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Abstract: Isospin-breaking (IB) effects are required for an evaluation of hadronic vacuum
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e+e− → π+π− channel, also IB in the subleading channels can become relevant for a detailed
understanding, e.g., of the comparison to lattice QCD. Here, we provide such an analysis
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to capture the leading infrared-enhanced effects in terms of a correction factor η3π that
generalizes the analog treatment of virtual and final-state photons in the 2π case. The
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1 Introduction

A detailed understanding of hadronic vacuum polarization (HVP) is critical for the inter-
pretation of the anomalous magnetic moment of the muon aµ = (g − 2)µ/2 [1–5],

aexp
µ = 116 592 061(41)× 10−11, (1.1)

given that the uncertainty in the Standard-Model (SM) prediction [6–33],

aSM
µ [e+e−] = 116 591 810(43)× 10−11, (1.2)

is dominated by the uncertainties propagated from e+e− → hadrons cross sections. Moreover,
while for the second-most-important hadronic contribution, hadronic light-by-light scattering,
subsequent studies in lattice QCD [34–38] and using data-driven methods [39–50] point
towards a consistent picture in line with the evaluation from ref. [6] and on track to meet
the precision requirements of the Fermilab experiment [51, 52], various tensions persist for
the case of HVP.1

First, the global HVP integral from the lattice-QCD evaluation of ref. [55] differs from
e+e− data [6] by 2.1σ. Confirmation by other lattice-QCD collaborations for the entire
integral is still pending, but the stronger tension in a partial quantity, the intermediate
window [56], has been established by several independent calculations [57–61]. Second, new
e+e− → hadrons data have become available since ref. [6], including the crucial e+e− → 2π

1Higher-order hadronic corrections [18, 33, 53, 54] are already under sufficient control.
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channel. Here, the measurement by SND20 [62] comports with previous experiments, but
the result by CMD-3 [63] differs from CMD-2 [64], SND05 [65], BaBar [66], KLOE [67], and
BESIII [68], at a combined level of 5σ.

Neither of these tensions are currently understood, and the patterns in which the
deviations occur do not point to a simple solution.2 That is, the relative size of the
deviations in the intermediate window and the total HVP integral, together with the
consequences for the hadronic running of the fine-structure constant [73–78], indicates that
the changes in the cross section cannot be contained to the 2π channel alone, but that
some component at intermediate energies beyond 1GeV in center-of-mass energy is required.
Besides further scrutiny of e+e− → π+π− [79–81], this motivates the consideration of
subleading channels such as e+e− → 3π [14] and e+e− → K̄K [82], which, in combination
with more calculations of window observables or related quantities [83], could help locate
the origin of the tensions.

In addition, the detailed comparison to lattice QCD requires the calculation of isospin-
breaking (IB) effects and other subleading corrections to the isosymmetric, quark-connected
correlators. The sum of the dominant IB effects from 2π, K̄K, and the radiative channels
π0γ, ηγ [84] agrees reasonably well with ref. [55], but in the context of strong IB a larger
result was observed, more in line with an inclusive estimate from chiral perturbation theory
(ChPT) [85]. Albeit consistent within uncertainties, it thus seems prudent to extend the
analysis to IB in e+e− → 3π, especially, since the BaBar analysis [86] reports a signal for
ρ–ω mixing, an effect dominated by strong IB. Apart from the direct comparison to lattice
QCD, such IB corrections are also of interest for an indirect, data-driven determination of
quark-disconnected contributions [87–89].

In this work, we address the two main IB effects in e+e− → 3π. First, we study the
role of radiative corrections, with the aim to provide a correction factor analogous to η2π(s)
in e+e− → 2π [90–93] that quantifies the combined correction due to virtual photons and
final-state radiation (FSR) as a function of the center-of-mass energy of the process. Given
that already the leading order in ChPT is determined by the Wess-Zumino-Witten (WZW)
anomaly [94, 95], whose derivative structure mandates the inclusion of contact terms to
render loop corrections UV finite [96–98], a complete treatment that captures all low-energy
terms at O(α) while, at the same time, accounting for the resonance physics of the process
becomes a formidable challenge. Instead, we make use of the observation from ref. [99] in
the context of e+e− → ππ(γ), i.e., that by far the most relevant numerical effect arises
from the infrared (IR) enhanced contributions that survive after the cancellation of IR
singularities between virtual and bremsstrahlung diagrams. We set up a framework that
allows us to evaluate these corrections using as input basis function for a Khuri-Treiman
(KT) treatment of γ∗ → 3π [100], and extrapolate the resulting correction factor η3π(s)
to the 3π threshold by means of a non-relativistic (NR) expansion. After a review of
our dispersive representation for e+e− → 3π in section 2, this formalism is presented in
section 3.

2Explanations in terms of physics beyond the SM have been considered [69–72], but rather elaborate
constructions would be required to evade other constraints on the parameter space.
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The second major IB effect is generated by ρ–ω mixing. On the one hand, this effect
is expected to be enhanced compared to e+e− → 2π since the ω couples more weakly to
the electromagnetic current than the ρ — in a vector-meson-dominance (VMD) picture
by a relative factor 3, which thus translates to almost an order of magnitude in the ρ–ω
mixing contribution. On the other hand, the large width of the ρ makes the effect much
less localized than in the 2π system, in such a way that the resulting integral becomes more
sensitive to the assumed line shape, and care is required to differentiate an IB effect from
background contributions to the cross section. To parameterize the line shape in a way
consistent with the definition of the mixing parameter ϵω as a residue in e+e− → 2π, we
follow the coupled-channel formalism from ref. [46], with the main features summarized
in section 4. Updated fits to the e+e− → 3π data base are presented in section 5, the
consequences for aµ in section 6. We summarize our results in section 7.

2 Dispersive parameterization of e+e− → 3π

As starting point for the study of IB effects, we use the dispersive representation of the
e+e− → 3π cross section from ref. [14], first derived in the context of the pion transition
form factor [26, 27, 101]. The key idea amounts to combining the normalization from
the WZW anomaly in terms of the pion decay constant Fπ [102–104] with a calculation
of the ππ rescattering corrections in the KT formalism, generalizing work on ω, ϕ → 3π
decays [105–110] to arbitrary photon virtualities γ∗ → 3π.

The general expression of the matrix element for γ∗(q) → π+(p+)π−(p−)π0(p0) is given
by

⟨0|jµ(0)|π+(p+)π−(p−)π0(p0)⟩ = −ϵµναβp
ν
+p

α
−p

β
0F(s, t, u; q2), (2.1)

with q = p++p−+p0, s = (p++p−)2, t = (p−+p0)2, u = (p++p0)2, and s+t+u = 3M2
π+q2.

We further decompose the invariant function F as

F(s, t, u; q2) = F(s, q2) + F(t, q2) + F(u, q2), (2.2)

and perform a partial-wave expansion, where due to Bose symmetry only odd partial waves
contribute [111]

F(s, t, u; q2) =
∑
ℓ odd

fℓ(s, q2)P ′
ℓ(zs). (2.3)

The kinematic quantities are

zs = cos θs = t− u

κ(s, q2) , κ(s, q2) = σπ(s)λ1/2(q2,M2
π , s),

λ(x, y, z) = x2 + y2 + z2 − 2(xy + yz + xz), σπ(s) =

√
1− 4M2

π

s
, (2.4)

and P ′
ℓ(z) denotes the derivatives of the Legendre polynomials. The decomposition (2.2)

strictly applies as long as the discontinuities of F - and higher partial waves are negligible,
as well justified below the onset of the ρ3(1690) resonance [14, 106, 112]. The resulting
cross section is expressed as the integral

σe+e−→3π(q2) = α2
∫ smax

smin
ds
∫ tmax

tmin
dt s[κ(s, q

2)]2(1− z2
s )

768π q6 |F(s, t, u; q2)|2, (2.5)
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with integration boundaries

smin = 4M2
π , smax =

(√
q2 −Mπ

)2
,

tmin/max = (E∗
− + E∗

0)2 −
(√

E∗2
− −M2

π ±
√
E∗2

0 −M2
π

)2
, (2.6)

and

E∗
− =

√
s

2 , E∗
0 = q2 − s−M2

π

2
√
s

. (2.7)

The momentum dependence of the partial wave f1(s, q2) is then predicted from the KT
formalism up to an overall normalization a(q2), which we parameterize following the same
ansatz as in ref. [14]

a(q2) = αA + q2

π

∫ ∞

sthr
ds′ ImA(s′)

s′(s′ − q2) + Cp(q2). (2.8)

The three terms correspond to the WZW normalization, resonance contributions (most
notably ω and ϕ, but also ω′(1420), ω′′(1650) to be able to describe the data up to 1.8GeV),
and a conformal polynomial to parameterize non-resonant contributions. For the WZW
normalization, the best estimate is still given by [108, 113]

αA = F3π

3 × 1.066(10), F3π = 1
4π2F 3

π

, (2.9)

a low-energy theorem that could be tested with future lattice-QCD calculations [114–116].
The resonant contributions are described by taking the imaginary part from

A(q2) =
∑
V

cV

M2
V − q2 − i

√
q2 ΓV (q2)

. (2.10)

The energy-dependent widths ΓV (q2) for V = ω, ϕ include the main decay channels, in
particular, ω → π0γ sets the integration threshold to sthr = M2

π0 . For the 3π channel, the
partial width accounts for the 3π rescattering as well, and the remaining tiny effects from
the neglected channels ω → 2π and ϕ → ηγ are corrected by a rescaling of the partial
widths. ω′ and ω′′ are assumed to exclusively decay to 3π for simplicity. As before, we fix
the ω′′ parameters to the PDG values [117], but for ω′ we observe that our fits do become
sensitive to the assumption for the mass parameter, and thus introduce Mω′ as an additional
degree of freedom in our representation. The conformal polynomial,

Cp(q2) =
p∑

i=1
ci
(
z(q2)i − z(0)i), z(q2) =

√
sinel − s1 −

√
sinel − q2

√
sinel − s1 +

√
sinel − q2 , (2.11)

is unchanged compared to ref. [14]: sinel = 1GeV2, s1 = −1GeV2, and the absence of an
S-wave cusp as well as the sum rule for αA are imposed as additional constraints on Cp(q2).
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3 Electromagnetic corrections to e+e− → 3π

In the 2π channel, the effect of radiative corrections on the total cross section is often
estimated using “FsQED,” i.e., scalar QED dressed with the pion form factor F V

π . In a
dispersive picture, this approach amounts to isolating pion-pole contributions and replacing
the constant ππγ coupling as predicted in scalar QED by the full matrix element. This
procedure captures the IR-enhanced contributions, which provide the dominant effect
compared to non-pion-pole ππγ states [99], leading to a universal correction factor

σe+e−→2π(γ)(q2) = σ
(0)
e+e−→2π(q

2)
(
1 + α

π
η2π(q2)

)
, σ

(0)
e+e−→2π(q

2) = πα2

3q2 σ3
π(q2)

∣∣F V
π (q2)

∣∣2,
(3.1)

with [90–93]

η2π(s) =
3(1 + σ2

π(s))
2σ2

π(s)
− 4 log σπ(s) + 6 log 1 + σπ(s)

2 + 1 + σ2
π(s)

σπ(s)
F (σπ(s))

−
(1− σπ(s))

(
3 + 3σπ(s)− 7σ2

π(s) + 5σ3
π(s)

)
4σ3

π(s)
log 1 + σπ(s)

1− σπ(s)
,

F (x) = −4Li2(x) + 4Li2(−x) + 2 log x log 1 + x

1− x
+ 3Li2

(1 + x

2

)
− 3Li2

(1− x

2

)
+ π2

2 ,

Li2(x) = −
∫ x

0
dt
log(1− t)

t
. (3.2)

For the 2π channel, the role of radiative corrections beyond the FsQED approximation is an
active subject of discussion [79, 118–121], especially in view of the CMD-3 measurement [63],
but for e+e− → 3π so far no robust estimates of radiative corrections are available at all,
which strongly motivates the focus on the IR-enhanced effects as the numerically dominant
contribution.

To isolate these effects, we proceed as follows: even when neglecting the discontinuities
of ℓ ≥ 3 partial waves, the full amplitude receives contributions beyond P -waves from the
projection of the crossed-channel amplitudes, i.e.,

f1(s, q2) = F(s, q2) + F̂(s, q2), (3.3)

where

F̂(s, q2) = 3
2

∫ 1

−1
dzs
(
1− z2

s

)
F
(
t(s, q2, zs), q2). (3.4)

For the pure P -wave subsystem, the combination of the IR-enhanced virtual-photon and
bremsstrahlung diagrams reproduces the functional form of η2π as given in eq. (3.2), with
the momentum not determined by the e+e− invariant mass q2, but by the invariant mass
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of the π+π− subsystem. Accordingly, we can capture this effect by writing

σe+e−→3π(γ)(q2) ∝
∫ smax

smin
ds
∫ tmax

tmin
dt s

[
κ(s, q2)

]2(1− z2
s )

×
∣∣∣∣(F(s, q2) + F̂(s, q2)︸ ︷︷ ︸

f1(s,q2)

)√
1 + α

π
η2π(s)

+
(
F(t, q2) + F(u, q2)− F̂(s, q2)︸ ︷︷ ︸

f3(s,q2)+···

)√
1 + α

π
η2π(sPT)

∣∣∣∣2, (3.5)

where all factors that drop out in

1 + α

π
η3π(q2) =

σe+e−→3π(γ)(q2)

σ
(0)
e+e−→3π(q2)

(3.6)

have been ignored and sPT = (
√
q2 −Mπ)2 denotes the position of the pseudothreshold.

This kinematic point is critical, since F̂(s, q2) diverges at sPT, in such a way that the
crossed-channel contribution starting at ℓ = 3 needs to be multiplied by a function that
ensures that the cancellation at sPT is maintained in the presence of radiative corrections.
The choice of this kinematic function is not unique, in eq. (3.5) we show the minimal variant
in which a constant correction is assumed. However, the ambiguity in this correction only
affects higher partial waves, and by definition cannot contribute to the IR-enhanced effects
in the P -wave subsystem. For this reason, we may choose to evaluate this correction factor
at s instead of sPT, which simplifies the result to

σe+e−→3π(γ)(q2) ∝
∫ smax

smin
ds
∫ tmax

tmin
dt s

[
κ(s, q2)

]2(1− z2
s )

×
∣∣∣F(s, q2) + F(t, q2) + F(u, q2)

∣∣∣2(1 + α

π
η2π(s)

)
. (3.7)

We checked that both variants indeed lead to minor differences, and will continue to work
with eq. (3.7) in the following. For the numerical evaluation of eq. (3.6) we use the KT
basis functions from ref. [122].

In analogy to η2π, the correction factor η3π(q2) involves a Coulomb divergence at
threshold ∝ (q2 − 9M2

π)−1/2,3 so that for the application in fits to e+e− → 3π cross-section
data it is convenient to provide numerical results for

η̄3π(q2) = η3π(q2)
√
1− 9M2

π

q2 . (3.8)

Moreover, the numerical solution of the KT equations becomes unstable close to threshold,
making the determination of the coefficient of the Coulomb divergence by other means
valuable to be able to interpolate to the range starting at

√
q2 ≈ 3.3Mπ where a numerical

solution is feasible. This can be achieved by a NR expansion. Starting from

η2π(s) =
π2

2σπ(s)
− 2 +O(σπ), (3.9)

3We emphasize that the Coulomb divergence ∝ (s−4M2
π)−1/2 is present in eq. (3.7) for every q2. However,

after integration over s and t, this translates into a divergence in q2 only at the three-pion threshold.
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7.5
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25.0

η
(q

2
)

Numerical results

η3π(q2) NR approximation

η2π((
√
q2 −Mπ)2)

Figure 1. Comparison of the numerical result for η3π (red solid), its NR approximation (red
dashed), and η2π shifted to the 3π threshold (blue solid).

we perform the substitution s = 4M2
π(1−x)+ (

√
q2 −Mπ)2x and expand

√
q2 = 3Mπ(1+ ϵ)

around threshold. The t integration and F(s, q2) + F(t, q2) + F(u, q2) can be ignored as
they cancel in the ratio, while the remaining kinematic dependence leads to

η3π(ϵ) =
256π

105
√
3ϵ

− 2 +O(
√
ϵ), (3.10)

and therefore
η̄3π(9M2

π) =
256π
105

√
2
3 . (3.11)

The numerical result for η3π is shown in figure 1, in comparison to the NR approximation
and η2π shifted to the 3π threshold. From this comparison it follows that η3π is really
distinctly different from η2π, reflected by the increase that is observed in addition to the
change of threshold. In figure 2, we also show the result for η̄3π, as we will use in the
implementation together with the threshold factor in eq. (3.8).

4 ρ–ω mixing in e+e− → 3π

ρ–ω mixing in e+e− → 2π can be implemented via a correction factor [81]

Gω(s) = 1 + s

π

∫ ∞

9M2
π

ds′ Re ϵω

s′(s′ − s) Im
[

s′

(Mω − i
2Γω)2 − s′

]1− 9M2
π

s′

1− 9M2
π

M2
ω

4

+ s

π

∫ ∞

M2
π0

ds′ Im ϵω

s′(s′ − s)Re
[

s′

(Mω − i
2Γω)2 − s′

]1−
M2

π0
s′

1−
M2

π0
M2

ω


3

, (4.1)
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NR expansion
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Figure 2. 3π FSR factor η̄3π, with the threshold divergence removed according to eq. (3.8) (the
result is available as text file in the supplementary material attached to this paper).

which amounts to a dispersively improved variant of a Breit-Wigner ansatz

gω(s) = 1 + ϵωs

M2
ω − s− iMωΓω

(4.2)

that, besides removing the unphysical imaginary part below the 3π threshold, also allows
for the π0γ cut and thus an IB phase in ϵω. In particular, eq. (4.1) shows that ρ–ω mixing
in e+e− → 2π is intimately related to the residue at the ω pole, since the small width of
the ω, together with the threshold and asymptotic constraints on the line shape, leaves
little freedom in the construction of Gω(s).

In contrast, ρ–ω mixing in e+e− → 3π is far less localized, and due to the large width
of the ρ a significant sensitivity to the assumed line shape off the resonance is expected. In
particular, the absence of sharp interference features in the cross section could potentially
lead one to misidentify a non-resonant background as an IB contribution. To mitigate
such effects, we use the line shape as predicted by the coupled-channel formalism from
ref. [46] for e+e−, π+π−, and 3π, constructed for a consistent implementation of ρ–ω mixing
in e+e− → 2π, η′ → π+π−γ, and the η′ transition form factor. The main idea follows
ref. [123] (see also refs. [124, 125]): the full multichannel scattering amplitude arises from
iterating a scattering potential via self energies, combined with elastic ππ rescattering as
described by the Omnès function [126] in a way that is consistent with analyticity and
unitarity. Including the photon and ω poles in the resonance potential, the formalism then
predicts the shape of the amplitudes in the various channels that follows from a dispersive
representation of the self energies together with the multichannel dynamics.
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As a first step, the formalism reproduces the vacuum polarization (VP) function

Π(s) = Πe(s) + Ππ(s)
(
1 + 2sϵω

M2
ω − s− iMωΓω

)
+Πω(s) +O(ϵ2

ω), (4.3)

where the ω contribution is represented in a narrow-width approximation

Πω(s) =
1
g2

ωγ

e2s

s−M2
ω + iMωΓω

, (4.4)

while the ρ remains resolved as a 2π resonance

Ππ(s) = − e2s

48π2

∫ ∞

4M2
π

ds′σ
3
π(s′)|F V

π (s′)|2

s′(s′ − s− iϵ) . (4.5)

Πe(s) in eq. (4.3) gives the leptonic VP, and ρ–ω mixing is represented by a product of
Ππ(s) with the narrow-width ω propagator. For Γρ → 0, Ππ(s) collapses to

Ππ(s) → Πρ(s) =
1
g2

ργ

e2s

s−M2
ρ + iMρΓρ

. (4.6)

The couplings introduced in eqs. (4.4) and (4.6) are related to the dilepton decay V → e+e−

via ΓV →e+e− = 4πα2MV /(3|gV γ |2); numerically, we will use |gωγ | = 16.2(8) [46] and
|gργ | = 4.9(1) [112], where the latter determination invokes an analytic continuation
to the ρ pole instead of a narrow-resonance estimate on the real axis. The deviation
of |gωγ |/|gργ | = 3.3(2) from 3 quantifies the deviation from the VMD expectation in
these couplings.

Most importantly, the same formalism also reproduces eq. (4.2) for ρ–ω mixing in
e+e− → 2π, and predicts the analog correction for e+e− → 3π [46]

gπ(s) = 1−
g2

ωγϵω

e2 Ππ(s). (4.7)

In the narrow-width limit (4.6) one thus finds the exact same form apart from ϵω →
ϵωg

2
ωγ/g

2
ργ , and thus the VMD enhancement factor expected from the smaller photon

coupling of the ω.4 However, instead of having to rely on a narrow-width approximation for
the ρ, we can use the full result (4.7), which ensures that the mixing parameter ϵω is defined
in a way consistent with e+e− → 2π, and that the line shape correctly implements the
dispersion relation for the two-pion self energy. In practice, we will use eq. (4.5) with ρ–ω
mixing in F V

π (s) switched off, given that such higher-order IB effects cannot be described
in a consistent manner.

From similar arguments, we can glean some intuition about the size of IB to be expected
in the different channels when inserted into the HVP integral. To this end, we write the
HVP master formula as [129, 130]

aHVP
µ =

(αmµ

3π
)2 ∫ ∞

sthr
dsK̂(s)

s2 Rhad(s) = −
(αmµ

3π
)2 ∫ ∞

sthr
dsK̂(s)

s2
12π
e2 ImΠ(s), (4.8)

4In the typical conventions [127, 128], the coupling strength is proportional to 1/gV γ .
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with

K̂(s) = 3s
m2

µ

[
x2

2 (2− x2) + (1 + x2)(1 + x)2

x2

(
log(1 + x)− x+ x2

2

)
+ 1 + x

1− x
x2 log x

]
,

x = 1− σµ(s)
1 + σµ(s)

, σµ(s) =

√
1−

4m2
µ

s
. (4.9)

In the narrow-width limit, one thus finds

aρ
µ =

(αmµ

3π
)2 K̂(M2

ρ )
M2

ρ

12π2

|gργ |2
≃ 482× 10−10,

aω
µ =

(αmµ

3π
)2 K̂(M2

ω)
M2

ω

12π2

|gωγ |2
≃ 43.6× 10−10, (4.10)

both within a few percent of the expected contribution when integrating around the ρ and
ω resonances in the 2π and 3π cross sections, respectively. Based on eq. (4.3), the ρ–ω
mixing contribution becomes

aρ–ω
µ =

(αmµ

3π
)2 ∫ ∞

sthr
ds K̂(s)24πϵω

|gργ |2
Im
[ 1
s−M2

ρ + iMρΓρ

1
s−M2

ω + iMωΓω

]
. (4.11)

This expression is of course rather sensitive to integration range and line shape, clearly, for
such a subtle interference a narrow-width approximation for the ρ is not adequate. Still, it
is striking that the numerical evaluation of eq. (4.11) produces |aρ–ω

µ | ≲ 0.5× 10−10, while
even a simple narrow-width formula such as eq. (4.6) for F V

π (s) multiplied with eq. (4.2)
gives results for the ρ–ω contribution in the 2π channel much closer to the detailed analysis
of ref. [81]. Ultimately, this behavior seems to arise because the entire ρ–ω mixing effect
from eq. (4.3) should not be attributed to the 2π channel alone, instead, a partial-fraction
decomposition

1
s−M2

ρ + iMρΓρ

1
s−M2

ω + iMωΓω
= 1

M2
ρ −M2

ω − iMρΓρ+ iMωΓω

×
( 1
s−M2

ρ + iMρΓρ
− 1
s−M2

ω + iMωΓω

)
(4.12)

suggests that a ρ–ω mixing contribution should arise in both the 2π and 3π channel, and
while the detailed phenomenology will again crucially depend on the line shape, evaluating
both terms in eq. (4.12) separately in the integral (4.11) does produce sizable cancellations.
From this perspective, at least a partial cancellation of the ρ–ω mixing contributions in the
actual e+e− → 2π and e+e− → 3π cross sections would not appear surprising.

5 Fits to e+e− → 3π data

5.1 Fits to data base prior to BaBar 2021

As a first step, we update the combined fit presented in ref. [14], to reflect several recent
developments and provide a first demonstration of the consequences of the IB corrections
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included in the new fit function. Regarding the data base, the SND data set [131] has been
superseded by the update from ref. [132], and likewise ref. [133] has been superseded by
ref. [86], which we will consider in section 5.2. All other data sets from SND [134–136] and
CMD-2 [137–140] are treated as described in ref. [14], while the old data from DM1 [141],
DM2 [142], and ND [143] are no longer included. The motivation for this cut is given by
inconsistencies that exist especially in the energy range between the ω and ϕ resonances
compared to the modern data sets. Previously, these tensions in the data base essentially
resulted in a slightly worse χ2/dof, but, as expected, the size of the ρ–ω mixing contribution
depends more strongly on the line shape between the resonances, in such a way that such
inconsistencies can no longer be tolerated without distorting the ρ–ω mixing signal. We
also update the resonance parameters of the excited ω states [117]

Mω′ = 1410(60)MeV, Γω′ = 290(190)MeV,

Mω′′ = 1670(30)MeV, Γω′′ = 315(35)MeV. (5.1)

However, given that the ω′ parameters are rather uncertain, we also considered variants in
which Mω′ , Γω′ are allowed to vary, revealing in some cases a relevant sensitivity to Mω′ ,
which will therefore be added as a free parameter. A D’Agostini bias [144] from correlated
systematic errors is avoided by an iterative procedure [145], see ref. [14] for more details.

The new fit function decomposes as follows: the normalization a(q2) is parameterized as
in eq. (2.8), with the ω contribution multiplied by gπ(q2) defined as in eq. (4.7). Furthermore,
all data sets are assumed to contain FSR corrections, which we remove using η3π(q2) prior
to the fit. Only in the final step, the calculation of the HVP loop integral (4.8), are the FSR
corrections added back. This procedure follows the same approach as for e+e− → π+π−,
since the dispersive representation, strictly speaking, only applies for the amplitudes from
which virtual-photon corrections have been removed.

The results for this updated fit are shown in table 1. First of all, we observe a clear
improvement of the χ2/dof when including ρ–ω mixing, from about 1.4 to 1.2, which is
reflected by the fact that all fits prefer a non-zero value of Re ϵω at high significance (about
5σ in terms of the fit uncertainty). Remarkably, the resulting value of Re ϵω comes out
largely consistent with the extraction from e+e− → π+π−, Re ϵω = 1.97(3) × 10−3 [81].
Moreover, since the fits are still not perfect, suggesting residual systematic tensions in the
data base, we will inflate the final errors by a scale factor S =

√
χ2/dof. Table 1 also

includes the entire HVP integral a3π
µ , the FSR contribution aFSR

µ , and the ρ–ω mixing
contribution aρ–ω

µ , all integrated up to 1.8GeV. To isolate first-order IB effects, we follow
ref. [81] and define aFSR

µ for ϵω = 0 and aρ–ω
µ with FSR corrections switched off. A more

detailed account of the consequences for IB effects in aµ will be given in section 6, but
one can already anticipate that aρ–ω

µ comes out large and negative, leading to a significant
cancellation with aρ–ω

µ [2π] = 3.68(17)× 10−10 [81].
To understand how robust this cancellation is, it is critical to study the systematic

uncertainties in aρ–ω
µ [3π]. As argued in section 4, the main effect is expected from the

assumptions on the line shape, which we determined in such a way that analyticity and
unitarity constraints from the coupled-channel system are incorporated, in order to ensure
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nconf = 0 nconf = 1

pconf 2 3 4 2 3 4

χ2/dof 274.4/228 271.2/227 270.4/226 287.5/228 284.5/227 271.6/226

= 1.21 = 1.19 = 1.20 = 1.26 = 1.25 = 1.20

p-value 0.02 0.02 0.02 0.005 0.006 0.02

Mω [MeV] 782.70(3) 782.69(3) 782.70(3) 782.70(3) 782.70(3) 782.69(3)

Γω [MeV] 8.73(3) 8.74(3) 8.74(4) 8.73(3) 8.73(3) 8.71(4)

Mϕ [MeV] 1019.20(1) 1019.19(1) 1019.19(1) 1019.20(1) 1019.20(1) 1019.21(1)

Γϕ [MeV] 4.25(3) 4.24(3) 4.24(3) 4.25(3) 4.25(3) 4.26(3)

Mω′ [GeV] 1.433(17) 1.416(24) 1.408(22) 1.383(11) 1.392(10) 1.425(29)

cω [GeV−1] 2.91(2) 2.92(2) 2.93(3) 2.93(2) 2.92(2) 2.88(3)

cϕ [GeV−1] −0.388(3) −0.388(3) −0.387(3) −0.388(3) −0.388(3) −0.390(3)

cω′ [GeV−1] −0.22(4) −0.12(6) −0.15(7) −0.23(5) −0.29(7) 0.13(7)

cω′′ [GeV−1] −1.64(7) −1.54(8) −1.51(10) −0.89(6) −0.93(7) 3.37(7)

c1 [GeV−3] −0.34(8) −0.25(9) −0.16(14) −1.31(9) −1.30(9) −2.14(6)

c2 [GeV−3] −1.26(5) −1.34(7) −1.40(10) −0.29(10) −0.32(10) −1.81(5)

c3 [GeV−3] — −0.53(7) −0.50(8) — −0.23(8) −0.62(6)

c4 [GeV−3] — — 1.38(9) — — 2.80(12)

104 × ξCMD-2 1.3(5) 1.2(5) 1.2(5) 1.3(5) 1.3(5) 1.3(5)

103 × Re ϵω 1.48(28) 1.42(28) 1.46(28) 1.62(28) 1.61(29) 1.39(30)

1010 × a3π
µ |≤1.8 GeV 45.68(48) 45.84(49) 46.01(54) 45.83(51) 45.77(51) 45.18(51)

1010 × aFSR
µ [3π] 0.51(1) 0.51(1) 0.51(1) 0.51(1) 0.51(1) 0.50(1)

1010 × aρ–ω
µ [3π] −2.62(49) −2.54(49) −2.61(49) −2.95(50) −2.91(51) −2.32(49)

Table 1. Fits to the combination of SND [132, 134–136] and CMD-2′ [137–140] (the prime indicates
the data selection as detailed in ref. [14], including the energy calibration ξCMD-2). pconf denotes the
number of degrees of freedom in the conformal polynomial Cp(q2), nconf refers to the asymptotic
behavior ImCp(q2) ∼ q−(2nconf+1). All couplings are given in units of 1/e = 1/

√
4πα, in accordance

with ref. [14]. The uncertainties refer to fit errors only, they are not yet rescaled by S =
√
χ2/dof.

consistency with the 2π contribution. Beyond such considerations, the analysis from ref. [81]
demonstrates that in the 2π case the biggest impact on the line shape arises from the small
IB phase δϵ in ϵω, generated by π0γ and other radiative channels. To quantify its impact,
we consider three scenarios: (i) δϵ = 0 (as assumed in table 1), (ii) δϵ = 3.5◦ (as expected
from narrow-resonance arguments [81]), and (iii) a free phase δϵ as additional fit parameter.
To avoid unphysical imaginary parts below threshold, we implement this phase via

ϵω → Re ϵω + iIm ϵω

(
1−

M2
π0

q2

)3

(
1−

M2
π0

M2
ω

)3 θ
(
q2 −M2

π0
)
, (5.2)
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δϵ = 3.5◦ δϵ free

pconf 2 3 4 2 3 4

χ2/dof 276.4/228 271.4/227 269.9/226 275.0/227 271.2/226 269.8/225

= 1.21 = 1.20 = 1.19 = 1.21 = 1.20 = 1.20

p-value 0.02 0.02 0.02 0.02 0.02 0.02

Mω [MeV] 782.69(3) 782.69(3) 782.70(3) 782.70(3) 782.69(3) 782.70(3)

Γω [MeV] 8.71(3) 8.73(3) 8.74(4) 8.74(4) 8.74(4) 8.73(3)

Mϕ [MeV] 1019.20(1) 1019.19(1) 1019.20(1) 1019.20(1) 1019.19(1) 1019.20(2)

Γϕ [MeV] 4.25(3) 4.24(3) 4.24(3) 4.25(3) 4.24(3) 4.24(3)

Mω′ [GeV] 1.432(16) 1.415(24) 1.405(19) 1.433(17) 1.416(24) 1.403(19)

cω [GeV−1] 2.92(2) 2.93(2) 2.95(3) 2.90(3) 2.92(3) 2.95(4)

cϕ [GeV−1] −0.389(3) −0.388(3) −0.387(3) −0.388(3) −0.388(3) −0.387(3)

cω′ [GeV−1] −0.22(4) −0.12(6) −0.16(7) −0.22(4) −0.12(6) −0.16(7)

cω′′ [GeV−1] −1.65(6) −1.55(8) −1.51(9) −1.63(7) −1.54(8) −1.50(9)

c1 [GeV−3] −0.33(8) −0.24(9) −0.12(15) −0.34(8) −0.25(10) −0.09(18)

c2 [GeV−3] −1.26(5) −1.34(7) −1.43(10) −1.26(5) −1.34(7) −1.45(12)

c3 [GeV−3] — −0.54(7) −0.50(8) — −0.53(7) −0.49(8)

c4 [GeV−3] — — 1.40(9) — — 1.42(10)

104 × ξCMD-2 1.3(5) 1.2(5) 1.3(5) 1.3(5) 1.2(5) 1.3(5)

103 × Re ϵω 1.49(29) 1.45(29) 1.51(29) 1.43(29) 1.43(29) 1.54(30)

δϵ [◦] 3.5 3.5 3.5 −4.2(7.1) 0.5(7.2) 5.4(7.5)

1010 × a3π
µ |≤1.8 GeV 45.56(48) 45.73(49) 45.95(53) 45.82(49) 45.82(50) 45.94(57)

1010 × aFSR
µ [3π] 0.51(1) 0.51(1) 0.51(1) 0.50(1) 0.51(1) 0.52(1)

1010 × aρ–ω
µ [3π] −2.99(58) −2.92(58) −3.08(58) −2.13(93) −2.59(95) −3.33(1.17)

Table 2. Same as table 1 (nconf = 0), with δϵ = 3.5◦ (left) and a free fit parameter (right).

motivated by the main decay channel ρ → π0γ → ω that can generate such a phase. The
results for (ii) and (iii) collected in table 2 show that the data are not sensitive to δϵ, but the
variation in aρ–ω

µ provides some indication for the uncertainty associated with the assumed
line shape.

5.2 Fits to BaBar 2021

Next, we perform the same fits as in section 5.1 to the BaBar data [86]. This data set is
split into two parts, above and below

√
q2 = 1.1GeV. For the data set below 1.1GeV, we

use the statistical and systematic covariance matrices as provided in ref. [86], for the data
set above 1.1GeV we assume the systematic errors to be 100% correlated. In either case we
use the bare cross sections as provided, again interpreted as including soft FSR effects.

In addition to the iterative procedure required to obtain unbiased fit results, another
complication for data taken using initial-state radiation (ISR) concerns the energy calibration.
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nconf = 0 nconf = 1

pconf 2 3 4 2 3 4

χ2/dof 183.7/130 183.7/129 181.7/128 219.7/130 216.7/129 214.7/128

= 1.41 = 1.42 = 1.42 = 1.69 = 1.68 = 1.68

p-value 0.001 0.001 0.001 1× 10−6 2× 10−6 2× 10−6

Mω [MeV] 782.54(1) 782.54(1) 782.54(1) 782.54(1) 782.54(1) 782.54(1)

Γω [MeV] 8.72(2) 8.72(2) 8.72(2) 8.70(2) 8.69(2) 8.69(2)

Mϕ [MeV] 1019.28(1) 1019.28(1) 1019.28(1) 1019.28(1) 1019.28(1) 1019.28(1)

Γϕ [MeV] 4.29(1) 4.29(1) 4.29(1) 4.29(1) 4.29(1) 4.29(1)

Mω′ [GeV] 1.457(8) 1.456(9) 1.471(9) 1.394(5) 1.400(6) 1.411(9)

cω [GeV−1] 2.96(2) 2.96(2) 2.95(2) 2.94(2) 2.94(2) 2.93(3)

cϕ [GeV−1] −0.380(2) −0.380(3) −0.379(2) −0.378(2) −0.378(2) −0.378(2)

cω′ [GeV−1] −0.37(5) −0.37(8) −0.48(10) −0.46(6) −0.51(7) −0.53(7)

cω′′ [GeV−1] −2.04(7) −2.03(14) −2.44(26) −1.11(5) −1.16(5) −1.25(8)

c1 [GeV−3] 0.24(11) 0.23(13) 0.29(11) −1.11(6) −1.06(6) −1.07(6)

c2 [GeV−3] −1.15(4) −1.16(7) −0.76(25) −0.16(7) −0.14(6) −0.09(8)

c3 [GeV−3] — −1.01(15) −1.45(27) — −0.33(7) −0.31(7)

c4 [GeV−3] — — 1.17(12) — — −0.09(8)

103 × Re ϵω 1.73(22) 1.73(22) 1.70(22) 1.85(23) 1.83(23) 1.79(24)

1010 × a3π
µ |≤1.8 GeV 45.98(44) 45.99(44) 45.84(46) 45.78(44) 45.81(42) 45.74(44)

1010 × aFSR
µ [3π] 0.51(1) 0.51(1) 0.51(1) 0.51(1) 0.51(1) 0.50(1)

1010 × aρ–ω
µ [3π] −3.09(38) −3.09(38) −3.02(38) −3.33(41) −3.31(41) −3.24(42)

Table 3. Same as table 1, but for the BaBar 2021 data set [86].

In contrast to the energy-scan experiments SND or CMD-2, the cross-section data do not
correspond to a set beam energy, but are provided in bins, with events distributed in
accordance with the underlying cross section. Accordingly, the actual observable for a bin[
q2

i,min, q
2
i,max

]
is given by

f(xi) =
1

q2
i,max − q2

i,min

∫ q2
i,max

q2
i,min

dq2 σe+e−→3π(γ)(q2), (5.3)

or, equivalently, the actual q2
i , replacing the center of the bin, can be obtained by solving

f(xi) = σe+e−→3π(γ)(q2
i ). The results of the fits are summarized in tables 3 and 4. In general,

the conclusions regarding ρ–ω mixing are similar as for the previous fits in section 5.1. While
there is some indication that a positive phase is favored, the gain in the χ2 is marginal, and we
conclude that also in this case the data are hardly sensitive to δϵ. The real part Re ϵω comes
out slightly larger, but, within uncertainties, in agreement with the direct-scan experiments.
More problematic is the discrepancy in the pole parameters of ω and ϕ, with Mω significantly
below the values extracted from the direct-scan experiments, and Mϕ significantly above.
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δϵ = 3.5◦ δϵ free

pconf 2 3 4 2 3 4

χ2/dof 179.7/130 179.6/129 178.1/128 176.3/129 174.3/128 174.1/127

= 1.38 = 1.39 = 1.39 = 1.37 = 1.36 = 1.37

p-value 0.003 0.002 0.002 0.004 0.004 0.004

Mω [MeV] 782.54(1) 782.54(1) 782.54(1) 782.54(1) 782.54(1) 782.54(1)

Γω [MeV] 8.71(2) 8.71(2) 8.71(2) 8.71(2) 8.70(2) 8.70(2)

Mϕ [MeV] 1019.28(1) 1019.28(1) 1019.28(1) 1019.28(1) 1019.28(1) 1019.28(1)

Γϕ [MeV] 4.29(1) 4.29(1) 4.29(1) 4.29(1) 4.29(1) 4.29(1)

Mω′ [GeV] 1.457(2) 1.454(12) 1.466(10) 1.454(9) 1.443(9) 1.448(17)

cω [GeV−1] 2.98(2) 2.98(2) 2.97(2) 3.01(3) 3.03(3) 3.02(3)

cϕ [GeV−1] −0.380(2) −0.380(2) −0.379(2) −0.379(2) −0.379(2) −0.379(2)

cω′ [GeV−1] −0.40(4) −0.37(8) −0.45(10) −0.44(6) −0.37(7) −0.38(8)

cω′′ [GeV−1] −2.14(7) −2.08(14) −2.40(24) −2.30(10) −2.18(13) −2.27(21)

c1 [GeV−3] 0.36(10) 0.32(13) 0.35(11) 0.57(14) 0.55(14) 0.53(14)

c2 [GeV−3] −1.13(3) −1.15(7) −0.84(23) −1.08(5) −1.15(7) −1.06(21)

c3 [GeV−3] — −1.06(16) −1.39(25) — −1.13(13) −1.21(23)

c4 [GeV−3] — — 1.25(11) — — 1.45(11)

103 × Re ϵω 1.84(22) 1.84(22) 1.81(23) 1.93(23) 1.96(22) 1.95(23)

δϵ [◦] 3.5 3.5 3.5 9.8(3.1) 12.2(3.2) 11.9(3.5)

1010 × a3π
µ |≤1.8 GeV 45.92(43) 45.95(45) 45.82(45) 45.77(44) 45.82(45) 45.79(49)

1010 × aFSR
µ [3π] 0.52(1) 0.52(1) 0.52(1) 0.53(1) 0.54(1) 0.54(1)

1010 × aρ–ω
µ [3π] −3.75(45) −3.75(45) −3.67(45) −4.83(72) −5.31(72) −5.20(82)

Table 4. Same as table 2, but for the BaBar 2021 data set [86].

5.3 Global fit

From the fits presented in sections 5.1 and 5.2 it is clear that some tensions in the data base
are present that will prevent a global fit of acceptable fit quality, in fact, already the fits to the
BaBar data [86] alone display rather low p-values. In the end, we will attempt to remedy this
shortcoming by introducing scale factors S =

√
χ2/dof to try and include unaccounted-for

systematic effects. More critical than the overall fit quality is the mismatch in Mω and Mϕ

into opposite directions, which cannot be resolved via a linear shift in the energy calibration,
as was included in ref. [14] for part of the CMD-2 data [140] and vital for a global analysis of
e+e− → π+π− [13, 81]. However, a consistent energy calibration of ISR data covering both
the ω and ϕ resonances is challenging, as reflected by the additional uncertainties ∆Mω =
0.06MeV and ∆Mϕ = 0.08MeV quoted in ref. [86].5 We emphasize that the agreement
with PDG parameters found in ref. [86] is accidental, relying on including the ω mass

5We thank M. Davier and V. Druzhinin for their assessment of the expected accuracy of the energy
calibration in the ISR data.
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nconf = 0 nconf = 1

pconf 2 3 4 2 3 4

χ2/dof 504.9/368 494.7/367 481.9/366 545.9/368 537.8/367 537.3/366

= 1.37 = 1.35 = 1.32 = 1.48 = 1.47 = 1.47

p-value 3× 10−6 1× 10−5 4× 10−5 4× 10−9 1× 10−8 1× 10−8

Mω [MeV] 782.70(3) 782.70(3) 782.70(3) 782.71(3) 782.70(3) 782.70(3)

Γω [MeV] 8.70(2) 8.71(2) 8.72(2) 8.71(2) 8.70(2) 8.70(2)

Mϕ [MeV] 1019.21(1) 1019.21(1) 1019.21(1) 1019.22(1) 1019.22(1) 1019.22(1)

Γϕ [MeV] 4.27(1) 4.27(1) 4.27(1) 4.27(1) 4.27(1) 4.27(1)

Mω′ [GeV] 1.445(10) 1.436(23) 1.418(11) 1.395(6) 1.403(6) 1.408(9)

cω [GeV−1] 2.93(1) 2.93(1) 2.96(2) 2.95(1) 2.94(1) 2.94(2)

cϕ [GeV−1] −0.380(1) −0.380(1) −0.381(2) −0.381(1) −0.381(1) −0.381(1)

cω′ [GeV−1] −0.24(3) −0.15(4) −0.23(5) −0.29(3) −0.38(4) −0.37(5)

cω′′ [GeV−1] −1.77(4) −1.67(5) −1.59(6) −1.02(4) −1.09(4) −1.13(7)

c1 [GeV−3] −0.18(5) −0.13(6) 0.03(8) −1.16(5) −1.11(5) −1.11(5)

c2 [GeV−3] −1.21(3) −1.29(4) −1.43(6) −0.16(5) −0.16(4) −0.15(5)

c3 [GeV−3] — −0.65(5) −0.57(6) — −0.41(5) −0.40(5)

c4 [GeV−3] — — 1.35(5) — — −0.03(5)

104 × ξCMD-2 1.4(5) 1.3(5) 1.3(5) 1.4(5) 1.4(5) 1.4(5)

103 × ξBaBar 1.3(2) 1.3(2) 1.3(2) 1.3(2) 1.3(2) 1.3(2)

103 × ξ′
BaBar [GeV−1] −2.3(3) −2.3(4) −2.3(3) −2.3(4) −2.3(4) −2.3(4)

103 × Re ϵω 1.51(18) 1.49(18) 1.60(17) 1.71(18) 1.68(17) 1.65(19)

1010 × a3π
µ |≤1.8 GeV 45.74(31) 45.91(32) 46.26(33) 45.96(31) 45.92(31) 45.86(32)

1010 × aFSR
µ [3π] 0.51(0) 0.51(0) 0.52(0) 0.51(0) 0.51(0) 0.51(0)

1010 × aρ–ω
µ [3π] −2.70(31) −2.68(31) −2.91(30) −3.14(31) −3.08(30) −3.03(33)

Table 5. Same as table 1, but for the global fit to SND [132, 134–136], CMD-2′ [137–140], and
BaBar [86].

determination from p̄p → ωπ0π0 [146] in the average despite being in conflict with e+e− →
3π, but acknowledge that the associated uncertainties make it appear likely that the energy
calibration in the direct-scan data should be considered more robust. To account for the
tensions in Mω and Mϕ in a minimal fashion, we thus allow for a quadratic energy rescaling

√
s →

√
s+ ξ

(√
s− 3Mπ

)
+ ξ′

(√
s− 3Mπ

)2 (5.4)

in the fit to ref. [86].6 The results of this global fit are summarized in tables 5 and 6. In
particular, the comparison of the fits with δϵ = 0, δϵ = 3.5◦, and a free δϵ again shows that
the sensitivity to this parameter is small, with marginal changes in the fit quality. In contrast,
fits with improved asymptotic behavior, nconf = 1, do display a significantly worse χ2/dof.

6We apply this rescaling only to the data set below 1.1GeV, since no tensions arise in the fit of the
data above.
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δϵ = 3.5◦ δϵ free

pconf 2 3 4 2 3 4

χ2/dof 512.7/368 497.2/367 479.4/366 498.4/367 494.1/366 478.3/365

= 1.39 = 1.35 = 1.31 = 1.36 = 1.35 = 1.31

p-value 8× 10−7 7× 10−6 6× 10−5 6× 10−6 9× 10−6 6× 10−5

Mω [MeV] 782.69(2) 782.70(3) 782.70(2) 782.70(3) 782.70(2) 782.70(2)

Γω [MeV] 8.69(2) 8.70(2) 8.72(2) 8.72(2) 8.71(2) 8.71(2)

Mϕ [MeV] 1019.22(1) 1019.21(1) 1019.21(1) 1019.21(1) 1019.21(1) 1019.22(1)

Γϕ [MeV] 4.27(1) 4.27(1) 4.27(1) 4.27(1) 4.27(1) 4.27(1)

Mω′ [GeV] 1.444(9) 1.432(5) 1.412(10) 1.445(10) 1.437(3) 1.407(6)

cω [GeV−1] 2.93(1) 2.94(2) 2.97(2) 2.91(2) 2.93(2) 2.99(1)

cϕ [GeV−1] −0.380(1) −0.380(1) −0.382(1) −0.381(1) −0.380(1) −0.381(1)

cω′ [GeV−1] −0.25(3) −0.13(4) −0.23(5) −0.23(3) −0.16(4) −0.24(2)

cω′′ [GeV−1] −1.79(4) −1.68(5) −1.59(6) −1.72(5) −1.67(5) −1.58(1)

c1 [GeV−3] −0.15(5) −0.10(5) 0.11(8) −0.22(6) −0.15(6) 0.19(4)

c2 [GeV−3] −1.20(3) −1.30(4) −1.48(5) −1.22(3) −1.28(4) −1.51(3)

c3 [GeV−3] — −0.65(4) −0.56(5) — −0.65(5) −0.55(1)

c4 [GeV−3] — — 1.40(5) — — 1.44(2)

104 × ξCMD-2 1.4(5) 1.3(5) 1.3(5) 1.3(5) 1.2(5) 1.3(5)

103 × ξBaBar 1.3(2) 1.3(2) 1.3(2) 1.3(2) 1.3(2) 1.3(2)

103 × ξ′
BaBar [GeV−1] −2.3(3) −2.3(4) −2.3(3) −2.3(3) −2.3(3) −2.3(3)

103 × Re ϵω 1.45(18) 1.49(18) 1.68(17) 1.44(18) 1.47(17) 1.72(10)

δϵ [◦] 3.5 3.5 3.5 −7.2(3.3) −2.2(3.6) 6.8(1.8)

1010 × a3π
µ |≤1.8 GeV 45.61(30) 45.81(31) 46.22(32) 46.00(31) 45.97(32) 46.17(26)

1010 × aFSR
µ [3π] 0.51(0) 0.51(0) 0.52(0) 0.50(0) 0.51(0) 0.53(0)

1010 × aρ–ω
µ [3π] −2.93(36) −3.04(37) −3.47(34) −1.87(46) −2.42(51) −3.97(34)

Table 6. Same as table 2, but for the global fit to SND [132, 134–136], CMD-2′ [137–140], and
BaBar [86].

To assign uncertainties to our results we thus proceed as follows. First, the statistical
errors are inflated by the scale factor S =

√
χ2/dof. Following ref. [14], we take the

fits with pconf = 3 to define the central values, as several fits with pconf = 4 already
display signs of overfitting. The systematic error from the truncation of the conformal
polynomial is then estimated as the maximum difference compared to the fit variants with
pconf = 2, 4. In addition, in ref. [14] we included the variation to fits with nconf = 1, but
given the observations above this recipe no longer appears appropriate with our improved
dispersive formalism. The remaining uncertainties are better represented by scanning over
the sensitivity to δϵ, given that these fits are not distinguished by the χ2 criterion. In view
of the narrow-width arguments in favor of a small phase δϵ = 3.5(1.0)◦ [81], combined with
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Figure 3. Fit to the bare e+e− → 3π data sets as detailed in section 5.1. The gray band shows the
total uncertainty, while the black band represents the fit uncertainty only. The difference between
the two is hardly visible on the logarithmic plot, as they are of similar size in most regions.

the lack of sensitivity to this phase in the e+e− → 3π data themselves, we quote the results
at δϵ = 0 as central values, while assigning the change to δϵ = 3.5◦ as an additional source
of systematic uncertainty. Our central fit is illustrated in figure 3, with zoom-in views of
the ω and ϕ regions in figure 4.

With this procedure, we find

Mω = 782.697(32)(4)(4)[32]MeV, Γω = 8.711(21)(12)(10)[26]MeV,

Mϕ = 1019.211(17)(4)(1)[17]MeV, Γϕ = 4.270(13)(3)(1)[13]MeV,

Mω′ = 1436(26)(17)(6)[32]MeV,

Re ϵω = 1.49(21)(11)(8)[25]× 10−3, (5.5)

where the errors refer to statistics, truncation of the conformal polynomial, dependence on δϵ,
and quadratic sum, respectively. The mass of the ω′ comes out in agreement with eq. (5.1),
the mixing parameter about 1.9σ below the expectation from e+e− → 2π. The comparison
of the ω and ϕ resonance parameters to our previous determinations [14, 17, 82] as well
as the PDG values [117] is given in table 7. For the mass parameters, the main change
concerns the improved functional form of the representation including ρ–ω interference,
which leads to an increase in Mω of 0.06MeV, while the change in Mϕ is much smaller. In
both cases, the precision hardly changes when including the BaBar data [86], ultimately due
to the necessity of the energy rescaling (5.4). In contrast, the uncertainties in the widths
decrease appreciably when including ref. [86], about a factor 2 for Γω and a factor 4 for Γϕ.
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Figure 4. Same as figure 3, but for the close-up views of the ω and ϕ resonance regions.

e+e− → π0γ e+e− → K̄K e+e− → 3π
ref. [17] ref. [82] ref. [14] this work PDG [117]

Mω [MeV] 782.584(28) — 782.631(28) 782.697(32) 782.53(13)
Γω [MeV] 8.65(6) — 8.71(6) 8.711(26) 8.74(13)
Mϕ [MeV] 1019.205(55) 1019.219(4) 1019.196(21) 1019.211(17) 1019.201(16)
Γϕ [MeV] 4.07(13) 4.207(8) 4.23(4) 4.270(13) 4.249(13)

Table 7. VP-subtracted resonance parameters of ω and ϕ in comparison to our previous determi-
nations from e+e− → 3π [14], e+e− → π0γ [17], and e+e− → K̄K [82]. The last column gives the
PDG values [117], with VP removed using the corrections from ref. [46].

In the latter case, the determination from e+e− → 3π is now competitive with e+e− → K̄K,
which dominates the corresponding PDG average. We find agreement with the PDG values
in all cases, albeit for Mω only due to the scale factor S = 2.0 included in the PDG
uncertainty, reflecting the conflict between e+e− → 3π and p̄p → ωπ0π0 alluded to above.
For e+e− → π0γ and e+e− → K̄K we observe mostly good agreement as well, except for Mω

in the π0γ channel, which comes out slightly lower than in 3π, and Γϕ in the K̄K channel,
in which case the 3π and K̄K determinations are not compatible within uncertainties.

6 Consequences for the anomalous magnetic moment of the muon

As key application, we reevaluate the 3π contribution to HVP, including the separate effects
from radiative corrections and ρ–ω mixing. Defining the latter contributions as the leading
term in the corresponding IB parameters e2 and ϵω, we find

a3π
µ |≤1.8 GeV = 45.91(37)(35)(13)[53]× 10−10,

aFSR
µ [3π] = 0.509(4)(6)(6)[9]× 10−10,

aρ–ω
µ [3π] = −2.68(36)(22)(56)[70]× 10−10, (6.1)
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1010 × a3π
µ |≤1.8 GeV 1010 × aFSR

µ [3π] 1010 × aρ–ω
µ [3π]

short-distance window 2.51(2)(1)(0)[2] 0.026(0)(0)(0)[0] −0.13(2)(1)(3)[3]
intermediate window 18.27(15)(12)(5)[20] 0.199(2)(2)(2)[4] −1.03(14)(9)(21)[27]
long-distance window 25.13(20)(22)(8)[31] 0.284(2)(4)(3)[6] −1.52(20)(12)(33)[40]
total 45.91(37)(35)(13)[53] 0.509(4)(6)(6)[9] −2.68(36)(22)(56)[70]

Table 8. Decomposition of the total 3π HVP contribution as well as the FSR and ρ–ω components
onto the short-distance, intermediate, and long-distance windows from ref. [56].

where the errors again refer to statistics, truncation of the conformal polynomial, dependence
on δϵ, and quadratic sum, respectively.7 For the total contribution, both the statistical and
systematic errors have decreased by almost a factor 2 compared to a3π

µ |≤1.8 GeV = 46.2(6)(6)×
10−10 [14], which traces back to including the BaBar data [86] and to the improved dispersive
representation constructed in this paper. Concerning the IB corrections, the FSR piece
comports with the naive scaling expectation aFSR

µ [3π] ≃ aFSR
µ [2π]a3π

µ /a2π
µ ≃ 0.4 × 10−10,

while aρ–ω
µ [3π] indeed comes out large and negative, canceling a significant portion of

aρ–ω
µ [2π] = 3.68(17)× 10−10 [81], for the reasons anticipated in section 4. The sensitivity

to the assumed line shape is clearly reflected by the uncertainties quoted in eq. (6.1), as
aρ–ω

µ [3π] is the only quantity for which the error derived from the variation in δϵ dominates.
Finally, we also provide the decomposition of the total HVP integral onto the Euclidean-time
windows from ref. [56], see table 8.

7 Conclusions

In this work, we developed the necessary formalism to describe the leading isospin-breaking
effects in e+e− → 3π, which originate from infrared-enhanced radiative corrections and
the interference of ρ and ω resonances. For the former, we made use of the fact that the
dominant effects arise as a remnant of the cancellation of infrared singularities between
certain virtual-photon diagrams and bremsstrahlung corrections, leading to a generalization
of the standard inclusive FSR correction factor η2π(q2) for e+e− → π+π−, see section 3 for
the derivation of the resulting η3π(q2). For ρ–ω mixing, we presented an implementation
based on a coupled-channel system for e+e−, π+π−, and 3π, preserving analyticity and
unitarity properties and predicting the line shape of the ρ in a way consistent with the
dispersive representation of the self energies in the multichannel system. In particular,
our approach allows us to make the connection with the ρ–ω mixing parameter ϵω in
e+e− → π+π− manifest.

Based on this improved dispersive representation of the e+e− → 3π cross section, we
performed a phenomenological analysis including the latest data from the BaBar experiment.

7We emphasize that the error for FSR does not include an estimate for the subleading, non-IR-enhanced
terms. In the 2π case, such corrections amount to 3% [99], which would translate here to an additional
uncertainty of 0.015× 10−10.
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First, we observed that including ρ–ω mixing in the description markedly improves the
fit quality, demonstrating that the effect is visible in the data and can be distinguished
from background despite the broad nature of the ρ. For the quantitative analysis, the
main uncertainty arises from the line shape of the ρ–ω mixing contribution, which, in our
framework, can be estimated by investigating the dependence on a small phase of ϵω, as
generated by radiative decay channels. We found that ϵω comes out slightly smaller than
expected from e+e− → 2π, yet in view of the associated uncertainties still indicating a
remarkable consistency between the two channels. As a first application, we provided the
resonance parameters of ω and ϕ that correspond to the global fit to the 3π data base, see
eq. (5.5) for the final results.

The main application concerns the 3π channel in the hadronic-vacuum-polarization
contribution to the anomalous magnetic moment of the muon. First, with new data from
BaBar and our improved dispersive representation, both the statistical and systematic
uncertainties reduce by almost a factor 2, see eq. (6.1) for the key results. Moreover,
we can quantify the contribution of the 3πγ channel, estimated as the combined effect
of the dominant infrared-enhanced radiative corrections, as well as the impact of the
ρ–ω interference. While the former scales as expected from the total size of the 2π and
3π channels, the latter is large and negative, canceling a substantial part of the ρ–ω
mixing contribution in the 2π channel. This cancellation can be understood in terms of
narrow-width arguments, see section 4, and likely points to a general interplay between
the two channels. Our results corroborate the evaluation of the 3π channel with reduced
uncertainties, and provide crucial input to a phenomenological analysis of isospin-breaking
effects in the hadronic-vacuum-polarization contribution to the anomalous magnetic moment
of the muon [84, 147].
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