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ABSTRACT: The cobordism conjecture implies that consistent theories of Quantum Gravity
must admit the introduction of boundaries. We study the dynamical realization of the
cobordism conjecture in type IIB in AdSs x S°, using the existing gravity duals of 4d N = 4
SYM with Gaiotto-Witten superconformal boundary conditions (near-horizon limits of
D3-branes ending on NS5- and D5-branes). We show that these configurations are, from
the 5d perspective, dynamical cobordism solutions which start from an asymptotic AdSs
vacuum and evolve until they hit an end of the world (ETW) brane with AdS, worldvolume.
The latter displays localization of gravity, and provide a completion of the Karch-Randall
(KR) AdS branes, in which the backreaction of running scalars replace the KR cusp in
the warp factor with a smooth bump. The dynamical scalars are either in the SO(6)
invariant AdSs bulk sector (e.g. describing the S® size and its shrinking at the cobordism
boundary) or brane localized (e.g. the SO(6) — SO(3) x SO(3) squashing due to boundary
conditions). We introduce a novel double scaling limit which zooms into the ETW brane
and makes localization of gravity manifest, and which shows a tantalizing relation with
wedge holography. We extend the picture to AdSs5 theories with less (super)symmetry, via
orbifolds and S-folds, leading to dynamical cobordisms for gravity duals of 4d theories with
N =2 and N = 3 supersymmetry.
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1 Introduction

The cobordism conjecture [1] implies that consistent theories of quantum gravity, in partic-
ular string theory, should admit the introduction of boundaries, configurations (possibly
dressed with localized objects to absorb charges/fluxes) ending spacetime. We will refer to
such configurations End of the World (ETW) branes. At the topological level, this has led to
non-trivial results regarding anomalies and the existence of (possibly non-supersymmetric)



extended states in string theory [2-10]. At the level of physical realizations, it has led to the
notion of dynamical cobordisms [11-15] (see also [16-22] for related early work and [23-30]
for other related recent developments), spacetime dependent solutions developing real
codimension-1 singularities ending spacetime, at which certain scalars run off to infinite
distance in field space [12]. Hence, dynamical cobordisms are useful probes of infinite
distance limits in field space and the swampland distance conjecture [31] (and in fact relate
to other probes, such as small black holes [13, 30, 32] or 4d EFT strings [33-35].

It is natural to explore the cobordism conjecture in the arguably best understood vacua
in string theory, those arising in AdS/CFT holography, such as type IIB on AdS5 x S°
with NV units of RR 5-form flux. The simplest proposal for a boundary configuration for
the latter would seem to simply correspond to shrinking the S® at some value of the radial
coordinate in a Minkowski slicing of AdSs, including N explicit D3-branes to remove the
flux; however, the backreaction of this large number of D3-branes would reconstruct a
non-compact AdSs throat, preventing an actual end of spacetime.

This puzzle can however be overcome by the introduction of a different class of bound-
aries, familiar in the setup known as AdS/BCFT or double holography [36, 37]. The key
idea is to consider the boundary of an AdSy,; spacetime® to be localized at a codimension-1
AdSg slice. These so called Karch-Randall (KR) branes [36, 38, 39] have the property of
localizing gravity on their worldvolume, and reaching off to the holographic boundary, so
that they define a boundary in the dual CF'T,4. Double holography is the statement that
the gravitational theory on the AdS; worldvolume of the ETW brane is the gravity dual of
a (d — 1)-dimensional boundary CFT (BCFT) of the d-dimensional CFT holographically
dual to the AdSy41 gravitational bulk. This kind of AdS ETW branes in AdS3/CFTs
also play a prominent role in the recent explanation of the black hole Page curve and
quantum islands [40-47].

Despite their importance, most explorations of double holography and quantum islands
involve a bottom-up simplified modeling of ETW branes as sharp boundaries, with no
microscopic description. However, for AdSs x S° there is a class of 10d supergravity
solutions, including D5- and NS5-branes, which provide such description for boundaries
preserving an SO(3) x SO(3) subgroup of the SO(6) symmetry [48-53] (see also [47, 54-56]
for recent applications, and [57-60] for related results on AdS; x S” and AdS; x S%);
these configurations are dual to 4d NV = 4 SYM with a boundary, with the OSp(4[4)
superconformal symmetry preserving boundary conditions studied in [61, 62]. The 5-branes
source NSNS and RR 3-form fluxes, whose Chern-Simons couplings remove the 5-form flux
and allow the S° to shrink (see [11] for a similar phenomenon in the Klebanov-Strassler
solution [63]) with no non-compact throats arising from the backreaction.

In this paper we discuss aspects of this class of solutions, with emphasis in extracting
their interpretation from the perspective of the 5d theory, and their relation with the
bottom-up approach. We show that the 5d description takes the form of a dynamical
cobordism with fields running along the coordinate transverse to the AdSy slicing. The
description includes the 5d metric and the dilaton, but a prominent role is played by the
scalar breathing mode of the S°. In particular, it is necessary to define the shrinking of

Our convention is to use the term ETW boundary, or just boundary, for the cobordism one, and
holographic boundary for the conformal boundary at infinity.
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the S5 at the boundary, in a way dictated by the local ETW brane description in [13].
In addition, it smooths out the cusp of the naive 5d KR metric into a bump, which
nevertheless retains the feature of localizing gravity. Our analysis allows to systematically
include further KK modes, and enrich the picture. For instance, they encode the breaking
SO(6) — SO(3) x SO(3) via scalars localized on the ETW brane. We also introduce a double
scaling limit of the solutions (interestingly related to configurations in [51, 52| and to wedge
holography [55, 64]), which allows to isolate the ETW brane dynamics and make some of
its properties manifest. We carry out the discussion mainly for AdSs x S°, but subsequently
discuss S-fold and orbifold quotients preserving the structure of the 10d solution, hence
providing a description for ETW branes in AdSs spaces in cases with lower supersymmetry,
gravity duals of 4d N/ = 3 and N = 2 field theories with boundaries.

This paper is organized as follows. In section 2 we review the 10d solutions describing
AdSs x 8% ending on ETW brane configurations and their interpretation as gravity duals of
4d N =4 SYM with boundaries defined by NS5- and D5-branes. Section 2.1 describes the
general class of solutions, section 2.2 particularizes to the ETW branes of AdSs x S®, and
section 2.3 discusses the holographic relation. In section 3 we interpret them as dynamical
cobordisms. Section 3.1 describes the solutions as dynamical cobordisms of several AdSs x S°
asymptotic regions, or cobordisms to nothing for a single one. In section 3.2 we provide
a bd interpretation of the solutions after reduction on the S°, including the 5d metric
and localization of gravity, and bulk and localized scalars. Section 4 discusses a double
scaling limit isolating the dynamics of the ETW brane. In section 4.1 we present a scaling
symmetry of the solutions, and section 4.2 describes the scaling limit, for which we provide
an alternative interpretation in section 4.3; section 4.4 deals with the effective theory
reduction of the resulting solutions. In section 5 we extend the discussion to gravity duals
of 4d N/ = 2 orbifold field theories. Section 5.1 introduces the field theories and their
gravity duals. In section 5.2 we present the orbifold ETW configurations, which we recast
in section 5.3 in terms of T-dual brane box configurations. Section 6 discusses ETW
configurations in gravity duals of 4d S-fold field theories. In section 6.1 we introduce the
field theories, and in section 6.2 we describe their gravity duals and the corresponding
solutions for ETW configurations. In section 7 we offer some final remarks.

Note added. As this paper was being preparing for submission we noticed [65], which
deals with gravity localization in this and other setups.

2 Overview of ETW branes for AdS; X S°

In this section we review the configurations ending AdSs x S® on ETW configurations along
an AdSy slice, on which the S° is able to contract while suitable NSNS and RR 3-form
fluxes manage to remove the N units of RR 5-form flux on it. The ETW configuration
reaches off to the holographic boundary, hence is holographically dual to a boundary of
the 4d N'=4 SYM theory. The geometries, and their holographic interpretation in BCFT,
have been studied in [48-53], see also [47, 54, 55] for recent applications. We merely outline
the results useful for our purposes, and refer the reader for further details. For concreteness,
we follow the notation and conventions in [50].



2.1 Bagpipe geometries

The symmetry of the solutions is the 3d N = 4 superconformal group OSp(4[4), whose
bosonic symmetry is SO(2,3) x SO(3) x SO(3). They have the structure

AdSy x 82 x 82 x %, (2.1)

where ¥ is an oriented Riemann surface, over which the AdS, and the two S?’s vary. The
ansatz for the Einstein frame 10d metric is

ds* = fids%as, + ffdséi + fgdség + ds% . (2.2)
Here fi1, f2, f3 are functions of a complex coordinate w of ¥, in terms of which
ds% = 4p*|dwl|?, (2.3)

for some real function p. There are also non-trivial backgrounds for the NSNS and RR
2-forms and the RR 4-form, which we will mostly skip in our discussing, refering the reader
to the references for details.

There are closed expressions for the different functions in the above metric, describing
the BPS solution. As an intermediate step, we define the real functions

W = 0uh10gha+0whodghy, Ny =2h1ho|Owhi|?—h3W, Ny =2hihs|0who|*—hiW

(2.4)
The dilaton is given by
N.
20 2
== 2.5
= (25)
and the functions are given by
v Na|W w W N:
p2:6f%<1> 2| |’ f1—2e cphz | ‘, f2 2ﬁcbh2 | |’ f4 203 2
hihg N, Ny W]
(2.6)

The functions hi, he are defined using an auxiliary genus g hyper-elliptic Riemann surface,
parametrized by a coordinate u in the lower half-plane Im« < 0. This coordinate will be
related to the variable w above later on, so we denote the Riemann surface by 3. It is
defined by the hyper-elliptic equation

g
s2(u) = (u — e H u— egx)(u — egrr1) withe; € R. (2.7)

Note that we have fixed the SL(2, R) symmetry to locate the branch point esq12 at infinity.
The holomorphic differentials Ohi, Ohy on this surface (i.e. 1-forms with branch points at
e;) are defined as

s°(u)du (2.8)
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Figure 1. Fibration of S? x S% over the u-plane, indicating the degenerations of fibres over the real
line, and the kinds of non-trivial cycles in the geometry.

where P, (Q1, Q2 are real polynomials of degrees 2g, g + 1, g + 1, respectively, and the
following structure of zeros

g g+1 g+1
Pu)=[[u—u)(u—1a), Qiu)=][[(w—-a),  Qa(u)=][(w—05) (2.9
a=1 b=1 b=1

where Im(u,) < 0. Regularity of the solution requires the following ordering of the zeroes
agr1<eggi1 <Pgr1<ey ... <ap<ey 1 <G <...<ea<a;<er < (2.10)

namely, alternating «’s and (’s, with branch points e; separating them. The parameters u,
can be determined in terms of these and are hence not independent quantities. The generic
solution where the ordering (2.10) is obeyed with strict inequalities corresponds to regular
solutions; when some of the values coincide, the solution develops interesting singularities,
see later.

The distribution of branch points on the real line Im(u) = 0 encodes interesting
properties of the topology of the solution, see figure 1. The fibration of S? and S3 over this
real line has the following structure: the S? shrinks to zero size on top of the segments
(e2p,€2p—1), for p=1,...,g+1 (and eggys = —00), while the S3 shrinks to zero size on top
of the segments (ezp—1,e2,—2), for p=1,...,9+ 1 (and eg = +00). This implies that the
boundary of the Riemann surface is not a boundary of the full geometry, as the closing off
of the two-spheres seals it off.

Hence, the fibration of S? x S% over a segment in the lower half-plane, with its two
endpoints on this real line and separated by one brach point, has different two-spheres
shrinking at its endpoints, so it has the topology of an S°. Actually, at these points the
10d geometry develops a semi-infinite spike, corresponding to an AdSs x S® region. The
values of the RR 5-form flux N and g, will be discussed later on.

These geometries were dubbed ‘bagpipes’ in [53], as they morally correspond to AdS4 x
X (the bag), with Xg a compact 6d manifold, with AdS5 x S® asymptotic regions sticking
out of it (the pipes), see figure 2.

On the other hand, fibering S? and S% over a segment in the lower half-plane, with its
two endpoints on this real line and separated by two branch points, has the same two-sphere



Figure 2. The bagpipe geometries.

collapsing at its endpoints, so it has the topology of S? x S3. The S3 acquires a sharp
physical meaning if one considers the limit in which the two branch points coincide (and
so does the corresponding « or  between them in the ordering (2.10). If we have the
collapse of a subset (e, a,e), the resulting geometry locally corresponds to a NS5-brane
solution; on the other hand, the collapse of a subset (e, 3, e), the resulting geometry locally
corresponds to a D5-brane solution. The interpretation of these objects will become clear
in the holographic description in section 2.3.

One may also consider mixed collapses (a, e, 3) or (8, e, ). Interestingly, the effect is
the vanishing of the value of the RR 5-form flux in the would-be local AdS5 x S° spike,
meaning that the S® is actually contractible and the spike is closed off into a smooth point
of the geometry.

2.2 Towards one AdSs x S® asymptotic region

Note that the collapse of branch points leads to an effective reduction of the genus of the
Riemann surface, hence of the number of asymptotic AdS5 x S° regions. In the following
we focus on the case of at most two asymptotic AdS; x S® regions. This arises when the
ordering (2.10) collapses as

aefe)aefe)alefe) aef (eae)fB(eae)f(eae) f, (2.11)

m n

with n+m = g. This corresponds to a configuration with two asymptotic AdSs x S® regions,
around the isolated branch point e in the middle, and that at infinity. In addition, there
are n NSH-brane positions and m D5-brane positions. In the following we focus on these
configurations. Let us introduce the quantities k2, lg witha=1,...,nand b=1,...,m to
define the positions of the NS5- and D5-branes, respectively, so that the ordering is

Qg1 < 12 <ag < <appa< B <1 <0< By <ki< - <Boa<ki<p,
(2.12)

where, without loss of generality, we choose to locate the middle branch point at u = 0.
The interpretation of these geometries is the following. For large |u|, the geometry
asymptotes to AdS5 x S® with some RR 5-form flux. For intermediate values of |ul, there is
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Figure 3. Fibration of S? x S3 over the w-plane for one asymptotic AdSs x S° region. The arcs
correspond to slices with AdS,; x S® geometry. We indicate the location of NS5- and D5-branes in
the ETW region and the asymptotic AdS; x S°. (Inspired in figure 4 of [54]).

a non-trivial warping, describing some transition region. Finally, the solution near the origin
u = 0 describes AdS5 x S® with some (possibly different) RR 5-form flux. The solution thus
describes an effective domain wall configuration connecting two AdSs x S®, described by
a ‘fat brane’ with AdS4 symmetry. Hence it corresponds to a string theory version of the
Karch-Randall branes [38] (already anticipated in [39]).

We focus on the case in which, in a subsequent step, we also collapse of the middle
cluster by setting a,+1 = Bn41 = 0, namely (2.12) turns into

Qg1 < 12, <ag< - <apa< B <0<k2<-<Ba<ki<p, (2.13)

As explained above, this corresponds to closing off the asymptotic AdSs x S® spike at u = 0,
leaving only that at infinity.?

It is useful to introduce the coordinate change u = w?. This means that w parametrizes
the second quadrant in the complex plane, and that the boundary of the Riemann surfaces
contains two semi-infinite lines: the negative real axis (along with the NS5-brane positions
are located) and the positive imaginary axis (along which the D5-brane positions are
located). The closed-off asymptotic AdSs x S sits at w = 0, while the only left-over
asymptotic AdSs x S is at infinity. This is shown in figure 3.

The resulting structure of the functions hi, hg is

l2
hy = 4Tm(w +2Zdl <|w+2l*;}2>

[w + ko |?
hy = —4Re(w) — 2Zd lo < “hE) (2.14)
where
2
(Ba — k2) & (k2 = B.) - (o =) (2 + aeini)
d, = a dy = b . (2.15)
2kq l;la (k2 — k2)’ 2y, I;Ib (12 —12)

2The inquisitive reader may wonder if this last asymptotic region can be closed off as well. This is in fact
the punchline of section 4.



We note that the parameters dg, dp are positive. Moreover, the computation of the NSNS and
RR 3-form fluxes on the corresponding S3’s shows that they are related to the numbers ng,
my, of NSH- and D5-branes in the corresponding location, hence obey a quantization condition

ne = 32n%dy € Z, my =321%dy € 7. (2.16)

There is also a RR 5-form flux on the corresponding S? x 83’s, which implies some induced
D3-brane charge on the corresponding 5-branes, given by the quantities

Ko =321k, €Z, Ly,=32nl,cZ. (2.17)

The total amount of 5-form flux, which also pierces the 5-sphere in the asymptotic AdSs x S?,
is thus

N=> neKa+Y mply (2.18)
a b

The fact that one recovers an asymptotic AdSs x S® with RR 5-form flux N given
by (2.18) can be easily checked by performing the asymptotic expantion of (2.14). We have

hi = 4(r + % Z Jblb) sin @, ho = —4 (r + % Z dak:a) cos (2.19)
b a

Using (2.4), we have constant dilaton, and a 10d metric (2.2) given by

dr? 2 )
ds®> = 8V2R (7“2 + TdeSEldSz; + (d<p2 + sin? gpdsgf + cos? gods%;)) (2.20)

The first two terms describe an AdSs, while those in brackets correspond to an S°. Their
radius R is related to (2.18) by the usual holographic relation R* ~ N2.

The parameters of the ETW configuration will receive a natural interpretation in terms
of the holographic dual, in the next section. We note that, although the parameters k,, lp,
dy, by are subject to the quantization conditions (2.16), (2.17), we treat them as continuous
in the supergravity approximation if needed.

The interpretation of these geometries is the following. For large r = |w|, the geometry
asymptotes to AdSs x S® with N units of RR 5-form flux. For smaller values of |w|, there
is a non-trivial warping, and the solution ends at the origin w = 0. The solution thus
describes an effective end of the world (ETW) configuration for AdS5 x S°, described by
a ‘fat brane’ with AdS, symmetry. Hence it corresponds to a string theory version of the
Karch-Randall branes [38].

A key property of these ETW branes is that they extend off to the holographic boundary
of the AdSs geometry, which in fact, engulfs the holographic boundary of the AdS4. This in
fact sets the stage for the (double) holographic interpretation in the next section. A picture
of the geometry displaying the ETW brane reaching to the holographic boundary is shown
in figure 4
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Figure 4. The geometry shown as a piece of Poincaré AdSs x S® ending on the ETW brane. The
colored radial lines correspond to the arcs of figure 3 (inspired in figure 4 of [54]).

2.3 Boundaries in 4d N =4 SYM

In this section we review the holographic description of the solutions in section 2.2.

As already mentioned, the ETW configurations in AdSs in the previous section reach
out to the holographic boundary. Hence, they define the gravity dual of 4d N' =4 SU(N)
SYM in a semi-infinite 4d spacetime, namely with a 3d boundary defect. The boundary
defect is itself a 3d /' = 4 CFT, and the configuration ending the AdSs x S° provides its
4d gravity dual, in the picture known as double holography [36, 37] (see [56] for a recent
discussion in this context). The boundaries preserve half of the super(conformal) symmetry,
and are of the kind considered in [62], which can be described using Hanany-Witten brane
configurations [66]. In the following we review the basic ingredients needed for our discussion.

Consider N D3-branes along the directions 0123 and located at the same position in
the other directions. We can define a boundary for this theory by letting the D3-branes end
on suitable configurations of NS5- and D5-branes localized in the direction 3, and spanning
012, and some additional directions. In order to preserve the maximum supersymmetry,
the NS5-branes span the directions 012456 (and are located in the same position as the
D3-branes in 789), while the D5-branes span the directions 012789 (and are located in the
same position as the D3-branes in 456). We consider all 5-branes to be located on the same
position in the direction 3, so that they define a boundary for the whole 4d SU(N) theory.?

As studied in [62], the boundary conditions of D3-branes ending on a 5-brane (NS5- and
D5-branes admit a similar description, due to S-duality) are associated to a representation
of SU(2), which describes the commutation relations of the three (matrix-valued) complex
scalars of the 4d SYM, namely [X?, X7] ~ ¢7*X*  Hence, if we consider a configuration
with N5 NS5-branes and N} D5-branes, we need to partition each of these quantities in a
number of copies of the different irreducible representations of SU(2). In other words

Rn = EBg:lnaRKa , Rm = @lr)nzlmbRLb R (2.21)

where R, , Rr, correspond to the irreducible representations of SU(2) of dimensions K,
Ly, respectively (here clearly K, # K, for a # a’, and similarly for the L;’s).

3We note that the 5-branes are taken to the same position in 3 starting from a setup where they maintain
a specific ordering, which encodes the specifics of the boundary configuration. This has its reflection in the
ordering of 5-brane poles supergravity solution, but we will skip its discussion in the holographic field theory
dual context, referring the reader to [62] for details.



In other words, we split the NS5-branes into n ‘stacks’, with multiplicity ng,, a =1...,n,
with each NS5-brane in the a*" defining boundary conditions associated to the irreducible
representation of SU(2) of dimension K,; namely, there are K, D3-branes ending on each
of the ng NS5-branes in the at? stack. And similarly for the D5-branes. Clearly, to define a
boundary for the 4d N' =4 SU(N), all the D3-branes must end on some 5-brane, hence

N=> n,K,+» myLy, (2.22)
a

which matches (2.18). The double holographic interpretation is clear. The boundary
configuration is a Hanany-Witten [66] set of D3-branes suspended among NS5- and D5-
branes, describing a 3d N' = 4 CFT, in the particular limit of all NS5- and D5-branes
coincident in the direction 3 (strong coupling limit of the theory at the origin of its
(completely) Higgsed phase). Hence, the AdS4 ETW brane ending the AdSs5 (xS®) spacetime
is just the gravitational dual of this 3d CFT (see [51, 67] for this particular class of
AdS4/CFTj3 duals). The relation of the parameters of the 4d CFT and its 3d boundary
CFT determine the Poincaré angle formed by the holographic boundary and the ETW
boundary, as discussed in detail in [54, 55]. Note that, the latter reference considered the
regimes where this angle is large; in contrast, we impose no constraint on the parameters
and consider general configurations.

Note that a similar description applies to the gravity solutions with two asymptotic
AdS; x S5 regions (Janus configurations), even with different numbers Ny, No of units of RR
5-form flux, in section 2.2. Consider without loss of generality that N; > Na, and denote
N = Nj — Ns. The holographic description corresponds to /No infinite D3-branes, intersected
by the set of NS5- and D5-branes, and N semi-infinite D3-branes on top; the latter end on
the 5-brane configuration with a similar split into SU(2) irreducible representations.

3 Dynamical cobordism for AdS5; x S°

3.1 The bagpipe geometries are dynamical cobordisms

The bagpipe geometries in the previous section allow to connect AdS5 x S® compactifications
in a cobordism, which is in fact realized in terms of a fully supersymmetric configuration.
An important point in these statements is that the configurations may in general include
regions corresponding to NS5- or D5-branes, as discussed in section 2.1. One may fear that
they lead to additional non-compact spikes which spoil the actual cobordism between AdS
asymptotic spaces, basically as in the problematic cobordism with D3-branes mentioned
in the introduction. However, it is easy to check that there is no such problem, and that
the local geometries including the backreaction of the 5-branes and the induced D3-brane
charge are actually compact. Indeed, it was shown in [50] that the 10d metric around a
5-brane location (taken as 7 = 0) has the form
1

d82 — ff |:d8124dS4 + dség} -+ 4f2p2 |:de + Sin2 ¢d5%§ + f2 df2 ) (31)

2 1 2 1
p ~ 7 32|].0g7‘ 4, ’4N72|10g)|43. (32)

~10 -



The local geometry is AdS, x S? x S? fibered over the radial direction 7, which ends at a
singularity at ¥ = 0, at finite distance in spacetime. The singularity is simply due to the
presence of an explicit source in the configuration, but it leads to no non-compactness.

Hence the solutions describe interpolating solutions describing cobordisms among
AdSs x S® regions. It is clear that being able to connect arbitrary numbers of AdSs x S°
pipes actually implies that the cobordism class of a single AdSs x S® is trivial. This is in
perfect agreement with the swampland cobordism conjecture.*

In particular, this must imply that any two AdSs x S° regions can be connected by some
domain wall. This indeed corresponds to the configurations with two asymptotic AdS5 x S°
regions in section 2.2. Similarly, triviality in cobordism must imply that a single AdS5 x S°
admits a boundary ending spacetime; this is again indeed achieved by the geometry with a
single asymptotic AdSs x S° in section 2.2.

The configurations with a single AdSs x S® spacetime ending on an ETW configuration,
when regarded from the 5d perspective, has the structure of a dynamical cobordism, in
the sense of [11-15]. Indeed, the solution corresponding to (2.14) describes, for large
r = |w| > agq1, 51, an asymptotic AdS; x S°. As |w| decreases towards the region
T ™~ g1, 51, there is a non-trivial running of the solution as we move along the AdSy slices
of the foliation. In particular, considering the S® obtained by fibering the S? x S2 over the
segment w = re'?, m/s < ¢ <, its geometry varies along r (it squashes while preserving
the SO(3)? symmetry of the S?’s); similarly, the dilaton also runs with r. The discussion
of this running solution, from the perspective of the 5d theory, is described in section 3.2.
Finally, for r < 12, k2, the S® becomes essentially round again, and shrinks to zero size,
closing off the geometry and ending spacetime. In section 3.2.4 we discuss this small r
behaviour in term of the local dynamical cobordism of [13].

In the next section we expand of this interpretation of the solutions as dynamical
cobordisms of the 5d theory resulting after reduction of type IIB theory on the S® coordinates.
Note that the interpretation of these solutions from the lower-dimensional perspective aligns
with the viewpoint implicit in holography. Hence, we expect our approach to relate to the
bottom up descriptions in the study of AdS/BCFT and quantum islands.

3.2 A 5d effective theory description

The actual description of the above solutions as dynamical cobordisms requires describing
them as 5d running solutions ending in a 4d ETW configuration. In this section we develop
such 5d effective description.

We recall that, since already in AdS5 x S® there is no scale separation (in agreement
with the AdS distance conjecture [69]), this 5d theory should not be regarded as an effective
field theory in the Wilsonian sense, but rather as an S® truncation. Namely, we perform a
reduction along the S° keeping a finite set of modes which capture the essential dynamics
of the full configuration. As is well known, for AdSs x S° this corresponds to a consistent
truncation, and the dynamics of the SO(6) invariant sector has little mixing with the KK
modes, despite the lack of mass hierarchy in the KK tower. For the configuration with

4This picture is amusingly reminiscent of the (admittedly non-supersymmetric) solutions in [68].
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ETW branes, the lower symmetry implies a more significant role of the KK modes involved
in the breaking SO(6) — SO(3) x SO(3). We will first describe the physics of the SO(6)
invariant truncation, and show that it is the key player in the ending of spacetime; we
subsequently discuss the symmetry breaking modes, and show that they manifest as ETW
brane worldvolume modes. For a recent discussion of scale separation in this and other
contexts of gravity localization, see [65].

3.2.1 The S® reduction of the metric

We start the discussion of the SO(6) invariant sector, and show it suffices to capture the
ending of the AdSs spacetime on a smoothed out version of an AdS, Karch-Randall brane.
The ETW configuration is to be described as a running solution of a 5d theory including
the 5d metric, the IIB complex dilaton (although we restrict the discussion to vanishing
axion), and a breathing mode of a round S°. As explained, in the next section we enrich
the system by the inclusion of higher KK modes, describing the squashing SO(6) — SO(3)?
of the S°.

Consider the 10d ETW solutions in section 2.2, whose the 10d metric (2.2) we repeat
for convenience

ds® = fidshag, + ffds; + fgdsgg + 4p%(dr? 4 r2dp?) (3.3)

where have used polar coordinates for the Riemann surface 3. Recall that the S° is obtained
by fibering the S% X S% over the interval /2 < ¢ < 7 at fixed value of the radial coordiante r

Hence, we carry out this reduction in two steps. First, we restrict to the SO(3) x SO(3)
invariant sector by performing the reduction on S% x 82, by using the general ansatz

d52 _ e—%(al—i—ag)dsg + e%(amfbaz)dsé2 + e%(cwszm)dsé2 ’ (3‘4)
1 2

where a, b will be fixed shortly. The resulting 6d metric is

dsi = \/@ {ffdsid& + 4p* (dT2 + T2d302) ] . (3.5)
We also have two 6d scalars o1, oo with profiles

. 1 1
o1 = log(f2f8y, oy = log(f2f8), w1tha:1+ﬁ,b:1—ﬁ, (3.6)

where the parameters a, b are fixed so that these scalars have canonical kinetic term in the

resulting 6d action, although we will not need it.

Using (2.4), (2.5), (2.6), the metric components can be recast as

F2f3 f2 = dhihy, [ f2f3 07 =2|W]| (3.7)
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Using the harmonic function (2.14), they are

mo_ 2 F Wl si
\/%ff = _32r2sin2g0—32rcos<pzdblog (7‘ +ip+2r bspgp)
b=1

r24+12 —2rlysing

<T2+k2+2rkacos<p>

n
—39rsi dg 1
rsmgoz a 108 r2+k2—2rk, cosp

a=1

nomo 72 +k2+2rk, cosg 217 +2rlysing
~16>° > dudylog <7«2+ log b : (3.8)

a=1b=1 kg —2rkqcos r2+12 —2rlysing

n d k m dyl
[ £2 £2 2 2 ara bh
fifsp 32r7sin2¢ lz (r4+k3—2r2kgCOS2gp)+Z(r4+l§+2r2150082<p)+

b=1
dadpkaly(k2412)
2 3.9
* GJZ:H; rd4kd—2r2k2 cos 2) (r4 41 421212 cos 2¢) (3:9)
For large r the 6d metric behaves as
dr? r?
ds? = —64R?sin 2@( — + 572 dsAdS4 +dy ) (3.10)

This clearly includes an AdSs factor, and an S! left over from S upon integration over

S? x 82, of radius
n m

R? = Z(ﬂa - kg) - Z(ab+n+1 + lg) (3-11)
a=1 b=1
We recall that this relates to the number of D3 branes N by the usual AdS/CFT dictionary.
The interpretation of the ¢-dependent prefactor in (3.10) is simply the zero mode fy in
the KK tower of the 5d graviton. Fixing the normalization [” /2 fé =1, we have

2
follp) = = —=sin2p, (3.12)
where the minus sign is introduced for later convenience. This allows to define the S!
truncation onto the SO(6) invariant sector. Since KK modes form an orthonormal basis,
the 5d avatar of the full 6d metric can be extracted as

G = /7r 7;2 fo(@)guw (1, @)de (3.13)

This gives
ds? = fids%yg, +4p* dr?, (3.14)

with

m 133 n _A3

= 16y/7r% + 32\/%7«Zdb (Bb — 35) + 32\/771“;% (Aa _ ;) +
a (3.15)
A2 + B}

+64f§:zd dy | AaBy + V2

(4By — (1 + AZB) tanl(AaBb))]
a=1b=1
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- " da A2 + B?
pr=16VT | A Z +2ZZd dikaly—* = et (3.16)
a=1 "% b=1 a=1b=1
where
r/ka, T <kq r/ly, <l
A, = , By= . 3.17
{ka/r, r >k b {lb/r, r>1 (8.17)

In order to compare with KR brane, it is convenient to change coordinates to gather
all the non-trivial structure of the metric in a unique warp factor A in front of the AdSy
piece. We choose the parametrization

128 R?2

dz?. 3.18
no k24> 1 ( )

dsgd = eQA(m)dsid&l +

Some illustrative plots of the quantities ff and A, and their implication in the KR
localization of gravity are discussed in section 3.2.3.
3.2.2 The single 5-brane example

In order to get some insight we now consider the particular case of a single stack of
NS5-branes are the position k, the resulting factors for the 6d metric (3.5) are

2 2, 12
[¢2 42 g2 _ 2 . Bk 7 4+ k% + 2rkcos ¢
fifs fi =—32r°sin2¢p — 16rsiny o <r2 Ry e — (3.19)
1272 2 — —1672(8 — k*) sin 2¢ (3.20)
12/ ot 4 kY — 2r2k2 cos 2 '
In this case the radius is given by
=Bk (3.21)
For the components of the 5d metric (3.14) we have
k‘2 A3
— k2
P = 8\/776 o A? (3.23)
r/k, r<k
ith A = T
A kjr, >k

The metric is continuous at » = k, and so are its first derivatives. The curvature is
finite but displays a discontinuity

-5
T 2AR(B - R)

It is easy to check that there is no localized stress-energy tensor at the discontinuity.

AR=R,_+ — Ry (3.24)

The jump in the curvature is associated to a jump in the matter stress-energy tensor,
ultimately related to the change in the fluxes across the 5-brane location.
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Figure 5. The warp factors ff and A for a single NS5-brane for different values of its parameters.
The curve is monotonic and exhibits no bump, hence no localization of gravity.

It is interesting to express the 5d metric in the parametrization of [38]. Hence, we
recast (3.14) as:
Bk
L2

where the prefactor of the dz? term is introduced to simplify the expression for A(z). Here

dz?, (3.25)

ngd = €2A(x)d8124ds4 =+ 128

x relates to the previous r as:

7'2 14/x4k7 r S k
— = 4 3.26
k2 exp (ijﬁk - 1) , r>k (3.26)

and there is an analytical, yet admittedly not simple, expression for A(z):

4/$ (% _ ,3*132 4/:v ) T < /4

1/4 1/4 ’ >

€2A(x) :16ﬁk2 e /4L Bk_k2 3k? x k4x g2 ey (327)
exp(ﬂmk—l)— 252 €XD (1—7r1/4k>+ Z o, T> T

3.2.3 Localization of gravity

In order to get some intuition about the solutions, we provide plots for the warp factors ff,
p* and A(z), in a few illustrative examples. The configurations display localized gravity
when the shape contains a bump, since it corresponds to a smoothed version of the cusp in
the KR branes in [38]. The smoothing is because our 5d theory is not one of pure gravity,
but contains scalar degrees of freedom, to be discussed in the next section. We also note
that the 5d metric becomes singular at » = 0, reflecting the fact that the S° shrinks at that
point, as we discuss in more detail in section 3.2.4.

We start considering one single 5-brane. Due to S-duality, we can focus without loss
of generality on the case of a single NS5-brane, located at r = k. Figure 5 shows two
illustrative examples of the KR warp factor A in (3.27) as a function of the spacetime
distance A (proportional to x).

The main features are that, as mentioned, the metric and first derivative are continuous
across r = k. The solution asymptotes to AdS5; at » — oo and develops a singularity
(A — —o0) at the origin. But the most specific feature of this case is the fact that it is
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Figure 6. Warp factors ff and A in examples with one NS5- and one D5-branes, with equal
parameters, for fixed § and different choices of k. There is a gravity localizing bump, which gets
stronger as k? becomes smaller.

monotonous and contains no bump. Hence it does not lead to localization of gravity. It
is easy to check that this hold for different choices of the parameters, in particular of the
relative values of 3 and k2, as illustrated in figure 5. For 3 > k2, the curve flattens out,
but develop no bump.

It is easy to show that in order to have a bump in the warp factor A and hence
localization of gravity, one needs to introduce both kinds of 5-branes simultaneously. We
illustrate this in figure 6 in examples with one NS5- and one D5-brane (taking a = —f,
k = 1, similar results hold also for unequal values, see later). The curves have the same
asymptotic features as discussed above, but generically have a bump, leading to a smooth
version of the cusp in the bottom-up description of KR branes.

Let us note the interesting pattern upon changing the relative size of 3 and k2, see
figure 6. For small value of B — k? there is no bump even if we have both kinds of 5-branes
in the system. On the other hand, as the value of 3 — k? gets larger, the bump gets stronger,
and more decoupled from the asymptotic AdSs. This will be easily understood in section 4.

The above results continue to hold even if we allow the 5-branes to have different
parameters, see figure 7 for an illustrative example.

In conclusion, our 5d reduction of the metric reproduces a smooth version of the warp
factor of KR branes, in particular with a bump localizing gravity. The smoothing of the
cusp of KR branes is due to the presence of additional scalar fields in the 5d theory. They
are also responsible for the singularity at the origin, associated to the shrinking of the S°,
and hence encoded in the dynamics of the its volume modulus, to which we turn next.

3.2.4 The 5d scalars

The SO(6) invariant sector. There are several scalars that to be included in the 5d
description. In this section we focus on the SO(6) invariant sector, namely the dilaton and
the S breathing mode.

The 5d profile of the dilaton is obtained by the reduction of its 10d solution on S% x S3,
which is trivial, followed by a truncation to the zero mode in the reduction on the S!
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Figure 7. The bump in the warp factors ff and A in an illustrative example with two 5-branes
with different parameters.
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Figure 8. The dilaton for a configuration of one NS5- and one D5-brane with different parameters,
chose as in figure 7. The dilaton behaves as approximately piecewise linear function in the ETW
brane region.

parametrized by ¢. The zero mode is read out from the asymptotic AdS5 x S° region, and
is simply a constant function. Hence the last S! reduction is simply an average in ¢ of the
dilaton profile.

One interesting observation is that, due to S-duality, the effects of NS5- and D5-branes
on the dilaton have compensating effects. Hence, in order to better appreciate the generic
behaviour of the dilaton it is useful to consider configurations in which both kinds of
5-branes have different parameters. In figure 8 we show an illustrative example with one
NS5- and one D5-brane. The dilaton is asymptotically constant and gets perturbed in the
vicinity of the 5-branes, which bend its slope in opposite ways for NS- and D5-branes. The
dilaton behaves as approximately piecewise linear function. This is however not an exact
behaviour, as can be seen in more generic situations, see for instance figure 9.

We now consider the S® breathing mode. In the asymptotic AdSs x S® region, this
can be characterized by using the 6d scalars o1, o2 describing the breathing modes of
the S?’s. In particular one may use any function of them, invariant under the 1 < 2
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Figure 9. The dilaton for a fairly general configuration of NS5- and D5-branes, for parameters
kl = 4, k2 = 3, ]{)3 = 08, 61 = 22, /82 = 12, 53 = 11, ll = 14, lQ = 35, a5 — —4 (and ﬁnally
ag = —17 in the first figure, and g = —24 in the second).

exchange. Different choices can differ in detailed behaviour in the mid region, but this
ambiguity is a mere reflection of the non-trivial mixing of KK modes due to the breaking of
symmetries at the core of the ETW brane. In the following we proceed with a particular
simple choice, warning the reader that the resulting picture is necessarily only reliable at the
qualitative level.

We consider the two scalars ¢1, ¢2 corresponding to the coefficients of the dssi, dssg
elements in the 10d metric (2.2). Hence their profiles in the solution are given by

o = f1, b2 = f3 (3.28)

Note that at large r the asymptotic metric (2.20) implies that the (normalized) zero
modes are

4 4
V)= =sinte,  of(p)= o’y (3.29)

The scalar ¢, parametrizing the size of the S® can thus be taken to correspond to the

projection of ¢1 + ¢2 in the solution along the zero mode, namely
4 T2 42 2 42
= sin + cos . 3.30
¢+ \/377_[_ /ﬂ/2 ( % fl ¥ f2 ) ( )

This cannot be solved analytically, but can be computed numerically. Some illustrative
examples of the behaviour of ¢, ¢2 and ¢ are shown in figure 10, for one NS5-brane and
for one NS5- and one D5-brane. In the latter case, we have chosen different parameters for
the two 5-branes, so as to see their different effect in ¢ and ¢o.

As expected, the S® breathing mode goes to a constant value in the asymptotic AdSs
region, and it goes to zero at the origin, where the S® shrinks and spacetime ends. It is
easy to show that the scalar traverses an infinite distance in field space traversed in the
finite spacetime distance to the origin; this leads to the metric singularity at the origin
mentioned in the previous section. In fact, the behaviour of the 5d solution near the origin
falls in the local description of dynamical cobordisms in [13], and in particular leads to the
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Figure 10. The S® breathing mode in two illustrative examples of a single NS5-brane, and one
NS5- and one D5-brane with different parameters (chosen as in figure 7).

scaling relations of the spacetime distance A, the field space distance D and the spacetime
curvature scalar R, as follows.

Near r = 0 the dilaton is essentially constant, there is no RR 5-form flux, and the S°
metric is round, the local description of the dynamical cobordism is just an RS split as S°
slices shrinking as r — 0. Indeed expanding (2.14) for small r we have hy = 4y, he = —4x,
which lead to the 10d metric

ds’ = I (F2 ds?as, + dr? +r?(dp® + sin ¢ ds%i + cos? gpds%?) , (3.31)

where Fy, Fy are constants involving the brane parameters. We see that the S° is round, so
that we recover a simpler reduction to get the 5d Einstein metric with a breathing mode

ds? = e\/gwdsg + e_\/%“ds%g, , (3.32)

such that the 5d metric is in the Einstein frame and the scalar is canonically normalized.
The spacetime distance to the singularity is

A= /g}!zdr x /7‘5/3d7" ~ 83 (3.33)
The spacetime scalar curvature near r = 0 is given by
R=—20F %3 16/3 o R~ A2 (3.34)

On the other hand, the distance traversed in field space® is

/10 /15

This reproduces the scaling laws in [13] for a critical exponent § = 2\/%. Hence, the

breathing mode attains infinite distance in field space at finite spacetime distance, in
agreement for the criteria of a dynamical cobordism to nothing in [12, 13].

®One may worry that we are measuring the distance using the field variable w, whereas above we have
used ¢4+ to describe the breathing mode. The result is however unchanged since near » = 0 they are related
by a field redefinition.
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Figure 11. The S° breathing mode for one NS5- and one D5-brane, for the choices of parameters
in figure 6. As k decreases, for fixed [, the size of the ETW region increases.

It is interesting to notice that the local description in [13] captures only the collapse of
the S°, but not other features of the ETW brane, such as the KR bump. This shows that
effects such as localization of gravity requires a description beyond that in [13]. We will
however show in section 4 that it is possible to construct a local description rich enough to
account for all features of the ETW brane, including localized gravity.

The behaviour of the S® breathing mode thus confirms that the 10d solutions describing
ETW branes for AdSs x S° correspond to dynamical cobordisms from the 5d perspective.
Note however that, although the behaviour near the origin is a local dynamical cobordism
of the kind in [13], the whole ETW configurations involves additional structure, at a
scale fixed by B1, ag41, necessary to remove the RR 5-form flux, and ultimately leading
to localization of gravity. This is a novel feature compared with earlier realizations of
dynamical cobordisms.

Another interesting feature is that, in the case with both NS5- and D5-branes the S°
describes a bump with a maximum around the ETW brane region. It is easy to check
numerically, see figure 11, that the bump strengthens when 8 > k2. This signals the growing
of an almost independent compact geometry in the ETW region, with respect to which
the asymptotic AdSs geometry is suppressed. This will receive an intuitive explanation
in section 4.

The SO(3) x SO(3) squashing. The above discussion leads to a picture of a boundary
described by a configuration corresponding to a KR-like brane in AdSs, dressed with a
running scalar dealing with the evolution and shrinking of the S°, albeit in an SO(6)
invariant fashion. One may argue that this description misses important information about
the boundary conditions, in particular the fact that they preserve only SO(3) x SO(3).
It should be clear from our discussion above that it is easy to systematically include
extra degrees of freedom, corresponding to higher KK modes in the reduction in the S!
parametrized by . A general feature is that, since the S tends to the round metric both
at large r and at small r ~ 0, those 5d scalars will have a non-trivial profile only around the
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Figure 12. The SO(6) — SO(3) x SO(3) squashing mode, for the choice of 5-branes and parameters
of figure 10.

bump in the 5d metric; namely, they correspond to worldvolume modes of the smoothed
KR brane (see [70] for KR branes with worldvolume scalars).

In particular, a simple SO(6) — SO(3) x SO(3) breaking mode ¢_ is obtained from
the reduction of the 6d combination ¢_ = ¢ — ¢ along the zero modes (3.29), namely the
antisymmetric combination of (3.30). Again, this integration is not amenable to analytic
treatment, but can be studied numerically. The resulting profiles in some illustrative
examples are shown in figures 12.

As announced, the mode ¢_ is supported on the bump and goes to zero at large and
small distance. It is interesting to notice that the scalar associated to the corresponding
5-brane (namely, ¢; for D5-branes and ¢y for NS5-branes) suffers a discontinuity in crossing
the 5-brane location. This implies that the discontinuities in ¢_ have opposite sign for NS5-
and Db5-branes, providing a 5d criterion to distinguish them.

As a last remark, we would like to emphasize that, besides the kind of KK modes of
the metric discussed above, there are additional scalars arising from the reduction of the
2-forms, but we skip their discussion (see [50] for a discussion of the lowest such mode).
In fact, there is actually a tower of SO(6) — SO(3) x SO(3) breaking modes localized on
the ETW branes, with no mass hierarchy among them. This is actually expected, as these
modes in AdS, are the gravity duals of the chiral operators in the holographic BCFT. In
fact, this latter language may provide the best approach to characterizing the ETW brane
worldvolume dynamics [51], as we also discuss in the next section.

4 Zoom into the ETW brane: a double scaling limit

In this section we present a, to our knowledge new, scaling limit of the 10d solutions in
section 2.2, which will be useful to isolate the physics of the ETW brane configuration
ending the AdSs spacetime. It allows for a simple intuitive understanding of some key
properties of the ETW branes, noticed in earlier sections. Interestingly, the limit ends
up being equivalent to closing off the last AdS; x S° asymptotic region in the solutions
in section 2.2, and is closely related to solutions considered in [51], and setups of wedge
holography [55, 64].
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4.1 A scaling symmetry

Let us start by considering an invariance property of the 10d solutions in section 2.2,
focusing on the case of one asymptotic AdSs x S° region. Consider the scaling

W= A0, ko= Mea, b= My, Ba— NBa, o — Nay, (4.1)
which preserves the ordering (2.13). From (2.15) and (2.14), we have the scaling
dy = Mgy, dy— Mg, hi— My, hy — Ahy. (4.2)
Then from (2.4) and (2.5), we get
W =W, Ni— ANy, No— NNy 2?2 (4.3)
and the scalings of the functions (2.6) are
R NV AN (P S E PV Y i (4.4)
Hence, using also (2.3), the 10d metric (2.2) experiences an overall rescaling
ds®> — \ds?. (4.5)
The metric is thus invariant up to an overall constant rescaling.

4.2 Double scale zooming into the ETW configuration

Our motivation in this work is to better understand the structure of the ETW configuration
ending spacetime. For that purpose, we now consider a double scaling limit which zooms
into the ETW configuration. This will be an interesting approach to isolate its properties,
and to provide a direct 10d description of the KR AdS4 branes.

A naive limit to focus on the region ending spacetime would be to just zoom onto w = 0.
However, this is only a smooth point in the 10d geometry, which misses all the information
about the 5-brane configurations, hence leads to a rather trivial limit. Therefore we consider

a more interesting double scaling limit
w—=Aw, kq— kg, lpb—=> My, asA—0, (4.6)

which sends all the 5-branes towards the origin as we zoom onto it (and them). In order to
preserve the ordering (2.13), we also take

Ba — N2, fora#1; ap — Moy forb#£g+1. (4.7)

Namely, we send all points in the ordering to the origin, except for the extreme ones (i,
ag+1. We emphasize that this scaling is possible only if the configuration contains both NS5-
and D5-branes simultaneously. In the absence of D5-branes (i.e. no l,’s), the sequence (2.13)
contains no a’s (equivalently, the only one in (2.12) had already been sent to 0 in closing
off the AdS5 x S% region at the origin, so it cannot kept finite in the scaling limit). We will
come back to the need of both kinds of 5-branes later on.
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The reason to keep 1, ag1 finite is that, as explained above, they set the effective
size of the fat ETW brane. Note also that this is the crucial difference with respect to the
scaling (4.1) above, and will lead to a non-trivial change in the configuration.

In particular, the leading terms in (2.15) are

1 ﬂl ( ﬂc)
di=A" len(k2 K2y

1 51(5(1—/45) s 2 ﬂc

dg=—\" a1
a 2_ 1.2 2 2
2ha(k3—k3) L1 K2—k2
m 2
7 o —1 ®g+1 (lg—n+ac+n+1)
dgfn - _)\ gn H (12_ _12) )
cEg— g—n e
g (—inta—13) 11 (B—eqns1)
dy = A"12t b b —eindl) b£g—n. 4.8
20 (F—12_,) cﬂ_n G-z o T (45)

Since they scale as A™!, the first term in (2.14) is subleading and drops out, leading to
]w + Zlb’ ‘w + kq ‘
h, =2 d lo = -2 dg log . 4.9
1 Z ( Zlb|2 ’ Z — kg ‘2 ( )

They also scale as A~1, and using (2.4) we get that W scales as )\*4, and Ny, Ny scale as
A6, From (2.5), the dilaton has no scaling with )\, and from (2.6), we have that p? scales
as A73, while f2, f2 and f{ all scale as A™1. Note then that the 10d metric (2.2) scales as
A~1. Forgetting this overall factor, we have a metric of the kind considered in section 2.2,
with the modified h-functions in (4.9).

Let us discuss some key properties of the resulting geometry: the asymptotic AdSs x S°
region at r — oo disappears. Correspondingly, the asymptotic 5-form flux effectively
disappears. The simplest way to show this is that the point r — oo is actually at finite
distance in the 10d Einstein metric, and in fact corresponds to a smooth point in the
geometry. In other words, the 6d geometry Xg transverse to AdS, is actually compact: the
configuration is a compactification AdSy x Xg.

This may seem surprising, but actually matches the intuition that the scaling limit
encodes the dynamics of the ETW brane configuration. In particular, its compactness
implies the existence of a localized graviton, one of the main properties of our ETW branes.
Actually the localized graviton is a massive one in the full geometry before the scaling limit,
due to its coupling to the bulk AdSs; this is a subleading A\~! effect in our description
and disappears in the limit. The fact that the massive graviton can become massless in a
continuous fashion is related to the discussion in [71].

There is also an extra bonus: the fact that the scaling limit (and its graviton zero mode)
exist only if both NS5- and D5-are present explains the observation in section 3.2.1 that the
KR bump localizing gravity in the 5d metric appears only when both kinds of 5-branes are
present. Note also that an additional requirement for localized gravity in section 3.2.1 was
the hierarchy between «, 8 and the 5-brane locations k,[; this is automatically achieved at
the scaling limit, since the former are kept finite while the latter are sent to 0.

The fact that the solution has only 5-brane charge and no 5-form flux would seem
to suggest that it is just the near horizon solution of a stack of 5-branes. However, our
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solution maintains all the information about the kg, lp, da, dp, hence all the information
about the boundary conditions of the holographic CFT. The limit thus isolates the relevant
information about the ETW brane in the gravity side.

In fact, 10d geometries defined by logarithmic functions hq, ho as in (4.9) were considered
in [51, 55] to define the gravitational dual of 3d N' = 4 theories. In our context, this
AdS4/CFTj duality is just the holography of the gravitational theory on the ETW brane
worldvolume and the BCFT of the initial 4d CFT.

4.3 The limit revisited: closing off AdSs x S°

We now provide an alternative description for the limit (4.6), (4.7). Recall the invariance at
the beginning of this section i.e. the rescaling (4.1) of w and all the special points ay, Sq,
k2, lg. Using this invariance, the above limit of sending to zero w and all the special points,
except agy1, 51, is equivalent to keeping w and all special points fixed, except for ag41, f1,
which are sent to infinity. This can be seen from (4.8), by reinterpreting the prefactor A~!
as a scaling associated to ay41, 81, while the other quantities in the expressions remain
constant. Note that, as above, the limit exists only if both NS5- and D5-branes are present
in the configuration, otherwise at least one of the parameters agy1, 31 is missing, and we
cannot send it to infinity.

In this description, many of the features observed in the previous section have a simple
interpretation. Recalling the description in section 2.1, asymptotic AdS5 x S° regions arise
‘bare’ branch points e;, and they are closed off when the adjacent o and /3 collapse onto it.
In this description, the single asymptotic AdSs x S° region in the solution in section 2.2 is
associated to the branch point ez 2, which is located at infinity. The above limit of sending
B1 and ag41 to infinity simply corresponds to collapsing them onto ez442, and therefore to
closing off the AdSs x S® region.

Since this was the only non-compact spike of the initial geometry, the resulting space is
compact. It describes the gravitational dual of the BCFT defined by the 5-brane configura-
tion. Since it corresponds to a compactification, it has a graviton zero mode; this nicely
corresponds to the graviton localized by the ETW brane, matching the expected behaviour
for AdS4 KR branes. Again, the coupling of the ETW brane to the to the asymptotic AdS;
region, and the corresponding mass for the localized graviton, are switched off in the limit,
leaving the graviton massless. Note also that we recover the connection between having
both NS5- and D5-branes simultaneously (and the hierarchy of the parameters og41, 82
and kq,lp) and the appearance of localized gravity, observed in section 3.2.1, as in the
previous section.

4.4 Reduction in the double scaled limit

We have noticed some relations between the localization of gravity in the 5d effective action
approach in section 3.2.1 and in the scaling limit. This motivates performing a 5d reduction
of the 10d solution obtained after the scaling limit, namely using the functions (4.9). This
is very analogous to the procedure in section 3.2, hence we simply sketch some general
features, in a few plots analogous to those in section 3.2. Note that, due to the compactness
of the internal space, the plots have finite extent in the radial direction.
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Figure 13. Warp factors in the ETW brane for one NS5- and one D5-brane, for a choice of
parameters related to those in figure 6.
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Figure 14. Dilaton in the ETW brane for one NS5- and one D5-brane, for the choice of parameters
of figure 8 and figure 9-right.

Figure 13 provides the warp factors of the metric in the scaling limit, for the choices
of brane configurations and parameters of figure 6. The axes scale with A as dictated by
the KR metric (3.18). It is clear that the solution after the scaling provides a very good
description of the ETW brane region of the full solution in figure 6. Note that ff goes to
zero (and A — —oo) at the endpoints of the finite extent of the geometry, signalling the
closing off of the asymptotic AdSs region.

The behaviour of the dilaton is shown in two prototypical cases in figure 14. Since
there is no AdSs asymptotic regions, there is an undetermined constant (the average of the
dilaton in the ETW volume) which we have fixed to some arbitrary value.

One can also study the scalars ¢, describing the evolution of the S® size, and ¢_,
describing its squashing. In figure 15 we show them in an illustrative example. Note that
the ETW geometry has S8 topology, with the 5-branes introducing deviations from the
round metric.

In the above discussion we have worked in the 5d perspective and studied how different
quantities evolve in the direction r. Since the latter is compact, it also makes sense to
perform a dimensional reduction on it and describe the dynamics on AdSy. This is actually
in the spirit of AdS4/CFTj3 already considered in [51], so we will not develop it further in
this work.
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Figure 15. The scalars ¢ for one NS5- and one D5-brane, for the choice of parameters of figure 13.

5 ETW branes in gravity duals of 4d A/ = 2 orbifold theories

In holography, understanding a gauge/gravity dual pair leads to many other examples with
reduced (super)symmetry by the procedure of orbifolding/orientifolding. In this and the
following sections we will describe quotients which are compatible with structure of the
BCFT, and which hence provide ETW configurations for AdS5 geometries with orbifolded
internal spaces.

In this section we consider D3-branes at perturbative orbifold singularities C2/Zy,
projecting the 4d N/ =4 SYM theory down to a 4d NV = 2 quiver gauge theory [72], whose
gravity duals are AdSs x S°/Z; geometries. We will show that the configurations of NS5-
and Db5-branes of the parent theory are invariant under the orbifold action an descend to
the orbifold quotient. Hence, they define BCFTs for the 4d N = 2 quiver gauge theories,
and their gravity dual are suitable orbifolds of the ETW configurations in section 2.2.

5.1 The 4d N = 2 quiver gauge theory and its gravity dual

Consider a set of D3-branes located at the origin in a C?/Z;, singularity.® For concreteness,
we let the D3-branes span the direction 0123, and let the generator © of Zj act on the
complex coordinates z; = z* + iz°, 2o = 27 + ia® as

O :(z1,22) — (6%21,6_%22). (5.1)
One must also specify the action of ©® on the Chan-Paton indices of the D3-branes. Consid-
ering a stack of Nk D3-branes in the covering space, the orbifold Chan-Paton action is a
U(NE) matrix vg 3 of order k, in other words, a representation of dimension Nk of Zj. In
order to obtain 4d N' = 2 SCFT’s [73-76], we choose N copies of the regular representation

Yoz =1n® (1, /k e 2mik=D)/ky (5.2)

The theory on the worldvolume of the D3-branes has gauge group’ []; SU(N); and hyper-
multiplets in the bifundamental representation ( O ;, 0 ;+1). This is usually represented as
a circular quiver with k& nodes, and links joining neighbouring nodes.

6One may consider C?/T singularities, with T' other subgroups of SU(2) (i.e. Dy, Es,7,8). We leave this
development for future work.

"The U(1)’s are massive due to BF couplings on the D3-brane worldvolumes; this is dual to the brane
bending phenomenon in [77].
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As discussed in [73, 74, 76], the gravity dual of these theories is given by type IIB on
AdS; x S° /Zj. The action of Zj, is as follows: introduce and extra complex coordinate
23 = 2% + i2”, and describe the S® as

|21]% + |22]? + |23 = R?. (5.3)

The action of Zj; on S° leaves z3 invariant and acts on 21, 22 as in (5.1). There is an St
of C?/Z;, fixed points corresponding to z; = 2o = 0, |23| = R. This leads to a set of fields
localized at such singularities, see [76, 78] for their holographic dictionary.

5.2 The ETW orbifold configurations

In the brane construction it is clear that we can introduce NS5- and D5-brane boundary
defects in the parent NV = 4 theory which survive the orbifold projection and hence yield
boundary defects in the daughter A/ = 2 theories. In fact, as in section 2.3, we introduce
NS5-branes along 012456 (hence, spanning zj, localized at the origin in z3, and along the
real axis in z3) and D5-branes along 012789 (hence, at the origin in z1, spanning z2, and
along the imaginary axis in z3).

The action of Zy on D5-branes is easily discussed, in close analogy with D3-branes (the
action on NS5-branes® should also be similar, due to S-duality of the underlying N = 2
theory). Skipping a detailed derivation, it suffices to say that the orbifold action on 5-brane
gauge degrees of freedom splits them into k stacks, which are also organized into a cyclic
quiver. The Zj; quantum symmetry of the orbifold theory (simultaneous Zj rotations of the
cyclic quivers of D3- and 5-branes), implies that the i fractional D3-brane stack in (5.2)
can end on the i*" stack of 5-branes. We also note that, since a complete Zj orbit of
fractional D3-branes (a regular D3-brane) behaves as a D3-brane in the covering space, it
inherits the interpretation of boundary conditions of the parent 4d A = 4 theories, namely
the quantities K,, Ly. Hence, they are naturally encoded in the dual geometries, which we
consider next.

The gravity duals of the 4d N' = 2 theories coupled to the BCFT are just an orbifold of
those considered in section 2.2. Recall that we have a warped AdS, x S? x S2 varying over
the Riemann surface 3 parametrized by a quadrant in the w-plane. The fibration preserves
an SO(3) x SO(3) symmetry, corresponding to the rotation of the 3-planes 456 and 789 in
the brane picture. This means that the Zj action (5.1) is in a subgroup of SO(3); x SO(3)a.
Let us introduce angular coordinates in the 3-planes 456 and 789 to parametrize the S?’s as

follows,
x4 = Ry cos By sin gy, x7 = Ry cos 03 sin 9
x5 = Ry cos by cos 1, xg = Ry cos 05 cos oo
T = R1sinfy, T9 = Rgsin by (5.4)
The generator O of Zj, acts as
0 : o1 — ™k, P2 — e 2 Ry (5.5)

leaving 61, 05 invariant, as well as w on the base X.

8Orbifolds of brane constructions with NS5-branes and C? /Zy, orbifolds were considered in a closely
related setup with D4-branes in [79], which are a T-dual realization of brane boxes [75, 76, 80].
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At a generic position in w, the above action on S? x S3 has 4 fixed points, locally of
the form C2/Zy, with coordinates at the poles of the spheres. Hence, one might think that
there are four copies of the corresponding twisted sector fields, propagating over w. This
replication of fields would disagree with those in the AdSs x S%/Z;, dual; it would also be
puzzling because w parametrizes just a quadrant Y, so the geometry on which these twisted
fields propagate would have boundaries. Both problems are related, and are happily solved
at once if we notice that the boundaries in ¥ correspond to points where some S? shrinks to
zero, which leads to a reduced number of fixed points. In other words, the fixed point set of
the Zj action is a four-sheeted cover of 3, with different sheets joining at the boundaries of
Y. One can check that the complete fixed set is topologically a complex plane (an orientable
non-compact Riemann surface with no handles and no boundaries) as follows:

Consider the polar coordinates w = re¥ and consider the S® given by the fibration of
S? x S2 over . At a generic point in ¢, there are four fixed points of the Z; action on
S? x S2, which we denote P;;, with 7,7 = 1,2 labeling the two poles on each S2. However,
at one of the endpoints of ¢ one of the 2-spheres e.g. S? shrinks to zero and the four points
collapse pairwise into two, P11 = P»1, Pia = Pss; at the other endpoint of o, S% shrinks to
zero size and the four points collapse to two in a different pattern Py1 = Pio, Po; = Poo. It is
easy to see that in the whole fibration over ¢, the 4-sheeted fixed point set describes a single
S' with no boundary. Adding now the radial coordinate builds a real cone over this S!,
showing the complete fixed point set is a complex plane, as announced. Incidentally, note
that the above S! C S is precisely the geometry of the fixed point set in the AdS5 x S°/Z,
gravity dual of the bulk N/ = 2 theory; this is as should be, since the 10d ETW geometry
reproduces precisely such gravity dual in the large r regime.

The fact that the fixed point set has no non-trivial topology in the ETW brane region
suggests that there are no localized modes of the bulk twisted sector fields in the KR brane
for these AdSs geometries. Hence, they are adequately described by the effective action
description in section 3.2, by simply reinterpreting ¢, as the breathing mode of S°/Zj.

5.3 Boundaries from brane box construction

It is known that 4d N' = 2 quiver theories admit a brane construction in terms of a
configuration of D4-branes spanning 0123 and suspended in a direction 6 between sets
of NS5 branes spanning 012345 [77]. Linear quiver theories are obtained by having non-
compact direction 6, while cyclic quivers are obtained when the direction 6 parametrizes an
S!. The latter correspond to the theories of D3-branes at C2/Z;, singularities, and both
setups are in fact related [81] by a T-duality along 6, which turns the suspended D4- into
fractional D3-branes, and NS5-branes into the orbifold geometry.

In this section we show that the T-duality continues to hold in the presence of the
5-brane configurations which define boundary conditions for the 4d N’ = 2 theories on
D3-branes at C?/Z;, singularities. In other words, we describe how to introduce sets of
5-branes in the above Hanany-Witten NS5/D4-brane configurations so as to introduce
boundary conditions.
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Figure 16. Configuration of D4-branes bounded by NS5- and NS5’-branes. The direction 6 is
compact by the identification of the dashed lines. The direction 3 is part of the dimensions of the 4d
N = 2 quiver gauge theory with k& = 4 defined by the D4-branes suspended among the NS5-branes
in the direction 6; the NS5-branes define the boundary in the direction 3.

Consider the following sets of branes

D4 0 1 2 3 x X 6 X X X
NS5 01 2 3 4 5 X x x X
NS 01 2 x 4 x 6 7 x X

where a cross indicates the brane is localized in that direction, and NS5-branes are primed
to emphasize their different orientation with respect to NS5-branes.

It is easy to check that the system preserves 4 supercharges. As above, the D4-branes
are suspended in 6 between different NS5-branes, and we make the direction 6 periodic. In
addition, we introduce a single stack of NS5’-branes and we specify that the D4-brane end
on the NS5’-branes, so that they are semi-infinite in the direction 3, see figure 16. The 4d
theory, arising from the NS5- and D4-brane configurations, is 4d N' = 2, but the introduction
of NS5’- branes breaks the 4d Poincaré invariance and breaks the supersymmetry by 1/2.
This is a confirmation of the symmetry preserved by the boundary conditions we have
discussed in the previous sections.

Note that this is a D4-brane version of the D5-brane brane box configurations introduced
in [80], with the NS’ brane bounding semi-infinite boxes, filled with D4-branes on one side
and empty on the other, to reproduce the bounded dimension of the 4d gauge theory. We
also note that the T-duality along 6, relating the NS5/D4-systems to D3-branes at C?/Zj,
also maps the NS5’-branes into the same kind of NS5-branes in the previous section.

We may also consider the brane box version of the D5-branes defining boundaries
in the picture of D3-branes at C?/Z;. They are easily identified as D6-branes with the
following orientation

D6 01 2 x x 5 6 x 8 9

(where they are primed in analogy with the NS5’-branes). These can be introduced in the
earlier configuration of NS5/D4-branes and NS5’-branes, still preserving 4 supersymmetries.
Since the D6’-branes are localized in the direction 3, they admit D4-branes ending on them
and hence define boundary conditions
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Hence, the set of NS5~ and D6’-branes provide a set of boundary conditions, specified
by the partitioning of the set of N gauge D4-branes (for each quiver node) into sets ending
on different boundary branes. As in the previous discussions, the interpretation of the
quantities K, L, remains as describing the numbers of (regular) D3-branes ending on a
given 5-brane with boundary conditions associated to some SU(2) representation, in the
parent theory.

6 ETW branes in gravity duals of N/ = 3 S-fold theories

In this section we extend the logic of the previous section, generalizing to quotients including
non-trivial duality relations. We focus on the particular case of S-folds [82].

6.1 The 4d N = 3 theories on D3-branes

Let us go back to the configuration of D3-branes in flat space and perform an orbifold
quotient of the kind considered in [82]. Namely, we combine coordinates as

z1 =x4 +1ix7, 29 =2x5+1r8, 23= g+ 1x9, (61)
and we also introduce the coordinate z4 for the F-theory T2, and mod by
O : 2z, — Xy (6.2)

with

)

x| =
| =
| =

v=( T ). (6.3)

This is the action in [82], up to an irrelevant change in the choice of complex structure.
The allowed values are k = 2,3, 4,6, so as to have a consistent crystallographic action on
the F-theory T2.

We are interested in considering S-fold actions of this kind leaving invariant the
configuration of NS5- and D5-branes providing boundary conditions for the D3-branes as
in section 2.3. The only possible choices are k = 2,4. The simple choice is k = 2, which
as explained in [82] corresponds to introducing an O3-plane on top of the D3-branes, and
actually preserves 4d N' = 4. The O3-plane maps the NS5-branes to themselves and the
D5-branes to themselves, so their structure of numbers of stacks and multiplicities are
independent. Also, the string coupling is arbitrary, as the action of © on 7 is trivial. The
gravity dual will be discussed in the next section.

The only genuinely N' = 3 case hence corresponds to k = 4, generated by

O : (21, 29,23, 24) = (i21,129,123,124) . (6.4)
In terms of the cartesian coordinates we have
O : (24, x5,26) = (x7, 78, %9)

(w7,28,29) — (—14, —5, —6) (6.5)

1 .
Lo , which actson 7 as 7 — —1/7,

so it is the S generator of SL(2,Z). Hence, in this & = 4 case, the NS5-branes are mapped

and a simultaneous SL(2, Z) action by the monodromy
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to the D5-branes and viceversa,? due to the simultaneous rotation of the 3-planes they span
and the SL(2,Z) action on them. This implies that the structure of numbers of stacks and
multiplicities of must be identical for NS5- and D5-branes. Also, the solution necessarily
contains regimes of strong coupling, as in the parent S-fold theory.

6.2 The ETW configurations in the gravity duals

In this section we sketch some properties of the ETW configurations gravitational dual to
the above BCFT configurations for the above 4d A/ = 3 S-fold theories.

The k = 2 case. We start with the k = 2 case. In the absence of boundaries, the gravity
dual of the D3-brane theory is AdSs x RPj5 [83], where RP5 is the quotient of S® by the
orientifold action Q(—1)2R, with R sending any point to its antipodes in S®. Writing the
S® in the RS transverse to the D3-branes as

a3+ ok 4 ak 4 22 4 22 + 23 = R? (6.6)

the action is simply inherited from R : 2 — —2%. Note that, since the origin x; = 0 is the
only fixed point, the Zs is acting freely on the S° and there are no singularities.

In the presence of 5-branes defining boundaries, the ETW configuration is obtained from
the ETW configuration of section 2.2 by quotienting by the orientifold action Q(—1)f2R.
The geometric action R acts on the S? x S fibration over X as follows: it leaves w invariant,
while it acts on each S? sending any point to its antipode in S2. This just follows from the
fact that the S?’s are given by the angular piece of the R3’s, on which R acts by flipping
the 3 coordinates. It is easy to see that this agrees with the action of R in the asymptotic
AdSs x S region.

An interesting point is that, although the Z, quotient has no fixed points on the S°,
there is a fixed point at w = 0, because the S° collapses (and so do the S?’s). In the
F-theory description, this is locally described by a C*/Zs singularity. This is a familiar
example of terminal singularity, i.e. one not admitting a crepant resolution (i.e. there is
no blow-up preserving the Calabi-Yau property). This nicely agrees with the fact that, in
the perturbative description, the singularity corresponds to an O3-plane at w = 0, and
O3-planes carry no localized degrees of freedom.

The k = 4 case. Consider now the k = 4 case. In the absence of boundaries for the 4d
N = 3 S-fold theory, the gravity dual is given by an F-theory fibration over AdSs x S°/Zy.
The action of the Z; is obtained from (6.5) by simply cutting out the S® shell in RS, cf. (6.6).
Again, since the origin x; = 0 is the only fixed point under (6.5), the Z, is acting freely on
the S°, and there are no fixed points.

As explained, in the presence of 5-branes defining boundaries, the ETW configuration
is obtained by starting with a parent ETW configuration of section 2.2 with symmetric
distributions of NS- and D5-brane poles. Namely, we take n = m, and symmetric poles

9We note that the element ©2 in the S-fold group corresponds to the above O3-plane Zs action. So
acting twice with © brings each 5-brane to itself, up to this orientifold action.
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kq = l, and coeflicients d, = cia. Then, also using w = —z + iy in (2.14), we have

n 2 ka2
b= dy+ 23 dylog <+<y+>>

- (z +ka)? + 92
hy =4z +2) d,log ( : (6.7)
a=1 (.’E - ka)Q + y2

We then have to perform the Z4 quotient, making sure we recover the right behaviour in the
asymptotic AdSs x S% region, namely (6.5) (plus the SL(2, Z) monodromy). Let us split (6.6)
in two equations, to display more explicitly the phase ¢ of the base coordinate w = re*?

23+ 22 + 22 = R? cos® p = R3(p)
22 4+ 22 4 2% = R*sin® o = R3(p) (6.8)

The action (6.5) of © requires exchanging these two equations, namely

O:p— 3777 — (6.9)
so that the values ¢ = 7/2 and ¢ = 7 are exchanged, and so are the NS5- and D5-brane
poles. This corresponds to the exchange = <+ y in (6.7), clearly a symmetry. By propagating
the exchange hy <> ho through (2.4), (2.5), we see that it corresponds to ¢ — —¢, which
agrees with the SL(2,Z) action.

Although the action of © on X is just a Zs flip, we should not forget that there is also
the action on the S?’s. To determine this, let us introduce the coordinates 61, ¢1 and 6s,
@9 as in (5.4). Noticing that the S?’s are the angular manifolds in the 3-planes 456 and
789, the action (6.5) corresponds to

@291—)92, 02—)—01
1= Y2, Y21+ (6.10)

This exchanges the two S2, but with a Z4 action: a point of S? goes to the corresponding
point in 83, and a point of S% goes the antipodes of the corresponding point in S?. This
also shows that there are no fixed points of this action on S? x S2. The action of © on the
ETW configuration is thus the combination of (6.9) and (6.10).

An interesting feature, similar to the k = 2 case, is that, although there are no fixed
points in the asymptotic AdSs x S°/Z, case, there is a fixed point in the 10d ETW
configuration at the origin w = 0 in X, where the S%’s shrink to zero size and (6.10) is not
freely acting.

The singular point is locally given by F-theory on C*/Zy, so it is strongly coupled and
hence non-trivial to analyze. We are not aware of a discussion of this singularity in the
F-theory literature. Anyway, in analogy with the Zs case in the previous section, the C*/Z,
with orbifold vector v = (1/4,1/4,1/4,1/4) is terminal [84]. This also agrees with the
absence of massless twisted sector states of the type ITA perturbative orbifold [85], which
relates to the F-theory setup via dualities. In brief, the S-fold fixed point seems to have
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no localized degrees of freedom, in agreement with its interpretation as a non-perturbative
generalization of O3-planes. Hence we expect no additional modes localized on the ETW
brane from the appearance of this singular point.

The absence of localized twisted modes in the KR brane for these AdSs; geometries
implies that they are adequately described by the effective action description in section 3.2,
by simply reinterpreting ¢, as the breathing mode of the quotiented S°.

7 Conclusions

In this work we have studied the 10d SO(3) x SO(3) preserving solutions defining the gravity
dual of 4d N' = 4 SYM with boundary defined by a 3d N' = 4 BCFT (and quotientes
thereof), emphasizing their interpretation as cobordisms to nothing for the corresponding
AdSs x S geometries. We have provided a description in terms of dynamical cobordisms
in the 5d theory after reduction on the S°, and shown that they describe a generalization
of the AdS; KR branes. Our 5d solutions display a smoothing out of the KR cusp into a
bump, which still leads to localization of gravity. The smoothing out is due to the presence
of additional scalars, which encode the varying internal geometry; in particular, there is
a bulk SO(6) invariant breathing mode which describes the shrinking of S® and the end
of spacetime, and there are localized modes which encode the SO(6) — SO(3) x SO(3)
breaking due to the boundary conditions. We have clarified the conditions of the 10 solution
under which such gravity localization arises, and we have introduced a new scaling limit of
the 10d solution which isolates the properties of the ETW brane. Finally, we have extended
the discussion to several orbifold and S-fold quotients, whose ETW branes are inherited
from those of the parent theory; we have shown that, despite the presence of genuinely new
singular points in the quotient, they lead to no new localized degrees of freedom.
There are several interesting directions to be pursued:

o It would be interesting to study gravity duals of 4d N = 1 theories with boundaries.
The naive extension of our construction for 4d A" = 2 theories, namely using 4d N' =1
theories on D3-branes at C3/Z; singularities [73, 74, 76, 86, 87], do not work: the
orbifold does not preserve the geometry of the NS5- and D5-branes of the parent theory.
This difficulty is linked to the fact that the 4d AV = 1 orbifold theories are generically
chiral, and so to the difficulties to introduce boundaries in chiral theories.

o Even in the 4d AV = 4 theory, it is possible to introduce boundaries preserving less
(super)symmetry, by simply using NS5- and D5-branes with different orientations. A
simple proposal, inspired by type ITA brane setups [88, 89] is to use NS5 branes along
012456 and 012678, and D5-branes along 012789 and 012457. There is no known
10d solution for the corresponding gravity dual, but it may be possible to prescribe
an approximate 5d effective theory, based on the our same SO(6) invariant sector,
but a richer set of ETW brane localized modes to account for the further breaking
of symmetries.

o It would be interesting to exploit the tools of AdS/BCFT to gain further understanding
of the dynamics of the ETW localized modes and their interplay with AdSs bulk modes.
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o Finally, it would be interesting to extend the present analysis to other holographic setups,
such as AdS; x S” and AdS7 x S*, possibly based on the solutions discussed in [57-60].

We hope to come back to these and other questions in the future.
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