PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: April 26, 2023
REVISED: August 1, 2023
ACCEPTED: August 10, 2023
PUBLISHED: August 28, 2023

Universal chaotic dynamics from Krylov space

Johanna Erdmenger,® Shao-Kai Jian® and Zhuo-Yu Xian®!2

@ Institute for Theoretical Physics and Astrophysics and Wiirzburg-Dresden Cluster of Excellence
ct.gmat, Julius-Mazimilians- Universitat Wiirzburg,
D-97074 Wiirzburg, Germany

b Department of Physics and Engineering Physics, Tulane University,

New Orleans, Louisiana, 70118, U.S.A.

E-mail: erdmenger@physik.uni-wuerzburg.de, sjian@tulane.edu,
zhuo-yu.xian@physik.uni-wuerzburg.de

ABSTRACT: Krylov complexity measures the spread of the wavefunction in the Krylov
basis, which is constructed using the Hamiltonian and an initial state. We investigate
the evolution of the maximally entangled state in the Krylov basis for both chaotic and
non-chaotic systems. For this purpose, we derive an Ehrenfest theorem for the Krylov
complexity, which reveals its close relation to the spectrum. Our findings suggest that
neither the linear growth nor the saturation of Krylov complexity is necessarily associated
with chaos. However, for chaotic systems, we observe a universal rise-slope-ramp-plateau
behavior in the transition probability from the initial state to one of the Krylov basis
states. Moreover, a long ramp in the transition probability is a signal for spectral rigidity,
characterizing quantum chaos. Also, this ramp is directly responsible for the late-time
peak of Krylov complexity observed in the literature. On the other hand, for non-chaotic
systems, this long ramp is absent. Therefore, our results help to clarify which features of
the wave function time evolution in Krylov space characterize chaos. We exemplify this by
considering the Sachdev-Ye-Kitaev model with two-body or four-body interactions.
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1 Introduction

1.1 Outline and results

Krylov complexity measures the spread of a time-evolving state in a Hilbert space. For a
maximally entangled state, this complexity only depends on the spectrum of the Hamil-
tonian and is independent of the choice of fundamental gates. We study the universal
behavior of Krylov complexity for Hamiltonians describing chaotic systems. The Krylov
approach consists of defining a particular Hilbert space basis, the Krylov basis. State evo-
lution in this basis can be mapped to a particle moving on a one-dimensional chain. We
exploit this map to equivalently describe state evolution in the Krylov basis in terms of
forces acting on the particle. At early times, Krylov complexity displays a linear growth.
Here we find that this linear growth is described by a generalized Ehrenfest theorem in
Krylov space, providing an effective classical equation of motion for Krylov complexity.
The linear growth of Krylov state complexity is not a characteristic of chaos, since it may
also appear in non-chaotic systems. For late times, in chaotic systems Krylov complexity
shows a characteristic peak and saturation structure, as numerically observed in ref. [1]. By
taking the continuum limit of the one-dimensional chain, we derive an analytical expression
for the Krylov complexity at late times that confirms the observation of ref. [1]. Moreover,
we calculate the wave function in the Krylov basis. The norm of the amplitude squared of
this wave function is referred to as transition probability. We find that it exhibits a uni-
versal rise-slope-ramp-plateau behavior with a long ramp. The ramp-plateau behavior is
characteristic for chaos. Due to probability conservation, the characteristic long ramp that
we find gives rise to the peak structure of the Krylov complexity. Moreover, we find that in
non-chaotic systems, the long ramp of the transition probability disappears. This implies
that in this case, the peak in the Krylov complexity is absent. Our results thus clarify
which features of the wave function time evolution in Krylov space characterize chaos.

1.2 Chaos and Krylov space

To put our results into context, we begin with a brief review of quantum chaotic systems
and the Krylov approach.

The time evolution of a quantum chaotic system is characterized by the statistics of
the energy spectrum. In a quantum chaotic system, the energy levels are correlated and
exhibit two salient phenomena: level repulsion and spectral rigidity [2—4]. Level repulsion
refers to the fact that energy levels tend to avoid clustering. Spectral rigidity means that
the number of levels within an energy interval of given size has small fluctuations. Both



of these properties are due to the precise nature of correlations between level spacings in
chaotic systems. More precisely, it is expected that the level spacing statistics coincides
with the random matrix theories (RMT) and are well-approximated by the Wigner-Dyson
distribution [5-8]. The most studied RMT is the 3-Gaussian ensemble [9], which we will
focus on in this paper. Recently, the Sachdev-Ye-Kitaev (SYK) model [10, 11], a quantum
mechanical model with all-to-all interactions (as opposed to nearest-neighbor interactions),
was found to exhibit the level statistics of Gaussian RMT [12, 13]. Moreover, Jackiw-
Teitelboim (JT) gravity, a two-dimensional dilaton gravity that shows similar features of
the SYK model, is precisely consistent with a double-scaled random matrix integral [14].

The level statistics also determines the behavior of the spectral form factor (SFF)
given by the square of the absolute value of the partition function with a complex time
argument [15, 16],

D—1
‘Z(ﬁ + ’L't)‘2 — ’TI" 6—(5+it)H’2 — Z e—ﬁ(Ep-FEq)—it(Ep—Eq) , (1'1)
p,g=0

where E, and D are the p-th eigenvalue and the dimension of the Hamiltonian H, respec-
tively, and 3, t € R. In a chaotic system, the SFF for the ensemble average usually shows
three regions as a function of time: slope, ramp, and plateau [17-19], as shown in figure 1.
Roughly speaking, these features arise from the width of the spectrum, spectral rigidity,
and level repulsion, respectively. Since its time evolution reflects these properties, the SFF
may be used to diagnose quantum chaos. The time at which there is a cross-over between
the slope and ramp evolution is referred to as dip time. A chaotic system usually has an
exponentially late dip time and an exponentially long and linear ramp region, controlled
by the long-range spectral rigidity [5, 8, 17].

Chaotic evolution is a complicated process that requires a complexity measure for its
quantitative analysis. Partially motivated by new relations between quantum computation
and the time evolution of black holes [20-23], several concepts of complexity were proposed
to measure how many computational steps are required to reach a target state or operator
from a reference state or operator. One of the motivations for the investigations in the
present paper is to examine how complexity reflects late-time chaos, based on level repulsion
and spectral rigidity.

Among the complexity measures in information theory, Nielsen defined the complexity
of a unitary operator U(t) = e~I* as the minimal distance to the identity in the unitary
group [24-26]. The minimal distance on the group manifold is defined in terms of some cost
function. The definition of the cost relies on the choice of few- or many-body terms based on
the locality properties of the Hamiltonian H. A similar choice of fundamental operations
appears in the notion of computational complexity, which measures the complexity of
producing a target state |¢r) starting from a reference state ) [27, 28]. Given a set
of elementary quantum gates, the computational complexity is the minimum number of
elementary gates necessary to achieve a unitary transformation U within a precision so
that |¢pr) = U |[¢R). Here, the ambiguity in defining complexity is related to the choice of
gates. Both Nielsen’s complexity and computational complexity were investigated for free



many-body systems and field theories [29-33], interacting systems [34—40], and for large
qudit systems [41, 42].

When discussing the relation between late-time chaos and these notions of complexity,
we note that level statistics does not provide the information about the locality properties
of the Hamiltonian directly. Given a Hamiltonian from a Gaussian matrix ensemble, there
is no natural way to define locality [18, 43|, let alone few-body or many-body interaction
terms. As we will describe below, Krylov complexity is unambiguously defined even in this
case, and hence well-suited for matrix ensembles.

Notions of complexity were also proposed in the context of the AdS/CFT correspon-
dence [44]. In particular, the volume or action of a wormhole connecting the two sides of an
eternal black hole is conjectured to be related to the complexity of preparing the dual state
in quantum field theory [21, 45-49]. The real-time evolution of holographic complexity ex-
hibits a similar linear-to-plateau behavior as the computational complexity [50], where the
growth rate is argued to be bounded by the energy [20]. Moreover, holographic complex-
ity has a nonzero initial value that is proportional to the initial volume of the wormhole
in the dual gravity theory. The eternal black hole corresponds to a thermofield double
(TFD) state in the field theory [51]. So, the initial volume as well as the complexity are
generated by imaginary time evolution in preparing the TFD state. So far, a precise holo-
graphic dual of complexity is still an open question, despite recent progress [48, 49, 52-57].
One of the remaining challenges is to precisely define complexity for interacting quantum
field theories, in particular since their Hilbert space is infinite dimensional. One approach
in this direction is to consider CFTs and to construct gates from conformal symmetry
transformations [39, 40, 58-61]. This also allows to construct a gravity dual of the cost
function [62].

With potential relations to holography in mind, the notion of Krylov complexity draws
increasing attention [1, 63-69] since it is well-defined in any quantum theory. Krylov
complexity has the advantage that its complexity measure is independent of the locality
properties of the Hamiltonian. It does not rely on defining elementary gates or a given
tolerance. This makes it very appealing in the context of holographic dualities. According
to the Hilbert space on which Krylov complexity is defined, it describes the evolution of
states [1] or operators [63], in both real time and imaginary time [70, 71].

In [1], a notion of Krylov state complexity is defined that realizes the appealing visual-
ization of a wavefunction spreading over the Hilbert space in a basis-independent way. The
authors of [1] refer to this Krylov state complexity as ‘spread complexity’. It measures how
far the target state spreads in the Hilbert space H. The target state |1,) = e~7% |0) starts
from a reference state |0) at 7 = 0 and evolves under a Liouvillian operator £ constructed
from the Hamiltonian H. Based on the Taylor series of £, this evolution may be studied
in Krylov space that is constructed by applying £ on |0) repeatedly. In the orthogonal and
normalized basis of Krylov space, namely {|O,)} with |O,) = 1,,(£)|0) and 1, (x) a poly-
nomial of degree n, the Liouvillian £ becomes a tridiagonal matrix, whose components are
called Lanczos coefficients [72, 73], denoted as {ay,b,}. In terms of the Krylov basis, the
time evolution of a state |1,) = e"7%|0) can be effectively mapped to the propagation of a
quantum particle along a one-dimensional chain, which is referred to as Krylov chain [63].



Krylov complexity is then defined as the location of the particle in the Krylov chain. This is
equivalent to the expected number of times of applying £ on |0) required to generate |1, ).

Krylov operator complexity measures how far an operator in the Heisenberg pic-
ture spreads in the space of operators. By the Gelfand-Naimark-Segal (GNS) construc-
tion [74-76], the space of operators is isometric to a double-copy Hilbert space. More
precisely, the reference state is defined as |O) = (O ® I) |0), with O an arbitrary opera-
tor and I the identity, acting on the single-copy Hilbert space, respectively, and |0) is a
maximally entangled state in the double-copy Hilbert space. Moreover, one considers a Li-
ouvillian £ = H®IT -1 ® H, where H is the Hamiltonian acting on the single-copy Hilbert
space. Since L |0) = 0, the application of £ on |O) is nothing but the commutator, namely
L|0) = ([H,0] ®T) |0). Then, the Krylov operator complexity e~ *OeH* is identified as
the Krylov state complexity e~ |O) in the double-copy Hilbert space. Once the operator
O has a nonzero commutator with the Hamiltonian, it will grow under the evolution with
L. Methods for studying the time evolution of Krylov complexity were recently obtained
by decomposing Liouvillian £ into annihilation and creation operators and analyzing the
“complexity algebra” [68, 77-79].

The exponential growth of Krylov operator complexity, and also the linear growth of
Lanczos coefficients, allow to obtain the Lyapunov exponent [63, 80] which characterizes
the exponential operator size growth [81, 82] given by, e.g., the out-of-time-ordered cor-
relator (OTOC) [83-86]. However, the maximally exponential growth of Krylov operator
complexity at early times is also observed in integrable systems, including free field the-
ories. Exponential growth is therefore not necessarily related to chaos [67, 87]. Here, we
hence also turn our attention to the relation between the late-time behavior of Krylov
complexity and chaos [65, 88]. Moreover, it is argued in [89-92] that the descent in the
Lanczos coefficients as well as the late-time behavior of the Krylov operator complexity
given by the evolution with a chaotic Hamiltonian H is expected to be governed by the
RMT. The relation between Krylov complexity and chaos has further been discussed for a
number of models, including the SYK models [66, 93, 94], quantum field theories [95-99],
many-body localization system [100], and open systems [101-104]. Krylov complexity has
also been used for distinguishing topological phases [105, 106] and for investigating the
quantum charging advantage of SYK-like quantum batteries [107].

To study late-time chaos from Krylov complexity, it appears to be more convenient to
study Krylov state complexity directly. The Krylov complexity of the maximally entangled
state only depends on the spectrum of the Hamiltonian H. It is thus tied to the SFF and
suitable to describe late-time chaos [1], in particular during the time range when the chaotic
level spacing becomes manifest [65, 89]. In figure 1, we show the Krylov state complexity
of the maximally entangled state, and its correspondence to the SFF. It exhibits quadratic
growth, linear growth, a peak, and saturation, whose transition time scales are close to
those in the SFF. We refer to the time when it reaches its peak as “peak time”. We further
refer to the quadratic growth and linear growth regions as the early-time behavior and
to the peak and saturation as the late-time behavior. We will show that the early-time
behavior is given by a double time integral of the SFF via an Ehrenfest theorem and the
late-time behavior is determined by the universal behavior of the probability given by the
wave function in the Krylov space.



1 \ ' ' ' 3 1 ‘ ‘ peak ]
N\ ]
0.100 ¢ \ slope ] oo - saturation
L 0.010 A 1oL
= 0.001 plateau % " linear
= . i = 0010;
X . e S /
10’4 E h ,,.0""’” E /
et TAMP yd
105 LTI ] 0.001F
. /}uadratic
10° - - - ’ . ; : ‘
1 10 100 1000 1 10 100 1000

t t

Figure 1. The SFF (left) and Krylov complexity of maximally entangled state (right) as functions
of time for the Gaussian unitary ensemble with dimension L = 1024 and 128 realizations. The blue
curves represent the numerical results and the black lines denote the values of 1/L (left) and 1/2
(right).

1.3 Organization of the paper

In section 2, we first review the construction of Krylov space and Krylov complexity. We
introduce the continuum limit of the Krylov approach in a first-order and a second-order
formalism, respectively. Moreover, we determine the Krylov complexity for obtaining the
TFD state from a reference state given by a maximally entangled state. This Krylov
complexity is entirely determined by the Hamiltonian spectrum.

In section 3, we consider the Gaussian matrix ensemble and study the evolution of
Krylov complexity at early times. We propose an Ehrenfest theorem for Krylov complexity,
which linearly relates the second-order time derivative of the Krylov complexity to the SFF,
see (1.1). In particular, with the Lanczos coefficients given by Gaussian matrix ensemble,
the linear growth of the Krylov complexity is the determined by the slope of SFF, which
is not necessarily related to chaos.

In section 4, we study the evolution of a maximally entangled state in Krylov space
at late times. For the Gaussian unitary ensemble (GUE), we numerically study the distri-
bution and evolution of the transition probability | <On]e_w]0> |2, namely the probability
for reaching each state in the Krylov basis. We find that the transition probability univer-
sally exhibits a rise-slope-ramp-plateau behavior with an exponentially long ramp. Like the
SFF, the ramp-plateau behavior exhibited in the transition probability characterizes chaos.
To analytically explain and estimate this behavior, we further approximate the polynomial
¥ (L) and derive an expression for the rise-slope-ramp-plateau behavior in appendix C.
Moreover, we show that the above ramp-plateau behavior generally appears in any sub-
space observable in the Krylov space. Finally, we show that the existence of the long ramp
in the transition probability is directly responsible for the peak in the Krylov complexity.

In section 5, we study the transition probability and Krylov complexity for a non-
chaotic spectrum, where the levels are uncorrelated. In contrast to the chaotic case, the
transition probability here exhibits a rise-slope-plateau behavior without a ramp. The
absence of a ramp in the transition probability is directly responsible for the absence of a
peak in Krylov complexity. However, the linear growth of Krylov complexity persists.



In section 6, we further study the transition probability and Krylov complexity in
the SYK model. In the SYK, model, the transition probability exhibits a rise-slope-ramp-
plateau behavior similar to the case of RMT. In the SYK3 model, the transition probability
exhibits a rise-slope-ramp-plateau behavior with a short ramp at small n and no ramp at
large n.

We conclude in section 7 with an outlook to future directions.

2 Krylov state complexity

In this section, we detail the general framework for Krylov space and Krylov complexity
of a time-evolving state.

2.1 Krylov space

Given a Hilbert space H, a reference state |0) € H, and a Hermitian operator £ acting on
‘H called Liouvillian [63], we can construct the Krylov space as follows. First, we construct
a sequence of normalized states {]Aj>}§(:_01 by subsequently applying £ to |0), namely
|A;) = uQ_Jl/Qﬁj 0y, for j =0,1,2,---, K — 1, with uj = (0| £7]0) the moments and K the
minimal number such that pusr = 0. In general, these states may not be independent of
each other. Let L to be the index of the first state |Ar) becoming linearly dependent on
the former states {|A; )} . Then its latter states {|A; >} _L are also linearly dependent

on these former states {|A; >}L ' So {|4; )}] o only span a L- dlmensmnal space IC, called
Krylov space. Usually, we take the set of the former L states {|A; >}j ", as its basis.
In general, the states {|A; )} __0 are not orthogonal to each other. We may apply

the Gram-Schmidt orthogonalization to the sequence {|AJ>}j:0 to generate a sequence of
orthogonal states

1
Vhn

where p,, (z) and 1, (z) are respectively the monic and normalized orthogonal polynomial of

{10 )220, 10n) = —=pa(£) 0) = ¥n(L) |0), (2.1)

degree n with a measure given by the spectrum of £ [108]. The norm h,, will be determined
later. Define the projection on the Krylov space as mx = >.L210,,) (O,]. Let |E,) € K
to be the eigenstate of Lx = mxLrg, namely, L |E,) = E, |Ep) for p=0,1,--- | K — 1.
The orthogonality relation and completeness relation are

(Om|On) = (0] G (L)0n(L) [0) = /E U (E)n(E) = S (2.2)
S (B |0n) (OnlEq) = (B0} (01Ey) 3. thn(Ep)tn(Ey) = dpg (2.3)

n

where 3, is the shorthand of -2 and the measure in [, on the spectrum {E,} of L is
defined as

Jp 1B = B0 1(5,) = [ aBoE) KB 1), (24)



with the spectral density

plw) = Y 6w — By), (2.5)

and a continuation of inner product |(E,|0)|*. Formally, we can also write the completeness
relation as >, ¥n(E)Yn(E') = 6(FE — E'), where the function §(E — E’) is defined as
[ 8(E — B)J(E) = /()

The above Gram-Schmidt orthogonalization is realized by the following iterative algo-
rithm [72, 73]

’OO> - |0>7 bo =0,
bn |On> = (L — an,l) ‘On,1> — bn,1 |On,2> s 1 <n< L— ]_, (26)
an = (On| L|0y), (Op|Oy) = 1.

where {a,, b,} are the Lanczos coefficients with the dimension of energy. By default, we
choose b, > 0. The Gram-Schmidt orthogonalization is equivalent to a tridiagonalization
of the Liouvillian £ into a matrix L,

aq b1 o --- 0
b1 al b2 0

Lin = (O L]0y) = | 0 b2 az -~ 0 | (2.7)
R

0 00 bL,1 ar—1

The Lanczos coefficient can also be generated by the moments p; and vice versa. The
Lanczos coefficients give the monic polynomials,

pn(E) = det(E — LM), (2.8)

where L(™ is the n x n sub-matrix {qu};l;io.

of pr,(E) = 0. The norm h,, of the monic polynomial p,(E) is given by b2 = h,,/h,_1 and

Obviously, the spectrum of £ are the roots

ho = 1. The polynomials satisfy the recurrence relation. For the normalized polynomials,
Eyn(E) = Z Lom¥m(E) = bnt1¥nt1(E) + anthn(E) + bpthn—1(E), (2.9)

where by = by, = 0. From (2.2), (2.3), the n-th component of the eigenvector of L for
energy FE, is given by v,(E,) = (0|Ep) ¥, (Ep). Then the eigenstate of Lx in K can be
written as |E,) = >, vn(Ep) |On).

Given a (non-normalized) state [¢)) € K, we can expand it on the normalized orthogonal

basis {|O,)} ﬁ;(l) as

) =D |On) b0, én = (Onl)) . (2.10)
Then we can define the Krylov complexity of the state |1) as
K =J/P, (2.11)
where
J=Y"nleul*, P=Ylonl*. (2.12)



2.2 Krylov complexity of evolving states

We consider the target state |1);) generated by evolving the reference state |0) for time 7
with £, namely, [1, 69, 109]

-y =e7F|0), T=B+it, B,teR, (2.13)

and (¢-]1.) = S(28), where S(7) = (0|e~7|0) is the survival amplitude for the state
|0) to remain unchanged [1]. We have introduced the inverse temperature § and the real
time ¢ to study the complexity due to imaginary and real time evolution. Note that the
imaginary time evolution in this paper is different from the finite temperature construction
of the Krylov basis in [1], where the authors change the Krylov basis at finite temperature.
Its expansion coefficient in (2.10) is

6n() = (O ¥n(L)e ™ 10) = /wn E (214)

In particular, the survival amplitude is ¢o(7) = [ge = S(1). If we regard ¢, (7) as a
wave function at site n on the Krylov chain, 1t will obey the Schrédinger equation following
the recurrence relation (2.9)

- T¢TL(T) = bn+1¢n+1(7_) + an¢n(7_) + bn¢n—1(7—)7 (2'15)

with the initial condition ¢,(0) = d¢py,. The Krylov complexity (2.11) for the target state
|9br) s

oy JE6)
K(t;B) = 0% (2.16)
where
Zn|¢n B+ it)| (2.17)
= Z |6n (B +it)|* = S(28) . (2.18)

Since P(t;3) is the total probability, it is conserved under real time ¢ evolution, which
we indicate by defining S(25). In (2.18), the (non-normalized) transition probability is
defined as

Ou(B i = [ eI By (1), (), (219)

for the state |0) evolving to the Krylov state |Oy,). In particular, the survival probability is
given by the transition probability of n = 0, |¢o(7)|* = |S(7)[*.
According to the Schrédinger equation (2.15), we have the imaginary time derivative

P05 8) = 3 [4bnr16n41(8)6n(8) — 2006 (8)’) (2.20)

n

03 (0;8) = 3 [2020 + Dbus10n:1(B)6n(8) — 2nandn(8)?] (221)

n



and the real time derivatives 0;P(t; ) = 0 and

L—1
8t2J(t3 B) =2 Z [(biﬂ - bi)én(T)én(T*) — (apt1 — an)bn+1¢(n+1<7)¢n) (T*)} ;o (222)
n=0
where 7 = § + it and by = 0 according to the convention in (2.6). The r.h.s. of (2.22) is
just the expectation value of the commutator, such that we have

8t2 <¢7" K W)T) == <7/}T| [[Kv‘c]v [’] |¢7‘> : (2'23)

with Krylov complexity operator defined as K =, n|0,) (O,,|. We refer to this equation
as the Fhrenfest theorem of Krylov complexity, since it relates the second derivative of
Krylov complexity to the expectation value of the gradient of the square of Lanczos coeffi-
cients. In this sense, it provides a classical equation of motion for the Krylov complexity.
This feature will become more clear in the continuum limit in appendix A. We note that
a version of (2.22) for Krylov operator complexity in the case where a,, = 0 was derived
in [108]. We will also explain the relation between the Ehrenfest theorem (2.22) and the
“complexity algebra” [68] in section 3.2.

To calculate K (t; 3), we could start from K (0;0) = 0, evolve it along imaginary time for
B, get K(0; ), evolve it along real time for ¢ with the initial condition 0, K (t; 8)|t=0 = 0,
and finally get K(t; ). Usually, we will integrate (2.22) over the real time and get the
complexity difference AK(t;3) = K(t;8) — K(0;8) = [4 dta [32 dt10F J(t1;8)/5(28). We
discuss two limits of Krylov complexity below.

At the low temperature limit, we may use eigenstates with the lowest two energies Ej 1
to approximate the wave function

n (B -+ it) m u(Eo)e PHOER |(Eg|0)* + 4 (B )e™ HOPL (B0 (2.24)

The Krylov complexity converges to a constant plus an oscillation with frequency FEig =
Eq, — Ey, namely,

Kiow(t; 8) = [(Eol0)|* Y non(Eo)? + e P12 cos(t Ero) |(E1]0)|* Y nn (Eo)on (E1).
(2.25)
Similarly to the SFF [17], the transition probability |¢,|* is determined by the energy

levels in the long-time average, where oscillating phases average to zero and terms with
E, = E, survive, namely

T .
(6n(B + i0) ) = Jim_ . [t S (B O [(Ey0)f2 &P BB+ ME By () (B,
pq

=D UE0)[* e 2Py (Ey)?, (2.27)



where we have assumed for simplicity that there is no degeneracy. We refer to the time
when ]¢n|2 converges to this value as plateau time ¢,. Then the long-time average of the
complexity is given by

Koolf) = S(;@ S B! e Frmin B, (2.28)

The late time average at § = 0 will be simplified if the reference state is taken to be a
maximally entangled state in section 2.4.

2.3 Continuum limit

It is difficult to solve the recurrence relation and Schrédinger equation with general Lanczos
coefficients on the discrete Krylov chain. To simplify this problem, we consider the contin-
uum limit n — x, with x a continuous coordinate, and solve the corresponding differential
equations.

2.3.1 First-order formalism

We may map the polynomials 1, (F) and the wave function ¢,(7) to some continuous
functions of n (as given below in (2.29) and (2.36)). Assuming that these functions depend
smoothly on n, we may approximate their differences in n by their derivative w.r.t. n, and
write the recurrence relation (2.9) and Schrédinger equation (2.15) as first-order differential
equations [92, 108]. We refer to this approach as the first-order formalism of the continuum
limit. Based on this simplifying approach, we may easily derive the Krylov complexity in
the continuum limit. However, we will see that the assumption of smoothness is subtle and
has to be clarified in a second-order formalism.

The authors of [92, 108] developed an approach to calculate the polynomial ¢, (F) and
wave function ¢, (it) in the continuum limit as follows. The continuum limit is defined to
take the form

xn =en, V(E, x,) = i"Yp(E), ®(t,z,) =i"dn (8 +it), b(zy) = by, a(zy) = apn, (2.29)

which is valid when ay, b,, "¢, (E), and "¢, (S + it) are smooth functions of n. For real

time ¢, the recurrence relation (2.9) and the Schrédinger equations (2.15) become
i(E—a)¥ = /T + 2¢b0 + O(?), (2.30)
— (0 +ia)® = b/ ® 4 2eb®’ + O(e?), (2.31)
where b = 0,b, and equivalently for the other variables. The above two equations are
related by the transformation (2.14) from energy E to time t. Due to the eb’U term
in (2.30), the norm in (2.2) is not preserved by the evolution along . Using the coordinate

y with dy = dx/(2eb(z)) and with the new variable ¥ = vb¥ and ® = /b®, these equations
simplify to

(—iE +ia+ 0,)V = (0 +ia+ 9,)® = 0. (2.32)
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Using the coordinate z, the solutions then become

W(E, ) = | 2Dy (E,0)exp (z /0 ' dx’), (2.33)

b(0) E —a(2)
b(x) 2eb(x’)

bl(x)f(t_ (t,2)) exp (—z’/ox 26£fx),)dx’> : (2.34)

where the function f(t_) is determined by the initial condition and t_(¢,z) labels the
characteristic curves [108]

O(t,z) =

t(tx)=1t— /x 2;)7(;). (2.35)

This shows that the wave function ®(¢,x) propagates forward with a local velocity 2eb(z),
from n = 0 to n = L. Notice that (2.33) and (2.34) do not contain the end point of the
Krylov chain o = €L since the last state in the Krylov basis (2.1) is |Or_1). Since the initial
condition ¢, (0) = dg, is highly discontinuous, the continuum limit is valid only when the
wave function spreads out.

However, we notice that the discrete recurrence relation (2.9) and Schrédinger (2.15)
enjoy the parity symmetry n — L — n, but their continuum versions (2.30) and (2.31)
break the parity © — eL — z. As a result, the characteristic curves (2.39) have a preferred
direction. The breaking of parity is due to the assumption on the smoothness of i, (E)
and "¢, (B + it) as functions of n in the continuum limit. If we consider an alternative
continuum limit, namely

U(E, x,) =i "o (E), ®(t,zn) =i "¢n(8 +it), (2.36)

we find
—i(E — a)¥ = bW + 2ebW’ + O(€?), (2.37)
(O +ia)® = b/ ® + 2¢bd’ + O(?). (2.38)

This result corresponds to the backward characteristic curves

to(t,x) =t + /x 2ei€r)'

This backward propagation will be important after the wave function is reflected by the

(2.39)

endpoint at n = L. The forward propagation and backward propagation are unified by the
second-order formalism presented in the next section.

Finally, we note that the polynomials 1, (E) obtained from (2.33) have some artefacts.
First, as a function of E, 1,,(E) is a Fourier mode of frequency L(1 — /1 — n/L) instead
of a polynomial of degree n. Second, in general it does not obey the orthogonality and
completeness relations (2.2), (2.3) and is not normalized to 1. Third, it usually takes
a complex value. The first two artefacts are the results of continuum limit. Finally,
since (2.30) does not preserve the normalization, we have to renormalize ¢, (E) for each n
and E. The third artefact is solved by the second-order formalism as well.
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2.3.2 Second-order formalism

We will adopt the following second-order formalism, which develops from the approach
in [108]. Applying the recurrence relation (2.9) and Schrodinger equations (2.15) twice, we

obtain
E2¢n = Z Lom Ly = cnp1¥ny2 + dpp1¥ni1 + entn + dpPn—1 + cno19n 2, (2'40)
ml
_6t2¢n - Z Lym L1 = Cn+1¢n+2 + dn+1¢n+1 + endn + dnon—1 + cn—1Pn-2, (2'41)
ml

where we dropped the arguments of ¥, (F) and ¢, (7) and the coefficients are
Cn =bnbpy1, dp=0bnlan—1+an), e,= bi + ai + biﬂ. (2.42)

When a,, = 0 and then d,, = 0, the second-order formalism results (2.40) and (2.41) are fac-
torized into even and odd parts, respectively [108]. This happens in the case of even-parity
spectrum {E,} = {—E,}. Moreover, we consider even L for simplicity. The recurrences
of even sector {1, ¥2, - ,¥r—2} and odd sector {¢1,s, -+ ,1r_1} are decoupled. The
same applies to the evolution of wave function. It is therefore not appropriate in general
to assume that the even sector smoothly connects to the odd sector. We therefore proceed

as follows. We consider the continuum limit
T, = €n, U(E,z,) =i"Yp(E), O(t,z,) =1i"¢n(B +it), (2.43)
c(xn) = Cn, g(xn) =€n — 2cn7 .

where we assume that the i, (E) and i"¢,,(5+1it) for even n and for odd n are continuous
respectively. The second-order formalism of (2.40) and (2.41) becomes, for either the even
sector or the odd sector,

(~E + )0 = 4V + "W + 4el”) + O(e"), (2.44)
(0F +9)® = (4D + "D + 4c2") + O(e"). (245)

Since these are real equations, we may obtain real solutions with real boundary conditions.
Using the coordinate y with dy = dx/(2¢\/c(x)) and with the variables ¥ = ¢'/4¥, & =
cM/4®, these equations are simplified into two wave equations

(B> =02+ V)= (F-02+V)d=0, (2.46)

with potential V = g — (38, Inc)?. Thus, the characteristic curves are

T d /
to(t,2) :tj:/ <
2€

Vel
They correspond to the forward and backward characteristic curves also given by the first-
order formalism, (2.35) and (2.39). Since ¥o(F) =1 in the even sector and ¢ (F) = E/b;
in the odd sector, we impose the boundary conditions

(2.47)

evenn: U(E0) =1, vOY(E0)=0, (2.48)
oddn: W(E,0)=0, ©OV(E 0)=iE/b. (2.49)
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for simplicity of the solutions. The functions ¥(E,z) determined by solving the wave
equations with the corresponding boundary conditions for the even sector and odd sec-
tor, respectively. A better approximation may be obtained by modifying the boundary
conditions according to the values of 19 (FE) and ¥3(E).

2.4 Krylov complexity for the TFD state

The Krylov approach relies on the choice of the Liouvillian and reference state. In this
subsection, to study the direct relation between chaos in the spectrum of a Hamiltonian
H and Krylov state complexity, we will construct the Liouvillian from a Hamiltonian H
and consider a maximally entangled state as the reference state. This is motivated by the
construction of ref. [1].

Consider a Hilbert space H with dimension D = dim H, and a Hamiltonian H with
eigenstates |F;),, i =0,1,2,--- , D —1, where the subscript “;” denotes the single Hilbert
space. We consider a double-copy of the Hilbert space Hy ® 7-[ r. Given a copy of energy
basis |E;, E;) = |E;); ® |Ej),, we can define a maximally entangled state in the double-
copied Hilbert space

D-1

UL eUR S |E;, E) (2.50)
75 2

where Up, g is an unitary operator acting on Hy, r. We will take |0) as the reference state.

0) =

We consider the Liouvillian given by
L=H®I, (2.51)

where I is the identity operator. Since the choice of unitary operators in (2.50) will not
affect the moment (0| £7]0), we are free to chose U, = Ur = I. The Lanczos algorithm
only depends on the spectrum of H.

The Krylov space K is spanned by {E" 0) = (1/VD)Y,; EM|E;, El)}, which is a sub-
space of the space of equal-energy states Heq = {|Ej, Ei>}i’i61. Their inner product can be
written as the trace Tr in the single-copy Hilbert space,

1 = 1
(O] f(£ f(Ei) = 5 Tef(H). (2.52)

=0
Now the moment is p; = Tr[H’]/D, and especially, b3 = (0| £2 |0) = Tr[H?]/D. Notice
that {E"} for 0 < i,n < D form a Vandermonde matrix, whose rank is the dimension of
Krylov space L = dim K. L is reduced by the degree of degeneracy in the spectrum for
the following reasons. Consider the decomposition Heyy = lil o Hp where H,, is a subspace

with m,-fold degeneracy E,o = Ep1 = -+ = Epm,—1. For each H,, we may construct a
basis where the first state is |Ep,) = (1/,/ )Zm”_l |Ep ke, Ep i), which overlaps with the

reference state as (Ep|0) = (/m,/D, and the remaining m, — 1 states are orthogonal to
|0). Then the dimension of Krylov space is reduced by m, — 1 for each #,. Since the
Vandermonde matrix of the non-degenerate spectrum {Eg} for 0 < p,n <[ has full rank,

~13 -



L equals the number of the non-degenerate energies, namely L = [. In this paper, we
focus on the case that the spectrum is uniformly d-fold degenerate. So, the Krylov space
of the maximally entangled state has dimension L = D/d and overlap |(E,|0)|* = 1/L.
Obviously, Lx is diagonal on the basis |E,). Notice the difference between the spectral
density p(E) of L in (2.5) and the spectral density of H. The Krylov basis defined in (2.1)
obeys the orthogonality and completeness relations (2.2), (2.3), with (2.4) equal to (2.52).
The target state
1 D1

[ihr) = e TE|0) = e TE By, Ey) (2.53)

D =0

with 7 = 8 + it is a TFD state with inverse temperature 23 and evolved by the left side
Hamiltonian for time ¢. Its coefficient on the Krylov basis, i.e. the wave function on the
Krylov chain, is

bn(7) = %Tr[wn(H)e’TH]. (2.54)

Obviously, the survival probability is related to the SFF (1.1) as |¢o(7)|* = (1/D?) |Z(7)|*.
With S(28) = Z(28)/D, the Krylov complexity is written as
, 2
S 1| Telupn (H e~ (F+0H)
DTr[e—28H]

K(t;8) = (2.55)
Thus, the Krylov complexity for the TFD state only depends on the spectrum.

The above Krylov approach based on the maximally entangled state works at finite
D. In the D — oo limit, one have to firstly regularize the dimension D by truncating
the spectrum. Then rescale the spectrum into an finite energy interval such that all the
moments p; for finite j are finite. Finally, one can take the D — oo limit. Taking the
Gaussian ensembles as examples, we will normalize the Hamiltonian so that the spectral
density (p(F)) in ensemble average vanishes when E ¢ [—2,2] at D — oo.

The Krylov space for the maximally entangled state has overlap |(Eo|0)]* = 1/L. At
B = 0, the long-time averages of the transition probability and of the Krylov complexity,
given by (2.26) and (2.28), are simplified due to the orthogonality relation (2.2), as shown
in [65, 91]:

1 L—-1

2 —_ —
(|pnl )0 = A Ky = o (2.56)

These results are independent of whether chaotic behavior is present or not. They are
essentially a consequence of taking the maximally entangled state as the reference state.
However, we will show in section 4.2 that the fluctuations of transition probability and
Krylov complexity are indeed sensitive to the presence of chaotic behavior.

3 Krylov complexity at early times

Here, we will consider the Hamiltonian H drawn from the Gaussian orthogonal ensem-
ble (GOE), the Gaussian unitary ensemble (GUE) and the Gaussian symplectic ensemble
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0 200 400 600 800 1000

Figure 2. The Lanczos coefficients of a maximally entangled state evolving with the Liouvillian
L = H ® I where the H is taken from the GUE with dimension D = 4096. The black curve is a

Vv1-=n/D.

(GSE). They belong to the f-Hermite (Gaussian) ensemble with Dyson index § = 1,2, 4 re-
spectively [9]. The measures of their random spectra are given by (C.9) in appendix C. Due
to the level repulsion in RMT, the spectra in both the GOE and GUE are non-degenerate,
where L = D, and the spectrum in the GSE is doubly degenerate, where L = D/2. To
simplify the notation, we are free to rescale the Hamiltonian so that the first Lanczos
coefficient by = 1. To recover the dimension, we can rescale the energies and times as
E, — Ey/\, an — ap/A, by, — by/A, and 7 — 7, where X has the dimension of energy.

In figure 2, we display the Lanczos coefficients for the Krylov space of maximally
entangled states for a realization of the GUE. When n increases, a, fluctuates around 0
and b, decreases from 1 to 0. Their expectation values in the large L limit are further
discussed in section 3.1. Their fluctuations become stronger when n increases.

In figure 3, we show the snapshots of the transition probability at some instants of real
time t and imaginary time (3 in one realization of the GUE. Along the real time evolution,
the profile consists of a shock wave, a long tail, and some residual noise following. The
strength of the shock wave and the tail decreases along the time, but the tail becomes
longer. The shock wave becomes tiny when reaching the end of the Krylov chain. Along
the imaginary time evolution, the wave function is localized at the ground state of the
Schrodinger equation (2.15), which is similar to the fate of the wave function in the Krylov
space of open systems [101-104].

In this section, we will develop an analytical approach for obtaining the evolution of
Krylov complexity at early times.

3.1 Lanczos coefficients in the large dimension limit

For the Liouvillian drawn from the S-Hermite ensemble and a fixed reference state |0/),
the recent results of [69] show that the Lanczos coefficients obey the statistical distribution

function
1 1
an) = ——=N(0,2)(an), plbn) = —=—=xX(7_m5(bn); 3.1
pan) o (0,2)(an), p(bn) \/B—LX(L 13 (bn) (3.1)

~15 —



0.05F
0.04F ' . t/L
o~ : .
< 003} 1 e 01
s 0.25
0.02f
[ 0.5
01Ff
00 [ o 1.
0.00 b yzy bR AN LRI AT e x> o 2. " vawliod
0 200 400 600 800 1000
n
0.15F -
L [ BIL
% odop 1 1 e 0.01
i 0.1
0.05f
L (e o]
0007 i L L L \.V " I n Il " L " " i 1 I " n L i 1 L
0 10 20 30 40 50

n

Figure 3. The snapshots of the transition probability |¢, (it)]* and |¢,(8)|> on the Krylov chain
in one realization of the GUE with L = 1024.

where N(r,s) is the Gaussian distribution with mean r and variance s, and x,(z) is the
chi-distribution, given by x,(z) = 277/22"1e=**/2/T(r/2). The Lanczos coefficients have
the expectation value and variance [69]

(an) =0,  A%ay) = ;L, By=1-2 0% = 32/: (1-%). e

b - \/?r ((L - n)5/2~+ 1/2) | Ay =1
8L 1 ((L-n)B/2)

where (- --) denotes average over the f-Hermite ensemble, and A2 denotes the variance. In
the large L limit with finite x = n/L, we have A%(b,) = O(L™1). So the variance is small
compared to the average of b,. Thus, in the large L limit, we can take the expectation

7% (33)

values
ap =0, by,=4/1—— (3.4)

where the deviation from the convention b2 = 1 is negligible for large L. In our analysis
below, we will maintain (3.4) for conciseness. The same scaling behavior in (3.4) was
applied to the Krylov operator complexity at late times in [89].

We notice that, for the maximally entangled state, the Liouvillian £ in (2.51) is fac-
torized and thus it is not a random Hamiltonian acting on the double-copy Hilbert space
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Hr ® Hp. The statistics of Lanczos coefficients (3.2) is not simply applicable. However,
we find that if we take the limit (3.4) as the tridiagonalization of H and apply the algo-
rithm (2.6) on the maximally entangled state |0) with the Liouvillian £, we get the same
Lanczos coefficients (3.4). In order words, the limit (3.4) is a fixed point of the algorithm
on maximally entangled state (2.50). So, (3.4) may be taken as an approximation for the
Lanczos coefficients of maximally entangled state in the large L limit, as shown in figure 2.

We now consider the continuum limit (2.29) of the Lanczos coefficients (3.4), which is
given by a(z) = 0, b(x) = /1 — z/(eL). Then the y coordinate in the continuum limit is
y(x) = L (1 —1- m/(Le)) From the characteristic curves (2.47), at time ¢ the shock
wave will reach the site

n(t):t(Q—z), 0<t<2L. (3.5)
Thus the shock wave reaches the last site at ¢ = L. When ¢ > L, the shock wave gets
reflected and travels backward.

The authors of [69] gave an approximate way to relate the density of state to the
Lanczos coefficients in the large L limit. Setting b, = 0 for a relatively small number
of n, e.g., n = ms for m = 1,2,...,r with integers r,s ~ v/L and L = rs, the density
of states is slightly affected, however we neglect this effect since only a small proportion
of b, are sent to zero for large L. This approach makes the tridiagonal matrix L into a
block diagonal matrix with r blocks of size s x s. Furthermore, in the large L limit, the
Lanczos coefficients change smoothly, e.g. (3.4). We can further approximate the a,’s and
bn’s in the m-th block by their mean values ay,, by,. From the case of constant Lanczos
coefficients (D.7), the density of state in the m-th block is

_ LOMb], — (E —am)*)

pm(E) = SW\/4I_)%n—(E—C_Lm)2

7 (3.6)

with normalization L/s. The total density of state is

L 1 Obz)? - (FE—a(z))?
oB) = Ypn() ~ 7 [ ar S ) @)

where a,, = a(z), b, = b(z) are introduced in the continuum limit with z = n/L. Obviously,
via (3.7), in the large L limit the Lanczos coefficients (3.4) give the semi-circle law

L
psc(F) = %\/4 — E2. (3.8)
With the above ingredients, in the next subsection we will find an analytical approximation
to the Krylov complexity at early times.

3.2 Krylov complexity from spectral form factor

Based on the Ehrenfest theorem (2.22) and the limit value of Lanczos coefficients (3.4) in
the RMT of 3-ensemble, we now give a direct relation between the Krylov complexity for
maximally entangled states and the SFF at early times.
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To proceed, we insert (3.4) into the Ehrenfest theorem (2.22) and intermediately find
the simply combinations of coefficients

biﬂ - 5721 =0p0 —1/L, (ant1 —an)bps1 =0. (3.9)

It is reminiscent of the “complexity algebra” in [68, 79]. In their case, b2, — b2 = An+
B, Vn > 0 and then {E, B, f(} form a closed algebra, where B = [L, K}, K = AK+B. The
closed algebra completely determines the evolution of complexity. However, here we have an
“anomaly” d,,0, which prevents the “complexity algebra” from being closed. From the n = 0
term in the Ehrenfest theorem (2.22), we obtain that the external input for the evolution of
complexity is |¢o(T) |2, which is proportional to the SFF according to (2.54). More precisely,
we get the following expression of the second derivative of Krylov complexity,

2p gy ZIZBHIE 2 2~ pmem) i, By

where in the last expression, only different levels will contribute to the summation. This
equation states that under the approximation for the Lanczos coefficient (3.4), the second
derivative of Krylov is given by the SFF (1.1). In deriving this equation, we should note
that the wave function also implicitly depends on the RMT Hamiltonian. Thus, we have
actually neglected the statistical correlation between the Lanczos coefficients and the wave
function resulted from the RMT.

Surprisingly, if we take the double integral over the time on both sides of (3.10), we
obtain exactly the spectral complezity defined in [110],

. 2
P e

This implies that the Krylov state complexity and the spectral complexity are related by
the Ehrenfest theorem in Krylov space. The authors of [92] also proposed an equivalence
between Krylov complexity and spectral complexity in the continuum limit. However, since
we neglect the fluctuation of the Lanczos coefficients, we will see that the two complexities
match each other through the linear growth region but deviate from each other at late times.
We will distinguish the Krylov complexity K and its approximation from the Ehrenfest
theorem, i.e. the spectral complexity C.

Notice that, beyond the plateau time, the SFF converges to the plateau value
1Z(B+it)]> — dZ(2B) in ensemble average [17] with d-fold degenerate spectrum.
Then (3.10) will vanish, which is a necessary condition for the saturation of spectral com-
plexity C. However, it is not a sufficient condition, as (3.10) does not ensure that 9,C(¢; )
vanishes. It is necessary to check the saturation case by case. In ref. [110], the authors
calculated the spectral complexity in the microcanonical ensemble for the GUE, GOE,
GSE. Here we will work on the canonical ensemble, focus on the GUE in the main text
and leave the calculation of the GOE and GSE in appendix B. Finally, we will compare
the numerical result of Krylov complexities to those spectral complexities.
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For the GUE, the one-point function of the spectral density (p(E)) at large L obeys
the semicircle law (3.8), where the bracket is the matrix ensemble average. Its two-point
correlation is given by the sine kernel [17-19]

(p(En)p(B2)) = (o(E)) 8(s) + (p(En)) {p(Es)) [1 _ s (m (p(E)) ﬂ ENCaT)

2
(m (p(E)) s)
where s = E1 — Es and F = (E1+ E3)/2. The sine kernel shows the short-range correlation
between the spectrum. By Fourier transformation, we obtain the SFF

(12(8+it)?) = (Z(8+it)* + [ dBe > min {;ﬁ <p(E)>} . (3.13)

whose first (second) term is the disconnected (connected) part. From (3.8), the discon-
nected part is [(Z(8 + it))|* = 52L7jt2 111(28 + 2it)|?, which contributes the slope of SFF.
The connected part contributes to the ramp of SFF via the ¢/27 in the integrand in the
energy window satisfying ¢t < 2w (p(F)) and contributes to the plateau when the energy
window shrinks to zero.

We were unable to find an analytic formula of the SFF for a general § [19]. So, we will
consider two limits 8 = 0 and 8 > 1 below.

3.2.1 Infinite temperature limit

We first consider the infinite temperature limit 5 = 0 so that the SFF and Krylov complex-
ity are sensitive to the full spectrum. Evaluating the integral (3.13) with (3.8), we obtain

the SFF [19, 111]
L2J1(2t)% ¢ 2 2L 1 t2
= 1 — —5 4 cos™ 1—- — 14
2 R\ i T s o) B

where J, is the n-th Bessel function of the first kind. Inserting this into the Ehrenfest
theorem (3.10) and taking the double-time integral with the initial condition C(%:9)(0;0) =

C(0;0) = 0, we obtain the spectral complexity
16t

1
C(t;0) = | F: —;1,2;—4752)—1 L—— 3.15
(t:0) = 1P (- +L-o (315)

t [t 2 2L (2 1 t2
=5 +26 |1 - —5 — = | -5 +1]sin” 1- —
6 <L2+ )\/ ALz 7 <L2+ )Sm Al ||’

which asymptotes to a constant at ¢ — co. More precisely, the spectral complexity has the

(12(it)”) = Re

+ Re

asymptotic behavior

2, tx1
Ct;0) 435, 1<t<L (3.16)
L, Lt

The comparison between our analytical expression and the numerical calculation for the
Krylov complexity at § = 0 is shown in the right panel of figure 4. They agree well
before the peak time of the Krylov complexity. The linear growth 16¢/37 is the result
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Figure 4. Krylov complexity as a function of inverse temperature (left) and real time (right) for
the GUE with L = 1024 and 64 realizations. The dots represent the numerical results and the solid
curves represent analytical approximation from spectral complexity.

of the double-time integral of the slope of the SFF, which is uniquely determined by the
one-point function of the spectral density and not the spectral correlation. In section 5,
we will show that an uncorrelated spectrum leads to the quadratic-to-linear growth in
complexities. Similarly, in appendix D, we calculate the complexities in the case of constant
Lanczos coefficients and find the same quadratic-to-linear growth. We therefore state that
the linear growth of the Krylov complexity with a maximally entangled reference state is
not related to chaos. The saturation value of the spectral complexity C'(00;0) = L — 1 is
different from the saturation value of the Krylov complexity Ko = (L — 1)/2 in (2.56),
as shown in the right panel of figure 4. The saturation of the spectral complexity after
the plateau time is due to the cancellation between the factor sin? (7 (p(FE)) z) in the sine
kernel and the Fourier mode sin? (tz/2) in (3.11) at either the imaginary infinity  — ico
or z — —i0o. This saturation is related to chaos. Meanwhile, the saturation of the Krylov
complexity for maximally entangled states is due to the discrete spectrum, which is not
necessarily related to chaos.

In appendix B, the spectral complexities in the GOE and GSE exhibit the same
quadratic-to-linear growth as in (3.16). But they saturate to (L/2)logt and 2L/3 re-
spectively when ¢ > L. In figure 5, we compare the numerical Krylov complexities and the
spectral complexities for the three Gaussian ensembles, where they agree with each other
at early times only.

3.2.2 Low temperature limit

In the low temperature limit 1 < 8 < L?/3, we may approximate the spectral density by
the lower edge of the spectrum,

p(E) = %JE (3.17)

where we have shifted the energy as £ — E — 2 and considered E < 1, i.e. the “double
scaled” limit [14, 17]. By evaluating (3.13), we obtain the SFF

2\ L Bt L?
(12(8 +it)| >—74m/63/2erf \ﬁL e (3.18)
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Figure 5. The Krylov complexities K (¢;0) (solid curves) of maximally entangled state and spectral
complexities C(t;0) (dashed curves) as functions of time ¢ in the GOE, GUE, and GSE. The Krylov
complexities are calculated numerically from the B-ensemble with L = 256 and 128 realizations.
The spectral complexities are derived from (B.5).

with erf(z) = (2/v/7) [§ e~*dt the error function. Using the Ehrenfest theorem (2.22) and
taking the double-time integral, we obtain a change of complexity of the form

2 +2 2
ten =5+ et (20) 4 [E Lt s ymre g5 oo

Asymptotically, we find

ﬂ—?ﬁﬂ, t<p
Ct:5) »12\/Ft B<t<L/VB. (3.20)
Z L/VB<t

Similarly, the 9;C(t; 5) — 0 when ¢t — oo and then C(t;3) saturates at late times. We
compare the spectral complexity C(¢; 3) to the change of the numerical Krylov complexity
AK(t; B) = K(t; B) — K(0; 8) in the right panel of figure 4. They have the same quadratic-
to-linear growth behavior, but asymptote to different saturation values at late times. The
initial value of Krylov complexity K (0; /) also grows with the imaginary time /3, as shown
in the left panel of figure 4.

4 Krylov complexity and chaos at late times

Our calculations presented in the previous section demonstrate that the growth and sat-
uration of Krylov state complexity are not significantly affected by the chaotic behavior
of spectral statistics, such as spectral rigidity and level repulsion. Based on our analysis
involving the Ehrenfest theorem, we find that the linear growth of Krylov complexity is
mainly determined by the n dependence of the Lanczos coefficients b,, for small n, and the
saturation is due to the discreteness of the spectrum. In fact, in section 5, we demonstrate
that the linear growth and saturation of the Krylov state complexity remain the same for
non-chaotic spectra with uncorrelated levels.
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The authors of ref. [1] observed that the peak in Krylov complexity is sensitive to
chaos. In this section, we focus on the late-time behavior of the transition probability
|60 (8 + it)|* and Krylov complexity K (t;3). In the transition probability, we discover a
universal rise-slope-ramp-plateau behavior that includes a long ramp related to chaos. We
find that the long ramp in the transition probability is responsible for the peak in the
Krylov complexity.

Our analysis of the late-time behavior of the transition probability and the Krylov
complexity in the GUE is organized as follows. In section 4.1, we calculate the transition
probability and Krylov complexity numerically and discuss their typical behavior. In sec-
tion 4.2, we examine their fluctuations and give a first look at the ramp and the saturation.
In section 4.3, we calculate the Krylov complexity in the continuum limit without taking
the correlation between the spectral density and the polynomials of the Krylov basis into
account. A part of this correlation is then included into the analysis in appendix C. In
section 4.4, we examine the relationship between the ramp in the transition probability
and the peak in the Krylov complexity.

4.1 Numerical simulation
The Krylov complexity (2.55) in the ensemble average may be written as

D o
(K(t;8)) = 75z 2 n{len(B+it)]"). (4.1)

zay 2" 40+ 0F)
To study the chaotic dynamic from the Krylov space, we further examine the transition
probability <|¢)n(6 + it)|2> for the ensemble average of the GUE. This quantity records
the square of the amplitude of the wave function in the n-th Krylov basis. In addition,
we examine its disconnected part | (¢, (3 + it))|* and connected part <|¢n(ﬁ + it)\2> =

conn

<|¢n(ﬁ +it) |2> — {én(B + it))|>. The former measures the square of the average amplitude
of the wave function in the ensemble, and the latter measures the correlation between the
fluctuation of the wave function over the ensemble. Other observables in the Krylov space,
such as the quantity in (2.11), can be split into their disconnected and connected parts in
a similar manner. Our numerical simulation focuses on the case of 3 = 0 as the peak of
the Krylov complexity is already significant at this value.

In figure 6, we show numerical snapshots of the probability wave <|¢n(it) ]2> at different
times in the ensemble average of the GUE with a large L and a huge number of realizations.
We observe a shock wave with a long tail propagating forward and decaying during the
evolution. Notably, it decays quickly when it reaches the end of the Krylov chain at ¢ ~ L.
The reflected wave is completely broken up. Once the shock wave passes by the Krylov
chain, the global evolution of the probability wave is governed by diffusion. In particular,
after t ~ L, the probability wave smoothly diffuses to a plateau value 1/L, where the
probability ramps up for n < L/2, and ramps down for n 2 L/2.

In figure 7, we show the numerical time-evolution of the transition probability in
the ensemble average <\¢n(z’t)|2>, its disconnected part |(¢,(it))|?, and its connected part

<|¢n(z‘t) ]2> for various values of n. We observe a rise-slope-ramp-plateau behavior with
conn.
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Figure 6. The snapshots of transition probability <|¢n(zt)|2> for different t in chaotic system. We
consider the GUE with L = 1024 and 4096 realizations. The black line denotes 1/L.

a ramp-up for n < L/2 and a ramp-down for n 2 L/2. This behavior has different features
for different scales of n compared to L. Specifically:

n < L The rise-slope is short and is mainly contributed by the disconnected part. The
ramp starts from a small step that depends on n, linearly increases, and then gradu-
ally slows down. The ramp is contributed by the connected part always, and gradually
stops at a plateau time near 2L.

n < L/2 The rise-slope becomes longer and is partially contributed by the connected part.
The ramp starts from an obvious step below the plateau, linearly increases with a
smaller rate, and then gradually slows down. The plateau time is still near 2L.

L/2 <n < L The rise-slope is long and is mainly contributed by the connected part. The
ramp starts from a step larger than the plateau, linearly decreases, and then gradually
slows down. The plateau time is obviously greater than 2L.

In figure 8, we show the numerical time-evolution of the Krylov complexity in the en-
semble average (K (t;0)), as well as its disconnected part 32, 1 | (¢, (it))]?, and its connected
part >, n <]¢n(zt) \2>Conn . The peak is partially contributed by both the disconnected part
and connected part.

A direct consequence of the ramp-up behavior in the transition probability is that
nearly all observables in an m-dimensional Krylov subspace spanned by {|0,)}7"~ with
m < L/2 will exhibit ramps after the dip time of |¢,,|?. For example, the m-site probability
P(™) defined as

m—1
P =" |l (4.2)
n=0

ramps up after its slope in chaotic systems, as shown in figure 9.
In the following subsections, we will provide an analytical explanation for these nu-
merical results from the perspective of chaos.
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Figure 7. The time evolution of transition probability |¢,, (it)|? for different n in chaotic system.
We consider the GUE with L = 1024 and 4096 realizations. The solid curves, the dashed curves,
and the dots represent the full transition probability, the connected part, and the disconnected part

respectively. The black lines denote 1/L and t/(2L?). The cloud of dots on the bottom is due the
finite sampling.
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Figure 8. Krylov complexities as functions of time ¢ in chaotic system. We consider the GUE with
L = 1024 and 128 realizations. The solid curves, the dashed curves, and the dots represent the full
quantity, the connected part, and the disconnected part, respectively.
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Figure 9. The m-site probability P("™) as a function of time ¢ in the chaotic systems (blue curves)
and non-chaotic systems (orange curves) with L = 256, m = L/2, 8 = 0, and 128 realizations. The
solid curves, dashed curves, and dots represent the whole quantity, connected part, and disconnected
part respectively.

4.2 A first look at late times

To explain the behavior of the transition probability, we first discuss the late-time plateau,
and then the linear ramp appearing prior to the plateau.

Let us consider the behavior once the plateau time is reached. Recall the plateau value
of the transition probability and the saturation value of Krylov complexity in (2.56). To
further estimate their fluctuations a long time after the plateau time t,, we consider the
long-time average of the probability correlation between sites m and n with time lag dt,

(I6m (B + i) |¢n(B + i(t + d1)[*)oo = (I$m(B + it)[*)oo (|90 (B + i(t + dt))*)oo
Y [(Bpl0) ! [(Eq|0)|* e 2 Ert B =it Ev=Ea) s (B )by (Ep) b (Eg)dn(Eq) — (4:3)

9

— 2 ‘<Om| e—(2ﬂ+idt)H |On> 2

where the subscript in (- - - ) denotes the long-time average defined in (2.26). For the first
step in (4.3), we use the property that E, — E, = E,; — Ey holds only when p =¢,p' = ¢
or p=1p,q = ¢ in a chaotic spectrum [18]. The final result in (4.3) is proportional to
the transition probability between sites m and n. From the characteristic curves (2.47),
we expect that it reaches a peak when dt = +|y(em) — y(en)|, with y(x) the coordinate
in (2.46). When 8 = dt = 0, the correlation (4.3) is simply L=28,,,. Thus the local
fluctuations take the form

[(A1¢al")oc® = (I6n]")o0 = [(I6nl*)oc]? = 1/L?, (4.4)
which is of the same order as [(|¢n|?)oo]? in (2.56). From (4.3), we may easily calculate the
fluctuation of Krylov complexity with 5 = 0 after saturation,

(AK)% = (K)o — (Koo)? = LZ_l mn L6, = g +O(LY). (4.5)

m,n=0
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So the relative fluctuation is (AK)so/Keo = 2/V/3L, which is negligible for large L. We
conclude that at 8 = 0, the transition probability is not self-averaging after saturation,
similarly to the SFF [16]. On the other hand, we note that the Krylov complexity is indeed
self-averaging after saturation, similar to the spectral complexity [110]. So the relative
fluctuation of the transition probability is stronger than the relative fluctuation of the
Krylov complexity.

We move on to discussing the ramp before the plateau time. It is well known that
the SFF, which is proportional to the survival probability, has a linear ramp. We expect
that, due to the spectral rigidity, a linear ramp also appears in the transition probability
|on (B + z't)]2 for n # 0 . For a first look at the linear ramp in the transition probability,
we consider the two-point function (3.12) in the GUE in the box approximation [17, 19]

B sin? (Ls)]

e (4.6)

(p(Er)p(E2)) = (p(En)) (p(E2)) + (p(E)) [5(5)
where we have sent 1 o — E in the connected part as the sine kernel is localized at s = 0.
Moreover, we also sent (p(E)) — (p(0)) = L/m in the sine kernel, and have given an
appropriate normalization to the sine kernel, such that the two-point function reduces to
the one-point function (p(E1)) if Fs is integrated out. From (2.54), the connected part of
the probability on a given normalized polynomial ¢(E) of low degree is

7z (T [pne o0 e [pme =0y (4.72)
= 5 [am [ dsue e oe) [&s) - WL(L)] e (4
~ o [ am [ dsum)? o) [6<s> - I;L(L)] 25 (470
= (2 /_ 22 dEw(E)Qp(E)ewE) min {222 i} (4.7d)

In (4.7c), we replace 1(E1)1(E2) — 1 (E)? by considering the that the sine kernel behaves
as a narrow peak at s = 0 with width 1/L and the polynomial ¢(F) with low degree n is
relatively smooth compared with the sine kernel if n < L and then the energy difference s
in ¥(E1 )y (FE2) is negligible. When § = 0, the prefactor in (4.7d) is reduced to 1 because
of (2.2). So, at 8 = 0, the connected part of the transition probability exhibits a ramp-to-
plateau behavior, with the ramp /(2L?), the plateau values 1/L, and the plateau time 2L,
which approximately matches the numerical result for small n in figure 7. In appendix C.2,
we show that the transition probability in a general Gaussian ensemble also exhibits a
ramp. As we will show in section 5, the transition probability in a non-chaotic system have
short ramp regions and different plateau times. So, the above ramp-to-plateau behavior
characterizes the chaos in the Krylov space.
Note however that in (4.7), we neglected two effects:

< L, the high-frequency oscillation

~

o When ¢(F) is a n-degree polynomial with n
prevent us from neglecting the energy different s in ¢(Eq)y(Es).
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o When the given polynomial ¢(E) is taken as the polynomial ¢, (F) determined by
the Lanczos coefficients, which are in principle determined by the spectrum {E,} in
a complicated way. The statistical correlation between the two polynomials and the
two spectral density could also contribute to the connected part of the transition
probability.

The first effect will leads to a n-dependent time shifting in the transition probability
such that the ramp does not start from zero for finite n, as given in (C.38) in appendix C.5.

The second effect is more complicated. In most of the literature, the statistical corre-
lations between the two polynomials v, (F1 )1, (E2) and the density densities p(E1)p(Es)
in the ensemble average of the transition probability are neglected. Although we are un-
able to deal with all those complicated correlation in this paper, we still consider a most
significant effect of these correlations step by step: in appendix C.3, we will include an
obvious effect of the correlation between the polynomial and spectral density, called the
confinement of polynomials. In appendix C.4, we will argue the approximated expressions
of the reduced spectral density and polynomials after taking the effect of the confinement
of polynomials into account. In appendix C.5, we will find an improved expression of the
transition probability with a ramp-to-plateau behavior in its connected part, as expected.

In the following subsections, we will first ignore the statistical correlation of the second
effect and calculate the Krylov complexity in the first-order formalism of the continuum
limit. The Krylov complexity already exhibits a peak as a result of the ramp in the
transition probability at this level.

4.3 Krylov complexity in the continuum limit

In this subsection, we derive the complexity in the first-order formalism of the contin-
uum limit, while neglecting the statistical correlation between the polynomial v, (E)
and the spectrum {E,}. According to [92], and using the solution (2.33), we may de-
fine a complexity operator on the energy basis in the continuum limit.! However, in
general, the polynomial in the continuum limit is not normalized to 1, meaning that
(1/L) [ dE |Y(E,z)|* p(E) = 1/b(z) and (1/eL) [ dx|¥(E,z)[* = [dxz/(eLb(x)). There-
fore, we should introduce a normalization factor \/b(x) to each ¥(FE, z) before integrating
over x. We obtain a complexity operator and total probability on the energy basis in the
continuum limit,

Jcont‘<E1 _ EQ) _ 216/051’ d l‘b(l‘) (\I/(Ela x)*\I/(EQ, a:) + \IJ(EQ,x)*\II(El,l'))
y(eL)
= 2/0 dy x(y)b(x(y)) cos ((E1 — E9)y), (4.8)
PO (B — ) = ;/OL dx b(z) (V(Ey,2)*V(Ey, x) + ¥(Ey, )"V (B, x))
(eL)

= 2¢ [ dy blaly)) cos (B — Bay), (4.9)
0

'We thank Souvik Banerjee for helpful discussions on this point.
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where we have taken the symmetric part under exchanging F; < F5. Taking the limit
value of the Lanczos coefficients (3.4), we get

W(E,z) \/;Tx)emy@, ba)=\[1- = y() =1L (1 _ i ;) L (410)

Then we get the complexity operator and the total probability in the continuum limit

Jeont-(g) = i? [(LQSQ + 6) sinc? % — 6] : (4.11)
s
cont s a2 Ls
P (s) = eLsinc - s = Ey — Es, (4.12)

where we may set the overall factor as e = 1/L such that P (0) = 1. The completeness
relation (2.3) becomes P®"(s) in the continuum limit. The asymptotic behaviors of
Jeont(s) are

L L3

Jcont.(s — 0) — 5 o T

2(cos(Ls) + 2)
Ls? ’

+0(s%), JoM (s> 00) = - (4.13)

where the L/2 will be the saturation value of the Krylov complexity at 8 = 0, as a conse-
quence of our normalization. From (2.55), the expectation value of the Krylov complexity

in the continuum limit is

Jcont.(t; 5)

Kcont.(t; 6) — Pcont,(t.ﬁy (414)
1 .
Jcont.(t; 6) — ﬁ Z Jcont.(Ep _ Eq)ezt(Ep—Eq)—,B(Ep—&-Eq)’ (4‘15)
Ppq
1 ;
Pcont.(t; 6) _ ﬁ ZPcont.(Ep . Eq)ezt(Ep—Eq)—/B(Ep-&-Eq)' (4.16)
pq

With the two-point function in the GUE (3.12), we can calculate them in the ensemble

average

(rmesm) = 35 [

2 +o00
dE/ dsJ" (s)
2 —00

2 5 sin®(mpsc (E)s) gits—28E
{PSC(E) + psc(E) [5( ) psc(E)(s)2 ] } ) (4.17)
2 o)
() = o [ [ e
2 o) _ sin?(mpsc(E)s) pits—2BE
{pSC(E) + pSC(E) [5( ) pSC(E)(ﬂ_S)Q ‘| } * (418)

where we have replaced the energies in the spectral density by their average F, since both
Jm(s) and P (s) are localized around s = 0 with a width ~ 20/L. We will use the
box approximation (4.6) by replacing psc(E) — psc(0) in the sine kernel. The final result
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Figure 10. The Krylov complexity as a function of time in the continuum limit at § = 0. The
solid curves, the dashed curves, and the dotted curves represent the full quantity, the connected
part, and the disconnected part, respectively.
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whose configuration is plotted in figure 10. (K" (¢;0)) reaches a peak of value 0.75L at
time ¢ =~ 0.7L and nearly saturates to 0.5L when ¢t > L. We further separate the con-
tribution of the disconnected and connected parts of two-point function in the integrand
of (4.17) and show them in figure 10. We see that the linear growth as well as the peak
are mainly contributed by the disconnected part and the saturation is contributed by the
connected part in this continuum limit. While the peak in the numeric Krylov complex-
ity is partially contributed by the connected part, as shown in figure 8. The reason for
discrepancy is that we neglect the fluctuation in the polynomial ), (E) coming from the
fluctuation on levels. Those fluctuation transform some contribution from disconnected
part to the connected part. We will come to this point in appendix C.5.

Furthermore, (K™ (¢;0)) grows as 10(37; L+ 16;&2%3;”“ + O(#?) initially, which
are not reliable when compared to the early-time behavior in section 3. They are affected
by the loss of orthogonality, e.g. [dEp(E)¥(E,z) 1 # 0 for = # 0, which is an artifact of
the continuum limit.

4.4 The peak of Krylov complexity

We can now explain the peak observed in the Krylov complexity, which appears slightly
before the plateau time ¢, and much later than the dip time ¢4 for small n. The transition
probability for all small n is in the ramp region, while the transition probability for all
large n is in the rise-slope region. Considering the weight n in the Krylov complexity, the
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former is negligible while the latter dominates. Thus, the observed peak in the Krylov
complexity is essentially the weighted combination of peaks in the rise-slope region of the
transition probability at large n.

More precisely, we consider the saturated case where the shock wave reaches the n-th
site at time ¢, and the transition probability before the n-th site is in its ramp region,
ie., <\¢m(it)\2> > t/(2L%) with 0 < m < n. Due to probability conservation, we have

<|¢n(it)]2> < 1—tn/(2L%) at B = 0, where the total probability is 1. The shock wave
travels according to (3.5). Then, the Krylov complexity is bounded above by

- 7t§L7

tn(t) n(t)(n(t) — 1)t t(2L —t) (2L3 — Lt(2t + 1) + t7)
) A2 - 214

(4.20)

which has a peak at around ¢t = 0.62L.

We can also explain why the linear growth of Krylov complexity is not a result of
chaos before its peak time. The dip times of the transition probabilities for different n are
mismatched, so the rise-slope of the transition probability in the shock wave always covers
the ramps of other transition probabilities.

5 Non-chaotic spectrum

As a comparison, following the example given in [69], we can consider a uncorrelated spec-
trum whose density satisfies the same semicircle law (3.8). Technically, we randomly sample
the energies individually from the spectra in the GUE with dimension L. We calculate the
Lanczos coeflicients, transition probability, and Krylov complexity numerically, as shown
in figure 11. The m-site probability is shown in figure 9.

The Lanczos coefficients approach the limit value (3.4) in ensemble average in consis-
tence with the semi-circle law and (3.6). But they have strong fluctuation especially at
large n.

To study the behavior of transition probability, we consider the two-point function of

uncorrelated spectrum

L

(p(BV)o(E)) = p(E)S(By — Ba) + = (o(E) (o) (5.1)

where the spectral density in ensemble average obeys the semi-circle law (p(E)) = psc(E).
Similarly, considering the confinement and then decorrelating the polynomials and the
spectral density, we obtain the SFF and the transition probability respectively

L(L — 1) |11(28 + 2it)*

(1Z(8+it)P) = L+ T , (5.2)
(|6n(B +it)”) ~ % /dEe_?ﬁE (n(B)p(E)) + % (en(B+it)[*  (5.3)
= % + % {on(B+it)))?> when B=0. (5.4)
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Figure 11. The Lanczos coefficients (upper-left), Krylov complexity (upper-right), and transition
probability (lower) of the non-chaotic spectra with L = 1024. In the last two plots, the solid
curves, dashed curves, and dots represent the full quantity, connected part, and disconnected part,
respectively, over 128 realizations. The black line in the last plot denotes 1/L.

The first terms will give a plateau and there is no ramp. Since the Lanczos coefficients
have strong fluctuations, the wave function ¢, (it), which is initially localized at n = 0,
quickly diffuses as it propagates, as observed in [1] as well. Thus, when n is not too
large, the transition probability <\d>n(zt)|2> exhibits rise-slope-plateau behaviors without
any ramp, as shown in figure 11. The plateau value is universally 1/L, but the plateau
time, i.e., the time when its slope become smaller than 1/L, highly depends on n and is
much earlier than 2L. When n is increasing and approaching L, the peak between the
rise and the slope decays quickly and even ceases to exist. Finally, when the transition
probability only gradually rises and approaches the plateau 1/L from below. The decay or
even absence of the peak in the transition probability for n < L is the result of probability
conservation. Consider the time when <|¢n(it)]2> is rising, due to the absence of a ramp,

all the <|¢m(zt)\2> with m < n have entered their plateau regions and all the <|¢>m(zt)|2>
with m < n have entered their slope region. In both cases, <]¢m(z’t) |2> > 1/L. From (2.18),

we get <]¢n (zt)\2> < 1—n/L, which decreases with increasing n and approaches its plateau
value 1/L when n < L. Due to the absence of a ramp in the transition probability, we will
not find any ramp in m-site observable (4.2), as shown in figure 9. Following the strong
fluctuations in the Lanczos coefficients, the polynomials ¢, (E,; {E}) will get a stronger
fluctuation at larger n via the spectrum {E}. So we observe that the connected parts of
the transition probability <|qz§n|2>Conn become dominated at large n.
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Since the Lanczos coefficients are still around the limit value (3.4). By plugging the
SFF (5.2) into the Ehrenfest theorem (2.22) and doubly integrating over the time, we
obtain the Krylov complexity at the early time. In particular at g = 0,

2, tx1

, 5.5
P, 1<t< L (55)

1
K(t;0) ~ | Fy (-2;1,2; —4752) —-1— {

which agrees with the numerical result displayed in figure 11. This linear growth has the
same rate as the growth in RMT at early times. We thus confirm that, when the reference
state is the maximally entangled state, the linear growth of Krylov state complexity does
not characterize chaos in the spectrum.?

However, at late times, the Krylov complexity for a non-chaotic spectrum gradually
slows down and reaches a plateau from below at ¢t 2 L, without going through a peak
(see figure 11), which is in contrast to the Krylov complexity in the GUE at late times
(see figure 8). The absence of the peak in the Krylov complexity is due to the absence of
the ramp in the transition probability. Recall that <|q§n(2t)\2> < 1—n/L due to the early
plateau time and probability conservation, which bounds the complexity contributions from
probability at large n. To describe this in detail, let us consider the saturated case, in which
the shock reaches the n-th site at time ¢, i.e. <|q§n(zt)\2> =1-—n/L and <\¢m(zt)]2> =1/L
with 0 < m < n. With shock wave (3.5), the Krylov complexity is bounded from above by

The bound monotonically grows from 0 to (L —1)/2 when n goes from 0 to L — 1 or ¢ goes
from 0 to L, and then it saturates. We may thus rule out the peak exceeding the saturated
value L/2 in the Krylov complexity.

6 The SYK model

Here we show that the universal rise-slope-ramp-plateau behavior also appears in the SYK
model with quartic or higher fermion interactions. The SYK, model describes N Majorana
fermions with g-fermion random coupling, namely

_ 207 g —1)!

.4 9 9
H =12 Z le,..,,qujl < Xigs <Jj17---,jq> = WJ s (61)
1<j1<jo<--<jg<N

and anti-commutation relation {x;, xx} = ;5. We specify the value of J so that the first
Lanczos coefficient is b; = 1.

The SYK,; model with ¢ > 4 has the same level spacing distribution as the
RMT [12, 13, 17]. The particle-hole symmetry determines the class of RMT statistics
(GOE, GUE, and GSE) of each charge parity sector. For the GUE, we will consider N
mod 8 = 2 or 6, where the spectrum consists of even and odd parity sectors which are

2We distinguish chaos in spectrum from chaos characterized by the exponentially decay of the OTOC,
which is related to operators and locality [18, 43].
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Figure 12. The Lanczos coefficients (upper-left), Krylov complexity (upper-right), and transition
probability (lower) of the SYK, model with N = 22, L = 1024, and 128 realizations. In the last
two plots, the solid curves, dashed curves, and dots represent the whole quantities, connected parts,
and disconnected parts, respectively. The black lines in the last plot denote 1/L and t/(2L?).

mapped to each other by the particle-hole symmetry. Each sector corresponds to the GUE
with dimension L = 2N/2-1,

The density of state in the triple-scaled limit N > ¢? > 1 of the SYK model is [17]
(p(E)) ~ J~'e% sinh <7r\/2N(E - Eo)/(qzj)) with Ey the ground state energy and Sp
the zero temperature entropy. Due to the scaled limit, only the lower edge of the spectrum
is accessible. So a finite temperature is introduced to regularize the SFF, which is similar to
section 3.2.2. The SFF of the SYK, model with the GUE statistic follows the integral (3.13)

with the above spectral density. So the normalized SFF <|Z(ﬁ + it)|2> /(Z(B))?, i.e. the
normalized survival probability, exhibits a long ramp ~ te=25(%) between the dip time
tqg < €%/2 and the plateau time ty ~ e®P) where S(j) is the thermal entropy at the
inverse temperature § [17]. We would leave the analytical calculation of the transition
probability and Krylov complexity in the future. Here we will numerically study them in
the cases of ¢ = 4, 2.

In the SYKy model, the spectral density is Gaussian law rather than semi-circle
law [11, 13]. We show the Lanczos coefficients, Krylov complexity, and transition proba-
bility at 8 = 0 in figure 12. The Lanczos coefficients b,, decrease linearly for n < L and
decrease like ~ /1 — n/L for n < L. As (3.9) no longer holds, we cannot simply apply the
Ehrenfest theorem as we did with (3.10). Surprisingly, from the numerical Lanczos coeffi-
cients, we observe a modification of (3.9) as b2, | — b2 ~ Cd,0 + An + B with A ~ 1/L?
B ~ —1/L and C' ~ 1, which has an “anomaly” Cd,o beyond the “complexity algebra”
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Figure 13. The Lanczos coefficients (upper-left), Krylov complexity (upper-right), and transition
probability (lower) of the SYKy model with N = 20, L = 1024, and 128 realizations. In the last
two plots, the solid curves, dashed curves, and dots represent the whole quantities, connected parts,
and disconnected parts, respectively. The black line in the last plot denotes 1/L.

in [68, 79]. Plugging it into the Ehrenfest theorem (2.22), we get

C|Z(B + it)|?
DZ(2p)

For g = 0, since Z(it) decreases from D and K(t;3) < L in the early time, the first
term dominates (6.2) and leads to a linear growth of order ¢ in the Krylov complexity.

02K (t; B) ~ 2 ( +AK(t8) + B) . (6.2)

In figure 12, the transition probability exhibits the rise-slope-ramp-plateau behavior with
ramp ~ t/(2L%), a common plateau time ¢, ~ 2L and a common plateau value 1/L. The
connected contributions to the rise-slope are more obvious. Due to the existence of a ramp
in the transition probability, the Krylov complexity has a peak after its linear growth and
before the plateau time.

The SYKs model is a many-body model of N/2 free Dirac fermions filling random
matrix single-particle energy levels. The model is integrable. The many-body spectral
density satisfies a Gaussian law. The levels have weak correlation and repulsion. The SFF
has a short and exponential ramp compared to the dimension of Krylov space L = 2N/2,

namely [112]
. N
12082 ~ e <t~ (©:3)

We show the Lanczos coefficients, Krylov complexity, and transition probability at 5 =0

J log Nt>
Y

in figure 13 The Lanczos coefficients b,, decrease faster than linearly for n < L and a, = 0

— 34 —



due to the exact reversal symmetry of the spectrum. The transition probability exhibits
the rise-slope-ramp-plateau behavior with a negligible ramp at finite n, a n-dependent
plateau time ¢, and a common plateau value 1/L. Due to the absent of a long ramp in the
transition probability, the Krylov complexity does not have a peak.

7 Conclusion and outlook

We have studied the Krylov complexity in random matrix theory by mapping it to an effec-
tive Krylov spin chain model. Under the reasonable assumption of neglecting the statistical
correlation between wavefunction and spectra, we find that the Krylov complexity satis-
fies an Ehrenfest theorem, in which the spectral form factor serves as a force to drive the
complexity to grow. For random matrix theory, this also enables us to derive an analytical
approximation of Krylov complexity, in terms of spectral complexity (3.11). The analytical
expression matches well with numerical calculations up to the linear growth region, while
its asymptotic late-time value deviates from the actual saturation value. We attribute this
deviation to the fact that neglecting the fluctuation of Lanczos coefficient is not valid at
late times, as revealed by figure 7. This deviation also shows the fundamental difference
between the saturation of Krylov complexity and the saturation of spectral complexity at
late times: the former relies on the discreteness of the spectrum (2.56), while the latter
relies on level rigidity.

For early times, our generalized version of the Ehrenfest theorem is valid for the linear
growth region of both chaotic and non-chaotic systems. This implies that the linear growth
of complexity is not sufficient to discriminate chaotic and non-chaotic systems.

This further motivated us to study the quantum dynamics in the Krylov basis in
general. We find that the transition amplitude, properly defined in a two-copy Hilbert
space, shows a universal rise-slope-ramp-plateau behavior as function of time. The linear
ramp behavior is a robust indicator for chaotic systems, similarly to the spectral form
factor. Therefore, unlike global observables that span over all of the Krylov basis, such as
the Krylov complexity, any observable defined in the subspace of the Krylov space can reveal
the linear ramp behavior that is unique for chaotic systems. Our study of the transition
probability also explains the existence (absence) of the peak in the Krylov complexity in
chaotic (non-chaotic) systems discussed in [1]. Our analysis thus reveals a close relation
between chaotic spectra and the Krylov state complexity.

In this context, there remain some open questions for the future.

First, the saturation value predicted by the Ehrenfest theorem is not accurate, and
the error stems from the approximation that we neglect the fluctuations of the Lanczos
coefficients in egs. (3.4) and (3.10). It will be interesting to improve the approximation
by including more statistical correlations between the Lanczos coefficients and the Krylov
wavefunction. A similar improvement can be obtained for the Krylov wavefunction ¢, at
chain sites with large n ~ L.

Second, in addition to the Ehrenfest theorem presented in this paper, further theorems
in quantum mechanics may provide useful approximations or constraints for observables on
the Krylov chain. For instance, the Robertson uncertainty relation provides a dispersion
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bound for Krylov complexity [79]. It will be interesting to investigate this bound in each
region of Krylov state complexity discussed in this paper.

Third, for n 2 L/2, the statistical correlation between the two polynomials in the tran-
sition probability makes the ramp-down behavior at late times difficult to analyze. In the
numerical simulation, we observe that the late-time evolution of the transition probabil-
ity is governed by diffusion rather than propagation. It would be more straightforward to
describe the ramp-down behavior by writing down a diffusion equation for the Krylov chain.

Fourth, going beyond random matrix ensembles, it would be interesting to study
Krylov state complexity in the SYK model [113-115] and in holographic models such as
JT gravity [14, 110], as well as in lattice models or spin models to benchmark the universal
behavior studied in our paper.

Finally, let us highlight the fact that (2.55) provides an analytical expression for the
Krylov complexity for the TFD state. This may serve as a starting point for constructing
the gravity dual of Krylov complexity [116]. As we show in section 4, the connected part
of the Krylov complexity plays an important role for its peak and saturation structure at
time scales comparable to the dimension of the Hilbert space. This may be relevant in
particular for describing the late-time evolution of black holes, where higher genus effects
should be taken into account at finite N in holography [110].
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A Imaginary time evolution
For imaginary time evolution, we consider the following continuum limit
Tn=€n, @(1,2,) = (—1)"Pn(7), blxy,—€/2) =0y, a(z)=ay, (A.1)
with a small spacing e such that eq. (2.15) becomes
Drip =€bp" + V' + (2b — a)p + O(e%). (A.2)
In the continuum limit, the Ehrenfest theorem (2.22) becomes
077 = 508 [ loPude = [ du[202) Il = 20010 + () + (@) |¢] (A3)

where the last two terms in the integrand may be neglected in the small € limit.
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To further write this into a typical Schrédinger equation in the continuous coordinates,

1/4

we introduce a new wave function @(7,y) = b(z)"/*p(7,2) on coordinate y = y(x) with

dy = dz/(e\/b), and arrive at the following Schrédinger equation

~0;p =00+ V9, (A.4)
with the potential
() = BW) _ 3B W) —2B(y) + A(y) = V(@) V)’ —2b(z) +a(z) (A.5)

W) =1B() " 16B(y)? 4 16b(x)

where A(y) = a(z), B(y) = b(x), A'(y) = 0,A(y), B'(y) = 0yB(y). The expectation value
of operator O transforms to

y(eL)
=~ 0ue = ¢ [T 0wl = 1 06l st s (40
We can read out another Ehrenfest theorem on the coordinate y and real time ¢t = Imr,

R ) =— (V') (A7)

However, the Krylov complexity (zL) is not directly related to (y).

B Spectral complexity for Gaussian ensembles

We may generalize the calculation of the spectral complexity in section 3.2 to the GOE
and GSE. Instead of integrating the SFF over time, we directly use the spectral complex-
ity (3.11) and replace the two-point function (3.12) with [19]

(p(E1)p(E2)) = (p(E)) 6(s) + (p(En)) (p(E2)) — %Tr(k(ElaEﬂk(EQ,El))? (B.1)
where
sinc X sinc’(X)

W(E) — Zsgn(X) sinc X ) GOP

k(E1, E) = { (p(E)) SmCX . X) GUE (B.2)
sinc(2X) sinc’(2X)

e(E)) Si(2X) sinc(2X ) GoE
E = (El + EQ)/2, X = (E) s, s=FE;— FEs, (B3)
sincx = 512:6’ Si(x) = /0 sinc x’da’, (B.4)

and (p(F)) is taken as the semi-circle law (3.8). Similarly to the case of JT gravity [110],
the contact term in (B.1) will not contribute to the complexity. In all of the three Gaussian

ensembles, the spectral complexity is always written as

S

C:8) = Tz [ 4125 () (o)) e (“) (1= k(e (o(B))9) . (B5)
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with an ensemble-dependent kernel

sinc? z + 2(Si(z) — Zsgnz)(sincz — cosz), GOE
E(x) = { sinc? T, GUE . (B.6)

sinc? x + % Si(x)(sincx — cos z), GSE
The asymptotic behaviors of the kernel function k(z) are

. {1+O(m), Iz < 1

f(z)cos(2dzx), |z|>1 (B.7)

where d = 1,1,2 for the GOE, GUE, and GSE respectively and f(x) is a polynomial of
finite degree. The integrand is therefore finite at s = 0. For simplicity, we will focus on
the g = 0 case.

We will split the spectral complexity into the disconnected part and the connected
part, namely, C(t) = C(t)4isc. + C(t)conn.. Obviously, the 1 term and the l%(X) term in the
integral factor (1 —k (X )) respectively contribute to the disconnected part C(t)qisc. and
the connected part C(t)conn. -

The disconnected part is universal for those three ensembles, namely,

2, tx1

, (B.8)
16
B t>1

C(t)aisc. = 112 (—;; 1,2 —4t2> -1-= {
which exhibits a quadratic-to-linear growth in order L°.
The connected part is highly dependent on the kernel. Since the kernel k(7 (p(E)) s)
is a narrow function of s with width 1/ (p(E)) ~ 1/L, we can replace (p(E1)) (p(E2)) —
(p(E))* and extend the domain of integral w.r.t. s to the real axes. By integrating out s,
we get the connected part

4n” (p(E))° t
conn. — E B.
Clthom. = [ a8 == (57 <p<E)>> (B:9)
where

& ((—12u® 4+ 9u + 3) log(2u + 1) + 2u(u(17u — 24) — 3)), u<1

g(u)cor = ( S 3u4 %) log(2u — 1) + (—u3 +3u+ %) log(2u + 1) , (B.10)
+(u—3)u+ 1, u>1
w(u—3), u<l

g(u)cue = (=3) : (B.11)
1 — 3u, u>1
L (w(u(17u — 60) —12) — 6 (u® — 3u +2)log |1 —ul), u<2

Jluyas — { 7 00 ) —12) - 6 ( ) log 1 - ul) 512
3 3u, u > 2

Ouly for the GUE, we can perform the integral w.r.t. E analytically and reproduce (3.15)
in the main text. For other ensembles, we have to compute it numerically. The results of
spectral complexity are shown in figure 5.
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At the early time t < L, as g(u) = —3u? + O(u3), the connected part scales as
C(t)conn. ~ t?/L and is negligible compared to C(t)gisc., as discussed in section 3.2.

At the late time ¢ 2 L, the growth of the spectral complexity will slow down, stop,
or even rebound in different ensembles, due to the cancellation between the disconnected
part and connected part, as explained in [110] and the following text. Let’s first assume
that k(x) is holomorphic function of z. Based on the asymptotic behavior (B.7), when
t > 2dL > 2rd (p(E)), the integrand e™*(1 — k(m (p(FE)) s)) is analytic on the upper half-
plane and the real axis of s. So we can close the contour of integral [ ds by using the arc at
complex infinity in the upper-half plane, such that the integral of those terms vanishes and
the spectral complexity saturates to a time-independent value given by the other terms.
However, for the GOE, the sgnz in k(z) is not analytic. As a result, the C(t) for the GUE
approaches logt instead of a constant.

C Krylov approach in ensemble average

C.1 Formal Krylov approach in ensemble average

Here we give the formal expressions of the transition probability and the Krylov complexity
in the ensemble average of Gaussian ensembles. As explained in the main text, to construct
the Krylov space of the maximally entangled state |0), we can consider non-degenerate
spectrum {Ep}o ., ;. The Krylov space is spanned by the states £" |0) for 0 <n < L—1.
The components of the n-th state on the energy basis of £ are the n-th rows of the
Vandermonde matrix

V:{E”

p }ogn,ng—l (C.1)

times 1/v/L. So the Krylov basis |O,,) is obtained from the orthogonalization of V, namely

o= {L_l/an(Ep)}(Kn o =CV. we=wle-T (C.2)

where C is a lower-triangular matrix and I is the identity matrix. From the moments and
Hankel matrix

Hj = Z Ezj)" Al — {rivito<icm—10<i<n—1 (C.3)
P

one can also derive the orthogonal polynomials by

. 1 q A(n,n+1) o
W(E) = ————det . )
UnlB) = =qeamm g g2 g (C.4)

If the spectrum is symmetric, one can also divide the Lanczos coefficients from the Hankel

determinant

Dy =det A, py=1, 2 = ZntDnst

. 52 (C.5)
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The transition probability and Krylov complexity are respectively

T
onf? = (vrw )m o DKUY’ (©.6)
" TF 7 B T™TF '
where the evolution matrix and complexity matrix are respectively
—1Ep—7*E,
F= {e o q}osp,qu—ﬂ K = {ndmn}ocmnzr1- (C.7)
In an ensemble average, they become
VFYT) T
9 ( Tr KYF¥- ]
= | DE~———"n Ky=| DEF—— .
(o) = [ DB (i) = [ DE=ESEE, (C3)
For f3-ensemble, the measure of the spectrum is
1 BL 2 8
/DE: Z~/dE0dE1---dEL_1exp - > E II B -EJ (C9
B 0<p<L—1 0<p<q<L—-1

which is normalized to 1 and we have rescaled the potential such that the domain of

spectrum is [—2, 2] in expectation. We will work at the GUE (8 = 2) for simplicity. It can
be solved with the oscillator wave functions

1 x2
on(r) = ————=exp (—) H,(x) (C.10)

\/2rnl/T 2

where Hy(zx) is the Hermite polynomial. By using the kernel

n—1
Kn(x7y) = Z Som(x)(pm(y) (C'll)
m=0

one can write down the one point function and two point function
(p(E)) = KL(E,E), (p(Ey, Es)) = Kr(E1, E2)”. (C.12)

In the large L limit, they become the semi-circle law and sine kernel

(B)) = L VAZER,  (p(Br, Bn)) = sinc(xL(Ey — By)). (C.13)

:271'

Since 9y, (Ep) is a complicated function of the spectrum of degree n, the ensemble
average of probability <\¢n\2> is a complicated summation of maximally 2n-point functions
and thus difficult to solve analytically. So we will approximate 1, (E,) by the polynomials

Y (F) given by the limit value (3.4) and take its confinement into account.
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C.2 General linear ramp from Gaussian ensemble

Similar to the SFF, the ramp in the transition probability does not rely on the specific
sine kernel. Here, we work at 3 = 0 for simplicity. Since the ¢, (E) in |¢,|? is a n-degree
polynomial of E, we can consider the generating function in the Gaussian ensemble average
(-++), namely

(Trle— ) Tr]c1]) = / Dp / dE\dEap(Ey)p(Ey)e~ " Ertit2Fz =5lo] (C.14)

where S[p] is an effective action of spectral density p from Gaussian ensemble. The saddle
point of S is the semi-circle ps. Considering fluctuation p = ps + dp and expanding S
around its saddle, one finds the quadratic term [18]

Si
(SS = —Lz/ dEldEQ(Sp(EI)(Sp(EQ) log ‘El E2| = A2 Z5pn5p n ( ), (015)

nm

where 8p, = [ dESp(E)e’Esn is the Fourier transformation from a ﬁnite domain of spec-
trum EF € [—A/2,A/2] to discrete s, = 2nn/A with n € N, Si(z) = [ (sinct)dt, and
sinc(z) = (sinx)/x. Then the connected part of the generating functlon is related to the
two-point function of dp, namely

/D&p Z S pmOpn sinc(mm + Aty /2) sinc(rn — Aty /2)e %" (C.16)
nmwo )
= F zn: m sinc(—nm + At1/2) sinc(nm — Ata/2) (C.17)
2 e
~ IV (A — 12)/2), when [ty — ta] < 1/A. (C.18)
T

By replacing t; — t +t; and ta — t — t2 and letting |¢; 2| < ¢, we obtain a linear ramp on
t in the connected part of the generating function

2
<Tr[e*i(tﬁl)H]Tr[ei(t*tQ)H]> ~ % sinc(A(t; + t2)/2). (C.19)

Thus, by taking the derivative of (C.19) with respect to t1 2, we will obtain a linear ramp.

C.3 Confinement of polynomials

The transition probability in ensemble average is defined as
9n(B+it) = <Z Y Bys {BY)on By { B} e Pt Fu) 1= )> (C.20)

< / dEAE {n(E; {E}) b (E'; {E})e P+~ “<E‘E’>p<E>p<E’)> (C.21)
where ¢, (Ey;{E}) is a polynomial of its first argument E, and the polynomial is

determined by the orthogonality relation (2.2), or equivalently, the Lanczos algo-
rithm (2.6), (2.8). Since the orthogonalization is determined by the whole spectrum
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Figure 14. Polynomials ¢, (E,) as functions of n and p, where L = 1024. Left: the polynomials in
the Krylov space of TFD state in one realization of the GUE. Middle: the polynomials from (3.4).
Right: the deformed Chebyshev polynomials (C.32) on a GUE spectrum within —24/1 —n/L <

E, <2/T—n/L.

{E} = {Ey, E1, - ,Er_1}, where we have shown the dependence on {E} explicitly, the
ensemble average of the transition probability (C.20) essentially relies on the multi-point
(more than two points) function of the spectral density.

In principle, the orthogonalization before the ensemble average is different from the
orthogonalization after the ensemble average. In other words, the former case corresponds
to applying the Lanczos algorithm (2.6) for each realization of ensemble and taking their
average finally, which is what we are simulating in section 4.1. The latter case corresponds
to a single Lanczos algorithm (2.6) for the ensemble average of the inner product.

In this paper, we are not able to solve (C.20) exactly. Instead, in this subsection,
we try to develop an approximate method by including the a significant effect in the level
correlation between the argument FE, and the spectrum { E'} in the polynomial ¢, (E,; {E}),
called the confinement of polynomials.

Instead of thinking v, (E’; { E}) as a function of a continuous energy E’, we only have
to consider the its dependence on the discrete levels E' = E, € {E} withp =0,1,--- ,L—1.
We show ¢, (Ep; {E}) as a function of E, and n for a realization of the GUE in the left
panel of figure 14. An important feature is that the ¢, (E,;{E}) almost vanishes for
|E,| Z 2/1—n/L, which is different from the profile of ¥, (E’;{E}) in the continuous
domain of spectrum, namely [—2, 2] in our convention. In other words, 1, (E’; { E'}) passes
its zeros on those E' = E, ¢ [-2y/1 —n/L,2\/1—n/L]. We say that ¢, (E,;{E}) is
confined in [-2/1 —n/L,2\/1 —n/L].

The confinement of ¢, (E,; {E}) is due to the decrease of b, as a sequence of n, as
explained as follows. Let us send b, of the corresponding n in L to 0 and denote the
resulting matrix as L. The spectra of L and L are close. Since L = L™ ¢ RE—),
where L™ and R~ are the upper-left block and the lower-right block respectively, the
whole spectrum is the union of the spectra of L™ and R~ So, we can separate the
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summation over the spectrum into two parts

) (Lon
> =2+ 2 (C.22)
p p p

(L—n)

where Z;()”)’ sum over the levels from L™ and > (L=n),

sum over the levels from R
Correspondingly, the spectral density (3.7) could be approximately divided into two parts

p(E) = p"(E) + pF (B, (C.23)

where the spectral density (™ (E) of L™ and the spectral density P (E) of R are
given by the integrals (3.7) with modified bounds fo L dz and f /1, d, which are normalized
to n and L — n, respectively.

Recall that p,(E'; {E}) = det(E' — L™) from (2.8). So pn(Ep; {E}) automatically
vanishes on the spectrum of L(™). Then we can reduce the summation

(L—n)
ZPn(Ep; {E})]f(Ep) ~ Z Pn(Ep; {E}>jf(Ep)a (C.24)

p

(L—n)

» is taken on the spectrum of R~ and

where the power is taken as j = 1,2, the >
f(Ep) is an arbitrary function of E,,.
After the confinement of polynomials is taken into account, the reduced summa-

tion (C.24) in the ensemble average given in (C.9) is

(L—n)
[ PES pu By BV 1) = [ DE S (B B S5
(L—n)
—/DE/dE’an’ {E}/ f(E') Y  6(E - Ep)
P
~ [ B pu (B 1) (o () (C.25)

At the last step, we consider the average separately by neglecting the correlation between
each term and define <,0(L_”)(E)> and (p,(F)) as the reduced spectral density and the
polynomials in ensemble average respectively. The the ensemble average of the reduced
one-point function is

(L=n)
<p<L—">(E')> = < > S(E - Ep)>. (C.26)

The ensemble average of the normalized polynomial (¢, (E")) is proportional to (p,(E")).
But the normalization is slightly subtle. Due to the trick of setting b, = 0 and replacing
L by L, the original norm []%_, b2, vanishes for each realization. We have to renormalize
the polynomial in the ensemble average

1 [24/1-n/L

o i U (B (p(E)) =1. (C.27)
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Figure 15. The a-Renyi entropy S, of the Krylov basis {|0,)} é from the maximally entangled

with the reduced spectral density <p(L*")(E)>. By considering the confinement and the
renormalization of polynomials, we take the ensemble average as

. N

| PES n B (B 1B [ dB (enE) (4 E) SB). (€29

Finally, a physical consequence of the confinement property discussed above is the de-
crease of entanglement in the Krylov basis from the maximally entangled state. Given
a state |O,) in the Krylov basis, we expand it on the equal-energy states as |O,) =
(1/V/L) 5;01 n(Ep) |Ep, Ep), take the partial trace on Hp, obtain a reduced density ma-
trix in Hp, and calculate the a-Renyi entropy S, = {log( ;E:_ol [t (Ey) | /L)] /(1 —a).
We display the a-Renyi entropies for all the states in the Krylov basis in the GUE in
figure 15. Recall that |Op) is the maximally entangled state, whose a-Renyi entropy is
So =log L, Va. When n > 1, after the recurrence (2.9) with random levels, the resulting
Krylov state |O,) has a nonuniform and random component on the equal-energy basis
|Ep, Ep) with E, € [-2y/1 —n/L,2,/1 —n/L]. This confinement of the spectrum leads to
the decrease of entanglement for increasing n. In particular, when 1 < n < L, the dimen-

sion of the subspace spanned by the equal-energy basis within [-2/1 — n/L,2/1 — n/L] is
exponentially large. So, first the entanglement decreases slowly. When n approaches L, the
dimension of the subspace shrinks quickly and the entanglement decreases quickly as well.

C.4 Approximate the reduced spectral density and polynomials

We are constructing the reduced spectral density < pL=) (E)> and the polynomials (1, (E))
in the continuum limit.

Reduced spectral density. The reduced spectral density <p(L_”)(E)> is determined

by the spectrum of R~ . We consider the limit value (3.4) for the right most Krylov
chain of length L —n. From (3.7), it turns out to be a semicircle law as well

o) () — (L/L)% (-1)-mo(i(1-2)-r). (@)
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where we have introduced an additional normalization factor 1/(1 — n/L) so that the
reduced spectral density is normalized to L. This normalization will lead to the normal-
ization (C.27) with a proper polynomial (¢, (E)). In the upper-left panel of figure 16,

(L—n)

we compare (C.29) to the numerical result of the levels statistic in R , which match

very well.

Polynomials in the continuum limit. We will construct the polynomials in the fol-
lowing two ways. First, we calculate the polynomial (¢,,(F)) in the continuum limit in
the second-order formalism in section (2.3). We consider ¢ = 1/L, finite n/L, and large
L. By inserting the limit value (3.4) into the wave equation (2.46), we find V = O(1/L*)
which is negligible. With the boundary conditions (2.48), we obtain the “polynomial” in
the continuum limit

(_1)71/2 cos(EL(1—4/1—n/L))

even n
cont.(E) — (1*71/[/)1/4 ’ (C30)
n n— sin(EL(1—+/1—-n/L
(—1) /2B ) odd o,

which coincides with the real part and imaginary part of (4.10). The frequency L(1 —
V1 =n/L) in (C.30) is just the coordinate y corresponding to n in (2.46). The transfor-
mation (2.14) from E to ¢t on (C.30) gives a wave function ¢, (it). Since (C.30) is not a
polynomial with finite degree and only contains two frequencies +L(1 — /1 —n/L), the
wave function is localized around the characteristic curve t = £L(1 —+/1 — n/L) in (2.47),
which is different from the numerical result in figure 6, where the waves have long tails.
Such difference in the tails will lead to a wrong slope behavior in the disconnected part of
the transition probability. So we will only adopt it in the connected part of the transition
probability.
Whatever, we find that " (E) is normalized to

1
T RN lt)

:Nliw [oﬁl <;2;—4(n+L(\/m—1)>2> +1

with the reduced spectral density pgé; - (E) in (C.29), where oF} is the regularized conflu-

ent hypergeometric function. The normalization approaches 1/ (2\/ 1—n/ L) when n > 1.

Consequently, we will multiply (C.30) with v/2(1 —n/L)"/* when we use it to calculate the
transition probability in (C.38).

(C.31)

Polynomials from the Chebyshev polynomials. We can alternatively construct the
polynomial v, (F) by deforming the Chebyshev polynomial of the second kind U, (E/2),
which satisfies the orthogonality relation (2.2) with respect to the measure given by the
semi-circle law (3.8). However, we show that U,(E/2) are the not the polynomials we
need since they are given by constant Lanczos coefficients a, = 0, b, = 1 (see (D.3) in
appendix D). Here, the Lanczos coefficients are those given in (3.4). So, compared to the
polynomials given by the Lanczos coefficients (3.4) with a plateau for n < L and a descent
for n < L, the Chebyshev polynomials U, (E/2) work for n < L only.
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We may modify the Chebyshev polynomials based on the above discussion of the
matrix L. To this end, we approximate the sub-matrix L™ by replacing the Lanczos
coefficients with their square mean value. For the limit value (3.4), we set a,, — 0
and by, — by, Ym € [0,n — 1] in L. We may rescale the energy E — E/b, in the
Chebyshev polynomial U, (E/(2b,)) such that the original domain of Chebyshev poly-
nomials is rescaled to the domain E € [—2Bn,25n]. Recall that the spectral domain
of R s [—2/1 —n/L 2y/1 —n/L]. We will choose b, = b, = /1 —n/L such
that U, (E/( 2\/1 —n/L)) is approximately orthogonal to other U, (E/(2y/1 —n/L)) with
n' ~ n on the measure of pSCL_" (E).

However, we immediately encounter the following problem. U,(E/(2y/1—n/L))
around E = 0 is proportional to exp(+iE(n + 1)/(2y/1 —n/L)). Again, by transform-
ing E to t, we find a shock wave propagating along t = +(n+1)/(2y/1—n/L) that is
very different from the characteristic curve ¢t = +L(1 — W ) found in the contin-
uum limit for large n. To fix this problem, recalling that the spectral domain has been

rescaled, we tune the degree of the Chebyshev polynomial to match the characteristic curve
t==4+L(1—-+/1—n/L). The resulting polynomial is

(Un(E)) ~ U5 (B) = Ui, (55 ) (©:32)

dy=2L(1 —\/1 = n/L)\/1—n/L, b, =1/1-n/L,

which will be confined in E € [-2/1 —n/L,2\/1 —n/L|. The normalization coefficient
hy, is determined by (C.27). The degree d,, approaches n for small n and 0 for n = L. We

compare the polynomials (C. 32) to the numerical result in figure 14.

By taking f(E,) = 6(z — E,) in (C.28), we get the distribution of E, with weight
VYn(E,)’. We further compare the numerical statistics with the above weight |1,Z)n(Ep)|j to
functions ‘@bghEb'(E)‘] pch_n) (E) for j = 1,2,3 in figure 16. We see that he approximate
polynomials have closed moving average and oscillation frequency even at n = L/2 but
their amplitudes and the edges behaviors are different. The numeric statistics give weaker
oscillation mainly due to two reasons:

e The approximation on L by L will affect the levels slightly such that some levels from
L™ skip the zero points of Yn(Ep)2.

 The fluctuation of the polynomials 1, (E,) will also shift the phase of the oscillation.
The mismatch between the phases in different realizations will suppress the oscillation
in average.

The numeric statistic has smooth edges while the approximation has cliffy edges, where
the discrepancy is due to our hard cut in breaking L to L. The comparison in figure 16
shows that the normalization in (C.29) is a good approximation for the spectral density
with weight |1, (E)|.

C.5 More on chaos in transition probabilities

By considering the finite degree and the confinement of the polynomials, we improve the
calculation of the transition probability for n < L/2 as compared to (4.7).
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Figure 16. The reduced spectral density p L= (E) (upper-left) and the spectral density p(E) with
weights |1, (E)|” (others), where j = 1,2,3, L = 256, n = 128. The blue bins show the histograms
of the average density functions over 1024 realizations of the GUE. The orange curves show the

reduced semicircle law (C.29) and deformed Chebyshev polynomial (C.32). We use bin width 1/64
in the histograms to show the oscillation.

We should first discuss the confinement effect in for the two-point function of the
reduced spectral density. The selection in Zz(,L_”) will not change the correlation between
levels. We consider the following two-point function

(L—n)
<25 (E”—E)>

(C.33)

= (') (pETUEY)) + (B |(s) -

where E = (E'+ E")/2, s = E' — E". We have introduced the improved sine kernel in [19]
to include the correlation between F,, E, in the two delta functions. Since the sine kernel
is 1ocalized in -1/L < E,—E4 < 1/L, we assume that £, and F; belongs to the summation
Ep 4 ) or not simultaneously. So, only one reduced spectral density < ptL—n) (E)> is present
with the sine kernel. If we integrate out E”, we reproduce the one point function (C.26).
We can also use the box approximation by replacing <p(E)> — (p(0)) in the sine kernel [19].
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Similarly, by assuming the decorrelation between polynomials and spectral density
after considering the confinement of ,,(E,), we approximate the transition probability as

(l6n(B+it)?)
- é/ DE an(Ep; {E})un(By; {EY)e” P05 G0 (C.34a)
(L—n)
/ DE Z dn(Ep: {E})2e~ 20 4 — / DEAE'dE" (C.34b)
Un(E's {E})tbn (B3 { B} )e™ (FHOE (BB Z 3(E' — E,)8(E" — E,)
P#q
2

~ 2 [ 4B wa))? () () e ‘ [ B wa(E) (B ) e

sin? <7T_<P(E)> 5) e2BE=its ((1.34c)
(p(B)) (ms)?

where E = (E' + E")/2, and s = E' — E". At the last step, we neglect the spectral corre-
lation between the polynomials and delta functions. Although the sine kernel is localized

- % / dE'dE" ($n(E')) (n(E")) (p - (E))

in —1/L < s < 1/L, we can not identify the E' and E” in the two polynomials, since their
product, as a function of s, oscillates quickly when n < L.

We have dropped the complicated correlation between the spectra in polynomials,
namely

13 [ DEAE'AE" b (' {EY)on(B" (Epe (H08 =08 (b)) ("),
(C.35)

which we are unable to calculated. However, we will see its contribution to the transition
probability numerically.

Finally, we will approximate the ensemble averages in (C.34c) with the reduced spectral
density p& ™™ (E) in (C.29) and the deformed Chebyshev polynomial Cheb(E) in (C.32)
or the polynomial in the continuum limit °"(E) in (C.30). The transition probability
is written as

(lon(8+it)") .
<|3 [ 4B a2 Péf_”)(E)e_(ﬂ+it)E‘2 + 72 [ 4B (B A )

1 sin? (mpse(F)s) _ogp s
—— [ dEd E+s/2 E — s/2)) pll=m)(B) 0 2 28kt
72 ] 4Eds (n(B -+ 5/2)) (n(E — /2) ol (B) =G0 e -

The first term of (C.36) contributes to the rise-slope. From our numerical results
in figure 6, we expect a sharp shock wave and a long tail on the Krylov chain, which
corresponds to a sharp rise and a long slope along the real-time axis. The continuum
limit fails to describe the long slope since it is localized at a frequency. We will adopt the
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deformed Chebyshev polynomial (C.32) in the first term of (C.36). The first term is the
absolute square of

1 24/1-n/L

E B n
(6ol = s [ o 4B Ua, (m) e %1 (1-2)-r
= (_1)n7j%ldn+l (27H> (C.37)

with 7 = 8 + it and I,(x) the n-the modified Bessel function of the first kind. So the
transition probability <|¢)n(zt)|2> rises as (1 — n/L)% 2% /T(d, + 1)? initially, reaches its
first peak around the time L(1—+/1 —n/L), and then decays as (d, +1)?/ [7t3(1 — n/L)?]
over time.

The second term of (C.36) contributes to the plateau. From the normalization (C.27),
the plateau value is 1/L.

The third term of (C.36) contributes to the ramp-up behavior for n < L/2. The prod-
uct (¢ (E 4 5/2)) (n(E — s/2)) is an even and oscillating function of s with a frequency
of order n. Under the Fourier transformation of the level difference s, the oscillation will
shift the time t by some scales of n, which is not negligible when n is comparable to L.
To estimate this effect analytically for n > 1, we employ the polynomial in the contin-
uum limit (C.30) and the reduced semicircle law (C.29) with a normalization factor of
2,/1 —n/L from (C.31). To get a simple expression, we adopt the box approximation by
sending psc(E) — psc(0) in the sine kernel. The sum of the second and third terms for even
n at § =0 is given by

b= Loy [ (- ) -
X COS <2L(E +5/2)(1 — mo oS <2L(E —5/2)(1 — \/m)>
:41? [min (‘t—L(l—m) ,2L) + min (’t—i—L \/m) , )}

For odd n, we obtain the same result. The function is plotted in figure 17. The plateau

et (C.38)

value is always 1/L, and the time dependence can be understood by the movement of the
two min terms for different n. Each of them, as a function of ¢, is given by an upside-
down triangle centered on the characteristic curve t = +L(1 — /1 —n/L), with a width
of 4L. When n = 0, the two triangles, centered at ¢ = 0, stack up to form a larger
triangle, which corresponds to the ramp t/(2L?) of survival probability before the plateau
time t, = 2L. When n > 0, the two triangles move apart due to the oscillation of the
polynomials on s. Then a step appears between the centers of the two triangles, whose
height is (1 —+/T — x)/(2L) and width is 2L(1 — /1 — n/L). The ramp behaves as t/(2L?)
when L(1 —+/1—n/L) <t < L(1++/1—n/L), and as t/(4L?) when L(1++/1—n/L) <
t < L(3 — /1 —n/L). Thus, the plateau time is t, = L(3 — /1 — n/L).

The dip time, which is the time when the ramp surpasses the slope, is given by t; ~
{‘/2/7\/7 for n < L/2. Therefore, the ramp region of the transition probability

<|¢n > lasts for \/—771 long.
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Figure 17. The ramp(-up)-plateau in the continuum limit (C.38) as functions of ¢/L for different
n/L. We specially plot the negative axis of t/L to show how the step in —1 4 /1 —n/L <t/L <

1—+/1—n/L emerges.
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Figure 18. The transition probability |¢, (it)|* for n = 63,511,895 as functions of time ¢, where
L = 1024. The dots are the numerical results in the average of 4096 realizations and the curves are
the analytical results from (C.37) and (C.38).

In figure 18, we compare the numerical results with the analytical results obtained
from (C.37) and (C.38). The rise-slope behaviors match well until n approaches L, but
the ramp-up behaviors obtained from (C.38) are smaller than the numerical results due to
neglecting the fluctuations from the polynomials, as discussed in (C.35) of appendix C.

For n 2> L/2, we are unable to reproduce the behavior of the transition probability
analytically, including the rise-slope and ramp-down. This is because the Lanczos coeffi-
cients exhibit strong fluctuations at large n 2> L/2, as shown in figure 2. Consequently,
the polynomial ¢, (E,; {E}) receives strong fluctuations from the spectrum {E}, and the
correlation between the two polynomials is not negligible. Such fluctuations in polynomi-
als lead to strong fluctuating phenomena in the transition probability for n = L/2 in both
rise-slope behavior and ramp-down behavior.

As an evidence of the strong fluctuation, in figure 3, the transition probability in a
single realization fluctuate strongly at large n. Also, in figure 7, the connected part nearly
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dominates the whole transition probability in the ensemble average, which implies strong
fluctuations in each realization.

A possible explanation of the ramp-down behavior for n 2> L/2 is as follows. The ramp-
down behavior could be originated from the slope but with strong fluctuation from the poly-
nomials. The fluctuation in the polynomials leads to phase fluctuation in the oscillation of
the slope. For example, we can imagine a phase ¢ fluctuation in ‘Idn+1 (2it\/1 —n/L + ) )2
of (C.37). In the ensemble average, the oscillations in the slope between different realiza-
tion are cancelled with each other due to the phase fluctuation and end up with a moving
average. The moving average of the slope behaves like the ramp down behavior in the

numerical average.

D Constant Lanczos coefficients

Here we give a simple example for the application of our Ehrenfest theorem and show
several typical features of Krylov complexity. We consider the case of constant Lanczos
coeflicients in the interior

an =0, by =1, (D.1)

and bg = by, = 0 at the chain endpoints. Without loss of generality, we work with dimen-
sionless quantities, so that the spectrum {E,}, the Lanczos coefficients {ay, b, }, and time
7 = [ + it are dimensionless.

The b2, — b2 and a,41 — ap, terms in the Ehrenfest theorem (2.22) vanish except
b? — b2 = 1 and b% — b%fl = —1. So the growth of Krylov complexity is driven by the
probability at the two endpoints, namely,

0B+ it)[* — |pr_1(8 + it)[?
S(26) '

PRK(t5) =2 (D2)

Eq. (D.1) effectively describes the flat Lanczos coefficients in a chaotic system at the
n < L limit. Since the wave function is initially localized at n = 0, the short time
evolution of the wave function as well as the Krylov complexity in a general system is
effectively described by the first term of eq. (D.2).

D.1 Eigenstate

From (2.8), we find that the orthogonal and normalized polynomial is given by the Cheby-
shev polynomial of second kind [70, 108]

T;Z)n(E) = Un(E/Q) (D'3)

The eigenenergy and the measure are

m(L —p) , 4-E
E,=2 _ E)0) = —— =0,1,2,--- ,L —1. D4
p COs L+1 ) |< p| >| 2(L+1>7 p ) Ly 4y ) ( )
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At low temperature, according to (2.25), the complexity will converge to

Klow(ﬁ) ~ (D5)

where the tedious sub-leading term is not shown. It describes the 8 > L limit.
At the long-time average, according to (2.28), the plateau value of the complexity is
given by

Koo(f) = = (D.6)

D.2 Large dimension limit

In the large L limit, we can calculate the evolution of wave function and complexity ana-
lytically. The density of state and the measure are approximately

L 5 4—E?
P~ —, E|0)]” ~ . D.7
p(B)~ = P~ 5 (D.7)
The wave function is given by the integral
1 2 1
on(r) % 5= [ du(B)e ™ EVA= BRE = ()" L 2), (D)
T™J=-2

where I, is the n-th modified Bessel function of the first kind. ¢, (7) becomes nonzero for
all n in this large L limit. We can calculate the survival amplitude and Krylov complexity
along imaginary time

S(28) ~ Ilg;ﬁ ), (D.9)
K(0:8) ~ 283 (Io(2f1)(24;)f1(25)2) 1~ 2\/¥ — 1, when 8> 1, (D.10)

where we have used the recursion relations 2nl,(x) = x(I,—1(x) — In+1(x)) and 21}, (z) =
I,_1(z) + Ly1(x). Along the real time, we use (D.2) and find

26 |I1(26 +i2t)|?

K (t;B) ~ 2 D.11
t (75) B2+t2 11(45) ( )
We integrate over the real time and obtain the complexity different AK (¢; 3)
1Py (—1/2;1,2;,—4¢%) — 1~ 3%t, B=0
AK(t;8) ~ T ) (D.12)
NEACCEL R EVE B

where F' is the generalized hypergeometric function and we show the linear growth at the
last step. The above results show the typical square-to-linear-to-plateau growth of Krylov
complexity along the real time at finite temperature. We compare these formulas to the
numeric results in figure 19.
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Figure 19. The Krylov complexity as a function of inverse temperature (left) and time (right) in
the case of constant Lanczos coefficient with L = 1024. The dots represent the numerical results
and the solid curves represent analytical approximation in (D.10) and (D.12).

D.3 Finite dimension effects

We would like to study the behavior of the Krylov complexity near the plateau time. We
will consider a large but finite L, such that 8,t > L is accessible. For simplicity, we will
adopt the continuous Schrodinger equation (A.4) with potential V (y) = —20(y)O(L — y)
and the boundary conditions ®(0) = ®(L) = 0. The eigensystem are

k2 \/7 wky ~
Ek_(l)) -2, Pp(y) = 7 sin——, k=1,2,...,L (D.13)

where k is originally bounded by the dimension of the Krylov space L, but we have released
this constraint by consider the bound L instead and will sent L — oo finally for simplicity.
We consider the initial state ¢(7 = 0) = J(y — €) locating beside the boundary with small
distance e. Its overlap to the eigenstate is (E;|3(0)) = v/2mke/L3/2. So the state evolves as

5 2me2 L Bt wky
Q1) = 2 Z ke sin —=, (D.14)
k=1

Since the Lanczos coefficients are flat, the Krylov complexity K is the expectation value
of the position operator y. The complexity operator on the energy basis are

L, k=1,
_ _ 8Lkl
0, others

Its expectation value is

_ 2w (P Er) Kr (E1|$(7))

) @) [3(r)
L €2
=3~ 5@5 (D-16)

k- k)2 w2 5 o SL? .
B Gl bl 8 )
kl;odd k. ki k- 2L? m

— 53 —



where 7 = 8+ it, k+ =k +1, and

w22 2n°k?
509) = GENRE) = Toe s w7
k

)
462

8572 (\[ arf (v25) - ‘2”2WB>- (D17)

By taking the summation, one can get the value of Krylov complexity for general 8 and t.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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