RI+In depending whether it vanishes or not. For this reason we shall now treat separately
the massive case and its massless limit.

3.2.1 The massive case: Pauli-Fierz

When the mass parameter is nonzero, we can invert the first equation in (3.13) to get
higher rank curvatures in terms of lower ones

1

RII---In — (_ sd+n+1
(=) m(s —mn)

Qg REN-In (3.14)

This can be iterated until they are all expressed in terms of the last one R’1/s_ that is the
only independent field left, giving all the curvatures as

Rh...[ (_)(sfn)(sdJrl)
 ms(s —n)!

Q1n+l o Q]g RIl...Is ~ (d_ 1) { (315)

Since every equation can be cast in terms of R'!s only, it is convenient to use the
SU(s) invariant symbol ¢/1/s to dualize all the fields as

RIvIn = ehedndidsn R0 (3.16)

In particular we reserve a different name for the independent field: R= ¢ (the one corre-
sponding to R!t1s). In this dual picture, the Young tableau for Ry, j, is given by adding
n cells in a d-th row to the (d — 1) x s box diagram of ¢
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>

Ell...ln ~ (d-1) {

~—

n

For sake of completeness we give here all the relevant constraint equations for the fields
in the dual basis

(Ji — ddk) Rp.1, + (n+ 1)5[LK§11...1,L] =0,
Qk Ry, +m(=)*"(n+ 1) Rxpy..1, =0, (3.17)
" E Ry, 1, = 6y 07, Ryy.p,) = 0.
The first equation reproduces the field content just described. The ) equations can be
solved iteratively to give
_\sd+1 (—ynlsd+1)

Q[hﬁfz...]n] == Qh ce. QITL(Z5 5 (318)

mnn!

Ry .1, = o

and the consistency condition @) K}NEILU 1, — Q K}NR I,..1,) = 0 is trivially satisfied due to the
anticommuting nature of the Q;’s.”
At this point the only fields needed are ¢ and the curvatures

(_)sd—l—l

Ry = - Qro, Rij= % QrQ 9 . (3.19)

The relevant field equations come from the trace constraints in (3.17) for n = 0, 1, 2 while all
the higher order constraints will be derivatives of the field equations themselves. Explicitly,
the relevant trace constraints are

trftp =0, trKLEI =0,

~ 3.20
tl“KLR[J — 5[[1(55]¢ =0. ( )

The first equation tells that the field ¢ is completely traceless, while the second one reads
trfQr¢ = 0. Using the [tr, Q] algebra in (3.9) and tr’/¢ = 0 one finds Q7¢ = 0, i.e. ¢ is
divergence-free. At this point the last equation in (3.20) becomes trivial for { KL} ¢ {I.J}.
The only nontrivial part sits in its contraction

s(s—1)

I1Jp
tr'Y Rry —
1J 9

p=0. (3.21)
By using the [tr,Q] algebra as above and {Qr,Q7} = 26/ H, as long as the previous
trace and divergence constraints are imposed, it simply becomes the massive Klein-Gordon
equation

(p* +m*)p=0.

5Note that on (A)dS spaces the Q;’s do not anticommute, and this will become a nontrivial consistency

condition of the solution.
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We have thus shown that the physical content of the model reduces to a single field ¢
described by a rectangular (d — 1) x s Young tableau

Ppircoppa1,evrvgq ~ ([@d=1) {

(3.22)

s

obeying the Fierz-Pauli massive equations [34], that in our language read
tr’'’o=0, Q¢=0, (P*+m?)¢=0. (3.23)
In the more explicit tensorial notation they take the form

(;S'LL/,LQ.,.},Ld_l,...,/,LVQ,..Vd_l =
6H¢uﬂ2.‘.#d,1,...,l/1...I/d71 = 0 (324)

(—D + m2) qbul,..ud,l,...,l/l.--l/dfl =0.

Having analyzed the massive case, we can now turn to the somehow richer massless limit.

3.2.2 The massless limit: Fronsdal-Labastida multiplets

If we set the mass parameter to zero, the only constraint equations that change are the )
ones. Since, as we will see, in this case one has s 4+ 1 different physical fields, there is no
real advantage in using the dual basis, and we return to the original one, i.e. R/t». The
irreducibility constraints 7 IJ are exactly the same and as before they yield

Rll...ln ~ d
————
n
N——
S—n
The remaining equations now read
QiR =0,

(KL RIvdn _ RKLILn _ () (3.25)

The @ equations now tell us that each curvature separately obeys Bianchi integrability
conditions, and indeed we shall integrate them in terms of s+ 1 different massless potentials.
Part of the analysis is now strictly analogous to what we reviewed in section 2: we introduce
two higher derivative operators

1
e lQr...Qn, ¢ = (s—2)! el leQp, ... Q1 (3.26)

and we use ¢ to solve the integrability constraints as

1

q:s!
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To understand the tensor structure of ¢!1I» notice that [J j] ,q] = 5}] q. This means that at
the level of Young tableaux ¢ attaches s cells at the bottom of the s columns of the diagram.
Hence, the ¢/1*I» Young tableau can be obtained from the tableau of R'1I» by stripping
off one cell from the bottom of each column. In general the resulting structure will be

phdn ~ (a1 {

and the pictorial relation between curvature and potential is as follows

S
A

Rh...ln — qullu-ln ~ (d—1) {

Something slightly different happens in D = 3, that is d = 2: the (d — 2) x s box diagram
is now empty, and one has symmetric tensors of spin ranging from zero to s, namely

gt [T1]. D=3.

Once the curvatures are written in terms of potentials, the field equations take the form

i gpltIn — g th-In — o, (3.28)

and they are higher derivative equations. Following the derivation sketched in section 2,
we notice that

_ 1
trKLq = qKLG, G = —2H+Q1QI + §Q[QJtI'IJ
(3.29)

1
qpfE-In — 5 L QrQ M hIn

where G is the Fronsdal-Labastida operator. The equations (3.28) can then be recast as

1

The expression inside the bracket mixes different potentials, but it is possible to decouple
them recursively with a field redefinition:

m
(’Dll...ln _ (’511...% + Za§'n) Gk - 9K L ¢K1L1...Kij11...In ) (3.31)
j=1
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Namely, one starts from @Il"'ls = gbll"'ls and 4,0]1"'15*1 = @Il“'l

s=1 and goes down until
elIn with n = s —2m or n = s — 1 — 2m in (3.31). The ag.n) coefficients can be found

by recursion and read

a(n+2)
a[()n): 1, ol = S s
J 4 (G+n—s+13)
so that 1
ol = . (3.32)
G (25 —l+n—s+3)
Once we have s + 1 decoupled equations
¢"rGghn=o (3.33)

we can drop the tildes and, since ¢!/ ~ Q*~2, we can locally parametrize its kernel as Q>p,
namely
Gl = QrQyQu p! K1, (3.34)

that are nothing but Fronsdal-Labastida equations for the mixed symmetry tensors @!t1n

with compensators. We can see from (3.34) that for each ¢tIn there are different com-
pensator structures: indeed their Young tableaux are obtained from the corresponding ¢
diagrams by removing three cells in the IJK columns. Since there is no symmetry relation
between the two sets IJK and I ... I,, one has different tensors for p whether some 1JK
coincide with some Ij, or not. In the next subsection we will provide some explicit examples
of the various structures that can arise.

3.2.3 (Gauge invariance

As expected in a theory of massless fields, the equations giving the curvatures in terms
of the potentials admit a gauge symmetry that leaves the curvatures invariant. Since
qQr = Qrq =0 it is easy to see that 6R/1I» = 0 if we vary the gauge field as

As it was the case for the compensators, the Young diagram of the gauge parameter is
obtained from the gauge field one by removing one cell in all possible ways. This pro-
duces different gauge parameters whether the index K coincides or not with one of the Ij.
The curvatures are then gauge invariant under (3.35), but G ot/ is not. Nonetheless
the compensated equations are gauge invariant if we give the compensators the following

transformation rule
5l KN %tr[IJAKHIlA..In . (3.36)

One can then partially gauge fix the theory setting the compensators to zero to recover the
usual Fronsdal-Labastida equations

GplIn =0, (3.37)

that are gauge invariant for traceless gauge parameters: trll/ AKII--In — (),
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Now we would like to give some explicit examples to clarify which tensor structures
appear for various spins and dimensions. If we take for instance s =4 in D =5, i.e. d =3
we have in the massive case the single field

¢~ ;

while in the massless limit one obtains the following multiplet of massless Fronsdal-
Labastida gauge fields

@~ , ol ~ 3 !~ )

QOIJKN ‘ ‘ " QOIJKLND:\:\:‘.

Taking for instance ¢!”, its gauge invariance is parametrized by two different set of pa-

rameters AK1J

AR [ 1] K¢ {I,J} or | Ke{l,J},

while the compensators appearing in (3.34) can be

PEIMITT [T 1] or |

whether one or two indices in K LM coincide with I.J.

4 Coupling to curved space: (A)dS manifolds

In the previous section we have described a massive higher spinning particle in flat, odd
spacetime dimensions, together with its massless limit, by dimensionally reducing a mass-
less model defined in a flat even-dimensional space. It is known that the latter can be
coupled to (A)dS spaces, and more generally to conformally flat spaces. Thus, it is natural
to investigate possible extensions of our model to curved spaces. We focus in particular to
(A)dS backgrounds, which are the ones that appear in the construction of the Vasiliev’s
interacting models.

We proceed as follows. We covariantize the constraints that define our model. Then,
considering a curved metric, we check if the algebra remains first class. If that happens
to be true, it means that the gauge symmetries defining the model are not broken by the
curvature, and the model is viable. Indeed we find that a coupling to (A)dS is allowed.

In order to deform the quantum constraint algebra to include a D dimensional curved
target space, we start from the SO(N) generators, where the task is easy. In this case we
only need to use worldline fermions with flat indices. For this purpose we use the first
part of the greek alphabet to indicate flat indices, i.e. ¢ with « =0,1,...,D —1, (curved

o

indices can then be obtained by using a vielbein e,* and its inverse e,*). We define the

quantum SO(N) generators by

Jij = %[ &5 Vja) + %[9179]‘] = Jij + Lij (4.1)
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which are seen to satisfy the SO(N) algebra (indeed there is no change with respect to
the calculation in flat space). The ordering prescription used in (4.1) is uniquely fixed
by the SO(NV) algebra. Then, we covariantize the susy generators by replacing the linear
momentum p, with the covariant momentum =, i.e.

Q; = ¢je my + Oim = Q; + O;m (4.2)
1
T = Py — waﬁMaﬂ (4.3)

where M*P = %[ >, 1,[)2.6 ] are the Lorentz generators in the multispinor representation and
Wuap the spin connection. Since by definition the @;’s do not involve §’s, they are nothing
but the massless susy constraints appearing in ref. [17]. They satisfy the commutation rule

7: / !
{Qi,Q;} =26;;Ho + 51#?%0“ Roapp MPP (4.4)

where Hy = %(Wo‘wa — iwP gawo‘) and R,g+s is the Riemann curvature tensor. For the full
susy constraints we thus have

]. /L / /
{Qi7 Q]} = 26z‘j (HO + 2m2> + §¢Za¢ja Raa’ﬁB’Mﬁﬂ (4'5)
which imply that Q;, J;; and a suitably chosen hamiltonian constraint H cannot possibly
form an algebra of first class constraints for a generic background. However restricting to
maximally symmetric spaces

Raﬁ’yé = b(ﬁm%& - 7’&577,37) (4'6)
one finds
{Qi,Q;} =26 H + 5m + §<5z‘ijk’Jkk’ — Jiw i — ijJik> (4.7)
where b
H = Hy— 3wk T = bA(D) . (4.8)

The second term is an improvement term that is added and subtracted in (4.7) to achieve
[H,Q;i] = [H,Ji;] =0, and A(D) = (2 — N)% - %2 is a quantum effect due to operatorial
ordering. The essential point to observe is that the right hand side of eq. (4.7) is expressed
with respect to the J;; operators that are not the constraints operators J;; = J;; + L;j that
we need to impose to get the massive HS equations of motion. So we ought to rewrite such

relations in terms of the J;; operators. Using the commutator rule {6;,6;} = d;;, we find

N -1 N(N -1
LirLje + LijrLix = —5— dij s Lk Ly = NNV -1) 1 )
and
N -1
JikJjr + ki = T Tjk + TipTik — 2Lip Tjr — 2L Tik + T(Sij

N(N -1
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Thus we can rewrite (4.7) as
{Qi,Q;} =201 H
b
+ 5 [0 (T = 2Luae) Towe = T = TeTin + 2LiTi + 2LeT| - (4.9)

and recover a first class system with the hamiltonian constraint H defined by

1 b N -1
H = Hy + §m2 -3 (jkk’ - 2ka’)jk:k’ - b<A(D) + 8>

(4.10)
—f]+1m2+£(N—1)(N—2)
B 2 16 ‘
Indeed, since H and H only differ by a constant term, we have
[H,Qil = [H,Ji;] =0 (4.11)

and H is a central element of the algebra (in fact, H separately commutes with
Qi 0, Jij, Lij).

To summarize, we have seen that the constraints J;;, Q;, and H identified above form
a first class system with nontrivial structure functions. The latter arise because of the
curvature of the (A)dS spaces, encoded in the parameter b that is related to the scalar
curvature by R = D(D — 1)b. We conclude that the massive higher spinning particle can
be defined on (A)dS spaces.

A classical action for the model can be written down immediately using the classical
limit of the above constraints, and the corresponding lagrangian read as

. [V i, . 1 b
L = p,uxﬂ + §¢ia¢ia + 59191 —e < uﬂ'“ — §Jij<]ij 4 m2>

2
~
. 1 ) .
—iv, (eauwng + m9i> —5 (quwm n 29i9j> . (4.12)
o 7

4.1 Light cone analysis

The lagrangian (4.12) describes a massive HS particle in odd dimensional (A)dS spaces.
As stressed, the constraint algebra is first class, so that its gauging is consistent and the
model is viable. To check that the HS particle indeed carries nontrivial degrees of freedom,
we perform a light cone analysis at the classical level. It goes in a way similar to the one
presented earlier for flat space, and we highlight just the main points.

To proceed we follow [35]. For simplicity we set b = —1 in (4.6) and use the Poincare
parametrization of the AdS space with ds? = (—(dz®)? + (dz")? + ... + (dzP3)? + d2? +
(dzP~1)2)/22, where a special role is played by the coordinate 72 := 2. As before we set
zt = (2P71+£20%)/Vv/2, so that ds? = (2dztda~ +dzAdz? +d2?)/2? with A = 1,2,... D3,
and consider xt as the light cone time. We also use an index a = (A, D — 2) that runs
over D — 2 values to include the one corresponding to the coordinate 2”72 := z, so that
one could write the metric in the form ds? = (2dztdz~ + dz®dxz®)/z? as well.

~19 —



Now we make the gauge choice x7 = 7. Correspondingly one may solve the hamiltonian

constraint H by p = (22mama + L4 m?) + %uuragMo‘B. In a similar way we set

1
2227 2Y1j
@Z);r = 0 by a gauge choice, and solve Qfl by ;= (€Tl +mb;). This leaves a

_ 1
e_Hmy,
lagrangian of the form®

i ) . 1
L=p a2 + pax'“ + %iﬁia@bg + %Hﬂi +py — iaij (W?%‘a + i@ﬂj) (4.13)

Jij

where the remaining algebraic constraints related to the SO(N) charges are exactly the
same as the one present in the flat space discussion. Their treatment proceeds in the same
way, so that we conclude that the number of degrees of freedom remains unchanged when
passing from flat space to an AdS background.

4.2 Covariant analysis: massive case

We have shown that the deformed constraint superalgebra remains first class on (A)dS
backgrounds. This ensures that, in the complex U(s) basis, the independent constraints
J IJ , K7, Q1 produce consistent and covariant dynamical equations. In order to find them
we split again the operators according to the 6 content as done in section 3.2. The field
content in (A)dS remains unchanged, at the level of RiI» tensors, since the SO(N)
generators and the corresponding constraint analysis are unmodified. The dynamics is
governed as in the flat case by the integrability and trace conditions as in (3.13), the
difference with respect to flat space being the covariant momenta inside the @7, that give
non trivial anticommutators. Indeed, the algebra of D-dimensional operators reported
in (3.8) and (3.9) remains unchanged in (A)dS, while (3.10) becomes

(QrnQy =b (gix JX +gsx JE) , {QL,Q7} = —b (0K JL + 07K k) |

) b (4.14)
{Q1,Q"} =287 Ho— (JF TR IE 291" +(4=4d—s) I =51 IS .

where we prefer to give the last relation in terms of the minimal Hy, since it is the operator
represented by the minimal covariant laplacian 2Hy = —V2. In the massive case the
analysis proceeds along the same steps described in section 3.2. The only independent field
is R = ¢, with rectangular (d — 1) x s Young tableau, obeying

1
trftp =0, —tflQro=0,
m (4.15)

1
TmQtrKLQlQm— Sfhe=0.

The remaining trace conditions are automatically satisfied, provided that the three above
equations hold. This fact, along with the mutual consistency of the ()7 integrability con-
straints, is highly nontrivial on (A)dS. The light cone analysis of the previous subsection
guarantees that the propagating degrees of freedom are conserved with respect to the flat
case, ensuring that the model is not empty in (A)dS.

50n fermions the indices are to be considered as flat.
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The first equation tells us as before that ¢ is traceless” and, since the [tr, Q] algebra is
unchanged, the second one turns again into a divergence constraint

Ql ¢=0 < V%aay..ag_1,..p1..00-1 =0 (4.16)

The main difference with respect to the flat case appears in the third equation, due to the
deformed {Q;, @7} algebra, as can be seen from (4.14). In order to get the Klein-Gordon
equation from (4.15), let us manipulate the trQ@ term. Pushing the trace operator through
the supercharges, and using tr’/¢ = Q7¢ = 0 we get

0 QiQs o =201 { QM. Qs } o

We use now the superalgebra (4.14), along with the U(s) constraint J{¢ = (d — 1)6{¢, to
obtain

261 {QK], QJ} ¢ = 2015%) (2H0 Y b(d—1)(d—1+ s))¢ .

Finally, inserting the above result in (4.15) yields
(—QHO—b(d—l)(d—l—i—s)—m2>¢:0, (4.17)

i.e. the covariant Klein-Gordon equation with the mass term shifted by a geometric con-
tribution, thus completing the triplet of massive Fierz-Pauli conditions in (A)dS:

¢Ba2-~ad71,--~7,3,32mﬁd71 =0,
va¢a042---0511—17---7:61---5(1—1 =0, (4-18)

(V2= b(d = 1)(d =1+ 5) =) by .y 1 ra s =0

We are now ready to analyze the massless limit, that is considerably more involved.
In general we will not find Fronsdal-Labastida equations for mixed symmetry gauge fields,
and we will limit ourselves to work out an explicit example.

4.3 Massless limit: an example

We give an interesting and non trivial example of what the model describes in the “mass-
less” limit m = 0. In such a limit the dynamical equations in (A)dS reduce to

Qg R — 0,

trKL RO -In _ REKLL..In _ () (4.19)
This form is the same as the flat case one, but now the integrability conditions QR = 0
become non trivial, because of the non-vanishing {Q, @} anti-commutator in (4.14), that
prevents the operator gy = ﬁell“‘I‘*Qh ...Qp, to be annihilated by Q. In the massless
even-dimensional (A)dS models of [17] the integrability conditions on HS curvature, de-

scribed by rectangular GL(D) Young tableaux, were solved. However, unlike [17], in the

"In this section on (A)dS backgrounds, we treat tensor fields with flat Lorentz indices. Every covariant
equation can be rewritten using curved base indices by sending 7.3 to gu..
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present work the (A)dS deformation seems to introduce complications for solving the inte-
grability condition of some specific curvature tensors, those described by “pistol-shaped”
Young tableaux. This is presumably related to the fact that in AdS the pistol-shaped
HS potentials have less gauge symmetries than the corresponding flat space ones® [36-38].
Nonetheless, a light cone analysis applied to the pistol-shaped HS curvature equations,
indicates that the corresponding multiplet carries the same number of degrees of freedom
in all maximally-symmetric spaces; we will further comment on this point later on.

In the following we discuss the spin-two case in AdSs3, where again we refer to the spin
as the number of columns in the Young tableaux representing the higher spin curvature(s).
Solving the algebraic U(2) constraints J;7, the field content of the model is given by the
following curvatures

We start analyzing the differential constraints on the first and last curvature since we
expect the equations of motion to mix them as in the flat case (being rectangularly shaped
we expect no particular difficulties to arise). The differential Bianchi identities QxR =
0 = Qg R!’ can indeed be solved by introducing a symmetric rank-two gauge potential ¢
and a scalar ¢!’ as follows

R = qu)¢ REL = gy "F (4.20)

with
L gy
92 = ;€ (Q1Qs —bgry) - (4.21)

We now use the algebra presented in the previous section to push the trace operator tr
through g(). Firstly let us introduce the AdS generalization of the Fronsdal-Labastida

operator Gé‘;s defined by

1
G(AQC;S = §€KLtI‘KLQ(2)

1 b
— ( - 2H0+Q1QI+QQIQJtrIJ—ngJtrIJ+2JI(LJLK—b(d+1)JKK+b(2d—1)> (4.22)
The equations of motion for the above potentials thus are the trace constraints of (4.19).
For the scalar potential !/ := ¢!/ ¢ we simply get

tqu@)(pKL _ GIJGéc;S(pKL —0 = (V2-30)6=0 (4.23)

8We thank Per Sundell for this observation.
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where on the right hand side we explicitly evaluated the action of the SO(4) constraints
on the scalar potential. Therefore the equations of motions for R!’ leave one propagating
degree of freedom (DoF), that of a scalar field.

For the rank-two tensor, ¢ = %qbw,el J Yy, the trace condition amounts to

tr’ g0 = g™ " (4.24)

and, similarly to the flat space counterpart, we aim to combine ¢ and ¥ in a single field.
To achieve this task we introduce

~ 1
&= — =grsp’’ (4.25)
and use the operatorial relation

(G5, 9] = €7 QrQs(3 — 2d + J,F) + (2d — 3)g — bgJ,*

with g = !/ g7 7 to make Gé‘)is act on !7, so that, when we put ¢! on shell, equation (4.24)
reduces to
A ~
Gi’p=0 (4.26)

which is the Fronsdal equation in (A)dS for a massless spin-two potential, i.e.
V2 = ViV b = ViV G + Vi Vo) + 20 (g ¢ — ) =0 (4.27)

that in three dimensions carries no DoF’s (we dropped the tildes for simplicity).

Finally we now try to integrate R! and impose the trace constraint to extract the
last equation of motion. After considering a natural class of ansatze, we could not find
a nontrivial solution to QxR! = 0, and it seems that R! cannot be integrated in terms
of a potential. Nonetheless, a direct light cone check shows that the constraints Q;R! =
tr/ K R = 0 leave one propagating DoF, as it happens in flat space. As we mentioned above,
the fact that AdS gauge potentials with non rectangular Young tableaux carry more DoF’s
than corresponding flat space potentials might be the origin of this difficulty in integrating
the curvatures R11In for n # 0,s5.° Indeed, the light cone analysis of section 4.1 shows
that the whole sum over fields R/1+I» has the same degrees of freedom in both flat and
AdS spaces. One can thus conclude that integrating R’ /» in AdS, if possible, would not
give rise to the same gauge potentials as those introduced in flat space, namely @/tIn. We

9Remember that R and R'***’s have rectangular Young tableaux and can thus be integrated.
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summarize the results for such spin-two case in the following table

Curvature | R~ Rl ~ | RV~

4 4 4

Potential o~ 1] not integrable !/ ~ scalar
EoM Gye =0 QuR'=t’KR'=0  GEPe’ =0
DoF 0 1 1

The total number of DoF’s is two, just like those of a massive spin-two in D = 3.

5 Conclusions

We have constructed a relativistic action for a massive particle with higher spin by di-
mensionally reducing a massless model.!? The massless model used, the spinning particle
with local SO(V) extended susy on the worldline, propagates degrees of freedom only in
a spacetime of even dimension, so that the emerging model lives in a spacetime of odd
dimensions. We have covariantized it to introduce a coupling to (A)dS spaces, and shown
that the physical degrees of freedom propagating at the quantum level satisfy the Fierz-
Pauli equations extended to (A)dS spaces. The massless limit of the model contains the
same number of degrees of freedom. Its covariant description, arising for the quantum
Dirac constraints related to the gauge symmetries of the particle action, has a geometric
interpretation in terms of curvatures, but a reformulation in terms of gauge potentials is
generically more complex that the one arising in flat space, and we have just presented the
simple example of s = 2 in D = 3. We have not produced a general analysis of the massless
case to uncover if and how the (A)dS geometrical equations are related to massless gauge
potentials. Indeed, it is also conceivable that some of the degrees of freedom could be real-
ized in the form of “partially massless states” discovered in [41, 42], and further analyzed
in [43], where the authors derived the generating function of HS (A)dS actions for both
massive and partially massless fields by applying the log radial reduction technique [44]
to a one-dimension higher massless HS theory, an idea that was further developed within
the tractor and BRST set up in [45]. It could be interesting to see if and how partially
massless states can be described in first quantization.

One could proceed further in the first quantized description of our model by considering
a closed worldline, so to analyze the corresponding one loop effective action. Path integrals
on curved spaces need a regularization [46], but they can be used successfully in worldline
approaches to QFT problems [47]. We expect that for the present model the counterterms

10Gimilarly, dimensional reduction has been used to find actions for massive HS fields, as for example in
refs [39, 40].
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identified in [48] are enough for carrying out the perturbative evaluation of the one loop
effective action. One might also expect that an exact evaluation be possible, as similar
result have been found on AdS spaces for higher spin fields [49, 50].

Another direction where to extend the present work is to consider dimensional reduc-
tion in more than one dimension. This may allow to find worldline actions that describe
propagation of several multiplets of massive and massless HS excitations in flat and AdS
spaces. Of course, it would be extremely interesting to see how to make the various HS
particles self-interact in a first quantized picture, though this is a sensibly harder problem.

Acknowledgments

The authors are grateful to P. Sundell for discussions. They acknowledge the partial
support of UCMEXUS-CONACYT grant CN-12-564. RB thanks the Universidad Andrés
Bello for hospitality. EL acknowledges partial support of SNF Grant No. 200020-149150/1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] M.A. Vasiliev, Consistent equation for interacting gauge fields of all spins in
(3 4+ 1)-dimensions, Phys. Lett. B 243 (1990) 378 [INSPIRE].

[2] M.A. Vasiliev, Higher spin gauge theories in four-dimensions, three-dimensions and
two-dimensions, Int. J. Mod. Phys. D 5 (1996) 763 [hep-th/9611024] [INSPIRE].

[3] M.A. Vasiliev, Nonlinear equations for symmetric massless higher spin fields in (A)dSy,
Phys. Lett. B 567 (2003) 139 [hep-th/0304049] [INSPIRE].

[4] E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002)
303 [Erratum ibid. B 660 (2003) 403] [hep-th/0205131] [INSPIRE].

[5] LR. Klebanov and A.M. Polyakov, AdS dual of the critical O(N) vector model, Phys. Lett. B
550 (2002) 213 [hep-th/0210114] [INSPIRE].

[6] E. Sezgin and P. Sundell, Holography in 4D (super) higher spin theories and a test via cubic
scalar couplings, JHEP 07 (2005) 044 [hep-th/0305040] [INSPIRE].

[7] S. Giombi and X. Yin, Higher spin gauge theory and holography: the three-point functions,
JHEP 09 (2010) 115 [arXiv:0912.3462] [INSPIRE].

[8] M.R. Gaberdiel and R. Gopakumar, An AdSs dual for minimal model CFTs, Phys. Rev. D
83 (2011) 066007 [arXiv:1011.2986] INSPIRE].

[9] V.E. Didenko and E.D. Skvortsov, Ezact higher-spin symmetry in CET: all correlators in
unbroken Vasiliev theory, JHEP 04 (2013) 158 [arXiv:1210.7963] InSPIRE].

[10] S. Giombi and I.R. Klebanov, One loop tests of higher spin AdS/CFT, JHEP 12 (2013) 068
[arXiv:1308.2337] [INSPIRE].

[11] X. Bekaert, S. Cnockaert, C. Iazeolla and M.A. Vasiliev, Nonlinear higher spin theories in
various dimensions, hep~th/0503128 [INSPIRE].

— 95—


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0370-2693(90)91400-6
http://inspirehep.net/search?p=find+J+Phys.Lett.,B243,378
http://dx.doi.org/10.1142/S0218271896000473
http://arxiv.org/abs/hep-th/9611024
http://inspirehep.net/search?p=find+EPRINT+hep-th/9611024
http://dx.doi.org/10.1016/S0370-2693(03)00872-4
http://arxiv.org/abs/hep-th/0304049
http://inspirehep.net/search?p=find+EPRINT+hep-th/0304049
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://arxiv.org/abs/hep-th/0205131
http://inspirehep.net/search?p=find+EPRINT+hep-th/0205131
http://dx.doi.org/10.1016/S0370-2693(02)02980-5
http://dx.doi.org/10.1016/S0370-2693(02)02980-5
http://arxiv.org/abs/hep-th/0210114
http://inspirehep.net/search?p=find+EPRINT+hep-th/0210114
http://dx.doi.org/10.1088/1126-6708/2005/07/044
http://arxiv.org/abs/hep-th/0305040
http://inspirehep.net/search?p=find+EPRINT+hep-th/0305040
http://dx.doi.org/10.1007/JHEP09(2010)115
http://arxiv.org/abs/0912.3462
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.3462
http://dx.doi.org/10.1103/PhysRevD.83.066007
http://dx.doi.org/10.1103/PhysRevD.83.066007
http://arxiv.org/abs/1011.2986
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.2986
http://dx.doi.org/10.1007/JHEP04(2013)158
http://arxiv.org/abs/1210.7963
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.7963
http://dx.doi.org/10.1007/JHEP12(2013)068
http://arxiv.org/abs/1308.2337
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2337
http://arxiv.org/abs/hep-th/0503128
http://inspirehep.net/search?p=find+EPRINT+hep-th/0503128

[12] X. Bekaert, N. Boulanger and P. Sundell, How higher-spin gravity surpasses the spin two
barrier: no-go theorems versus yes-go examples, Rev. Mod. Phys. 84 (2012) 987
[arXiv:1007.0435] [INSPIRE].

[13] A. Sagnotti, Notes on strings and higher spins, J. Phys. A 46 (2013) 214006
[arXiv:1112.4285] [INSPIRE].

[14] V.E. Didenko and E.D. Skvortsov, Elements of Vasiliev theory, arXiv:1401.2975 [INSPIRE].

[15] M.A. Vasiliev, Higher-spin theory and space-time metamorphoses, arXiv:1404.1948
[INSPIRE].

[16] F. Bastianelli, O. Corradini and E. Latini, Higher spin fields from a worldline perspective,
JHEP 02 (2007) 072 [hep-th/0701055] [iINSPIRE].

[17] F. Bastianelli, O. Corradini and E. Latini, Spinning particles and higher spin fields on (A)dS
backgrounds, JHEP 11 (2008) 054 [arXiv:0810.0188| [INSPIRE].

[18] F. Bastianelli, R. Bonezzi, O. Corradini and E. Latini, Effective action for higher spin fields
on (A)dS backgrounds, JHEP 12 (2012) 113 [arXiv:1210.4649] [INSPIRE].

[19] V.D. Gershun and V.I. Tkach, Classical and quantum dynamics of particles with arbitrary
spin, JETP Lett. 29 (1979) 288 [Pisma Zh. Eksp. Teor. Fiz. 29 (1979) 320] [InSPIRE].

[20] P.S. Howe, S. Penati, M. Pernici and P.K. Townsend, Wave equations for arbitrary spin from
quantization of the extended supersymmetric spinning particle, Phys. Lett. B 215 (1988) 555
[INSPIRE].

[21] P.S. Howe, S. Penati, M. Pernici and P.K. Townsend, A particle mechanics description of
antisymmetric tensor fields, Class. Quant. Grav. 6 (1989) 1125 [INSPIRE].

[22] W. Siegel, Conformal invariance of extended spinning particle mechanics, Int. J. Mod. Phys.
A 3 (1988) 2713 [InSPIRE].

[23] W. Siegel, All free conformal representations in all dimensions, Int. J. Mod. Phys. A 4
(1989) 2015 [iINSPIRE].

[24] S.M. Kuzenko and Z. Yarevskaya, Conformal invariance, N -extended supersymmetry and
massless spinning particles in anti-de Sitter space, Mod. Phys. Lett. A 11 (1996) 1653
[hep-th/9512115] [INSPIRE].

[25] V. Bargmann and E.P. Wigner, Group theoretical discussion of relativistic wave equations,
Proc. Nat. Acad. Sci. 34 (1948) 211 [INSPIRE].

[26] X. Bekaert and N. Boulanger, Tensor gauge fields in arbitrary representations of GL(D, R):
duality and Poincaré lemma, Commun. Math. Phys. 245 (2004) 27 [hep-th/0208058]
[INSPIRE].

[27] X. Bekaert and N. Boulanger, Tensor gauge fields in arbitrary representations of GL(D, R).
II. Quadratic actions, Commun. Math. Phys. 271 (2007) 723 [hep-th/0606198] [INSPIRE].

[28] C. Fronsdal, Massless fields with integer spin, Phys. Rev. D 18 (1978) 3624 [INSPIRE].

[29] J.M.F. Labastida, Massless particles in arbitrary representations of the Lorentz group, Nucl.
Phys. B 322 (1989) 185 [INSPIRE].

[30] D. Francia and A. Sagnotti, On the geometry of higher spin gauge fields, Class. Quant. Grav.
20 (2003) S473 [Comment. Phys. Math. Soc. Sci. Fenn. 166 (2004) 165] [PoS(JHW2003) 005]
[hep-th/0212185] [INSPIRE].

[31] A. Sagnotti and M. Tsulaia, On higher spins and the tensionless limit of string theory, Nucl.
Phys. B 682 (2004) 83 [hep-th/0311257| [INSPIRE].

— 96 —


http://dx.doi.org/10.1103/RevModPhys.84.987
http://arxiv.org/abs/1007.0435
http://inspirehep.net/search?p=find+EPRINT+arXiv:1007.0435
http://dx.doi.org/10.1088/1751-8113/46/21/214006
http://arxiv.org/abs/1112.4285
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.4285
http://arxiv.org/abs/1401.2975
http://inspirehep.net/search?p=find+EPRINT+arXiv:1401.2975
http://arxiv.org/abs/1404.1948
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.1948
http://dx.doi.org/10.1088/1126-6708/2007/02/072
http://arxiv.org/abs/hep-th/0701055
http://inspirehep.net/search?p=find+EPRINT+hep-th/0701055
http://dx.doi.org/10.1088/1126-6708/2008/11/054
http://arxiv.org/abs/0810.0188
http://inspirehep.net/search?p=find+EPRINT+arXiv:0810.0188
http://dx.doi.org/10.1007/JHEP12(2012)113
http://arxiv.org/abs/1210.4649
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.4649
http://inspirehep.net/search?p=find+J+JETPLett.,29,288
http://dx.doi.org/10.1016/0370-2693(88)91358-5
http://inspirehep.net/search?p=find+J+Phys.Lett.,B215,555
http://dx.doi.org/10.1088/0264-9381/6/8/012
http://inspirehep.net/search?p=find+J+Class.Quant.Grav.,6,1125
http://dx.doi.org/10.1142/S0217751X88001132
http://dx.doi.org/10.1142/S0217751X88001132
http://inspirehep.net/search?p=find+J+Int.J.Mod.Phys.,A3,2713
http://dx.doi.org/10.1142/S0217751X89000819
http://dx.doi.org/10.1142/S0217751X89000819
http://inspirehep.net/search?p=find+J+Int.J.Mod.Phys.,A4,2015
http://dx.doi.org/10.1142/S0217732396001648
http://arxiv.org/abs/hep-th/9512115
http://inspirehep.net/search?p=find+EPRINT+hep-th/9512115
http://dx.doi.org/10.1073/pnas.34.5.211
http://inspirehep.net/search?p=find+J+Proc.Nat.Acad.Sci.,34,211
http://dx.doi.org/10.1007/s00220-003-0995-1
http://arxiv.org/abs/hep-th/0208058
http://inspirehep.net/search?p=find+EPRINT+hep-th/0208058
http://dx.doi.org/10.1007/s00220-006-0187-x
http://arxiv.org/abs/hep-th/0606198
http://inspirehep.net/search?p=find+EPRINT+hep-th/0606198
http://dx.doi.org/10.1103/PhysRevD.18.3624
http://inspirehep.net/search?p=find+J+Phys.Rev.,D18,3624
http://dx.doi.org/10.1016/0550-3213(89)90490-2
http://dx.doi.org/10.1016/0550-3213(89)90490-2
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B322,185
http://dx.doi.org/10.1088/0264-9381/20/12/313
http://dx.doi.org/10.1088/0264-9381/20/12/313
http://pos.sissa.it/cgi-bin/reader/contribution.cgi?id=PoS(JHW2003)005
http://arxiv.org/abs/hep-th/0212185
http://inspirehep.net/search?p=find+EPRINT+hep-th/0212185
http://dx.doi.org/10.1016/j.nuclphysb.2004.01.024
http://dx.doi.org/10.1016/j.nuclphysb.2004.01.024
http://arxiv.org/abs/hep-th/0311257
http://inspirehep.net/search?p=find+EPRINT+hep-th/0311257

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

I. Bandos, X. Bekaert, J.A. de Azcarraga, D. Sorokin and M. Tsulaia, Dynamics of higher
spin fields and tensorial space, JHEP 05 (2005) 031 [hep-th/0501113] [INSPIRE].

J. Scherk and J.H. Schwarz, How to get masses from extra dimensions, Nucl. Phys. B 153
(1979) 61 [INSPIRE].

M. Fierz and W. Pauli, On relativistic wave equations for particles of arbitrary spin in an
electromagnetic field, Proc. Roy. Soc. Lond. A 173 (1939) 211 [INSPIRE].

R.R. Metsaev, Light cone form of field dynamics in anti-de Sitter space-time and AdS/CFT
correspondence, Nucl. Phys. B 563 (1999) 295 [hep-th/9906217] [INSPIRE].

L. Brink, R.R. Metsaev and M.A. Vasiliev, How massless are massless fields in AdSy, Nucl.
Phys. B 586 (2000) 183 [hep-th/0005136] [INSPIRE].

N. Boulanger, C. lazeolla and P. Sundell, Unfolding mized-symmetry fields in AdS and the
BMYV conjecture: I. General formalism, JHEP 07 (2009) 013 [arXiv:0812.3615] [INSPIRE].

N. Boulanger, C. Iazeolla and P. Sundell, Unfolding mized-symmetry fields in AdS and the
BMYV conjecture: II. Oscillator realization, JHEP 07 (2009) 014 [arXiv:0812.4438]
[INSPIRE].

I.L. Buchbinder and A. Reshetnyak, General Lagrangian formulation for higher spin fields
with arbitrary index symmetry. 1. Bosonic fields, Nucl. Phys. B 862 (2012) 270
[arXiv:1110.5044] [INSPIRE].

A. Reshetnyak, General Lagrangian formulation for higher spin fields with arbitrary index
symmetry. II. Fermionic fields, Nucl. Phys. B 869 (2013) 523 [arXiv:1211.1273] [INSPIRE].

S. Deser and R.I. Nepomechie, Gauge invariance versus masslessness in de Sitter space,
Annals Phys. 154 (1984) 396 [INSPIRE].

S. Deser and A. Waldron, Partial masslessness of higher spins in (A)dS, Nucl. Phys. B 607
(2001) 577 [hep-th/0103198] INSPIRE].

K. Hallowell and A. Waldron, Constant curvature algebras and higher spin action generating
functions, Nucl. Phys. B 724 (2005) 453 [hep-th/0505255] [INSPIRE].

T. Biswas and W. Siegel, Radial dimensional reduction: anti-de Sitter theories from flat,
JHEP 07 (2002) 005 [hep-th/0203115] [INSPIRE].

M. Grigoriev and A. Waldron, Massive higher spins from BRST and tractors, Nucl. Phys. B
853 (2011) 291 [arXiv:1104.4994] [INSPIRE].

F. Bastianelli and P. van Nieuwenhuizen, Path integrals and anomalies in curved space,
Cambridge University Press, Cambridge U.K. (2006) [INSPIRE].

F. Bastianelli and A. Zirotti, Worldline formalism in a gravitational background, Nucl. Phys.
B 642 (2002) 372 [hep-th/0205182] [ixSPIRE].

F. Bastianelli, R. Bonezzi, O. Corradini and E. Latini, Eztended SUSY quantum mechanics:
transition amplitudes and path integrals, JHEP 06 (2011) 023 [arXiv:1103.3993] [INSPIRE].

R. Camporesi and A. Higuchi, Arbitrary spin effective potentials in anti-de Sitter space-time,
Phys. Rev. D 47 (1993) 3339 [INSPIRE].

R. Camporesi and A. Higuchi, Spectral functions and zeta functions in hyperbolic spaces, J.
Math. Phys. 35 (1994) 4217 [InSPIRE].

— 97 -


http://dx.doi.org/10.1088/1126-6708/2005/05/031
http://arxiv.org/abs/hep-th/0501113
http://inspirehep.net/search?p=find+EPRINT+hep-th/0501113
http://dx.doi.org/10.1016/0550-3213(79)90592-3
http://dx.doi.org/10.1016/0550-3213(79)90592-3
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B153,61
http://dx.doi.org/10.1098/rspa.1939.0140
http://inspirehep.net/search?p=find+J+Proc.Roy.Soc.Lond.,A173,211
http://dx.doi.org/10.1016/S0550-3213(99)00554-4
http://arxiv.org/abs/hep-th/9906217
http://inspirehep.net/search?p=find+EPRINT+hep-th/9906217
http://dx.doi.org/10.1016/S0550-3213(00)00402-8
http://dx.doi.org/10.1016/S0550-3213(00)00402-8
http://arxiv.org/abs/hep-th/0005136
http://inspirehep.net/search?p=find+EPRINT+hep-th/0005136
http://dx.doi.org/10.1088/1126-6708/2009/07/013
http://arxiv.org/abs/0812.3615
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.3615
http://dx.doi.org/10.1088/1126-6708/2009/07/014
http://arxiv.org/abs/0812.4438
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.4438
http://dx.doi.org/10.1016/j.nuclphysb.2012.04.016
http://arxiv.org/abs/1110.5044
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.5044
http://dx.doi.org/10.1016/j.nuclphysb.2012.12.010
http://arxiv.org/abs/1211.1273
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1273
http://dx.doi.org/10.1016/0003-4916(84)90156-8
http://inspirehep.net/search?p=find+J+AnnalsPhys.,154,396
http://dx.doi.org/10.1016/S0550-3213(01)00212-7
http://dx.doi.org/10.1016/S0550-3213(01)00212-7
http://arxiv.org/abs/hep-th/0103198
http://inspirehep.net/search?p=find+EPRINT+hep-th/0103198
http://dx.doi.org/10.1016/j.nuclphysb.2005.06.021
http://arxiv.org/abs/hep-th/0505255
http://inspirehep.net/search?p=find+EPRINT+hep-th/0505255
http://dx.doi.org/10.1088/1126-6708/2002/07/005
http://arxiv.org/abs/hep-th/0203115
http://inspirehep.net/search?p=find+EPRINT+hep-th/0203115
http://dx.doi.org/10.1016/j.nuclphysb.2011.08.004
http://dx.doi.org/10.1016/j.nuclphysb.2011.08.004
http://arxiv.org/abs/1104.4994
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.4994
http://inspirehep.net/record/728108
http://dx.doi.org/10.1016/S0550-3213(02)00683-1
http://dx.doi.org/10.1016/S0550-3213(02)00683-1
http://arxiv.org/abs/hep-th/0205182
http://inspirehep.net/search?p=find+EPRINT+hep-th/0205182
http://dx.doi.org/10.1007/JHEP06(2011)023
http://arxiv.org/abs/1103.3993
http://inspirehep.net/search?p=find+EPRINT+arXiv:1103.3993
http://dx.doi.org/10.1103/PhysRevD.47.3339
http://inspirehep.net/search?p=find+J+Phys.Rev.,D47,3339
http://dx.doi.org/10.1063/1.530850
http://dx.doi.org/10.1063/1.530850
http://inspirehep.net/search?p=find+J+J.Math.Phys.,35,4217

	Introduction
	Review of the SO(N) massless spinning particles
	Dimensional reduction, massive particles, and massless limit
	Light cone analysis
	Covariant analysis
	The massive case: Pauli-Fierz
	The massless limit: Fronsdal-Labastida multiplets
	Gauge invariance


	Coupling to curved space: (A)dS manifolds
	Light cone analysis
	Covariant analysis: massive case
	Massless limit: an example

	Conclusions

