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1 Introduction

Feynman integrals are the building blocks for describing particle interactions beyond the
tree approximation in perturbation theory. When their direct integration becomes pro-
hibitive, because of either the number of loops or of external legs, the evaluation of Feyn-
man integrals can be addressed in two phases, namely the decomposition in terms of basic
integrals, followed by the evaluation of the latter, to be considered as an easier problem.

Within the continuous dimensional regularization scheme, Feynman integrals fulfill
identities that fall in the category of the general class of integration-by-parts relations [1-
3]. Such relations can be exploited in order to identify a set of independent integrals,
dubbed master integrals (MI’s), that can be used as a basis of functions for the virtual
contributions to scattering amplitudes. Therefore, for any given process, it is possible to
identify a minimal set of MI’s, such that all Feynman integrals contributing to it admit a
representation in terms of the chosen basis of MIs.

Scattering amplitudes are combinations of Feynman diagrams. Therefore, it is not
unnatural that global properties of scattering amplitudes can be exploited to achieve the



decomposition of the whole amplitude in terms of MI’s. In fact, unitarity and factorization,
both at the integral and integrand level, become suitable tools for the simultaneous decom-
position of group of diagrams in terms of MI's [4-6] (see [7, 8] for reviews). Decomposing
the whole amplitude, rather than the individual diagrams, has the advantage that at each
step of the computation the coefficients of the decomposition reflect the symmetries of the
amplitude. Whereas, the decomposition of each integral separately may not carry such
information, with the drawback of introducing spurious terms at the intermediate steps of
the calculation, which necessarily disappear from the total result.

The advantage of decomposing amplitudes, rather than individual integrals, in terms
of MI’s clearly emerged in the last decade, as it has been the driving principle determining
the breakthrough in the evaluation of next-to-leading order (NLO) virtual corrections to
multi-leg processes (see for instance [9] and references therein). Activities are ongoing to
extend the underlying ideas to higher orders [10-15].

The evaluation of MI’s usually proceeds one-by-one in a bottom up approach, starting
from the less complicated integrals and systematically enriching their structure by increas-
ing the number of internal and external lines. MI’s are functions of the kinematic invariants
built with the external momenta and of the masses of the involved particles. Remarkably,
the integration-by-parts (IBP) relations imply that the MI’s obey linear systems of first-
order differential equations (DE’s) in the kinematic invariants, which can be used for the
determination of their actual analytic expressions [16-18].

The simplicity of the whole amplitude with respect to the individual integrals is re-
flected also in the fact that the analytic functions present in each MI do not necessarily
appear in the final result, obtained after combining coefficients and MI’s altogether. Re-
markably, Hopf algebra structure (of multiple polylogarithms) can be used to simplify
complicated expressions for multi-loop amplitudes [19], or global symmetries can be used
to constrain the minimal set of variables an amplitude may depend on [20]. In other
words, integrals depend on the kinematic invariants enforced by their external topology
and masses, but amplitudes may depend on functions of such invariants, which resolve the
symmetries that are not manifest at the diagrammatic level.

In this spirit, the role of differential equations is twofold, because they are not only a
tool for evaluating individual integrals, but also the location where investigating how the
exposed analytic properties of MI’s could be transferred to amplitudes.

For any given scattering process the set of MI’s is not unique [21]. Rather than
considering it a limitation, this freedom can be exploited in order to select the basis of MI’s
that can be easier to evaluate. In the context of the differential equations method [16—
18], reviewed in [22, 23], and further developed in [24, 25], simplifying the evaluation of
MT’s means achieving a block-triangular form of the system where: i) the dimensions of
the blocks are minimal; 4i) all analytic properties are exposed; iii) the solution can be
determined through an algebraic procedure.

According to the study in ref. [24], generic systems of DE’s for MI's whose associated
matrix depends on rational functions of the kinematics and e could be brought in a canonical
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Figure 1. The two-loop and three-loop ladder box diagram, with one off-shell leg: the solid lines
stand for massless particles; the dashed line represents a massive particle. Momentum conservation
is S0 pi =0, with p2 =0 (i = 1, 2, 3) and p3 = m?.

form where the e-dependence is factorized from the kinematic. The integration of a canoni-
cal system of DE’s can be carried out with algebraic patterns, where the analytic properties
of its solution are manifestly inherited from the matrix associated to the system, which be-
comes the kernel of the representation of the solution in terms of repeated integrations [26].
These novel ideas for evaluating MI’s have recently stimulated several applications [27-37].

In ref. [31], we proposed to address the evaluation of MI’s by means of a unitary-like
formalism, where Magnus exponential [38] is responsible for the kinematic evolution of
the MI’s by acting on the boundary conditions. In particular, we observed that an initial
set of MI’s obeying a systems of DE’s which depends linearly on € can be brought in
canonical form after applying a change of basis by means of a transformation that absorbs
the constant term. The change from the initial set to the canonical basis of MI’s can
be implemented with Magnus exponential [38, 39]. The solution admits an e-expansion
in terms of Dyson or equivalently Magnus series, whose coefficients are written as nested
integrations [26, 40-44].

In this article, we apply Magnus exponential method to solve the system of differential
equations fulfilled by 85 MI’s required for the determination of the three-loop ladder box
integrals with one massive leg, shown in figure 1b, and of the tower of integrals associated
to their subtopologies, depicted in figures 3-5. All propagators are massless. The solu-
tion of the system is finally determined after fixing the values of the otherwise arbitrary
constants that naturally arise from solving differential equations. In the considered case,
boundary conditions are obtained by imposing the regularity of the MI’s around unphysical
singularities, ruling out the divergent behavior of the general solution of the systems.

Among the evaluated 85 MI’s, there are 16 vertex-like integrals with two off-shell legs
not yet considered in the literature, and 10 one-scale vertex- and bubble-like integrals, which



had already been computed by means of Mellin-Barnes integral representation [45-48]. In
general, homogeneous differential equations for single scale integrals carry only information
on the scaling behaviour of the solution. The determination of the boundary constants for
such differential equations amounts to the evaluation of the integrals themselves by other
means. Within a multi-scale problem, where integrals may depend on more than one
external invariant, single-scale integrals enter the regularity conditions (or equivalently
could be the limit) of the multi-scale ones [28, 49]. These relations, entangling single- and
multi-scale functions, can be exploited to determine the arbitrary constants of the single-
scale integrals, or at least to reduce the number of independent single-scale integrals that
needs to be computed by alternative methods, other than differential equations. Therefore,
solving multi-scale systems of differential equations yields the simultaneous determination
of single- and multi-scale MI’s, which are finally expressed in terms of a few single-scale
MTI’s, to be independently provided. In fact, the considered case of 85 MI’s requires only 2
one-scale integrals as external input.

The MI’s hereby computed can be considered the first contributions to the next-to-
next-to-next-to-leading order (N3LO) virtual corrections to scattering processes like the
three-jet production from vector boson decay, V* — jjj, as well as the Higgs plus one-jet
production in gluon fusion, pp — Hj, currently computed at NNLO accuracy in refs. [50—
53] and refs. [54, 55] respectively. The collinear limits of the MI’s we present enter the
computation of the three-loop one-particle splitting amplitudes, currently known at two-
loop order [56]. Such amplitudes also serve as an ingredient for the derivation, following
the procedure of ref. [57], of the N3LO Altarelli-Parisi splitting kernel.

The results of the considered box-type integrals and of the tower of vertex- and bubble-
type integrals associated to subtopologies are given as a Taylor series expansion in €. The
coefficients of the series are expressed in terms of uniform weight combinations of transcen-
dental constants and generalised harmonic polylogarithms [41, 42, 58] up to weight 6.

We also present the calculation of the two-loop one-mass planar box diagram in fig-
ure la, giving the result for the corresponding MI’s, whose topologies are depicted in
figure 3. We provide higher orders e-expansions w.r.t. the expressions available in the
literature [18, 59].

We used the computer code Reduze 2 [60, 61] for solving the system of integration-by-
parts relations and generating the system of differential equations. The analytic results of
the MI’s at two- and three-loop can be numerically evaluated by means of GiNaC [43, 62]
and are found in agreement with the outcome of the direct numerical integrations carried
out by FIESTA 3 [63, 64] (within per-mille level of accuracy).

The paper is organized as follows. In section 2, we discuss the generic form of the
systems of differential equations which are required to compute the ladder box integrals
with one massive-leg at two- and three-loop. There we show how the canonical systems
are constructed by using Magnus exponential matrices. In sections 3 and 4, we present the
canonical bases for the two- and three-loop cases respectively. In section 5, the limiting
conditions for fixing the boundary are explained, showing how meaningful relations for
single-scale integrals emerge.



In the appendices A and B, we collect the representative matrices of the canonical
systems. appendix C contains the analytic expression of the three-loop one-mass scalar-
box integral.

The sets of 18 two-loop MI’s and of 85 three-loop MI’s are collected in two ancillary
files 2loopMIs.m and 3loopMIs.m available from http://arxiv.org/abs/1408.3107.

2 Differential equations and Magnus exponential

All Feynman integrals belonging to the topologies which we consider in the present work
can be defined in terms of the following sets of denominators D,, (k; are the loop momenta).
For the two-loop ladder diagram in figure la, one has

Di=ki, D=k  Ds= (ki — k)’ Dy = (kg + p2)?,
Ds = (k1 +p2+p3)°, De=(ka+p2+ps)®, Dr=(ki+p+p+ps)? (21)
supplemented by the auxiliary denominators
Ds = (ki +p2)%, Do = (k2 +p1 +p2+p3)* (2.2)
For the three-loop ladder diagram in figure 1b one has instead

Dy =ki, Dy=ks, Dy=kj, Dy = (k1 — k2)?,
Ds = (ka — ks)?, D = (ks + p2)*, D7 = (k1 + p2 +p3)°,
Dy = (ka+p2+p3)°, Do=(ks+p2+ps)’, Dio= (ki +p1+p2a+ps)?, (23)

supplemented by the auxiliary denominators

D11 = (k1 +p2)%,  Diz = (k2 +p2)% Dig = (k2 + p1 + p2 + p3)?,
Diy = (k3 +p1 +p2 + p3)%, Dis = (ks — k1) (2.4)

In the following we consider ¢-loop Feynman integrals built out of p of the above denomi-
nators, each raised to some integer power, of the form

i 1
/ddkl B ddkg N =T 0 (25)
Dil ... Dy?

where the integration measure is defined as

— Ak [0S\t
dk; = ) (16772> (—m*)S, (2.6)

with
LP(1+e)T%(1—¢)

I'(1— 2¢)
The two- and three-loop MI’s, respectively depicted in figure 2 and figures. 3-5, are func-

S. = (47)¢ (2.7)

tions of the kinematic variables

s=(pa+p3) t=(1+p3)’ u= @ +p2)’ m = (p1+p2+p3) (2.8)


http://arxiv.org/src/1408.3107/anc/2loopMIs.m
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with p? = 0 (i = 1,2,3) and p3 = (p1 +p2 +ps3)?, fulfilling s+t +wu = m?. For convenience,
we define the dimensionless ratios
S t U

_m27 yE 27 z= 27

with z +y+2=1. (2.9)
m

For planar topologies, like the ones we consider, one can always choose the Euclidean
kinematic region m?, s, t, u < 0 such that the MI's are real. For definiteness, we work in
the region 0 < y < 1,0 < x < 1 —y (or equivalently 0 < z < 1, 0 < y < 1 —xz). The
analytic continuation of our results to regions of physical interests can be performed by
generalizing to higher weights the procedure of ref. [65].

The sets of MI’s we choose to work with (see sections 3 and 4) obey e-linear systems
of first order differential equations in the kinematic variables (o = z,y),

O fle,m?, 2,y) = Ag(e,m? 2,9) f(e,m?, z,y), (2.10)
with
Ag(e,m2, T,y) = Aa7o(m2, x,y) + 6A071(m2,x, Y). (2.11)

2

Given that m? is the only dimensionful variable, the differential equation in m? is related

—Le

to the scaling equation. A factor (—m?)~% is already included in integration measure (2.7),

therefore for each f; we simply have
N
87712 fi(mZ,x,y,e) = _migfi(67m27x7y)7 (212)
where n; is the dimension of the integral f; in units of a squared mass.

2.1 Magnus exponential

We can use Magnus exponential [31, 38] to define a matrix B that implements a change of
basis f — g,
f=Bg, A,=B'A,B-B'9,B, (2.13)

such that the new basis of MI’s fulfills a canonical system of differential equations,
aag(eaxay) :GAU(I7y)g(€7x7y)7 (214)

where the dependence on e is factorized from that on the kinematic variables [24]. Accord-
ingly, g is called canonical basis of MI’s.

Following ref. [31], in order to build the matrix B of (2.13), let us introduce Magnus
exponential matrix [38, 39]. For a generic matrix M = M (t), this is defined as

SHM®] (2.15)
being the solution of the following matrix differential equation,

8, MOV = pp(g) LAMD, (2.16)



The exponent Q[M(t)] is given as a series of matrices obtained by repeated integrations,
using M (t) as a kernel,

S QM) (217)

n=1

QM ()]

where the first three terms of the series expansion read,

t

Ql[M(t)]:/t d’TlM(Tl),

Qo[M(1)] = % /t i, /t " dry [M(m), M(m2)], (2.18)
0uM (0] = g [an [“ary ["ar V(). ) M) + M), [M(r2). M ()]

2.2 Canonical transformation

The basis change B, which brings the systems in the canonical form (2.14), can in general be
obtained in both the two- and three-loop cases as the product of five exponential matrices,
each implementing a change of basis according to (2.13), applied in successions. The
dependence of each matrix on x and y is understood.

1. First of all we rescale all the MI’s by appropriate factors of m? in order to work
with dimensionless integrals. This can be conveniently implemented by a Magnus

exponential of the diagonal matrix A2

Ay — A0 Bl = SRzl (2.19)

[0]

m2 vanishes and the MI's do not depend anymore

As a result of this transformation, A

on m2.

2. Then we decompose AQ]O in a diagonal term DL% and a off-diagonal one Nﬂ) ,

A =Dl NI (2.20)

z,

and use only the diagonal part for the next basis change,

Ay Al Bl = S0P, (2.21)
3. We repeat as before and split A?[}’]O into its diagonal and off-diagonal parts,
1 1 1
Al =Dl NI (2.22)
and we build the Magnus exponential again using the diagonal part
Al A2, BEl = P, (2.23)



4. Now the matrix AE ]0, has no diagonal term left,
2 2
A% = NP, (2.24)
therefore we build the Magnus exponential of the off-diagonal part

A2y 4B BBl = eﬂ[Nf,%]_ (2.25)

5. The matrix A?[i }0 has no diagonal term as well,

AP = NB (2.26)
so we can define the last basis change
AR Al Bl = SN (2.27)
After the last transformation we observe that
Al =0=4lll. (2.28)
This means that the basis change of (2.13), with the matrix B given by
B = B BB BBIBH — (A0l (QIDIG] AP0 (QING] (QUN,] (2.29)

absorbs the constant terms of A, and A, in the e-linear systems in (2.10) and brings them
to the canonical form (2.14):

~

Ag(e,m?, 2,y) — €Ay (,y). (2.30)

2.3 Canonical system
The two partial-derivative systems satisfied by the new set of MI’s, ¢ = B~!f, can be
conveniently combined in an exact differential form,

dg(e,z,y) = edA(z,y) gle, z,y), dA = Aydx + A,dy, (2.31)

where A(z,y) is logarithmic in the variables z and v,

~

A(z,y) = My log(x) + Malog(l — x) + Mzlog(y) + Mylog(l —y) +

T+ 1—z—

The matrices M; are n X n sparse matrices with purely rational entries, where n is the
number of MI’s. The value of n depends on the number of loops, and it amounts to
n = 4, 18, 85, respectively at one-, two- and three-loop. The arguments of the logarithms
are defined as letters, and the set of letters

{xvl_x7y7]-_y7$+y71_x_y} (233)



constitutes the alphabet. We observe that this alphabet is common both to the two- and
the three loop cases. At one-loop [18], although not shown here, M5 is absent, while at
two-loop M5 has only one non-vanishing entry.

The solution of (2.14), (2.31) can be expressed as a Dyson series in e,

sl = (14 L D) ) e (230
n=1

where the (matrix) coefficients of the series can be written as the iterated line integral,

D™ (z,y) = /d/h dAy---dA,, (2.35)

Y

where dA; = dfi(x,-, y;). Equivalently, the solution admits a representation in terms of the
Magnus exponential

g(x,y,€) = MA@ g (), (2.36)

where the vector go(€) = g(xo, yo, €) corresponds to the boundary values of the MI’s. This
form is very suggestive, as Magnus exponential can be considered as an evolution operator,
like in the unitary formalism, that brings the MI’s g from their initial, boundary values to
the considered point in the (z,y)-plane.!

For definiteness, we integrate the exact differential form (2.31) from an arbitrary point
(xo,y0) to (z,y), along the broken path composed of the two segments in which one of
the variables is kept constant. The integration is performed order by order in €, up to a
multiplicative vector of unknown constants. The latter are fixed by requiring the regularity
of g(x,y, €) at the pseudothresholds (see section 5).

The solution of the canonical system in (2.32) with the coefficient matrix given
by (2.31) can be naturally expressed in terms of Goncharov’s multiple polylogarithms
(G-polylogarithms, for short) [26, 41-43],

Glin: 2) = Gwi, in_1:3) = / dt—L Gl i), (2.37)

0 t—w1

G(0p;x) = %log"(x), (2.38)

with @, being a vector of n arguments. The number n is referred to as the weight of
G(Wy; ) and amounts to the number of iterated integrations needed to define it. Equiva-
lently one has

1

Tr — Wi

0y G(Wn; x) = 0y G(wy, Wp—1;2) =

G(Wp—1; ). (2.39)

In this case, the evolution has to be understood like the variation w.r.t. the kinematic invariants that are
the variables of the system of differential equations obeyed by MI’s, rather than the quantum-mechanical
time-evolution. Moreover, the matrices representing the systems of differential equations for MI’s are not
unitary.



weight | a=2 «a=3 a=4
1 2 3 4
2 1 3 6
3 2 8 20
4 3 18 60
5 6 48 204
6 9 116 670

Table 1. Size of a basis of G-polylogarithms.

G-polylogarithms fulfill shuffle algebra relations of the type

G(m; x) G(7; ) = G(m; z) LU G(7; ) Z G(p; ), (2.40)

=m L7

.l

3

where shuffle product m LLI7 denotes all possible merges of m and 7 preserving their
respective orderings. Because of shuffle relations, for a given alphabet and a given weight
one can identify a minimal basis of G-polylogarithms. For the calculation of the considered
two- and three-loop MI’s the alphabet in (2.33) corresponds to the set of weights W =
{0, 1, —z, 1 — x}. The number of basis elements depending on the weight n and the
alphabet size « is given by the Witt formula:

N(n,a) = % S u(d) at, (2.41)

where p denotes the Mobius function and the sum is done over all divisors of n. For
reference we give values of N(n, a) relevant for this calculation in table 1.

3 Two-loop master integrals

A set of 18 two-loop MI’s for the planar massless box integrals with one massive leg of
figure la was first computed in refs. [18, 59]. We present the calculation of an alternative,
yet compatible set of MI’s. We begin by choosing the following basis

=T fo=€Ts f3=€T;
fi=€T fs=€Ts fo=€Ts
fr=T fs =€ Tg fo=€Ty
fio = € Tio fi1 =T fi2 = €' Tia
fi3 =€ Tis fia =€ Tia fis = € Tis
fi6 =€ Tig fir =€¢" Tz fis =€ Tig (3.1)

where the integrals 7; are depicted in figure 2. The set {f}i:L._,,lg is chosen to obey a
e-linear system of differential equations in x and y, which, as previously described, can be

~10 -



Tia Tis Tie Tiz Tis

Figure 2. Two-loop Master Integrals {7;};=1,. 1s. The solid lines stand for massless particles;
the dashed line represents a massive particle; dots indicate squared propagators; numerators may
appear as indicated (p;; = p; + p;)-

cast in canonical form by means of Magnus exponentials. In this case, the canonical trans-

[0] [1]
formation B, generically defined in (2.29), reduces to B = ¢ MAm20] (O2UDg o] QD y»O], because
after the first three transformations Na[fg] = NE(]) = 0. The canonical basis {g}i=1,... 1s reads,

e

g1 =5f1 g2 =1fo gs=m’ f3

g1 = $* f4 gs = s[5 g6 =m?*s fo

g7 = s f7 gs = At f3 go = s fo

g10 = As f10 g1 = st fu1 g12 = u fi2

913 = Ay f13 g14 = st f1a g15 = st f15

916 = 5 A\t f16 g7 = st fiz g18 = 5 As f18 (3.2)
where A\, = (m2 - a). The sparse matrices M; (i = 1,...,6) appearing in the corresponding

canonical system in (2.31) and (2.32) are given in appendix A.

- 11 -



Tas T26 Tz Tas Ta9 T30

30. The solid lines stand for massless particles;

.....

Figure 3. Three-loop Master Integrals {7;}i=1 ..
the dashed line represents a massive particle; dots indicate squared propagators; numerators may
appear as indicated (p;; = p; + p;). See also figures 4 and 5.

4 Three-loop master integrals

The calculation of the three-loop ladder box integrals with one massive leg, represented in
figure 1b, is the main, new result of this paper. After performing the automatic reduction
by means of the computer code Reduze 2 [60, 61], we identify a set of 85 MI’s,

fh=€eT fo=€Ts f3=€ETs
fi=¢T fo=€1+2)Ts fo=¢"Ts
fr=€T fs=€e'"Ts fo=¢€To
fio = € Tio fi1 =t T fi2 = €* Tz
fi3 =€ Ti3 fia=€Tu fis = €' Tis
fi6 = €* Tie fir =€ T fis = € Tis
fio = €* (1 — 2¢) Tio fao = € Tao for = €T
foz = € Tog foz = €* Tos fo1 =€ Toa
fos = € Tas fa6 = € Tag for = € Taz

- 12 —



Taa

Ts5 Ts6 Ts7 Tss Ts9

Figure 4. Three-loop Master Integrals {7;}i=31,...59. The solid lines stand for massless particles;
the dashed line represents a massive particle; dots indicate squared propagators; numerators may
appear as indicated (p;; = p; + p;). See also figures 3 and 5.

fos = € (14 2€) Tas foo = € Ta f30 =€ Tso
fs1=€"Ty fz2 =€ Tx fs3 =€ Tss
faa = €' Taa fa5 =€ Tz fs6 = € Tz
for=¢€' (11__2:)757 fzs =€ Tss f39 =€ Tz
f10 =€ Tao fn=¢€Tn fiz =€ Ta
fis=¢€"Tus f1a =€ Ta f15 =€ Tus
f16 = € Tag fir =€ Tar f1s = €% Tas
f19 = € Tag fso =€ (1+€) Tso fs1 =€ Ta
foa =€ (1= 2¢) Tso fss =€ Tss fou =€ T
fo5 = € Tss foo =€ (1+¢€) Too fosr =€ Tz
fos = € Trs foo = €' (1+€) Tso foo = €° Too
for =€ Ta1 for = € Te fos3 = € T3

~13 -



Ts3 Tsa Tss

Figure 5. Three-loop Master Integrals {7;}i=e0....,
the dashed line represents a massive particle; dots indicate squared propagators; numerators may
appear as indicated (p;; = p; + p;). See also figures 3 and 4.

g5. The solid lines stand for massless particles;

fo1 = € T fos =€ (1 —2¢) Tgs fos = €° Teo

for =€ Ter fos = €° Tes foo = € Teo

fro =€ (1 —2¢) Tro fr1=¢Tn fra =€ Tra

fr3 = € Trg fra =€ Ty fr5 =€ Ts

fr6 = € Tz frr=¢€ T frs =€ (1 —2¢) Trs

fro = € T fs0 = €° Tao fs1 =€ (1 —2¢) Tsy

fs2 = € Taa fsz =€ Tas fsa =€ Tsa

fos = €9 Tgs (4.1)

where the integrals 7; are depicted in figures 3-5. As before, the choice of {f}i—1 . g5 is
motivated by them obeying a e-linear system of differential equations in = and y.

In this case, the canonical transformation B, generically defined in (2.29), reduces to

[0] [1] [2]
B = Mm20] 0Pz 0] QD 0] eQ[Nw], yielding the canonical basis {g}i=1... 85

g1=5f1 g2=1tf gs =m? fs g1 =5 fu
g5 =5fs5 g6 =5 fos gr = s fr g8 =5fg
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g9 =m?s fo g10 = m?s fio g11 = s fn 912 = As f12

913 = At f13 gra=m? (s fu —Af15) 15 = As f15 916 = As f16
g1 = At fir g18 = 5° fig g19 = s f19 920 = 5° fa0
g1 =m?s* far g22 = 8 As fo2 923 =5 As faz  g2a = As fou
925 = m*As fos 926 = As fo6 gar = As for gas = m® (s fog — 12 fa7)
929 = As fag gs0 =m>s fag gs1 = st f3 g32 = u f32

933 = Au f33 g31 = st f3a g5 =m>s f35  gss = st fag
g37 =5 (far — fi7) 938 = u f38 g39 = u [39 940 = Ay fa0
ga1 = st fu 942 = Ay faz ga3 = st fa3 ga4 = St faa
ga5 = S fu5 946 = S fa6 gar =8 As far gas = As fas
919 = As fa9 950 = 8 As f50 gs1 =8 fs1  gs2 = As fr2
953 = At f53 gsa =m?>s foy G55 =5 As f55 956 = S At f56
gs7 = st fs7 958 = Ay [8 gso =m’s fso  geo =1 feo

g61 = 5 As fe1 962 = 5 Mt fe2 go3 = st fos  goa =5t fou
g65 = 8 As fo5 ge6 = su fe6 g1 =t for  ges = su fos
9o = 5>t fe g70 = 8 As fro gn=stfn g2 =sufrn
gr3 = s>t fr3 974 = 8 Ay fra g5 =m* % fr5 gre =m” st fre
g7 = st frr g1s = 5° frs gro=s>tfro  gso=5" At fso

st 52
gs1 = m? <—2f24 — 3fo6 +4for — fog + 25 far — 2f49 — QWfM + Wfan —2s f82>
gs2 = S As fs2 gs3 = s>t fs3 gs1 = 5" Xs a1 gss = 5% As fss (4.2)

with A\, defined below (3.2). The sparse matrices M; (i = 1,...,6) appearing in the
corresponding canonical system (2.31) and (2.32) are given in appendix B.

5 Boundary conditions

The generic solutions (2.34) of the canonical systems at two- and three-loop are written
in terms of G-polylogarithms and constants to be fixed by boundary conditions. The
alphabet (2.33) determines the thresholds which appear in the final result. Out of six
thresholds only two are physical, since they correspond to the production of massless
particles in s- and t-channels at z = 0 and y = 0. Imposing the regularity of the generic
solutions at the unphysical thresholds, namely x =1,y =1, y = —x, y = 1 — x, amounts
to ruling out the terms that give rise to divergent behaviours, hence enforcing conditions
that unequivocally fix the arbitrary constants.

5.1 Relations for one-scale integrals

In general, homogeneous differential equations for single scale integrals carry only infor-
mation on the scaling behaviour of the solution. Boundary constants for such differential
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equations require the evaluation of the integrals themselves by independent methods.
Within a multi-scale problem, such as the one we are considering, integrals may depend
on more than one external invariant, and single-scale integrals participate in the regularity
conditions of the multi-scale ones. Therefore, these relations can be exploited to determine
the arbitrary constants of the single-scale integrals. Alternatively, they can reduce the
number of independent single-scale integrals that needs to be independently provided.
Therefore, solving multi-scale systems of differential equations yields the simultaneous
determination of single- and multi-scale MI’s, which are finally expressed in terms of a
few single-scale MI’s, to be considered as external input.

Let us discuss, as a pedagogical example, the systems of DE’s for the two-loop master
integrals g2, g5, gs and g11, represented by the corresponding topologies in figure 2, which

read,
aji 0, (5.1)
o (<=2
az\i =0, (5.3)
31 1 1
8$)j<:_21—x£+3<_1—x 1—$—y>/<[<
\ (5.4)
1 1 12 1
7 (H_l—w—y) i_@—x x 1—%—31) )ji
and
e
6y><[< =0, (5.6)
1 I
% 7 =gy o 7 o
3 1 1
ay)ji T l-z-y/ ( +3<1—y_1—x—y> i

(5.8)

From the regular behavior of (5.4) and (5.8) at (1—2z) - 0, (1—y) = 0 and (1—z—y) — 0,
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the following relations can be established:

(15 g )

\jy%—o (5.10)
)

The zeroth order term of the e-expansion is independent of z and y. Therefore, we can

=0 (5.11)

y—1l—x

combine the equations above in order to find a relation between (the constant terms of)
two one-scale integrals,

At higher order in €, these equations acquire a richer structure, because constants coming

(5.12)

€Y, const. €0, const.

from the limiting values of the G-polylogarithms appear. For the considered example, the
relation at the first order in € is unaltered (the only constant which could appear being
imaginary, hence not allowed in the Euclidean region),

) = = 1
< AR o
el, const. €l, const.
but at the second order in € the relation becomes,
| - __ _ 5.14
< 0| -5 611
€2, const. €2, const. €2, const.

Similar relations are systematically established, so that all MI’s can be finally deter-
mined by providing few simple integrals as external inputs. At two-loop, the only external
input is g3 in (3.2), which can be independently computed and is given by,

o T2(1—2¢)T?(—€) T(1 + 2¢)
TOTA 3931 — ) 2(1 +e)

93 (5.15)

while g3 and g9 in (4.2) are the input integrals for the three-loop MI’s, amounting to

331 —2) I3 (=€) T(1 4+ 3e)
BP0 4TI — ) T3(1 + o)
321 —2¢) I3 (=€) T(1 + 2¢)
TOT(I -394 (1 - 21 +e)

(5.16)

x e, (5.17)

99

where we omit the common normalization factors (2.7).
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We would like to observe that the relations between single-scale integrals, coming from
the regularity conditions of multi-scale ones, seem not to belong to the set of IBP identities
needed to derive the considered systems of differential equations. In the future, it is worth
to investigate whether such relations are truly independent from IBP identities, or if they
would arise when considering larger sets of identities for increasing powers of denominators
and irreducible scalar products.

The sets of 18 two-loop MI’s and of 85 three-loop MI’s are collected in two ancillary
files 2loopMIs.m and 3loopMIs.m available from http://arxiv.org/abs/1408.3107.

In appendix C, we present only the analytic expression of the three loop gg3-integral,
see figure 5, that we consider the representative diagram of this work.

6 Conclusions

In this article we presented the analytic expressions of the 85 master integrals (MI’s) of the
three-loop ladder-box topology with one massive leg. Their calculation was performed with
the method of differential equations, namely by solving a system of first order differential
equations fulfilled by the MI’s. The generic solution of the system was obtained in a purely
algebraic way, by means of Magnus exponential method, and cast in terms of repeated
integrations, according to Dyson series expansion, as recently proposed in ref. [31]. The
boundary conditions were provided by the regularity of the solutions at pseudothresholds.

The results of the considered four-leg integrals, as well as of the tower of three- and two-
leg master integrals associated to subtopologies (including previously unknown two-scale
vertex diagrams), were written as a Taylor expansion in the dimensional regulator param-
eter € = (4 — d)/2. The coeflicients of the series are expressed in terms of uniform weight
combinations of multiple polylogarithms and transcendental constants up to weight six.

The considered integrals contribute to the N>LO virtual corrections to scattering pro-
cesses like the three-jet production mediated by vector boson decay, V* — jjj, as well
as the Higgs plus one-jet production in gluon fusion, pp — Hj, and to the three-loop
one-particle splitting amplitudes.
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A Canonical matrices at two-loop

.,6) appearing in the canonical system

Here we present the sparse matrices M; (i = 1,..

defined in (2.31) and (2.32) obeyed by the MI’s (3.2):
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4 is the only non-vanishing entry of Ms.

(Ms)13,13
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B Canonical matrices at three-loop

.,6) appearing in the canonical system

Here we present the sparse matrices M; (i = 1,..

defined in (2.31) and (2.32) obeyed by the MI’s (4.2). We write each matrix in block form,

a
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where 043x42 is the null 43 x 42 matrix.
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0 -4 4 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
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00 0 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 0 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 0 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 0 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
0.0 0 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 00 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 00 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 00 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
0 L -to 00 0 0 -1 0 0000000000 000000000 0 00000 0 0 0 0
00 00 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
0 -2-%0 10-1-3%0 4 0 00 0 000000-32120000000-16 3 800035 0 0 0 0
0 - 50 % 0-3-20 5 0 000 000000-16 6 0000000 -8 % 40003 0 0 0 0
00 000 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
-2 8% 00 0 03 0 6 0 —2-20-1%000000 0 0 00000000 0 00000 6 -1 £ 2
00 00 0 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 000 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 000 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
b 00 000 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
M(): 00 000 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0 (B12)
4 00 000 00 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0 :
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
0 -32-508%00-%0-1-2%0 4 0 000 000000-32120000000-16 3% 800035 0 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
2 -£0000000-30-66 2 22040000000 000000000 0 00000 —61 -2
00 00000000 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
0 -2-30%00-%0-1-3%0 4 0 00 0 000000-32120000000-16 3 80005 0 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 00000 0 0 0 0
02 40-%00%01 % 0 -4 0 00000000032 -120000000 16 —3-8000-50 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
00 00000000 0 0 0 0 0000000000 000000000 0 000000 0 0 0
-2 % 00000003 0 6 -2 -20-1%000000 0 0 0000000 0 0 00000 6 -1 £ 2
=53 000000 0% 0 15-15-6-160-8000000 0 0 0000000 0 0 00000 15-3 18 1
00 00000000 0 0 0 0 00000000 0 0 0000000 0 0 00000 0 0 0 0
00 00000000 0 0 0 0 00000000 0 0 0000000 0 0 00000 0 0 0 0
00 00000000 0 0 0 0 000000 0 0 0000000 0 0 00000 0 0 0 0
00 00000000 0 0 0 0 000000 0 0 0000000 0 0 00000 0 0 0 0
0000000 000 00 0 0 0 0000 00000000000000000 0 00000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000400 0 0 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 006 0 0 0 0 0 0000 00000000000000000 000000
0000000 0 08 0 0 L 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 0 0 40 4 —4 40 0000 00000000000000000 000000
0000000 0 0 —4 2 2.0 0000 00000000000000000 000000
0000000 0 0 0 0 0 0 0000 00000000000000000 0 00000
0000000 0 0 0 0 0 —12-4000 00000000000000000 0 00000
0000000 0 0 0 0 0 0 0000 00000000000000000 0 00000
0000000 0 0 0 0 0 0 0000 00000000000000000 0 00000
0000000 0 0 0 0 0 0 000-3000000000000000000 00000
0000000 0 0 0 0 0 0 0000 -200000000000000000 00000
M(C) — | 0000000200 0 0 0 0000 00000000000000000 000000 (B 13)
4 0000000 0 0 0 0 0 0 0000 00000000000000000 000000 :
0000000 0 0 0 0 0 0 0000 00000000000000000 000000
0000000 0 0 16 4 L2 0 0000 000000000000000000 00000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 0 0 0 0 12 4000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 000-3000000000000000000 00000
0000000 000 00 0 0 0 0000 10000000000000000 000000
0000000 000 00 0 0 0 0000-600000000000000000 00000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 0 016 4 -2~ 42 0 0003 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 0 0-16-4 4 % —2 0 0 00-600000000000000000 000000
0000000 000 00 0 0 0 0000 10000000000000000 000000
0000000 000 00 0 0 0 0000 -300000000000000000 00000
0000000400 0 0 0 0 —12-4000 00000000000000000-400000
0000000-100 0 0 0 0 0 —30-10000 1 0000000000000000-600000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000-200000
0000000 000 00 0 0 0 0000 00000000000000000 000000
0000000 000 00 0 0 0 0000 00000000000000000 000000

The matrix M5 is mainly composed of zeroes and we only list its non-vanishing entries:
(Ms)s958 = —12, (Ms)eg42 = (Ms)eg 58 = —2, (Ms)s842 = —1, (M5)s840 = (M5)6042 =
(Ms)ega0 = 1, (Ms)7a7a = (Ms)gi,74 = 2, (Ms)3333 = (Ms)ssss = 4, (Ms)a242 = 5,
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C Three-loop scalar ladder

As an example, we provide the explicit result for the scalar ladder in (4.2),

6

> <"

(C.1)

)+ 0.

(n
83

983

n=0

In order to reduce the clutter, we use here the notation

(C.2)

9

Gwl,...,wn (w) = G(’U)l, e, Wy

f gss are

-eXpansion o

The coefficients of the ¢

(C.3a)

(C.3b)
(C.3¢)

(3)

933

(C.3d)
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o) = 18 Go(#) Gooly) — % Gr0(x) Gooly) + 5 Gr0(x) Goa—a(y) + Goo(z) Groly)
~ Gro(a) Ga0(y) + Cro(@) Gr1-aly) — 2 Goo(@) Gasofu) + 5 Cro() Gr-wo(y)
- %Gm(ﬂc) Gi—z,1-2(y) + 18 Go0,0(z) Go(y) + 18 Go(x) Go,0,0(y) — 22*1 Go,1,0(x) Go(y)
— Go10(7) Gi(y) + gGO,l,O(l') Gi-z(y) — % Go(r) Go,1—z,0(y) — % G1.0,0(z) Go(y)

5 17 1
+ 3 G1,00(7) Gi1-2(y) + 5 G1,1,0(%) Go(y) + Gr1,0(x) G1(y) + 3 Gi1,0(x) Gi—z(y)

— Go(x) G1,1-2,0(y) — gGo(ﬂﬁ) Gi—z,00) + % Go(z) Gi—p1-a,0(y) + 1?1 Go1-21,01)
+Gii-21,0y) + 201—x,0,1,0(y) + gGl—x,l,O,O(y) +2G1-p1,1,0y) — % Gi—z1-21,0Yy)
+ 18 Go,0,0,0(7) — % Go,0,1,0(7) — % Go,1,0,0() + 1?7 Go,1,1,0(7) — % G1,000(7)

+ % G1,0,1,0(z) + % G1,1,00() — % Gi1,1,0() +18Go0,0,0(y) — %1 Go,0,1,0(y)

- % Go,1,00(Y) — ? Goa,1,0(Y) — ; G1,0,00(Y) + ; G1,0,1,0() —2G1,1,00(y)

- g Gi11,0(y) + é G2 (81 Go(z) Go(y) — 51 G1(x) Go(y) + 6 Go(x) G1(y) — 6 G1(x) G1(y)
—3Go(7) Gi—2(y) = 3G1(2) Gi1—2(y) = 33Go,1-2(y) —6G11-2(y) = 3G1-2,0(y)

— 12 GlfIﬁl(y) +3 G1,I71,z(y) + 81 GO’O(I‘) — 51 Go,l(l') — 81 Glyo(l') +43 Gl,l(l‘)

+ 81 Goo(y) +20Go1(y) + 16 G1,1(y)) + é 3 (—9 G1-2(y) +5Go(z) + G1(x)

163 (4
8

19
gy = —54Go0(y) Go0(x) = 5G10(y) Gooo(x) + 5 Grso(y) Gooo(x)

+5Go(y) — 5 Gl(y)> n (C.3¢)

—54Go () Go,0,0(y) + % G1,0(x) Goo,0(y) — % G1,0(%) Goo,1-2(y)

+ 2 Cooly) Go,1.0() +5 Goa(y) Gorofw) — 5 Coa-aly) Go,ro(a)
+3G1,0(y) Go1,0(z) +4G1,1(y) Gop,0(®) = 5G11-2(y) Go1,0()

- gka,o(y) Go1,0(z) =3G1-21(y) Go1o(z) + gGlfz,lfw(y) Go,1,0(z)
—5Go,0(x) Go1,0(y) +5G10(x) Goo(y) —5Gro(x) Gora-a(y)

43 21 23
+ > Go,o(x) Go,1—z0(y) — > G1,0(x) Go,1—z0(y) + 5 Gi,0(x) Go,1—e,1-2(Y)

105 43
+ - Go,o0(y) G1,0,0(z) — 5 Go,1-2(y) G100(z) +5G10(y) G1,0,0(x)

—5G11-2(y) G10,0(x) — %7 G1-2,0y) G1,0,0(z) + gGlfx,lfz(y) G1,0,0(2)
—3Go,0(x) G100(y) +3G10(x) G10,0(y) — Gro(x) G10,1-2(y)

- % Go,0(y) G1,1,0(x) —5Go,1(y) Gr10(x) + gGo,l—x(y) G11,0(2)
=3G1,0(y) G11,0(x) —4G11(y) G110(2) +3G1,1-2(y) G1,1,0(2)

1 1
—3 G1-301y) G1,10(x) +3G1-21(y) G11,0(z) + 3 Gr-21-2(y) G1,1,0(2)

— 30 —



—4Goo(x)Gra,0(y) +4G10(x)Gra,0(y) —4G1o(x) Gra1,1-2(y)
+5Go,0(x) G1,1-2,0y) —3G10(2) G11-2,0y) + Gr0(2) Gi,1-2,1-2(y)

15 3 15
Tt Go,o(x) G1-2,00(y) — 3 Gro(x) Gi—z0,0(y) + 5 G1,0(x) Gi—2,0,1-2(Y)
+3Go,0(x) Gi—z,1,0(¥) —3G10(x) Gi—z,1,0(y) +3G1,0(z) Gi—2,1,1-2(Y)

5 1 1
- 5 GO,O(I) Gl—r,l—m,O(y) + 5 Gl,o(l’) Gl—z,l—m,O(y) - 5 Gl,o(IE) Gl—z,l—z,l—x(y)
63
— 54 Go(y) Go,0,00(x) — 54 Go(x) Goo,0,0(y) + > Go(y) Go,o,1,0(x)

19 71
+5G1(y) Goo,1,0(x) — > G1-2(y) Go,0,1,0(x) + 5 Go(z) Go,0,1-2,0(y)

105 25
+ - Go(y) Go1,0,0(z) +5G1(y) Go,1,0,0(x) — 5 Gi1-z(y) Go,1,0,0(2)

51 3
-3 Go(y) Go,1,0(x) —3G1(y) Goa,0(z) — 3 Gi-2(y) Go,1,1,0(2)

33 23
+5Go(x) Go,1—a,0(y) + > Go(x) Go,1—2,0,0(y) — 5 Go(z) Go,1—2,1—-2,0(Y)

133 19 75
+ - Go(y) G1,0,0,0(z) — 5 G1-2(y) G1,0,0,0(z) — 5 Go(y) G1,0,1,0(2)

5
—-5G1(y) Gio1,0(x) + 5 Gi1-2(y) Gr01,0(x) + Go(x) G1,0,1-2,0(Y)

109 19
-3 Go(y) G11,00(x) —5G1(y) G1,1,00(x) + 5 G1-2(y) G1,1,0,0()

43 3
+ 5 Go(y) G111,0(x) +3G1(y) G1,11,0(z) + 3 Gi—2(y) Gi1,10(x)

syt sty sty

+4Go(z) Gr11-2,0y) +3Go(2) G1,1-2,00) — Go(z) G1,1-2,1—2,0(¥)

9 15
+ 3 Go(z) Gi-2,0,0,0(y) — 5 Go(%) G1-2,01-2,0¥) —3Go(x) Gi—z,1,1-2,0(y)

3 1
—3 Go(z) Gi—z1-2,00(y) + 3 Go(2) Gi—z,1—2,1-2,0(y) —54Go,0,0,0,0(2)

63 359 105
—54Go0.000(Yy) + 5 Go,001,0(z) + e Go,0,0,1,0(y) + - Go,0,1,0,0(2)

71 51 28 71

+ e Go,0,1,00y) — 5 Go,0.11,0(z) + 3 Go,011,0y) — > Go0,01-2,1,0Y)
133 33 75 14

+ Go,1,0,0,0(7) + 5 Go,1,0,0,0(¥) — 5 Go,1,0,1,0(7) — 3 Go,1,0,1,0(¥)
109 43 22

— —Go11,00®) +10Go1,1,00() + 5 Goa1,1,0() + — Goa1.1,0(y)

2 3 T
35 33
—5G01,1-2,1,0H) — 5 Go,1-2,01,0¥) — 5 Go,1-2,1,00%) —10Go,1-2,1,1,0(¥)

2 2
23
2

8 133 185

- § G1,0,0,1,0(y) - 5 G1,0,1,0,0($) - 2Gl,o,l,o,o(y) + ? G1,0,1,1,0(CC)
2 467

- 5 G1,0,1,1,0(y) - G1,0,17x,1,0(y) - ? G1,1,0,0,0($) + 6G1,1,0,0,0(3/)
265 8 335

+ = Gri010(2) = 3 Grio10() + 5= Gri100(2) +8G11100(y)
113 32

——Gi1110(x) + 3 G11110U) —4G111-21,0¥) — G1,1-2.0,1.0(y)

6
19

—3G11-21,000) —4G11-2110%) + G11-21-51,0(y) — 5 G1-2,0,01,0(9)

455 9 91
+ = Goi-z1-2,10y) + e G1,0,0,0,0() + 3 G1,0,0,001) — = G1,00,1,0(x)

2
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9 15 9

- 5 G171,0,1,0,0( ) + = Gl z,0,1—x,1 O(y) - ) Glfz,l,O,O,O(y) + 2G171,1,0,1,0(y)

3
—6G1-2,1,1,00(y) — 8 Gl—x,l,l,l,O(y) +3G1-3,1,1-2,1,0(y) + 5 Gi-2,1-2,0,1,0(Y)
3 1
+ 3 Gio2,1-21,00Y) +2G1_31-21,1,0y) — 3 Gi—zi—21-2,1,0Y)

+ % CQ (—243 Go,o(x) GQ(]/) —6 G070($> Gl< ) -3 GO o(x) Gl x ) — 243 GQ(SL’) GO,()(y)
(

+ 153 G1(x) Go,o(y) + 153 Go,1(z) Go(y) + 18 Go,1(2) G1(y) + 9 Goa(z) Gi—s(y)
—30Go(x) Go,1(y) +30G1(x) Go1(y) + 69 Go(w) Go1-2(y) — 27 G1(x) Go,1-2(y)

+ 243 G1,0(z) Go(y) + 6 G10(z) G1(y) — 21 G1,0() G1-2(y) — 18 Go(x) G1,0(y)

+ 18 G1(x) Gi,0(y) — 129G1,1(2) Goly) — 18 G11(2) G1(y) — 9G11(2) Gi-z(y)
—24Go(x) G1,1(y) +24G1(x) G1,1(y) + 6 Go(z) G11-2(y) — 18 G1(x) G1,1-2(y)
+27Go(z) Gi—2,0(y) + 3G1(2) G1-s,0(y) + 18 Go(2) G1-2,1(y) — 18 G1(2) G1-2,1(y)
—3Go(7) Gi1-z,1-2(y) =3G1(2) G1-21-2(y) +213Go,0,1-2(y) +30Go,1,1-2(y)
+63Go,1-2,0(y) +60Go,1-2,1(y) —69G01-2,1-2(y) +6G1,0,1-2(y) +24G1,1,1-2(y)
+18G1,1-2,0) +24G11-21(¥) =6 G11-21-2¥) +9G1-2,0,0(¥) —45G1-2,0,1-2(y)
+48G1-2,1,1(y) = 18G1—511-2(y) = 3G1-2,1-2,0(Y) —12G1-3,1-2,1(y)
+3G1-a1-21-2(y) — 243 Go,0,0(z) + 153 Go,0,1 () + 243 Go,1,0(z) — 129 Go,1,1(2)
+303 Gy 0,0(x) —185G1,0,1(x) — 259G1,1,0(z) + 113Gy 11(z) — 243 Go0,0(y)

1
—56Go,0,1(y) —44Go11(y) +4G1,0.1(y) — 64 01,1,1(y)) + 3 G3 <—15 Go(z) Go(y)

-3G, (33) Go(y) — GGQ(JZ) Gy (y) +6G; (33) G, (y) + 48 Go(l‘) Gl_m(y) +9 G1($) Gl_m(y)
+51Go,1-2(y) +6G11-2(y) —15G1-2,0(y) = 15G1-2,1(y) = 9G1—2,1-2(y) — 15 Gy o(x)

— 3G0,1(I) + 31 GLo(JS) —41 G171(I) —15 G070(y) + 51 G071(y) — 4G170(y) + 20 G171(y))
+ i G (183 Gr_u(y) — 1467 Go(z) + 953 Gy (z) — 1467 Go(y) — 130 Gl(y)>

S18G- 16 (C.3)

189 315
gé? =162 Go,0,0(2) Go,0,0(y) — — Go,1,0(x) Go,0,0(y) — — G1,0,0(x) Go,0,0(¥)

+ @ G1,1,0(%) Goo,0(y) —23Go,0,1(y) Go,10(x) + @ Go,0,1-2(y) Go,1,0()

+ 19 Go,0,0(x) Gop0(y) — 11 Goa,0(z) Goo(y) — 14 Go,1,0( )Go1(y)
+19Go,1,0(x) Gop,1—2(y) — %7 Go,0,0(x) Go1—g,0(y) + @ Go,1,0(x) Go1—z,0(¥)
+15Go,1,0(x) Go1—2,1(y) — ? G0,170($) Go1-z1-2(y) + & Go,0,1-2(Y) G1,0,0(2)

129
—19Go,1,0(¥) G1,0,0(z) +19Go1,1-2(y) G1,0,0(x) + — Go.1-2,0(¥) G1,0,0(2)

79
Y Go,1—2,1-2(y) G1,0,0(x) + 15 Go0,0(x) G1,0,0(y) —9Go,1,0(x) G1,0,0(y)
—15G1,0,0(z) G1,0,0(y) +4Go,1,0(x) G1,0,1(y) +5Go,1,0(x) G1,0,1-2(v)
+5G1,0,0(7) G1,01-2(y) —6Go,1,0(7) G1,0,—2(y) + 23 Go,0,1(y) G1,1,0(7)
125

-5 Go,01-2(y) Gr1,0(x) +11Go1,0(y) Gi10(z) +14Go 1 (y) Gioi,0(2)
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39
—7Go,1,1-2(y) G11,0(z) — > Go,1-2,0) Gi1,0(x) —15Go1-2.1(y) G1,1,0(x)

21
+ 5 Go1-2,1-2(Y) G11,0(x) +9G1,0,0(y) G11,0(x) —4G1,0,1(y) G1,1,0(2)

= T7G1,01-2(y) G1,10(%) = 6G10,—2(y) G1,1,0() +20Go,0,0(x) G1,1,0(y)
—8Go,1,0(z)G1,1,0(y) —20G10,0(x) G11,0(y) +8G1,1,0(x) G1,1,0(y)
—16Go,1,0(%) G1,1,1(y) +16G11,0(x) G1,1,1(y) +20Go1,0(2) Gi11-2(y)
+20G1,00(7)Gr11-2(y) —4G11,0(7) Gr11-2(y) — 19Go0,0(2) G11-20(Y)
+13Go,1,0(x) G1,1-2,0(y) +15G10,0(%) G11-2,0y) = TG1,1,0(2) G1,1-2,0()
+6G0,1,0(7) G11-21(y) —6G110(x) G11-21(y) —5Go1,0(x) G11-21-2(y)
~5G100)G11-21-21) +3G1,10(2) G11-2,1-2Yy) —6Go1,0(7) G1,1-2,—2(y)
)

57 9
—6G110(x) Gr—a,—2(y) — 5 Go,0,0(x) Gi—z,00(y) + 3 Go,1,0(2) G1-2,0,0(y)
51 3
+ G1,00(%) Gi—z,00(y) + 3 G1,1,0(7) G1-2,00¥) +3Go1,0(7) G1-2,01(y)
63 63
—3G11,0(x) Gi—z,0,1(y) — 5 Go,1,0(x) G1-2,0,1-2(Yy) — > G1,00(x) G1—2,0,1-2(y)

5
+ 3 G1,10(x) G122,0,1-2(Y) + 6 Go,1,0(x) G1-2,0,—2 () + 6 G1.1,0(x) G1-2,0—2(¥)
—15Go,0,0(2) G1-2,1,0(y) + TGo1,0(x) Gi—z,1,0(y) +15G1,0,0(z) G1—-2,1,0(y)
—T7G11,0(x) Gi—z1,0W) +12Go1,0(2) Gi—z,11(y) —12G11,0(2) Gi—21,1(Y)
—15Go1,0(x) Gi—31,1-2(y) —15G1,0,0(2) Gi—2,1,1-2(y) +5G11,0(2) G1—2.1,1-2(Y)

19 3 17
+ > Go,0,0(x) Gi—g1-20(y) — 3 Go1,0(x) Gi—gi-20(y) — 5 G1,00(x) Gi—z1-2,0(y)

-3 Gl,l,O(fL') Gl—z,l—z,o(y) - 3G0,1,0($) Gl—z,l—x,l(y) +3 Gl,l,o(x) Gl—r,l—x,l(y)

5 5 1
+ 5 Go1,0(2) Gi—gi-z1-2(y) + 5 G1,00@) Gi—gi-21-2(y) + 5 Gi,1,0@) Giezi-21-2(Y)

65
+ 162 Go,0(y) Go,0,0,0(7) +19G1,0(y) Go,0,0,0(z) — 5 G1-2,0(y) Go,0,0,0()

189 359
+ 162 Go,0(z) Go,0,0,0(y) — - G1,0(x) Go,0,00(y) + - G1,0(z) Go0,01-2(y)

- ? Go,0(y) Goo,1,0(x) —19Go1(y) Goo1,0(z) + %7 Go,1-2(y) Go,0,1,0()
—15G1,0(y) Goo1,0(x) —20G11(y) Goo,1,0() +13G11-2(y) Go0,1,0(x)

+ % G1-2,0(y) Go,0,1,0(x) + 15G1-2,1(y) Go,0,1,0(%) — g Giz1-2(y) Goo0(2)
+23Go0(z) Goo,1,0(y) — 23G10(x) Goo,1,0(y) +23G10(z) Goo,1,1-2(y)

259 169 203
- Go,o(x) Go,0,1-2,0(y) + = G10(x) Go,0,1-2,0(y) — - G1,0(x) Go,0.1-2,1-2(y)

315 167
- Go,0(y) Go,1,0,0(x) —19Go,1(y) Go,1,0,0(x) + - Go,1-2(y) Go,1,0,0()

—15G1,0(y) Go,1,0,0(x) —20G1,1(y) Go,1,0,0(x) + 25 G1,1-2(y) Go,1,0,0(2)

51 25
+ ) G1-2,0Y) Go,1,0,0(x) +15G1-5,1(y) Go,1,0,0(x) — > Gi-z,1-2(y) Go,1,0,0()
+15Go,0(x) Go,1,0,0(y) — 15G10(x) Go,1,0,0(y) + 9G1,0(x) Go,1,0,1—2(¥)

153 11
+ - Goo(y) Goa,1,0(x) +7Go1(y) Go,1,0(x) — > Go1-2(y) Go,1,1,0(x)
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+9G10(y) Go,0(x) +4G11(y) Go0(z) —11G11-2(y) Goi,1,0(2)
3 3
+ 3 G1-2,0y) Go1,10(x) =5G1-51(y) Go,1,0() — 3 Gi—z,1-2(y) Go1,1,0(x)

+14Goo(z) Go1,1,0(y) — 14 Gro(w) Goa,0(y) +14Gro(x) Goi,1,1—2(Y)

—19Go,0(z) Go1,1-2,01) + 11 G10(x) Go.1,1-2,0(y) —5G1,0(z) Go1,1—2,1-2(Y)
129 151

63
-5 Go,o(x) Go,1—z,0,0(y) + 5 G1,0(x) Go,1-2,0,0Y) — - G1,0(x) Go,1-2,0,1-2(Y)
—15Go,0(x) Go,1—2,1,0(y) + 15G10(x) Go,1-2,1,0(%) — 15G10(x) Go1—21,1-2(Y)
79 45 35
+ 5 Go,0(x) Go,1—z1-2,0Y) — > G10(x) Go,i—z1—-2,0(y) + > G1,0(x) Go1—p1—21-2(Y)

399 137
-5 Go,0(y) G1,0,0,0(z) + - Go,1-2(y) G1,00,0(x) —19G10(y) G1,0,0,0(x)

91 19
+19G1,1-2(y) G1,0,0,0(2) + =) G1-2,0(Y) G1,0,00(x) — > G1-2,1-2(y) G1,0,0,0()

+9Go,0(x)G1,000Hy) —9G1,0(x) G1,000(y) +3G1,0(x) G1,001-2(Y)

+5 Go,0(y) G1,0,1,0(7) +19Go,1(y) G10,1,0(z) — % Go1-2(y) G1,01,0(7)
+13G10(y) Gr0,1,0(@) +20G11(y) Gro,1,0(x) = 13G11-2(y) G10,1,0(2)

— % G1-2.0(y) Gro1.0®) —15G1-21(y) G101.0(x) + g Gi-z,1-2(y) G1,0,1,0(2)
—4Goo(7) Gr0,1,0(y) +4G1o(x) Gro,1,0W) —4G1o(®) Gro,1,1-2(Y)
—5G0,0(%) G1,01-2,0¥) +5G10(x) G101-2,0Yy) — G10(x) G101-2,1-2(Y)

327
+6G10(x) Gr,0,—2,0) —6G10(x) G1,0,—2,1-2(y) + - Go,0(y) G1,1,00()

129
+19Go,1(y) G11,0,0(x) — -5 Go1-2(y) G1,1,00() +15G10(y) G1,1,0,0(2)

55
+20G1,1(y) Gi100(x) —15G11-2(y) G1,1,0,0(2) — 5 Gi-2,0(y) G1,1,00(7)

19
—15G1-21(y) G1,1,00(x) + > G121-2(y) G11,00() +12Go0(2) G1,1,0,0(¥)

129
—12G10(7) G1,1,0,0(y) +8G1,0(7) G11,01-2(y) — - Go,o(y) G11,1,0(x)

27
- 7G0,1(y) G1,1,1,0($) + 3 Go,l—m(y) G1,1,1,0(=’E) - 7G170(y) G1,1,1,0($)
11
—4G11(y)Giaa0(@) +3G11-2(y) Gi,110(2) — > G1-2,0(y) G11,1,0()

3
+5G1-2,1(y) Gi1,1,0(7) + 5 Gi—21-2y) G11,1,0(x) + 16 Goo(z) G1,1,1,0(y)

—16G10(x) Gr11,0(y) +16G1o(x) Gra1,1-2(y) —20Go,0(2) Gr11-2,0(y)
+8G10(x) G1,1,1-2,0y) —4G1,0(2) G11,1-2,1-2(y) — 15 Goo(x) G1,1-2,0,0(Y)
+9G1,0(x) G1,1-2,00) —5G1,0(2) G11-2,01-2(y) — 6 Go,0(z) G1,1-21,01)
+ 6G1,0($) Gl,l—z,l,o(y) -6 Gl,o(lﬂ) Gl,l—z,l,l—x(y) +5 Go,o(f) Gl,l—m,l—m,o(y)
()
(2)

=3G10(7) G11-21-201) + G10(2) Gr1-21-21-2(Y) + 6 G10(7) G11-2,—20(Y)

45 9
—6G1,0(x)Gr1—p,—21-2(Y) — 5 Go,0(x) Gi—z,0,0,0(y) + 3 G1,0(x) G1-2,0,0,0(v)

T

79
) G1,0(2) G1-2,0,0,1-2(Yy) —3Go,0(x) G1-2,0,1,0(¥) +3G1,0(z) G1-2,0,1,0(y)
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63 25
-3 Gl,o (90) G17x,0,1,17x(y) + > Go,o(x) Glfa:,O,lfz,O(y) - o Gl,o(f) G17m,0,171,0(y)

51
+ 5 G1,0(2) Gi—2,01-2,1-2(y) —6G1,0(2) G1-2,0,—2,0(y) + 6 G1,0(2) G1-2,0,—2,1-2(Y)

—9G0,0(x) G1—2,1,00) +9G10(x) G1—z,1,00(y) —5G1,0(x) G1—21,0,1-2(y)
—12Go,0(2) Gi—2,11,0W) +12G10(x) G1—z1,1,0(y) — 12G10(x) G1—2,1,1,1-2(Y)
+15Go0(x) Gi—2,1,1-2,0y) — 7TG1,0(2) G1—g,1,1-2,0y) +3G1,0(2) G1—21,1-2,1-2(Y)

15 3 15
+ 5 Go,0(x) Gi—p1-2,00(y) — 3 Gr0(x) Gi—z1—-2,001y) + o G10(7) Gi-z1-2,01-2(Y)
+3Go0(x) Gi—g,1-2,1,0U) —3G10(2) Gi—g,1-2,1,0¥) +3G10(2) Gi—z,1-2,1,1-2(Y)

5 1
—3 Go,0(2) Gi—z1-21-2,0y) + 3 G10(r) G1oz1—2,1-2,0(y) +162Go(y) Go,0,0,0,0()

1 189
~3 G1,0() Gi—z1—a1-2,1-2(y) + 162 Go(x) Go,0,0,0,0(¥) — - Go(y) Go0,0,1,0(x)

53 359
—13G1(y) Go,0,0,1,0(x) + 5 G1-2(y) Go,0,0,1,0(x) — - Go(z) Go,0,01-2,0Y)

315 95
- Go(y) Go,0,1,0,0(z) —25G1(y) Go,0,1,0,0() + 5 G1-2(y) Go,0,1,0,0()

153 3
+ - Go(y) Go,0,1,1,0(z) +15G1(y) Goo,1,1,0(2) — 3 G1-2(y) Go,0,1,1,0(x)

213 203
—23Go(z) Go0,1,1-2,0(y) — -5 Go(z) Go,0,1-2,0,0(y) + = Go(x) Go,o0,1-2,1-2,0(¥)

399 95
- Go(y) Go,1,0,0,0(z) —19G1(y) Go,1,0,0,0() + 5 G1-2(y) Go,1,0,0,0()

225 11
+ - Go(y) Go1,01,0(x) +13G1(y) Go1,01,0(x) — 5 G1-2(y) Go,1,0,1,0(7)

327
—9Gy(z) GO,l,O,l—x,O(y) + N Go(y) Go,l,l,o,o(fﬂ) +15G1(y) GO,LLO,O(Q:)

— 2 61 aly) Gonnoo(e) — 130 Goly) Go10(®) = TG (y) Gor110()

- g Gi-z(y) Go,1,11,0(x) — 14 Go(x) Go1,1,1-2,0(y) — 15Go(2) Go,1,1-2,0,0(Y)

+ 5G0($) Go,l,l—x,l—m,o(y) - % Go(m) Go,l—x,o,o,o(y) + % Go(x) Go,l—m,o,kz,o(y)
+15Go(x) Goj—a,1,1-2,0(y) + % Go(z) Go,1—z,1-2,00(y) — % Go(z) Go,1—z,1—2,1—2,0(Y)
- % Go(y) G1,0,00,0() + % Gi1-2(y) G10000(z) + ? Go(y) G1.00,1.0(%)

+13G1(y) Gi0,0,1,0(x) — 423 G1-2(y) G1,0,0,1,0(x) —3Go(x) G1,0,0,1-2,0(y)

399 85
+ 3 Go(y) G1.01,0,0(x) +25G1(y) G1,01,0,0(%) — 5 G1-2(y) G1,0,1,0,0()

185 27
-3 Go(y) G1,0,1,1,0(z) —11G1(y) G1,0,1,1,0(2) + 5 Gi1-2(y) G1,0,1,1,0()

+4Go(x) Gr,0,1,1-2,0y) —3Go(x) G1,0,1-2,0,0) + Go(z) G1,0,1—2,1—2,0(¥)

467
+6Go(z) G10,—1-200) + - Go(y) G1,1,0,0,0(x) +19G1(y) G1,1,0,0,0(x)

125 265
- Gi1-2(y) G1,1,0,00(x) — - Go(y) G1,1,0,1,0(z) —13G1(y) G1,1,0,1,0(2)

55 335
+ 5 G1-2(y) Gi,1,0,1,0(x) —8Go(x) G1,1,0,1-2,0(y) — - Go(y) G1,1,1,0,0(2)
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57 113
—15G1(y) G1,1,1,0,0(z) + 5 Gi-2(y) Gi,11,00(z) + > Go(y) G11,1,1,0(2)

+3G1(y)Gii1,1,0(2) + %7 Gi1-2(y) Gi1,1,1,0(x) =16 Go(2) G1,1,1,1-2,0(y)
—12Go(z) G11,1-2,0,01) +4Go(x) G1.11-2,1-2,0Y) —9Go(x) G1,1-2,0,0,0(y)
+5Go(x) G1,1-2,0,1-2,0y) + 6 Go(x) G11-2,1,1-2,0(y) +3Go(2) G1,1-2,1-2,0,0(¥)
—Go(®) Gra-21-21-20) +6Go(2) G112, —21-20(Y) — % Go(7) G1-2,0,0,0,0(9)
+ g Go(7) G1-2,0,0,1-2,0(%) +3Go() G1-2,0,1,1-2,0(y) + % Go(7) G1-2,0,1-2,0,0(9)

51
) Go(2) Gi—2.01-2,1-2,0y) =6 Go(2) G1-2,0,—2,1-2,0Y) + 5 Go(x) G1-2,1,0,1-2,0(¥)

+12Go(2) G1—211,1-2,01) + 9Go(2) G1—211-2.00Y) = 3Go(z) G1—z11-2,1-2,0(¥)
9

15
+ B Go(z) Gi—2,1-2,0,0,0Y) — 5 Go(%) G1—2,1-2,01-2,01) = 3Go(2) G1—z,1-2,1,1-2,0(¥)

3 1
~3 Go(z) Gi—z1-5,1-2,0,0y) + 3 Go(2) G1—z,1-21—-21-2,0(y) + 162 Go,0,0,0,0,0(x)

189 1571 315
+ 162 G,0,0,0,0,0(y) — T Go,0,0,01,0(x) — & Go,0,0,01,0) — - G0,0,0,1,0,0(x)
359 153 46 359
- Go,0,0,1,0,0(y) + T Go,0,0,1,1,0(%) — 3 Go,0,0,1,1,0(y) + - G0,0,0,1—2,1,0(¥)
399 213 225 62
-5 Go,0,1,0,0,0(%) — - Go,0,1,0,0,0(y) + - Go,0,1,0,1,0() + 3 Go,0,1,0,1,0(y)
327 129 52
5 Go,0,1,1,0,0(%) — 28 Go,0,1,1,0,0(y) — - Go,0,1,1,1,0(%) — 3 Go,0,1,1,1,0(y)
247 213
+23Go,0,1,1-2,1,0(y) + - Go,0,1-2,0,1,0(y) + - Go,01-2,1,00) +28G0,01-2,1,1,0(Y)
203 455 99 273
- 5 Go,0,17m,17z,1,0(y) - 5 Go,l,o,o,o,o(x) - B} Go,l,o,o,o,o(y) + 5 G0,1,0,0,1,0(CE)
44 399 185
+ 5 Goroo10(y) + 5 Goro100(2) +14Goo1000y) = == Goror10(@)
16 467
— 5 Goro110(y) +9G0101-2100) + == Gor1000(@) =30Go11000(y)
265 38 335
— Go1,1,01,0() + 3 Go,1,1,0,1,0(y) — T Go,1,1,1,0,0(%) —22Go,1,1,1,0,0(y)
113 70
+ - Go,1,1,1,0() — 3 Goa,1,1,1,0) +14Go11,0-21,0H) +9G0,1,1-2,01,0)
187
+15G0,1,1-2,1,00) +14Go11-2,1,1,0%) —5Go1,1-21-2,1,0() + T Go,1-2,0,0,1,0(¥)
105 151 99
+ T G0,1-2,0,1,00y) +10Go1-2,01,1,0(y) — - Go,1-2,0,1-2,1,0(y) + ) Go,1-2,1,0,00(Y)

—14Go,1-2,1,0,1,0(4) +30G0,1-2,1,1,00) +22Go,1-2,1,1,1,0(y) — 15Go,1-2,1,1—-2,1,0(Y)

- % Go,1—2,1-2,0,1,0Y) — % Go1—21-2,1,00) —22Go1-2,1-2,1,1,0(y) + % G1,0,0,1,1,0(¥)
+ % Goi—z1-s1-21,0Y) — ? G'1,0,0,0,0,0(x) — 2*27 G'1,0,0,0,0,0(y) + % G'1,0,0,0,1,0()
+ ? G1,0,0,0,1,0() + % G1,0,0,1,00() +8G1,001,00(y) — ? G1,0,0.1,1,0(7)
+3G1,001-2,1,0Yy) + ? G1,0,1,0,0,0(x) +6G1,0,1,0,0,0) — % G1,01,0,1,0(x)

- % G1,0,1,01,0) — 116’& G1,01,1,0,0(®) +2G1,0,1,1,00) + ? G1,01,1,1,0(2)
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8
T3 G1,01.1,1,0) —4G1011-210) = G1,01-2,01,0) +3G10,1-2,1,00()

+4G101-2,1,10) = Gr01-21-2,1,0%) = 6 G1,0,—2,01,0(%) =6 G1,0,—2,1-2,1,0(¥)
1705 1019 32

+ = G110000(@) = 18G110000() = = Gri0010@) + 5 Grio010(y)

_ % G1,1,01,00@) +8G1,1,0,1,00(y) + ? Gri0110(@) + gGl’l’O’l’l’O(y)

+8G11,01-2,1,0) — % G1.1,1,000(@) = 24G111000() + ? G111010(@)

+ % Gii1010)+ 106£ Gi1,1,1,00() —32G11,1,1,00(Y) — %7 Gri110(2)
128

3 Gria10®) +16G10-200) +8G111-201001) +12G111-2.1,00(Y)

+16G111-2,1,10H) —4G111-0,1-2,1,0() +3G11-2,001,0(%) + 3G1,1-2,0,1,00(Y)
+4G1,1-2,0,1,1,0(y) = 5G1,1-2,0,1-2,1,0(¥) +9G1,1-2,1,0,00Y) —4G1,1-2,1,0,1,0(y)
+12G11-211,00) +16Griz110.0) —6G11-011-2,100) = Gri-s1-2,01,0()

= 3G11-2,1-2,1,001) = 4G11-21-2,1,1,0) + G11-2,1-2,1-2,1,0(Y) = 6 G1,1-2,-2,0,1,0(¥)

103 57
—6G11—0—s1-w10(y) + - G1-2,00010) + 5 G1-2,001,001) +2G1-2,0,0.1,1,0Y)
79 27
=5 Gr0.001-21,009) + 5 G1-2,01,0009) = 4G1-2,01,01,0(y) = 6G1-2.0,11,10(9)
71 45
_ 3G171’0’1’171’1’0(y) ey Gl,m,o,pm,o,m(y) ) Glfw,O,lfz,l,O,O(y)
51
—6G1-201-21,10) + 2 Groz,01-21-2,10) +6G1-50,-2010(y)
27
+6G1-2,0,-2,1-2,1,0(y) + D) G1-2,1,0,0,00) = 8G1-2,1,0,01,0(%) = 6 G1-2,1,0,1,00()

—2G1-21,01,100) =5G1-2101-21,0%) +18G1-211000) —8G1-211,01,0(9)
T24G1211100) +32G12101100) —12G1w111-02001) = 5G1-211-201.0(Y)

—9G1 21121001 —12G1211-2,11.0(y)

19 9

+ 3G1—x,1,1—a:,1—x,1,0(y) o ? Gl—x71—x,0,0,1,0(y) B 5 Gl_w’1_£70711070(y)

15 9

+ 9 Gl—x,l—%O,l—x,l,O(y) D) Gl—x,l—x71707010(y) +2 G1_x,1—x,1,0,1,0(y)

—6G1-2,1-2,1,1,00¥) —8G1-z,1-21,1,10(%) + 3G1-21-0,1,1-2,1,0(¥)

3 3
+ 3 Gi-z1-a1-2,010() + 9 Gr—z1-2,1-2,1,00(Y)

1
+2G1w1-v1-2110() — 5 Gr-s,1-1-2,1-2,1,0(Y)

1
+ 5 G729 Go.0(@) Gooly) — 459 Goi () Gooly) = 729 Gro(x) Goo(y)

+ 387 G1,1(x) Go,o(y) + 30 Goo(x) Goa(y) — 42 Go,1(x) Goa(y) — 147 Goo() Go—2(y)
+ 33 Go,1(x) Go,1-2(y) — 30 Go,1(y) G1,0(x) + 183 Go,1-2(y) G1,0(x) + 90 Goo(x) G1,0(y)
—54Go,1(x) Gi1o(y) — T8 G1,0(x) Gi0(y) +42Go,1(y) Gi1(x) — 81 Go1—2(y) Gr1(x)
+42Gi0(y) Gt () + 24 Goo(2) Gr,i(y) — 24.Go1 (2) G (9) — 24G0() G (9)
+24G11(x) G11(y) +6Goo(z) Gra-2(y) + 66 Go1(x) G11-2(y)

+78G10(x) Gr1-a(y) — 18G11(2) Gra—a(y) — 117 Goo(7) G o(y)
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= 9G0,1(2) G1—z,0(y) + 117G10(x) G1-2,0(y) + 33 G1,1(2) G1-2,0(y)
—18Go,0(2) Gi1—2,1(y) +30Go,1(x) Gi1—z,1(y) + 18 G19(z) G1-2,1(¥)
—30G11(2) Gi-21(y) = 3Go0(x) G1-z1-2(y) + 9Go1(2) G1-z1-2(y)
—21G10(2)G1z1-2(y) —9G11(2) Gi_z1-2(y) + 729 Go(y) Go,0,0()
—6G1(y) Goo.0(x) +33G1-2(y) Go0.0(x) + 729 Go(z) Go,0,0(y)

— 459 G1(x) Go,0,0(y) — 459 Go(y) Go0,1(x) —90G1(y) Go0,1(x)
G2 (y) Goo () + 138 Go(x) Goo () — 138G (x) Goon (1)

— 609 Go(x) Go,01-2(y) + 375 G1(x) Go.01-2(y) — 729 Go(y) Go1,0(2)
—T78G1(y) Go,1,0(x) +123G1—_4(y) Go,1,0(z) + 66 Go(x) Go,1,0(y)

— 66 G1(2) Go1,0(y) +387Go(y) Goa1(z) +42G1(y) Go,1.1(x)
+39G1-2(y) Go,1.1(x) +84Go(z) Go,1,1(y) — 84 G1(x) Go11(y)
—30Go(z) Go1,1-2(y) +42G1(x) Go1,1-2(y) — 255 Go(x) Go,1—x0(y)
+ 117 G1(2) Go,1-2,0(y) — 90 Go(2) Go,1—2,1(y) + 90 G1(x) Go1—2,1(y)
+ 105 Go(2) Go,1—2,1-2(y) —63G1(x) Go1—2,1-2(y) — 909 Go(y) G1,0,0(x)
+6G1(y) Gro0(x) + 123Gha(y) Gro0(x) + 54 Go(x) Gr.0.0(y)

— 54 G1(z) G1,0,0(y) + 555 Go(y) G101 () + 66 G1(y) G1,0,1(x)

=81 G1-4(y) G1,01(x) — 24 Go(x) G1,0,1(y) + 24 G1(x) G10,1(y)
—6Go(r) Gr01-2(y) +42G1(2) G10,1-2(y) + 36 G1(z) G10,—2(v)

+ 777 Go(y) G1a,0(z) + 78 G1(y) Gi,1,0(x) — 159 G1—2(y) G1,1,0(x)

+ 48 Go(x) Grro(y) — 48 G () Gr1.0(y) — 339 Goly) Gr 1 ()
—18G1(y) G11.1(x) =51 G1—2(y) G1.1,1(2) + 96 Go(z) G111 (y)

—96G1(z) G1,11(y) — 24 Go(z) G11,1-2(y) +24G1(z) G11,1-2(y)

—78Go(z) G11-20(y) +42G1(2) G11-20(y) — 36 Go(x) G11-2,1(Y)

+36 G1(7) G1,1-21(y) + 6 Go(2) Gr1-2,1-2(y) — 18G1(2) G11-21-2(Y)

+36 G1(7) G1,1-2,—2(y) — 81 Go(x) G1-2,0,0(y) — 9G1(z) G1-z,0,0(y)

—18Go(2) G1-2,01(y) + 18G1(2) G1-2,0,1(y) + 153 Go(2) G1-2,0,1-2(Y)
—15G1(2) G1-2,01-2(y) =36 G1(2) G1-2,0,—2(y) —42Go(x) G1-2,1,0(y)
+42G1(7) G1-2,1,0(y) — 12Go(2) G1—2,11(y) + 72G1(z) G1—2,1,1(Y)

+ 18 Go(z) Gi—z,1,1-2(y) — 30G1(2) Gi—z,1,1-2(y) + 27 Go(2) G1-z,1-2,0(Y)
+3G1(2) G1—z,1-2,0(y) + 18 Go(2) G1—z,1-2,1(y) — 18G1(2) G1-z,1-2,1(Y)
—3Go(7) Gr1—z1-21-2(y) = 3G1(7) G1-z1-21-2(y) + 729 Go,0,0,0()

+ 729 Go,0,0,0(y) — 459 Go,0,0,1(x) + 92 Go,0,0,1(y) — 1077 Go,0,0,1—2(y)

729 Goo1.0(2) + 387 Go.o1 () + 104 Go.0.1.1(y) — 138 Go.0.1.1—(y)

=507 Go,0,1-2,0(y) — 168 Go,0,1-2,1(y) + 609 Go,0,1—2,1-2(y) — 909 Go,1,0,0()

+ 555 Go,1,0,1(z) +32Go,1,0,1(y) — 54 Go,1,0,1-2(y) + 777 Go,1,1,0()
—339Go,1,1,1(2) + 140 Go1,1,1(y) — 84 Go1,1,1-2(y) — 66 Go,1,1-2,0(y)
—84Go,1,1-2,1(y) +30G0,1,1-2,1-2(y) — 189Go,1-2,00(y) — 60 Go,1-2,0,1(y)

+ 453 Go,1-2,0,1-2(y) — 132Go,1-2,1,1(y) + 90 Go,1-2,1,1-2(y) + 135 Go,1-2,1-2,0(Y)
+132Go,1-2,1-21(Yy) — 105Go,1-2,1-2,1-2(y) — 1029 G1,0,0,0(x) + 667 G1,0.0,1(2)
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—4G10,0,1(y) —18G10,0,1-2(y) +913G10,1,0(x) —459G10,1,1(2) — 16 G1,0,1,1(y)
+24G10,1,1-2(y) = 30G1,0,1-2,0(y) —24G1,0,1-2,1(y) + 6 G1,0,1-2,1-2(y)
+36G1,0—2,1-2(y) + 1061 G1,1,0,0(x) —667G1,1,01(x) —16G1,1.01(y)
—48G1,1,0,1-2(y) —801G11,1,0(x) +307G1,1,1,1(x) +256 G1,1.11(y)

—96G11,11-2(y) —48G111-20(Yy) —96G111-21(y) +24G111-21-2(y)
—54G11-200y) —24G11-201(y) +30G11-2,01-2(y) —96G11-21,1(Y)
+36G11-2,1,1-2(y) + 18G11-2,1-2,0(Y) +24G11-2,1-21(Y) —6G11-21-2,1-2(Y)
+36G11-2,—21-2(Y) = 27TG1-2,000y) —12G1-20,01(y) +237G1-200,1-2(y)
+36G1-2,011(Y) +18G1-2,01,1-2(Y) + T5G1-2,01-2,0Y) + 36 G1-2,01-2,1(Y)
—153G1-2,01-2,1-2(y) =36 G1-2,0,—2,1-2(y) + 12G1-21,01(y) +30G1-2,1,0,1-2(y)
—192G121,11(Y) + 712G 1-2111-2(y) +42G1211-20) + 712G1-211-21(Y)
—18G1-21,1-20-2(y) +9G1-2,1-2,00) —45G1_21-2,01-2(Yy) +48G1-21-211(y)
—18G1-21-2,1,1-2(¥) =3G1-21-21-20H) —12G1_31-2,1-2,1(¥)

+3G1 a1 w e 2(0)) + 5 (45 Goole) Goly) + 60 Goo(a) Gi ()

— 186 Go0(z) G1—2(y) + 45 Go(z) Goo(y) + 9G1(z) Go,o(y) + 9 Go1(z) Go(y)
—12Go1(z) G1(y) — 33Go,1(x) Gi—z(y) + 36 Go(z) Go1(y) — 36 G1(z) Go1(y)
—342Gy(x) Go1—2(y) — 69 G1(x) Go,1-2(y) — 93 G1,0(x) Go(y) — 72 G1 0(x) G1(y)
—63G1,0(2) G1_2(y) + 6 Go(z) G10(y) — 12G1(z) G1,0(y) + 123 G1.1(x) Go(y)
+24G11(2) Gi(y) —105G11(x) Gi—o(y) + 48 Go(z) G1,1(y) — 48 G1(x) G1,1(y)

— 72Go(2) G1,1-2(y) + 24 G1(2) G1,1-2(y) + 51 Go(z) G1-20(y) + 33G1(x) G1-2,0(y)
—30Go(z) G1—2,1(y) +30G1(x) G1_z1(y) + 48 Go(x) G1—p1-2(y) + 9G1 () G1—g,1-2(y)
—201Go,0,1-2(y) =36 Go1,1-2(y) + 87 Go,1-2,0(y) +153Go,1-2,1(y) + 87 Go1-2,1-2(Y)
+6G101-2Yy) —48G111-2(y) —12G11-2,0(y) +30G11-21(y) + 6 G1,1-2,1-2(Y)
+45G12,00y) +51G1-2,01(y) +87G1-201-2(y) — 18G1-21,0(y) +60G1_21,1(y)
+30G1-2,1,1-2(y) = 15G1-2,1-2,0(y) = 15G1-21-21(y) = 9G1-5,1-0,1-2(Y)
+45Go,0,0(x) +9Go,01(x) —93Go,10(x) +123Go,1.1(x) — 161 G1,0,0(x) + 107 G1,0,1(x)
+ 165 G1,1,0(7) — 203 G1,1,1(x) + 45 Go,0,0(y) — 225 Go,0,1(y) — 34 Go,1,0(y)

— 114 G071,1(y) + 12 Gl’o’o(y) + 30 G1’0,1(y) + 28 Gl’l}o(y) — 80 Gl,l,l(y)>

—_ —

+ i <4 (4401 GO (SC) Go (y) — 2859 Gl(fﬂ) Go(y) — 78 GO (SC) Gl(y) + 342 G1 (ZL') G1 (y)

=81 Go(7) Gi—z(y) — 15G1(x) G124 (y) — 1785 Go1-2(y) + 342 G1,1-2(y) — 567 G1-4,0(y)
— 126 Gl,x’l(y) + 183 Gl,z,l,z(y) + 4401 G()A’()(LU) — 2859 G()J(!L‘) — 3755 Gl’(](ff)

+1987 G 11 (x) + 4401 Goo(y) + 278 Goa(y) + 66 G1o(y) — 8 Gl,l(y)>
1
+ 5 G5 (=51 Gia(y) + 117 Golw) — 143G () + 117 Goly) — 50 Ga (y) )

+ 5 GG (2TGru(y) +21 Gole) — TG (2) + 21 Goly) + 8 Ga(v))

13777¢s 10763 o3
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