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ABSTRACT: A holographic description of BCS superconductivity is given in [1]. This model
was constructed by insertion of a pair of D8-branes on a D4-background. The spectrum of
intersecting D8-branes has tachyonic modes indicating an instability which is identified with
the BCS instability in superconductors. Our aim is to study the stability of the intersecting
branes under finite temperature effects. Many of the technical aspects of this problem
are captured by a simpler problem of two intersecting D1-branes on flat background. In
the simplified set-up we compute the one-loop finite temperature corrections to the tree-
level tachyon mass-squared-squared using the frame-work of SU(2) Yang-Mills theory in
(1 + 1)-dimensions. We show that the one-loop two-point functions are ultraviolet finite
due to cancellation of ultraviolet divergence between the amplitudes containing bosons and
fermions in the loop. The amplitudes are found to be infrared divergent due to the presence
of massless fields in the loops. We compute the finite temperature mass-squared correction
to all the massless fields and use these temperature dependent masses-squared to compute
the tachyonic mass-squared correction. We show numerically the existence of a transition
temperature at which the effective mass-squared of the tree-level tachyons becomes zero,
thereby stabilizing the brane configuration.
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1 Introduction

There have been many applications of the AdS/CFT correspondence to understand con-
densed matter systems. When there are gapless modes present these systems are described
by conformal field theories at low energies. This can happen at second order phase tran-
sitions, but also in metals where the excitations above the Fermi surface are gapless. For
recent developments see [2]-]9].

At low temperatures metals are unstable towards electron Cooper pair formation and
an energy gap develops. This is the BCS instability. The Cooper pairs are charged and so
the condensate breaks the U(1) of electromagnetism and the photon effectively becomes
massive as a result of the Higgs phenomenon. The energy gap ensures that at low frequen-
cies there is no dissipation of energy when a current flows. The mass of the photon results
in the exponential fall off of the magnetic field inside a superconductor. These are typical
characteristics of superconductors. Studies of various types of superconductors using holo-
graphic techniques have been been the subject of research for the past few years. A partial
list of references is [10]-[12, 13].

Inspired by this BCS phenomenon Nambu and Jona-Lasinio gave a description of
chiral symmetry breaking in strong interactions [14, 15]. Their starting point was a non
renormalizable model with four Fermi interactions. The pairing between quarks and anti-
quarks is analogous to Cooper pairing. The main point of difference (as summarized in [1])
is that due to the absence of a Fermi surface this instability in QCD happens only for large
enough coupling. Another point of difference is that the resultant condensate breaks an
axial symmetry (rather than a vector symmetry as in BCS)- the U(1) chiral symmetry that
is present in QCD (in the absence of bare mass to quarks).

A holographic dual of 3+1 QCD was constructed in [16] starting from M theory on
AdS7; x S*. Many interesting calculations have been done with this model including cal-
culation of the glueball mass spectrum - albeit at strong bare coupling [17]-[22-24]. An
extension of this model to include flavor degrees of freedom was constructed by Sakai and
Sugimoto [25]. Various aspects of this model was further explored in [26]-[31, 32]. The
flavour branes are D8 branes hanging down from the boundary (where they intersect the
D4 branes) and are wrapped on S*. It was shown that when there are D8 branes and
D8 anti branes, a stable configuration is described by the brane and anti-brane bending
towards each other and joining to form a continuous U-shaped brane. Since the branes
describe left handed quarks and anti-branes describe right handed quarks (or left handed
anti quarks) this U configuration breaks chiral symmetry.

In [1] the Sakai-Sugimoto model was modified to describe BCS superconductivity. The
Sakai Sugimoto model has unbroken vector like symmetries corresponding to the flavour
group. Thus for two flavours there is a U(2). In [1] it was shown that in the presence of a
finite chemical potential for the U(1) embedded in SU(2), a D8 brane and an anti D8 brane
cross each other. Such a configuration is known to be tachyonic and it has been argued
that the stable configuration to which this flows has a non zero charged condensate that
Higgses the U(1) symmetry [33-40]. In [1] analytical solutions were given for such systems
by solving the Yang-Mills equations describing intersecting branes in flat space-time. Semi



analytic and numerical solutions were also given in the curved background of this modified
Sakai-Sugimoto model.

Being a strongly coupled system the expression for the gap in terms of the coupling
and other parameters is different from weak coupling BCS. The gap and thus the transitilon

temperature are expected to be larger here. For weak coupling the relation is A =~ e.e 9 g ,
whereas for strong coupling one expects A ~ ecg%’z. Here €. is some parameter of the metal
that fixes the region around the Fermi surface that participates in the pair formation.

In this paper we attempt to calculate the transition temperature for the model de-
scribed in [1]. We do this in flat space-time for simplicity. The low energy theory on the
brane can be described by the DBI action for the massless fields on the brane. This is valid
as long as only energies < é are being probed. The DBI action describes the effect of
“integrating out classically” (i.e. via equations of motion) the massive modes of the string.
However even if the massive modes are integrated out in the quantum theory, the resul-
tant action for the massless modes would look like supersymmetric Yang-Mills corrected

by higher dimensional operators down by powers of o’ - very similar to the DBI action.
1

Oé,
corrections due to the massless mode quantum and thermal fluctuations. Since the Yang-

We can study this as a quantum theory with a cutoff A < and proceed to study the
Mills action is renormalizable, we know that the effect of the irrelevant higher dimension
operators is to make finite renormalizations of the lower dimensional operators. This is
just a re-phrasing of the decoupling theorem: if the low energy theory is renormalizable
the massive modes decouple and further the ambiguities associated with the physics at and
above the cutoff scale can be absorbed into a renormalization of the parameters. While this
is a consistent procedure, this is not good enough for us because if we want to estimate
the finite thermal corrections to the action, the finite part should be unambiguous and
cannot be the finite part of an infinite term. Fortunately, because of supersymmetry, the

mass-squared corrections are finite and therefore calculable in principle. More precisely
1
\/a/
terms that diverge when A — oo (i.e. positive powers and logarithms) are absent. Thus

all corrections are finite and at most of order % < Vd'E where E is a typical energy

if we calculate the corrections as a power series in A (with A < ), one expects that

scale. Supersymmetry in fact can ensure this even if the theory is not renormalizable as in
Dp-branes with p > 3.

The physical quantity we are interested is the temperature correction to the tachyon
mass-squared. The tachyon mass-squared is O(g) = —q, where 0 is the angle of intersection
of the D-branes and ¢ is defined more precisely later. Thus we would like to keep this finite
as 5 — oo. This can be achieved by taking the limit 6 — 0, é — oo such that ¢ is fixed.
Thus in this limit we can use the supersymmetric Yang-Mills theory on the brane. We
also simplify further the problem by studying D1 branes. Classically the solutions we are
considering depend only on one coordinate. So the solutions are the same for all Dp branes.
Quantum mechanically the fluctuations will be different and the momentum integrals in
Feynman diagrams will be different. However many of the techniques used for D1 branes
should go through since the mass-squared corrections are finite due to supersymmetry.

Even with these simplifications the calculations are already quite involved. The main
reason is that the background configuration about which quantum corrections need to be



calculated is space dependent. The intersecting D-brane configuration is described by one
of the adjoint scalars having a value that is linear in z, in the form ¢ = gz . Thus in the
x-direction one cannot use plane waves as a basis. One has to work with eigenfunctions
that are essentially harmonic oscillator wave functions. One should then calculate the
effective potential at finite temperature and then obtain the transition temperature. This
is a rather difficult calculation. In this paper as a first step we adopt the simpler procedure
of calculating the corrections to the tachyon mass-squared and finding the temperature at
which this turns positive. This is not the same thing because positive (mass)? only ensures
local stability. In any case with these simplifications the calculation becomes tractable.
Even so, some of the calculations have to be done numerically.

There are two technical issues that become complicated because of using Hermite
polynomials instead of plane waves. One is that of showing UV finiteness. As mentioned
above, if the theory has divergent mass-squared corrections that need to be renormalized
then one cannot calculate the transition temperature from first principles because there
is always an arbitrary parameter corresponding to finite mass renormalization. Especially
when calculations have to be done numerically, one needs to be sure that the series being
summed is convergent. This demonstration is made difficult, once again because we cannot
use a plane wave basis. In this paper we show UV finiteness at one loop. This check is also
useful because it ensures that the degrees of freedom counting has been done correctly.

The second complication is that there are many massless modes. This results in in-
frared divergences. The correct solution to this problem is to use a renormalization group
and integrate out high momentum modes first. This should typically induce mass-squared
corrections to the massless modes (unless they are protected) and the final solution to the
RG equations should not have any IR divergences. The full RG is difficult to implement.
However what can be done is to first do a one loop integral where the internal lines have
only modes that do not generate IR divergences. In this step one can calculate the mass-
squared correction to all the massless modes. At the next step one includes the remaining
unintegrated modes in the tachyon mass-squared correction, with corrected massive prop-
agators and now, because there are no massless modes, there are no IR divergences.! In
practice one needs to calculate mass-squared corrections only for those modes that are
needed for the tachyon mass-squared correction. Thus this procedure takes care of the
infrared divergences.

Once these problems are taken care of one can proceed to a calculation of the finite
temperature correction to the tachyon mass-squared. Both, the temperature independent
finite quantum correction to the masses-squared and the temperature dependent finite cor-
rections are calculated. However in the final calculation of the tachyon mass-squared, which
is done numerically, only the total correction is calculated and plotted. Thus we are able
to calculate numerically the transition temperature at which the tachyon becomes massive.

As mentioned above this calculation needs to be generalized to higher branes. Also
instead of calculating the correction to the mass-squared one should do a more complete

LAt this point one is going beyond the one loop approximation and one has in effect summed an infinite
number of diagrams.



calculation and calculate the effective potential. Finally one should generalize to curved
space time. This last may not however be very important because most of the dynamics
takes place locally at the intersection point and one should be able to make a simple
extrapolation to curved space locally using the equivalence principle.

This paper is organized as follows. Section 2 is dedicated to the study of mass spec-
trum of intersecting D1-branes at zero temperature in the Yang-Mills approximation. We
choose a background given by the vev of one of the scalar field components. We compute
the normalizable eigenfunctions for all the bosonic fields. Those fields which couple to the
chosen background become massive at the tree-level and have a discrete mass spectrum.
Those fields which do not couple to the background remain massless with a continuous
spectrum. Apart from the massive modes there are also massless modes in the expansion
of some of the bosonic fields which are accompanied with eigenfunctions with zero mass
eigenvalue. The lowest lying modes in the bosonic mass spectrum are the tachyons. In sec-
tion 3 we present the finite temperature analysis with a single scalar field using background
field method. In section 4 we present the finite temperature analysis for the intersecting
D1-branes. In section 4.1 we present the computations for the one-loop bosonic corrections
to the tree-level tachyon mass-squared at finite temperature. The fermionic eigenfunctions
and their contributions to the one-loop corrections are presented in section 4.2. In section 5
we discuss the problems of ultraviolet and infrared divergences of the amplitudes which
arise due to the presence of massless fields in the loop. While the amplitudes containing
bosons in the loop are both IR and UV divergent the amplitudes containing fermions in
the loop are only UV divergent. In section 5.1 we present the computations for the can-
cellation of the UV divergences of the amplitude for the tachyonic mode. To tackle the
IR problem we first compute the one-loop corrections to all the massless fields. Thus we
have all massive fields at one-loop level which then allows us to compute the finite two-
point functions for the tachyonic modes. The one-loop mass-squared corrections to all the
massless fields at finite temperature are computed in the sections 5.3, 5.4, 5.5 and 5.6.
We also discuss their UV finiteness. In section 6.1 we present the numerical computation
of the transition temperature and an analytical estimate of the behaviour of the masses-
squared with varying temperature. For large values of temperature, the masses-squared are
found to grow linearly with temperature. We present relevant details of the computation
in the appendices.

2 Tree-level spectrum

In this section we study the classical mass spectrum for an intersecting D1 brane configu-
ration at zero temperature in the Yang-Mills approximation. The action for two coincident
D1 branes with gauge group SU(2) has been worked out in appendix A. The action (A.13)
is the dimensional reduction of 10 dimensional N/ = 1 Super Yang-Mills. The equations
of motion in 1 + 1 dimensions have a solution ®} = gx and A = 0. This corresponds to
an intersecting brane configuration with slope q. Considering this background solution a
fluctuation analysis was done in [33] to analyze the spectrum of the theory. To review this



analysis we first write down the relevant bosonic part of the action (A.13).
1 1 2 1 v 1 2
SlJrl = —2tr d°x —§FMVF'u +DM(I)[DM(I)[+§[(I)],(DJ] . (21)
g

The Bosonic Lagrangian up to the quadratic order in fluctuations separates into various
decoupled sets. In the Af = 0 (e = 1,2,3) gauge we write the decoupled parts sepa-
rately below.

L2, @) = JAZRA2 — J@lfel + J01020] - e (A7)

+ qA2®] — g0, DI A2, (2.2)
L(AL ®) = — SALRAL — S@R0FEE + J@30207 - P (A1)

— qAL®? + q20,D3AL (2.3)
L(D1, AD) = — JBIORE] + L5020 — L% () — g (@)

- %Ai&ﬁAi (for all T # 1), (2.4)

We thus have various decoupled sets of equations at this quadratic order. The solutions
of these equations give the wave functions corresponding to the normal modes. The first
two terms L£(A2, ®1) and L(AL, ®2) implies that we have a two coupled sets of equations
for (A2, ®1) and (AL, ®2).

To compute eigenfunctions and the spectrum we first consider the equations for
(A2, ®1) fields. The eigenvalue equation for the spatial part is,

2 2.2 o A2
e qg * +2q 71=0 (2.5)
29 + qx0, m*~+0; b
where m? is the eigenvalue. Eliminating, A2 from the above equations gives the following
equation for ®},

9307 + [P(z) — Q(x)] @1 — 2P(2)9,®] = 0 (2.6)
where,
2¢* — 202 — 2
P@)= s Q@) =g . (27)

The asymptotic (z — oo) form of the equation (2.6) is,
(02 +m? — ¢?2?] 1 =0 (2.8)

which is the Schroedinger’s equation for a harmonic oscillator. The ground state wave
function is e~9%°/2. Thus writing,

A2 = eI 24 D] = e 12 (2.9)



we get the following equations,

(m? — ¢*2*)A + (g + ¢*2* — qv0y)p = 0 (2.10)
(—¢*2% + qzd, +29)A + (m? — g+ ¢*2* — 2qx0, + 0%)p = 0. (2.11)

Now assuming series solution of the form,
A=z o= br(zyg) (2.12)
k k

we get the following recursion relations,

(21— by — KFDEE2) (2.13)
Lk B G R
and
ap = bk — (k + 1)(k + 2) bk+2 . (2.14)

The quantization condition on m? is obtained by demanding that the series (2.12)
terminates for some value of k that is n. This implies that the numerator of the first
term of (2.13) vanishes for this value of k. We thus have the spectrum given by m? =
(2n — 1)g. The lowest mode of mass spectrum given by n = 0 is tachyonic. To solve for
the eigenfunctions we simply need to compute the various coefficients (ag, by) using the
recursion relations.

Forn=20,2,4---,
(—1)k/20k/2
a = G e =D (= k4 2k - D) (2.15)
(—1)k/20H/2
bk:mn(nf2)-~(nfk:+2)(2n7k‘71). (2.16)
Forn=3,5,7---,
(= 1)(k=D)/29(k=1)/2
S o A 247
by, = (D)o (mn—=1)(n—-3)---(n—k+2)2n—k—1). (2.18)
F 2(n — 1)k!
Putting these back in (2.12), the eigenfunctions are,
A= ap(zy™s b= belava). (2.19)
k<n k<n

The normalized eigenfunctions {4, (z), ¢,(z)} for both odd and even n can be com-
bined into the following expressions

An(w) = N (n)e ™12 (H,(\/gz) + 2nH,5(/q2)) (2.20)
on(@) = N (n)e™ ™" /2 (Hy(\/gz) — 2nHy(y/qz)) (2.21)



where H,(,/qx) are Hermite polynomials and the normalization,

N(n) = 1/y/Vr2r (4n? — 2n)(n - 2)!.

Let us define,

) = Ap ()
() <¢n(x)>. (2.22)

n(x) then satisfies the orthogonality condition
Cn(z) th isfies th hogonality di
Va / dxll ()G, (x) =0, - (2.23)

There is also a set of infinitely many degenerate eigenfunctions with m2 = 0. The
normalized eigenfunctions for the zero eigenvalues can also be written in terms of Hermite
polynomials as

An(w) = N(n)e /2 (H,(\/qz) — 2(n — 1) Hy5(\/q2)) (2.24)
Gn(w) = N(n)e™ ™"/ (Hy (/) + 2(n — 1) Hy5(/g7)) (2.25)

where the normalization, N'(n) = 1//y/72"(4n — 2)(n — 1)!. We define a different set,

Fo(g) = f{ln(x)
() (%(x))‘ (2.26)

(n(z) again satisfies the orthogonality condition as (2.23). So that,

Vi / dwCl(x)(, (x) =6, - (2.27)

Along with this we also have,

\/a/dxdl(x)fn/ (£)=0 forall nandn . (2.28)

Unlike the non-zero eigenvalue sector, in the zero eigenvalue sector we have normaliz-
able eigenfunction for n = 1, which is simply Hy(/gx). There is however no normalizable
eigenfunctions for n = 0 in this sector. The spectrum for m? = 0 is completely de-
generate. Henceforth in this paper we shall refer the eigenfunctions for m2 = 0 as the
“zero-eigenfunctions”.

From the equations of motion for (AL, ®2) obtained from (2.3), their eigenfunctions are
simply (—An(z), pn(z)), and (— A, (z), dn(z)) for m2 = (2n—1)q and m2 = 0 respectively.
There is thus a two fold degeneracy for this spectrum of the theory.

The term L£(®;, A3) gives decoupled equations for ®¢ for each value of I # 1 and the
gauge index a and another equation for A2 alone.The equation of motion for CID} is

(03 + 02 — ¢*a?) @} = 0. (2.29)



The same equation for @%. The spatial part of the equation is the wave function
equation for a Harmonic oscillator. The time independent eigenfunctions will thus be given
by N (n)e=9%*/ 2H,(,/qx) where H,(\/qz) are Hermite polynomials. The normalization
N'(n) = 1/y/\/m2"n!. The corresponding eigenvalues are v, = (2n + 1)¢g. The equations of
motion for ®3 and A7 are,

(=03 +92) @} =0; 95A2=0. (2.30)

This means that the time independent part of <I>§ is just a plane wave e?*. Tables 1
and 2 in appendix B summarizes the various dimensionfull parameters, normalizations and
the eigenfunctions.

At this point we should note that the only tachyons that arise in the spectrum are
those as discussed above. There are no other tachyons. The presence of the tachyon signals
an instability. As noted in [1] and the introduction, this instability corresponds to the onset
of superconducting phase transition of the baryons in the boundary theory. In the brane
picture, the tachyon condenses and at the end of the process we are left with a smoothened
out brane configuration [33]. In the following sections we would like to study the quantum
theory at finite temperature. The main aim is to find the critical temperature at which
the tachyonic instability vanishes.

3 Finite temperature analysis with one scalar: warm up exercise

In this section we first study a simplified model consisting of only one adjoint scalar. The
purpose of this section is to outline the basic idea involved in the computation of the
mass-squared corrections of the tachyon due to finite temperature effects. With only one
scalar (namely ®1) we have the equations resulting from (2.2), up to the quadratic order.
By doing a one-loop integral over the fluctuations we will find an effective action for the
tachyonic mode. The coefficient of the quadratic part of the effective action gives the
mass-squared of the tachyon as function of the temperature. We thus start by doing a
fluctuation analysis with the doublet of fields (@1, A2) fields.

A2 =Ap+0A & =dp+60. (3.1)

To do a finite temperature analysis, we define the Euclidean coordinate 7 = it. 7 is
periodic with period 3, so that the integration limits over 7 are from 0 to 5.
We now denote the background field and the fluctuations as,

C(a,7) = (Qiﬁiii) 6 T) = (ggg) . (3.2)

The quadratic background part of the action can be written as,

Sp = 2—92 deacCT(x, )00 (z, 7)( (2, T) (3.3)
where
0% — ¢*2? —qx0, +q
@ = T . 3.4
o(,7) (Qq +qrd, 0%+ 02 (34)



The mode expansions for the background fields is,

((z,7) = N2 Z ( wkCr(T) + Cw,kfk(%‘)> T

(3.5)
_ 172 Ag(z) A Ag(z) eiwwT
N % (Cw"“ <¢k<x)> + Ca (m(x))) |

Where w,, = 27w/B. The normalization constant N is equal to /g/3. (i(z) and ()
are defined in (2.22) ans (2.24) respectively. The corresponding eigenvalues are —\, =

—(2k — 1)q of the first set of eigenfunctions and A\ = 0 (for all k) of the second set. The
reality of ((x,7) means that C_, = C} & and C_,, k= Cch

With these observations, and using the orthogonality properties (2.23), (2.27)
and (2.28) the quadratic background part of the action can then be written as,

1
1=~ 2 (10
w,k

(w2 + M) + [Cupl?d) - (3.6)

The mass spectrum now consists of a tower of tachyons of mass-squared (w2 — q)/g*. Of
these the zero mode, w = 0 has the lowest value of mass?.

We now study the fluctuations about the above background. The part of the La-
grangian containing the fluctuations is given by,

S5 = 52 drdzdt (z, 7)Os (x, 7)0C (2, 7) (3.7)
where the operator Os(z, T) is,
Os(x,7) = Op(x,7) + Op(z,T)
B 0?2 — ¢?2% — @2 slx,T) —qrdy + q — 2Ap(z, 7)Pp(x, T) (3.8)
~\ 2¢+q20, — 2AB(x, 7)Pp(x,T) 02 + 02 — A%(x,7) '

There will also be terms linear in the fluctuations. However since these terms do not
contribute to the 1P effective action, we have dropped them here.

The mode expansions for the fluctuations is,

8¢ (@ Nl/QZ( a8 () + DinndCa()) €7 (3.9)

— nN1/2 6An($) - 5151” (:E) eime
A, <D (wnm ) + Do («wnw ))

where 6¢, () and 6¢,(x) are now eigenfunctions of the r-independent part of the operator
Os(x, 7). Let us assume that the corresponding eigenvalues are —A,, and —A,, respectively.
Again since d((z, 7) is real, D_,, ,, = D}, ,, and D_,, = D* . The partition function for

,10,



the fluctuations is thus,

— [ DDl Drale

) —57 m,n Dm,n 2 w3n+An + Dm,n 2 “-’7277.+/~\n
:/D[Dm,n][pmm]e o 5 1D PR+ H P 220 o

1 ) ) —1/2
- H (2ng?)? (Wi, + Ap)(ws, + Ay) )
m,n#0

The eigenvalues A, and A, are yet to be determined, for which we use perturbation
theory by assuming that the background field modes are small. We already know the time
independent eigenfunctions and the corresponding eigenvalues for the operator Oy. We can
now treat the background fields in (3.8) as perturbations and find the corrections. The
background fields can be expanded in terms of the C,, , modes. Since we are only interested
in the quadratic contribution in C,, ’s, we do not need beyond the leading correction. This
is because the perturbation matrix Op contains two powers of background fields giving rise
to terms quadratic in the Cy, ; modes.

Ap=AD 4+ AD 4 with  AD =), =@2n—-1) (3.11)
A=A+ A 4 . with AD = X =0 (3.12)
and,
6C(z) = 6¢ V(@) +0¢ V(@) +....  with 8¢ (z) = ¢u() (3.13)
6Ca(x) =6V (@) + 0V () +....  with 6O (z) = Cu(x) (3.14)
so that,
AL — / dzdrsC O (2)Op(x, 7)5¢O) (z) (3.15)
O / dzdr5CO (1) Oz, 7)56O) (z) (3.16)
with this,
1 [ (w2 + (2n +AY w2, + A
log Z(B,q) = -3 Z log < ( 27rg2)q +log
min70 L 1 ) (3.17)
! > |log 1+ Mgt +1 A5
= —— (6] O
2 2 B\ T e e e T o2 )

where in the last line we have omitted the field independent terms. For small value of
A%l) the leading term which gives the quadratic correction to the effective action of the
background C,, ; fields is,

1 A%l)ﬂz AS)BQ
log Z(f,4) = =3 ZO [(27rm)2 T Cn—1)gF " @rme | (3.18)

— 11 —



To find the form of the effective action due to the perturbations we first compute AS)
given in equation (3.15). The expression for AS) after putting in the mode expansions for
the background ®p and Ap fields reads,

A= [cw,kc;k,Fl(k, k n, n)+éw,ké;k,Fl’(k, k n, n)+20w,ké;k, F (kK n,n)

n
!

o (3.19)
Fu(k K non) = va / dz [6(2)8, () An(2) An () + 244, ()0 (2) An(2)

+ 244 61 (2) pn(2) A () + Ap(2) Ay ()b () Pn ()] (3.20)
Fl(k, K ,n,n) = /g / dx[ An(2)An(2) + 24130y () bn () An ()

+ 2,21k,¢k(x) () A () + Ap(2) Ay () (2 )qﬁn(ﬁv)} (3.21)
Fy (kK \n,m) = /g / 4 [04(2)dy (2) An(2) An(2) + 24400 ()60 (2) An(2)

+ 24, 61 (2) () An () + Ap(2) Ay (2) G (2 )qﬁn(u’v)} : (3.22)

Similarly expanding AW given in (3.16) gives,

AD=%" [cw,kc; Lk K )+ CouiCr  Fy (kK nyn)+2C,1,C L FY (kK nn)

n

e (3.23)
Rk m,m) = Vi [ e [00)00 080 0)A0(2) + 2400 (0160 (0)Aa(2)

+ 24, 61(2) P () A () + Ap(z) Ay (90)%(96)5%(%)} (3.24)
Fi 0K m,m) = Vi [ e [30)00 )80 (0)A0(2) + 280 (0160 0)Aa(2)

+ 24, 1 (@) () A () + Ap(z) Ay (x)([ﬁn(x)q;n(x)} (3.25)
F 6k o) = VG [ [0n(2)8 () (0 An(0) + 240 (2160 (2) A

+ 24, 04(@)6n (@) An(@) + A(@) Ay (@)Bn(@)bn(x)| (3.26)

Putting these expansions (3.19) and (3. 23) in (3.18) we now collect terms containing
two Oy, , fields, two Co & or one C, ;. and one Cw r modes separately. A general expression
for (3.18) finally is,

log Z(B,q) = — Y _ [Cw,kc;,kfz%k, K, B,q) + CurCl 2 (kK B, q)
w,k,k’

+ 20kl S0 K B,0)] (3.27)
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The coefficient of the Cy, xC” |, term, Y2(k, k', B,q) is given by,

S2(k, k', B, q) fﬁ Z (3.28)

(kK n,n) Fi(k,k ,n,n)
(2mm)? (2n —1)qp? (27rm)?

This is the one-loop correction to the two point amplitude for the Cy, ; modes. Simi-

larly,
=9 / F1 (k,k',n,n) Fi(k, k' ,n,n)
S?(k, k', B, q) \/ BmE;O G+ g T @) ] (3.29)
and
9 / k k.n M) F{/(k,k/,n,n)
22k, k', 8, q) \fﬁ Z %m T e e’ ] (3.30)

The fields C,, 1 and C~’w7k for different k£ and same w are all coupled to each other at
the quadratic order. This is due to the broken translational along the z direction. To
compute the mass-squared correction of any of the modes we should compute the mass
matrix. However this matrix is infinite dimensional. We will be interested in the mass-
squared corrections of the mode Cp . This we do numerically. In this paper for numerical
simplicity we just compute the correction term X2(0,0, 3, q), reserving a more detailed
numerical analysis for the future.

Now, after doing the sum over m in the first term of (3.28),

Fi(k,k ,n,n) (1 1 Fi(k,k ,n,n)
S2 kK Bq) = 5 Y | e +
2 n;) (2n —1) ( eV (@n-1)a8 _ 1) (2mm)? (3.31)
=X+ 55

32, is the temperature independent piece. This term is potentially ultraviolet diver-
gent. In the following sections we shall consider the the theory on the intersecting D1
branes. This theory is obtained from a finite N’ = 8 SYM in two dimensions by giving an
expectation value to one of the scalars ®} = gz. Supersymmetry in the intersecting D1
brane theory is completely broken by the background. However the action is supersym-
metric and finiteness of the N' = 8 theory implies that the the theory on the intersecting
D1 branes must also be ultraviolet finite. We will see that for the two point functions com-
puted later the ultraviolet divergences cancel between the contributions from the boson
and the fermion loops.

There is also an infrared divergence in (3.31) that comes from the second term for
m = 0. The IR divergence is due to the massless Dm’n modes in the loop. To treat these
divergences we shall follow the procedure outlined in the introduction.

A similar computation leading to (3.28), (3.29) and (3.30) can also be performed as fol-
lows. Expanding both the background and the fluctuation fields using same basis functions

,13,



that are the eigenfunctions of Oy i.e. to the lowest order the fluctuation wave functions,

0A,(x) = Ap(z), ddn(x) = ¢n(x), 5;1”(3:) = /Nln(w) and 6¢~>n(x) = ggn(:n),

S =S5+ S;s
1 ~ 1 -
= _2792 Z (|Cw,k|2(wz20+)\k)+|o , szu) - 2792 (|Dm,n’2(‘”q%1+)‘n)+’Dm,n|2w31>
w,k m,n
+ I + background fields of quartic order (3.32)

where the interaction term I, is

Z Z ( CukC. ’k’DmnD / /Fl(k:k: nn)

mm nn ww kk

+C’wkC’ ’ D D ’ rﬁ’l(k,k/,n,nl)—l—éw,kéw/ k'DmJLDm’ n/Fll(k‘,kl,n,n/)

+cwkc, /DD, 7/ﬁ’l(k,k/,mn/)+20w7kC~'w/7k/Dm,an/m/Ful(k?k/,n,n/)

+ 20wk Cyt g Dmin Dyt B 1K 710 8t o
where, N = ,/q//3. Here again we have dropped the terms linear in fluctuations as they do
not contribute to the 1PI effective action. The terms cubic in fluctuations have also not
been included as they do not contribute at the one-loop order. The tree-level D, , and
[)m,n propagators are then

4] 16, _ 4] 16,
27 m,—m “n,n | _27m,—m “n.n
<Dm,an/7n/> =g [w% + /\n] ) <Dm’an/,n/> =g 7@)72” . (333)
With this the one-loop two point amplitudes are same as equations (3.28), (3.29)
and (3.30). Henceforth in the following sections we will denote both the background and
the fluctuation modes as C,, .

4 Intersecting D1 branes at finite temperature

We have computed the effective mass-squared of the tachyons as function of temperature in
section 3 for a simplified theory with only one scalar field and no fermions. The corrections
are infrared divergent due to the presence of the tree-level massless modes in the loops.
One way of dealing with the problem is by computing the mass-squared corrections to
the tree-level massless modes CN'ng, at finite temperature at the one-loop level. With the
mass-squared corrections, the tree-level massless modes become massive at one-loop level
at finite temperature. The temperature-dependent effective mass-squared of the tree-level
massless modes shift their propagator by w2 — (w2, + m?(3))~!. Now we can use this
shifted propagator to calculate the finite effective mass-squared of the tree-level tachyons
at finite temperature.

The first amplitude in (3.31) has a purely temperature independent part and a purely
temperature dependent part. The temperature dependent part is exponentially damped,
hence finite even for large values of the momentum n. The temperature independent
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part however has a non-convergent sum over the momentum n and hence give rise to
Ultraviolet divergence. The problem of UV divergence can be dealt with by introducing
suitable regularization scheme but this in turn renders the finite answer for the mass-
squared corrections regularization-dependent. Hence there is no unique answer for the
effective mass-squared of the tachyon. This indicates that the calculation should be done
in a framework where cancellation of UV divergences are possible. Hence we work in the
framework of a originally supersymmetric theory and should consider the contributions
from the bosonic as well as fermionic degrees of freedom. In this set-up the UV divergences
are expected to cancel among the amplitudes containing bosons and fermions in the loop.
In this section we thus study the finite temperature effects for the full D1 brane
theory (A.13). As seen in section 2 an intersecting brane configuration with only one non-
zero angle is given by the background solution ® = gz and A = 0. In the following we
will study the tachyon mass-squared as a function of the temperature for the theory (A.13)
including all the other bosonic fields and the fermions. We will compute contribution from
Bosons and the Fermions towards the tachyon mass-squared correction separately below.

4.1 Bosons

In this section we compute the one-loop correction to the tree-level tachyon mass-squared
due to the Bosons in the loop. To do this we must first write the mode expansions for the
individual fields. The mode expansion for (A2, ®1) is given in (3.5) in section 3 using the
eigenfunctions that have been worked out in section 2. The (AL, ®2) fields satisfy the same
mode expansion. The only distinction between this and the earlier mode expansion is the
sign in front of the eigenfunctions Ag(z). Thus

C N1/2 Z ( 9y ka elwwT + é;),kfk(x)eiww‘r)
- (4.1)
_ n7L/2 / _Ak(x) W T ~/ _:’4]6(3}) W T
N U)Z’k (Clw,k ( ¢k(x) > e + Cw,k ( ¢k(x) e
/ A;(x, T)
h = .
where ¢ (z,7) (@%(m‘ﬂ') )

Similarly since ®} and ®% (I # 1) are harmonic oscillators in the x direction and A3
and @? (for all I) are just plane waves, we have the following mode expansions

oz, 1) = NV2N ' (n Zfbl n,m) e_qxg/QHn(\/ax)ew’"T, {I #1} (4.2)

1/2
®3(x,7) _ N Z/ 331, m)e!@nTHY) T =1 ... 8} (4.3)

1/2
A3( ): N/ 7ZA3( l) iwm THilx (4 4)
o(x, T 7 o c(m,l)e .
m

where H,(,/qr) are the Hermite polynomials and e—ae?/ ’H,(,/qz) are the harmonic os-
cillator wave functions with eigenvalue v, = (2n 4 1)¢. The normalization N’ (n) =

1/y/v/m2mnl.
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The propagators and the interaction vertices are listed in the appendix (C.1). With
these we now write down the contribution to the one loop mass-squared corrections to the
background fields. The bosonic contributions to the one loop mass-squared corrections
at finite temperature can be collected in two groups, namely the ones coming from the
four-point vertices and the ones coming from the three-point vertices.

The bosonic four-point vertices listed in (C.1) together with their corresponding prop-
agators give,

' ' Bk, K Fi(k, K Fy(k, k'
St w,w , k,k , B3, q) NZ [Z( 1( nn)+ 1(k, 771771) TEy( nn))

w2 + A\, w2, w2, + v
+/ dl 7F2’(k,k’,z,—1)+F§,(k,/<;,l,—l)
(2m\/q) w2, + 12 w2, + 12
dl Fy(k,k,1,—1)
S L. 4.5
+/27r\/§ w2, ] wtw (4.5)

The Feynman diagrams that constitute the correction (4.5) are given in figure 1. In (4.5)
the first term represented by the Feynman diagram in figure 1(a) consists of the three-point
vertex (C.6) and receives contributions from the C,,, modes with the propagators (C.1)
while the second term whose Feynman diagram is given is figure 1(b) comes from the
four-point vertex (C.10) and bears contributions from the massless modes C~'m7n in the loop
with propagator (C.2). The third term with the Feynman diagram figure 1(c) comprises
of the four-point vertex (C.8) having the seven massive fields @}’2(771, n) for I # 1 with
propagators given in (C.3). The fourth term in (4.5) is represented by the Feynman diagram
figure 1(d) and is the amplitude for the vertex (C.12) which comprise of the seven fields
@3, for I # 1, with propagator (C.4). The fifth term have contributions from the fields ®3
with propagators (C.4) and is depicted in the Feynman diagram figure 1(f) while the sixth
term bears the massless gauge field A3(m,[) in the loop with propagator (C.5) and the
relevant Feynman diagram given in figure 1(e). Similarly, the three-point bosonic vertices
listed in (C.1) combined with their respective propagators constitute the one-loop bosonic
mass-squared corrections at finite temperature, viz.

/ Fy(k,l,n)F(k ,1,n)
2my/q (w2, + An)u)fn/

/ dl Fy(k,1,n)Fi(K 1,n)

2 (w, w kK, k,ﬂ, ——quZ

277\/6 w?nwzn/
N / dl [ TFs(k,Ln)Fr (K, —l,n)  Fi(k,1n)F (k' —1,n)
2m\/q \ (Wi + ) (W2, +12) (Wi + An) (W2, +12)

, (4.6)

w—+w

/ dl - Fi(k,1,n)Fy(k',—1,n)
i ()2, 1)
where, w = m +m’. In (4.6), the first amplitude gets contributions from the fields Cy, ,,

with propagator (C.1) and Ag’;(m/,l) with propagator (C.5) in the loop with the three-
point vertex Fy(k,l,n) given in (C.19). The corresponding Feynman diagram is given
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o3 (m, 1) A(m, 1) o3 (m, 1)
w,k Cw X Cng Cw,k' Cw,k: Cw,k/

Figure 1. Feynman diagrams for the amplitudes with four-point vertices.

in figure 2(a). In the second amplitude, whose Feynman diagram is given by figure 2(b)
comprises of the three-point vertex Fy(k,l,n) given in (C.21) which gets contributions from
the massless modes C’mn with propagator (C.2) and the massless gauge fields A3 (m,1).

The third amplitude in (4.6) with the vertices F5(k,[,n), has contributions from the
pairs of fields <1>§L2) (m,n) with propagator (C.3) and ®3(m, ) with propagator (C.4) and
the Feynman diagram drawn in figure 2(c). The fourth amplitude consisting of the three-
point vertex Fé(k,l,n) receives contributions in the loop from Cp,,. and ®3(m,[) with
propagator (C.4), while the fifth one with vertex Fé(k,l,n) comprises of the loop fields
Conm and ®3(m, ). The Feynman diagrams for the fourth and fifth terms in (4.6) are given
in figure 2(d) and figure 2(e) respectively.

We are interested in the two point function for the w = w =k = k' = 0 mode because
this mode is the tachyon with the lowest mass? value. The finite temperature correction
involves sum over the Matsubara frequency. Upon performing the Matsubara sum (except
on the massless modes), the correction (4.5) for w = w’ = 0 can be written as

20,0,k &, 8, q)

ZFl k:k ,N, M) l-i- 1
V(2n=1) BV @n=1)a _ 1
Flk:k n,n) dl F3(k,k',1—1)
N Pl S A S A
ey (k) [ Bk

m

TRy(k,k \n,n) (1 1
t2 < 2n+1) (2 NN 1))

n

di (T+1/2)6, 0 (1 1
+ (/ NI UNG) (2+eﬁl_1)>] ' (4.7)

1
T2
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Figure 2. Feynman diagrams for the amplitudes with three-point vertices.

The correction given in (4.6), after the Matsubara sum (leaving out the massless modes)
assumes the form

22(0,0,k,k , B, q)

__1 dl - Fy(k,l,n)Fy k,l,n 1 ;
| (i b )

dl Fy(k, 1, F*k,l,
+qN/ Z : ”44( o)

di | 7Fs(k,l,n)Fz (k' —1,n) 1 1 1

- / St
21/q (1/\/5)2 —(2n+1) \VZnri\2 ' Jearnes
1 1 1

UG <2+ ezm))]

+/ di | Fi(k,1,n)Fs* (K, —1,n) 1 1. 1
2ny/q | (I/\/2)* — (2n—1) V2n—1\2 /@1 _4
1 1 1

ONG (2* ewl))]

dl Fi(k,1,n)Fy (K, —l,n 1 1
R T (Z B2, l/f)( +ew_1)>] | “8)

In both (4.7) and (4.8), the Matsubara sums give rise to two different kinds of terms,

the zero temperature quantum corrections and the temperature dependent part. While
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the zero-temperature parts are independent of ¢, the temperature dependent parts are
functions of both 8 and gq. The temperature dependent terms are damped by exponential
factors and are hence finite. The temperature independent parts however have problems
of divergences. We shall discuss these problems in the section 5.

4.2 Fermions
We will now compute the contribution to the tachyon two point amplitude due to fermionic
fluctuations. The fermions in this contribution only appear in the internal loops. Consider
first the free and the part of the action (A.13) in appendix A that couples to ®3. The
corresponding terms are,
/ 1
L= 5 (WF QovE + ¥R 000k + VL 0t — U Outifr)
+ @3 (Vi of Ui —vF ol yy) -

We will now call the components of ¥¢ and those of ¥% as L{ and R{ respectively,

(4.9)

where a is the gauge index and i = 1,--- , 8 is the fermion index. In this notation,
/ 1
L3, = 5 (L{O0L + ROy R + L0, Li — RO, RY)
+ @ (Y af 1 — Ui ofvr) .

With the background value of ® = gz and putting in the value of a; from (A.9), we

(4.10)

proceed to diagonalize the action. This amounts to solving for the eigenfunctions of L
and R¢. We have the following sets of equations from (4.10).

(8o + 0y) L} + qvR3 =0 (4.11)
(=0 + 0x)R% 4+ qzL} = 0 (4.12)
(0o + 02) L3 — qzRL =0 (4.13)
(=00 + 0,)Ry — qrL? =0. (4.14)

There are sixteen such sets of decoupled equations. The eight sets
(L1, RR), (L1, B3), (Lg, R3), (Lt, R3), (L3, Ry), (L3, Rg), (L3, Ry), (L, Ri)  (4.15)
satisfy identical coupled equations like (4.11), (4.12). The remaining eight sets
(L1, Rx), (L3, Ry), (L§, Ry), (L7, Ry), (Ly, RY), (Ls, RY), (L3, Rg), (Ly, R?)  (4.16)

satisfy coupled equations like (4.13), (4.14). For future convenience we denote the left and
right fermions of (4.15)as L(x,t) and R(z,t) and those of (4.16) as L(x,t) and R(z,t). Now
we solve the differential equations. The set of coupled differential equations (4.11), (4.12)
satisfied by the set of fermionic fields in (4.15) can be promoted to the status of second
order differential equations as

(=02 + 0?)L(z,t) + qR(z,t) — ¢*x*L(x,t) = 0 (4.17)
(=08 + 0?)R(x,t) + qL(x,t) — ¢*x*R(x,t) = 0. (4.18)
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It is important to note that the set of fermions in (4.16) also satisfy the same set of
equations as (4.17), (4.18) with L(x,¢) and R(x,t)being replaced by L(z,t) and —R(z,t)
respectively. Let us discuss the solutions to the equations (4.17), (4.18). Adding (4.17)
and (4.18) and subtracting (4.18) from (4.17) we get the following set of equations

(=08 + O2)F(x,t) + qF (z,t) — ¢*x*F(x,t) = 0 (4.19)
(=08 + 02)G(x,t) — qG(z,t) — ¢*2>G(x,t) = 0 (4.20)

where F(x,t) = L(z,t) + R(x,t) and G(z,t) = L(x,t) — R(x,t). In this context let us
point out that one can construct similar combinational functions with the fields in (4.16)
viz. F(z,t) = L(z,t) + R(z,t) and G(z,t) = L(z,t) — R(x,t), where F = G and G = F.
As in the case of bosonic fields, the fermionic differential equations can also be analyzed
in the asymptotic limit and the fermionic eigenfunctions can be written as

51‘2 ~
LY(t,z) = e~ Lé(x,t) (4.21)

2

R(t,z) = e T R%(x,t). (4.22)

Note that although there are two different sets of coupled differential equations; one
being (4.11), (4.12) satisfied by (4.15) and the other (4.13), (4.14) satisfied by (4.16), both
sets of equations when recombined give rise to the same differential equations as (4.17)
for the left moving fermions and (4.18) for the right moving fermions. The eigenfunctions
from (4.17) and (4.18) that also satisfies the first order equations (4.11) are given by

Yn(z) = (L”(x)> : (4.23)

The corresponding eigenvalue is = —ivVN = —i4/2nq. Similarly for the set of fermions
given in (4.16) and obeying the equations of motion (4.13), the eigenfunctions can be

obtained by repeating the above procedure and we get

- (Lux)\ [ Lu(x)
Yn(z) = (Rn(x)> = (_Rn(x)> (4.24)

where,

Lulo) = Lnlo) = Noe % (= H(0) + Hooa (Vi) )

. 2 i
R,(z) = —R,(z) = Npe™ 2z (—mHn(\/ém) — Hnl(ﬁ@) .
H,(\/qz) are the Hermite Polynomials. The normalization N = /y/72"+1(n — 1)L.
We now list some important relations satisfied by the eigenfunctions

(4.25)

\/a/dﬂs z/JL(x)lﬁn/ (x) = \/a/dx (L (z)L,; (x) + Ry, (2)R,/ (z)) = O - (4.26)
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/i / de L(2)L, () = / dz R (2)R,/(x) = %%/ (4.27)

f/dazwn \f/dx (z) + Ro(2)R,/ (z)) =0 (4.28)
\f/dwa f/dx L* )LY (@) + Ri(2)RY (2 )) (4.29)

With the eigenfunctions as defined above, we can now write down the mode expansions for
the sixteen pairs defined in (4.15) and (4.16). For example we write,

L%(ﬂfﬂ') _ ar3/4 = m. n)eimT Ly () *(m.m)e @mT Ly (z)
(Ré(ww)‘N 2 (“’) (Rm)*“’) (R:aw))

n,m=00
(4.30)
where we have used 7 = it and N = /q/8. For each doublet in (4.15) and (4.16) we have a
corresponding set of modes (6;(m, n), 07 (m,n)). So the index j on the 6’s run from 1-- - 16.
Since Lg’ and Rf’ do not couple to the ®} = gz background, they just satisfy the plane
wave equations,

(Do + 0,) L3 =0; (=00 + 0,)R? = 0. (4.31)

Hence their mode expansions are

L3(z,7) = N3/4 Z L / ﬁ[ﬁ”(m, k)ei(kz+wm7-)

1 [ dk (4.32)
R}(x,7) = N3/4Z — | —R}(m, k)e'FmtemT) foralli=1,.--,8.

where L3*(m, k) = L (m, k).
Using the orthogonality relations and the mode expansions the quadratic part of the
fermionic action can thus be written as,

N1/2 | =10
Sy = 7 0(m, n)(iwm — \/Ap)05(m,n)
m,n,j=1
1 [dk <=
L 3 ; 3
+ 5 7 / o m;IL, (m, k) (iwyy, + k)L (m, k) (4.33)

=8
+ 27\/6 / % mél Rz (m, k?) (’me k)Rz (m, k)

With these we can write down the fermionic propagators as listed in the appendix. We
now turn to the interaction terms. These are the terms in the fermionic action (4.10) that
couple to the background fields ®} and A2 that we simply call ¢p and Ap respectively
as before.

Ly =¢ppF ol v} — ¢y ol Y] + Appr v} — Ay v . (4.34)
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Rimn) L} (m,n)
Cw,k \_/ vakl Cw,k Cw,k’
R3_;(m,1) L3_,(m,1)

Figure 3. Feynman diagrams for the amplitudes with three-point fermionic vertices V*/% and
their complex conjugates V*f/L,

The corresponding vertices have been worked out in appendix. We thus have the
following contribution to the tachyon two-point amplitude.

S} w,w', k, kB, q) = —(8N) / 4.35
( B.q ,%;n 2/ (oo W) (4.35)
Fl(k,n, ) FE(K',n,1) N FE(k,n, ) FE<(K 0, 1)
(iwm/ + l) (iwm/ — l)
FE(k,n, ) FE (K \n,1)  FE(k,n, [)FE(E n,1)
(iwm/ + l) (iwm/ — l)
N Fl(k,n, ) FF (K, n, 1) + F&* (k,n, ) FE(K 0, 1)
(iwm/ —+ l)
FE(k,n, PR (K n,1) + FE (k,n, DFE(E 0, 1) 5
(iw,, —1) whw

where w = m 4+ m’. In (4.35) the Matsubara frequency w,, = mnr/B and m is an odd
integer due to anti-periodic boundary conditions along the time-cycle for the fermions and
W_m = —Wwm,. The various diagrams contributing to the amplitude is shown in figures 3
and 4. Figure 4 shows the contractions between R?—Lé_i and L? — Ré_i as they are
expanded with the same #’s. The first term within 3rd bracket in (4.35) is represented by
the Feynman diagram in figure 3(a), while the second term by figure 3(b). The third and
fourth terms are represented by figure 3(c) and figure 3(d) respectively.

The fifth and sixth terms in (4.35) results from the “cross”-contraction between the
right-moving and left-moving fermions and are depicted in the Feynman diagrams in fig-

ures 4(a), 4(b) respectively. The functions Fj R/L and F; R/L are all given in eqns (C.32),
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w,k Cw,k:/

3 3
R9—iR9—i

(a) (b)

Figure 4. Feynman diagrams showing the cross terms in the amplitude with fermions in the loop.

(C.31) and (C.34). The massive fermions namely LEI’Q) and Rl(l’Q) have their propaga-
tors given by (C.28). The propagators for the massless fermions which are the 3rd gauge
component of the fermionic fields namely L3 and R? are given in (C.29).

After performing the Matsubara sum in (4.35), the fermionic contribution to the one-

loop mass-squared corrections for the tree-level tachyon can be written as

g [ —Btanh (%) — Btanh (18/2ng)
2m\/q 2 (l + \/2nq)

[Fg%(k, n, DER (K 0, 1) + FE(kyn, ) EE* (K 0, 1)

23(0,0,k,k', B,q) = (8N) ) / (4.36)

FFR(k, n, )P (K, 1) + FE* (b, n, ) FE (K | n, Z)}

dl — 3 tanh (%) + Btanh (38/2nq)
/ 2m/q 2 (I — v/2nq)

[ FE G, DFE (R, 1) + B (eyn, DB (6 0, 1)

Y EE (b n, DV ER (K n, 1) + FE* (k, n, D) FR(E | n, 1)} ] .

As found in the case of bosonic amplitudes the fermionic counterpart given by (4.36)
also can be regrouped into two different parts the zero-temperature quantum corrections
and the finite temperature pieces. The amplitudes containing fermions in the loop are in-
frared finite because of anti-periodic boundary conditions imposed on the fermions whereby
they pick up temperature dependent mass at tree-level. However the fermionic ampli-
tudes (4.36) are ultraviolet divergent. The divergence come from the temperature inde-
pendent pieces in (4.36). We shall discuss this problem in details in the following section.

5 The ultraviolet and infrared problems

Each integral as well as the terms bearing the contribution from the massless modes Cy, 1,
in (4.7) and (4.8) are infrared divergent for (w,, = 0,1 = 0). Moreover the sums over the
momentum n do not converge and integral over the momentum [ are log divergent. These
give rise to ultraviolet divergence in each term in the two-point functions in (4.7), (4.8)
and (4.36). We deal with the ultraviolet problem first.
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5.1 Ultraviolet finiteness of tachyonic amplitudes

As mentioned above, every term in the two-point functions (4.5), (4.6) and (4.35) is ul-
traviolet divergent. In the present scenario supersymmetry is completely broken by choice
of background, namely, (®3) = gz, however the equality in the number of bosonic and
fermionic degrees of freedom still holds good in the intersecting brane configuration. In
the ultraviolet limit the degeneracy in the masses of the bosons and fermions is restored
and the ultraviolet divergences from the bosonic terms cancel with that from the fermionic
terms. We now proceed to show this cancellation.

After performing the Matsubara sum (see appendix F), the temperature independent
part of the bosonic propagators can be written as

L2 (5.1)
W2+ A 2V '
1 1
5 — (5.2)
wm + Tn 2\/ Tn
_ 1 (5.3)
w2, +12 2 '
1 1
(5.4)

— .
(W2, + M) (@2, + 7)) VA, VAR

Let us now look at the various four-point and three-point vertices. We compute the
UV limit of the amplitudes for external momentum k = 0 = k'. This computation gives rise
to Gamma functions summed over their arguments. For UV behaviour we take asymptotic
expansion of the Gamma functions. We first compute the four-pont vertices in the bosonic
corrections (4.5) in the limit n — oo. For one-loop calculation n = n’. We use the following
properties of I'(x) functions:

. n\”"
nh_)IgoF (n+1) ~ <g> 2mn (5.5)
1 2n!
T 2 = _ )
<n + 2) 4%!\/7? (5.6)

Also the asymptotic expansion of the Hermite Polynomials for n — oo gives

e*%Hn(az) ~ \2/7;1“ (n—2i— 1) cos (\/%QU - n%) : (5.7)

With this asymptotic expansions at our disposal, we can now compute the four-point
bosonic vertices. The four-point vertex Fj(0,0,n,n) can be written as (using the results
of appendix B, C)

2 [e'e)
Fy(0, o,n,n)zj\; \/(;) /OO dx e V9% (6 H,,(\/qx) Ho(/gx) —8n> Hy_o(/gx) Hy—o(y/q2)) -
(5.8)
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Using the asymptotic expansion of the Hermite polynomials given in (5.7), we get

NQ (n)\/a 00

NN

22n+1 2 F2 n+1 e
= AT (% )\/g/ d eV cos? (\/%:r — nﬁ)
27 oo 2

—1)n 92n (T (ntl 2
- (1 + (e%) ) 7722”(471(—(2)271(21)— 2)° (5.9)

Fi(0,0,n,n) = dz eV (6(H,(v/gr))? — 8n*(Hy-o(/g2))?)

In the ultraviolet limit the vertex function Fj(0,0,n,n) reduces to

_1) 92n (T (ntl 2 1
F1(0,0,m,m) 000 = <<1 - (6273 ) 7T22n(4n( —(2)31(31)_ 2)!) e e

(5.10)

The vertex Fl(O, 0,n,n) has a similar form and in the ultraviolet limit also reduces to

) _1)n 92n (T (ndl 2 1
F1(0,0,1,1) |00 = ((1 + (623 ) WQQn(@(z —(25(73)— 1)!) Inseo = 2mv/2n

(5.11)

Putting the external momenta k = k' = 0, the four-point vertex function Fy (0,0,m,n) in
the limit n — oo can be written as

1 - —2,/qa? 2
_1)n\ 227 (T (ntl))?
:<1+(2)> (2 C3))” (5.13)
e2n w22 +ln)
In the UV limit the vertex function (5.12) reduces to
2
(L GOy 2 (7)) _ 1

The remaining four-point bosonic vertex functions namely FQI(O,O,Z,—Z), F5(0,0) and
Fé(O, 0,1,—1) are independent of n. Therefore for a fixed value of the external momenta,
namely k = k' = 0 they can be exactly computed and found to be,

Fy(0,0,1,—1) =1 (5.15)
, 1

F5(0,0,1,~1) = 5 (5.16)
1

F5(0,0,1,~1) = .. (5.17)

The three-point bosonic vertices contain both the continuous momentum [ coming from
the massless fields as well as the discrete momentum 7n coming from the fields coupled to the
background <¢:1)’> = gzx. The UV-limit must be taken unambiguously for each term in the
amplitude %2(0,0,0,0,,q). Let us first try to compute the amplitude for the three-point
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vertices F4(0,1,n) and F4(0,1,n) with external momenta k = 0. The three-point vertex
Fy4(0,1,n) can be written as

Fy(0,1,n) = N(n) \/ﬁ/d:ﬁ e_q$2eil””4an(\/?1:L‘) (5.18)

where NV (n) are the normalization factors for the eigenvectors ¢,(x) and the factor e/
can be attributed to the presence of the massless field A3(m,[) in the loop. Hence the
integral in (5.18) is simply the Fourier transform of the Hermite polynomials weighted by
Gaussian factor.

The Fourier transform of a single Hermite Polynomial is given by

/_ de(ee" H, (z)) = (—1)"i"/me~ 51" (5.19)

In the following analysis we will set ¢ = 1 and will restore factors of ¢ only in the final
expressions. Using (5.19) in (5.18) the three-point vertex Fy(0,1,n) can be written as

12 1
dne” T

V2" (4n2 — 2n)(n — 2)!

Fy(0,1,n) = /m(—1)" 11 (5.20)

We decompose the corresponding propagator into partial fraction (for reference see the
first term in (4.6) and the Feynman diagram in figure 2(a)).

R S A S o
W2 (W2, + X)) A \w2, (W2 A /) '

The amplitude comprising of the vertex Fy(0,l,n) given in (4.6) is given by

Z/ 16n2e~ 21%2 11 16n2e~ 7 [2n—2 1
2nt1(4n2 — 2n)(n — 2)! Ny w2, 271 (4n2 — 2n)(n — 2)! A\ (w2, + \p)

(5.22)

In the first term in (5.22) we perform the sum over n and take the UV limit [ —
0o. In the second term we first compute the integration over [ and then expand the
resulting expression asymptotically about n = oco. The leading order contribution to the
UV divergence obtained from this amplitude is thus

1 1
— . 2
Z / 2m/q 2w2 % 21V 2n w2, + A (5.23)

The three-point vertex ]5‘4(0, l,n) vanishes for all n. Hence the corresponding ampli-

tude vanishes. The two-point functions corresponding to the three-point vertices F5(0,1,n),
F£(0,1,n) and FL(0,1,n) (obtained from (C.22), (C.24) and (C.26)) contain propagators
with momentum [ as well as those containing the momentum n. The amplitude bearing the
three-point vertex F5(0,1,n) contains contributions from the fields <I>}’2(m, n) and the mass-
less fields @?(m, [) in the loop. Therefore the propagators contain both the mass-squared
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eigenvalues v, = (2n + 1)q of the basis functions of the fields <I>}’2 and the momentum [ of
the massless field q)?. Similarly Fé(O, l,n) has contributions from the fields Cy, , and the
massless fields ®3(m, ). Therefore the propagators in the corresponding two-point func-
tion has both the mass-squared eigenvalues A\, = (2n — 1)q and the momentum [. In both
these amplitudes we first perform the integration over [ and then asymptotically expand
the resulting expressions about n = co. As for the two-point function for the three-point
vertex FQ(O,Z, n) the fields participating in the loop are the massless modes ém,n as well
as q)ff (m,1). In this case we first decompose the mixed propagator into two parts. We then
sum over n and then take the limit [ — oo. Throughout the computations the external
momentum is kept fixed at & = 0. All the three-point vertices F5(0,l,n), F5/(0,l,n) and
Fé(O, I,n) has the factor €’ due to the presence of massless fields in the loop. As in the
cases of Fy(0,l,n), the integrals over the world-volume coordinate x in these vertex func-
tions amount to evaluating the the Fourier transform of the various Hermite polynomials
constituting the vertex functions.

Using the result from (5.19) in computing the vertex functions (C.22), (C.24)
and (C.26) for kK = 0, we arrive at the following expressions

(z< D) 4 op(n= 1)

F5(O>l7n) = ( 1) i (n+1) o4 \/m (524)

FL(0,1,n) = (—1)"Hin =5 31D + dnfn — 279 (5.25)
V2727 (4n? — 2n)(n — 2)!

-, 2 97(n+1) _ - (n—3)

FL(0,1,n) = (—1yn it = 3 dnfn — 2)t (5.26)

V2 2 (dn = 2)(n — 1)1

The amplitude for the three-point vertex F5(0,l,n) can be written as

Z/ dl F5(0,1,n)Fz(0,1,n) Z/ . (1) —|-2nl(n—1))2
27 (w2, + ) (w2, + 1?) 27 (w2, + ) (w2, + 1?) 2ntlonl

(5.27)
where the second line in (5.27) is obtained by plugging in (5.24) in the first line. After

performing the integral over [ , we asymptotically expand the result about n = oo This
results into

dl F5(0,1,n)FZ(0,1,n)
22/27r wi, + ) (Wh, +12) (5.28)

! I 22fL ((Crea2)) ()Y 1V
~3 2o T 2 (v/2r) +O<n>

2
n e 3/ 2n3/2 “m 242 0
+ 27" <E> (w? )nsec(mr) - \/; e? 4wm+2)\/ﬁ+0<1>

_|_ —
n " w3, 12v/27w3, n

In the above expression the terms with odd power of w,, vanishes under summation
over m over {—oo0,00}. The leading order term in the amplitude contributing to UV
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divergence is

> 1 ! (5.29)
“ 2m\/2n (W2, +7n) '

Similarly using the result of Fourier Transform in (5.25), the amplitude for the three-
point vertex Fg/) can be written as

Z/ dl Fy(0,1,n)Fy*(0,1,n) Z/ Z (310D 4 4n(n—2)1("=9)
(W2, + M) (12 + w?) 27 (w2, +)\ l2 +w2,) 2+2)7(4n2 —2n)(n—2)!
(5.30)
After integrating the amplitude in (5.30) over [ and expanding about n = oo we get the

expansion

o w2 —l—)\ (lz—l-w,?n)

2v/24/2 1
:;;m(waixn) [w(l)

T n
2
n sm [2,7/2 5
nreNt (1 €z \/Zn 1
) (ﬁ) <%) sec(n) —%+(9<n> . (5.31)

The terms with odd powers of w,, vanishes under the sum over m over {—oo,o0}. The
leading order term in the expansion of the amplitude (5.31) that contributes to the UV
divergence is

> ! ! (5.32)
= 2ny/2n (Wi, + An) '

As for the amplitude containing the three-point vertex 13’5/(07 l,n) we have

Z/ dl F5(0,1,n)F;*(0,1,n) (5.33)

w2 (w2, +1?)

- “5 (810D —4(n — 1)(n — 2)1=3))?
Z/ 21 w2, w2 +12) 20+2) 7 (4n — 2)(n — 1)!

We rewrite the propagators as

RS VS R s
w2, (w2, +12) 12 \w? (w2, +12) '

m

we thus have the following expression,

dl e % 1 (31D — 4(n — 1)(n — 2)1=3))?
Z/ ( ) . (5.35)

w2, 12 2(n+2) 7 (4n — 2)(n — 1)!
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In the first term of the above expression we perform the integral over [ and then take
the n — oo limit. The first term gives

1 1
il 5.36
; 21/ 2n w2, ( )

In the second term we perform the sum over n, which gives

2
<—128+96Z4—1818—9l10+86l2 (16—8z2—1oz4+6z6+z8)>

l2
w2, +12 1616

The divergent piece in the last line is

_Z/%\[ <w2 +l2> . (5.38)

Let us now look at the fermionic amplitudes in (4.35). We first note that the mass-

(5.37)

less fermionic fields namely R? and L has propagators (iwm, + ()~! where the “+7-sign
stands for R? and the “—"-sign for L?. However while computing the two-point functions
one needs to perform integrations with respect the momentum [ over the entire range of
{—00,00}. Hence to analyze the UV behaviour it suffices to consider only one one sign for
the propagators. For our purpose we consider the following propagator and decomposed

: S (R S S (5.39)
(iwm — /A (iwnm +1) 2\ @i +A,  wd+12 7 (w2 +A,) (w2, +1?) '

where we have dropped the terms with odd powers of w,, and [, because they are odd

it into

functions of wy,, and [ and will vanish with respect to sum over m over {—oo, 00} as well
as integral over [ over the same interval. The fermionic vertices are all three-point vertices
with contributions from the massless fermions L? and R3 respectively in the loop. As found
in the bosonic amplitude the integrals in (C.31), (C.32) and (C.34) at k = 0 also amounts
to computing the Fourier transform the Hermite polynomials from the massive fermions
which in turn produce the vertex functions in terms of [ and n. The fermionic vertices an
thus be written as
e ()
FE0,n,1) = FE(0,n,1) = (—1)" i D5 Vo (5.40)
NN NN Y
Ar 4 p(n=1)
FR(0,n,1) = FR(0,n,1) = —(~1)"+im+ D G 1) : (5.41)
VAE T (- 1!
Combining the equations (5.39) with (C.32), (C.31) and (C.34), the total fermion
two-point functions for the tree-level tachyon at finite temperature is given by

¥3(0,0,0,0, 8, q) (5.42)

Z/dll L 2+,
21 2 w2+)\ WL A2 (W2, 4+ N (w2, +12)

— (n=1) (n—1) — =)y 1% 4 g(n—1)
e*§2(‘/% [ )+2(W+l )2+ (W l vl )
27271 (n — 1)! '
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Combining all the fermionic vertices, eq. (5.42) can be finally written down as

di 1 1 2P
2(0,0,0,0,6,0 2/2w2[_M<622n+1m>

1 2 12n N P+, 2 12 (5.43)
w2, + 12 2nt+ln) (W2, + X)) (w2, +12) 2ntlap)l )| '

The first term in (5.43) upon integration over the momentum ! and in the n — oo
limit yields the leading order fermionic contribution

1 1 1
— ~(16 / 5.44
5 );277\/2710072”—!-)\” (5.44)

In the second term in (5.43) we sum over n and then take the [ — oo limit and extract
the leading order term as

/27r\[ 2 w2 F 2 (5.45)

In the 3rd and last term we integrate over [ and the leading order term in the large
n-expansion is given by

1 4 1
=(8 -~ 5.46
o );277\/271&1%1%-)\” (546)

The total leading order contribution to the UV divergence from the bosonic side is

1 1 1 I« 7x2 1 11
2 ; 2mV2nwh, +An 2 ; 2mv/2n wh, + In ; 21m/2n 2wy,

-

amplitudes involving F1(0 0,n,n) and F>(0,0,n, n) ]3‘ 0,0,n n)
DIEw g DI >
27r\f 2w2 27/ 2n w2 + A\, 27rf 2w2
amplitude involving F4(0,1,n) F3(0,0,1,—1)

( /%\/sz i /QW\fzaﬂ +z2>

amplitudes involving FQ/ (0,0,n,n) and Fé (0,0,n,m)

350 i o S v,
Ty 2m\/q “—~ wi, +12 L= 2my/2n 20,

amplitude involving 135/ (0,1,n)

1 4 1 1 4 1
— | =(7 +5 : 5.47
(2( ) ; 2mV2n Wi +m - 2 mzn 2m\/2n Wi, + An> (541

amplitudes involving F5(0,1,n) and F5/ (0,1,n)
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The total leading order contribution to the UV divergence from the amplitudes con-
taining fermions in the loop is

1 1
_5(16)227r\/%w2 + A, /QW\waz + 12

1st term in £3(0,0,0,0, 3, q) 2nd term in 23(0 0,0,0,3,q)
1 4 1
+5(8 / 5.48
2( );277\/271&1%1%-)\” (5.48)

3rd term in ¥3(0,0,0,0, 3, q)

As n — oo, we see that v, = A\, = /\In = 2ng. Comparing (5.47) with (5.48), we see that
the leading order terms from bosonic sides cancel with that from the fermionic side. In
this method of proving UV finiteness of the finite temperature corrections to the tree-level
tachyon mass-squared the UV divergence in [ or n is thus softened by the fact that the
Matsubara sum is left untouched. The large n expansion is valid under the assumption
that m < n. This assumption restricts our proof to a corner in the phase space. However
the counting of the degrees of freedom on the bosonic and fermionic sides still match which
in turns forces the divergences to cancel out. We expect the finiteness of the two-point
functions to hold for large values of m also because higher order terms in the expansion is
heavily suppressed by Gaussian factors.

5.2 Infrared problem

We now address the problem of infrared divergences. The appearance of IR divergence is
due to the presence of massless fields namely C,, 1, A3 and ®3 (for I = 1---8) in the loop.
To compute the IR-finite two-point C,, ; amplitude we shall follow a two step procedure
as mentioned in the introduction. In the first step we compute the temperature corrected
masses-squared of the massless fields by integrating over the modes in the internal lines
with an IR cutoff. The next step is to introduce these masses in the propagators for the
massless fields. This is equivalent to summing over an infinite set of diagrams which is
illustrated in figure 5. In the figure, the y field stands for the modes with tree-level mass
zero. The bold line is the corrected propagator for the y field due to the sum of an infinite
set of diagrams on the right.

At each temperature the sums and the integrals are now IR-finite because all fields in
the loops are now massive. Thus we can compute the mass-squared corrections and obtain
the temperature corrected effective masses-squared of the tree-level tachyon as a function
of ¢ and S.

In the following few sections we compute the two-point functions for the massless
modes of the doublet of fields (®1, A2) namely the CN’{Uks and the other massless fields
namely ®3, (I>§, A3 at finite temperature.

5.3 Two-point functions for the é’w,k modes

In this section we compute the two point function for the éw,k modes. During these
computations we note that there are no normalizable eigenfunctions A, (z) and ¢, (x) (see
eqn (2.24)) for n = 0.
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Cw,k Cw,k/

Figure 5. Diagram showing the correction to the propagator for the x field due to mass insertions.

The amplitudes with bosons in the loop and consisting of the four-point vertices for
the one-loop masses-squared of the massless modes are given by

/ , ! H k’k/’ ’ H k7k/7 ) TH. k;kly )
E}q(w,w,k,k,ﬂ,q):?\[z [Z( 1( nn)+ 1( nn)+ o nn)>

wr2n + An w?n W%n +n
/ dl THy(k, k' 1,—1)  Ha(k, Kk ,1,-1)
+
(27/q) w2, + 12 w2, + 12

dl  Hs(k,k'l,—1
+/ 3( )

/ 4
2m,/q w2, ]5“”“" ’ (5-49)

where w = m +m'. Here ‘H’ denotes the vertices corresponding to the finite temperature
two-point functions for the massless modes CN'ka’s. The Feynman diagrams comprising
the four-point vertices that contribute to the mass-squared corrections to the massless (at
tree-level) modes éw,k are depicted in figure 6.

The amplitudes arising from three-point interaction vertices for the massless modes
C~’w7k are collected into

o 1 dl_ Ha(k,,n)Hj(K ,1,n)
22 ka k: = —— N ~ : -
H(w, w K, an q) 2q mzn [/ 27\/& (w?n + )\n)wfn/
/ dl Hy(k,l,n)H; (K ,1,n)
2m\/q wZ,w?

!
m

/ di [ 7THs(k,l,n)HE(K',—1,n)  Hy(k,l,n)Hs (k', —1,n)
2my/q \ (Wi + ) (W2, +12) (W2, + Ap) (W2, +12)
/ di Hy(k,1,n)Hy (K, —1,n)

2ry/q  (wh)(w?, +1%) W

(5.50)

where w = m + m'. The Feynman diagrams for the three-point interactions are given
in figure 7. The various four-point and three-point vertices are given in appendix (D.1).
Note that the one-loop mass-squared corrections to the massless modes have the same

— 32 —



Vi, Vi, Vi,
éw,k: CwJC/ éw,k w,k’ éw,k ~w,k'
(a) (b) (c)

o3 (m, 1) AZ(m, 1) o3 (m, 1)
/ Vi /
\H? s VHs
~w,lc éch’ C~'w k Cw,kl C’w,k Cw,k'
(d) (e) (f)

Figure 7. Feynman diagrams for the two-point C~’w7k amplitudes with three-point vertices.
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structure as the tachyonic amplitudes. This is because they originate from the same set of
interactions for the doublet {(x,7) in the action. The only difference between (4.5), (4.6)
and (5.49), (5.50) is that the momentum modes in the external legs of the Feynman dia-
grams for the latter are now the massless modes C’ch. Upon performing the Matsubara
sums, the bosonic amplitudes namely (5.49) and (5.50) can be recast as

Hy(k,k,n,n) (1 1
$L(0,0,k, k', B, >—2[21(2,L_1)<2+qu1>

n

+NZ<ZH1kk nn)+/27:l\l/aH3(k,f;,l—l)>

THy(k,k ,n,n) (1 1
" Zn: ((2n+1) (2 * WM))
dl (T+1/2)8, (1 1
' (/ 2ry/q - (1/v/a) (2 A 1>>] (5.51)

2 (k, k', B, q)

1 dl Hy(k,1,n)Hi(k',l,n) Va 1 1 1
_QZ[/ 27./q (2n—41) [(Zn;ﬁw?n_\/m(fe (2n—1)q6_1)>]

dl Hy(k, 1, H Kl
_|_q / Z 4 ’ n 4( ’I’L)

+/ dl [7H5(k:,l,n)H5(k: m)( 1 (1+ 1 )

2my/q | (1/ya@)? — (2n+1) V2n+1\2  /@n+)es _ 4
1 /1 1

) m(z*w))]

+/ dl [H5(k:,l,n)H5(k m)( 1 <1+ 1 )
2ryq | (1/\/Q)? — (2n—1) V2n—1\2  /@n-1)e8 _4
1 /1 1

- (1/\/(;)(2+616_1)>]

dl - Hy(k,l,n)Hg(k', —1,n) 11 1 1
" /27r\/?1 /va)? (; wh, (/) (2 e 1>>

respectively. Similarly using the various vertex functions given in appendix (D.2), the finite-

(5.52)

temperature contribution due to fermions in the loop to the mass-squared corrections for
the massless modes is given by equation (5.53). The relevant Feynman diagrams are listed
in figure 8 and figure 9.

S (w,w', kK, B, q) (5.53)

—~(8N) Y / 2 i (o W)

nmm

HE(k,n, VHE (K n, 1) HE(k,n, DHE (K n, 1)
X - + -
(iw, r +1) (iw,» —1)
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HE(kyn, )ER(E 0, 1) HE(k,n, 1) HE* (K, n,1)
. + .
(iw,,» +1) (iw,» —1)
N HE(kyn, D HE (K 0, 1) + HE (k,n, ) HE(E 0, 1)
(iwm/ + l)
N HE(k,n, ) HE (K n, 1) + HE(k,n, ) HE(E  n, 1) 5

(iw,, —1) ww

/

where w = m +m’. After performing the Matsubara sums the amplitude (5.53) assumes
the following form.

Z%(0,0,k,k’l,ﬁ,Q) -
a ~Btanh (4) - gtanh (35y2nq)
Y| [
- 2m\/q 2 (I +/2nq)
[HE (k,n, VHE (K n, 1) + HE (k,n, ) HE* (K n, )
+HE (kyn, DHE(K 0, 1) + HE (k,n, ) HE (K 0, 1)
dl —[Btanh <%) + ftanh (%B\/2nq)
* / 2m\/q 2 (I — v/2nq)
+ [HE(kyn, DVHE (K n, 1) + HE (k,n, ) HE (K n, 1)

+HE(kyn, ) HE (K n, 1) + HE (k0 ) HE(E 0, D] | (5.54)

At this point we recall that there is no normalizable eigenfunction for the massless
modes éw,o. Hence the counting starts from k = 1. These massless modes appear as the
fluctuations C’m,n with k replaced as n in the one-loop diagrams for the tree-level tachyon
(see figures 1 and 2) where we need to sum over all n. As mentioned before the two point
functions for all the Cy, ;. and the C’w’k modes are coupled to each other at the one loop level
giving rise to an infinite dimensional mass-matrix. To get the corrected spectrum we must
re-diagonalize the mass matrix. Since our approach is to get the final finite values of the
masses-squared numerically, for simplicity we shall work with a finite dimensional matrix
for the éw,k modes. Like the two point amplitude for the C, j, the two-point functions of
the massless modes also have contributions from the massless fields ®3, @?; I#1and A3
in the loop hence has the problem of infrared divergence and will be addressed in the way
as mentioned before. The UV finiteness of the amplitudes for the two-point functions of
the fields C’w,k can be checked using the method used for the tachyonic case.

5.4 Two point function for <I>‘;’

Using the vertices computed in appendix E.1 we first write down the two point amplitude

for ®3. The Feynman diagrams involving the four-point vertices is depicted in figure 10.
The one-loop two-point functions involving the four-point vertices given in section E.1

contributing to the finite-temperature mass-squared corrections to the tree-level massless
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L-i(m. “Ry m)

(a) (b)

R}(m,n) Li(m,n)

é’w,k w,k’ CN’w,k éw,k/
R _.(m,1) Ly .(m,l)

() (d)

Figure 8. Feynman diagrams for the amplitudes with three-point fermionic vertices Vlf /E and

their complex conjugates V, “RIL

R? L? R},
LS 1 LS 7 Rgfz

(a) (b)

Figure 9. Feynman diagrams showing the cross terms in the amplitude with fermions in the loop.

<I>(1 2

QGG

7 (I’BUJZ 7

@ (v) )

Figure 10. Feynman diagrams for the amplitudes with four-point bosonic vertices Vi', Vi, ‘721.
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Figure 11. Feynman diagrams with three-point bosonic vertices V', Vil, Vi Vil

field ® can be collected into

’

AR GY(1,1' n,n Gy, T n,n
P =N S| 7 R S S IRACE v L
(5.55)
, I # 1 in the
loop with four-point vertex and propagator given in (C.3) and the corresponding Feynman

The first term in (5.55) has contributions from the massive fields CD?’Q)

diagram is given by figure 10(a). The second term bears contributions from the fields
C,n with propagator (C.1) and depicted in the Feynman diagram in figure 10(b). The
third term involves the massless fields C’m,n in the loop with propagator (C.2) and corre-
sponding Feynman diagram in figure 10(c). Similarly the three-point bosonic interactions
contributing to the finite temperature corrections to the massless field ®3(w, ) are collected
in the mass-squared correction (5.56). The corresponding Feynman diagrams are given in

figure 11.
1 GY (1,1, n,n) Gy(1,n,n G, n,n")
%3 = ——-qN 7x2 e+ (2) =
R D P N IS R P W I Wy
Gi(l,n,n")GL(l',n,n) GY(1,n,n")GY (I',n,n)
2 3\by 1oy 3 ) by 2 3 ) Iy 3 ) 1Yy , 556
( ) (wrgn)(wfn,) +( ) W?n(w?n/ +)\n,) w—+w ( )

where w = m' 4+ m. The first term in (5.56) comprising the three-point vertex G%l(l, n,n’)
involves the fields <I>§1’2), I # 1 in the loops and is represented by the Feynman diagram in
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0;(m,n)

3 (w, 1) 3w, 1)

Figure 12. Feynman diagrams involving three-point vertices Vfl, Vf2 .

figure 11(a). Similarly the second term in (5.56) involving the vertex G4(I,n,n) comprises
of the fields Cy, 5,8 in the loop. The corresponding Feynman diagram is given in figure 10(b).
The third term has contributions from CN’m,ns with Feynman diagram in figure 10(c), while
the fourth term represented in figure 10(d) has contributions from the fields C,, ,, and C’mm.

Figure 12 shows the amplitude involving the fermions in the loop. The corresponding

expression is

1 GL(l,n,nYGI(I',n,n")
E;_@::§N'§: (16 x 2)—1 ! /
v ! (twm — V/Ap) (tw,, — /X))

G?(l,n, n/)G?*(l/,n,n,)
(iwm — /Ap)(—iw, + — X))

n

— (16)

5oL (5.57)

with w = m’ + m. The first and the second term in (5.57) are depicted in the Feynman
diagrams given in figures 12(a) and 12(b) respectively. The various vertices given in sec-
tion E.1 that are involved in the two-point functions realizing the mass-squared corrections
to the tree-level massless field ®3 can be exactly computed using the orthogonality relation
for Hermite Polynomials. Setting the external momenta [ = ' =w=uw =0, we can write
down the various vertices as

G1[0,0,n,n1 =14, ., Gmﬁmm}:§mg<%pmmmzégﬂ,w%)
G'[0,n,n] = vV2né / Gi0,n,n] =2 2n(n — 1)(n = 2)5 / (5.59)
1% 1 n—1,n"" 3L 1Y (Qn _ 1)(2n _ 3) n—1,n"> :
Gi[0,n,n'] =0, (5.60)

- , 2(n—1 1 Von(n -1
Gy, = — (Dt s nn-1 5 (5.61)
V@n-1)(@2n+1) " Ven—-1)2n-3) """
, i , i
GH0,m '] =~ (25,%17”/) . GHonn) = (5%1,”, + 5,1717”/) . (5.62)

To prove the ultraviolet finiteness of the mass-squared corrections (5.55), (5.56)
and (5.57), we set the external momenta (I,I',w) = 0 and compute the vertices in the
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large n limit. The vertices can be evaluated using the orthogonality condition for Hermite
polynomials. The various four-point vertices given in (5.58) in the large n limit assume
the forms

- 1
G1(0,0,n,n) =1; G%ﬂhOﬂun)::G%@LOJun)::i (5.63)

where we have used the Kronecker delta’s to set n = n’. The three-point vertices given
in (5.59) in the large n limit become

W V2n

F
Gé(o,n,n ) ~ T[85ﬂ’ n— 1]

Gi(o, (5.64)
The three-point bosonic vertex CN{%(O, n,n’) is found to be identically zero for all values n
n (5.60). Moreover the fermionic three-point vertices are exact for all values n. Hence the
remaining three-point bosonic vertex (5.61) in the limit n — oo can be written as

V2n

éé/(o,n,n/) ~ ——[49 — 46/

8 n ,n—1 n ,n+1] . (565)

The ultraviolet contribution to the amplitude can now be written down by putting
these asymptotic values of the vertices into (5.55), (5.56), (5.57). We get the following
from the bosonic fields in the loop

1 1/2 1/2
s
N N (7 x 2) 9 9 5.66
Y33 Z[ % 2+%)+()(w,2n+)\n)+()(w3n)} 200
m 2n (2n)/2

<I>3 <I>3 q ; |: . (W2 +’7n)2+( )(Wzn“‘)\n)Z—'_( )W%z(w%@+>‘n)] ( )

Noting that in the large n limit, A, = v, ~ 2ng,

2nq
F Sar-ar ~ N '

o33 T 230} Z [ (w2, + 2nq) - ®) (wa, + 2”61)2} 0%
(5.69)

>
In the last line we have done the sum over the Matsubara frequencies m and omitted

all the finite temperature dependent pieces. Similarly the asymptotic form of the fermionic
contribution is,

1

2
Topoat ™ NZ[ A (4)(iwm—M)2]N_;@'

(5.70)

Thus the one-loop @3 — ®$ amplitude is ultraviolet finite.

One can exactly compute the various amplitudes in (5.55), (5.56) and (5.57) using
the various vertices presented in (5.58)—(5.62) and their corresponding propagators (see
appendix (F)). In particular one can write down the effective mass-squared for the field ®3
as a function of ¢ and S as

mgs (g, 8) = mio + mi(q, B) (5.71)
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where m%o denotes the zero temperature quantum corrections which is made dimensionless
by dividing the physical m%o by g2 and m?(q, 8) denotes the temperature dependent mass-
squared corrections for the massless field ®3. The zero temperature quantum corrections
for all n can be written as

o0 o0

1 7 n n
Z_:Z\/2n+1 +nZ:;4\/2n—l _2;<\/2n—1 a \/2n+1)

(n+1)?2 n(n-1) n(n—1)(n—2) 1 1

" Z ( on—1)3 <(2n+1)+(2n—3)>_2(2n—1)(2n—3) <\/2n—3 B \/2n—1>>]
4

_; V2n+/2n =2

2 _
mip =

(5.72)

The zero temperature quantum correction given by (5.72) can be evaluated numerically.
The convergent value is given by

mi, = 1.579 (5.73)
The temperature dependent part in (5.71) can be written as
1 — 1 1
+
mi(g [Z V2n+1 ( V/(@n+1)gs _ 1) 7;2 2v/2n — 1 (6\/(2n—1)ql3 _ 1)

_ i n 1 _ n 1
—\von—1 (e\/(2n—1)qﬂ _ 1) V2n+1 (e\/(2n+1)q/3 _ 1)

B 42 n(n—1)(n—2) 1 1 1 1
— (2n-1)(2n-3) \ vV2n—3 (e\/(2n—3)qﬁ _ 1) Von—1 (ewm—mqa _ 1)

m—1) [((n+1)*> n(n-1) 1
—i—QZ ( o2n —1)3 <(2n++1) o3 ) (emﬁ_l))
(G (e aem))

oo

Z<<4 ! ) V2(n+1)+4/2(n—1)—2v2n) ) 1
S\ (V22 —1) T (VIn—2n=1) (V2 ) —v2n) ) (/279 +1)

+

1 2 1
* <4(¢%+ 2(n—1)) V2n—/2(n— 1)) (e\/zw—l)qﬁ 4 1)

+ 2 = (5.74)
VA1) Vo (oA ) )| |

5.5 Two point function for ®3 (I # 1)

Let us now write down all the amplitudes that constitute the finite temperature one-loop
mass-squared corrections to the tree-level massless fields ®3(m, 1), where I # 1. The
computation of the vertices involving the fermions in this section has been done explicitly
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O3 (w, 1) 3w, 1) o7 (w, 1) 7w, 1) ®3(w, 1) Oy (w, 1)

Figure 13. Feynman diagrams with four-point vertices Vi, V4, ‘721 .

<I>§1’2) (m,n) <I>(11’2) (m,n)

Figure 14. Feynman diagrams with the three-point vertices Vi, VQI .

for I = 2. However the SO(7) invariance of the theory implies that the two point function
is the same for all I = 2---8. Using the vertices listed in appendix E.2 we write below the
expressions for the two point function. The Feynman diagrams involving the four-point
bosonic interactions are depicted in the figure 13.

HARR GL(1,1,n,n GL(1,1,n,n
Thioat =gV D |6 x DY e G P
(5.75)
The three terms in (5.75) are represented by the Feynman diagrams in figures 13(a),
13(b) and 13(c) in the same order. The first term involves the fields @gl’z), I # 1, the
second term involves the fields C),, and the third term comprises of the fields ém,n-

/

Similarly the three-point bosonic interactions of @?(m, l) are represented in the Feynman
diagrams in figure 14. The two-point function involving the bosonic three-point vertices
and contributing to the one-loop finite temperature mass-corrections for the field q)?, I#1
is given by

G (I,n,n )GL(I',n,n") GL(1,n,n")GL(l',n,n)
N 3 3 3\ 1oy 3 9 Ily 6
DI Ll m e e w v A L

(5.76)

I '
<I>I

&3 =—=
<I>I
mnn
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0;(m,n)

I *
Vf Vf

3 (w, 1) 3w, 1)

0;(m,n)

Figure 15. Feynman diagram with three-point vertex VfI and its complex conjugate.

where w = m' + m. The first term in (5.76) involving the three-point vertex GL(1, n,n’)
involves the fields @51'2), I # 1 and (), »s. The corresponding Feynman diagram is shown in
figure 14(a). Similarly the second term in (5.76) involving the three-point vertex G4(I,n,n’)
involves the fields @92), I # 1 and C’m,ns. The relevant Feynman diagram is shown in
figure 14(b). The Feynman diagram involving the three-point vertex with fermions is drawn
in figure 15.

The corresponding amplitude is

GL,n,n G ,n,n
She gs =N Y |(8) o m )Gy )/ By (5.77)
S (iwm — /) (iwm/ — )\n,)

where w = m’ +m. As in the case of @3, we can use the orthogonality relation for Hermite

Polynomials to compute exactly, the various vertices given in section E.2 and constituting
the mass-squared corrections (5.75), (5.76) and (5.77). We do these computations after
setting the external momenta | =1 = w = w' = 0.

G1[0,0,n,n] =6, (5.78)
GE0,0,n,n] = Spm (5.79)
G4[0,0,n,n] =4, (5.80)
GL[0,n,n] = 0 (5.81)
GLl0,n,n] = \/2717—15,%17”/ (5.82)
GHo,n,n] = (5.83)

We now proceed to establish the UV finiteness of finite temperature mass-squared
corrections to @?. We first analyze the large n-behaviour of the various vertices for the
one-loop mass-squared corrections (5.75), (5.76) and (5.77). The four-point vertices in
the amplitudes constituting the two-point function (5.75) are associated with only one
kind of propagator. In the large n limit the four-point vertices computed in (5.78), (5.79)
and (5.80) can be written as

GL(0,0,n,n) = G1(0,0,n,n) = GL(0,0,n,n) =1 (5.84)

where we have used the Kronecker deltas to set n = n’. Note that the vertex GL(0,n, n')
is identically zero for all values of n as shown in (5.81). Furthermore the fermionic vertex
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ch (0,m,7n) (5.83) can be exactly computed for all n and remains the same in the UV limit.

The remaining three-point bosonic vertex GL(0,n,n’) (5.82) in the UV limit becomes
é5(07 n? n/) ~V [571/ n— 1] (585)

This large n behaviour of the vertices in turn gives rise to the following asymptotic
forms of the two-point functions for the tree-level massless field <I>§.

1 1
So-a1 ™ NZ [ (6 x 2) wQ ﬂn) +(2) EESwas (2) (%J (5.86)
Sai-a1 ™~ —%qNZ L%(u();”i An)] , (5.87)

Thus the total bosonic contribution in the limit n — oo can be written as
1
So1-at T X1 _gi NZ [ 2 an } Z \/% (5.88)

In this large n limit, the contribution from the fermions coming from Z%?i o is same
as the right hand side of eqn (5.88) with opposite sign.

Combining the vertices in (5.78)—(5.83) with their respective propagators (see ap-
pendix (F)), the effective mass-squared corrections for ®3, I # 1, can be written down
as a function of ¢ and ( in the following form;

where m%o and m%l(q, B) denote the zero temperature quantum corrections and the finite
temperature corrections respectively to the tree-level massless field ®3, I # 1. The zero
temperature quantum correction here is made dimensionless in the same way as in the case
of m?, in (5.71) and can be exactly computed as in the case of ®} and found to be

m3, = (5.90)

Z\/Qn—}— Z\/2n— Z\/Qn
for all n, where the first two terms under summation come from the bosonic contributions
and the last term comes from the fermionic contributions. The various sums in (5.90) can
be reorganized and written in terms of the regularized Riemann Zeta function ¢ (%) The
dimensionless zero temperature quantum correction can be evaluated as

1
miy = (4(1 —V2)¢ <2> —1) =1.495 (5.91)
Similarly the finite temperature part m? (g, ) can be written as,
1 2 1
m? , +
11 q Z \/271 +1 \/ 2n+1)q ; \/Qn -1 e\/(Qn—l)qB -1

IS -
— \/2n ev2naf 4 1°

(5.92)
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Figure 16. Feynman diagrams with four-point vertices VA, Vi, VQA.

5.6 Two point function for Ai

We give below that expression for the two point one loop amplitude for A3. The vertices
are worked out in appendix E.3. The Feynman diagrams comprising the four-point bosonic
interactions is given in figure 16.

The amplitudes that are represented by the Feynman diagrams in figure 16 are collected
together into the two-point finite temperature mass-squared corrections to the tree-level
massless field A2 in the following equation, namely

! A ! ~A /
S NZ[7 (Gt ll) o GRnbl) o Gl D)

@2+ ) 2+ ) o
(5.93)
The first second and third terms in (5.93) are represented by the Feynman diagrams in
figures 16(a), 16(b) and 16(c) respectively. The fields involved in four-point vertices in the

1’2), I#1, Cyy and C’mn respectively. The Feynman

first, second and third terms are <I>S
diagrams depicting the various three-point bosonic interactions including A3 are presented

in figure 17.

- = —5aV Z

G?l (n, n , Z)G?, (n, n/, l/)
@3 Am)2,)

G4(n,n', 1)G4(n,n', 1) N G4 (n,n', 1)G4 (n,n', 1)
(W2, + A\, )(wm, + ) (w2)(w

Gf(n,n,,l)Gf(n,n/,l/) 5

+ (2
@ B )2 ) | e

+(7)

. (5.94)

where w = m’ 4+ m. The first term in (5.94) comprising the three-point vertex G4 (I,n,n’)
involves the fields Cy, ,, and C’;nm. in the loops and is represented by the Feynman diagram
in figure 17(a). The second term in (5.94) involving the vertex G4 (I,n,n’) comprises of
the fields C’mms and C’mn in the loop. The corresponding Feynman diagram is given in
figure 17(b). The third term has contributions from CN'm,ns and CN'myn in the loop with
Feynman diagram shown in figure 17( ). Lastly the fourth term depicted in figure 17(d)
has contributions from the fields @, I # 1.
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Figure 17. Feynman diagrams with three-point vertices Vi*, ‘73’4, ‘73‘4, and V3.

Similarly the amplitude involving fermions in the loop is (5.95). The corresponding
Feynman diagrams are presented in figure 18.

1 G, )G (n,n' 1)

2?43—A3 = in Z (16) f f -
cor " (iwm — /A, (iwm/ — /\n,)
G}‘m(n, n/,l)G?%(n,n/,l/)
(iwm — V/A,) (—iwm/ — /N /)

n

—(16)

.. (5.95)

where w = m' + m. The fermionic three-point vertex G?l (n,n’,1) constituting the first
term in the two-point function (5.95) has contributions from the fermionic fields 6;(m,n).
The amplitude is represented in the Feynman diagram presented in figure 18(a). The
second term in (5.95) on the other hand involves the fields 6;(m,n) and their complex
conjugate 6 (m,n) in the vertex G?2(n,n/,l). The corresponding Feynman diagram is
given in figure 18(b).

The vertices given in section E.3 and participating in the two-point functions that
produce the mass-squared corrections to the tree-level massless field A2 can be exactly
computed following the same procedure as discussed for ®3 and @?, 1#1.

/ ’ 1 ~ / 1
G{'[n,n’,0,0] =46, ., G [n,n’,0,0] = Ot Gl[n,n',0,0] = 0nats (5.96)
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0;(m,n)

VA2 me*

A3 (w, 1) A3 (w', 1)

0;(m,n) 0;(m,n)

(a) (b)

Figure 18. Feynman diagrams involving three-point vertices VfAl, VfAQ.

b 2n(n+1)(n —1) 2n(n —1)(n —2)
G3lnm',0] =2 (\/(2n Ty (2n 1) Ol T \/(2n —1)(2n - 3) 5"—17”'> o (397)
G4\ [n,n,0] = 0, (5.98)

ar (n+1)vn—1 / Jn(n —1) /
G nom 0] = =2 <\/(2n —1)(2n+ 1)5"“’" " V(@n —1)(2n - 3) Onin ) » (5:99)

Gitn,n' 0] = (V200 18,4, = V200, 4,0 ), (5.100)

7
G’ 0] = =5 (5,1“7”, + 5,1_17,,) : (5.101)
or i
G2n,n 0] = =5 (2001 = 20,1, ) (5.102)

In the same spirit as for ®} and ®3 we now proceed to establish the UV finiteness for
the one-loop two-point functions for the field A2. In the large n limit the various vertices
in eqns (5.96)—(5.102) reduce to

1
/ V2 - ,/
G4 (n,n’,0)~ 8”[85/ =86, )5 G (o, 0)~ . Al VE IR
(5.104)
G4 (n,n’,0)=0; Gi(n,n,0)~v2n[0, =0,y 1] (5.105)

With these, the amplitudes in the ultraviolet limit is same as the right hand side of
the equations (5.66), (5.66) and (5.70), thus showing that the one-loop A2 — A3 amplitude
is ultraviolet finite.

Once again we write down the effective mass-squared for the field A2 as a function of
q and 3 as

mAs (g, B) = m3g +m3 (g, ) (5.106)

where m2, denotes the dimensionless (same as m3, and m?10) zero temperature quantum
corrections and mil(q,ﬁ) denotes the temperature dependent mass-squared corrections
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for the tree-level massless field A2. The zero temperature quantum corrections can be
written as

= 7 = 1 7 — 1 n+1 7 —
2
= 74» —_— — - —_——
M0 L;)Q\/Qn—i—l 112::24\/271—1 4;<\/Qn+1 \/2n+3> 4; V2n —1

—Z< n(n—1) L)) 1 a-De=2) 1 >
(2n+1)(2n—3) v2n—1 (2n—1)2n+1) 2n+1  (2n—1)(2n—3) \/2n—3

= (n—1)(n+1)? n(n — 1)
N ,; ((Qn— 1)2(2n+1) N (2n — 1)3(2n—3)>]

2 2
_;\/%hm(nﬂ) T a0

We compute the dimensionless zero temperature quantum corrections given by (5.107)

(5.107)

numerically. The convergent value is,
m2, = 1.514 (5.108)
The temperature dependent part in (5.106) can be written as

1 > 1

2 — 7 !
ma1(q, B) = LZ% NeTES (e\/@”“)qﬁ - 1) * 7;2 2v2n -1 <e\/(2n—1)q5 — 1)

7 i 1 1 n+1 1
2=\ V2n+1 (e\/(2n+1)q/3 _ 1) V2n+3 (e\/(2"+3)‘15 — 1)

T~ n 1 > n(n—1) 1 1
2 n; Von—1 (e\/(2nfl)qﬁ_1) 72,; ((2n+1)(2n—3) Von—1 (ex/<2n*1>qﬂ—1)

nn+1)(n—1) 1 . n(n —1)(n — 2) 1
(2n —1)(2n +1)% (V/Cn+Das _ 1) (2n —1)(2n — 3)2 (6\/(271*3)116 _ 1)
1

+ —~

> (n—1)(n

* 22} ((2n— 12 (2n+1) - (2n — 1)3(2n—3)> (e\/(fzn g
1 [ (n—1)(n+1)? n(n —1)32 =

+ <2_22 ((2n1)(2n+1)2 + (2n71)(2n7 >> _Z_: ]

i((Q (2v2n + 2(n — 1) + /2(n + 1))

(V2n +/2(n = 1))(V2n + /2(n + 1))
(V2 + 1) + /2(n — 1) — 2/2n) > 1
(V2n —/2(n = 1))(v/2(n +1) = v2n) ] (eV?"15 +1)

+ 8

1

2 8
* <«/2(n "D +v2n V22— /20— 1)) <e\/2(n—1)qﬁ + 1)

2 8 .
' (x/er\/%+ \/m_m> (e\/mﬁﬂ))] : (5.109)
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In the end the effective masses-squared for the massless fields namely még, még and
1 I
mig, depend only on the parameter ¢ and temperature. Later in section 6.1, we present

the behaviour of the effective masses-squared with temperature for different values of ¢.

6 Finite part of effective tachyon mass

Having computed the temperature corrected one-loop mass-squared for the various mass-
less fields, we can now proceed to compute the mass-squared corrections for the tree-level
tachyons. We have already established the UV finiteness of the tachyonic amplitudes
by demonstrating the cancellation of leading order divergences from the zero tempera-
ture bosonic and fermionic quantum corrections to the tree-level tachyon mass-squared.
However given the fairly complicated mathematical form of the various corrections given
n (4.5), (4.6) and (4.7), extracting the finite part of the amplitudes appears to be very
difficult. Hence we are unable to give analytical expressions for the finite part of the zero
temperature quantum corrections to the tree-level tachyon mass-squared. This complica-
tions also prevents us from computing the transition temperature analytically. Given these
handicaps we are compelled to resort to numerical means. In the following section we
present a numerical computation of the transition temperature.

6.1 Numerical results

The computation of the one-loop finite temperature mass-squared for all the tree-level mass-
less degrees of freedom is crucial because these temperature dependent masses modify the
corresponding propagators of the massless fields thereby ensuring infra-red finiteness of the
one-loop effective masses-squared of the tachyons. All the finite temperature corrections to
the tree-level masses-squared are now shown to be UV finite. The tachyonic instability in
the bulk is proposed to give rise to BCS Cooper-pairing instability in the boundary theory
[1]. In this section we demonstrate that the instability is removed by finite temperature ef-
fects. The tree-level tachyon mass-squared is —;%, where ¢ is the dimensionfull Yang-Mills
coupling in (1 + 1)-dimensions. The finite temperature one-loop correction including the
zero temperature quantum corrections is O(1). The temperature-dependent mass-squared
corrections is always increasing and there exists a critical temperature where the effective
mass-squared of the tachyonic fields become zero. Beyond the critical temperature the
effective mass-squared of the tachyon is found to be positive and increasing. This bears
hallmark of a phase-transition from the unstable phase to the stable phase. In the bound-
ary theory this is proposed in [1] to correspond to a superconducting phase-transition.
As mentioned in sections 1 and 6, the critical temperature of phase transition cannot be
computed analytically. We therefore tread a different path. We demonstrate numerically
the behaviour of the masses-squared with varying 3 as well as T due to zero temperature
quantum corrections + the finite temperature effects without computing them separately.
In all the mass-squared corrections, the UV divergent pieces in the zero temperature cor-
rections from the bosonic side cancel with that from the fermionic side. At large values of
the momenta n and [ the finite part of the quantum corrections fall off very sharply and
eventually only the finite temperature corrections dominate. The parameter ¢ provides a
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scale for supersymmetry breaking in the present brane-configuration under study and has
the dimension of mass-squared. It is also related to the angle between the branes as

1 0
— — tan(-). 6.1
4= — an<2) (6.1)

The two-point functions for the tachyons have infra-red problem due to the presence of
massless fields in the loops. As mentioned in section 5.2 we need to modify the propagators
of the tree-level massless fields by introducing a mass-squared shift provided by the finite
temperature corrections to their tree-level masses-squared. The leading order behaviour
of the temperature dependent part of the mass-squared corrections in 1 + 1-dimensions is
linear with increasing temperature at high temperatures. The finite temperature effective
mass-squared of the tree-level tachyon in (1 + 1)-dimensions can thus be estimated within
perturbation theory to be (in dimensionless variables)

2 (Coo) = -4 4 [m2+ L Zl+ +O<92> (6.2)
m =—= mg+ — — 4 = . .
eff 0,0 92 0 \/a " >\n q

=T

The physical mass is thus mgﬁg2 and m3 represents the dimensionless zero temperature
quantum corrections independent of ¢ and ¢ and collected from all the amplitudes in
equations (4.7), (4.8) and (4.36). In equation (6.2), z is a dimensionless number (indepen-
dent of g2, and q) specifying the temperature dependent contribution. In equation (6.2),
(’)(%) represents the next higher order in quantum corrections given by two-loop Feyn-
man diagrams. The dimensionless zero temperature quantum correction to the tree-level
tachyon mass-squared and is found numerically to be approximately equal to m% = 1.6.
The behaviour of the finite temperature masses-squared of the massless fields as well as the
tachyonic fields are depicted pictorially by plotting the masses-squared against temperature
T and g = % We proceed to present the plots.

In all the plots we have displayed the one-loop effective masses-squared as multiplied

by g2. The figures 19, 21 and 23 depict the behaviour of the masses-squared namely mz?,

23 and m2A3 with varying 8. The mass-squared decreases with increasing 5 as expected.
In the figures 20, 22 and 24, m? e m? pe and m? A3 are shown to increase almost linearly with
increasing temperature. This behaviour is expected from finite temperature field theory as
finite temperature corrections are always known to be positive and increasing.

As discussed in section 5.3, we also calculate the mass-matrix for the massless modes
C’mk numerically and diagonalize the matrix. Using the temperature dependent masses-
squared of the various massless fields discussed above the effective mass-squared for the
fields Cpo can be evaluated numerically as a function of 8 (or T'). The effective mass-
squared for the tree-level tachyon are plotted against  in the figure 25. for three values
of ¢, namely ¢ = 0.1 and ¢ = 0.2 and ¢ = 0.3 and g> = 0.01. The plots of the mass-
squared against temperature 1" for ¢ = 0.1 and ¢ = 0.2 and ¢ = 0.3 are given in figure 26
and figure 27. As expected the finite temperature corrections dominate with increasing
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Figure 19. Plots of the mass-squared correction to the massless field ¢3 against 3 = % for g> = 0.01
and ¢ = 0.1,0.2,0.3.
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Figure 20. Plot of the mass-squared correction to the massless field ¢$ against T for g2 = 0.01
and ¢ = 0.1,0.2,0.3.
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Figure 21. Plot of the mass-squared correction to the massless field ¢ against 3 = % for g2 = 0.01
and ¢ = 0.1,0.2,0.3.
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Figure 22. Plot of the mass-squared correction to the massless field ¢3 against T for g2 = 0.01
and ¢ = 0.1,0.2,0.3.
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Figure 23. Plot of the mass-squared correction to the massless field A2 against 3 = % for g2 = 0.01
and ¢ = 0.1,0.2,0.3.
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Figure 24. Plot of the mass-squared correction to the massless field A2 against T for g® = 0.01
and ¢ = 0.1,0.2,0.3.
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Figure 25. Plot of the mass-squared correction to the tree-level tachyon against g = % for

g?> =0.01, ¢ =0.1, 0.2 and 0.3.
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Figure 26. Plot of the mass-squared correction to the tree-level tachyons against 7" for g = 0.01,
q=0.1,0.2 and 0.3.
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Figure 27. Plot of the mass-squared correction to the tree-level tachyons against T for g% = 0.01,
q=0.1,0.2 and 0.3.
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temperature which is clear from the msz(co,o) vs T plots in figure 26 where the behaviour
of the mass-squared appears to be almost linear at higher temperatures. The effective mass-
squared mgH(C(],o) is equal to zero at a value of temperature (the transition temperature
T.) where the graphs intersect the 5 and T-axes in the plots given in figure 25, figure 26
and figure 27. The plots in figure 27 are drawn for smaller range of 7" in order to show
the critical points (m2z(Coo) = 0) more clearly. Putting m23(Co) = 0 in equation (6.2)

oo )

where T, is the dimensionfull transition temperature (having dimension of mass). One

we get

can also define a dimensionless transition temperature by T, = T, cq% /g?. One should note
that the dimensionless tree-level mass-squared of the tachyon for ¢ = 0.1, 0.2 and 0.3 are
q/g* = 10, 20 and 30 respectively for g?> = 0.01, whereas the quantum correction m% is
much smaller. Now if m% =0,T. = % and is thus independent of ¢, g?>. Thus to a good
approximation one expects that 7, will be independent of ¢, g>. One has to note that this
scaling relation for the transition temperature is the dominant term at the level of one-loop.
At the level of higher loops the dependence of the effective mass-squared on temperature
will be much more complicated. However at least in weak coupling, the quantum corrections
at successive higher loops will be smaller and smaller, and the dominant term in T, will
still be given by this one loop relation. From the plots given in figure 25 and figure 27,
the numerical values of T, for g = 0.01 and ¢ = 0.1, ¢ = 0.2 and ¢ = 0.3 are T, = 3.34,
T, = 9.48 and T, = 16.73 respectively. This gives T, = 1.0562, 1.0599 and 1.0182 for
¢=0.1,0.2 and 0.3 and ¢g? = 0.01 respectively, confirming our expectation that when m%
is small T, is approximately independent of g, q.

7 Discussion and outlook

We have computed the one-loop finite temperature corrections to the tree-level tachyon
mass-squared in intersecting D1-branes in a self consistent manner. We have shown the
UV finiteness (at one loop). We have seen that at high temperatures the tachyonic field
becomes massive as expected and we have computed this critical temperature in a one loop
approximation — improved by incorporating mass-squared corrections to the massless fields
in the spirit of the RG. This takes care of the IR divergences. Thus our calculation has no
UV or IR divergences.

This model resembles the holographic BCS superconductor model discussed in [1]. We
expect that with the techniques developed in this paper it should be possible to tackle
the model in [1] involving higher branes. These techniques should also be useful in other
contexts where D brane constructions are used and supersymmetry spontaneously broken.

The entire computation is done in temporal gauge, Aj = 0. This gauge choice helps
to avoid ghosts in the theory. The original theory describing the world-volume of two D1-
branes is a (1+1)-dimensional supersymmetric SU(2) Yang-Mills theory which is a UV finite
theory. The choice of the background <¢?]’3> = qux breaks supersymmetry without tampering
with the other degrees of freedom. Hence we find that the UV behaviour of the amplitudes
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in a broken supersymmetry scenario remains the same as in the supersymmetric case. In
order to establish the UV finiteness of the one-loop corrections we rely on asymptotic
expansion of the vertices and find that the leading order divergent pieces from the bosonic
and fermionic loops cancel among themselves. The effective mass-squared of the tachyon is
found to grow linearly with temperature in accordance to the expected behaviour in (1+1)-
dimensions. The kinetic terms for the bosons are scale independent in (1 4 1)-dimensions.
Hence the zero-temperature one loop quantum corrections are found to be independent
of the supersymmetry breaking scale. The crossing of the mgH(Cop) vs T curves from
negative to positive values indicates two distinct phases. This bears the signature of a
phase transition. We also find that the dimensionless critical temperature (T,.g%/¢%?)
for this phase transition has very closely placed values namely 7, = 1.0562, 1.0599 and
1.0182. In order to do the complete stability analysis of the intersecting D1-branes at finite
temperature one has to compute the full tachyon effective action at finite temperature
which rely on higher loop calculations. The results demonstrated in this paper can be
generalized to higher dimensional branes without much difficulty. In particular for two
intersecting Dp-branes the effective mass-squared for the tree-level tachyons is expected to
grow as TP~ 1.
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A Dimensional reduction of D = 10, N' = 1, SU(2) SYM to D = 2

We first write down the action for D = 10, A/ =1 SYM,?

Soi1 = ztr/dwx [—;FMNFMN +i0TM Dy, v (A1)
g

Fyun :aMAN—aNAM—i[AM,AN] (AQ)

Dy¥ = 0y — i [Ap, V) (A.3)

where M, N =0, -9 with Ay = & A%, ¥ = %%, and,

b c
o o abe O 1
—, — | = qe®e—; —tr <U“ob> = §ab (A.4)
272 2 2
2We will use the metric diagonal(+1, —1,---, —1).
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'™ are 32 x 32 imaginary matrices and. In (9 + 1)-dimensions the gamma-matrix which

anti commutes with all other gamma matrices is

I 0
711 _ 16x16 (A.5)
0 —Iiexie

The chiral projection operator in (9 + 1)-dimensions giving rise to left and right-moving

chiral fermions is given by
1+~

2
Under the chiral projection (A.6), the 32-component Dirac fermions become

U = <‘I:)L> (A7)

U is a 32 component Majorana-Weyl spinor with 16 non-zero components.

The 32 dimensional T’ matrices satisfy the Dirac algebra {T'M TN} = 2pMN_ Under
the decomposition SO(9,1) — SO(1,1) x SO(8), they have to be written in terms of the
16 dimensional spin(8) matrices. For M corresponding to the SO(8) directions (that we

P = (A.6)

label by I) we call the 16 dimensional spin(8) matrices as v/, (I = 1,...,8). The v'’s
thus satisfy the spin(8) algebra {v!,7’/} = 267, They are however reducible and can be

written in terms of the 8 dimensional representations a! as,

OcI
¥ = (a?T : ) (A8)

where the ol’s now satisfy {af,a’} = 267. A representation of the a’’s can be written
follows [41],

l=T®T®T d=1d' ar (A.9)
P=10cer d=clerel
=0t rel S=re1e0
a'=r1x0° B=11x1

where 7 = i0?. We can construct one more v matrix that anti commutes with all the other
vD’s. Tt is given by 77 = v142 - - - 48, In matrix form,

¥ = <108 _018> . (A.10)

The nine 32 dimensional T'™ (M = 1,...9) matrices can thus be formed out of the
nine v matrices. Since there is no tenth v matrix, we need to construct a tenth I' matrix
that anti commutes with all the others. Ultimately we can write,

I =02 ® 16 (A.11)
I =iscl®qy!
I =iocl ®4°.
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With this, the sixteen dimensional ¥y, in equation (A.7) can further be written as,

[ YL
Uy = (m) (A.12)

where v, and ¥ are now 8 component fermions. In other words, the sixteen component
U, decomposes as 16 = (1,8) + (1,8). Thus in 1+ 1 dimensions we have 8 one-component
left-moving plus 8 one-component right-moving fermions.

We can now write down the dimensionally reduced action,

Sie1 = Sis+ 51 (A.13)
1 1 1

Sll_H = g2t1"/d2l' |:—2FNVF“V + D“(I)]DM(I)] + 5 [(I)[, (I)J]2 (A.14)
7

S&=ﬁm/fﬂ%mm+%mm+ﬁmm—%mw (A.15)

+ 2ivhat [@r, L]

where, D, = 0, — i [Ay, | and all the fermions, ¥y, and ¢ p are anti commuting.

B Tables of fields, eigenfunctions and normalizations

Dimensionfull constants

q Slope of intersecting brane configuration
I6] Inverse of temperature T
g° Yang-Mills coupling constant
Normalizations
N Va/B
1
N(n) VV/m2n (dn2—2)(n—2)!
Y I
N(n) V/Vr2n (4n—2)(n—1)!
7 1
N (n) V727!
1
Nr(n) 2 (n—1)!

Table 1. Dimensionfull constants and normalizations.

The various fields together with their eigenfunctions, momenta and momentum modes are

tabulated below.

— 56 —



Field Eigenfunction Tree-level | Momentum
mass mode
Bosons
A2 _ N (n)e—a=*/2 (Hn(/Gz) + 2nH,—2(,/qz)) dp _ (=g o
L N(n)e~17 2 (H,(\/gz) — 2nH,_(\/7x)) s o
A2 N(n)e*qﬁ/? (Hn(\/qx) —2(n — I)Hn,g(\/@x)) % g &
1 N(rL)e_qu/Q (Hn(\/(}z) +2(n— l)Hn,g(\/a:L')) g o
AL _ —/\/’(n)e*qz2/2 (Hn(y/qz) + 2nH",;>(\/E]m)) Ae _ (2n-1)g o
2 N (n)e17/2 (H,(\/gz) — 2nHy,_s(,/q)) g g o
A —N(n)e~97*/2 (H,(\/qz) — 2(n — 1) H,_(\/gz)) 5 g &
2 N (n)e=12/2 (H,(\/gz) + 2(n — 1) Hy_o(\/qz)) g
Y, (a=1,2) N (n)e=#*/2 (H,(,/gz)) L= (271;1)‘1 Y (w, n)
(I=2.3)
@3 el 0 O3 (w, 1)
(I=1---8)
A3 el 0 A3 (w,1)
Fermions
j2! Np(n)e—a*/2 <_ (/) +H,L,1(\/ax)) P
R} Nie(n)e 1 (=i (/) — Hoo1(y/ar) s o
and for 8 other sets
L N‘F(n)e*qﬂ/Q (\/;TIHH(\/EI) + Hn,l(\/(jx)> X _ 2ng 0t (w. m)
R Nip(n)e 012 (e Ha(/Gr) — Hoa(v/a)) ‘ o
and for 8 other sets
1 Nt (=i + B (a0) |y o | g
R} ~Nip(n)e 12 (= A Hy(aw) — Hoa (V) ) | 0 o
and for 8 other sets
13 Nie(me =" (/a0 + B (Vi0) \ | g | g
R} ~Np(n)e #/2 (e Ho(y/a2) — Huoa(y/a)) v J’
and for 8 other sets
L3 eitr 0 L3 (w, 1)
(i=1--8)
R} el 0 R3(w,1)
(i=1---8)

Table 2. Eigenfunctions, Tree-level masses and momentum modes.
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Figure 28. Vi, V5 vertices.

C Propagators and vertices for computation of two-point C,, ; ampli-
tudes

C.1 Bosons

Propagator for C, ,,

<C c, ,>292‘W (C.1)
mn&y/ “‘)7271 + A '
Propagator for C‘mn
- ~ 5m —-m’ 5n n'
<Cm’ncm/’n/> — 92# . (C2)

Propagator for the ®} and ®? fluctuations (I # 1)are same and is given by

1) 10

dtm,n)®F(m', n’ >: zmom C.3
(@ m@im',n)) = g5 (C:3)
Propagator for the ®3 fluctuations for all I is given by

.y 5 2ms(l+1)
<¢?(m7l)‘1’?(m,l)>:92 S E (C.4)

Propagator for the A2 fluctuations assumes the form because there is no term in the
Lagrangian (2.4) with spatial derivatives on A3.

5 2ms(l+1)

(A3, A3 1)) = g (C.5)
N / /
Vi = —@Fl(k,k ST )0 ! (figure 28) (C.6)
Filk b ') = VA [ do [00@)0y (0)An(0)4,0(2) + 244(0)6, (2)60(2) A, (0
+ 201 () Ay (2)pn () A, () + A (2) Ay (2) P () D, 1 (x)] (C.7)
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N

ng——[Fg(k:k: nn)}é

2 ot rmm’ (figure 28) (C.8)

Full, K onn') = V7 [ doe™™* [Ay(a) Ay (0) + dul@)oy )] [Hu(@)H (@] (C9)

Vi = —2Ng2F1(k K L, M )5w+w/+m+m/ (figure 29) (C.10)
Fy(k, K ,n,n) f/da: Or () (2) An(2) A,y () + 24y (2) () A, ()

+ 204(2) Ay (2)dn (2) A,y () + Ag(2) L@] e

Vv, = 2N2 [F2(k Kl 5)} Seos memy  (figure 29) (C.12)

kK 1,1) = a / dz [A(z) A (2) + bk (@) by (7)] [eilweﬂﬂ (C.13)
Vg = —%Fg(k} k l l )5w+w/+m+m' (ﬁgure 30) (0.14)

F3(k> k/alvll) = \/a/dx |:¢k’(x)¢k/(z):| ei(l+l/)m (015)
Vy = —2];[2F§(k,k/,l,l')5w o (figure 30) (C.16)

Fy(k, k11 = /g / dz Ak(x)Ak/(z)eﬂxeﬂﬂ (C.17)

N3/2
Vi = e 5 Fa(k,l,n)B0, (figure 31) (C.18)

Fy(k,ln) = /dﬂf [=n(2)0x k() + Ok (2)Ddn(x) — Pn(2) Ar(z)(gx)

+ Ap(2) k() (qz)] €™ (C.19)
N N3/2
Vi = — g (kalan)65w+m+m/ (ﬁgure 31) (020)

Fy(k,l,n) = / dx [—én(x)am(x) + 61(2) e () — Gn(x) Ag(2) (q)

+ Au(@)gn(x)(gz)| ¢ (C.21)
N3/2
Vs = — 2 Fs(k, 1,n) B0 4 s’ (figure 32) (C.22)

F5(k7l7n) = /dmeqmz/2 [eleAk(x)aan(x) - (qx)ellmAk(x)Hn(a:)

— (il)e™® Ap(x) Hy () + (qz) e dp(x) Hp (2) (C.23)
;N2
Vs = 7 Fy(k, 1,1) B0,y (figure 33) (C.24)

Fy(hibim) = [ do (e 60(z) An(z) + ()€™ A4 () n()
— "0, bp(2) Ap(x) — €MDy () Ap () (C.25)
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Cw k Cw',k:' Cw,k Cw',k’
Vi vy
Figure 29. V7, VQ/ vertices.
A (m, 1) A3 (m'\1) ®3(m, 1) o (m', 1)
ka Cw’ K Cw,k Cw/,k:’
V3 Vs
Figure 30. V3 and le vertices
Com Conn
Cw,k Cw k
3 ' 3 ! -
Figure 31. V; and 174 vertices.
y N3/Z
Vi = —?FE)(/@ L,1) B4 (figure 33) (C.26)
Fi(htom) = [ do [ 0u(0) A0 (o) + (i)e™ An()n )
— €179, ¢y, (x) Ap () — eilwaxén(x)Ak(x)] (C.27)
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Cw,k
@?(l,m/)
Vs
Figure 32. V; vertex.
3 (n,m’) o3 (1, m)
Cw,k
Cl ’ ~ )
n,m V5 Cn,m V5
Figure 33. V5 and V; vertices.
C.2 Fermions
Propagator for the L and R{ modes (a = 1,2),
2 §igd 16,
r g Jk%m,m’ Yn/n
0-m,n9*m,n>: ’
(Bim bt ) = i

A, = 2ng.
Propagator for the L? and R? modes.

g% Oirb, _r2ms(l+1)

<L§(m,1)L2(m’,z’)> =

N1/2 W + 1
2 66 2me(l+1)
3 3.7\ _ 9 1k%m, —m,
(B DR 1)) =

w+m+m’

N
v = z'g—QFéR/L(k,n,l)é

Where,

Fl(k,n, 1) = \/a/dasqﬁk(:r:)Rn(x)em.
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Figure 34. Vi and Vi vertices.
R (n,m) L (n,m)
CU)J? Cw,k
3 ! ’
Ri (la m ) V7R L?(l, m ) V7L

Figure 35. V/* and V/F vertices.

There are eight such vertices involving R? and L:())Q—i) (i=1---8). We also have eight
vertices involving L? and R?g,i) (i =1---8). The corresponding vertices would be given
by replacing R,,(z) with L, (x). This vertex is thus,

FE(k,n, 1) = qi\/(}/d:cqbk(:v)Ln(az)eilm. (C.32)

The F is due to the fact that half of the above vertices come with sign opposite to
that of the other half in the Lagrangian. There is no F in (C.31) as the minus sign coming
from the vertices in the Lagrangian is compensated by the ones from the eigenfunctions.

Similarly the other eight vertices involving both R? and R¢ with (a = 1,2) (or the L
legs) have the same structure.

VR/E i;\gpf/L(k,n, 06,y (figure 35) (C.33)
FlR(k,n,1) = :F\/a/dxAk(x)Rn(x)eilx
FE(k,n,l) = /g / dxAy(x) Ly (z)e’® (C.34)

Here the F in the expression for F¥(k,n,[) is due to the fact that half of the eigen-
functions come with a sign opposite to the other half and in the Lagrangian all the terms
come with the same sign.
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Figure 36. Vi, Vp, vertices.

D Vertices for computation of two-point éw,k amplitudes

Since the zero-eigenfunctions are also massless fields we compute their two-point

finite

temperature amplitudes. The amplitudes are given in section (5.3). Here we present the

various four-point and three-point vertices that occur in the calculation for the amplitudes

of the zero-eigenfunctions.

D.1 Bosonic vertices

Vi, = —ﬁHl(k,k',n,n')5w+wl+m+m/ (figure 36) (D.1)
Hy(k K ') = Vi [ do [0u(0)5 (04004, 2) + 224(@)dy (2)6n(2) A, (0)
+ 20k (2) Ay (2)n () Ay (2) + Ag () Ay (2) (), (2 )} (D.2)
Vi, = —2];2 [HQ(k,k’,n,n )} Svos omem  (figure 36) (D.3)
(o sy = VA [ doe = [Au@) A (@) + u(2)d (0]
x [Ha(vaz)H, (/)] (D.4)
Vi, = —ﬁﬂl(k; Km0, (figure 37) (D.5)
(kK nin') = Va / o [36@)dy (@) An()A, (2) + 20 @)y @)du(2) A, ()
+ 20k (2) Ay () () A, (2) + Ag(2) Ay (2) ()9, () (D.6)
Vi, = 2N2 (o (kK L) 0y e (figure 37) (D.7)
Hy(k,k 1,1 = /a / dz [Ak(x)fik/ (@) + du(2) (x)} [e“%“'m} (D.8)
Vit, = 2N2 Hy(k K)oy s (figure 38) (D.9)
Hy(k, K'1,1) = /g / dz [ Su(@)d ] il gl @ (D.10)
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Vi,

H5(k7 l?”)

= _292 H3(k7k 7l7l )5w+w/+m+m (ﬁgure 38
— \/a/dx [Ak(:c)A (m)eilxeil z

N3/2
- 2 Hy(k,1,1m)B6, 1 i (figure 39)

_ / Az |~ 6n(@)Du 0k (@) + Ok (2) 02 () — 6n(w) Ak () (g2)

+ Gul(2) An(@)(gz)| ¢

_ /da: [—an

_ / dre /2 [ iy ()0, Ho(y/@r) — ()™ A() Hal/52)

—(il)e™* Ap(@) Hn(\/qx) + (qx)e"* dp (x) Hn(v/q2)

N3/2
g2

N3/2

92

H4(k', l,n)ﬁd

w—l—m—i—m/

Hy(k,1,n)85

w+m+m/

(figure 39)

(figure 40)

(figure 41)

_ / dz [(i)e G () An () + (i)™ Ag(2) 0 ()

e,y () A () — eilxazcbn(x)flk(:c)]

N3/2
g2

~ /

H5(k7 l7 n)/B(S

w—i—m—l—m/

(figure 41)

_ / da [(i1)e"* Gp(2) An (@) + ()€™ Ay (2)n ()

— 19, dp(2) Ay ()

D.2 Fermionic vertices

f/R/L

Hg

HE(k,n,1)

N ~Rr/L

(k,n,10)0

~ 0, (@) Ap(a)]

various three-point vertices are given below.

w+m+m’

ﬁ/M@m&@wm
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(figure 42)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)

(D.21)

(D.22)

The fermionic three-point vertices for the C‘w’k — Cw/ w/ two-point functions at finite tem-
perature participate in the cancellation of UV divergence as in the case of the tachyonic
amplitudes. The propagators for the fermionic loops are given in appendix (C.2). The
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Figure 37. ‘N/H“ VI;2 vertices.

A3 (m, 1) A3 (m' 1) @3 (m, 1) oi(m 1)

Vi 3 VIIJ 3

Figure 38. Vy, and VII{3 vertices.

! =/

Chm Cinn
éwk éw,k:
3 ! 3 ’ -
A(l,m’) Vir, A3(1,m') Vi,

Figure 39. Vj, and Vy, vertices.

HE(k,n,1) = 74 / dzgy,(x) Ly ()™

. N -~
vt = i?Hf/L(k,n, 06

HE(k,n, 1) = qi\/a/dx;lk(x)Rn(a:)eil’”

(figure 43)

w+m+m/

HE(k,n,l) = \/?]/dx;lk(x)l)n(x)eﬂx.
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Figure 40. Vy, vertex.

<I>3nm o3 m
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Figure 41. VAS and VI/{E) vertices.
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Figure 42. Vli and V}’%G vertices.

— 66 —



E

R}(n,m) LY (n,m)

K3 2

Cuw,k Cuk
3 ! ’
Ry (l,m') VR L3(l,m) v
Figure 43. Vli and V}i vertices.
<I>§1’2)m, n <I>§1’2)m,, n Cmn Cot
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‘/11 V21

Figure 44. V}! and V3! vertices.

The origin of the F sign is explained in appendix C.2.

3

Vertices for computation of two point amplitudes for 3 and A3

E.1 <I>? vertices

We list here all the four-point and three-point bosonic and three-point fermionic vertices

that constitute the two-point functions for ®3 — 3.

N ’ !
Vi = —Q—QQG%(Z,Z ST )0k ! (figure 44)
G, n,n) = \/a/dzz:emeHn(x)Hn/ (x)eil’”e“,x
1 N 1 / !
Vy = —ngGz(l,l LT, )5w+w’+m+m’ (figure 44)
Gyl n,n) = \/a/dxAn(x)An/ (a:)eil‘reil/m
ind 1 N "’1 ’ !
Vy = —TQQGQ(Z,Z ST, >5w+w’+m+m' (figure 45)

Gy(l,1,n,n) = \/a/dxfln(x);ln/ (m)eil’”eillm
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Figure 45. V;' vertex.

= —2];[2(?%,(1, n, n/)5w+m+m/ (figure 46) (E.7)

= \/a/dx [qxe “H, (2)H, s (x)e™ (E.8)
N3/2

= 7 Gi(l,n,n )BO s (figure 46) (E.9)

/dxeikc [qzAn(2)A,) (2) + 0,0,/ (x) An(2) — il Ap(2)¢, (z)] (E.10)

N3/2
-
/ dpeile [qa;fln(x)fin/ (@) + 0ad, s (1) A (z) — il A (2)S, (x)] (E.12)

N3/2
_ e

/ duell [2q:vAn(:U)/~ln/ () + 020,/ (2) An(x) — il Ap(x)d,/ (x)

Gi(l,n,n")B36 (figure 47) (E.11)

w+m+ml

@él(l, n, n/)ﬁé

w+m+m/

(E.13)

(figure 47)

+ Oppn(2)A s (2)e™™ —ilA () pn(2) (E.14)
= i;\;G}(z, M )0y ! (figure 48) (E.15)
= \/Zj/dxeilan(a:)Ln/(x) (E.16)
= i;\gafc(z, M )0y (figure 48) (E.17)
= \/Zl/dxeilx [Rn(a;)L:;/ — Ly(2) R, (x)] (E.18)
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Figure 46. V' and V' vertices.
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Figure 47. V3 and V3" vertices.
0;(m,n) 0; (m/, n/)
>—<1>%<mz> ®3(m, 1)
Gj(m’, n’) Vfl 0;(m,n) sz

Figure 48. The fermionic vertices Vf1 and Vf2 for ®3 — &3 amplitudes.

E.2 <I>§, I # 1 vertices

We list here the vertices for the one-loop finite temperature mass-squared corrections for
the massless field ®3(m, 1), # 1.

N

vl = —@G{(l, ' n, n/)5w+w/+m+mr (figure 49) (E.19)
Gl nn) = Va / dae 4 Hy(2) H,  (2)e™ il * (E.20)
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<I>§1’2)m,n (I)gl’Z)m/un/ Cm,n Cm/7 !
®j(m, 1) ®F(m’, 1) ®j(m, 1) ®F(m’, 1)
v v
Figure 49. V{/ and VJ/ vertices
Vi = Gg(z,z N0 )8 4o (figure 49) (E.21)
G, n,n) = \[/dx (2) + ¢n(2)0, (2)] gilegil @ (E.22)
Vi = Gf ST )6yt i (figure 50) (E.23)
Gyl ,n,n) = f/d:n A (@) + dn(2)d,y (:n)] il il @ (E.24)
N3/2
Vi = — 7 ——GL(l,n,n )65w+m+m/ (figure 51) (E.25)

Gé(l,n,n/) = /dmeilx [(%(e*q‘rz/QHn/ (x))An(x) — ile*qxz/QAn(a:)H (z)

—quen(x)e” 2 H ) (z) (E.26)
. N3/2 _ ,
Vg = — 7 GL(l,n,n B8yt (figure 51) (E.27)
GL(l,n,n) :/ [ e qx2/2Hn/(x))fln(a:) —ile*qﬁ/%zln(:c)Hn/(x)
—qron(z)e” /2H (x )} (E.28)
N /
VfI = zg—Qfo(l, O L (figure 52) (E.29)
G§(z,n,n’) =g / dze™ [Ry(z)L,y + Ly(2)R,/ (2)] (E.30)

E.3 A;:Z vertices
In this section we write down the various vertices needed for computing the two point

A3 amplitude.

N ! ’
v = —ngGf(n,n 06 (figure 53) (E.31)

w+w/+m+m/
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Figure 50. VJ vertex.
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Con n ‘/3[ <I>g )(m, n) VBI
Figure 51. Vi and 1731 vertices.
ei(mv n)
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1

Vi

Figure 52. Vfl vertex.
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Vit vy

Figure 53. VA and V;* vertices.

G0l = Vg / dze™1" H,, (\/qz)H,/ (y/gz)e ) (E.32)
Vit = —;;gGA(n n', 1,0 )0yt (figure 53) (E.33)
G4 (n,n',1,1) = /g / dapn(2)$,s (x)el0H) (E.34)
Vit = 2];72 G nyn' 1,1 )0t 4t (figure 54) (E.35)
G4 (n,n,1,1) = /g / dapn (), (x)el0+) (E.36)
N3/2
V3A = 7 GA(n n DBy (figure 55) (E.37)
Gi(n,n',1) = / d [03(¢, (%)) b (@) — Du(Pn (), (x) (E.38)
+ qu A, (2)¢n(x) — qrAn ()0, (x)] €™
- N3/2
Vi = 7 —G{n.n BBy (figure 55) (E.39)
Gi(n,n',1) = / dx [8x(¢3nf (2))0n(2) = 02 (S (), (x) (E.40)
+ qr A, (2)0n(2) — qrAn(@)d, ()] €'
o N3/2 ,
ViV = —gTGg‘ (1, 1) By s (figure 56) (E.41)
Gl (no' 1) = [ do [016, @) (2) ~ 0.(60 @), (2) (B.42)
+ g A, (2)dn(x) — G,y (x) An(z) | €'
N3/2
vt =— 7 —G{n,n DByt s (figure 56) (E.43)
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Figure 54. V;* vertex.
Crnn S
A3(m, 1) A3 (m, 1)
C N ~ ~
m.,n V3A Cm,n VSA
Figure 55. V! and VgA vertices.
GA(n,n'1) = / dae 1°/? {835(6*‘””2/2an (z))Hp () (E.44)
_ 8x<e*qx2/2Hn<x))Hn/ (:L’)} eilm
N /
VfAl zg—szl (1,1, 1) B8y 4 (figure 57) (E.45)
G 1) = va / da [Lo(2)L,) (2) - Ru(2)R, ()] ¢ (E.46)
N
VA2 = zg—szz(n, 15D BBy ! (figure 57) (E.47)
G2 (n,n' 1) = 7 / dz [Ln(m)L:L, (¢) = Ru(2)R", (x)} ¢l (E.48)

F Matsubara sums

In this appendix we show some sample computations showing sums over Matsubara fre-
quencies. Let us evaluate the sum over m in the propagator

1 > 1
3 > T (F.1)
n=2m=—oco n

where wy,, = 2mm/p.
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Figure 56. V' and V/ vertices.

i(m,n) 05 (m',n")
A3 (m,1) A3 (m,1)

o;m ,n VfAl 0;(m,n) VfA2

Figure 57. Vf‘“ and VfA2 vertices.

Following [42] we convert the sum over m into a contour integral as follows. By writing

Po = W, define the function
1

f(po) = — : (F.2
p(2) - )\n )

The function f(pg) does not have poles on the imaginary axis. We multiply it by

a function with simple poles on the imaginary axis at values py = 2’% and analytic and

bounded otherwise. A function with this property is coth(pp/3/2). The sum over m in (F.1)
can now be reproduced from the contour integral

%zﬁfdpo <§> coth <p;ﬁ) f(po) (F.3)

where the contour is the sum over the contours C,, shown in figure 58(a). The C),’s can
now be deformed into the contour I'. The contour integral can then be written in terms of
line integrals as

L g (AL +/i°°+€d Foo) (24— (F.4)
omi POJPO)I\ =5 c=poB—1 ) " 2mi POJAPO)\ 57 CpoB 1 ‘

100—€ —i00+€

since the function f(pg) vanishes for py = +ioo.

In (F.4) the frequency sum separates into the zero-temperature part and the
temperature-dependent part for both the integrals. The line integrals above can now be
evaluated using the contour integrals over the contours I'; and I'y in figure 58(b). This is
because the line integral over rest of the rectangle vanishes when the length of the sides
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(a) (b)

Figure 58. Contours for doing the Matsubara sums.

are taken to infinity. These contour integrals now have contributions only from the poles
of f(po) at po = £v/Ap. Thus,

o0

; 2 w2+A ZW( 15—1>' o

n=2,m=—00

Similarly using the above formula, the several bosonic propagators upon being summed
over the Matsubara frequency w,, are,

; i m_z ( eﬁnlﬁ_1) (£-6)

n=2m= n= 2

© 4l 11 1
5 Z / 27T\/§w2 +l2:/oo27r\/§l <2+elﬁ_1> (F.7)

m=—0o0

1 1
B Z @2, + ) (W2 + Ay)

/
n=2n =2;m=—00

> 1 1 (1 1 1 /1 1
_22_27 v (( o >_m<2+eﬁ6—1>> (F.8)

12/%[%

n=2m=—c0 )(w2 )
Z/ 2n\fz2 <)\1 <;+erﬁ_1> }<;+6m1_1>> (F.9)

1
3 /27rf w2+l2><w2+%>_

n=2m=—0o0

St (2 () ()
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The last three propagators in are mixed propagators. So we have decomposed them
into partial fractions and then and have done the sum separately.

The fermions due to their anti-periodic boundary conditions along the Euclidean time
direction have have their propagators with w,, = w The sum over the odd integers
can be performed by converting the sum into a contour integral as above. The only change

here is that we must introduce tanh(po3/2). Thus,

5 sk fon (e ()

1 1 1
— ——— F.11
An (2 eV’\/nﬁ—i-l) -y

Similarly using this result we can do the sum over the Matsubara frequencies for the

following,

1
Z / 271'[ iwm + VN0 (iw, l)

n=0,m=—o00

! 1 2+ A
_ Z / 477[ ( w2 _‘_/\;L) + (W72n+l2) - (wgn _’_)\;1)(0)7271_’_12)) . (F.12)

n=0m=—o0

We can now do the sum over each of the terms separately, which gives

—Btanh (5) + granh (18y/X,)
Z/ 2m/4 2(1- V)

(F.13)
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